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We study frequentist properties of a Bayesian high-dimensional multivariate linear regression model with
correlated responses. The predictors are separated into many groups and the group structure is pre-
determined. Two features of the model are unique: (i) group sparsity is imposed on the predictors; (ii) the
covariance matrix is unknown and its dimensions can also be high. We choose a product of independent
spike-and-slab priors on the regression coefficients and a new prior on the covariance matrix based on
its eigendecomposition. Each spike-and-slab prior is a mixture of a point mass at zero and a multivariate
density involving the £ j-norm. We first obtain the posterior contraction rate, the bounds on the effective
dimension of the model with high posterior probabilities. We then show that the multivariate regression
coefficients can be recovered under certain compatibility conditions. Finally, we quantify the uncertainty
for the regression coefficients with frequentist validity through a Bernstein—von Mises type theorem. The
result leads to selection consistency for the Bayesian method. We derive the posterior contraction rate using
the general theory by constructing a suitable test from the first principle using moment bounds for certain
likelihood ratios. This leads to posterior concentration around the truth with respect to the average Rényi
divergence of order 1/2. This technique of obtaining the required tests for posterior contraction rate could
be useful in many other problems.

Keywords: Bayesian variable selection; covariance matrix; group sparsity; multivariate linear regression;
posterior contraction rate; Rényi divergence; spike-and-slab prior

1. Introduction

Asymptotic behaviors of variable selection methods for linear regression were extensively stud-
ied [6]. However, theoretical studies on Bayesian variable selection methods were limited to
relatively simple settings [3,8,9,25,30,32]. For example, Castillo et al. [8] studied a sparse linear
regression model in which the response variable is one-dimensional and the variance is known.
However, it is not straightforward to extend those results to multivariate linear regression with
unknown covariance matrix (or even the univariate case with unknown variance).

Predictors can often be naturally clustered in groups, as in the following examples.

1. Cancer genomics study. The relationship between clinical phenotypes and DNA mutations
is an important issue for biologists. DNA mutations are detected by DNA sequencing. Since these
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mutations are spaced linearly along the DNA sequence, it is often assumed that the adjacent DNA
mutations on the chromosome have a similar genetic effect and should be grouped together [21].

2. Multi-task learning. When information for multiple tasks is shared, solving tasks simulta-
neously is desirable to improve learning efficiency and prediction accuracy. Relevant information
is preserved across different equations by grouping them together [23].

3. Causal inference in advertising. When measuring the effectiveness of an advertising cam-
paign running on stores, counterfactuals need to be constructed using the sales data at some
control stores chosen by a variable selection method [27]. Stores within the same geographical
region share the same demographic information, and so can be grouped together before selection.

Driven by those applications, new variable selection methods designed to select or not select
variables as groups were developed by imposing group-sparsity on the regression coefficients
as in the group-lasso [38]. This method replaces the £1-norm in the penalty term of the lasso
with the ¢ 1-norm, which comprises of the £2-norm put on the predictors within each group
and the £{-norm is put across the groups. Theoretical properties of the group-lasso were studied,
and its benefits over the lasso in the group selection problem were demonstrated [20,23,24,26].
Recently, various Bayesian methods for selecting variables as groups were also proposed [10,11,
18,21,22,31,36]. However, their large-sample frequentist properties are largely unknown.

In this paper, we study a Bayesian method for the multivariate linear regression model with two
distinct features: group-sparsity imposed on the regression coefficients and an unknown covari-
ance matrix. To the best of our knowledge, even in a simpler setting without the group-sparsity
structure, convergence and selection properties of methods for high-dimensional regression with
a multivariate response having an unknown covariance matrix have not been studied in either the
frequentist or the Bayesian literature. However, it is important to understand the theoretical prop-
erties of these methods because correlated responses arise in many applications. For example, in
the study of the causal effect of an advertising campaign, sales in different stores are usually
spatially correlated [27]. Furthermore, when the dimension of the covariance matrix is large, it
would affect the quality of the estimation of the regression coefficients.

When the covariance matrix is unknown and high-dimensional, standard techniques for pos-
terior concentration rates [3,8,25] cannot be applied. Also, the general theory of posterior con-
traction under the average squared Hellinger distance [17] is not sufficient to obtain the rate in
terms of the Euclidean metric on the regression parameter. In order to obtain that rate through the
general theory, we shall construct certain required tests directly by controlling the moments of
likelihood ratios with the parameter space broken up in small pieces. This leads to the posterior
contraction rate with respect to the negative average log-affinity, which can be subsequently con-
verted to the rate with respect to the Euclidean metric on the regression parameter. The technique
of controlling error probabilities by a moment bound on likelihood ratios appears to be new in
the Bayesian literature and may be useful to study rates in other problems.

In this paper, we consider a multivariate linear regression model

G
Yi:ZXijﬁj—'—Si’ i:l,...,n, (11)
j=1

where Y; is a 1 x d response variable, i = 1,...,n, X;; is a 1 x p; predictor variable,
j=1,...,G, ﬂj is a p; x d matrix containing the regression coefficients, and ¢, ..., &, are
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independent identically distributed (i.i.d.) as N'(0, ) with X being a d x d unknown covariance
matrix. In other words, in the regression model, there are G > 1 non-overlapping groups of pre-
dictor variables with the group structure being predetermined. We denote the groups which con-
tain at least a non-zero coordinate as non-zero groups and the remaining groups as zero groups.
The number of total groups G is clearly bounded by p. The case G = p reduces to individual
coordinates’ sparsity. Thus, the results derived in our paper are also applicable to the ungrouped
setting.
The above model can be rewritten in the vector form as

Yi =X;B +si,

where B = (B, ..., B;) is a p x d matrix, where p = Zle pj,and X; = (Xj1,..., Xig) isa
1 x p vector. The dimension p can be very large and the dimension d can be large as well, but
to a lesser extent.

To allow derivation of asymptotic properties of estimation and selection, certain conditions on
the growth of p, G, d and pq, ..., pg need to be imposed. The dimension p can grow at a rate
faster than the sample size n, but we require that the total number of the coefficients in all non-
zero groups together are less than n in order. We further assume that the number of coordinates
in any single group must be of the order less than n, G > n¢, for some positive constant ¢, and
log G grows slower than n. Finally, to make the covariance matrix consistently estimable, we
assume that for the dimension d of the covariance matrix, d2logn grows at a rate slower than 7.

As for the priors, we choose the product of d independent spike-and-slab priors for 8 and a
prior on X through its eigendecomposition. The latter seems to be a new addition to the literature.
The spike-and-slab prior is a mixture of point mass for the zero coordinates and a density for non-
zero coordinates. In the ungrouped setting, commonly used densities for non-zero coordinates are
a Laplace density [8], a Cauchy density [7] and a normal density with mean chosen by empirical
Bayes methods [3,25]. In this paper, we choose a density for the non-zero coordinates involving
the €2 1-norm (see (2.1)), which corresponds to the penalty function of the group-lasso. We derive
an explicit expression for the normalizing constant of this density.

We shall use the following notations. We assume that Gy, ..., Gg are G disjoint groups such
that US-;:] G; =1{1,..., p}. Since these groups are given and will be kept the same throughout,
they will be dropped from the subscripts. Each p; is the number of elements in G;. Let pyax =
max{p; : 1 < j <G}. Foreach k =1,...,d, let § € {1,..., G} stand for the collection of
indices of non-zero groups for the kth component and s; = |Si| stand for its cardinality. Let
So,x be the set consisting of the indices of the true non-zero groups. Let S = (S, ..., Sg) be the
d-tuple of the model indices, and define s = Zgzl Sks Py = X_jes, Pj» and pg = Zzzl Ds; -
Similar notations are used for the corresponding true values So k, 0.k, S0, 50, Psy, and ps,. We
also define Sg , sg .k, Sg, and sg for an arbitrary p x d matrix §.

For a vector A, let ||Al|1, |[All2,1 and ||A|| be the £1-, £2,1- and £2-norm of A, respectively,
where || All2,1 = Z?:l |A;|l with A; being the subvector of A consisting of k € G; coordinates.
For a matrix B, denote By as the kth column of B. Let || B||r be the Frobenius norm, ||B|| be
the spectral norm of B, and the matrix norm ||B|l, = max{||B;| : 1 < j < G}, where B; is
the submatrix of B consisting of columns By with k € G; coordinates. For a d x d symmetric
positive definite matrix D, let eig; (D), ..., eig;(D) denote the eigenvalues of D ordered from
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the smallest to the largest; also, let Tr(D) and det(D) stand for the trace and the determinant
of D. For a scalar ¢, we denote by |c|, the absolute value of c.

Let p(f,g) = —log([ f 1/261/24v) be the Rényi divergence of order 1/2 between densities
f and g and h%(f, g) = f(fl/2 — g'/%)2dv be their squared Hellinger distance. The Kullback—
Leibler divergence and the Kullback—Leibler variation between f and g are respectively given
by K(f.g) =/ flog(f/g) and V(f. g) = [ f(log(f/g) — K(f,£))* The notation || — vllry
denotes the total variation distance between two probability measures p and v.

We let N (¢, F, p) stand for the e-covering number of a set F with respect to a metric p, which
is the minimal number of e-balls in p-metric needed to cover the set F. Let I; stand for the d
dimensional identity matrix and 1 stand for the indicator function.

The symbols < and 2 will be used to denote inequality up and down to a constant while a < b
stand for C1a < b < Cja for two constants C| and C». The notations a << b and a V b stand for
a/b — 0 and max{a, b} respectively. The symbol §(-) stands for the probability measure with
all its mass at 0.

The remainder of the paper is organized as follows. Section 2 describes the priors, along with
the necessary assumptions. Section 3 provides the main results. Section 4 discusses algorithms
for computation. The proofs of two main theorems are given in Section 5. The Supplementary
Material [28] gives an auxiliary result and presents analogous but slightly weaker results on
posterior contraction and selection using a conjugate inverse-Wishart prior on the covariance
matrix.

2. Prior specifications

In this section, we introduce the priors used in this paper. We let 8 and X be independently
distributed in the prior. The prior for B is mixed over several dimensions and each component of
the prior density depends on the £> 1-norm of B, while a spike-and-slab prior is put on the group
dimension. We put a prior on the covariance matrix through its eigendecomposition ¥ = PD P/,
with independent inverse Gaussian priors for each diagonal entry of D and the uniform prior for
P on the group of orthogonal matrices.

2.1. Prior for regression coefficients

We denote the kth column of B by fi and let the notations B s, and By s¢ stand for the collection
of regression coefficients in the kth column of the non-zero groups and the zero groups, respec-
tively. A spike-and-slab prior is constructed as follows. First, the dimension s is chosen from a
prior 7 on the set {0, 1, ..., Gd}. Next, a d-tuple S of subsets is randomly chosen from the set
{1,..., G} such that Zle sk = s. Finally, for each k, a vector B s, is independently chosen
from a probability density gs, on R”% given by (2.2), and the remaining coordinates fy s¢ set
to 0. To summarize, the prior for g is

d
1

(S.8)— n(s>@ [ T s (Br.s)d0(Br.so)- @.1)
s/ k=1

where the density 7 (s) is the prior for the dimension s.
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Assumption 1 (Prior on dimension). For some constants Ay, Az, A3, Ag > 0,

A] JT(S) < A2
(G vV npmax)A3 “as—1) " (GV npmax)A4 ’

s=1,...,Gd.

If sparsity is imposed at the individual level, that is, pmax = 1, then the assumption is identical
to the one given in [8]. Prior distributions satisfying the assumption can easily be constructed.
For example, the complexity prior given by Castillo et al. [8] satisfies the above assumption if
Pmax = 1, and it can also be easily modified to consider the case when pmax > 1.

When sparsity is at the individual level, the Laplace density [8] or the Cauchy density [7] is
generally chosen for g, since the normal density has a too sharp tail that overshrinks the non-zero
coefficients, although some empirical Bayes modifications of the mean can overcome the issue
(see [3,25]). However, in our setting, as sparsity is imposed at the group level, like the group
lasso, we consider the following density using the £ j-norm:

A\
g5, (Br.s,) = (1"[ <a—"> )exp(—xknﬂk,sk l2.1). 2.2)

jese N

where a; =/ (I'(p;j +1)/T(p;/2 + 1)1/7i > 2 (see Lemma S.1 in the Supplementary Mate-
rial [28]). This density has its tail lighter than the corresponding Laplace density. From Stirling’s

approximation, it follows that a; = O( p}/ 2). A relevant elliptical prior distribution is considered
in [13].

A prior of this type involving the ¢ ;-norm was also used in the Bayesian literature in group-
sparsity problems [36], but an explicit expression of the normalizing constant was not obtained.
Since the normalizing constant depends on the dimension, its value will play a role in the poste-
rior contraction rate.

The tuning parameter A4 in the prior needs to be bounded both from above and below, specified
in Assumption 2 below. A value too large will shrink the non-zero coordinates too much towards
to 0. A value too small will be unable to prevent many false signals appearing in the model,

which can make the posterior to contract slower.

I1X1o
Bl(Gl/pmaX \V n)BZ ’

A= A= B3] X|l0v/10g G V pmax logn. (2.3)

The constants By, By, Bz can be chosen large enough so that the range can be sufficiently
wide. In particular, if pmax = 1, this above reduces to the one in [8].

Assumption 2 will be coupled with Assumption 3 in Section 3.1 on the true parameters. A par-
ticularly interesting case is that every Ay is set to the lower bound A for every k. Then the bound
requirement on the true signal will be rather mild.
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2.2. Prior for the covariance matrix

For a prior on the covariance matrix X, we use its eigendecomposition P D P’. We put an inverse
Gaussian prior independently on each eigenvalue of X, or equivalently, on each diagonal entry
of D. This prior is chosen because of its exponentially decaying tail on both sides. The orthogonal
matrix P is given the Haar measure on the compact Lie group of d x d orthogonal matrices,
which is a Riemannian manifold of dimension d(d — 1)/2 embedded in R¥*¢.

We found that the naturally conjugate inverse Wishart prior on ¥ may induce a suboptimal
posterior contraction rate due to its weaker tail property when d increases to infinity. Never-
theless, because of the practical importance of this prior, we present the contraction rate for this
prior in the Supplementary Material [28]. When d is fixed, the rate is the same as in the main the-
orem in this paper using the above stated prior on X. When additional structure like sparsity are
assumed on large covariance or precision (inverse covariance) matrices, prior distributions can
be assigned by respecting such structure [1,2,29]. In such a situation, an improved rate may be
possible; see the remark at the end of Section 3.1. Other significant priors used in the literature,
such as reference priors [34,37], are harder to handle because the general theory of posterior con-
traction does not apply to these improper priors, and moreover, tail bounds for the corresponding
eigenvalue distribution need to be available.

3. Main results

3.1. Posterior contraction rate

We study the posterior contraction rate for the model and the priors given in Section 2. We
denote B and X as the true values of B and X, respectively. Recall the notations so x = |So x|,
S() = (S(),l, veesy S()’d), and S0 = ZZ:I 80,k -

The general theory of posterior contraction for independent non-identically distributed obser-
vations (see Theorem 8.23 of [17]) is often used to derive a posterior contraction rate. The general
theory characterizes the contraction rate in terms of the average squared Hellinger distance by
default, unless an additional testing property in the model is established. However, closeness
in terms of the average squared Hellinger distance between multivariate normal densities with
varying mean and an unknown covariance does not necessarily imply that the mean parameters
in the two densities are also close on average in terms of the Euclidean distance. To alleviate the
problem, we work directly with the average Rényi divergence of order 1/2, which is still very
tractable in the multivariate normal setting, and gives rise to closeness in terms of the desirable
Euclidean distance. To this end, we directly construct a suitable test using the likelihood ratio for
the null against some representative points in the alternative described by the complement of a
Rényi ball around the null intersected with a sieve, and then showing that such a test also works
well for testing the null value against a neighborhood of the representative point, by controlling
the moments of the likelihood ratio of the representative point and the points in the neighbor-
hood. Finally, by controlling the number of pieces needed to cover the sieve, we construct a
single test with the required control over the error probabilities for testing the null value against
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the whole of the alternative intersected with the sieve, which can then be used in the general
theory of posterior contraction.

By applying the general theory, we require the true values of 8, and X to be restricted into
certain regions (see Assumption 3 below). This restriction seems essential because of unknown
spread and the general theory requires a lower bound on the prior concentration. Use of refined
conditions (such as (8.26) and (8.27) in [17]) may be able to improve the requirement, but their
use require also obtaining bounds in the opposite direction, which are a lot harder. This is unlike
[8], who assumed the variance is known. Their setting is probably one of the few situations where
it is possible to obtain results uniformly over the whole space.

Assumption 3. The true values satisfy 8, € By and Xg € Hp, for

d
Bo={ﬂ12|l,3k||2,153}, Ho=A(X:b1lq =X <b2l4}, (3.1

k=1
where b1, by > 0 are fixed values and B =50(1og G V pmax logn)/max{i;:1 <k <d}.

The largest value of B is obtained by taking Ay = A for all k. In this case, the upper bound
becomes B = B159(10g G V pmax logn)(G/Pmax v n)B2 /| X ||, which is a very mild restriction if
B is chosen large enough in relation (2.3).

Theorem 3.1. For the model (1.1) and the priors given in Section 2, we have that for a sufficiently
large M > 0,

sup  EoTI(B: |X(B—Bo)| %= MinellYi, ..., Y,) =0, (3.2)
BoeBo,ZoeHo

sup  Eoll(T: 1% — Boll% = Mie2|Yy, ..., Y,) = O, (3.3)
BoeBo,TocHo

I I la21
enzmax{\/so ogG,\/S"p‘“ax ogn |d Og”} 0. (3.4)
n n n

Remark 1. Unlike in the classical approach where variable selection is regulated by a penalty
function that corresponds to a prior density on the regression coefficients, in the Bayesian ap-
proach, sparsity is imposed by the prior on the dimension. The prior density on the regression
coefficients still plays a significant role in controlling the prior concentration and the tail behav-
ior, but to a lesser extent. Thus, instead of using the prior given in (2.2), one can also choose a
Laplace density for the coordinates in the non-zero groups. Then the €5 |-norm of Bo «, || Bo.xll2.1,
in the set By should be replaced by || Bo.k|l1. Clearly, || Bo.xll2.1 < Il Bo.kll1, and hence in the latter
case, the set By will be smaller. Besides the spike-and-slab prior we used, other densities for the
slab part such as the elliptical Laplace distribution proposed by Gao et al. [13] and even normal

where
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distributions can also be used for variable selection. However, B in the set 5y may need to be
adjusted.

Remark 2. When G = p, and hence pnax = 1, the posterior contraction rate simplifies to €, =
max{\/ (solog p)/n,/(d21logn)/n}. The first term in the rate is the same as the rate obtained
when the sparsity is imposed at the individual level, such as in [6] and [8]. When G < p, the
same rate can be obtained if pmax logn <logG.

The first term of the rate in Theorem 3.1 coincides with the rate obtained for a group-lasso
estimator of the multi-task learning problem studied by Lounici et al. [24]. Their setup is not
directly comparable with ours but their analogous rate coincides with ours up to a logarithmic
factor and they showed its optimality in a minimax sense. Under the setting d = 1, the rate
obtained in [20] is \/ (ps, +solog G)/n, which is only slightly faster than our rate, and will
coincide with ours up to the logarithmic factor whenever pg, =< $o pmax. This can often happen
provided that the non-zero groups are not consisting of a few large and several small groups.

If there is an additional lower-dimensional structure in the orthogonal matrix P, the last term
in (3.4) may be improved, because in a lower-dimensional manifold, the prior concentration rate
will be higher and the entropy estimates will be lower. The simplest of that is the trivial case
P = I, which leads to diagonal covariance matrix and the reduction of d to d. More generally,
a block-diagonal structure with L non-overlapping blocks of size di, ..., dr, Zle di =d, will
reduce d” to Y1, d?.

From Theorem 3.1, the posterior contraction rate slows down significantly if the dimension of
the covariance is too high, but a better rate may be possible if a lower dimensional structures is
present in the covariance of the precision matrix. For instance, if the responses are independent
across components, then the model (1.1) can be written as d independent model with each one is

o ik =0 X+ ek, e ~ N, 1).

Then one can estimate the parameters in the d models separately. The posterior concen-
tration rate for each corresponding posterior becomes ¢, = (Zzzl erzl k)l/ 2, where €, =

max{,/(so,x log G)/n, /(s0.k Pmax logn)/n} is the individual rates for the kth component, k =
1,....,d.

3.2. Dimensionality and recovery

In this section, we show dimensionality control and recovery properties of the the marginal pos-
terior of B.

Lemma 3.2 (Dimension). For the model (1.1) and the priors given in Section 2, we have that
for a sufficiently large number My > 0,

sup Eol'l(ﬁ:SﬂzMgs*|Y1,...,Yn)—>0,
BoeBo,TocHo

where s* = so V {d> logn/(log G V pmax logn)}.
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From Lemma 3.2, s* > s if d?logn >> s9(10g G V pmax logn). This means that the support of
the posterior can substantially overshoot the true dimension sg. In the next corollary, we show
that even when s* > sp, the posterior is still able to recover B in terms of the distance to the
truth.

Corollary 3.3 (Recovery). For the model (1.1) and the priors given in Section 2, we have that
for a sufficiently large constant M3 > 0,

M3ne,2,
1X 1267, (s0 + Mas*)

sup Eon(nﬁ — Boli% >

|Y1,...,Y,,)—>O, (3.5)
BoeBo,ZoeHo

where qb%z is the restricted eigenvalue (see Definition 3.4 below).

The lower bound in (3.5) becomes easier to understand if we consider the simplest setting that
G = p (hence pmax = 1), d*logn < solog G, and each entry in X is i.i.d. and follows a standard
Gaussian distribution. Under this setting, /7 < || X ||o < 4/n1og p in probability, s* = s¢, and the
lower bound becomes M3sqlog p/(nqbfz((Mz + 1)sg) by plugging-in the lower bound of || X o,
which goes to 0 as n — oo.

Definition 3.4 (Restricted eigenvalue). The smallest scaled singular value of dimension § is
defined as
IXBI%

2 .
()=nf{7,0§ < } (3.6)
O TR

As p > n, the smallest eigenvalue of the design matrix must be 0. The restricted eigenvalue
condition keeps the smallest eigenvalue for the sub-matrix of the design matrix, corresponding
to the coefficients within non-zero groups, bounded away from 0.

The results in terms of other norms for the difference between 8 and B can be also derived
by assuming different assumptions on the smallest eigenvalue for the sub-matrix of the design
matrix. For example, by using the uniform compatibility condition (in Definition 3.5 below), we
can conclude that for a sufficiently large number M4 > 0,

d 2 )
Mys*ne
sup  [Epll E 1B — Boillz1 ) = 1 Yi,....Y, | = 0. (3.7
BoeBo. XoeHo ((k:l I|X|I§¢@221 (50 + Mas*) "

We omit the proof since it is almost identical to that of Corollary 3.3.

Definition 3.5 (Uniform compatibility, ¢, ;-norm). The ¢, |-compatibility number in vectors
of dimension 5 is defined as

gl XBI%
IX 12 1Brllan)?

¢%2.1<§)=inf{ 0< 55 55}.
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By the Cauchy—Schwarz inequality, /S5ll81lF = Y¢_, | B¢ll2.1, and it follows that ¢, (5) <
¢e,,(8) for any § < Gd.

3.3. Distributional approximation

To establish selection consistency, Castillo et al. [8] devised a key technique through a distribu-
tional approximation for the posterior distribution. As in a Bernstein—von Mises (BvM) theorem,
the posterior distribution of the regression parameter is approximated by a relatively simpler
distribution, but unlike in a traditional BvM theorem for increasing dimensional parameters [4,
15,16] or low-dimensional functionals [12,14], the approximating distribution is a mixture of
multivariate normal instead of a single one.

To derive an appropriate distributional approximation, we rewrite the model (1.1) as

Y =Vec(B)X;+¢, i=1,....n,

where Vec(B) is obtained by stacking all the columns of B into a pd-dimensional row vector,
X;=1,® X is a pd x d block-diagonal matrix. The log-likelihood function is given by

nd n 1 ¢ _ < \/2
tn(B, %) = ——-log(27) — Jlog(det(®) — 5 3 [Z72(Yi = Vee®)X)|". (38)
i=1
For any measurable subset B of R”*¢, the marginal posterior distribution of g is

[ [5exp€u(B, T) — £, (By, £0)) dT1(B) dTI(X)
[ [exp(£(B, X) — £(By. To)) dTI(B) dTI(Z)

B eB|Yi,....Y,) = , (3.9

with

an@) =y ’(T(S) 1‘[{(

S:s<Gd

e

JESK aj

p;
> ) exp(—AkllBr, s l12,1) dBr,s, ® 55;}-

In the next theorem, we shall show that under certain conditions, the posterior probability
I1(B € B|Y1, ..., Y,) can be approximated by

J5exp{la (B, o) — £x(Bo, o)} dU (B)

B eBI ) = o 0n (B, Z0) — b (Bo, Z) AU B) |

where
7 (s) d A\ P
avp = ). W]‘[{(]‘[(—’f) )dﬂk,sk@vas;}. (3.10)
S:ngzs*(s)k:I jeSk aj

This means that ¢, (8, X) can be replaced by En (B, Xo) with the true Zo and the impact of
the €2 1-term in the prior density vanishes. Let X; i.s be the submatrix of X chosen by S, with
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its dimension pg x d. If pg < n for a given S, the maximum likelihood estimator (MLE) for
Bs = (B S B Sd)’ given the true covariance matrix X is unique. We denote the MLE and
the 1nf0rmat10n matrix as

n -1 n n
- ~ R ~ _ A 1 ~ 1~/
Bs = (§ :XisSZOIXi,S> (E Xi,SZOIYi/>» Hs=; E Xi,sZOIX,-,S
i=1 i=1 i=1

Then we can also write

N%@e-Y,.... Y0 Y wEN(Bsn ') @ s, G.11)

S:s<Mjs*

where

S (H m=) >det<nﬁs>v2exp{% > oIz X s

k=1jeS;

with Y cw =1.

Before we formally state the theorem, we recall the notion of the small A regime (see [8]).
Clearly, bounded A-values belong to the small A regime. In our setting, we say A belongs to the
small )\ regime if

max{kke,,VS*n/llelo 1<k < d} — 0. (3.12)

In this regime, the impact of the £ |-penalty vanishes, and hence the MLE ﬁ; is asymptotically
unbiased and does not depend on the choice of different values of A;. When choosing the value of
Ay outside the small A regime, this MLE is no longer asymptotically unbiased (see Theorem 11
of the Supplementary Material of [8]). In order to make the remainder of the approximation tend
to zero, we also assume that

e2\/s*n (\/s*ner% v \/pmaxd3 logG) = 0 (3.13)

for £, (B, X) to be replaced by £, (8, Xo).

Both conditions, (3.12) and (3.13), may look complicated. Let us consider the simplest setting
mentioned in Section 3.2 again—that is, G = p, d*logn < solog G, all entries in X are i.i.d.
standard Gaussian. Under this setting, (3.12) becomes max Ars0+/Iog p/n — 0 by plugging-in
the lower bound of || X||, and (3.13) reduces to (s(% v d>)(log p)3s3 <« n, which implies that

nl/s
so < mm(dlogp (log P)S/S)

Theorem 3.6 (Distributional approximation). For the model (1.1), the priors given in Section 2
with X\ in the small ) regime, and the sequence

8n(s0) = €xv/s*nmax(max{ir : 1 <k <d}/|IX], €2\/s*n, €ny/ pmaxd? log G),



2364 B. Ning, S. Jeong and S. Ghosal

we have that any positive sequence n,, — 0 and some positive constant ¢ > 0,

sup Eo|T(B €Y1, ... ¥) = I®(B €-|Y1, .., ¥p) |y — 0.
Boe{Bo:8, (s0) <1,
bty | (so+Mas™)>ch, ZoeHo

3.4. Selection

In this section, we establish selection consistency using the Bernstein—von Mises theorem of the
previous section. We assume that the dimension of the covariance and the coordinates in the non-
zero groups are sufficiently small. We also assume that the smallest signal cannot be too small;
that is, the signal lies in the set

M3n6£
IX 11297, (s0 + Mas*)

B= {ﬁ:min{||ﬁjk||2:je Soxk=1,....d} > } (3.14)

This condition can be viewed as the Beta-min condition under the group sparsity setting. The
lower bound displayed in the condition is derived from (3.5). Unlike the Beta-min condition in
[8] which requires that each individual coordinate is bounded away from 0, our condition allows
zero coordinates in a non-zero group.

The Beta-min condition is not vacuous, in that the lower bound in (3.1) is smaller than
the upper bound in (3.14). To see this, note that under the small A regime, (maxy )" >
V/s*ne2 /|1 X |lo. Therefore, B> \/n_e,% /11 X|lo, and the right side coincides with the lower bound
up to a constant, establishing the claim.

We now complete this section by stating the following theorem.

Theorem 3.7 (Selection consistency). For the model (1.1), the priors given in Section 2, some
positive constant ¢ > 0, and some sequences n, — 0 and s, < G* with a < A4 — 3/2, we have
that

sup EoI1(B : Sg = SolY1,...,Yn) — 1.

,BOE{BOQB:SOSsn 80 (50)<Nn,
be, | (So+Mas™)>c}, LoeHo

Under the conditions in Theorem 3.7, the marginal posterior distribution of 8 in non-zero
groups can be further approximated by a multivariate normal distribution with mean Vec(,Bgo)

~

and the covariance matrix [ Sl =n(>j_; Xis Tolx )~!. Therefore, credible sets for g can
. R 0 =1""520"0 “"i,5 K .

be obtained directly from the approximating multivariate normal density. Under the setting of

the theorem, the lower bound in the Beta-min condition goes to zero, implying that the condition

becomes milder with increasing sample size.

4. Computational algorithms

Various sampling-based computation algorithms have been developed to compute the posterior
distribution in the sparse linear regression model with a spike-and-slab prior under the setting that



Bayesian variable selection for multivariate responses 2365

the covariance matrix ¥ = o214 and sparsity is imposed on individual coefficients. A summary
of those algorithms is provided in Section 5 of [8]. Recently, Xu and Ghosh [36] developed an
MCMC algorithm using a spike-and-slab prior for group variable selection. They placed a beta-
binomial prior on the dimension and a prior involves €2 | norm, similar to ours, on the regression
coefficients.

Since priors used in this paper are new, we outline an MCMC algorithm to compute the pos-
terior distribution. For each iteration of the algorithm, one can sampling S and B using the re-
versible jump Metropolis—Hasting algorithm as the prior for § is not conjugate and the dimension
of B can vary. Then sample X through sampling P and D, and then calculating P D P’. To sam-
ple the diagonal elements of D, one can convert them to the log-scale and then for each element,
choose the proposal density as a normal distribution centered at its current value in log scale.
To sample P, one can draw a new value P* uniformly from the group of orthogonal matrices.
Then the acceptance ratio equals to the likelihood ratio. When d is large, in order to increase
the acceptance rate of the Metropolis—Hasting algorithm, one can restrict the proposal density
to local moves through multiplying by a random orthogonal matrix within a set distance from
the identity matrix. If the conjugate inverse Wishart prior is used instead, then the conditional
posterior distribution of X is also an inverse Wishart distribution. One can sample X from that
distribution directly.

5. Proofs

The lower bound for the denominator in the expression for the posterior probability obtained in
the following result relies on sufficient prior concentration near the truth and is instrumental in
establishing the posterior contraction rate. Let f stands for the joint density of (Y7, ..., ¥;) under
a generic value of the parameter (f8, X) and fj stand for that under the true value (8, o).

Lemma 5.1. For some constant C1 > 0, By and Ho are defined in (3), we have sup{Po(E}) :
Bo € Bo, Xo € Ho} — 0, where the set E, ={[ [ % dI1(B)dII(X) = e~Ciney.

Proof. In view of Lemma 8.10 of [17], it suffices that

—logII{(B. Z) : K (fo, f) <nel, V(fo. f) <net} Snel, (5.1)

where K (fo, f) and V (fo, f) respectively stand for the average Kullback—Leibler divergence
and average Kullback—Leibler variation between fy and f given by

1 1 1<
—K(fo.f)=5 (Tr(ZlZQ) —d —logdet(Z7'%o) + - Y =128 - By X; ||2),
i=1

1 1 1
V(o f) = E(Tr(():*‘zo)z) —2Te(Z7'20) +d) + - 3| 22T B B0 X] I
i=1
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Define a set of covariance matrices .A; and A a set of pairs of regression coefficients and co-
variance matrices by

Ar = {2 :Tr(Z7'2g) — d — logdet(T'%¢) < €2,

Tr((27'20)°) — 2Te(B~"' o) +d < €2},

Az—{(ﬂ %): ZHE 28— Bo)' X;|* < ne? ||z”22‘(ﬂ—ﬂo)’xguzgneg/z}.

i=1 i=1

Then a lower bound for the prior probability in (5.1) can be obtained by lower bounding TT(.A4;)
and IT(Az|.A1) separately and multiplying.
Writing X* = 251/22 281/2, A can be written as

d d
Alz{ 1Y (eige (B*1) — 1 — logeig, (2*7')) < €2, Y (eigy (B*71) —1)* < 3}

k=1 k=1

By Taylor’s expansion log(x + 1) =x — x2/2 + o(1) as x — 0 and smce €, — 0, it follows that
the second condition in .A; implies the first, and hence A; = {X : Zk | leigy (X% Hh-nZ< 6,2,}
for sufficiently large n. Since the eigenvalues of X are between b and by by Assumption 3,
Lemma A.1 of [2] gives that 3"¢_, (eigi (Z*~ 1) — 1) < b3|=~" — ;|3 and hence A; D (X :
=1 — hIpy Y < €n/by) for sufficiently large n. Writing in terms of the eigendecomposition
Y = PDP’, the triangle inequality, the norm-inequality || AB| r < min{|A|||B||r, |All7| B}
and the facts that | P|| = 1= || Pyl and ||D0_1 || is bounded, we have that

[=7" = 25" | < 1PolIPU[ D™ =g |+ (1Poll [ g™ | + 1PU[DTH )12 = Pollr

S| =Dyt + 1P = Pollr + | D' =Dyt AP = Pollr,

since [D! < IDy |+ D" — Dy ||, and the spectral norm is always bounded by the Frobe-
nius norm. Therefore, we have that
A1 D {Z : ”D_1

Dy | <en/er. IP = Pollp < énfcr}

for some ¢y > 0. Using the independence in the prior distribution of eigenvalues and positive
lower bound for the prior density at all concerned true value X, it is easy to see that log [T{X :
|~ — Dgl lF <eq/c1} 2 —dlog(1/€,) 2 —dlogn. To lower bound TI(P : |P — Pyllr <
€n/c1), note that IT is the Haar measure on a compact Lie group of dimension d(d — 1)/2.
This means that all translates of {P : ||P — Py||r < €,/c1} have the same probability, and N
many such translates can cover the entire set of d x d orthogonal matrices, where N stands
for the €, /c1-covering number of the set of d x d orthogonal matrices in terms of the Frobenius
distance. A crude upper bound for N is easily obtained by embedding the set of d x d orthogonal
matrices in [—1, l]dz, giving the estimate N < (2c1/6,,)d2. This leads to the estimate log IT{X :
|P — Pollr <en/c1} = —d*log(2c1/e,) = —d?logn. Thus, log IT(A;) > —d?*logn using the
prior independence of D and P.
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To derive a lower bound for IT(A;|.A1), we first note that || X~ — X, "r < ¢, implies that
171 and ||)3"‘7l | are bounded by a fixed constant, and hence n-! Y Xi(B— ﬂO)E_l
(B—Bo)' X, and n= | Z* 1| IZ5 I P, 1X: (B — Bo)||? are both bounded by a constant mul-
tiple of n =1 31 11X (B — B> =n~ | X (B — Bo) |5 Now by the inequality

G d
|XB =B - <Xl Y _IIB; = Bojllr < 1X1lo > _lIBk — okl (5.2)

j=1 k=1

to bound IT(A3|.A;) from below, it suffices to bound H(Zzzl 1Bk — Bokll2.1 < crn), where
rn = +/ne2/|| Xl and c is a positive constant. By (2.1), this can be further bounded below by

1
o0 /z Hgmk(ﬂs(,k)dﬂso]. dBs,.. 5.3)

k=1 1Bsg x —Bo,sg k2, 1=crn 1

By changing the variable Bs, , — Bo, s, t0 ,350‘ . and using the fact that ||x|| < ||x||; for any vector
x, the integral in (5.3) is bounded below by

. .
e—Z“xknﬁo,klz,l/Z ngm(ﬂm)dﬂ&”. -dfs,

k=1 ”ﬁS()kHl<crnk 1

>e” Yio MkIIﬁOkIIle 1_[ <2)¥k)

k= 1]€S()1‘

A\ PS% T 5d - . .
. / d 3 <§> ¢ e ”ﬁso,k . d'BSO.l "'dﬂso,d-
T 1Bsy i <er

Using the result that the integrand equals to the probability of the first pg, events of a Poisson
process happen before time cr, (similar to the argument used to derive (6.2) in [8]), the last
display is further bounded below by

—Zk 1)\k|l30k”21{1_[ l_[ <2)\k> } —*"’"%(icm)”s"
PSy:

k=1 jeSok

>e” Yy ellBouliza Mrn{l_[ H ( ) }L(ACV )P,

k=1 jeSox Psy!

Hence, by Assumption 1, (5.3) is bounded below by

N
JT(O)AIU e~ S Akl Bok Nl —Aery (Acry)Po
(G V nPmax)A350 (Gd)%o Psy!

2\7
@)

d

k=1 jeSo
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implying that log TT(K (fo, f) < ne2, V(fo, f) < ne?) is bounded below by

d
—d*logn +1log 7 (0) + solog Ay — (A3 + 1)50(10g G + pmax logn + logd) — Z)»k||/30,k||2,1
k=1
d
— kery + ps, log(hery) —log(ps,) — Y Y pjlog(a;j/2). (5.4)
k=1 jeSo.k

As mw(0) is bounded away from zero, and Assumption 2 gives Acr, — psylog(iery) S
V1enJ10gG + (ps,/ pmax) log G < ne2, the second, sixth, and seventh terms are controlled.
Also, since Y9_ | Bolla.i < B with the expression of 8 is displayed in (3.1), we have
Sl Bokllan < maxi<g<a Ak Yoy IBollzy < nel. Furthermore, since log(ps,!) <
ps,log ps, and a; = O(p;./z), we obtain that log(ps,!) + ZZ:IZjeSO,k pjlog(a;j/2) <
S0 Pmax logn < ne%. Thus, (5.4) is bounded below by a constant multiple of —ne,zl.

O

Proof of Lemma 3.2. Let B, = {8 : sg < r}. We show that EqIT(8 € B;|Y1,...,Y,) — 0 as

n — oo for r > s9. By Lemma 5.1, the denominator of (3.9) in the expression for IT1(8 € BS|

Y1, ..., Y,) with B, as above, is bounded below by e=C1m6i with a large probability. To upper

bound the corresponding numerator, note that its expectation is

EO(//Ba(f/fO)d“(de(Z)) S/B AN =T(sp=r) =Y 7(s),

and by Assumption 1 and A, /(G Vv nPmx)44 < 1/2 as n — oo, the bound simplifies to

r—so 0 j r—so
w2 ) (2 ) <o 2 )
(G vV npmax)A4 o (G v nl’max)A4 (G vV npmax)A4

Therefore, because EoIT1(BS|Y1, ..., Y,) <EoIl(BS|Y1, ..., Yy)1lg, + Po(ES) and Po(ES) — O,
choosing r = Mp{so v [d*logn/(10g G V pmax logn)]} for some M, large enough, we obtain that
EoIl(B;|Y1, ..., Yy,) is bounded above by

exp(Clne,% +1log2 + (r — s0) (log Ay — A4(10g G V pax logn))) + o(1) — 0. O

Proof of Theorem 3.1. The proof contains two parts. In the first part, we obtain the posterior
contraction rate with respect to the average negative log-affinity. In the second part, we use the
results obtained from the first part to derive (3.2) and (3.3).
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Part I. Note that for every € > 0,

1 n
E0H<(ﬂa Z) ERde XH—ZIO(.fl’ fO,i) >E‘Y17"'7Yﬂ)
ni:l

1 n
§E0n<(ﬁ, X)eB, xH: ;Zp(ﬁ,fo,,-) >6‘Y1,...,Yn> +EoI(BS1Y1, ..., Ya),
i=1

where H is the space of d x d positive definite matrices and B, = {B : sg < M>s*}. The second
term on the right-hand side goes to zero by Lemma 3.2, and hence it suffices to show that the
first term goes to zero for €2 = Mje?.

Define the sieve

]-'n_{(ﬂ %) € By x H e max 1Bl < Hun” I < eig, (2 ‘),eigd():*‘)<n},
1<k<d

where H, = pmaxn/A for A given in (2.3). Then

S:s<Mjps*

M(By x H\F) < Y (”(S>f2 (18jx1l = Hy)

—I—H(eigl(E_l) §n_1)+1'[(eigd(2_l) zn). (5.5

It is easy to see that ||8«]l is gamma distributed with shape parameter p; and scale parameter
Ak. Applying the tail-estimate of a gamma density [[5], page 29] and the inequality 1 + x —
V142x > (x —1)/2, for any x > 0, we have that

M H, M H,
K 1+ Zu)) <exp(—AH, + Pmax)
Pj Pj

(1Bl = Hy) < exp(—p,(l +

forj=1,...,G,k=1,...,d, leading to the estimate

Mjs*

Z 7 (s)s exp(—AH, + pmax) < exp(log(Mzs*) — Pmax(n — 1)).
s=1

The second and third terms in (5.5) are both bounded by ™" for some c¢; > 0 by the tail
property of inverse-Gaussian distribution. Therefore, for all sufficiently large n, IT((B, x H) \
Fn) <exp(—(1+ Cl)nfs)-

Next, we construct a test ¢, such that

E fyon < e Mmen2, sup Er(1— @) < e M (5.6)
FeFuin(for f)=Mine?
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for some M; > C1 + 1, where fo =[], fo.i» foi =N(XiBo,Zo) and f =[]\, fi, fi =
N(X;B,%),i=1,...,n, as required for an application of the general theory of posterior con-
traction. To this end, we first consider testing Hy : f = fy against a single point f = fi in the

alternative. Consider the most powerful Neyman-Pearson test ¢, = 1{ f/ fo > 1}. If the average
172 1 /2

Réyni divergence —n ! log f between fy and f is bigger than €2 > 0, then

E jyn = E oV f1/ fo > 1) < / Fofi<e

En(l—¢)=E;/fo/fiz1) < / o <o

The test ¢, can also have exponentially small probability of type II error at other alternatives,
because by the Cauchy—Schwarz inequality,

1/2

Ef(1 =) < {En(1 -} *{E s (F/ 1)) (5.7)

. . . 2
so that the expression can be controlled properly if the second factor grows at most like "¢

where ¢ > 0 can be chosen suitably small. Now we show that E ¢, (f/ fi )? is bounded for every
density with parameters such that

1 1
1B —Blloo < ———o—, 1Z =2 < —=, Y <n. (5.8)
' > §*\/Pmax X0 n%d ” ”

To see this, we observe that for £} = y-12y,%-1/2,

Ey, (f/fl) (det(): ))n/z(det(Zl _Eil(—l))—n/Z

n
_ . .
X exp(z Xi(B—BNZ 202z 1) =B~ ﬁl)/xg) (5.9)
i=1
Because X € F,, the condition || X — X|| < ¢, = 1/(n*d) implies that
I=5—1] < | =7 |IZ1 = 2l <l — 2| <ns),

and hence 1 — né;, <eig|(X]) <eig;(X}) < 1+ né,,. Therefore, we obtain that

det(E%) >"/2 ( )
—_— =exX 10 el lo
(det(zl—):;—l) P Z 2(eigi(® Z o8 elgk(E )
dn dn né,
< exp(;log(l +né,) — 7log<1 1 _7'1’5;))

By the inequalities 1 —x~! <logx < x — 1 for x > 0, the display is further bounded by

n%ds, dn( ns, )
(58 25) 2ot -
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By the inequality (5.2), we bound the exponential term in (5.9) by

[zt - D7 %80~ B

i=1

<=z -1 H||X||§(de||ﬂ1,k —ﬂk”z,l) :

k=1

Since %] = D' =2, |27 < n, and T{_ 181k — Belloa < sp,—p/PraxllBy —
Blloo < 2M>s* /PmaxllB1 — Blloo on Fy, the display is further bounded by the expression
8M2ns*? pmax | X1I121181 — Bll2, < 8M3. Hence, we conclude that (5.7) is bounded by a mul-
tiple of e™"€ for every density with its parameter in the piece.

The desired test ¢, satisfying (5.6) is obtained as the maximum of all tests ¢, described above,
for each piece required to cover the sieve. To complete the proof of (5.6), we need to show that
log Ny < ne,%, where N, is the number of pieces satisfying (5.8) needed to cover the sieve F;,

~

(see Lemma D.3 of [17]). It is easy to see that log N, is bounded by

. < * . .
10gN< Brsp = Mas®, max 1Bl < Hal. | ||oo)

1<k=<d

|
s* o/ Pmaxt | X |lo”

—HOgN(%, [Z:n! <eig (Z71),eigy(Z71) <n}, ||'||>-

The first term of the display is bounded by

1
logN( ——— (B 55 < Mas*, 1B — Bollow < Ha). I )
£ (sx/—pmaxnnxno 185 olloo < Hu} -l

Gd * Mjsk 'max
fl°g{<M2s*> (3+/Pmaxrts” Hyl| X [lo) 2" }
$5"10gG + 5" pmax (log 7 + log(H | X o) (5.10)

while the second term is bounded by
logN(ﬁ, [z <eig (7)), ||-||) < 1ogN($, {(Z:1Z)F <nvd), ||~||F>
<d*log(n*d*?),
both of which are bounded by a constant multiple of ne,%.

Choosing € = M e,zl for a sufficiently large M| > 1+ C1, we thus have (5.6). We finally obtain
that the posterior H(Z?: 1o(fi, fo,i)>M 1ne,%|Y1, ..., Y,) goes to zero in Py-probability.
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Part I1. Observe that n=' 37 p(fi, fo.1) is equal to

(det(X)4(det(Zo) 4\ | 1 T+ %o\ '
_10g< (det((E 1 Zo)/2) 12 )—i-g;)(i(ﬂ—ﬁo)( > ) B—Bo)X;.

Then Y0, p(fi, fo.i) S ne? implies the relations

“lo ((det(Z))l/4(det(EO))l/4> <eé, (5.11)
(det((X + Zo)/2)'? )~ "
1 « -
@in(ﬂ—ﬂo)((z-l-):o)/z) "B - By X S (5.12)
i=1

First, we show that the probability of (5.11) goes to 1 implies (3.3). Let

(det(X)) /4 (det(Zp)) /4
C (det((T+Zg)/2)1 2

d*(2, Zg) = h*(N(0, £),N(0, %)) = 1

The eigenvalues of Xg lie in [b1, b>], by Lemma 2 of [33], and so d*(Z, X¢) > ||):(;‘/2(z _

20)251/2”2 , if the left-hand side is sufficiently small. Since

o <(Glet(fi))1/4(det(20))1/4

(det((Z + Z0)/2))12 > = ~log(l — 4. 20)) 2 &(Z. o)

we obtain that || X — ):0||%v < eﬁ. This proves (3.3).

Next, we show that the probability (5.12) goes to 1 implies (3.2). Given (3.3) and by Assump-
tion 3, we obtain that

IZ 4+ Zoll* = 1Z — To +2Zol1” < 21T — Toll7 + 8l Zoll* S e, + 1.

Hence using eig; (T + X0/2) ") = (eig, (T + Z0/2) " = (T + Zo/D7! = (1 + €2)71/2,
(5.12) implies that

1 & Z+Z o1 )
eizgguxiw—ﬁo)u 5 Z;;”Xi(ﬂ—ﬂo)u ei+t.
Combining with (3.3), we obtain (3.2). U

Proof of Theorem 3.6. Let H, ={X e H:|X — )30||%, < Mle,zl} and

d 2 5
Myne:s*
O =3B R 15 < Mas*, [ D IB— Boxllan ) < " :
" g e IXI262, (5o + Mas™)
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where H is a space of d x d positive definite matrices. The proof contains two parts. In the
first part, we show that the total variation distance between I1(8 € -|Yq, ..., Y};) and I, B €|
Yi,....Y) :=IL,((B, %) € x HulY1,...,Y,) is small, where I1,((8, ) € - x -|Y1, ..., Y,) is
the renormalized measure of IT((8, X) € - x |17, ..., ;) restricted to the set ®,, x H,. We also
show that the total variation distance between I1°°(8 € -|Y1, ..., Y,) and lilfjo Be-Y,....Y

is small, where lzlflo(ﬂ € -|Yy,...,Y,) is the measure I1°(B € -|Yy,...,Y,) restricted and
renormalized to ®,. In the second part, we show that the total variation distance between
,(B €-|Y1,...,Y,) and TI®(B € -|Yy, ..., Yy) is small.

For any set A, let IT4(-) be the renormalized measure of I1(-) which is restricted to the set A.
Then ||[TI(-) — T4 ()] < 2TT1(A€). Clearly,

Eo|TI(B e Y1,....Y) —Tu(Be Y1, .., ¥) |y — O,

My
by (3.3) and (3.7). To show that

Eo[TI®(B € Y1, ... Yy) = (B e-|Y1.....Y,) |y = O,
we write

f@; exp{€n(B, Zo) — (B, X0)}dU(B)
S exp{n (B, 20) — £n(Bo. Z0)}dU(B)
with dU (B) defined in (3.10). By (3.8), £, (B, Xo) — £, (B, Xo) equals to

X(BeO;Y,....Y,) =

(5.13)

__Z||>:*‘/2 i Vec(B — Bo)'||* +Z (Y; — Vec(Bp) X )5 X, Vec(B — Bo)'.

i=1

By plugging-in the last display into (5.13), the denominator is bounded below by

e ))

k=1 jeSo k

1 & - . -
x [eXP<_§ ZHE 2x :SolBSO || +§ : Y; — Vec(By) X;)Z IXZ,soﬁSo) dPBsy
i=l1

where 550 = ((B1.50.; — Po.1.50.1) - - -» (Ba,sp.e — Po.d.sp.4)") - By Jensen’s inequality, the display
is bounded below by

A 1 I )
n(so)) <1_[ l_[ ( k) >/exp(-zZ”):O1/2Xi’50ﬂ50”2)dﬁ50’
so =

k= IJES()k

7 (s0) ( d (m)l’f) Q2m)PS
= = — . (5.14)
((i)d) l_[ 1_[ . —1

n
k=1 jeso, N det(} i XispZy X, g)
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Letting I's, => 7, 5(1‘,50 )3615(;’50, we apply Jensen’s inequality to obtain that

Psy

det(T's) = (Tr(Ts,)/psy) " = (max(Ts)a)

where (I's,);; is the /th diagonal element of I's,. Note that

I1X2
x 1X;)1*=—=2,
b1 1< <G by

ZXu

max(Ig,);; < — max
l by 1<j<G

where X ij=la®X l/ i and hence (5.14) is further bounded below by

7(s0) ( (Ak> )(2;)177 >p50/2

(%) ﬂ,l:[ X2
7(50) ( V2b )Pso

(Gd)AO l_[k 1 HJESOk Bl (Gl/Pmax \V; I’Z)BZ

T[(S()) ( /2b17'[ )Sopmax

- (Gd)soaj,opmax B (GV/Pmax v/ ) B2

>

(5.15)

We thus obtain a lower bound for the denominator.
The numerator of (5.13) can be written as

1 = -
/ , {exp(—z > _[Vee(B — ) X%, ”2||2)
“n i=1

x exp(Z(Yi — Vec(ﬂo)f(i)Zal.f(; Vec(B — ﬂo)/> } dU(B). (5.16)

i=1
Note that

n

> (¥ — Vee(B) X)) 2y X; Vec(B — By)’

i=1

N

Z(Y,- — Vec(Bo)X:) 2y X ; Vec(B,; — Bo ;)

n

Z(Yi — Vec(Bp)X:) %, ' X, ;

1B —Bo,jllF- (5.17)
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Using the tail inequality for quadratic forms of Gaussian random variables (Proposition 1 of
[19]), we obtain for every ¢ > 0,

n 2

- %5 X
P(IE}% ;(Y, Vec(B) Xi)Zy' X,

> Tr(A'A) + 2/ Tr((A'A)?)1 + 2||A||2t> <Ge ™,

where A = (X1;Z;',...,X,;3;") € RP>" Since Tr(A’A) < p;l|A|*> and ||A] <
I(X1,js- s Xn )l =Xl < IX|lo, choosing ¢ = 2(10g G V pmax logn), we obtain

n

3 (¥ — Vee(Bo) Xi) By ' X

i=1

1
> C4||X||o\/10gG V' Pmax IOgn) = E

Pl max
1<j<G

for some ¢4 > 0. Let D, = c4| X |lo+/10g G V pmax logn. Then, with probability tending to one,
(5.17) is further bounded by

2D, 11X (B — Bo)llF|Sp—p, |2
X llote, , (1Sp—p, 1)

d
Dy Y NIk — Bokllaa <

k=1

d
— D Y I8 — Bokllzn
k=1

200185, iy 1 Voo B — Bo) K12
B I1Xllo¢e, (1S8—p, )

d
— Dy Y B — Boxllz.1.
k=1

The display is further bounded by

252D, 15| Xy I Vec(B — o) X |2
1XTlopr, (1S5—poD

d
— Dy Y 1B — Boxllzn
k=1

1 o 12, 2b3D31Sp gl
= | Vec(B—BXix! - 1Bk — Bokllz.1,
2;” B0 IX1262, (S—p,D) Z

k=1

by the Cauchy—Schwarz inequality. Therefore, with probability tending to one, (5.16) is bounded
by

202D2(Sg_g. | d

2Pn19B—Bg

exp — Dy Y 1B — Bokllz | dU(B)
/< (nxnzcb%llusﬂ_ﬂon !

k=1

- ( 2b3 DX (so + Mos*) Dy\/Mane2s* )
<exp —

IX 1267, (s + Mas®) 21X llopes (50 + Mas*)

Dy,
n(S)/ H< ( ) )exp(_THﬂk_ﬂo,k||2,1>d,35k®55}€.

S:s<Mys* 'lk 1 YjeSk
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Since c4rx /B3 < D, for every k < d, the last summation is bounded by

> 7(1(;(23 (zﬁ)ps <1,

C.
Sis<Mps* \'s 4

where the inequality holds by making c4 large enough. Now, plug in D, and combine the dis-
play with (5.15) to obtain an upper bound of the expectation of (5.13). Since a; = O( p;/ 2) and

7 (s9) 2, A‘;‘) /(GA3 v nAsPmax)% the upper bound goes to zero as long as My is chosen sufficiently
large.
For a measurable subset B of R”*¢, we can write

ﬁn(B|Y17 ) Yn)

exp(la(B. ) 2
— A £y , X))dII(X)dU (B),
/mn f TR IS I p( ; k||ﬁk||z,1>exp( (Bo. 2))dTI(Z)dU (B)

and
®°(BY1, ..., Y,)

exp(€n (. Z0)). a
— E A Ly , X)) dIT(X)dU ().
/Bno )/H exp(¢y, (ﬂo,Zo)) p( P k||/30,k||2,1> exp(tn By 2) dTI(Z)dU ()

Note that for sequences of measures (1 s) and (vs),

H 2sHs __ 2sVs
I

Yoshsltv 11X gvslitv |ty
(see, e.g., page 2011 of [8]). Hence, it suffices to show that
Sy, 22 B2 exp(— Yy el Bell2,1) exp(ln (B, T) dTI(E)
Jrg, B0 exp(— S el o l.1) exp(a By, ) dTI(E)

Using the property that |1 — [ f/[ gl < (1 —inf(f/g)) V (sup(f/g) — 1) <sup|l — f/gl, the
expression in the last display is bounded by

d
1= 4vs

dus | o

<2sup
S

Ep sup |1 — ‘ —
Be®,

Eo sup sup
Be®, TcH,

d
l—exp(ﬁn(ﬁ =) =Y (el = llBoll2, 1))‘

k=1

d
<Eo sup sup {<|£n(ﬂ, )|+ ]fél]fgd/\k; Il Bx _,30,k||2,1)

Be®, XecH,

d
x eXP(|Z B,%)| + [max )»kZ”ﬂk—,BOle)}

1
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where £, (8, %) = £,(B, %) + £, (Bo, Zo) — € (B, o) — £, (By, X). First, it is easy to see that

sup{ i Zzzl 1Bk — Bokll2,1: B €Oy, 1 <k <d}— 0 due to the small A regime. To complete
the proof, we shall show that

Eo sup sup |¢, (B, Z)| — 0. (5.18)
Be®, TcH,

It can be easily verified that

- 1 " ~ ~/
|0 (8. )] < 5|3 Vee(B ~ B Xi (27" = 2!)X; Vec(B — By)’
i=1
+|) " Vee(B— B Xi (27! — 25 ") (¥; — Vee(Bp) X;)|.
i=1

First, note that

> Vee(B — Bo)Xi (27! — 25") X; Vee(B — Bo)’

i=1

sup sup
Be®, XcH,

< sup |Z7 = 25" sup |X(B - B0
BeO,

€7in

d 2
SIX1% sup | — Zoll sup (Znﬂk —,30,k||2,1> ,

YecH, BeB®, k=1

where the last inequality holds by (5.2) and Assumption 3 since sup{||X — Xo| : X € H,} is
small. The rightmost side of the display is bounded by s*ne,f which goes to zero by the assump-
tion. Similar to (5.17), we also obtain that

Eo sup sup
Be®, TcH,

Vec(B—Bo) Y _Xi(Z7' =25\ (¥i - VeC(ﬂo)Xi)/‘

i=1

G
<E \Y/ . . Wy
< oﬂseugnzseugn;\l ec(B; — Bo )| W=l
d

<Eo max sup [Wx ;ll sup > B — Bokll2.1, (5.19)
15j=Gxen, ﬂe@nk;
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where Wy ; = Y7_; X; ;(27" = £7") (i — Vec(By) X;)'. By Lemma 2.2.2 of [35] applied with
Va2 (x) = exp(x?) — 1, we have

Eo max sup |[Wx |l </ PpmaxdEo max max sup |[Wx ¢l

<-]<GZE n <I<G1<Z<p]dze’,l.[n
max max sup |W);MIH
2

=+ Pmaxd ‘
1< ]<G1<(<p/dxe'H
<V PmaxdlogG max  max

1<j=<Gl=t<p;d

sup [Wsx el H ,
XeH, ¥2

where ||-||y, denotes the Orlicz norm and Wy ; ¢ is the £th element of Wy ;. By Lemma 2.2.1 of
[35], we have that for every X, X» € H,,

W, e —Wsy ey, S \/Var(Wzl je— Wz, i) < ||)31/2( 22—1)” X1,

which is bounded by |1 — X2||r|| X, by the relations |1 — Zollr < |21 — Zollr +
X2 — Xollr < €, and Zl_l — ):2_1 = —21_1(21 — 22)2_1, and the fact that the eigenvalues
of X, and hence also those of X and X, lie between two fixed positive numbers. We see that
Wx, j.¢ is a separable Gaussian process as H, is a separable metric space under the Frobenius
norm. Hence, by Corollary 2.2.5 of [35], for any fixed £’ € H,, and some c5 > 0,

’ csl| X |lo diamj (H,) €
sup |Wz,-,e|H <IWsr il +/ logN(—,H ,||-||F>de
e e e I 2es1X . "

where diam;(H,) = sup{||Z1 — X2||F : X1, X2 € H,}. By Lemma 2.2.1 of [35] again, we have

that
IWsr el S /VarWyr .0 <[22 (E 7 = Zg) 11X 1 S |2~ Zo 41Xl

We also obtain that
cs|| X |lo diamj (H,) €
10gN(7,’H , ”'”F) de
/0 251 X]l," "

2cs58/M1 || X [|o€n
ff \/d210g<6c5¢M1||X||oen>d
0 €

o0
= 12¢5/ M, ||X||oden/ e~ dt.

Jlog3
Since the integral term on the rightmost side of the last display is bounded, we finally verify
that [[supxcyy, [Wx j.ellly, < || X|lode, for every j and €. Putting everything together, (5.19) is

bounded by a multiple of 6,2”/ Pmaxnd?3s* log G which goes to zero by the assumption. We finally
verify (5.18), and hence the proof is complete. ]




Bayesian variable selection for multivariate responses 2379

Proof of Theorem 3.7. We only need to show that

sup EoIl1(B:Sg,1 D So,1,---, 58,4 D So,a, Sg # SolY1,...,Y,) — 0.
.BOE{BO:SOSSnan (50) <1,
be, ; (s0+Mas*)>c} ZoeHy

Then the theorem follows by the Beta-min condition. Our proof is similar to the proof of Theo-
rem 4 of [8].

Let S, ={S:5 < Mas*, $1 D So.1,..-, 54 D So.a» S # So} and Ts = Y, X; 5251 X, 5. By
Theorem 3.6, it suffices to show that I[1°°(8 : Sg € SylY1,...,Y,) — 0in probability. By (3.11),
we obtain that TI®(B : Sg € S, |Y1, ..., V) < ZSeSn wgo/wg(‘)’ which can be bounded by

W [FOENE) T (Y2 (dets )
B [ e (1)) (55

5=s+1 7 (50) 5 k=1jeS;

I ey125/ & Iy e1/25) 2
con(§ T AP 20 R ) | 520
i=1 i=1

To bound further, we bound each factor in the above expression.
The interlacing theorem applied to I's and its principal submatrix I's, gives eig, (I's,) <

eig, (Cs),m=1,..., 3%, > jesy, Pi» We have

det(T'sy) < [ Jeig, (Ts) < (eig; (F5))"* ™" det(T's),
m
so by (3.6), det(T's, ) /det(T's) is bounded by (b5 ' ¢, (5)[| X []0)2(PS0—P).
The exponential term Qs := Y 1_ 5, > X, sB31% — Yo, 1%y /2 X} 5, A%, 17 in (5.20) has

a y2-distribution with degree of freedom p so — Ps- By Markov’s inequality on the exponential
moment, we have that for every 0 <u < 1/2 and r > 0,

Py (S max Q52 r( —50)(10g G V pmax 1ogn))

niS=S

<exp(—ur(3 —50)(10g G V pmax logn))Eq (S max _e“QS)

€EOps=S

< Nsexp(—ur(s — 50)(10g G V pmax logn)) (1 — 2u)~Pso=P9)/2,

where N; = (Gd_so) is the cardinality of the set {S € S, : s = 5}. Since N; < (Gd)*~* and

f—SO
d?*logn <« n, we have that for some ¢ > 0,

]P’(QS >r (5 — 50)(1og G V pmax logn), for any S € Sn)

- 3 _ _
< Z exp(—ur(s —50)(log G V pmax logn) + E(S —50)logG +c(5 — SO)pmaX)

§>50
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which goes to 0 whenever ur > 3/2. If r > 3, this is ensured by choosing u arbitrarily close to
1/2. Thus with probability tending to 1, (5.20) is bounded by

Misf Ai_sos“_‘“’ (max1<k<d Ak«/ﬂ> Pmax(5=50) 1 (521)
Nt (G V nPmax)As(s=s0) bz_l 11X llope, (5) (G V nPmax)r(5=s0)/2" ’

Under the small A regime, for every S such that s < Mas* < G4,
<maX1<k<d M/ 27 ) Prmax(S=50) - <maxl<k<d kkW) Prmax(5=50) <
by 1 X [lohe, (5) T\ 0y X Nloe,, (Mas*) -

and hence (5.21) goesto 0 if a — A4 +r/2 < 0. If A4 > a + 3/2, this is ensured by choosing r
arbitrarily close to 3. (]
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Supplementary Material

Supplement to “Bayesian linear regression for multivariate responses under group spar-
sity” (DOI: 10.3150/20-BEJ1198SUPP; .pdf). In this supplemental material, we provide the
proof of a; in (2.2). More importantly, we derive the posterior contraction rate when choosing
the inverse-Wishart prior for X.
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