Banach J. Math. Anal. 10 (2016), no. 2, 338-384
http://dx.doi.org/10.1215/17358787-3495627

BANGED ISSN: 1735-8787 (electronic)
JOURNAL of i . )
MATHEMATICAL  DttD://projecteuclid.org/bjma
ANALYSIS

SQUARE FUNCTIONS AND SPECTRAL MULTIPLIERS FOR
BESSEL OPERATORS IN UMD SPACES

JORGE J. BETANCOR,' ALEJANDRO J. CASTRO,? and L. RODRIGUEZ-MESA'"

Communicated by Q. Xu

ABSTRACT. In this paper, we consider square functions (also called Littlewood—
Paley g-functions) associated to Hankel convolutions acting on functions in
the Bochner—Lebesgue space LP((0,00),B), where B is a UMD Banach space.
As special cases, we study square functions defined by fractional derivatives
of the Poisson semigroup for the Bessel operator Ay = —x_’\%x”‘%x_’\,
A > 0. We characterize the UMD property for a Banach space B by using
L?((0,00),B)-boundedness properties of g-functions defined by Bessel-Poisson
semigroups. As a by-product, we prove that the fact that the imaginary power
Al w € R\ {0}, of the Bessel operator A, is bounded in LP((0,00),B),
1 < p < o0, characterizes the UMD property for the Banach space B. As
applications of our results for square functions, we establish the boundedness
in LP((0,00),B) of spectral multipliers m(A)) of Bessel operators defined by
functions m which are holomorphic in sectors Xy.

1. INTRODUCTION

Square functions (also called Littlewood—Paley g-functions) were considered in
the works of Littlewood, Paley, Zygmund, and Marcinkiewicz during the decade
of the 1930s (see [34], [55]). These functions were introduced to get new equiva-
lent norms, for example, in LP-spaces. By using these new equivalent norms the
boundedness of some operators (e.g., multipliers) can be established.
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Suppose that (2, u) is a o-finite measure space and that {T;};~¢ is a sym-
metric diffusion semigroup of operators in the sense of Stein [45]. For every k € N,
the square function g associated to {7} }~0 is defined by

g ({Ti}e0) (F) (@) = ( /0 1T () @)” y

t
In [45, p. 120] it is shown that, for every £ € N and 1 < p < oo, there exists
C > 0 such that

1
allf = Bl e < llow({Tide20) (D] o
< Clifllerpm,  f € L2, p), (1.1)

where Eo(f) = limy,o T3(f) is the projection onto the fixed-point space of
{T;}+=0. As an application of (1.1), it can be proved that Laplace transform-
type multipliers associated with {7T;};~o are bounded from LP(Q, ) into itself,
1 < p < oo (see [45, p. 121]). Note that when Fy = 0, (1.1) says that by defining
for every 1 < p < oo and k € N,

e = e ({73 e50) (D oy F € L2 1)

Il lllx is a norm equivalent to the usual one in LP(£2, ). Meda in [37] extends the
property (1.1) to symmetric contraction semigroups {7} };~o with Fy = 0 and he
applies it to get the boundedness in L? of spectral multipliers m (L), where the
operator L is the infinitesimal generator of {T;};~o and m is a holomorphic and
bounded function in a sector ¥y = {z € C: | Argz| < J}. Here 1 < p < oo and
¥ € [0,7/2] are connected.

We consider the functions

o212/t
Wi(z) = EPOTER z€R"and t > 0, (1.2)
and
Pi(2) = b, f ze€R"and t > 0,

(12 + |22) (D72

where b, = 7~ "FI/2((n 4 1)/2).
As it is well known, the classical heat semigroup {W,};~ is defined by

Wi (f)(x) = | Wiz —y)f(y)dy, = €R"andt>0,

]Rn

and the classical Poisson semigroup {P,;};~o is given by

P = [ Bo—)f)dy, v R andt>0,

for every f € LP(R™). Note that {W;};~o and {P;};~0 are generated by —A
and —vV/A, respectively, where A = — Z?Zl 8‘9—;2 denotes the Laplace operator.
The classical heat and Poisson semigroups are the first examples of diffusion
semigroups having a trivial fixed-point space. For every measurable function g :

R™ — C, we define g;(z) =t "g(x/t), z € R™ and t > 0.
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Let £ € N. We can write

s (o) (N@) = ([ Ness D@PT)", e,
being ¢(x) = fG ()= and G(z) = (4m) "2 1#P/4 3 € R™. Also, we have
a((Boo) N = ([l N@PE) ", s,

where ¢(z) = O;Py(2)j=1, © € R™.
If ¢ € L*(R"), we consider the square function defined by

w0 = ([ o pfy

t
Thus, g, includes as special cases g, ({W,; }1~0) and gx({Pt}i>0).
In the rest of this article, if f € S(R™), the Schwartz class, then we denote by

fthe Fourier transform of f given by

i 1 —ix-y n
f(?/)—W/Rnf(x)e dr, yeR™

1/2
) , reR"

As it is well known, the Fourier transform can be extended to L?(R") as an
isometry in L*(R").
Theorem A. Suppose that ¢ € L*(R") satisfies the following properties:

1) if a=(ou,..., o) € {0,1}" and |a| = ", aj < 14 [n/2], then the dis-

J
|| . .
&Uaf’ww is represented by a measurable function
02
olel

R A
i‘ﬁ%/o | (g0 )

(i) inflor fy° [0 (t2) 24 > 0.
Then, for every 1 < p < oo, there exists C > 0 such that

-~

tributional derivative

and

2dt
— < 00,
t

1
5||f||LP(Rn) < ng(f)HLp(Rn) <Clfllee@ny, fe€LP(R").

Also, square functions can be defined by using functional calculus for operators
(see, for instance, [32], [38]). Note that if A is the infinitesimal generator of the
analytic semigroup {7} };~0, we can write, for every k € N,

t"OFT, = Fp(tA), t>0,

where F(2) = (—z)*e¢™*, z € C.

Suppose that B is a Banach space and that T is a linear bounded operator
from LP(€Q, ) into itself, where 1 < p < co. We define T'® Iy on LP(Q,u) @ B
in the usual way. If T' is positive, T'® Ip can be extended to LP(Q,u,B) as a
bounded operator from LP(£2, i, B) into itself. To simplify, we continue denoting
this extension by 7T
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The objective is to give a definition for the square functions, when we consider
functions taking values in a Banach space B, which define equivalent norms in
the Bochner—Lebesgue space LP(Q2, 1, B), 1 < p < 0.

Let {Ti}+~0 be a symmetric diffusion semigroup on a o-finite measure space
(Q, %, ). We denote by {P;}~0 the subordinated semigroup to {7} };~0, that is,

—t2
t 2\/—/ U3/2 uf)dua t>0.

Thus, {P,}i>0 is also a symmetric diffusion semigroup. The classical Poisson semi-
group is the subordinated semigroup of the classical heat semigroup.

In order to define g-functions in a Banach-valued setting, the more natural way
is to replace the absolute value in the scalar definition by the norm in B. This
is the way followed, for instance, in [36] and [53], where those authors work with
square functions defined by subordinated semigroups {P,;};~o as follows:

nz(Ploo) (@ = ([ lopn@RF) " ceo

Actually, in [36] and [53] the generalized square functions are considered where
the L?-norm is replaced by the Li-norm, 1 < g < co. As a consequence of [30,
Theorems 5.2 and 5.3] (see also [30]), we deduce that for a certain 1 < p < oo
there exists C' > 0 such that, for every f € LP(R",B),

1
aHfHLP(R",B) < |91 ({Pe}es0) (Dl 1o gy < Cllfllznzn 5,

if and only if B is isomorphic to a Hilbert space.

In order to get new equivalent norms for L”(€2, 1, B) by using square functions
and for Banach spaces B which are not isomorphic to Hilbert spaces, stochastic
integrals and ~v-radonifying operators have been considered. We point out the
work of Bourgain [11]; Hytonen [23]; Hytonen, Van Neerven and Portal [25];
Hytonen and Weis [26]; Kaiser [27]; and Kaiser and Weis [28] among others.

In the present article we use y-radonifying operators. We recall some definitions
and properties about this kind of operator that will be useful later.

Assume that B is a Banach space and that H is a Hilbert space. We choose
a sequence {v;};en of independent standard Gaussian variables defined on some
probability space (€2, F,p). By E we denote the expectation with respect to p.
A linear operator T': H — B is said to be v-summing (T € v*°(H,B)) when

2\ 1/2
) ) < oo,
B

k
T ||y (1,8) = sup(EHZ%-T h
j=1

where the supremum is taken over all the finite family {h;}¥_, of orthonormal
vectors in H. Note that v*°(H,B) endowed with the norm || ||, () is a Banach
space. We say that a linear operator 7' : H — B is ~-radonifying (in short,

T € v(H,B)) when T € F(H,B) OO(H’B), where F(H,B) denotes the span of
finite-range operators from H to B. If B does not contain isomorphic copies of

co, then v(H,B) = ~v*°(H,B) (see [22], [31], [50, Theorem 4.3|). Note that if B is
0> 7<’)7(7)( []7[]7[’ ])



342 J. J. BETANCOR, A. J. CASTRO, and L. RODRIGUEZ-MESA

UMD, B does not contain isomorphic copies of ¢q. If H is separable and {h,, }nen
is an orthonormal basis of H, a linear operator T': H — B is y-radonifying if and
only if the series Y7, v;T(h;) converges in L*(Q,B). In this case, we have

° 2\ 1/2
1T lmam = (B[ 7))
j=1
From this point on, we write | - || (zg) to refer to || - ||, (m,5) When operators act

on v(H,B).
Throughout this paper we always consider H = L?((0,00), dt/t). Suppose that
f:(0,00) — B is a measurable function such that S o f € H, for every S € B*,

the dual space of B. Then, there exists a bounded linear operator Ty : H — B
[shortly, T € L(H,B)] such that

(S, Ty())g. 5 = /0 (S (1) sh%, e Hand 5 € B

We say that f € v((0,00),dt/t,B) provided that Ty € v(H,B). The space {17 :
f€7((0,00),dt/t,B)} is dense in v(H,B). It is usual to identify f and T%.
Usually, y-radonifying operators are considered for real Banach B and real
Hilbert space H. However, as has been mentioned in [19], [29], and [50], the main
properties of y-radonifying operators (in particular, the properties we use in this
article) also hold for complex Banach space B and complex Hilbert spaces H.

Banach spaces with the UMD property play an important role in our results.
The Hilbert transform #H(f) of f € LP(R), 1 < p < o0, is defined by

— i L fw)
H(f)(x) = 5£%1+;An—y|>s x—ydy’ a.e. r € R.

As it is well known, the Hilbert transform defines a bounded linear operator from
LP(R) into itself, 1 < p < oo, and from L'(R) into L'*>(R); also, H is defined
on L’(R) ® B, 1 < p < oo, in a natural way. We identify B as a UMD space
when the Hilbert transform can be extended to LP(R,B) as a bounded operator
from LP(R,B) into itself for some (equivalently, for every) 1 < p < oo. There
exist a lot of characterizations of UMD Banach spaces. The articles of Bourgain
[11] and Burkholder [12] have been fundamental in the development of the theory
of Banach spaces with the UMD property. UMD Banach spaces are the suitable
setting to analyze vector-valued Littlewood—Paley functions.

Kaiser and Weis [28] (see also [27]) considered, for every @ € L?*(R"), the
operator (usually called a wavelet transform associated to 1) Wy, defined by

Wy (f)(t,x) = (Y f)(z), =€ R"andt >0,

for every f € S(R",B), the B-valued Schwartz space.
The following result was established by Kaiser and Weis.

Theorem B ([28, Theorem 4.2]). Suppose that B is a UMD Banach space with
Fourier type r € (1,2] and that ¢ € L*(R") satisfies the following two conditions:
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(i) If a = (aq,...,ap) € {0,1}" and |a| < 1+ [n/r], then the distributional
alel >

derivative Ww is represented by a measurable function and
T, 0Ty
o olel ~ 2t
su ¢2led (— ) tz)| — < o0
z|—p1/0 Oy’ -+ 3$%"¢ (&) t

(i) inflor fy° [0 (t2) 24 > 0.
Then, for every 1 < p < oo there exists C' > 0 such that

1 n
EHfHLp(RnB) < wa(f)HLp(R",'y(H,B)) < CHf”Lp(Rn,IB), f € S(R >B)

Note that since v(H,C) = H, Theorem B can be seen as a vector-valued
generalization of Theorem A. We recall that every UMD Banach space has Fourier
type greater than 1 (see [10]) and the complex plane C has Fourier type 2.

Our objective here is to get new equivalent norms for L”((0,00),B) when B is
a UMD Banach space by using square functions involving Hankel convolutions
and Poisson semigroups associated with Bessel operators. These square functions
allow us to obtain new characterizations of UMD Banach spaces. We also describe
the UMD property by the boundedness in LP((0,00),B), 1 < p < oo, of the
imaginary power A w € R\ {0}, of the Bessel operator Ay = —x*’\%x”‘%x”‘,
on (0,00). As a consequence of our results about square functions in the Bessel
setting, we obtain LP((0, c0), B)-boundedness properties for spectral multipliers
associated with Bessel operators.

If J, denotes the Bessel function of the first kind and order » > —1, we have

A,\,x(\/@J,\_l/g(xy)) = yQ\/x_yJA_I/Q(ch), x,y € (0,00). (1.3)

Here and later, unless otherwise stated, we assume that A\ > 0. The Hankel
transform hy(f) of f € L'(0,00) is defined by

mf@) = [ " VI a(ay) f) dy, @ € (0, 00).

This transform plays in the Bessel setting the same role as the Fourier transfor-
mation in the classical (Laplacian) setting [see (1.3)].

We consider the space Sy (0, 00) of all those smooth functions ¢ on (0, c0) such
that, for every m, k € N,

)= s |G} et <

If 8$,(0,00) is endowed with the topology generated by the family {nz,k}m,keN
of seminorms, then S§,(0,00) is a Fréchet space and h, is an isomorphism on
S)(0,00) (see [54, Lemma 8]). Moreover, hy' = hy on 8)(0,00). The Hankel
transformation hy can be also extended to L?(0,00) as an isometry (see [48,
p. 214 and Theorem 129]).
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By adapting the results in [21], we define the Hankel convolution f#,g of
f.g € L'((0,00),2*dx) by

f#)\g / f )\Tx ) dya T e (07 00)7
where the Hankel translation z7,.(g) of g is given by

(zy)* 4 “in 2,\—19(\/(37 —y)? + 2zy(1 — cos b))

AT (9)(y) = e ((z — y)% + 22y (1 — cos 0))/2

for each x,y € (0,00). Note that there is not a group operation o on (0, c0) for
which

©2(9)(y) = glzoy), z,y € (0,00).

The following interchange formula holds:

h)x(f#/\g) :x_AhA<f)h>\(g>v f)g € Ll(([)) OO),.TA dl‘) (14)
If ¢/ is a measurable function on (0, c0), then we define
1 T
Yy (r) = wé)(x) = Wiﬂ(?); t,x € (0, 00).

If ¢ € 8)(0,00) and B is a Banach space, then we define the operator (Hankel
wavelet transform) W, 5 as

WQB(f)(t,x) = (Yw#rf) (), t,xe(0,00),

for every f € LP((0,00),B), 1 < p < 0.
We establish in our first result a Hankel version of Theorem B.

Theorem 1.1. Let B be a UMD Banach space, A > 0 and 1 < p < oco. Suppose
that ¢ € 8)(0,00) is not identically zero and that fooo 2 Mp(x) dx = 0. Then, there
exists C' > 0 such that

EHJCHLP((UOO),E) < HW&;\,B(JC)HLp((o,oo)ﬁ(H,B)) < CHfH”((&OO)B)
for every f € LP((0,00),B).

Harmonic analysis associated with Bessel operators was first analyzed by Muck-
enhoupt and Stein [39]. Recently, that study has been completed (see [2], [5], [7]).
The Poisson semigroup {P}};~¢ associated to the operator Ay is defined as

PA(f)(a) = / TP ey () dy. b e (0,00),

for every f € L?(0,00), 1 < p < co. The Poisson kernel PX(x,y), t,z,y € (0,00),
is defined by (see [52])

2 A T : 22—1
A(zy) t/ (sin ) "
0

P =
0 (2, y) T ((x —y)? 4+ t2 + 22y(1 — cosh)) 1

t,z,y € (0,00).
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For every t > 0, we can write

PMf) = Kp#af, [ e LP(0,00),1<p < oo,

where
2)\—1-1/21"()\_'_ 1) ZL’A
A _
K (z) = NG s x € (0,00).
Then, for every k € N and f € LP(0,00), 1 < p < o0,
2dt

1/2
> , x € (0,00).

s (P ) (1)@ = ([0 Kol

g-functions in the Bessel setting were studied in [8].
In [7] it was considered the square function defined by

nz(P)en) (1)) = ([ lor @R F) " e 0.

for every f € LP((0,00),B), 1 < p < 0o. According to [7, Theorems 2.4 and 2.5]
and [30], we have that B is isomorphic to a Hilbert space if and only if, for some
(equivalently, for every) 1 < p < oo, there exists C' > 0 such that, for every

f e L7((0,00), B),

1
5”fHLP((0,oo>,JB) < s ({F Y e0) (D] o000y < CNFlzr(o.0008)-

Note that the semigroup {P}};~0 is not Markovian. Hence, the results in [36] do
not imply those in [7]. Also, the theory developed in [23] does not apply for the
Bessel-Poisson semigroup.

In [44] Segovia and Wheeden defined a fractional derivative as follows. Suppose
that F': Q x (0,00) — C is a good enough function, where 0 C R", and 5 > 0.
The f-derivative 8] F is defined by

8ﬁF( ) e—iﬂ(m—ﬁ) /ooa F( ) 51 y 0 (0 )
r,t) = ———— NE(x,t+s)s™ P ds, x€Q,te(0,00),
' I'(m —B) Jo '
where m € N and m — 1 < 8 < m. By using this fractional derivative, Segovia
and Wheeden obtained characterizations of Sobolev spaces.
If B is a Banach space and 3 > 0, we define the operator G}\D’jﬁ by

Gra(f)(x) = t°0) PX(f)(x), t,x € (0,00),

for every f € L?((0,00),B), 1 < p < o0.
We now prove that the operators G}\D’% allow us to get new equivalent norms in

LP((0,00),B) provided that B is a UMD space.

Theorem 1.2. Let B be a UMD Banach space, A, >0 and 1 < p < co. Then,
there exists C' > 0 such that

1 A
EHfHLP((&OO)B) < HGP’,%(]C)HLp((o,oo),y(H,B)) < CHf“LP((O,OO),B% (1.5)

for every f € LP((0,00),B).
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In [37, Theorem 1] it is assumed that the semigroup is contractive. As was
mentioned earlier, the Poisson semigroup {P{\}t>0 associated with A, is not con-
tractive when 0 < A < 1. A crucial point in the proof of [37, Theorem 1] is [37,
Theorem 2|, where the LP-boundedness properties for the g-functions on contrac-
tive semigroups are stated. In order to prove Theorem 1.5 below, we will use
Theorem 1.2, which holds in the noncontractive range 0 < A < 1.

For every A > 0, the Poisson semigroup {P}s¢ is generated by —y/A, in
LP(0,00), 1 < p < oo. According to [41, Proposition 6.1], {P};s0 is contractive
in LP(0,00), 1 < p < oo, provided that A > 1. Then, by [47, Theorem 6.1],
equivalence (1.5) follows from [51, Proposition 2.16] (see also [35, Lemma 2.3])
when A > 1, >0, 1 < p < oo, and B is a UMD Banach space. In Theorem 1.2
(1.5) is established for every A > 0. Our proof (see Section 3) does not use
functional calculus arguments. We exploit the fact that the Bessel operator Ay
is, in some sense, a nice perturbation of the Laplacian operator —d?/dz?. We
connect the g-function operator G?D’ﬁ with the corresponding operator associated
with the classical Poisson semigroup and then we apply Theorem B.

We also consider square functions associated with Bessel-Poisson semigroups
involving a derivative with respect to z. If B is a Banach space, we define, for
every f € LP((0,00),B), 1 < p < o0,

Gha(F)(t,2) = tD5 P (f)(x). .t € (0,00),

“Ad A\
pr

Theorem 1.3. Let B be a UMD Banach space, A >0 and 1 < p < oo. Then the
operator Gpy is bounded from LP((0,00),B) into LP((0,00),v(H,B)).

where D% = —x

The operators G)J‘D”%E and Q}D’B are connected by certain Cauchy—Riemann-type
equations and Riesz transforms associated with Bessel operators. These relations
allow us to get new characterizations of UMD Banach spaces. Also, the equiv-
alence of LP-norms in Theorem 1.2 characterizes UMD Banach spaces. In order
to see this last property, we need first to describe UMD Banach spaces by using
LP-boundedness of the imaginary power A%, w € R\ {0}, of Bessel operators
(see Proposition 5.1).

Theorem 1.4. Let B be a Banach space and A > 0. The following assertions are
equivalent:

(i) B is UMD;
(ii) for some (equivalently, for every) 1 < p < oo, there exists C' > 0 such
that

1
El‘f“LP((O,OO)JE) < ||G?§71153(f)HLP((O’OO)N(HB)), f € LP(0,00) ® B, (1.6)
and

Hgl/\D,]B(f)HLp((o,oo)ﬂ(H,B)) < CHfHLp((O,OO),B)a f € LP(0,00) ® B; (1.7)
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(iii) for some (equivalently, for every) 1 < p < oo and B > 0, there exists
C > 0 such that, for 6 = 0 and 6 =+ 1,

1 A6
5||f||LP((0,OO)B) < HGP,IB(f)HLP((O,oo),y(H,IB%))
< C|\ fllzeeo,00)8), [ € LF(0,00) @ B. (1.8)

Inspired in [37, Theorem 1] as an application of the result in Theorem 1.2, we
give sufficient conditions in order that spectral multipliers associated with Bessel
operators are bounded in L?((0,00),B), 1 < p < occ.

If f e 8x(0,00), then from (1.3) we deduce that

ha(Axf)(2) = 2*ha(f)(2), @ € (0,00).
We define
Anf =m(®ha(f)), [ € DAY,
where the domain D(A)) of A, is

D(Ay) = {f € L*(0,00) : *hy(f) € L*(0,00)}.
Suppose that m € L*(0,00). The spectral multiplier m(A,) is defined by
m(AN)(f) = ha(m(z®)hy), f € L*(0,00). (1.9)

Since h, is bounded in L*(0, 00), it is clear that m(A)) is bounded from L?(0, oo)
into itself. At this point, the question is to give conditions on the function m
which imply that the operator m(A)) can be extended from L?(0,00) N LP(0, cc)
to LP(0,00) as a bounded operator from LP(0, 0o) into itself for some p € (1,00)\
{2}.

In [3] and [9] Laplace transform-type Hankel multipliers were investigated.
A function m is said to be of Laplace transform type when

m(y) = y/ooo e VY(t)dt, y e (0,00),

for some ¢ € L*>(0,00). If m is of Laplace transform type, then the operator
m(A,) defined in (1.9) can be extended to LP(0,00) as a bounded operator from
LP(0,00) into itself, 1 < p < oo, and from L*(0, 00) into L'*(0, 00) (see [3], [9],
[15, p. 121]).

Let w € R\ {0}. The imaginary power A% of Ay is defined by

ANE(f) = ha(y¥ha(f)),  f € L*(0,00).

Since

w o > —yt t_lw
y y/o S e dt, y € (0,00),
the operator A% is a Laplace transform-type Hankel multiplier.

In Proposition 5.1 (Section 5) we show that a Banach space B is UMD if and
only if the operator A%, w € R, is a bounded operator from L?((0,00),B) into
itself, for some (equivalently, for every) 1 < p < oo. This is a Bessel version of
[18, Theorem, p. 402].
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In the following theorem we establish a Banach-valued version of [37, Theo-
rem 1] for the Bessel operator.
If m € L>(0,00), we define, for every n € N,

ma(t,y) = (ty)"e"*m(y?), t,y e (0,00),

and M, (t,u), t € (0,00), u € R, represents the Mellin transform of m,, with
respect to the variable y, that is,

M, (t,u) = / ma(t,y)y " tdy, u€Randt>0.
0

Theorem 1.5. Let B be a UMD Banach space, A > 0 and m € L*(0,00).
Suppose that for some 1 < p < oo and n € N the following property holds:

/ Sup‘./\/ln(t, U)‘||Aiu/2||LP((O,oo),B)—>LP((0,oo),B) du < oo. (1.10)
R t>0

Then, m(Ay) can be extended from Sx(0,00) @ B to LP((0,00),B) as a bounded
operator from LP((0,00),B) into itself.

We now specify some conditions over the function m and the UMD Banach
space B for which (1.10) is satisfied. As in [37, Theorem 3], we consider m €
L>(0,00) that extends to a bounded analytic function in a sector ¥y = {z € C:
| Arg z| < ¥}. In this case, we have

sup| M, (¢, u)| < Ce™2(1+ |u]), ueR
0

By [13, Corollary 1] (see also [3, Corollary 1.2]), we can obtain, for every 1 <
p <09,

AN £2(0,00)— L7 (0,00)
< C(1+ uflog [u)) """ exp(x|1/p— 1/2|u]), uweR, (1.11)

where C' > 0 depends on p but does not depend on u.

Even when we consider the usual Laplacian operator instead of the Bessel
operator Ay, it is not known if (1.11) holds when the functions take values in a
UMD Banach space (see, for instance, [46, Corollary 2.5.3]). In order to get an
estimate as (1.11), replacing L”(0,00) by LP((0,00),B), we need to strengthen
the property of the Banach spaces as follows. B must be isomorphic to a closed
subspace of a complex interpolation space [H, X]y, where 0 < 6 < 1, H is a
Hilbert space, and X is a UMD Banach space. When B satisfies this property
for some 6 € (0,1), we write B € Ip($), UMD). The class Uy g1y Lo($, UMD)
includes all UMD lattices ([42, Corollary on p. 216]) and it also includes the
Schatten ideals C,, p € (1,00) (see [14]). It is clear that B is UMD provided that
B € Uge(o,) Lo(H, UMD).

As far as it is known, it is an open problem whether every UMD Banach space
is in Upe .1y J6($H, UMD) ([42, Problem 4 on p. 220]). This class of Banach spaces
has been used, for instance, in [23], [36], and [46], and also it plays a central role
in the vector-valued version of Carleson’s theorem recently established in [24].
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Theorem 1.6. Let A\ > 0. Suppose that m is a bounded holomorphic function in
Yy, for certain ¥ € (0,7), and suppose that the Banach space B is in Iy($, UMD),
for some 0 € (0,9/7). Then, the spectral multiplier m(A,) can be extended to
L9((0,00),B) as a bounded operator from LI((0,00),B) into itself, for every q €
2/(1+6),2/(1—-0)].

In the following sections, we present proofs for our theorems. Throughout this
paper C and ¢ always denote positive constants, not necessarily the same in each
occurrence.

2. PROOF OF THEOREM 1.1

2.1. First we prove that there exists C' > 0 such that
A
||Ww,IB(f)HLp((o,oo)ﬁ(H,B)) < CHfHL"((O,OO)JB% (2.1)

for every f € LP((0,00),B).
We choose ¢ € S(R) such that ¢(z?) = 2= (z), € (0,00) (see [49, p. 85]).
Then, we can write, for each ¢, z,y € (0, 00),

At—A—l

_ () " o Y@ =) + 22y(1 = cos0)
AT (V) (y) = M/O ¢< t )

X ((I - y)Q + 2zy(1 — cos 0))7)\/2(8111 9)2>\—1 do
Xt—2A—1

— \/(7%2\—1/21“()\) /W(sin 9)2,\_1¢<(33 - y)2 + Q;y(l — COS 9)) "

We define the function ® as follows:

1 - A—1 2
:m/o Tzt +u)du, zeR.

It is not hard to see that ® € S(R). Hence, since &D(O) =0 (see [5, (17)]), @
satisfies conditions (C1) and (C2) in [28, p. 111] [(i) and (ii) in Theorem A].
We consider the operator

Weon(f)(t,z) = (P x f)(z), feLP(R,B),te€ (0,00), and z € R.

According to [28, Theorem 4.2] (Theorem B), we have that, for every f €
SR)® B,

O(x)

HWq’v]B(f)HLP(]Rq(H,]B)) < Cllfllze@p): (2.2)

We are going too see that the inequality (2.2) holds for every f € LP(R,B). Let
f € LP(R,B). We choose a sequence (f,,)neny C S(R) ® B such that f, — f, as
n — oo, in LP(R,B). According to (2.2), by defining

Was(f) = Tim Wep(fn),
where the limit is understood in LP(R,~(H,B)), we have that

HW‘P,B(JC)HLP(RW(H’]B)) < CHfHLP(RvB)'
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Also, there exists an increasing sequence (ny)reny C N and a subset € of R such
that
Was(H@) = lim Was(fu)(22). o€,

where the limit is understood in v(H,B), and |R \ 2| = 0.
For every € > 0,

W@,B(fn)('7 I) — W@,B(f)('v Ilf), as n — 00, In LQ((Ev OO), dt/t7 B)a
uniformly in x € R. Indeed, let ¢ > 0. By using Minkowski’s inequality we get

(] st e.n) = wasten )"
2 dt> 1/2 a

< [lnw - sl ([ 5o ("51)

<c [ =10l rmmm) @

1£n(y) — FW)le dy A\
SC R €+’$—y’ dy§0‘|fn_f|’Lp(R,B)<AW>

< Og_l/p”fn - f||LP(R,lB)7 n € Nand z € Ra

where p’ is the conjugated exponent of p, that is, p’ = p/(p — 1).

Let S € B*. Since v(H,B) is continuously contained in the space L(H,B) of
linear bounded operators from H into B, for every x € Q and h € L*((0, c0), dt/t)
with supp(h) C (0,00), we have that

<57 [W‘I’B(f) (Iﬂ (h)>IEB*,IB - klggo<S7 [WCPJB(fnk)('J I)} (h)>B*,B
dt

= lim /OOO<S, W@,B(fnk)(twr)>]3*7]gh<t)_

k—o0 t

— /OOO<S, Wa s (f)(t, 37)>B*,Bh<t>%'

Hence, for every z € Q, (S, Was(f)(-,2))p-5 € L*((0,00),dt/t) and

— > dt
(5. PP (D) 0} = [ (5 Waalf)(t0))y. hO0F e
We conclude that VNVq),B(f)(:E) = Wop(f)(-,z), = € Q, as elements of v(H,B).
Hence, (2.2) holds for every f € LP(R,B).
Suppose now that f € LP((0,00),B). By defining the function f, as the odd
extension of f to R, we have that

Woalfo)(t.0) = | :O (=) foly) dy
——1 [ (D) rwane g [ () sy

=Ly p(f)(t,x) + Lis(f)(t,2), z€Randt e (0,00).
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Since B is UMD, by [50, Theorem 4.3], we can write, for each x € (0, 00),

b)) sup(EH& | thaeamo )"

where the supremum is taken over all the finite family {h;}}_, of orthonormal

elements of H. Let 2 € (0,00). Assume that {h;}¥_, is a set of orthonormal
functions in H. We have that

Z% | thanamo

The interchange of the order of integration is justified because

/Ooon<y>HB/f(%@(xjy)h]() “ gy
< [lsel( ] wlo()]) an

I W)lls /°° dy 1
<C dy < P((0,00 ——d ;
- /0 +y 17l )B)< o (z+y) y> =

where p' = p/(p — 1).
Then, we obtain, by using Minkowski’s inequality,

<EHi K& /OOO Lé,ﬁ(f)(t,x)hj(t)% ;)1/2

k

[ 103 [ e )
o [ o)
[V [ )

3/0 Hf(y)HB</O ‘q><ff+y> dt)lmdy'

In the last inequality, we have taken into account that v(H,C) =
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Hence, it follows that

|E& (A D] s < ClFW) HB</0 Llo(SE) [ ar) "y

= C/OOO % dy < C(Ho(|If Is) (x) + Hoo (I fll2) (x)),

where Hy and H,, denote the Hardy operators defined by

Ho(g)(z) = é/ozg(y) dy, =z € (0,00),

and

Heol9)(2) = / TIW g e (0.00),

Y

Since Hy and H, are bounded operators from LP(0, co) into itself (see [20, p. 244,
(9.9.1) and (9.9.2)]), Lg 5 is a bounded operator from LP((0, 00), B) into the space
17((0, 00), 7(H, B)).

Inequality (2.1) will be proved once we establish that

1025 = L2 s) ) o oy < CllFlimommrar £ € L7((0,00),B). (2.3)
In order to do this, we study the function
Kx(t,z,y) = a7 (Y)(y) — 2oz —y),  t,z,y € (0,00).
First we write
A (V) (y) = Haa(t, 2, y) + Hao(t,z,y), @,y € (0,00),

where, for every t,z,y € (0,00),

A—2A-1 /2 24 2zl — cos
Hualbz,y) = fri’i tmr( )/ (Sin9)“‘1¢(( v) +2t2y(1 9)>d9.

We have that, for every z,y € (0, 00),

HH>\,2('axay)HH
< C(zy)*

X (/OOO {3 (/ﬂ;(sin 0)2A—1‘¢<($ —y)°+ 2tigy(l — cos 9)) ) d0>2 dt>1/2

( W fOOO _4/\_3(f:/2(sin 9)2>\—1

X a0y 4g)2 4u) /2,y ¢ (2, 20),

W(f um ([, (sin 0)2
| x (e 0y gg)2 gu) /2,y € (%, 22).

< C(ay)*
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Then, since ¢ € S(R), it follows that

A oo 1 1/2
—(xy) (/ uw S du + / du>
1 0

HH)\Q(‘,xay)HH S C|x y|2A+1
1
- 2
0<y< x/ ) (2'4)

x?

<C
- {l y > 2z >0,

y?

and
1 00 1 1/2
HH,\,z(',JJ,y)HH < 0—1/2 (/1 w3 du—i—/o du)

(zy)
L ). (2.5)

C
< —, yE(—,Qa:
T 2

By proceeding in a similar way we can see that

|Haa(2.9), < C » 0<y<i, (2.6)
M EEAL s 00 >0, '
and also that
C L 0<y<a/2,
P, (x — < < z € (0, 00). 2.7

Suppose now that x € (0,00) and that /2 < y < 2z. We split the difference
Hyi1(t,z,y) — Pz —y), t € (0,00), as follows:

Hyq(t, 2, y) — @4z —y)
(wy) 221 ”/2[ DAl A2l (x —y)* + 22y(1 — cos )
= —"=— (sin0) -0 }qﬁ( >d.9
e ), :
N (:L.y))\t—Q)\—l
AP0 ()
2 4+ 22y(1 — cosf)

/2 r_
% /0 g1 [¢(( y) .

) o

Ap—22-1 /2 N2 02
VEPTPI) Jy 2
== H/\,l,l(ta x, y) + H)\,l,2(t7 Z, ?J) + H)\,l,?)(ta x, y)7 ta z,y € (Oa OO)
By using the mean-value theorem, we get
||H)\,1,1('7 Z, y) HH
(x —y)? + 22y(1 — cos ) 0 2 dt 12
)| ) s

o :

¢((~’17 —y)? +UQQZZ(1 — cos 9)) ‘ d0>2 du }1/2

<o {[([ e
<l [ ([
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< C < du
= (xy)l/Q{ | A3

/2 2 A+3/4 2 (] 1/2
22+1 u"ry u
/0 0 ((x —y)?+ xy62> d@) u4/\+3}

O\H
/N

A ) )

—cos 0

_|_/1(/Tr/202)\1 /02/2 ( u%y )/\+7/4d d9)2 du }1/2
Z —
o Mo 1 +2xyz w7

) )" < €

C 7r/2
< {1 + ‘1‘
N (.Ty)l/Q 1—cos 6 Z)\+7/4 Zz

On the other hand, a suitable change of variables allows us to write

Apm22—1  pm/2 N2 02
Hy15(t,z,y) = \/(—gi 2i/zp( )/ 92’\_1¢<(x y)t2+ i )d&

- tﬁ2“11/21“()\) /OO o o(( y>2 +u) du

S | (Y 1

Hence, we deduce that

)

<l (Lo () s}
{/loo (/ﬂ: g1 < = ;)yzuj $y02>)\+1/4 d9>2ui?ig

+ /01 (/:O p2A-1 ( o ;)Zuj xy92>A+3/4 d9>2uilig }1/2

/2

Q

<=
T

By putting together the above estimates we obtain

C
HHA,l(‘>$,y)—CI)t($— HH<;, 0<g<y<2x. (2.8)
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From (2.4)—(2.8) we deduce that

||K,\(-,x,y)HH < x,y € (0,00). (2.9)

max{z,y}’

By proceeding as in the case of Ly g, since y(H,C) = H, we infer from (2.9) that
the operator W), i — L3  is bounded from L((0, 00), B) into LP((0, 00),v(H,B)).
Thus, (2.3) is established.

2.2. Our next objective is to show that there exists C' > 0 such that
A
HfHLP((O,OO)»B) < C}lww,]B%(f)HLp((o,oo)ﬁ(H,B)y (2'10)

for every f € LP((0,00),B). It is enough to see (2.10) for every f € S)(0,00) ® B.
Indeed, suppose that (2.10) is true for every f € Sx(0,00)®B. Let f € LP((0, 00),
B). We choose a sequence (fp,)nen C Sx(0,00) ® B such that f,, — f, as n — oo,
in L”((0,00),B). Then, by (2.10)

A
an“Lp((O,OO)aB) < Cwa,B(fn)HLp((opo)ﬁ(H,B))v n € N. (2-11)

Since, as it was proved in Section 2.1, W  is a bounded operator from L?((0, oc),
B) into LP((0,00),v(H,B)), by lettlng n —> oo in (2.11) we conclude that

A
1f |22 (0.0008) < CHWzb,JB(f)HLP((o,oo),A,(H,B))'
The following result was established in [5, after Lemma 2.4].
Lemma 2.1. Let A > 0. If ¢ € §\(0,00) is not identically zero, then there exists
¢ € 8\(0,00) such that

/0 T () (@) ha(@) )y P dy = 1, (2.12)

where the last integral is absolutely convergent.
In order to see (2.10), we need to show the next result.

Lemma 2.2. Let A > 0. Suppose that ¥, ¢ € Sx(0,00) satisfy (2.12), with the
integral absolutely convergent. If f, g € Sx(0,00), then

/Ooof(x) dx—// (F#XY @) W) (9#rd0) (y )dytdt. (2.13)

Proof. Let f,g € S\(0,00). Note first that the integral in the right-hand side of
(2.13) is absolutely convergent. Indeed, according to (2.1), we get

/ / (F3000) ) 000 ()] 2

< [Waclf

dy dt

||LP (0,00), HW¢<C HLP’((O,OO),H) = C||f||L"(0700)”gHLP'(OW)'
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Plancherel equality and the interchange formula for Hankel transforms (1.4)
lead to

/ (o) ) (gad0) (9) dy

0

- / " (A t) () (99160 (0) dy
= /0 ) ha(F) (W) ha(g) () (ty) "> ha(¥0) (ty) ha(9) (ty) dy, ¢ € (0, 00).

Hence, it follows that

/ / (F#xi0) (W) (920 (y )dytdt
- / (1)) (9)(0) (00) () 1) () 1) 20
= [ mhwmew / " ) s ) )

_ / () W)ha(9) () dy

- | 1@t ds .

An immediate consequence of Lemma 2.2 is the following.

Lemma 2.3. Let B be a Banach space and A > 0. Suppose that 1, ¢ € Sx(0, 00)
satisfy (2.12), with the integral absolutely convergent. If f € S§x(0,00) @ B and
g € 8)(0,00) ® B*, then

/Ow<9(m)7f(a?)>3*,3dx:/Ow/ooo«g#/\gb(t) 2), (Fatbo >B* dxdt'

Let f € S\(0,00)®B. Since Sy (0, 00) @B* is dense in LP'((0, 00), B*), according

o [17, Lemma 2.3], we have
/ <g (x)>B*JB dx‘.

By Lemma 2.1, we choose 1, ¢ € §)(0, 00) such that (2.12) holds, with the integral
absolutely convergent. Since B* is UMD, it was proved in Section 2.1 that the op-
erator W; . is bounded from L¥'((0,00), B*) into L*'((0, o), v(H,B*)). Accord-
ing to Lemma 2.3 and [26, Proposition 2.2], we get, for every g € 8,(0, 00) @ B*,

< >E* dx ‘// <9#,\¢t) ), (F#atb) (z )>B*7B@‘
S/o/o <(9#/\¢(t))(1}),(f#>\w(t))< >B*B|dxdt

1 £ 1|2 ((0,00).8) = sup
963)\ 0 OO ®]B*

”gHLpl((O 00), ]B*)f
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S/o HWQB*(g)('W)Hw(H,B*)

<|Wie

Wo (D)0 2| do

(9) ||LP'((0,oo),'y(H,IB*)) (Wis(f) ||LP((0,oo),'y(H,]B))

A
< OHgHLP'((O,oo),IB%*) sz,IB%(f) HLP((07OO)77(H7B))'
Hence,
A
||f||LP((0,oo),IB) S C}|W¢11B(f)HLP((O,OO);)/(H,IB))'

Thus, the proof of Theorem 1.1 is finished.

3. PROOF OF THEOREM 1.2

3.1. In this section we prove that

HG?D:BBB<-/:)HLP((O,oo),'y(H,IB)) < CHJC”LP((O,OO)B% fe L”((O, OO)JB)? (3'1)

for some C' > 0 independent of f.
We define the g-operator associated with the classical Poisson semigroup on R
as

Ghu(f)(t,x) =tP0/P,(f)(x), = €Randt e (0,00)
for every f € LP(R,B).
By [4, Proposition 1] there exists C' > 0 such that

125Ny < Clfllmes, fe€S® @B,

The arguments developed in the proof of Theorem 1.1 allow us to show that

HGI?D,B(JC)HLP(R,’Y(H,B)) < | fllewm), f€LP(R,B). (3.2)
In [4, Lemma 1] it was established that
(m+1)/2

tﬁafIP’t(z) = Z Ct—kcpk(i), z€Rand t € (0,00),
k=0

where m € Nis such that m—1 < 8 < m, and, forevery k € N, 0 < k < (m+1)/2,

¢, € C and
N B [eS) (1 + U)m+1—2kvm—ﬁ—l
go(z)—/o (T 0)2 £ B dv, ze€R.

By proceeding as in the proof of [4, Lemma 1|, we can obtain the analogous
identity in the Bessel setting:

(m+1)/2 A
PO PN y) = Y, (e
k=0

X /Oﬂ(sin 9)2)‘1g0’\’k<\/<x ) s t2xy(1 I 9>> df, (3.3)
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where m € Nis such that m—1 < 8 < m, and, forevery k € N, 0 < k < (m+1)/2,

N B oo (1+v>m+172kvmfﬁfl
™" (2) _/0 (11 0)2 + 22) Fm—h+ dv,  z € (0,00),

and
. XA+ 1)~ (A+m—k)
F (m — k)!
Let k€ N, 0 <k < (m+1)/2. We define, for every f € LP(R,B),

Pe(f)(t,2) = / Sz —y)f(y)dy, te(0,00)and z € R

Let f € LP((0,00),B). If f, denotes the odd extension of f to R, we write

Pu(f,)(t,2) = / T ke — ) () dy / " e+ ) f () dy
=Pr1(f)(t, z) — Pra(f)(t,x), t,x € (0,00).

We have that, for every z,y € (0, 00),

HSOf(I + y)HH < / (1 + v)mH=2kym—F-1
0

Ck -

S| t4(m—k+1) 4 1/2 4
X — t)
(A 3 ((1 + U2)t2 + ($ + y)2)2(mfk+l) v
C
< .
T rH+y
Since v(H,C) = H, we deduce that

ety < [ N[ 5 ()] o

t
<o [FUW,,
o TTY

< CHo(|Iflle) () + Hx ([l flle) (z)], € (0,00).
Thus, according to [20, p. 244, (9.9.1) and (9.9.2)], Py is a bounded operator
from L”((0,00),B) into LP((0,00),v(H,B)).
We define, for every f € L?((0,00),B),

Gl (Pita) = [ OB+ ) Wy, b € (0.00)

0

Since Glﬁ;’ﬁ = 12231)/ 2 cx Pk 2, we conclude that Gzﬁv’,ﬁ is a bounded operator from

LP((0,00),B) into LP((0,00),v(H,B)). Then, according to (3.2), if for every f €
LP((0,00),B), we define

G = [ PR — ) dy, o€ (0.0),

0
the operator G’%’E is also bounded from LP((0,00),B) into LP((0, c0),v(H,B)).



SQUARE FUNCTIONS AND MULTIPLIERS FOR BESSEL OPERATORS 359

In order to prove (3.1), it is enough to show that the difference G’I\;% G?DB is
bounded from LP((0, c0),B) into LP((0,00),v(H,B)).
By proceeding as in (3.4), we get, for every x € (0, 00),

1 0<y<z,
[tP0fPy(z — )|, < <c{r M (3.5)
We split P>z,y), t,z,y € (0,00), as follows:
IN(zy) Mt [ sin ) 1
PXa,y) = 2 / b7 o df
s o ((x—y)2+t2+2zy(1 — cosh))
N 2\ (zy) M /7r (sin §)2A~1 i
m j2 (@ —y)? + 2 4 2xy(1 — cos 0))M!

= Pt)\71(x7y) + RA72($7y)‘

From (3.3) we have

Htﬁ@’BP)‘2 (x,y HH < C(xy)* /7r (sin §)* 1
/2

(m+1)/2
1w/ V(@ —y)?+2xy(1 — cosh)
< 2 e t ).
k=0

and, for every k € N, 0 <k < (m+1)/2,

H ! <pA,k(\/(m_ZU)Z—J-Q.’Uy(l—Cos&)>”
$22+1 t
HAOF1+m—k)—4A—3

00 oo 1/2
< 1 m41—2k m—ﬁ—l(/ dt) d
<0 e (| e Gy )

C 0 ,m—p-1 oo uAm—Fk)+1 1/2
< x / dv (/ du)

¢ s
< Gy BuE 0o andde (Gm).
Hence,
A
508 PM( (zy)
[0 B ey < O o
<5 € (0,00) (3.6)
) z, , 00). .
Similar manipulations lead to
la 0 < < 27
[0 B .yl < ——— <O 7 v/ (3.7)
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We decompose 707 P (x,y), t,x,y € (0,00), as follows:

tﬁafpt)\71(x7 y)

(m+1)/2

by \
- Z P2+ (zy)
k=0
/2 — —
X {/ [(Sin §)2-1 — 62,\1](p>\,k<\/($ y)? + 2zy(1 — cos 9)) "
0 t
ﬂ/2 V(z —y)? +2zy(1 — cos )
22-1[ Ak
e[ el : )
x—y)? + zybh?
_SO)\,k(\/( yi Yy ]d&
00 — 5 5
_/ 92A1¢Ak<\/(x yz + xyf >d9
/2
el Ak \/(x —y)? + xybh?
(m+1)/2
= > B[Rt z,y) + Ry (tay) + Byt a,y) + Ryt y)].
k=0

Let k € N, 0 < k < (m+1)/2. By using the mean-value theorem we obtain, when
0<z/2<y<2x,

1B G

/2 00
<t [ [
0 0

HAQ+HI+m—k)—4X-3

’ </0 (L +0)*2 + (z — y)? + ay6?)>Otm=k+D)

N /2 H2A+1 c
< <Y |
> C(xy) /0 ((l’ I y)Q + l’y92)>\+1/2 df < o (3 8)

1/2
dt) dv df

and

1B (o)

w/2 o
< C(xy)A/ 82>\—1/ (1 _|_U)m+1—2kvm—ﬁ_1
0 0

X {/Oo Am—k)+1 1
0

(14 v)2%2 + (z — y)? + 2xy(1 — cos §) ) +m—h+1

1 2 1/2
at} " dvdo
(1 4+ 0)%2 + (x — y)? + xyh?)Mm—k+l v

w/2 0o
<o e [ s arisns
0 0
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> Q4 2 1/2
t4(mfk)+1( xy ) dt} ot
- {/o (14 0)2t2 + (x — y)2 + xyf?) +m—k+2 v

o e /2 92)\-1-3 ” C T
< < —, 0<~—= 2x. 3.9
< C(zy) /0 (s =5 0<g<y< (3.9)
We have also that, when 0 < 2/2 <y < 2z,
HR?;\’k(ax7y)||H
SC(QUZ/))\/ 02)\1/ (1+U>m+172kvm7671
/2 0
[e%} t4(m—k‘)+1 1/2
dt dv df
(| mrEe )
\ oo (92>\ 1 C
<C do < —. 3.10
< Clay) /m ((z —y)? +ayP))2 = (310)

Finally, we get that

o x —y)? + zybh?
/ g2\ 1¢Ak<\/( ?JZ Y >d9

/ 92)\ 1/‘ 1+U)m+1 2k M B—1 do db
(L0 + (v — ) + oyl

— 20 Fm— k+1)/ (1+U)m+1 2k, m—p—1
0

e 92)\—1
8 /0 (1 4+ )22 4 (z — y)? + wyh2)Am-k+l

f20Em—kt ) poo (] gy ymer L2y m—f—1 ] % Y21 )
() /0 (14 0)22 + (z — y)?2)m—ktl U/O (1 + u2)rm—ktl u

(m — k)! 2 k(a:—y)

do dv

AN Ok m—k) @y e
Then
(m+1)/2
> Ryt a,y) = t°0)Px —y), .,y € (0,00). (3.11)
k=0

By putting together (3.5)—(3.11) we conclude that G;\D’,@% — G%g is bounded from
LP((0,00),B) into LP((0, 00),v(H,B)), and hence G}\D:% is a bounded operator from
Lr((0,00),B) into LP((0, 00),~(H, B)).

3.2. We are going to show that there exists C' > 0 such that, for every f €
LP((0,00),B),

1£ (00008 < Cll G (O 2oor0opmirm (3.12)

Since G}\D”% is bounded from Lp((O, 00),B) into LP((0,00),v(H,B)) and S)(0, 00)®
B is a dense subspace of LP((0,00),B), (3.12) holds for every f € LP((0,00),B)
whenever it is true for every f € S,(0,00) @ B.
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By proceeding as in Section 2.2, the inequality in (3.12) can be proved as a
consequence of a polarization identity involving the operator G?;}%. To show this
equality, we first need to establish the following.

Lemma 3.1. Let A\, § > 0. Then, for every f € 8x(0,00),
ha(tPOP P f) () = e (tx)Pe ™ hy(f)(z), t,z € (0,00).
Proof. Let f € 8§,(0,00). We have that (see [15, Section 8.5 (19)])
hra(Pf)(z) = e hy(f)(x), t,z € (0,00).

We choose m € N such that m —1 < 8 < m. It is not hard to see that 0?6*“ =
e™xPe= t,x € (0,00). Then

(P ) (@) = el (@), b € (0,00).
According to [16, (4.6)], we can write, for every ¢, z,y € (0,00) and 6 € (0, ),

m t
% [[(w —y)? + 2zy(1 — cosf) + t2]/\+1}

. ]‘ m-+1 |: 1 i|
oot [(z —y)? + 22y(1 — cos ) + t2]A
(m+1)/2
- ; Z (=1)" F Byt ™ A+DA+2)--A+m—k)
2 k=0 e [(z — y)? + 2zy(1 — cos §) + 2pm—k+1’
where )
2 (m 4 1)) m+1
Em1g = , 0<k< .
TR Rl m + 1 — 2Kk)! 5

Hence, OM[t/[(z — y)? + 2zy(1 — cosf) + t?]*1] is continuous in (t,z,y,0) €
(0,00)3 x (0, 7). Moreover, for each t,z,y € (0,00) and 6 € (0,7),

< C

— [(ZE _ y)2 + t2])\+(m+1)/2 '

t
t [[(x —y)? + 2zy(l — cosb) + t2]/\+1}
Then

00 T A
|07 P (f)()] < C/o f ()] [(z— )2 + Etz_)S)Q]/\+(m+1)/2 dy, t,x € (0,00),

and 9 P)M(f) € L'(0,00), t > 0. Since the function v/zJ,(z) is bounded on (0, c0)
when v > —1/2, the derivation under the integral sign is justified and we get

(0 P f)(x) = 8l (PM(f)) (x) = e™aPe ™ ha(f)(2), t,z € (0,00). O

Lemma 3.2. Let B be a UMD Banach space and \, > 0. If f € §,(0,00) @ B
and g € §x(0,00) @ B*, then

/ (9(x), f(x))g. 5 da

ei2mB928  roo oo dt dx
_ Ba8 pA BB A
= T /0/0 (170, P)g)(x),t70; P (f >B*B — (3.13)
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Proof. Tt is enough to show (3.13) when f,g € §,(0,00) and B = C. Let f,g €
S)\(O, OO)

Since C is a UMD Banach space, as it was proved in Section 3.1, the operator
G;‘D’E is bounded from LP(0, co) into LP((0, 00), H), 1 < p < co. Hence, the integral
in the right-hand side of (3.13) is absolutely convergent.

As hy is an isometry in L?(0, 00) (see [48, p. 214 and Theorem 129]), Lemma 3.1
implies that t?0] P (f) € L*(0,00) and t°0 P)(g) € L*(0,00) for every t > 0.
The Plancherel equality for Hankel transforms and Lemma 3.1 lead to

/0 /0 807 PM(f)(2)t?0° PMg) (z) dttdx
- /OO /OOtﬁafpf(f)(a:)tﬁafpg(g)(x)d:vdt

t
_ zQﬂ*B IQB —2xt dx dt
= [T [T e (@ (o)),

28 —2qt At d

= e [T [ e

=l 2 [ @mlo)e) da

— 127rﬁr 26 / f
2-28 Il

By using now Lemma 3.2, the arguments developed in Section 2.2 allow us to
show that (3.12) holds, for every f € LP((0,00),B).
Thus, the proof of Theorem 1.2 is completed.

4. PROOF OF THEOREM 1.3

The Riesz transform R, associated with the Bessel operator A, is the principal
value integral operator defined, for every f € LP(0,00), by

Ry\(f)(x) = lim Ry(xz,y)f(y)dy, a.e.x € (0,00),
e—0* 0,|z—y|>e
where .
Ry(z,y) = / DyP)Nw,y)dt, x,y € (0,00),2#y,
and Dy = 2 dd . Main properties of Riesz transform R, can be encountered

n [2]. We denote by R} the “adjoint” operator of R, defined, for every f €
LP(O,OO), by

Ry(f)(x) = lim Ry(y,z)f(y)dy, ae. x€ (0,00).
e—0% 0,|z—y|>e
Riesz transforms R, and R} are bounded from LP(0,00) into itself. Moreover,
since B is a UMD Banach space, by defining R, and R} on LP(0,00) ® B in the
natural way, R, and R} can be extended to L”((0,00),B) as bounded operators
on LP((0,00),B) into itself (see [7, Theorem 2.1]).
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We define, for every f € LP(0,00), the function Q}(f) by

/ Qt r y dy7 t,l’ € (07 OO)7

where

QMNz,y) =

N B Y221
2\ (1) / (x — ycos ) (sin ) do, t,z,y € (0,00).
0

7r (22 + y? + t2 — 2zy cos H) 1
The following Cauchy—Riemann equations hold:
DA\PM[) = 3Q)f),  DiQNf)=0P)Nf), t>0.

These relations motivate that Q) (f) is called Ay-conjugated to the Poisson inte-

gral P)(f).
The adjoint Ay-conjugated Q) (f) of f € LP(0,00) is defined by

/ Qt y7 dy7 t,I € (07OO>
We have that

DIPN(f) = aQ(f),  DaQNf) =P (f), t>0.
By using the Hankel transform (see [39, (16.5)]) we can see that, for every f €
SA(Ov 00)7
PMRyf)=Q}(f), t>0.
Then, for every f € §,(0,00),

O.P)(Ryf) = DiP(f), ¢>0. (4.1)
Equality (4.1) also holds for every f € S)(0,00) ® B. Then
Gps(f) = Gpa(BLS). [ €8:(0.00) @ B. (42)

Since R} can be extended to LP((0,00),B) boundedly from L?((0,00),B) into
itself, Theorem 1.2 implies that the operator Gpy can be extended from S, (0, 00)®
B as a bounded operator from L?((0, c0), B) into LF((0,00),v(H,B)). We denote

this extension by Gp .
We define

Gps(t,z,y) = tDYPM (2,y), 2,y € (0,00),
We have that, for each t,z,y € (0,00),

g}{l‘,IB(txay)
_ _2()\ + 1)t2yk+1 -2, < 22+1 /7r (sin )21 d@)
T [(z —y)? + 12 + 22y(1 — cos H)] 2
__2()\~|—1)(2)\+1 2.2 )\+1/ (sin §)2A+1 "
B T o (@ —y)?+1t2+ 2zy(1l — cosh)] ?
+4()\+1 (A+2) 2 ()™ ( —|—y (1 — cos 0)](sin 9) 1 .

T 0 24+ 12 4+ 2zy(1 — cos )] M3
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Then
Gpa(t,z,y))|
6)2A+1
<C A >\+1 / / (sin do
\/_ o/ (& —y)? + 12 + 22y(1 — cos O)]M5/4

/\+1 (sm ) +1 50
+{at) / +//2 (@ = y)? + & + 2wy (1 — cos O M7/ }

= Gpp'(t2,y) + Opg (L2, y) + Gpp' (L2, y) + Gpa’(tz,y), t,a,y>0.

Let € > 0. Since, for every z,y € (0,00) and 6 € (0,7/2),

</°O dt )1/2 < C
. [(x—y)? + 2+ 22y(1 — cos §)|2A+5/2 = (Jz —y| + e+ JTyd)P+?’

and

T
. (x—y)? + 2+ 22y(1 — cos O)|A+7/2 ~ (Jo =yl + e+ JTyd)P+3
we obtain

Hg)\ll T,y HL2(800 ),dt/t) + Hg“l x’y)HLQ((a,OO)vdt/t)

e /2 92>\+1
<C df
- <x y /0 (|lx —y| + e + J/zyl)?> +2
. w/2 02)\—1—1
do
+ ($y) /0 (|.1' _ y| +e+ \/@9)2)&3 )
Yy Ty
<C +
- <(!flf—y!+€)2 (|$—y\+€)3>
1/(z+¢), 0<y<uz/2,
<CRy/et+y?)e®, x/2 <y <2z,
1/(y+e¢), y > 2x > 0.

Analogously,
HQMQ Y HL2((soo)dt/t + HgA” Y HL2 ((e,00),dt /1)

sy v iy T
a2 (T +y+e)2At o (+y+e)t

—, z,y € (0,00
_x—l—y+£ 24 ( )

Hence, for every x € (0,00), |G35(-, 2, ) || 12((e,00),at/0) € LF (0, 00).
By proceeding now as in Section 2.1, we conclude that

Gre(f) = Gpe(f), [ € LP((0.00),B),
and the proof of Theorem 1.3 is completed.
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5. PROOF OF THEOREM 1.4

5.1. Proof of (i) = (ii) and (i) = (iii). In Theorems 1.2 and 1.3 it was proved
that if B is a UMD Banach space, then (1.6), (1.7), and (1.8) are satisfied, for
every 1 < p < o0.

5.2. Proof of (ii) = (i). Let 1 < p < oo. Suppose that (1.6) and (1.7) hold.
Let f € S8\(0,00) ® B. Since R} is bounded from LP(0,00) into itself (see |2,
Theorem 4.2]), R} f € L*(0,00) ® B. According to (4.2), we obtain

" Al * — A
185 f 001 < CNGER RN oo 00)1a1my = CNIPE I 1o 0001210
< Cl[fllzr((0.00) ).

Since 8)(0, 00) ® B is dense in LP((0,00),B), R} can be extended to LP((0,00),B)
as a bounded operator from LP((0,00),B) into itself. By using [7, Theorem 2.1],
we deduce that B is UMD.

5.3. Proof of (iii) = (i). Assume now that (1.8) holds. In order to show that
B is UMD, we prove first a characterization of UMD Banach spaces involving
LP-boundedness properties of the imaginary powers A% w € R\ {0}, of the
Bessel operator Aj.

Let w € R\ {0}. The iw-power AY¥ of Ay is the Hankel multiplier defined by

AYf=ha(y*™“ha(f)), f € L*(0,00). (5.1)
Since h, is an isometry in L?(0,00), the operator A} is bounded from L?(0, o)
into itself. Moreover,

—lw

2iw _ 2 Oofyzu u —d 0
y y/o A ) ™ y € (0,00),

and hence A% is a Hankel multiplier of Laplace transform type. This type of
Hankel multiplier was studied in [3] and [9]. Proceeding as in [3, Theorem 1.2],
for every f € C°(0,00), we have

AYf@) = lim (a@f@) = [ RKAw)f@dy). ae.w€ ©.00), (52
e—0F 0,|lz—y|>e
where
K:J\(x7y) :/0 matwt)\(may)dta T,y € (O’w),x#y’
and W (z,y) is the Bessel heat kernel
1 Ty 1/2 TYN (21442
A x 4t
) = —=\57 I <_) @457/ ) y 4 ) .
Wi(z,y) \/2_t<2t> A-1/2\ 5 )€ t,z,y € (0,00)

Here o denotes a bounded function on (0, 00) and I, is the modified Bessel func-
tion of the first kind and order v. By [9, Theorem 1.2], A% f can be extended
to LP(0,00) as a bounded operator from LP(0,00) into itself. Moreover, as in
[3, Theorem 1.4], we can see that this extension, that we will continue denoting
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by A%, is given by the limit in (5.2) for every f € L?(0,00). The operator A% is
defined on LP(0,00) ® B in the usual way.
The following result is a Bessel version from [18].

Proposition 5.1 ([18, Theorem, p. 402]). Let X be a Banach space and let A > 0.
Then X is UMD if and only if, for some (equivalently, for every) 1 < q < oo, the
operator A, w € R\ {0}, can be extended from L(0,00) @ X to LI((0,00), X)
as a bounded operator from L4((0,00), X) into itself.

Proof. According to [18, Theorem, p. 402], X is UMD if and only if, for every
w € R\ {0} and for some (equivalently, for every) 1 < ¢ < oo, the iw-power
(—%)“" of the operator —% can be extended from LI(R) ® X to LY(R, X) as a
bounded operator from L4(R, X)) into itself.

We recall that (see [6, Appendix] for a proof) for every f € LI(R), 1 < ¢ < o0,

and w € R\ {0},

&2\ _
() 10 = Jim (o010~ |

x—y|>e

K,(z,y)f(y) dy), a.e. r € R,

where
t—iw

Kw ) = - —aW - dta ) R? )

and W;(z) denotes the classical heat kernel (1.2). Here a represents the same
function that appears in (5.2). The operator (—%)w, w € R\ {0}, is defined on
LI(R) ® X, 1 < ¢ < oo, in the natural way.

Let w € R\ {0}. We are going to obtain some estimates for the kernels K (x,y)
and K, (z,y), z,y € (0,00), that will allow us to get our characterization of the
UMD spaces by using imaginary powers of Bessel operators.

Note first that, for every x,y € (0, 00),

K c [ aw aec [T L © 3
wlZ,—y)| < t < ————dt < . 5.
Kwpl <C [ Jowm@rnla<e [ Sm—a< . 53
In a similar way we obtain, for every = € (0, 00),
1/, 0<y<ax/2,
Ko (z,y)| < C /x y </ (5.4)
1/y, y>2x.

Let I,,, v > —1, be the modified Bessel function of the first kind and order v,
which is given by

o ZV+2k
1(2) = kz:; TR T v 1) - € 0ok

The main properties of I, can be found in [33, Section 5.7]. According to [33, pp.
108 and 123], if v > —1, then we have

I,(z) 2

~N—_— — 0" 5.5
ST o0 (5.5)
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and

(4% — 1) (42 — 3%) - - (42 — (2r — 1)?)
227T(r + 1) ’

Since (see [33, p. 110])

ddz< I(2) = 2 a(2), 2 € (0,00),v > —1, (5.7)

it follows that, for every t,x,y € (0, 00),

O [W(x,y) — Wi(z — )]

o[t n{v(Z) (@) 1))

— W, (z — w{@(ﬁ)lml <96y) —ay/2t _ 1}

2t 2t

{2 (@) ()

(50 50 e (5) - ()R GE) Je
12y o—y/2t _
o= () () )

—xy/2t
—V2rWy(z —y )2t26 v/

Ao Z (F) 0 (5)
+(5) (5 - () G}

with v =\ —1/2.
From (5.5), we deduce that

\ e—cla—y)?/t
017 ,) ~ W — )| < O
for every t,x,y € (0,00) and zy < 2t, (5.8)
and by using (5.6), that
. o—clo—y)?/t
{@[Wt( ) th'— H<CW,

for every t,x,y € (0,00) and zy > 2t. (5.9)
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Combining (5.8) and (5.9), we obtain

Kotes) = K2e)| <€ [ |0 W ) = Wi = )]

C</ﬂcy/2 e—cla—y)?/t 0o o—c(z?+y?)/t
- dt+ / — dt)
o t1/2:cy )2 $3/2

C
(zy)1/2 < =z’ z/2 <y <2zx,x€(0,00). (510)

Moreover, (5.8) and (5.9) imply that, for each = € (0, 00),

IN

Q

IN

00 g—cla—y)?/t C
!K’\xy <C/ dt <
o NSy

<C 1)z, 0<y<uz/2, (5.11)
)y, y>2ux.

Suppose that X is UMD and 1 < ¢ < co. Let f € L9(0,00) ® X. We define the

function f by
~ 0, rz <0,
J(@) = {f(x), x> 0.

Thus, f € LI(R) ® X. We have that

()" ) = tim (s@late) - |

and

AP f(@) = lim (f(@)a(e) - /

e—0t

(e 9]

Ko(@,9)f(y)dy), ae.x € (0,00),

7‘$7y‘>5

o0

KXz, 9)f(y) dy), a.e. x € (0,00).

7|$_y‘>6

Then, (5.4), (5.10), and (5.11) lead to
()" 7t - a0

< Tim | Ko, y) = Ko ()] f(v)

g0t 0,|lz—y|>e

< C[H (I flx) @) + Hu (1 flx) @), ace. € (0,50).
Hence, according to [20, p. 244, (9.9.1) and (9.9.2)], there exists C' > 0 such that

()7

Moreover, by [18, Theorem, p. 402], we also have

|(-5)7

We conclude that
IAY fllza(o,00),x) < CllflLaqo00)x):  f € L0, 00) @ X.

| dy

< 9((0,00 L%(0, X.
eomyy S Ol om0, f € L9(0,00)

< C q [o'e) 9 G Lq 07 X.
s = O @0, f € H(0 00 @
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Suppose now that A% can be extended from L%(0,00) ® X to L%((0,00), X)
as a bounded operator from L9((0, 00), X) into itself. According to [18, Theorem,
p. 402], in order to see that X is UMD, it is sufficient to see that, for a certain

< Clfllamx), f€Li(R)®X.

C >0, |
H( d:zc2> La(R,X)

Let f € LP(R) ® X. By defining
f-l—(x) :f(l’), and f_(ZE) :f(—l’), x € (0700)7

we have that

Kolw)fs)dy = [ Kl ) dy)

Ko(w,9)f+(y) dy)

0
and

(—2) )

-t (e | s / Kl 0)h)
:el—i}(l)%r(f(_x)&(g)_/oi—&-ybaf{( nd= / feted d?/)
= i (5o~ [ Tol (. ~9)f-(9) dy)

N /OOO Ko(z,9)f+(y) dy, ae x € (-00,0).

We consider the operators

Toa(9)() = Tim (g(@)a(e) - /

e—0t

oo

Ko(z,9)9(y) dy>, z € (0,00),

sle—yl>e

and
/ Koo, —y)g(y)dy, € (0,00),

for every g € L4(0,00) ® X.
We can write

|(-5)7

- H w1 (f4) ||L‘1(Ooo)X + HTw:?(f—)Hqu((o,oo),X)

| o (I

La(R,X)

L9((0,00),X) T HTW’2<f+>Hiq((O,oo),X)' (5.12)
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According to (5.3), we get, for every g € L9(0,00) ® X,

”TW’Q “X<C/00Mdy
0

rT+y
< C[Ho(llgllx)(z) + Hx (llgllx) (x)], = >0.

Also, by combining (5.4), (5.10), and (5.11), we obtain, for each g € L4(0,00)® X,
[ To1(9)(2) = AX(9)(2) ||y < C[Ho(llgllx)(2) + Heo (Ilgllx) ()], @ € (0, 00).
Then, by [20, p. 244, (9.9.1) and (9.9.2)] it follows that, for every g € L%(0,00)®X,

||Tw,2(g) + ||Tw,l(g) - AW ”Lq( (0,00),X) = CHQHLQ( (0,00),X)- (5.13)
Since A¥ can be extended from L%(0,00) ® X to L((0,00), X) as a bounded
operator from L?((0,00), X) into itself, (5.12) and (5.13) 1mply that

< C(If+lza(o,000,%) + 1=l pa000),%)) < ClF o),

(G .

for every f € LY(R) ® X. O

”Lq((o,oo),X)

Let > 0 and f € S,(0,00). According to Theorem 1.2, there exists a set
Q2 C (0,00), such that |[(0,00) \ 2] = 0 and for every z € €, the functions
G;‘3’7€(Af\“’f)(~,x) and G?ﬁ7€+1(f)(',$) are in H. Let x € Q. We denote by A; and
Ajg the linear bounded operators from H into C defined by

Ay(h) = /0 h Gre(AY f)(t,x)h(t)%, he H,
and
Ay(h) = / G;,fg“(f)(t,x)h(t)%, h e H.
0

We also define, for every h € H,

Tall)(®) = 55 [ (6= "hie = 9)0us) s, 1€ (0.50)

where ¢,(s) = s72*/T(1 — 2iw), s € (0,00). Thus, T, 4 is a linear bounded
operator from H into itself. Indeed, Jensen’s inequality leads to

T, < </O°° e </Ot‘h(t_ (e — 51 1u(5)| ds)at)
< C(/Oool /t|h(u)‘Uﬁt;du>2dt>l/Q

gc(/o t5+1/\h )|Pu~ 1dudt> <C|hlly, heH.

We now show that

1/2

Al(h) = —AQ( wﬂh) heH. (514)
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Indeed, let h € H. Since T,, gh € H, we can write
o dt
AaToah) = [ GNP T OF

0

_ /OOO TP ) (@) (Te h) (¢ >Cfet

By Lemma 3.1 we have that
0/ PA(f)(w) = eI (v e V() () (), tw € (0,00).  (5.15)

Interchanging the order of integration twice, we get

Ay (T, 6h)
in(3+1) / T (e (1) () () (T h) (1)
Oy (O [T 0 ) )
G0, () )y / e / )7 h(t = 5)ou(s) ds dt ) (x)
_ (in(B+D) h)\<yﬁ+2wh /O e V" uP " h(u )dU)( )

= /() /O°° P [y b () (e () () 22

u

= — /OOO h [uﬁeiw5y5+2iwefyuh)\(f)(y)] ($)h(u)d_u

u

- / " P08 P i (2B () ()] () () 22

u
:_Al(h>7 h€H7

and (5.14) is established. Note that the interchanges in the order of integration
are justified because the function /zJy_1,2(2) is bounded on (0, 00) and hy(f) €
8)\(0, OO)

From (5.14) we deduce that, for every f € S\(0,00) ® B,

Gra(AYS) (o) = =G (H)(hx) o Tup, ae. x € (0,00),

as elements of L(H,B), the space of linear bounded operators from H into B.
Let f € 8x(0,00) ® B. Since AY¥ f € LP(0,00) ® B, (1.8) implies that

oA ) x) = =Gt (N)(2) o T s, ae. a € (0,00), (5.16)

as elements of v(H, B). Moreover, according to the ideal property for y-radonifying
operators [50, Theorem 6.2], we get

|E3E7 ()0 2) o Tl ) < 1Tl |G (DG DI, 1

for a.e. x € (0, 00).



SQUARE FUNCTIONS AND MULTIPLIERS FOR BESSEL OPERATORS 373
Then, (1.8) and (5.16) lead to

[AY(f) < CIGHAX Dl oo oerizy
= C||GpE(f) o

/\,B—i-l
< CHGP,IB HL@((O,oo),v(H,B))
< Cllfllzr(0.0008)-
Hence, A% can be extended from LP(0,00) @ B to LP((0,00),B) as a bounded

operator from LP((0,00),B) into itself. By Proposition 5.1 we conclude that B is
UMD, and the proof of Theorem 1.4 is complete.

HLP((O,OO),]B

w,B HLP((O,OOM(HJB))

6. PROOF OF THEOREM 1.5

The Bessel operator Ay is positive in L?*(0,00). Then the square root VA, of
A, is defined by

\/Z)\f = h,\(yh)\(f>), fe D(\/Z)\),
where, since hy is an isometry in L?(0,00), the domain D(v/A,) of v/Ay is the
following set:

D(VA,) = {f € L*(0,00) : yhy(f) € L*(0,00)}.

The Poisson semigroup { P} is the one generated by the operator —v/A,.
We define M (y) = m(y?), y € (0,00). It is clear that the v/A -multiplier associ-
ated with M coincides with the Ay-multiplier defined by m. Since the function
M satisfies the conditions specified in [37, Theorem 1], from the proof of [37,
Theorem 1] we deduce that, for every n € N and f € §,(0, 00),

tn—i-lan—l-lp)\( (\/_)\) )( )
/M (t, W)t Py (AY ) (2) du,  t,x >0, (6.1)

where
Mt = [y M) dy, we Rand € (0,00),
0
and
My(t,y) = (ty)"e ¥ M(y), t,y € (0,00).
We also have that, for every n € N and f € §,(0,00) ® B,

O RN (M(VEL ) () = 5 / Mot u)tO Py (N ) () du, 1> 0.

Moreover, according to [37, Theorem 1], M(vVA)\)f € LP(0,00) ® B, f €
S)\(O, OO) ® B.
Let n € N. We define, for every u € R, the operator

Ly, (h)(t) = M, (t,u)h(t), te(0,00).
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Since

Suﬂg ‘Mn(tvu)‘ < CHm”L‘X’(O,OO)’
ue
te(0,00)

the family of operators {L,,, }uer is bounded in L(H, H).
Let f € 8,(0,00) ® B. Since hy is an isometry in L%*(0,00), (5.1) and (5.15)
allow us to write

i 1 — iU
10,3 ) () = —Sha (tye ™y ha(£) () (),
for every t,x € (0,00) and u € R.

Then, Minkowski’s inequality leads to

(/OoHtatPtA/g(A;“/Q )| dt>1/2
0
= C/OOOHhA(f)(y)HB</O |tye_ty/2|2%> 1/2 a0

< C’/Olo,\(f)(y)HB dy < oo, x € (0,00) and u € R,
0

because hy(f) € Sx(0,00) ® B and the function /zJ,(z) is bounded on (0, c0)
when v > —1/2. We conclude that

tatPt’>2(Af\"/2f)(x) €v(H,B), ueRandaze(0,00).
According to [37, p. 642], we get
/|M (1, )| [0, P (A2 ) ()|, du € L7((0, 00), L2 (0, o0). di /1)),
and we infer that

- i 2d
/0 (A‘Mn(t7u>‘{’tatpt>2(AA /2f)($)||]BdU> % <00, ae . xrc (0,00)

If h € H, then we have that

/ /M (1, u)tD, Py (A2 ) (yh(t)

t
// M, (t, )t P (AY ) (2)h(t)

Hence, if {h;}* j—1 is an orthonormal system in H, we can write

HZ%/ /M (t, u)td, P; ( lu/Zf)( )hj(t)dutdt

dt du
t b

a.e. x € (0,00).

2\ 1/2
by

H/ZPVJ/ M, (t, u)to Py ( W/?f)( )hj(t)dttdu

2\ 1/2
)
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< HZ%/ Ml 0P8 Ny )
< /R Mt )0 P (AN ) (@)]| gy i, 2. 3 € (0,00).

Here {;}32, is a sequence of independent Gaussian variables.
We conclude that, for a.e. z € (0, 00),

| Mute oy

<C / Mo (t, )0 Py (AL F) ()

v(H,B)

[Jep— (6.2)

For every u € R we have that
M ()t Py (AY? ) () = td Py (AY?f)(@) 0 Ly, a6z € (0,00),
in the sense of equality in L(H,B). According to [50, Theorem 6.2}, we get
M, )0 P (A ) @)y
< Nl oo [0 P (A 1) @) 1)
< Csup| M (t,w)|[[19Po(Af) (@)

HV(H’B), a.e. € (0,00). (6.3)

Putting together (6.1), (6.2), and (6.3) and by taking into account Theorem 1.2
and Proposition 5.1, we obtain

Hm<A/\)fHLP((O,oo),IB§)

= ||M( \/ A)\)fHLp((O,oo),IB)
< C|GEE (MDA | o000y

< C’H/./\/l (t u)t@t (Aw/Qf)(x) du

LP((0,00),v(H,B))

§C/sup|/\/l (t,u) |HG w/2 du
R

=0 ||LP((O,oo),7(H,]B))

< C/SUP|M () AN F 1l o(0,00)8) du
R

t>0

< C(/ SUP‘M (t,u) ‘HAW/ HLP 0,00),B)— LP((0,00), du)HfHLP 0,00),B) -

Hence, m(A,) can be extended from S,(0,00) ® B to LP((0,00), B) as a bounded
operator from LP((0,00),B) into itself.
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7. PROOF OF THEOREM 1.6

In order to apply Theorem 1.5, it is necessary to know nice estimations for the
norm

| AN || £o((0,00) B) = Lo ((0,00)B), W € R\ {0}

For this purpose we use a Banach-valued version of [40, Theorem 4.3] concern-
ing to local Calderén-Zygmund operators. By taking in mind [43], the same proof
of [40, Theorem 4.3] also works to show the following result.

Proposition 7.1. Let X be a Banach space. Assume that K : (0,00) x (0,00) \
{(z,z) : x € (0,00)} — R is a differentiable function satisfying that, for certain
M >0,

M
K (2,y)| < , 2,y €(0,00),x #y,
|z =yl
and
M T
|0, K (2, 9)| + [0, K (2,y)| < T yP 0< 5 <Y< 2z,x #y.

Suppose that T is a bounded operator from Li((0,00),X) into itself, for some
1 < g < o0, such that for every f € Sx(0,00) ® X,

(Tf)(x) = / T K@) f () dy,  ace. @ ¢ supp(f).

Then,

(i) for every 1 < p < 0o, T can be extended to LP((0,00),X) as a bounded
operator T, from LP((0,00), X) into itself and, for certain C > 0,

T, | 2 ((0,00), %)= L2((0,00), %) < C(M ~+ || T|| La(0,00), %)= L9((0,50).X) ) § (7.1)

(ii) T can be extended to L'((0,00),X) as a bounded operator Ty from
L'((0,00), X) into LY>((0,00), X) and, for certain C > 0,

T3l 21 ((0,00) )= Lo ((0,00),%) < C (M + || T La((0,00),X) > L9((0,00).X) ) - (7.2)
The constant C in (7.1) and (7.2) does not depend on T.

The next result cannot be deduced from [46, Theorem 2.5.1] when 0 < A < 1
and p > 1 because the semigroup {P;}:~¢ is not contractive for 0 < A\ < 1.

Proposition 7.2. Let X be a UMD Banach space, A >0 and 1 < p < oco. Then
there exists C' > 0 such that

IAY [l o (0.00) X )= Lr (000).x) < Ce™, w e R.

Moreover, if X > 1 for every w € R\ {0}, AY can be extended to L'((0,00), X)
as a bounded operator from L*((0,00), X) into LV*((0,00), X), and

AN N 21.((0,00),3) = 1o ((0,00), %) < Ceml,

where C' > 0 does not depend on w.
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Proof. Let w € R\ {0}. According to Proposition 5.1, the operator A% can be
extended to LP((0,00), X) as a bounded operator from L?((0,00), X) into itself.
Moreover, by (5.16), for every f € §)(0,00) ® X, we have

GEx(AYN)(2) = =GBX(N)(,2) o T, ace. w € (0,00),
as elements of y(H, X), where

Tw(h)(t):%/o h(t—s)r(ls__—z;,w)ds, heH.

As in the proof of Theorem 1.4, we can see that

1 < el

T, e —
ITeslleamy < ID(1 - 2iw)| =

and, for every f € §,(0,00) ® X,
185 Fllzeo.00,0 < CIGBX A D (0.0
< Cem™(|GR(f) HLP((O,OO)N(H,X)) < O fllzo(o00).%):
that is,
AR 2 (0,000,500 L7 (0,000, 5) < Ce™), (7-3)

where C' > 0 does not depend on w.
We are going to show that Af\w is an X-valued local Calderéon—Zygmund oper-
ator. According to (5.8) and (5.9), we have

\ e—cla—y)?/t
|OW Nz, y)| < CT’ t,x,y € (0,00).
Then
= iw| efc(xfy)2/t
K)(z,y)|<C | dt
K. v)] / T(1—iw)| 32
7r|w|/2
< CH, z,y € (0,00), 2 # y. (7.4)

From (7.4) we deduce that, for every f € S)(0,00) @ X,

| Il )] s <. o ¢ supp(s).

Hence, for each f € §)(0,00) ® X, (5.2) implies that

AV f(z / KXMx,y)f(y)dy, a.e. x ¢ supp(f).
We can write

Oy 3tWtA(;c, y) = 0, 0 [Wt(gj _ y)\/%<%>1/2b\ I/Z(z?ﬁefzy/zt}

=0, 0, [Wy(z - y)] \/ﬁ<@) 1/2I>\ 1/2(xy>e_”/2t

2t 2t
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+ 0y [W (2 — )]\/_&e[( ) ﬂf,\ 1/2<xy>e’xy/2t}

2t
vl [(5) ()
+ Wi —y)V2m0, 0| (57) e ()]

4
= Zgj(t,x,y), t,z,y € (0,00).

Applying (5.6) and (5.7), we obtain the following:

A) a[(2)" 1 (2)em

2t 2t
_ ﬁ d V+1/2 —v —z
BT E E LGe ]
xr
= D 1) L (2 4 ()

_ Zz/+1/227u[y(z)€fz} | .,
z=zy/2t

e o)1= B o(3)

+ % + O(é)] le=ay /2t

-o((£)). e

ry

(B) ax[(:g—i/f/zf (5)e ™) = %o((x—i/)z) t,z,y € (0,00);

© aal(5) " n ()]

=0, [ thyz C;i [ZV—H/QZ_VL,(Z)G_Z}
= 2‘222; (22 (2)e
:By d?

413 dz?

T \2 xy? d v—1/2 —v —z
=50((5,) )~ Gp g+ 12 L)

+ ZV+1/2,Z_V V+1<Z)€_Z o ZV—I-I/QZ—I/IV(Z)e—z]

|z:acy/2ti|

Iz:a:y/2t

[ZV_H/QZ_VL,(Z)@_Z}

|z:xy/2t

|z zy /2t

= Lo((LY) -2 e+ 2 (e

2 xy 4¢3

+ \/_[u+2( )eiz - 2\/EIV+1(Z)672 + \/E[u(z)e
21/—1—1\/_[( Je

:| |z:zy/2t
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- 50(()) - gl {0 ()}
+2y+2{1_ v+ 1,1] +O<i>}_2y+1{1_ (v, 1] N

z 2z 22 z 2z
i o)
i P R o (5)

R R}
:x_y2 <<i>3>, t,z,y € (0,00).

3 Ty
Here v = A — 1/2. Then we deduce the following:
o &t )| < Ot 2y € (0,00),

o [Ex(t,2,y)| < OB L gy € (0,00),

o |&(t,z,y)| < C* C(;/;” [ty 12 t,x,y € (0,00),

t (zy)?’

and

—e(@=v)?/t gy2 43
o |E(t,z,y)| < C< Wy t‘%(;y)g,, t,z,y € (0,00).

We now estimate
xy/2
/ & (t,x,y)| dt, j=1,2,34.
0

First, we have that, when z,y € (0,00),z # v,
xy/2 0o ,—c(z—y)?/t C
/ \gl(t,x,y)\dtgc/  ar<—,
0 0 t |z =y

and also

zy/2 zy/2 e—c(a:—y)z/t 0 6—0(17—?4)2/75
/ |€2(t,x,y)|dt§0/ —dtgo/ ¢ T a< 2
0 0 0

txy

To study & and &, we distinguish two cases:
zy/2
0

zy/2 ,—c(z—y)?/t
e
0 \/E Yy

8
o

< Cfxy/Z _C(z\/y) /thly<Ty)3/2 dt < CyI [ xy/2 —c(z y) et gy

< Cfxy/Q _B(m\fy) /t ()2t < Oy f:cy/Q e-d;/;/) /i gt

_ C [ = 676@ DU gt < |I_Cy|2, y < 2x,x € (0,00),
B Cyfoo%/g)/td <Cit y|3_|:c_cy|2, y > 2x,x > 0.
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Hence, we conclude that

zy/2
/ }3@ :L'y‘dt<
0

According to (5.5) and by taking in mind the above calculations, we get

ﬁ rye(Oo00),cty  (15)

22—1

prame| <G () B <

for every t,x,y € (0,00) such that zy < 2t and /2 < y < 2z. Then

= A > Al C T
Z;}%@WNLwMMQ?ngﬁﬁagga 0<<y<2z. (76)

From (7.5) and (7.6) we deduce that

emlol/2

‘@;Kz(x,y)‘ <C———, 0<

T
—<y<2 : 7.7
|:I;_y|27 2_9_ I’,l‘?éy ( )

Since KX(x,y) = KMy, ), z,y € (0,00), we also have that

eTlwl/2

|0, K2 (2, )| < C—— 0<g§y§2mm%y (7.8)

[z —y[*’
By (7.4), (7.7), and (7.8), K2 is a local Calderén—Zygmund kernel.

By applying now Proposition 7.1, we obtain that the operator A% can be
extended to L'((0,00), X) as a bounded operator, that we continue denoting by
A from L'((0,00), X) into L*°((0,00), X). Moreover, (7.3), (7.4), (7.7), and
(7.8) lead to

AR N 21.((0,00),3) = L1 ((0,00),%) < Ceml,

where C' > 0 does not depend on w. O

Proposition 7.3. Let H be a Hilbert space and X\ > 0. Then, [|AY¥ | 120,001 = 1,
for every w € R\ {0}.

Proof. We consider f € L?(0,00) ® H, that is, f = > i1 ajfj where a; € H

and f; € L?*(0,00). By using the Plancherel equality for Hankel transforms on
L*(0,0), we can write

| I de - / () (a) (1))

- Zwanﬂ / ha(fi) (@)ha (f;)() da

i,7=1

= > (o, /fz 0o
/ (F(a). £(2)) e = /0 I
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Hence, hy can be extended to L?((0,00),H) boundedly from L*((0,c0),H) into
itself. Since |y**| =1, y € (0,00) and w € R\ {0}, by (5.1) we conclude that, for
every w € R\ {0}, A¥ is bounded from L?((0, c0), H) into itself and

AR || 22 (0,00 H)— L2((0,00) 1) = 1. O

Let w € R\ {0} and assume that B = [H, Xy, where H is a Hilbert space and
X is a UMD space, 0 < # < ¢/7. Then, by using the interpolation theorem for
vector-valued Lebesgue spaces [1, Theorem 5.1.2] and Propositions 7.2 and 7.3,
we deduce that A% is a bounded operator from LP((0,00),B) into itself, with
p=2/(1+6)and

IAK [ 20 ((0,00),8)-+ L7 ((0,00) B)
iw || 1—0 iw (|0
< C“A)\ HLQ((O,OO),H)HLQ((O,OO),H)HA)\ HLl((0,oo),X)—>L1»°°((0,oo),X)

< O (/p=1/2le,

Here C' > 0 does not depend on w.
Since A¥ is self-adjoint, by using duality and that [H, X} = [H*, X*]y (see [23,
p. 1007]), we get

AKX 2o (0000 B 7' ((0.00)8) < CeXTHP7HDIL,

Hence, another interpolation leads to
AN | a((0,00) B La((0.00) ) < Ce*THPTIAL - < g <y (7.9)

Since m is a bounded holomorphic function in Y 4, the function M (y) = m(y?),
y € (0,00), is bounded and holomorphic in ) /o The proof now can be finished

by proceeding as in the proof of [37, Theorem 3] and by using (7.9).
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