Bernoulli 25(3), 2019, 1690-1723
https://doi.org/10.3150/18-BEJ1032

Maximum likelihood estimators based on the
block maxima method

CLEMENT DOMBRY! and ANA FERREIRA?

L Laboratoire de Mathématiques de Besangcon, UMR CNRS 6623, Univ. Bourgogne Franche-Comté, 16
route de Gray, 25030 Besangon cedex, France. E-mail: clement.dombry@univ-fcomte.fr

2 Instituto Superior Técnico, Universidade de Lisboa, Av. Rovisco Pais, 1049-001 Lisboa, Portugal.
E-mail: anafh@tecnico.ulisboa.pt

The extreme value index is a fundamental parameter in univariate Extreme Value Theory (EVT). It captures
the tail behavior of a distribution and is central in the extrapolation beyond observations. Among other
semi-parametric methods (such as the popular Hill estimator), the Block Maxima (BM) and Peaks-Over-
Threshold (POT) methods are widely used for assessing the extreme value index and related normalizing
constants. We provide asymptotic theory for the maximum likelihood estimators (MLE) based on the BM
method for independent and identically distributed observations in the max-domain of attraction of some
extreme value distribution. Our main result is the asymptotic normality of the MLE with a non-trivial bias
depending on the extreme value index and on the so-called second-order parameter. Our approach combines
asymptotic expansions of the likelihood process and of the empirical quantile process of block maxima. The
results permit to complete the comparison of common semi-parametric estimators in EVT (MLE and prob-
ability weighted moment estimators based on the POT or BM methods) through their asymptotic variances,
biases and optimal mean square errors.

Keywords: asymptotic normality; block maxima method; extreme value index; maximum likelihood
estimator; peaks-over-threshold method; probability weighted moment estimator

1. Introduction

The Block Maxima (BM) method, also known as Annual Maxima, after Gumbel [15] is a fun-
damental method in Extreme Value Theory and has been widely used. The method is justified
under the Maximum Domain of Attraction (MDA) condition: for an independent and identically
distributed (i.i.d.) sample with distribution function F, if the linearly normalized partial maxima
converge in distribution, then the limit must be a Generalized Extreme Value (GEV) distribution.
In practice, one rarely exactly knows F but the MDA condition holds for most common contin-
uous distributions. Procedures for testing MDA have been proposed by Dietrich et al. [7], Drees
et al. [11], cf. also de Haan and Ferreira [6], Markovich [18] and Novak [19].

In the BM method, the initial sample is divided into blocks of the same size and the MDA
condition ensures that the block maxima are approximately GEV distributed. The method is
commonly used in hydrology and other environmental applications or in insurance and finance
when analysing extremes — see, for example, the monographs by Embrechts et al. [13], Coles
[5], Beirlant et al. [2], de Haan and Ferreira [6] and references therein.

The GEV is a three-parameter distribution, with the usual location and scale parameters, and
the extreme value index being the main parameter as it characterizes the heaviness of the tail.

1350-7265 © 2019 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/18-BEJ1032
mailto:clement.dombry@univ-fcomte.fr
mailto:anafh@tecnico.ulisboa.pt

Maximum likelihood estimators on BM 1691

Several estimators have been proposed, including the classical maximum likelihood (ML) and
probability weighted moments (PWM) estimators (Hosking et al. [17]). Asymptotic normality of
these estimators has been established for a sample from the GEV distribution, which holds with
null bias and explicit covariance matrix (Prescott and Walden [21], Hosking et al. [17], Smith
[23], Biicher and Segers [3]). The underlying theory is quite difficult and technical by the fact
that the support of the GEV depends on the parameter values. Differentiability in quadratic mean
of the GEV model has been proven only recently by Biicher and Segers [3].

However, in applications, the sample block maxima are only approximately GEV so that the
classical parametric theory suffers from model misspecification. In this paper, we intend to fill
this gap for ML estimators (MLE), by showing asymptotic normality under a flexible second-
order condition (a refinement of the MDA condition). Depending on the asymptotic block size,
a non trivial bias may appear in the limit for which we provide an exact expression. Recently,
Ferreira and de Haan [14] showed asymptotic normality of the PWM estimators under the same
conditions. They derived a uniform expansion for the empirical quantile process of block max-
ima that is a crucial tool in our approach as well. Indeed, the MLE can be seen as a maximizer
of the so-called likelihood process. By expressing the likelihood process in terms of this empir-
ical quantile process, we are able to derive an expansion of the likelihood process that implies
the asymptotic normality of the MLE. It turns out that this derivation is again quite technical
by the fact that the support of the GEV depends on the parameter values. Note that the asymp-
totic normality for the MLE of a Fréchet distribution based on the block maxima of a stationary
heavy-tailed time series has been obtained by Biicher and Segers [4]. There the issue of param-
eter dependent supports is avoided but time dependence has to be dealt with. Besides, the ideas
underlying their proof are quite different.

The asymptotic normality result in the present paper brings novel developments to the theo-
retical comparison of the main semi-parametric estimation procedures in EVT. On the one hand,
it permits to compare BM and Peaks-over-Threshold (POT) methods (see, e.g., Balkema and de
Haan [1], Pickands [20]), the latter being another fundamental method in EVT and a competitor
of BM, where the highest observations follow approximately a Generalized Pareto distribution.
The POT version with random threshold, that is, taking a non-random number of higher observa-
tions corresponding to an upper intermediate order statistic as threshold, is the one more directly
linked to the most common BM approach where the number of blocks is non-random. We discuss
and compare the four different approaches —- MLE/PWM estimators in the BM/POT approaches —
based on exact theoretical formulas for asymptotic variances, biases and optimal mean square er-
rors depending on the extreme value index and the second-order parameter. It turns out that MLE
under BM has minimal asymptotic variance among all combinations MLE/PWM and BM/POT
but, on the other hand it has some significant asymptotic bias. When analysing the asymptotic
optimal mean square error that balances variance and bias, the most efficient combination turns
out to be MLE under POT (e.g., Drees, Ferreira and de Haan [12]). It turns out that the optimal
sample size is larger for POT-MLE than for BM-MLE, giving a theoretical justification to the
heuristic that POT allows for a better use of the data than BM.

The outline of the paper is as follows: In Section 2, we present the main theoretical conditions
and results including Theorem 2.2 giving the asymptotic normality of the MLE. In Section 3,
we present a comparative study of asymptotic variances and biases, optimal asymptotic mean
square errors and optimal sample sizes among all combinations MLE/PWM and BM/POT. In
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Section 4, we state additional theoretical statements, including the local asymptotic normality of
MLE under the fully parametric GEV model, and provide all the proofs. Finally, Appendix A
gathers some formulas for the information matrix and for the bias of BM-MLE and Appendix B
provides useful bounds for the derivatives of the likelihood function that are necessary for the
main proofs.

2. Asymptotic behaviour of MLE

2.1. Framework and notations

The GEV distribution with index y is defined by
Gy(x)zexp(—(l +yx)*1/7’), 1+yx >0,
and the corresponding log-likelihood by

—A+1/Ylog(l+yx)—A+yx)~"  ifl4+yx>0,

] 2.1
—00 otherwise.

gy (x) = {

For y =0, the formula is interpreted as go(x) = —x — exp(—x). The three-parameter model with
index y, location u and scale o > 0 is defined by the log-likelihood

E(G,x):g)/(%) _loga, 6= (y,p0). 2.2)

A distribution F is said to belong to the max-domain of attraction of the extreme value distri-
bution G,,, denoted by F' € D(G,,), if there exist normalizing sequences a,, > 0 and b,, such
that

lim  F"(amx + bp) = Gyy(x), for all x € R.
m——+00
When using the BM method main steps are the estimation of the extreme value index y as
well as the normalizing constants a,, and b,,. The set-up is the following. Consider independent
and identically distributed (i.i.d.) random variables (X;);>; with common distribution function
F € D(G,,). Divide the sequence (X;);>1 into blocks of length m > 1 and define the k-th block
maximum by
Mg m = max Xi, k>1. (2.3)
(k—1)m<i<km
For each m > 1, the variables (M )k>1 are i.i.d. with distribution function F™ and by the
max-domain of attraction condition
Mk,m —bn d

—> Gy, asm — +o00. 2.4)
am
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This suggests that the distribution of My ,, is approximately a GEV distribution with parame-
ters (Yo, bm, @m). The method consists in pretending that the sample follows exactly the GEV
distribution and in maximizing the GEV log-likelihood so as to compute the MLE. A particular
feature of the method is that the model is clearly misspecified since the GEV distribution appears
as the limit distribution of the block maxima as the block size m tends to +o0o while in practice
we have to use a finite block size. As seen afterwards, we quantify the misspecification thanks
to the so-called second-order condition that implies an asymptotic expansion of the empirical
quantile process with a non trivial bias term. When plugging this expansion in the ML equations,
we obtain a bias term for the likelihood process as well as for the MLE.
The (misspecified) log-likelihood of the k-sample (M p, ..., Mg ;) is

k
Lk,m(9)=Z£(9,Mi,m), 0=(y,pn,0)e®=R xR x (0, 400). 2.5)

i=1

We say that an estimator 0, = (¥ns 1n, 0n) is a MLE if it is a local maximizer of Ly ,. A MLE
solves the so-called score equations

a
_Lk,m(J/5 M, U) = 07

dy

a
_Lk,m(J/a u, U) = 07
ou

d
_Lk,m(ys M, U) = O’
ao

which we write shortly in vectorial notation

aLk,m
a0

) =0. 2.6)

Furthermore, if the score equation has a solution where Hessian matrix is positive definite, then
this point is a MLE.
A main purpose of this paper is to study the existence and asymptotic normality of the MLE

under the following conditions (for more technical details on regularly varying properties we
refer to [6]):

e First-order condition:
1
F e D(Gy,) with yp > —3
Note that the also called first-order condition (2.4) is equivalent to

. Vimx)—V(@m) x"-—1
lim =

m—00 am )/0

s x>0,

with V = (—1/log F)* (< denotes the left-continuous inverse function). W.l.g., we can
take b,, = V (m) in Equation (2.4), what we shall assume in the following.
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e Second-order condition: for some positive function @ and some positive or negative function
A with lim;, oo A(?) =0,

Vi) -v@e) xVO 1

. a(t) yo—1 p—1
tglglo A0 /s /u duds = Hy, ,(x), x>0, 2.7)

. 1
with yp > -5 where

1 /xtP —1  xW0—1]
—( - ) p #07# yo,
P Yo+p Yo
1 w—1
_<x(’)’logx—x ), o =0y,
HVO,,O(X)= )1/0 p_1 Yo
XP —
_< —logx>, o #0=1p,
o P
1 2
E(logx) , p=0=1p.

Consequently, p <0 and |A]| is regularly varying with index p.
e Asymptotic growth for the number k of blocks and the block size m:

k =k, — 00, m=m,; — oo and «/EA(m)—>)»eR, as n — 00. (2.8)

2.2. Main results

Before considering the MLE, we focus on the asymptotic properties of the likelihood and score
processes. For the purpose of asymptotic, we introduce the local parameter h = (h1, ha, h3) €
R3:

h = Vk(y — ), Yy =10+ hi/Vk,
hy =Vk( = bp)/am, & w=bpn+anha/Vk, 2.9)
hy = V(o /am — 1) o = an(1+ h3/Vk).

Set 8y = (0, 0, 1). The local log-likelihood process at 6 is given by

= +—,by +a am +a
k,m km| Y0 \/]: m \/]; m m \/];

h Mi,—Db
:Ze<90+_ u>_klog(am)’
m

a

(2.10)

i=1
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and, the local score process by

8Lkm X": < h Mi,m—bm>
«/E am

1 0Lk m
f 90

@2.11)

).

aLk m

Clearly, the score equation (2.6) rewrites in this new variable as (h) =
In the following, Q,,, denote the quantile function of the extreme value dlstrlbution G, that s,

(—logs) ™ —1
0y(s) = ——"—, s€(0,1). (2.12)
Yo

Proposition 2.1. Let X1, X2, ... be independent and identically distributed random variables
with cumulative distribution function F € D(G ) with yo > —1/2, verifying the second-order
condition (2.7). Let k = k,, — o0 and m = m,, — o0 be such that ﬁA(m) — A e R, with A the
second-order auxiliary function from (2.7), and r = r;, — 00 be a sequence of positive numbers
such that

r,,:O(kﬁ), 0 <38 <min(1/2, 9+ 1/2),as n — oo. (2.13)
Let H, C R3 be the ball of centre 0 and radius ry,. Then, uniformly for h € H,,

(h) = —1Ig, +op(1) (2.14)

with Ig, the Fisher information matrix

I 3%
Igoz_/o 3989T(90 0y, (s)) ds (2.15)

As a consequence, the local log-likelihood process Zk, m 1S strictly concave on H,, with probability
tending to one.

Remark 2.1. The conditions in Proposition 2.1 are sufficient for consistency of MLE, see Dom-
bry [8]. In particular ~/kA(m) — A € R implies m/logn — 0o, the later required for consistency.
When yq > 0, condition (2.13) implies that (2.14) holds for & = o(k'/?>7%), & > 0.

Our main result is the following theorem establishing the asymptotic behavior of the local
likelihood process and from which the existence and asymptotic normality of the MLE will be
deduced.

Theorem 2.1. Let X1, X», ... be independent and identically distributed random variables with
cumulative distribution function F € D(G ) with yg > —1/2, verifying the second-order condi-
tion (2.7). Let k = k,, — 00 and m = m,, — o0 be such that VkA(m) — A € R.
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Then, the local likelihood process satisfies uniformly for h in compact sets

~ ~ ~ 1
Lim(h) = Lim(0) + h” G m — Etheoh +op(1), (2.16)
ALk ~
3,1”" (h) = Grm — Ioph +op(1), (2.17)
where
k
G = — — 6y, ———— | — N (Ab, Iy,) (2.18)
k,m ﬁ ; 20 ( 0 " 6o

i.e., it is asymptotically Gaussian with covariance matrix equal to the information matrix and
mean-vector depending on the second-order condition through

b a%e 1
b=>b(y, p) = —— (6o, H —— ) ds. 2.19
.0 = [ 55 60 0 ) m,p(_logs) s (2.19)

Remark 2.2. Explicit formulas for the Fisher information matrix g, have been given by Prescott
and Walden [21] (see also Beirlant et al. [2], page 169). In Appendix A, it is proved to be positive
definite. The vector b given by the integral representation (2.19) can also be computed explicitly,
and formulas are provided in Appendix A.

Remark 2.3. Equation (2.8) requires that both the number of blocks & and the block size m go to
infinity with a relative rate measured by the second-order scaling function A and a parameter A.
When A = 0, the bias term disappears in (2.18); this corresponds to the situation where m grows
to infinity very quickly with respect to k so that the block size is large enough and the GEV
approximation (2.4) is very good.

Existence and asymptotic normality of the MLE can be deduced from Theorem 2.1, mainly by
the argmax theorem. The concavity property stated in Proposition 2.1 plays an important role in
the proof of existence and uniqueness.

Theorem 2.2. Let X1, X3, ... be independent and identically distributed random variables with
cumulative distribution function F € D(G,) with yo > —1/2, verifying the second-order con-
dition (2.7). Let k = k;, — 00 and m = m,, — o0 be such that \/zA(m) — A € R, with A the
second-order auxiliary function.

(a) There exists a sequence of estimators 0, = (Y, [in, On), n > 1, such that

lim P[6, isa MLE] = 1 (2.20)
n——+o00

and

o~

~ —bn G _ _
‘/I;(Vn -0, “aim I 1) L N (11 'b 1Y), (2.21)

m am
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) If 79?1 = (f/\,i, ,TI; ’a\,‘;), i =1, 2, are two sequences of estimators satisfying

lim P[8] isa MLE] = 1

n——+00

and

) -~ —b =i
lim P[ﬁ()’/\,‘l — 90, M”—m, On _ 1) IS H,,] =1,

n—+00 am am

with H, as in Proposition 2.1, then

. 7l _ 72
nETwP[Q" =0,]=1.
Remark 2.4. An interesting by-product of the strict concavity stated in Proposition 2.1 is the
convergence of numerical procedures for the computation of the MLE that are implemented
in software. The Newton—Raphson algorithm is commonly used to solve numerically the score
equation (2.6). Strict concavity of the objective function on a large neighbourhood of the solution
ensures convergence of the algorithm with with probability tending to one as soon as the initial
value 6 = (y, i, o) belongs to this neighbourhood.

3. Theoretical comparisons: BM vs POT and MLE vs PWM

We compare in this section asymptotic properties of classical MLE and PWM estimators of
the extreme value index, under the BM and POT methods. The methodological background is
provided for instance, in Chapter 5 of the textbook by Beirlant et al. [2].

The POT method uses observations above some high threshold or top order statistic and the
underlying approximate model is the Generalized Pareto distribution (Balkema and de Haan [1],
Pickands [20]). Estimators of the shape parameter y, as well as location and scale parameters
have been proposed and widely studied, including MLE and PWM (Hosking and Wallis [16]).
For their asymptotic properties — under basically the same conditions as under BM in Theo-
rem 2.2 — we refer to de Haan and Ferreira [6]. Asymptotic normality of PWM estimators under
BM has been established only recently by Ferreira and de Haan [14] and a comparison of PWM
estimators under BM and POT has been carried out. The aim of the present section is to include
our new asymptotic results for MLE estimators under BM, completing the picture in the compar-
ison of the four different cases BM/POT and MLE/PWM. Only estimation of the extreme value
index yy is considered here, but similar comparison could be performed for the location, scale or
quantile estimators.

Recall that asymptotic normality of MLE (resp. PWM estimator) holds for y > —1/2 (resp.
y < 1/2). The number k of selected observations corresponds to the number of blocks in BM and
of selected top order statistics in POT. Similarly as in Ferreira and de Haan [14], our comparative
study is restricted to the range p € [—1, 0] where second-order conditions for BM and POT are
comparable (cf. Drees et al. [10] or Ferreira and de Haan [14]). In the following we compare
MLE/PWM under BM/POT methods through their: (i) asymptotic variances (VAR), (ii) asymp-
totic biases (BIAS), (iii) optimal asymptotic mean square errors (AMSE) and optimal number of
observations minimizing AMSE (ko).
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= === VarPOTpwm
VarPOTmle

= === VarBMpwm

VarBMmle

!
-1.0 -0.5

Figure 1. Asymptotic variances of estimators of the extreme value index y . The straight lines corresponds
to the MLE under BM and POT while the dashed lines correspond to PWM under BM and POT.

(i) Asymptotic variances

The asymptotic variance depends on y only and is plotted in Figure 1 where straight lines stand
for MLE and dashed lines for PWM estimators. Among all four different cases, BM-MLE is the
one with the smallest variance within its range. Moreover, for both estimators, BM has the lowest
variance indicating that BM is preferable to POT when variance is concerned.

(ii) Asymptotic biases

The asymptotic biases depend on y and p and are shown in Figures 2-3: POT-MLE is the one
with the smallest bias also in absolute value when compared to BM-MLE, contrary to what was
observed for variance. This is in agreement with what has been observed when comparing BM-
PWM and POT-PWM, also shown in Figures 2-3 already analysed in Ferreira and de Haan [14].
There is again the indication that the POT method is favourable to BM when concerning bias.

B
ey,
ST
7 LTSI AT
2R 0"..:."..'.'.'.
L7

700 [ POT mle

... Joo [ POTpwm
] BMmle 06}

/ [ BM pwm

5

(a) MLE (b) PW

Figure 2. Asymptotic bias of estimators of the extreme value index y: blue color for BM and orange for
POT.
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00 T | 7
gamma \\ |

(a) MLE (b) PWM

Figure 3. Ratios of asymptotic bias: BIASpgr / BIASgM.

(iii) Optimal asymptotic MSEs and optimal number of observations

Another way to compare the estimators that combines both variance and bias information is
through mean square error. One can compare these for the optimal number of observations kg
that is, that value for which the asymptotic mean square error (AMSE) is minimal. Similarly as
in Ferreira and de Haan [14], we restrict our comparison to p < 0. Then, under the conditions of
Theorem 2.2, we have

n VAR(y) /1729
ko ~ T 5 , n— oo,
(7)< (n) \BIAS“(y, p)

with s(-) a decreasing and 2p — 1 regularly varying function such that A%(t) = ftoos(u)du. It
follows in particular that the optimal kg is different but of the same order for both estimators and
methods. As for the optimal AMSE, we have

1-2p (1/S)“(n)(
—2p n

AMSE ~ BIAS (v, p)) /' 2 (VAR(0)) /' s o0

When considering ratios of optimal AMSE (or optimal number k( of selected observations), the
regularly varying function cancels out and the asymptotic ratio does not depend on # but only on
y and p.

Figure 4 shows the contour plots of the ratio AMSEpor / AMSEgRM for MLE and PWM es-
timators. It is surprising to see a reverse behaviour in both cases: in the range of parameters
considered, POT is preferable when MLE are considered, while BM is mostly preferable for
PWM estimators.

In Figure 5 are shown (BIASZ()/, oN/1=20) (VAR (y))~2¢/(1=2P) for comparing optimal
AMSE among all combinations. The green surface corresponds to MLE-POT that has always
the minimal optimal AMSE in the range of parameters considered. Finally, Figure 6 reports for
MLE the asymptotic ratio of optimal numbers of selected observations, that is ko pot/ koM. We
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gamma
gamma

L L L L L
-1.0 -0.8 -0.6 -0.4 -0.2 0.0

rho

(a) MLE (b) PWM

Figure 4. Contour plot of ratios of optimal AMSE: AMSEpgT / AMSERM.

can see that the optimal number of observations is larger for POT, which is in agreement with the
PWM case considered in previous studies.

4. Main proofs

We start by introducing some material that will be useful for the proofs. More technical material
is still postponed to the Appendices.

0.4

Figure 5. Comparison of optimal AMSE: the lowest green surface corresponds to MLE-POT.
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kOPOT/k0BM
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0.2

0.0

gamma

L2
~0.4

-0.2

rho

Figure 6. Ratio of asymptotic optimal sizes for the MLE: ko pot/k0,BM-

4.1. Local asymptotic normality of the GEV model

If the observations (X;);>1 are exactly GEV (yo, o, 0o) distributed, then the choice of constants

m" —1

am =oom”™ and b, = o + oo 4.1

ensures that the normalised block maxima ((M; ;, — bp)/am)k>1 are i.i.d. with distribution G,.
The issue of model misspecification is irrelevant in that particular case.

In this simple i.i.d. setting, a key property in the theory of ML estimation is differentiability
in quadratic mean (see, e.g., van der Vaart [24], Chapter 7). A statistical model defined by the
family of densities {pg(x), 6 € ®} is called differentiable in quadratic mean at the point 6 if
there exists a measurable function £g, called the score function such that

1 . 2
/R|:\/P90+h(X) —/Poy(x) — EhTﬁgo(x),/ng(x):| dx = 0(||h||2), ash — 0.

The following proposition corresponds to Proposition 3.2 in Biicher and Segers [3].

Proposition 4.1. The three-parameter GEV model with log-likelihood (6, x) defined in Equa-
tion (2.2) is differentiable in quadratic mean at 6y = (g, 00, o) € © if and only if yo > —1/2.
The score function is then given by £g,(x) = %(00, X).
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Differentiability in quadratic mean implies that the score function is centred with finite vari-
ance equal to the information matrix, i.e.

/R gy (X)pa(x)dx =0 and fR Loy (X)ey ()T pey (x) dx = Ig,. (4.2)

Another important consequence of differentiability in quadratic mean is the local asymptotic nor-
mality property of the local score process. The following corollary follows from Proposition 4.1
by a direct application of Theorem 7.2 in Van der Vaart [24].

Corollary 4.1. Assume that F = GEV (v, 1o, 00) with yo > —1/2 and that the constants a,, >
0, by, € R are given by (4.1). Then the local log-likelihood process (2.10) satisfies

~ ~ = 1
Lim(h) =L m(0) + h' Gy — Etho(,h +op(1),

where the op (1) term is for a fixed h € N>, and

k
=~ 1 14 M;  — by, d
Gim=—— —<90,’—>—>N(0,19).
" J;;;ae am 0

Note the similarity between Theorem 2.1 and Corollary 4.1. In Theorem 2.1 however, the
op(1) is uniform on compact sets and tEe model misspecification F € D(G,,) results in a bias
term Ab for the asymptotic distribution Gy .

4.2. The empirical quantile process associated to BM

The starting point of the proof of Proposition 2.1 and Theorem 2.1 is to rewrite the local log-
likelihood process (2.10) in terms of the (normalized) empirical quantile process

Mgt —b
Qi (s) = —Lslkm = 0m =g o5 <1, (4.3)

am

where M.k m < -+ < M.k, are the order statistics of the block maxima sample (M n)1<k<m
defined by (2.3) and [x] denotes the smallest integer larger than or equal to x. The local log-
likelihood process (2.10) can be rewritten as

1
Liw(h) = k/O ¢ (90 + % Qk,m(S)> ds — klog(am). (4.4)

Convergence (2.4) ensures the convergence of the empirical quantile process Qg ,, to the “true”
quantile function Q,, defined in (2.12). The following expansion of the empirical quantile pro-
cess is taken from Ferreira and de Haan [14], Theorem 2.1.
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Proposition 4.2. Let X1, X2, ... be independent and identically distributed random variables
with cumulative distribution function F' € D(G,,) with yo > —1/2, verifying (2.7) and, assume
(2.8). For a specific choice of the second-order auxiliary functions a and A, as n — 00,

B 1
\/%(Qk,m(s) — 0y (9)) = s(_lokg% + AHVO’p(Tgs> + Ri,m(s), 4.5)

where By, k > 1, denotes an appropriate sequence of standard Brownian bridges and the re-
mainder term Ry, satisfies, for 0 <& < 1/2,

Rem(s) =s™1/278 (1 =) 127070 %0 (1) (4.6)
uniformly for s € [kl?’ kkﬁ].
Remark 4.1. For Proposition 4.2, the auxiliary functions @ and A have to be specially chosen
for establishing uniform second-order regular variation bounds refining (2.7), see Lemma 4.2 in

[14]. However, this choice is useful for the proofs only and is irrelevant for the statements of the
main results in Section 2.2, similarly as in [14].

The following proposition provides useful technical bounds for the proof of the main results.
Note that while Op(1) refers to be bounded away from infinity, ¢??(1 means bounded away
from zero and infinity, in probability.

Proposition 4.3. Under the conditions of Proposition 4.2, as n — o0,

(—logs)" (1 + (yo + ]’ll/\/z) Qkm($) = hZ/JE) =0rM

1+ h3/vVk

and

Ot (s) - hz/ﬁ>‘1/ OGP

—logs) ' 1 hy/Vk
(—logs) <+(Vo+ /) TN

uniformly for s € [ﬁ, kL_H] and h € H, as in Proposition 2.1.
For the proof of Proposition 4.3, we need the following lemma.

Lemma 4.1. Let Z1.; < --- < Zyk be the order statistics of i.i.d. random variables Z1, ..., Zy
with standard Fréchet distribution. Then,

log{(—1logs)Zks1:4} = Op(1),

where the Op(1)-term is uniform for s € [ig. £og)-
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Proof of Lemma 4.1. An equivalent statement is, with U standard uniform,

—1 U .
log{ 0g Urks1:k

1 }=0P(1).
—logs

We use Shorack and Wellner [22] (inequality 1 on page 419): for some M > 1

1 Upgt 1
— < haLOIES <M for <s<l, 4.7
M s k+1

R k

— < ISR A forO0<s < ——. (4.8)
M 1—s k+1

Relation (4.7) implies, for s > 1/(k + 1),

log M - —log Urgs1:k <14 logM

—logs = —logs ~ —logs’
Both sides are bounded for 0 < s < 1/2. Relation (4.8) implies, for s < k/(k + 1),

11— 1—Urkx1:k<—10gUU<s1:k<—10g{1—(1—Urks1:k)}<1—Uw<x1:k I 1-s
—logs 1—s — —logs —logs T 1l—s  Upsx —logs’

Both sides are bounded for 1/2 <s < 1. O

Proof of Proposition 4.3. Let Z be a unit Fréchet random variable, that is, with distribution
function F(x) = e /%, x > 0, and {Zi;k}{?zl be the order statistics from the associated i.i.d.
sample of size k, Z1, ..., Zi. Note that M;.; ,, =? V(mZ;.). From Lemma 4.2 in [14],

ﬁ V(mZris)k) — bm

0
m

V(mZiks1:k) — bm
=1
Y o +y o a

1+
is bounded (above and below) by
70 a;?1 Z}Tllgﬂik —1 a?n a}(')n Yo+p+8
20+ (y; - J/o) e oy 2 A0 Hi p (Zikst) £ £y L2 Ao
for each €, § > 0 provided k and m are large enough. Hence,

0
A

(—10gs)y°{1+3/;<

V(mZ[ks]:k) — b s bm)}

0 0
A A
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is bounded (above and below) by,

0
a ((—log$) Z1ks1:6)" — (—logs)?°
((—logs)Z[ks]:k)y0 + (V;m - VO) B8 2 TksT ” £

al ad u—by
Ty Aolm)(= log )" Hy, p(Z1ks1:6) — ¥ - logs)VOa—O (4.9)
m

0
a
& ey ((—10gs) Zks1a) " ZLe3 xAo(m).

Applying Lemma 4.1, the first term in (4.9) is bounded (above and below) uniformly in s, in
probability.
It remains to verify that the other terms are 0, (1) uniformly in s. Note that

(log k)"
sup Clogs)® _ o k2= ) >0,

1/2—48
(k+D) 1 <s<k(k+1)~! K/ O(k—l/Z—yo-&-S), yo0 < 0.

Using this with § < min(1/2, 9+ 1/2), Lemma 4.1 and (2.13), the second term in (4.9) is 0,,(1)
uniformly in s. For the third term, by

(—logs)¥0
Ao(m) (=108 p (Z1ko1. ) = \/];AO(m)%HVO,p(Z(kﬂ,k)
and,
(—logs)”° ( 1 ) £ 12— (ov0)
sup Hy =0((logk) k 70 )
k+D) ' <s<kkant vk 0P\ —logs

for some & € R, it follows that it is also 0, (1) uniformly in s. The last two terms follow similarly.
For the second statement just note that

(—log s)_VO/(V(H'hl/*/’;) = (—log $) (= 10gs)h1/(yo«/1?)(l+o(l))’
where the second factor converges to 1 uniformly in s. O

The following auxiliary result closely related to Proposition 4.3 will be useful in our proofs of
Proposition 2.1 and Theorem 2.1.

Lemma 4.2. Under the conditions of Proposition 4.2, as n — 00,

0y (s) — hz/ﬁ)—l/wwhl/m o

—logs) M 1 hy/Vk
(—logs) <+()/0+ 1/vk) TR

uniformly for s € [ﬁ, %] and h € H,, as in Proposition 2.1.
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Proof. Using (2.9) and expanding,

L+ (o + I /Ry &) — 2/ vk vk

1+ h3/Vk
_ 1 + (—logs)¥0
=(—logs) ™™+ 0 <max(h1 vha, h3) —————— |,
g NG
where the O-term is in fact a o-term uniformly in s as seen in the proof of Proposition 4.3. The
result follows as in the last part of the proof of Proposition 4.3 for the second statement. ]

4.3. Proofs of Proposition 2.1, Theorems 2.1 and 2.2

Before proving Proposition 2.1, we first check that, with probability tending to one the local
log-likelihood process Ly ,, is finite and twice differentiable on H,,.

Lemma 4.3. Under the assumptions of Proposition 2.1, we have

lim P[Lyn(h) > —oo forall h € H,] = 1. (4.10)
n—oo

Furthermore, Zk,m is smooth on H,, as soon as it is finite on Hy,.
Proof. In view of Equations (2.1), (2.2) and (2.10), Zk,m(h) is finite on H,, as soon as

Qim(1/(k+ 1)) —ha/Vk
1+ h3/Vk

Proposition 4.3 entails that the left hand side is asymptotically (log k) ~70¢?? () uniformly on H,
so that it remains positive on H, with probability tending to one. Equations (2.1)—(2.2) imply
that the function 6 — £(6, x) is smooth when it is finite. We deduce that Ly ,, is smooth on H,
as soon as it is finite on H,,. O

1+ (yo + hi/Vk) >0  forall h = (hy, ha, h3) € Hy.

Proof of Proposition 2.1. According to Lemma 4.3, the local log-likelihood process Zk,m is
smooth on H, with probability tending to one. Differentiating Equation (4.4), we get

aZZk,m(h)_/l 92¢
anohT 7 — Jy 00007 [

By the definition (2.15) of the information matrix,
P2Lim L7 82 32¢
M (h) + 1 6o, d
anonT M 10 = / (aeaeT( [ Qim(s )) 26907 (0 QVO(S))> g

/( )ds—l-/ )ds+/ (-

=I+1I+1IL

Ok m(s))

We will show that these three terms are op (1) uniformly on H,, which proves Equation (2.14).
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First consider the boundary terms I and III. Since Q , (s) is constant on [0, %], we have

1 8% 1 t 9% ’ il
k89397< N ka(k))_/o 39067 0 Cn()) ds @.11)

The integral term vanishes as k — oo because the integral is well defined on [0, 1] (see Eq. (2.15)
or alternatively use the upper bound for the second derivative provided by Proposition B.1). To
deal with the first term, we use the upper bound for the second derivative provided by Proposi-

tion B.1:
3¢ 1
[z (v 7 222 (2))

o+ ()

Qi.m(1/k) — ha/\/k —1/(voth1 k)
L+h3/Vk > :

— 1 2y0— 142
< Cmax(z 8,Z +£’Z Y0 S,Z + }’0+8)

with

= <1+<yo+h1/«/E>

Proposition 4.3 with s = % provides the asymptotic z = ¢??1 logk uniformly for h € H,. We
deduce that the first term in (4.11) is asymptotically

1
e0rM . max ((logk) ¢, (logh) '+, (logk)*"* ™%, (logk) ' +2107¢) = 0p (1)
uniformly for 2 € H,. Hence, I = op (1) uniformly for 2 € H,. The proof for the boundary term

III is similar and details are omitted.
Next, consider the main term II. By Taylor formula, we have

k—1

Y 2
_‘/].1( <3989T< \/— ka( )) 3980T( 0, QVO(S))>
=1, +1I,

with

1 kzl 1 93¢ uh
T
I, = _«/Eﬁ /0 h 782989T (490 + _\/E’ (I —u)Qyy(s) + qu,m(s)> duds, (4.12)

I, = / / (Qom(s) — O3 ()

33¢
8x8089T

4.13)
<90+ \/’% (1 u)QyO(s)+qu,m(s)> du ds.
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Using the notation z = z(), x/,) with

n’>-n
, , uh
X, =0 =u)0y(s) +uQrm(s) and 6, =6+ —, u€[0,1],
Vk
Proposition B.1 provides the upper bound
835 (9/ x/) <Cmax( —e _l4+e _3y—¢ 1+3yo+s)
2oagT noXn) | = z 5,2 ,2 2 .

Using the fact that uh € H, and that z(6;, x,) is between z(6,,, Q,,(s)) and z(6;, Qx.m(5)),
Proposition 4.3 and Lemma 4.2 imply

7= z(@,/,, x,;) =27 (—logs)

uniformly for s € [%, %], u € [0, 1] and h € H,. Using these bounds, we obtain

and, since condition (2.13) implies ||/] = 0 (k%),

93¢

agagr (O an) | = OO max(s7 (1)~ (1 =)0 )

k—1

I, = O0p (ké—l/Z)ﬁ ' max(s_g, 1-5"°%01- s)3”°_8) ds.

k

When 3y9p — ¢ > —1 the integral converges as k — oo and, II, = 0p(k5’1/2) = op(l)
since 8 < 1/2. When yy < —1/3, the integral diverges at rate O(k~'73%%¢) 5o that II, =
Op(kO3/2730+8) = op (1) since § + & < yo + 1/2.

Similarly for the term IIj, Propositions 4.3 and B.1 together with Lemma 4.2 imply

93¢
sxa090T Onn)

< Cmax(zyo—s’ Z1+V0+8’ Z?J]/()—S’ Z1+3yo+e)

< e max((—logs)"™%, (—logs) 70, (—log )7, (—logs)! 1077),

uniformly for s € [+, “711, u € [0, 1] and 1 € H,.
From the law of the iterated logarithm,

By(s) = Op(s'27¢(1 —5)!/27¥)  uniformly on (0, 1) 4.14)

and,

1 .
Hy,. p(Tgs> =0(s7¢(1 —s)~*TmnC=10.9)  ypiformly on (0, 1). (4.15)
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Combining these two with Proposition 4.2 it follows,
km(S) — $))=0p(s 7" —s) 777" 45 — 5)min(=70.0)— .
VE(Quan(s) = @y () = Op (s 278 (1 =) 7127078 578 (1 — )M 07¢) - (4.16)

uniformly on (0, 1).
Combining the previous bound for the derivative and (4.16), we deduce similarly as before

k=1

1 k=1
IIb _ 0P(ﬁ)ﬁ k max(s—l/2—2€’ (1 _ s)—l/2-|-2)/0—2<‘,‘7 (1 _ S)3y0—28)ds — OP(l)
3
uniformly in & € H, for & small enough. (]

Proof of Theorem 2.1. Integrating Equation (2.14), we obtain directly

8Lkm aLkm
(h) = ———(0) — Ipyh +op(1),

~ ~ BL
Lim(h) = Ly m(0) + hT =52

1
(0) = Sh" Ih +0p (1)

uniformly on compact sets. This is exactly Equations (2.16) and (2.17) since

aka ( _bm) ~
: 90,7 = Gi,m-
Y [Z anm mn

It remains to prove the asymptotic normality (2.18), that is,

aLk m

0) = N (b, Iy,). (4.17)

Differentiating Equation (4.4), we obtain

AL km

1 ae
0) = Jl?/ 55 (00 Qem(®))ds =T +10 41T’
0

where the three terms correspond to the integrals on [0, %], [%, ]%1] and [%, 1], respectively.

Since Qg (s) is constant on the first and last intervals, we have
- 1 o¢ 8. O 1
- ,\/E 89 0, k,m k + 1 k]
I — 1 o¢ 8. 0 k
- ,\/E 89 05 k,m k + 1 .
The first term is evaluated thanks to Propositions B.1 and 4.3:

” i <9°’ Q’”"(ki 1))

< Cmax(z—a’ ZH_E, ZVO_E, Z1+J/o+e9)
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1 =1/v Ol
<1+V0ka<k+1)) =27 ogk,

1
| ) T max ((logk)'*¢, (logb) ' 1707€) = 0p (1).

with
whence we deduce

With similar arguments, one can prove III' = op (1).
For the second term, we use Taylor integral formula

£
9 — (60, Qk.m(s))

al

2¢
= 8_0(00’ 0y () + 7=(60, Q1 (9)) (Qiem () — Oy (5))

0x00
3

2 ! Gl
+ (Qrm(s) — Oy () /0 (1—u)ax239

(6o, (1 — 1)y (5) + uQ m(s)) du
From decomposition (4.5) for ﬁ(Qk,m(s) — 0,,(5)), we get
ff 90, Qim(s)) ds =11, + 10, + 10 + 11, + I,
with
I, = «/—ﬁi M (60, Qyy()) ds

oo By (s)
I, = —— (6o, — = s,
b é 8x89( 0 Qyo(s))s(—logs)yoﬂ §

k—1
0% 1
I, = & x5 00: Q0 (®) i, p(Tgs)ds’

1
k

w— [T 2% .
4= 1 m( 0: Qo () Rim (8) ds,

3

1
13 2 070
I, = ﬁ /0 Vi(Qkm(8) = 0y (9))"(1 — )a 730 (60, (1 = 1) Oy, (5) + uQp.m (s)) du ds.
3
We consider the different terms successively. Equation (4.2) implies

EY4
/0 3 — (60, Oy (5)) dss =
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so that
t ot
I, =~k /0 (60, Q) ds — VE / 9 (60, 0y ()) ds

Proposition B.1 provides the upper bound

at
” <C max((— logs)~%, (— logs)”f, (—logs) ¢, (— 10gs)1+y0+€)

20 (90* Oy (s))

<Cmax(s™, (1 —5)"% (1 —5)"7°),

whence we deduce 1T, = O (max(k~!/2+¢ k=1/2=10+)) — o(1) because yy > —1/2. For term
IT,, Proposition B.1 entails

"L 0. 010 (®) @.18)
axag 0 LNl '

< Cmax((—logs)" ¢, (—logs)' 707, (—logs)?0~*, (—logs)! T2707¢)

< Cmax(s 5, (1 —5)"7¢, (1 — 5)207F). (4.19)

Combined with (4.14), we get

B (s) 3%¢
s(—logs)nt+l 9x06

(0. Oy (5)) H =max(s~1/272, (1 — )7V (1 — 5)?71272) 0,(1),

which implies, since yp > —1/2,

[t 8% Bi(s)
M= [ 55 0. 00 0) g ds +0p (1,

s(—logs)rot!

where the integral on [0, 1] is well defined.
Similarly for II/, (4.15) together with (4.19) yields

1 3%
H. -
H VOsp<_10gs)ax89( 0, QVO(S))

< Cmax(s %, (1 —5)"%, (1 —5)?07%),

Because 2yp > —1, we get

H/—xf1 O 0. 0y (50 Ho [ —— ) ds + o)
¢ =M )y axag O W) Ee Thgo s J 4SO

where the integral on [0, 1] is well defined.
For I/, we use the uniform bound (4.6) and the upper bound (4.19) to get
T o2

I, =
d L 9xd0

——(60, Oy (8)) Rim(s) ds
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k—1
T
= 0P(1)ﬁ Cmax(s™ /272 (1 — 5)7 127072 (1 — gy~ 1/27=2¢) g
3

=op(1).

We consider finally the last term II),. With the notations x,, = (1 — u) Q) (s) + uQj, m(s) and
z = z(6o, x},), Proposition B.1 yields

< Cmax(ZZVO—{ JH2n+e 3ro—e Z1+3y0+g)'

3
| g 05

02x30

Using the fact that z(6p, x},) is between z(6p, 0y, (s)) and z(8p, Qk,m(s)), Corollary B.1 implies
2(6p, x1) = 97 (—logs) so that

Combining this bound with (4.16), we obtain similarly as before

93¢
92x96

0, = (1 — 5)207E (] — 5)3N07F),
(60, x.) | = 0p(1ymax(s~, (1 — 5)207¢, (1 — 5)3707)

k=1
1 Tk - — -
HL=0<ﬁ)ﬁ max(s 7, (1 — )"0 ds = 0p(1).
k

Collecting all the different terms, we get

Lk m L 32 Bi(s)
20)y= [ ——(60, S -
oh @ /0 8x89( 0 QV°(S))S(—1ogs)yo+1

I 52 1
+A/ —— (60, Oy () Hp | ——— ) ds +op(D).
o dxde =T P\ —logs

The second term in the right-hand side is deterministic and corresponds to Ab with b defined by
(2.19). The first term is an integral of the Brownian bridge that defines a centred Gaussian vector
whose covariance only depends on the first-order parameter yy. Comparing with the special case
of i.i.d. GEV random variables considered in Corollary 4.1, we identify the covariance which is
equal to I,,,. This proves Equation (4.17) and concludes the proof of Theorem 2.1. (Il

Proof of Theorem 2.2. The proof of Theorem 2.2 relies on Theorem 2.1 and on the Argmax
theorem. Consider the random processes

My(h) =Lim(h) — Ly m(0),  heR?
and

1
M(h)=h" (b +G) — Etheoh, heR?
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with G a centred Gaussian random vector with covariance Ig,. Let H, be the closed ball of R3
centred at 0 and with radius r, — oo such that r,, = O (k%) as in (2.13). Define the maximizer

/ﬁn = argmax M, (h).
heH,

In the case it is not unique, define T, as the smallest maximizer in the lexicographic order.
Theorem 2.1 implies that, for any compact K C R3, M,, converge in distribution to M in £>°(K)
as k — oo. The limit process M is continuous and has a unique maximizer given by

ﬁ:mmwM@ﬁ:J@b+®.
heR3

The Argmax theorem (see van der Vaart [24], Corollary 5.58) implies that, provided the sequence
hn is tight, then h converge weakly to hasn — 0.
We now prove the tightness of the sequence hn. Let ¢ > 0. There is R > 0 such that

P(IIa] < R) > 1 —e.
The relation
—~ 1 —~ —~
M(h) =M (h) = 5 (h = ) Igy(h — ),
implies that

1
max M(h)= M(h) — —Amin
Ih—h{=1 2

with Amin > O the smallest eigenvalue of Ig,. As a consequence, ||;z\|| < R implies

~ 1
M(h) — max M((h)= max M(h) — max M(h) > kmm
I ll=R+1 IrlI<R I7l=R+

and this occurs with probability at least 1 — . Using the convergence in distribution of M,, to M
in £°°(K) with K ={h : ||h|| < R + 1}, we deduce that for large n

1
max M,(h) — max M,(h)> —Amnin (4.20)
IrI<R [hll=R+1 4

with probability at least 1 — 2¢. For large n, H, contains the ball {k : ||| < R + 1} (because
r, — 00) and, according to Proposition 2.1, M,, is strictly concave on H,, with probability at least
1 — e. Then, Equation (4.20) together with the strict concavity of M,, implies that the maximizer
iz\n of M, over H, satisfies ||iz\n || < R. Hence, for large n, ]P’(Hiz\n | < R) > 1 — 3¢ and this proves
the tightness of iz\n. Note also that on this event, iz\n belongs to the interior of H, and is hence a
critical point of M, i.e.

oMy ~
—(hn) =0 orequivalently

n) =



1714 C. Dombry and A. Ferreira

Define
gn = (7/0 + kil/zil\n,l 2 b + amkil/zﬁnl’ am(l + kil/zﬁnﬁ))-
Equations (2.10) and (2.11) imply that

Lim(h) = Lim(@,) and @)

i—1/29Lkm
20

aLk m

Hence, with probability tending to one, Ly ,, has a local maximum at 9,, with (9,,) =0, that

is, 9,, is a MLE and Eq. (2.20) is satisfied. Eq. (2.21) stating the asymptotic normahty of Ok isa
direct consequence of

e S h=1" b+ G ~ N (I b 1),

The second part of Theorem 2.2, that is, the asymptotic uniqueness of the MLE, is a consequence
of the strict concavity stated in Proposition 2.1: with large probability the log-likelihood function
is strictly concave on H, and hence the score equation e Lk m(h) = 0 has a unique solution on
H, . For n large, the normalised MLE

o~

L= (1 — bw)/am, 5L Jam — 1), i=1,2

belong to H, with large probability and solve a‘ihljk,m(h) = 0. This implies that ﬁ}l = ﬁ%, and
hence é\l 52 with probability tending to one. (|

Appendix A: Formulas for the information matrix and bias

According to Prescott and Walden [21] (see also Beirlant et al. [2], page 169), the information
matrix of the GEV model at point 6y = (yp # 0, 0, 1) is given by

1 (=2 1\?> 2 1 1 1—r+
e
Yo \ © Y0 oY Y0 Yo ¥4 0

1 p p—r

1
—(1-2r+p)
Yo

Yo

where I" is Euler’s Gamma function, y, = 0.5772157 is Euler’s constant and

1
p=(+y)’T(1+2y). 61=(1+V0)F/(1+7/0)+<1+%>F(2+Vo), r=TQ2+y);

for 6y = (0, 0, 1) obtained by continuity, it equals

2.42361 0.41184 0.332485
0.41184 1 —0.422784 | . (A.1)
0.332485 —0.422784  1.82368
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Lemma A.1. The information matrix lg, is positive definite.
Proof. The information matrix /4, is equal to the covariance of the score vector
0] a a
—K(GO,X) 5(90, X), %E(GO,X) , o = (0,0, 1), (A2)

where X ~ GEV (0, 0, 1) and €(6, x) is the log-likelihood
1 X — x—p\ "V
L@, x)=—14+—)logl1+y—— ) —(1+y —logo.
y o o

— Iy
£@,x)=(1+y)logz—z—logo Withz:z(g,x)=<1+y—'u> )

We have

For y # 0, simple computations yield the partial derivatives, with zg = z(6p, x),

02 zp —1- yologzo 1 9z 1—20
— (60, x) = 202 E ’ (90,X)—z 0 92 o =20 y
g Yo do %
and
aﬁ )/0 _ 1 _ 10 z
— (6o, x) =logzo+ (1 4+ y0 — z0) 20 27/0 g 0
ay ”

04 Yo
— (60, x) = +y0—z0)zg
o

1—z0— (1 +y— 202y
Yo '

14
—9, =
80(0)6)

Replacing zo in those equations by Z = z(6p, X) which has a standard exponential distribution
when X ~ GEV(yp, 0, 1), we obtain a simpler representation of the score vector (A.2).

We reason by contradiction and assume that the information matrix is degenerate with rank
equal or less than 2. Then the score vector is supported by an hyperplane with equation ajx; +
axxy +azxz +as =0, (a1, az, az, asa) # 0. This implies

ol al al
ag—+ar—+az—+as=0 (A.3)
ay ou Jdo
for almost every z > 0. By continuity, the equahty holds for all z > 0 But in the space of con-
tinuous functions on (0, 00), the functions f; = a L =2 f3=2 and f4 =1 are linearly
independent (they involve different power functlons and the logarlthm function that are linearly
independent). This contradicts the linear relation (A.3) and proves that the information matrix
must be positive definite.

For y =0, note that the determinant of (A.1) equals 3.45103 hence, being positive ensures

positive definiteness. (]
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The bias in Theorem 2.2 is given by /, b where the vector b can be computed exactly. Cal-

culations are tedious and have been performed with Mathematica®. We show the results for
b=(by,b,,bs) when p <0 and yy # 0, yo + p # 0 (the other cases yield also finite values that
can be obtained by continuity and integration):

b—/laZE(QQ())H : d
Yy — 0 axay 0, VOS Y0,0 —logs s

(o + )1+ 10— 1) — (o + v (L + p) + 201+ y0)) T (1 + 1)

v p(vo + p)
+ (1 +90)*pT (1 +2y0) + ¥4 T(1 — p) — (1 + )T (2 — p)
=1 +nl+wA=pTU+w—p)—wel'CQ+n) - T’ Q—p). p<0

1
— (A +y0 = vy + ¥ 72 /6 + (1 + 10)°T(1 + 2y0)

Y0
=21+ y0)[(1 + y0)T(1 + o) + I '(1 + y)]), p=0,
1 92%¢ 1
bM:/(; ax 90’ QVO(S)) Vop<_10gs>ds
1+)/0
(o +oT A +y) + A+ y)pl (1 +210) + (1 — )T (1 + 30 — p)),
vop (Yo + p)
p <0,
1+)/0 ,
(A4 )T +2y0) =T 2+ y0) — oI (1 4 y0)).
! 1
by = [0) (s)) — )ds
o ) Ox Y0 Y0, “logs
1
———— (= —p+ 1 +10)00+20)T(1+10) — (1 + ¥0)*pT (1 + 2y0)
Yoo+ p)

+1l 2= p) =yl + 1)1 =T+ —p)), p <0,

1
F(—l 0 — 1) — (1 + %) +2y0)
0
+ TG+ 10 + vl + 1)1+ ), p=0.

Appendix B: Bounds for the derivatives of the likelihood

We provide in this section upper bounds for the partial derivatives of the GEV log-likelihood,

1 X—U xX—U —y
L@, x)=—(14+—)logl1l+y——)—[1+y —logo,
Y (o o

for & = (y, 11, o) and x such that 1 +y £ > 0.
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Proposition B.1. Let 68y = (y0, 0, 1) with yg € R. For all ¢ > 0, there exists a neighbourhood Ny
of 6y and a constant C > 0 such that, for all 6 € Ny and x such that 1 +y(x — p)/o > 0, we
have

al iy — i _ ;
TagiT| = Cmax(g/707¢, gIHinte o=e glnte) =0, 1,
X
825 iyo—e Jl+iyo+te 2y—e _1+2p+e :
Tiipgaot | = Cmax(70TE ZIOTE 20T LR, i =0,1,2,
X
83E iyo—e l4+iyo+e _3yo—e _1+3p+e .
Fyrryar < Cmax(g'707°, g1 H0He 207 o), i=0,1,2,3,
X

where

—1/y
x— x—
z:z(@,x):(l—l—yTM) >0, for1+4+vy a

o

> 0.

The notation 30 denotes either dy, do or duu and, similarly for higher order derivatives, 90>
denotes 8)/2, dydu,dydo, 8,u2, e

Note that the constant C > 0 appearing in Proposition B.1 and in the proofs below may change
from line to line. Proposition B.1 gathers with short notations several different inequalities. For
instance, the first inequality with i = 1 yields

0x

<C max(zyo—e, Z1+YO+8),

while the third inequality with i = 1 yields

93¢

— I< Cmax(zy"_s, ZItwte Sn—e Z1+3V0+8)
dxdydo

_lc max (z707¢, 2T if >0
- Cmax(zg"")*g, ZI+VO+8) if yo <0.

For 6 = (y, u, o), we have

_ 1
06, x) = g()/, %) —logo,  g(y,x)= —<1 + ;> log(1+yx)—(14+yx)~"7, (B.1)

where the function g is the log-likelihood of the one parameter GEV distribution with y € R
(i.e., u =0 and o = 1). With the notation

2y, x) =1 +yx)"17, l+yx>0 (B.2)

we have,

gy, x) =0+ y)logz(y,x) —z(y, x). (B.3)
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The proof of Proposition B.1 relies on three lemmas providing upper bounds for the derivatives
of z(y, x) and g(y, x). Define 4 : R — R by

X 2
hx) = {(e —1-x)/x for x #0, (B4)
1/2 forx =0

and denote by h™ (x) its derivative of order n =0, 1, 2.

Lemma B.1. The function h : R — R in (B.4) is twice continuously differentiable and AW (x) =
O (max(1, e¥)) forall x e R,andn =0, 1, 2.

Proof of Lemma B.1. The function 4 can be represented as the power series h(x) =
ano x"/(n 4+ 2)! and is hence indefinitely continuously differentiable. From the asymptotic
behaviour

1 e*
h(x) ~—— as x —> —o90, h(x)fv—2 as x — 400,
by X

we deduce that the function x — |k(x)|/ max(1, e*) is bounded on R since it is continuous with
vanishing limits at 00. This proves the existence of C > 0 such that |2 (x)| < C max(1, e*) for
all x € R. The upper bound for the second and third derivatives is proved similarly since simple
computations show that

1 X
K (x) ~ - as x — —o0, K (x) ~ 6—2 as x — +00
X X
and
" 2 " ex
h(x)'\'——3 as x — —oo, h(x)'\'—2 as x — +o00.
x x
O
From Lemma B.1, it follows
|h™(y logz)| = O(max(1,z"), n=0,1,2. (B.5)

We also use throughout the elementary bound |logz|* = O (z*%), for all k € N and § > 0.

Lemma B.2. Consider the function z(y, x) defined by Equation (B.2). For all yp € R and ¢ > 0,
there exists C > 0 and § > 0 such that, forall y € (yop — 8,0+ 8) and 1 + yx > 0,

0z ;
— | < Cmax(z!TirEe ltrtey i=0,1,
]7
axtoy !t
3z I4+ivote _14+2y9+e .
_— §Cmax(z YoxE A1 TAY0 ), i=0,1,2,
2—i
ax'dy
Oz I4+iygte _14+3yp+e .
_— §Cmax(z LR A ), i=0,1,2,3.
3—i
axioy-
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Proof of Lemma B.2. Recall the definition (B.4) of the function /. The first-order partial deriva-
tives of z equal

Bz_
ax

Assuming y € (yo — 6, yo + 6), we deduce

I+ 9z

-z and — =z(log z)zh(y logz).
dy

0z

dax

0
< Cmax(z' %) and ‘a—z‘ < Cmax(z'*, Z1+V°i25) (B.6)
14

from which the bounds of the first-order partial derivatives of z follow. The second-order partial
derivatives of z are given by

9%z 0z
2t v =
9x2 {47z ox
9%z 0z
=—(1 | 47,
220y (1+y)z oy (logz)z
92z

0z
57 = {(logz +2)(log2)h(y logz) + y (log z)*k'(y log z)}g +z(log2) k' (y logz).

Combined with the previous bounds and (B.5), we obtain, for y € (yo — 6, yo + 9),

9%z
ox2

< Cmax(z1+2’”0i2‘3),

9%z
< Cmax(z”y‘)ﬂ‘s, Z1+2y0i28)’
ay d0x

9%z
| < Cmax(zlj:%’ Z1+2y0:t45)
ay

from which the bounds for the second-order partial derivatives of z follow. The case of third-order
derivatives can be dealt with similarly and we omit the details. O

Lemma B.3. Consider the function g(y, x) defined by Equation (B.3). For all yy € R and ¢ > 0,
there exists C > 0 and § > 0 such that, forall y € (yo — 8,0+ ) and 1 + yx > 0,

0 . ; _ .
'71?1. < CmaX(Z'VO e Z1+l)/()+8’ ¢ Z1+V0+8)’ i=0,1,
ax'oy 't

82g ivo—e +iyo+e 2y—e _142y0+¢ .
————| < Cmax('"""%,z ,Z 4 ), i=0,1,2,
ax'oy+t

g ivo—e l4ivo+e 3y—e 14+3p+e .
T §Cmax(z , g TTE , 2 0 ), i=0,1,2,3.
ax'oy-~1
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Proof of Lemma B.3. Equation (B.3) expressing g(y, x) in terms of z(y, x) entails

ag I+y 0z g I1+y 9z
— = —1)—, —= = —1)—+logz.
ox z dax ay z oy

Using the upper bound for the first derivatives of z(y, x) in Lemma B.2, we get, for y € (yg —
8,0 +96),

+ + 1+ +. 1 +.
SCmax(zyO £z F™ SCmaX(z e glxe groEe 4w 5).
Y

B
- Z

0x

1+}/0i6)’ ' 8g

This proves the upper bounds for the first derivatives of g(y, x) given in Lemma B.3. Note that we
can handle the =+ sign since we have —¢ < ¢ <1 —& < 1+ ¢, for small € > 0. When considering
the maximum of the power functions, only the extreme exponents —¢ < 1 4 ¢ matter. A similar
argument holds for yp —e <y +e<l+ypw—e<l+py+e.

Similarly for the second-order derivatives of g(y, x), the upper bounds are derived from the
similar upper bounds for the partial derivatives of z(y, x) in Lemma B.2 (with ¢ replaced by ¢/2)
together with the formulas

P2g  [1+y P2z 14y [0z
5 _ —1)==_ =1,
9x? Z 9x? 72\ ox

92g <1+y_1) 82z+131 14y 3z 3z

axdy

axdy  zox 2 ax oy’

z
g (l1+y X 82z+28z 1+y [3z\2
r \ z ayr zay 22 \ay/)
Partial derivatives of order 3 are dealt with similarly. (]

Proof of Proposition B.1. Equation (B.1) implies that the partial derivatives of £ are closely
related to those of g. For the first derivatives, we have

a¢ 10 xX—U ol 10 xX—u
_(Q’x)z__g J/,— ) _(va)z___g )/:— )

ox o 0x o I o 0x o

ol ag X— /U a¢ X — [ og X—U 1
o=y, E) Zen=-"S8 (0, ) -
oy ay o do o 0x o o

These equalities together with Lemma B.3 yield

14
dax

1

o

g

0x

<C max(zyo—a7 Zl+yo+a)’

which corresponds to the first inequality in Proposition B.1 with i = 0. We also obtain

ac| |og

o < Cmax(z_s, ZH_S, Zyo—a’ Z1+)/0+8)’
ay dy
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at| 1log
| oldx

which implies the inequality in Proposition B.1 with i = 1 and the derivatives taken with respect

to y and u respectively. The case of the derivative with respect to o is slightly more difficult: we
use the inequality

< Cmax(07¢, 7 H0t)

77V —1

x;“‘ = < Cmax(z7707%, 770 % ), Yy € (W —46, 7 +9),
which implies

al 1|z7V—-19

—|l== < 98 +1] < Cmax(zﬂ’of‘s, Z*V0+5’ 1)maX(ZVO*€’ Z1+yo+£)

ao o y  0x

< Cmax(z_‘sl, ZH_S,, ZVO—S” Z1+yo+s’)
for sufficiently small &’. For the first inequality, we use Lemma B.3. This proves the first inequal-
ity in Proposition B.1 with i = 1 and the derivatives taken with respect to o.
The case of second-order derivatives is dealt similarly with the relations

%0 1 0% % 1 9%
ax2  o29x2’ a2 o2 ox?’
Pe_1Pe P x—pig Gop?d L
dydx o dydx’ do2 o3 ox ot xZ  o¥
e 1 0% % 1 0%
dudx o2 9x?’ dydu o dydx’
9%¢ _ x —pd’g 9% X 8%g
dodx o3 x?’ dydoc o2 dydx’
9% 3%g 9% 19g  x—pog
ay?  ay?’ dudo o2 dx o3 9x%’

Using these relations, the second inequality in Proposition B.1 follows from Lemma B.3.
Checking all the different cases is relatively tedious but elementary. Details are omitted. Sim-
ilar formulas hold for derivatives of order 3 and the resulting bounds have been checked with
Mathematica®; cf. supplemental article Dombry and Ferreira [9]. U
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