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Adaptive randomly reinforced urn (ARRU) is a two-color urn model where the updating process is defined
by a sequence of non-negative random vectors {(D] ,, D2 ,);n > 1} and randomly evolving thresholds
which utilize accruing statistical information for the updates. Let m; = E[Dy ;] and my = E[D; ,]. In this
paper, we undertake a detailed study of the dynamics of the ARRU model. First, for the case m| # m»,
we establish L1 bounds on the increments of the urn proportion, that is, the proportion of ball colors in
the urn, at fixed and increasing times under very weak assumptions on the random threshold sequences.
As a consequence, we deduce weak consistency of the evolving urn proportions. Second, under slightly
stronger conditions, we establish the strong consistency of the urn proportions for all finite values of m|
and m. Specifically, we show that when m| = m», the proportion converges to a non-degenerate random
variable. Third, we establish the asymptotic distribution, after appropriate centering and scaling, for the
proportion of sampled ball colors and urn proportions for the case m1 = my. In the process, we resolve
the issue concerning the asymptotic distribution of the proportion of sampled ball colors for a randomly
reinforced urn (RRU). To address the technical issues, we establish results on the harmonic moments of
the total number of balls in the urn at different times under very weak conditions, which is of independent
interest.

Keywords: central limit theorems; crossing times; generalized Pdlya urn; harmonic moments; reinforced
processes; strong and weak consistency

1. Introduction

In recent years, randomly reinforced urn (RRU) has been investigated in statistical and prob-
ability literature as a model for clinical trial design, computer experiments, and in the context
of vertex reinforced random walk (see Hu and Rosenberger [18], Mahmoud [20], Pemantle and
Volkov [23]). Introduction of accruing information in designing the reinforcement mechanism
leads to an adaptive version of an RRU model, which we refer to as an adaptive randomly re-
inforced urn (ARRU). In this paper, we study the properties concerning the urn proportions and
the proportion of sampled ball colors of an ARRU. We now turn to a precise description of the
ARRU.

A randomly reinforced urn (RRU) model (see Muliere, Paganoni and Secchi [22]) is charac-
terized by a pair (Y1 ,, Y2 ,) of real random variables representing the number of balls of two
colors, red and white. The process is described as follows: at time n = 0, the process starts with
(¥1.0, ¥2,0) balls. A ball is drawn at random. If the color is red, the ball is returned to the urn
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along with the random numbers D 1 of red balls; otherwise, the ball is returned to the urn along
with the random numbers D ; of white balls. Let Y1 1 = y1,0 + D1,1 and Y2 1 = y2 ¢ denote the
urn composition when the sampled ball is red; similarly, let Y1 1 = y1,0 and Y21 = y2,0 + D21
denote the urn composition when the sampled ball is white. The process is repeated yielding the
collection {(Y1,,, Y2,,); n > 1}. The quantities {Dy ,;n > 1} and {D5 ,; n > 1} are independent
collections of independent and identically distributed (i.i.d.) non-negative random variables.

The urn model can be also described using its replacement matrix Dy, where [D;; ] indicates
the number of balls of color j that are replaced in the urn when a balls of color i is sampled. In
the RRU model, since the off-diagonal elements are 0, we simplify the notation D;; , to D; .
Hence, the RRU model is characterized by the replacement matrix

_ Dy, 0
D, = |: 0 Dz,n:| . (1.1)

Letmy := E[D;,] and my := E[D> ,].

Since the replacement matrix in (1.1) is diagonal, the RRU model is not a particular case of
class of Generalized Pélya Urns (GPU) whose replacement matrix (or an almost sure limit of
certain “conditional” replacement matrices) is assumed to be irreducible. For a review on the
literature on GPUs, see, for instance, Athreya and Karlin [5], Smythe [24], Bai and Hu [6,7],
Zhang, Hu and Cheung [25], Laruelle and Pages [19], Aletti and Ghiglietti [1].

The asymptotic properties of the urn proportions in an RRU model were investigated by
Durham, Flournoy and Li [12] for binary reinforcements, and extended to the continuous case
by Muliere, Paganoni and Secchi [22], Aletti, May and Secchi [3]. Specifically, they established
that

y 1 ifm1 >mj,
Zy= e Jer Y l7e  ifmy=mo, (1.2)
Ln 2 0 ifmy <my,

where 23 stands for almost sure convergence and Z, is a random variable supported on (0, 1).
The rate of convergence and the limit distribution of Z, when m # m, has been established in
May and Flournoy [21]. For the case m = m3, the properties of the distribution of Z,, were stud-
ied in Durham, Flournoy and Li [12], Aletti, May and Secchi [3,4]. Specifically, the distribution
of Z~ when D1 , and Dy , are Bernoulli random variables with the same success probability, has
been established in Durham, Flournoy and Li [12]. In the more general case where Dy , and D> ,,
have the same expectations, it has been proved in Aletti, May and Secchi [4] that the distribution
of Zs is the unique continuous solution of a functional equation satisfying certain boundary
conditions. Additionally, it is shown in Aletti, May and Secchi [3] that P(Z,, = x) = 0 for any
x € [0, 1]. Denoting {(N1,, N2,,); n > 1} the number of balls of red and white colors sampled
from the urn, one can deduce from (1.2) that Ny, /n converges to the same limit as Z,,.

Notice that for an RRU, the limit in (1.2) is always 1 or 0 in the case m| # m>. This asymptotic
behavior can be very attractive in applications such as clinical trials, where the response-adaptive
designs based on an RRU model achieve the ethical goal of assigning most subjects to a better
performing treatment (see Durham, Flournoy and Li [12], Muliere, Paganoni and Secchi [22]).
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However, from an inferential perspective, it is common to target a specific value p € (0, 1) (see
Hu and Rosenberger [18] for applications in clinical trials). To perform clinical experiments with
such a goal, a variant of RRU is needed. This was achieved in Aletti, Ghiglietti and Paganoni [2],
where the modified randomly reinforced urn (MRRU) model was introduced. The MRRU model
is an RRU with two fixed thresholds 0 < p» < p; < 1, such that: (i) if a white ball is sampled and
Z, < p2, no balls are replaced in urn, and (ii) if a red ball is sampled but Z,, > p;, no balls are
replaced in the urn. Hence, the replacement matrix (1.1) in this case becomes

D, — | Prn - Lizii=p) 0
! 0 Doy -1z, 1201

A more precise description of the MRRU model is provided in Section 2, Remark 2.1.
The strong consistency of Z,, in the case m| # m, was established in Aletti, Ghiglietti and
Paganoni [2], that is, they showed that
Zna_-S)-!,Ol %fm1>m2,
02 if my <msy.

An efficient test based on the MRRU was implemented in Ghiglietti and Paganoni [15], while a
second order result for Z,, (again when m| # my), namely the asymptotic distribution of Z, after
appropriate centering and scaling, was derived in Ghiglietti and Paganoni [14]. We emphasize
here that the rate of convergence in this case is not the usual 4/n but 7 and the limit distribution
is not Gaussian.

In applications, especially in clinical trials (see Hu and Rosenberger [18]), p; and p; are
unknown and depend on the parameters of the distributions of D; 1 and D> 1. Let ;1 be the o-
algebra generated by the information up to time n — 1 and let p; ,— and p2 ,—; be two random
variables that are J,_j-measurable. Ghiglietti, Vidyashankar and Rosenberger [16] proposed
an adaptive randomly reinforced urn model that uses accruing information to construct random
thresholds 61 ,—1 and p; ,—; which converge a.s. to specified targets p; and p,. Thus, using the
replacement matrix

D — Dl,n ']l{Zn_liﬁl,n—l} 0
n 0 D2,n . ]}-{anlzﬁz,n—l} ’

an MRRU becomes an Adaptive Randomly Reinforced Urn (ARRU). It is worth mentioning here
that the random thresholds g1 ,— and p2 ,—1 depend on the adaptive estimators of the parameters
of the distributions of D; 1 and Dy ;.

Ghiglietti, Vidyashankar and Rosenberger [16] studied the asymptotic properties of an ARRU
when m| # mj under various conditions on the rate of convergence of adaptive thresholds.
Specifically, they established a strong consistency of (i) the proportion of sampled balls of each
color and (ii) the urn proportions, under the assumption that the thresholds converge almost
surely and that the limits of the thresholds are different from 0 and 1. Furthermore, they also
establish the asymptotic normality for the number of sampled ball colors, under an exponential
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rate of convergence assumption on the adaptive thresholds and an additional condition that the
thresholds are updated at exponential times. Additionally, they provided heuristics as to why the
proportion of balls of each color in the urn (urn proportions) may not have a limiting Gaussian
distribution, without further hypotheses.

In this manuscript, the first significant contribution concerns weak consistency results for the
urn proportions when m # my under the assumption that the threshold sequence {p; ,,n > 1}
converges in probability to p;, for i = 1, 2. The hypothesis that the thresholds converge only
in probability (and not a.s.) brings in subtle challenges which necessitate understanding the dy-
namics of the ARRU model. More precisely, our proofs involve obtaining L bounds on (i) the
increments of the distance A, = |Z, — p1l, viz. A,+1 — A, and (ii) the increments at linearly
increasing times Ay, — A,, where ¢ > 0. These results are then combined with a judicious
choice of ¢ and using comparison arguments with a specifically designed RRU model, weak con-
sistency is established. The above results are presented in Section 4; specifically, Theorem 4.2,
Theorem 4.5, and Theorem 4.6. The proofs of these theorems rely on the estimates concerning
the harmonic moments of the total number of balls in the urn. This result, of independent interest,
is established in Theorem 4.1 where even the convergence of thresholds is not required.

The second significant contribution of this manuscript concerns the strong consistency of the
urn proportions for all values of m| and m, under the assumption that the thresholds converge
almost surely but without any restriction on their limiting values. As a consequence, we obtain
the strong consistency of the proportion of sampled ball colors thus completing Corollary 2.1 in
Ghiglietti, Vidyashankar and Rosenberger [16] for the case m = my. It is important to notice
that in the case m| = my, the urn proportion converges to a proper random variable Z,, which
is different from the case m| # m,. As a consequence, we obtain the strong consistency of
the proportion of sampled balls of both the colors, thus completing Theorem 2.1 in Ghiglietti,
Vidyashankar and Rosenberger [16] for the case m| = m,.

The third significant contribution concerns second order results for the urn proportions and
the proportion of sampled ball colors for the case m| = m5. Specifically, we establish that, the
quantities (Z, — Z~) and (rf1 Ni.» — Zso) converge stably at the rate 4/n to a distribution which
is a continuous mixture of a centered Gaussian distribution and the distribution of Z,. The proof
involves decomposing (n "' N1, — Zo) into a sum of two terms, one involving comparison of
n~!' Ny, with the cumulative proportion of red balls up to time n and the other involving the
deviation of the cumulative proportion up to time n from Z,. The second term is then carefully
investigated by invoking the Doob’s decomposition theorem and some delicate estimates. In the
process, we explicitly identify the variance of the conditional Gaussian distribution. This result
also resolves a long-standing open problem in the well-investigated RRU model concerning the
limiting distribution of the proportion of sampled ball colors for the case m| = m,. Additionally,
the results also settle the open problem concerning the urn proportions and proportion of sampled
ball colors for the MRRU model when m| = m;.

The rest of the paper is structured as follows: Section 2 contains the model, assumptions, and
main results; Section 3 is concerned with preliminary estimates and results on the urn process.
Sections 4 and 5 are concerned with the proofs of the consistency of the urn proportion and
Section 6 is concerned with the proof of the limit distribution of the proportion of sampled balls
of both the colors.
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2. Model assumptions, notations, and main results

We begin by describing our model precisely. Let §; = {£1 ,;n > 1} and &, = {& ,; n > 1} be two
sequences of i.i.d. random variables. Without loss of generality (wlog), assume that the support
S of &, and &; ,, to be the same. Additionally, let U = {U,; n > 1} denote a sequence of i.i.d.
uniform random variables in (0, 1) independent of &, and &,.

Consider an urn containing yj o > 0 red balls and y, o > 0 white balls, and define yp = y1,0 +
¥2,0 and zo =y, ! ¥1,0- We note here that y; ¢ and y; o may not assume integer values. At time
n =1, a ball is drawn at random from the urn and its color is observed. Let the random variable
X be such that

X, = 1 if the extracted ball is red,
0 if the extracted ball is white.
Then one can express X1 = 1y, <z,}- Note that X is a Bernoulli random variable with parameter
zo and is independent of & and &,.

Let 01,0 and py ¢ be two constants in [0, 1] and p; o > p2.0.Letu: S — [a,0],0 <a <b < occ.
(We mention here that it is possible to allow a = 0. The case a > 0 makes calculations transparent
and hence we make this simplifying assumption throughout the manuscript. However, we add
remarks on how to get rid of this assumption in various estimates that explicitly use a > 0.) If
X1 =1 and zg < p1,0, we return the extracted ball to the urn together with D | = u(&; 1) new
red balls. While, if X; =0 and zo > p2,0, we return it to the urn together with Dy ; = u(§2.1)
new white balls. If X; =1 and zo > p1,0, or if X1 =0 and z9 < p2,0, the urn composition is
not modified. To ease notations, we set wi o = ]l{zosmo} and wy o = Lizo=pr0)- Formally, the
extracted ball is always replaced in the urn together with

X1D1jwi o+ (1 —X1)Dy1wa 0

new balls of the same color; now, the urn composition becomes

Yi,1=y1,0+ X1D1,1w1,0,
Y21=y0+ U —X1)D21w20.

SetYi=Yi1+Y1and Zy =Y ! Y| ,1. Now, by iterating the above procedure we define py
and 07,1 to be two random variables, with g1 .1, 62,1 € [0, 1] and p1,1 > f2.1 a.s., measurable with
respect to the o -algebra F| = o (X1, £)), where & = X1&11+ (1 — X1)&2,1. At the end of time
n, let (Y1, Y2 ,) denote the urn composition and Z,, = %

Now to define the model at time (n + 1), let o1, and ,52:,1 be two random variables with
Plns P2.n € (0, 1) and p1 , > P2, a.s., measurable with respect to a o -algebra JF,,, where,

Fn=0(Fn-1, Xnvgn)y

and 5,, =Xn&10+ (1 — Xn)&,,. We will refer to p; ,, j =1, 2 as threshold parameters.
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Attime (n + 1), a ball is extracted and let X, = 1 if the ball is red and X, = 0 otherwise.
Equivalently, we can define X, 11 = 1{y,,,<z,). Then, the ball is returned to the urn together
with

Xnt1D1 s 1Win + (1 = Xp11) D21 Wa

balls of the same color, where D1 ;41 = u(§1,041), Dant1 = u§2.n+1), Win = :ﬂ'{znfﬁl,n}’
Won = ]l{anﬁz,n} and Z, 11 = Y1 y41/Yn41 for any n > 1, where

n+1
Yint1=y10+ ZXiDl,iWI,i—l»

=1
o 1)

Y2041 =y20+ Z(l —Xi)Dy i Wi

i=1

and Y41 = Y1441 + Yo u41. If X1 =1 and Z,, > p1 p, thatis, Wy, =0, or if X,,41 =0 and
Zn < Pa.n,1.e. W, =0, the urn composition does not change at time n + 1. Note that condition
Ol.n = p2.n a.s., which implies W; ,, + W2, > 1, ensures that the urn composition can change
with positive probability for any n > 1, since the replacement matrix is never a zero matrix.
Since, conditionally on the o-algebra F,,, X1 is assumed to be independent of & and &,, it
follows that X,, 11 is Bernoulli distributed with parameter Z,,.

Remark 2.1. Setting p;, = 1 and p, = 0 for any n > 0, which implies W; , = W, = 1,
equation (2.1) expresses the dynamics of an RRU, that is,

n+1
Yint1=y10+ ZX,'DL,',

i=1
n+1

Yonr1=y20+ Y (1= X))Dy;.

i=1

Setting p1,,» = p1 and P2, = p2 for any n > 0, which implies Wy, = 1z,<,,) and W, =
1{z,>p,), €quation (2.1) expresses the dynamics of a MRRU, that is,

n+1
Yint1=y10+ Z XiD1,i1{z,<p1}»

i=1
n+1

Yont1=y20+ Z(l — Xi)D2,i1(z,>p,}-

i=1

Notice that in the MRRU p; and p, are known, while in the ARRU they are unknown and
typically estimated using the data.

Before we state our results, we recall that m; = E[D1 1] and my = E[D3 1].
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2.1. Weak consistency of the urn proportions

One of the main results of this paper is concerned with the consistency of the urn proportion Z,
when the random thresholds p; , and p2 , converge in probability to some constants in py, p2 €
(0, 1). To obtain this result, we need to assume that the sequences of the thresholds are bounded
away from O and 1 with exponentially high probability, which is expressed in the following
condition: there exist two constants 0 < ppin < Pmax < 1 and 0 < ¢, < oo such that

P (pmin < ,52,11 < /31,n < Pmax) > 1— eXp(—Cpn) (2.2)

for large n. The result is described below.

Theorem 2.2. Assume (2.2) and there exist two constants p1, pa € (0, 1), with p1 > p2, such that

AP ~ P
Pl,n = P1, P2,n —> P2. (2.3)

Then, when my # m3,

zZ, 5 {pl ffmi >ma, (2.4)

02 ifmy <my.
We present the proof of Theorem 2.2 in Section 4.

Remark 2.3. The strong consistency of the urn proportion presented in Ghiglietti, Vidyashankar
and Rosenberger [16], Theorem 2.1, that is, p , hay p1 implies Z, = p1, may suggest to
prove Theorem 2.2 by applying subsequence arguments. Specifically, Z, L p1 in (2.4) implies
that for any subsequence {nj; k > 1} there exists a further subsequence {ny i j > 1} such that
anj Y p1. Moreover, assumption pj , LS p1 in (2.3) guarantees the existence of {nkj; j=>1}
such that ﬁl,nk_, B p1. Nevertheless, the strong consistency result in Ghiglietti, Vidyashankar
and Rosenberger [16], Theorem 2.1, does not prove that anf 23 p1 with the only assumption
that ,51,,,,(]_ ey p1, because this condition does not provide ahy information on the behavior of
p1,; attimes i ¢ {nk;; j = 1}. Hence, the convergence of ,61,,”(]_ would imply the convergence of
Zn . only if the urn composition was updated exclusively at times {ny;; j > 1}.

2.2. Strong consistency of the urn proportions

The following theorem states the consistency of the urn proportion Z, for all finite values of m
and my, when the random thresholds p; , and p2 , converge with probability one.

Theorem 2.4. Assume there exist two constants p1, p2 € [0, 1], with p1 > p2, such that

A a.s. A a.s.
Pl.n = P1, P2.n = P2- (2.5)
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Then,
01 ifmp > ma,
7o 3 Ze  ifmi=ma, (2.6)
02 ifmy <my,

where Z~o is a random variable such that P(Z~ € [p2, p1]) = 1.

Remark 2.5. As an immediate corollary of the above theorem, it can be seen that the proportion
of sampled ball colors, n~IN 1.n, converges to the same limit as in (2.6).

We present the proof of Theorem 2.4 in Section 5. When the limit of the urn proportion is
different from 1 or 0, the following convergence result holds.

Lemma 2.6. Assume (2.5) with p1 > p3. Then, on the set {lim,,_, » Z,, # {0, 1}},

Yn a.s. N
— = min{my, map}.
n

The above lemma can be applied for the RRU model only when m| = m5. For the case m #

my in an RRU model, May and Flournoy [21] showed that % 2% max{my; my}. In the case
m1 = my, we are able to establish that the limiting proportion Z, has no point mass of positive
probability within the open interval (p3, p1). This is stated in the following lemma.

Lemma 2.7. Assume (2.5) with p1 > p2 and my = my. Then, for any x € (p2, p1), we have
P(Zy=x)=0.

Point masses of positive probability are possible at values p; and p;.

2.3. Asymptotic distribution of the sampled ball colors

The second order asymptotic results concerning the proportion of sampled ball colors involve the
concept of stable convergence (see Hall and Heyde [17]). Formally, let {X),; n > 1} be a random

sequence on a probability space (2, F, P); we say that &), 4 X (stably) if, for every point x of
continuity for the cumulative distribution function of X" and for every event E € F,

lim P(X, <x,E)=P(X <x, E).

n—o0

We now present the asymptotic distribution for the proportion of sampled ball colors in an
RRU model. Let us denote by Ny, := Y 7, X; and No, := Y i, (1 — X;) =n — Ny, the number
of red and white balls, respectively, sampled form the urn up to time n. Moreover, let 012 =
Var[D; ] and 022 := Var[ D5 1]. The result is stated in the following theorem.
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Theorem 2.8. Consider an RRU model and assume m| = my = m. Then,

N
ﬁ( n_ zoo> L NGO, %) (stably),
n
where
)5 - 2 2
Si= (147 ) Zao(l = Zoo). Ei= (1= Zoo)o] + Zoc03. 2.7)

Remark 2.9. In the special case of binary reinforcements with the same mean, that is, D , ~
Be(p) and Dy, ~ Be(p) with p € (0, 1], Theorem 2.8 expresses a central limit theorem with
stable convergence for the RRU model studied in Durham, Flournoy and Li [12], in which ¥ in
(2.7) reduces to (1 + Z(Q))Zw(l — Z ). Then, combining Theorem 2.8 with the exact distri-
bution of Z establis.heci7 in Durham, Flournoy and Li [12], it is possible to obtain an analytic
expression of the asymptotic distribution of /n (% — Zo) in this special case. A similar cal-
culation also holds for more general binary schemes considered in Aletti, May and Secchi [4],
Section 6.2.

It is known that when D, = D, =1 for any n > 1, the random variable Z, is Beta-
distributed with parameters (y1 9, ¥2,0) (see, e.g., Athreya and Karlin [5]). Furthermore, in this
case Theorem 2.8 provides a CLT with stable convergence for the standard Polya’s urn, in which
Y = Zs(l — Zs). Now, combining Theorem 2.8 with the Beta-distribution, it is possible to
obtain an analytic expression of the asymptotic distribution of \/n (% — Zo) for the Polya urn
case.

We now present the asymptotic distribution for the proportion of sampled ball colors in an
ARRU model. This result can be derived using Theorem 2.8 on the set of trajectories that do
not cross the thresholds p1 , and p, , infinitely often, and hence {Z # {02, p1}}. To this end,
we introduce a sequence of random sets {A,; n > 1} such that A, € F,, and A, C A, 4+ for any
n>1,and Un>1 A, = (p2, p1). In particular, we fix 0 < @ < 1/2 and we define A,, as follows:

Ay = (p2+ CY% p1 — CY,7%), (2.8)

where 0 < C < oo is a positive constant. The choice of {A,; n > 1} in (2.8) allows us to apply the
estimates of Lemma 3.4 in the proof of the limit distribution, in order to obtain the equivalence:
{Z, e Ay, ev.y={Z € (02, p1)} a.s., where ev. stands for eventually, which means for all but a
finite number of terms. The limit distribution for the ARRU model is expressed in the following
result.

Theorem 2.10. Assume (2.5) with p; > pr and my = my = m. Then,
li_mn{Zn € Ap} :En{zn €Ay} = {Zoo € (p2, /01)},
and, on the sequence of sets ({Z, € An},n > 1), we have

Nin

ﬁ(n

- zoo> L NO,T)  (stably),
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where, as in (2.7),
XY= 1+W Zoo(l = Zoo), Y= —-Zx)o{ + Zox05.

It is worth noticing that the limiting distribution obtained in Theorem 2.8 and Theorem 2.10 is
not Gaussian but a mixture distribution.

As a corollary of the methods of proof of Theorem 2.8 and Theorem 2.10 one can obtain the
asymptotic distribution of \/n(Z, — Z«,). We state this result without proof.

Theorem 2.11. Assume (2.5) with p1 > p2 and m|; = my = m. Then, conditionally on F,, on
the sequence of sets ({Z, € Ay}, n > 1), we have

V(Zy — Zoo) > N(©.57)  (stably),
where

5 3
Y= <1+W)Zoo(1—zoo), %= (1 = Zoo)o? 4 Zoo0}.

3. Preliminary results

In this section, we present some preliminary estimates that are required to understand the dy-
namics of the ARRU model and to prove the main results of the paper. Most of the proofs of the
results gathered by the literature are omitted, since the original proofs hold for all values of m
and m».

We start by presenting some basic properties of the ARRU dynamics. Specifically, we provide
a useful expression of the excepted increments (Z,4+1 — Z,,) conditioned on F,,, which is required
to prove the consistency result and in particular in the proofs of Theorem 4.2 in Section 4 and
of Theorem 2.8 in Section 6. Moreover, we show that the number of balls of both the colors
sampled from the urn, namely Ny , and N ,, and the total number of balls in the urn Y,,, increase
to infinity almost surely. To do that, we establish a lower bound for the increments of the process
Y,,. These results are established in Ghiglietti, Vidyashankar and Rosenberger [16], Lemmas 4.1
and 4.2, and we state the proof below for completeness.

Lemma 3.1. We have the following results:
(a) Foranyn >0,
E[Zn+l - Zn|]:n] =Zy(1 —Z,)By,

where

B ~—E[ DinyiWin  DonriWon
" Yn + Dl,n+1W1,n Yn + D2,n+1W2,n

]-'n]; 3.1
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(b) for any n > 0, we have that

- min{y,0; ¥2,0}
E[Y,+1 — Y,|F,] = min{m, ma} - (#)

Yo+ bn
(©)

Y, hy o0;
(d)
min{Ny ,; N2} 2% 0.

Proof. The proof of result (a) is based on a modification of the proof in Muliere, Paganoni and
Secchi [22], Theorem 2. First, note that, by definition

Yin+DipiWin Yin

Znt1 = Xnt1 + (1= Xp41) o
" " Y+ Diai Wi " Yy + Dappi Wa

and since X, 4 is conditionally on J, independent of Dj 41 and D3 ,41, we can get that

7|

Yin+Dint1Win
Yo+ D1 Win
Yin+DiniWin Yo

Yn + Dl,n+l Wl,n Yn + D2,n+] W2,n

Yl,n
Yn + D2,n+l W2,n

7|

Y20+ Dant1Wan Yin
Yn + D2,n+1W2,n Yn + Dl,n—HWl,n

E[Zn+1|]:n] = ZnE|:

fn} + (1 - Zn)E|:

= ZnE|:

Analogously, we have that

E[l - Z, 1| Fa]l=(1— Zn)E|:

7|

Therefore,

E(Zy11 — Zn|Fnl = E[(l —Zn)Znt1 — Zp(1 - Zn+1)|f;1]

Yin+DipriWin Y2,
Yn + Dl,n+l Wl,n Yn + D2,n+1 W2,n

7|
7|

:Z,,(l—Z,,)E[

Y+ Dont1Wan Yin

Yn + D2,n+1W2,n Yn + Dl,n+1 Wl,n

DintiWin — Dany1Wan
Yn + D],n+l Wl,n Yn + D2,n+l W2,n

=Zy(l - Zn)E|:

This concludes the proof of result (a).
Concerning the proof of result (b), first note that

Vo1 = Ya =Xy 1 D1 Win + (1 = Xy ) D2 p 1 Wo .
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Since X,,+1 and Dy ,41 are conditionally independent given F,,, and W , is F,-measurable, we
have that

E[Yn+1 — Y| Ful = (mIZnWI,n +ma(1 — Zn)WZ,n)
> min{m1, ma} - (Zn Wl,n + (1 - Zn)WZ,n)-

We recall that the variables W , and W5, can only take the values O and 1, and by construction
we have that (W , + W2 ,) > 1 for any n > 0; then, we can give a further lower bound

E[Y,y1 — Yy Ful = min{my, ma} - (min{Z,: 1 — Z,}).
Finally, the result follows by noting that

min{Y1 ,; Y2} - min{y1,0; y2,0}
Y, B yo+bn .

min{Z,;1 - Z,} =

This concludes the proof of result (b).
We now focus on the proof of result (c). First, notice that Y¥;,, = Z?:_é (Yi+1 — Yi) + yo. Then,
by Chen [8], Theorem 1, it is sufficient to show that

oo
P (Z E[Yip1 = Y| Fil= oo) =1.
i=0

To this end, we will now use the lower bound given by result (b), so obtaining

n n .
) min{y1,0; 2,0}
Y ElYiy1 — YilFil = minfmy, mo}| Y ———==== | >o0.
i=0 i Yotbi

Hence, we have that Y, ¥ .

Finally, we present the proof of result (d). We will show that Ny, 23 00, since the proof for
N , is analogous. Since Ny, = Z?:l X;, by Chen [8], Theorem 1, it is sufficient to show that

P(Z E[X;|Fi_1]= oo) =1.

i=1

Now,

_ Y1,0
ZE[XI}', 1= Zzl 1>Zy0+(l—1)b >

Hence, we have that N , ¥ . O

The following result is needed in the proof of Theorem 2.4 and it is taken from Aletti, Ghiglietti
and Paganoni [2], Theorem 2.1. This result provides multiple equivalent ways to establish the
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almost sure convergence of a general real valued process in [0, 1], that we will apply to the
process {Z,; n > 0} of the urn proportion in an ARRU model. For this result, we let d (down)
and u (up) be two real numbers such that 0 <d < u < 1, and we consider two sequences of
times t;(d,u) and 7;(d,u) defined as follows: for each j > 0, t;(d, u) represents the time of
the first up-cross of u after 7;_1(d, u), and t;(d, u) represents the time of the first down-cross
of d after ¢;. Note that ¢;(d, u) and 7;(d, u) are stopping times, since the events {t;(d, u) = k}
and {t;(d,u) =k} depend on {Z,; n < k}, which are measurable with respect to Gy = o (Z,, :
n <k).

Lemma 3.2 (Aletti, Ghiglietti and Paganoni [2], Theorem 2.1). Let 7_1(d, u) = —1 and define
for every j = 0 two stopping times

L) = inf{n > 7;_1(d,u): Z, > u} if{n>tj(d,u):Z, > u} # &;
T oo otherwise,
3.2)
) = !inf{n >4 dw:Zy<d) i n> b Zy <d) £ 2
+oo otherwise.

Then, the following three events are a.s. equivalent

(a) Z, converges a.s.;
(b) forany0<d <u <1,

lim P(7j(d,u) < 00) =0;
j—o00
(c) foranyO0<d <u <1,

ZP(tj+l(dv I/t) = oo|tj(d, Lt) < OO) = 00;
izl

using the convention that P(tj1(d,u) = ooltj(d,u) < 00) =1 when P(tj(d,u) =00) =1.

We now present a lemma that provides lower bounds for the total number of balls in the
urn at the times of up-crossings, Y;;. The lemma gets used in the proof of Theorem 2.4, where
conditioning on a fixed number of up-crossing ensures to have at least a number of balls Y,
determined by the lower bounds of this lemma. This result has been taken by Aletti, Ghiglietti
and Paganoni [2], Lemma 2.1, and the proof is omitted since the adaptive thresholds and the
values of m| and m, do not play any role during up-crossings. Hence, the proof reported in
Aletti, Ghiglietti and Paganoni [2], Lemma 2.1, carries over to our model, with D, replaced
by Y,,.

Lemma 3.3 (Aletti, Ghiglietti and Paganoni [2], Lemma 2.1). For any 0 <d <u < 1, we

have that
u(1—d) u(l—dy)\’
Yiidu = a0 Vi, j@w=-= a0 =) Yio(d,u)-
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The following lemma provides a uniform bound for the generalized Pélya urn with same rein-
forcement means, which is needed in the proof of Theorem 2.4.

Lemma 3.4 (Aletti, Ghiglietti and Paganoni [2], Lemma 3.2). Consider an RRU with m| =
my. If Yo > 2b, then

P( 1Z Z|>h)<b 442
S — —_ — —
PlenmLol=) =y \ 2 Ty

n>1

for every h > 0.

Finally, we present an auxiliary result that provides an upper bound on the increments of the
urn process Z,, by imposing a condition on the total number of balls in the urn Y.

Lemma 3.5 (Ghiglietti, Vidyashankar and Rosenberger [16], Lemma 3.1). For any € €

(0, 1), we have that
1—¢
{Yn >b( . )} C {|Zn+1 — Zy| <e}.

4. Proof of weak consistency and related results

In this section, we prove the weak consistency for the urn proportion of the ARRU model, which
is established in Theorem 2.2. This proof requires some probabilistic results concerning the
ARRU model, which have been gathered in different subsections. The proof of the weak con-
sistency based on these results is then provided in Section 4.4.

Let us start by describing the general structure of the proof. The weak consistency is proved
by showing that the process {A,;n > 1}, defined as

An :=|p1_Zn|7 VnZOa (41)

converges to zero in probability. To prove this, we want to exploit the fact that, unless A, is
arbitrarily close to zero, the conditional expected increments of A, are negative. This result
is obtained in Section 4.2 by studying the conditional expected increments of Z,. Hence, to
show that A, is asymptotically close to zero, we need to investigate the expected increments
of the process {A,;n > 1}. Since the increments of A, are at the same order of Y,~ 1 we first
determine how fast the total number of balls in the urn, Y;,, increases to infinity. This is addressed
in Theorem 4.1, where we show that the total number of balls in the ARRU model increases
linearly with the number of extractions from the urn. For this reason, the increments of A, are
of the order of n~!; hence, we consider differences of A, evaluated at linearly increasing times,
that is, G(n, ¢) := (Ay4nec — Ap), such that the L bounds obtained for such differences do not
vanish as n goes to infinity. More specifically, we provide a negative upper bound for the expected
differences G (n, c), which is not negligible unless A, is asymptotically close to zero. Formally,
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for any § > 0, we show that for some 0 < C < oo
E[G(n,55)] < —CP(Q(,m) +o(1), 4.2)

where 0 < ss < 0o is an appropriate constant and Q(8, n) := {A, > §}. To obtain (4.2), we
prove that the expected differences G(n, ss) are: (i) negative for moderate values of A, (see
Theorem 4.5) and (ii) negligible for small values of A, (see Theorem 4.6). These results are
derived using comparison arguments with specific auxiliary urn models. Finally, in Section 4.4
we use (4.2) and other preliminary results to establish the weak consistency.

4.1. Harmonic moments of Y,

In this subsection, we establish that the total number of balls in the ARRU model increases lin-
early with the number of extractions from the urn. Moreover, this result ensures uniform bounds
for the harmonic moments of the total number of balls.

Before presenting the main result, we introduce some notation. For any 0 < ¢ < C < oo and
forall n > 0, let F,,(c, C) € F, be the set defined as follows

F,(c,C):={yo+cn <Y, <yp+ Cn}.

Here, we show that, for some ¢ and C, P (F;,(c, C)) converges to one with a sub-exponential rate
(a sequence of constants a,, is said to converge at a sub-exponential rate to 1 (resp. 0) if a, > 1 —
exp(—cn?) (resp. a, < exp(—cn?)) for some 0 < p < 1), which implies P (Fy(c,C),i.0.) =0.

Moreover, this result provides uniform bounds for the moments of n/Y,,. The following theorem
makes this result precise.

Theorem 4.1. Under assumption (2.2), there exist two constants O < Zmin < Pmin ANd Pmax <
Zmax < 1 such that, for some €, > 0, depending on Zmin and zmax, we have for large n that

P(Zmin < Zp < Zmax) =1 — GXP(—Gzﬁ)- 4.3)

Moreover, there exist two constants 0 < ¢1 < C1 < 00 such that, for some €, > 0, depending on
Yo, we have for large n that

Fu(c1,C)=P(yo+cin <Yy < yo+ Cin) = 1 —exp(—€y+/n). (4.4)

sl -~

Proof. This proof has a general structure similar to the proof in Ghiglietti, Vidyashankar and
Rosenberger [16], Theorem 3.1.

As a consequence, for any j > 1
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Let cmin := min{pmin; 1 — pmax} and pg := (yoyﬁ)cmin < Cmin- Fix an arbitrary 0 < ¢ < pg and
consider the following sets

Adn = U {Z; <c},
n/2<i<n

Acn = ﬂ {e<Zi<1—c},
n/2<i<n

Ay i= U {Zi >1—c}.
n/2<i<n

Note that by choosing 0 < zmin < c and 1 — ¢ < zmax < 1 we have A¢;, C {Zmin < Zp < Zmax)-
Then, since Ay, U Acn U Ay = 2, result (4.3) can be established by proving that P(Ag4 ,) +
P(A,,) <exp(—e;+/n) for large n. We will focus on the set Ay ,, since the arguments to deal
with A, , are analogous. First, define € > 0 and, for any n > 1, the following sets:

Al = { sup {p1,i}>1— Cmm},
i>e/n

Ar = { inf {2} < Cmin},

i>e/n

A3y = { inf {min{l — p1,; p2.i}} > Cmin}-
i>e/n

Note that Ay , U A2, U A3, = 2, and hence we have that
P(Agn) < P(A1n) + P(A2n) + P(A3,, N Ag ).

First, we prove that P(A1 ) and P(A3,,) converge to zero with a sub-exponential rate. Con-
sider the term P (A1 ). From the definition of A; ,, we obtain

P(A1,) = P( U thri>1- cmin}) < Y P(pri> 1= coin)-
i>e/n i>e/n
Since, (1 — ¢min) > Pmax, from (2.2) we have that for large i
P(,al,i >1—cmin) < exp(_cpi),
with 0 < ¢, < 00. Hence, we have that
P(A1,) < Y P(pri>1—cmin)
i>e/n

= 3 expeen)
i>en

<exp(—e;/n),
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for some constat €, > 0. Similar arguments can be applied to prove P(A2,) — O with a sub-
exponential rate.

Finally, we need to show that P(A3, N Ay ,) converges to zero with a sub-exponential rate.
First, define the set A~d,,, as follows:

Ad,n = ﬂ {Z; <c}.
e/n<i<n/2

We now show that, since 0 < ¢ < pg = cmin(bi—oyo), it follows that on the set A3, we have
{Z; > ¢} C{Ziy1 > c} for any i > €4/n, and hence

(A30 N Adp) C (A3 N Agn), (4.6)

for any n > 1. First, note that on the set A3, {02.; > cmin} for any i > €./n. Hence for any
0<c¢ < po<cmin, since {Z; >c}={c<Z; <cmin} U{Z; > cmin}, we have

(1) if {c < Z; < cmin} we have W, ; = 0, which implies Z; 11 > Z; and so Z;+1 > ¢;
(2) if{Z; > cmin}, theevent {Z; | < Z;} is possible but using X; 1 >0, Wo; <1, D ;41 <b
and Y; > yp we obtain

ZiYi + Xip1 D11 Wy,

Ziy1 =
Yi+Xit1D1iviWi, + (1 = Xip1) Do iy 1 Wo
Ziyo _ Yo _ Do c
- y0—|-b m1ny0+b .

This guarantees that (4.6) holds for any n > 1.

We now show that P (A3, N Ad,n) converges to zero with a sub-exponential rate. To this end,
first note that on the set A3, we have p; > cmin for any i = €4/n, ..., n/2; moreover, on the
set Ad,n, we have Z; < po for any i = €4/n, ..., n/2. These considerations imply that

Wy, =0 and W;;=1 forany i = e«/n,...,n/2,on the set Az, N Aﬂd,n. “4.7)

Hence, we can write

2
Yiem+ 2 X;Dy; ay
Zujp = v T s ff > i=eyi X , (4.8)

6["‘2[ EinDl,i (yo+b€\/_)+az:’/2€f

where the inequality follows since 0 <Y; . 5 <Y, 5 <yo+ be/n, D1;>aas.foranyi > 1
and the function gj_" is increasing for x > 0 and ¢ < C. Now, define for any n > 1 the set A4 ,
as follows:

n/2
0
A= 3 Xi > — (39 + bev/n)
. a(l— po)
i=e/n
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and consider the set Az , N Ad,n N As..Onthe set A3, N Ad,n we can use the definition of A4 ,
in (4.8), so obtaining

(A3 N Agn N Asn) C (1Znja > po} N Ag ).

However, {Z,,/2 > po} N Ad’n = . Hence, P(A3, N Ad,n N Ay ,) =0 and it is sufficient to show
that P(A3,, N Ad’n N Ain) converges to zero with a sub-exponential rate.

To this end, by (4.7), note that on the set A3, N ANd,n we have Z;,1 > Z; for any i =
€/n, ...,n/2. Hence, on the set A3 , N Ad,n, {X;,i =e€/n,...,n/2} are conditionally Bernoulli
with parameter p; > Zeﬁ a.s. Now, let us denote with {g; ,;i=1,...,n/2 — €./n} a sequence
of i.i.d. Bernoulli random variable with parameter z¢ ,, defined as

Y1,0
00 = ———— a.s.;

Yo + bef
it follows that

n/2—e/n
Z Qin = (1 )(y0+b5\/_)> (49)

P(A3,,ﬁAdnﬁA4n)<P<
i=1

Finally, we use the following Chernoff’s upper bound for i.i.d. random variables in [0, 1] (see
Dembo and Zeitouni [11])

2
P(Sn <co- E[Sn]) =< eXP(‘% : E[S,J), (4.10)

with ¢g € (0,1) and S, = Zf‘ X;. In our case, we have that RHS of (4.9) can be written as

P(Sy <cy - E[S,]), where S, = Y127V,

(" _ ¥1,0 PO (yo + be/n)? .
E[S"]_<2 Eﬁ)(ywbeﬁ) = T o) o2 — ey

since € > 0 can be chosen arbitrary small, we can define an integer ng > 1 and a constant ¢y €
(0, 1) such that ¢, < cq for any n > nyg, so that

P(Sn =Cn- E[Sn]) = P(Sn =co- E[Sn])
Hence, by using (4.10), for any n > ng we have that

(1 = cp)?

P(A3,n ﬂAf’n) §exp<— >

which converges to zero with a sub-exponential rate since

E[S,] = M no_ =Jn.

Yo+ be/n Vn
This concludes the proof of (4.3).
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Now, we prove (4.4). Since the reinforcements are a.s. bounded, that is, |D; ,| < b for any
n>1and j =1, 2, we trivially have that P (Y, > yo + nb) = 0. Thus, we will show that P (Y, —
yo < c1n) converges to zero with a sub-exponential rate. Moreover, since in the proof of (4.3) we
established that for any 0 < ¢ < py there exists €, such that P(A.,) > 1 — exp(—¢;+/n), then to
prove (4.4) we can focus on the probability P({Y,, — yo <cin} N Ac,).

First, consider the following relation on the increments of the total number of balls

Yi—Yi 1 =D1; XiWii1+Dyi(1—-X;))Wa; 4

>a[XiWiio1+ (1= X)) Wai]
Then, note that, on the set A, ,, the random variables
XiWiici+0=-X)Wa,—1, i=n/2,...,n
are, conditionally on the o-algebra F;_1, Bernoulli with parameter greater than or equal to c.

Hence, if we introduce {B;; i > 1} a sequence of i.i.d. Bernoulli random variables with parameter
¢, using that Y, is increasing we have

P({Yn — Yo < cin} mAc,n) =< P({Yn =Yy < cinin Ac,n)

n
P({a Z B; §c1n} ﬂAc,n)
i=n/2 “4.11)

IA

Now, we want to use the Chernoff’s bound for i.i.d. random variables in [0, 1] expressed in
(4.10), with S,, = Zl’-’:n/z B;. In our case, we have E[S,] =nc/2 and so c¢op = 2c¢1/(ac). Hence,
by choosing c; small enough we can obtain cp < 1 which let us apply Chernoff’s bound. This
implies (4.4).

Finally, we get the harmonic moments as follows

[(Y)] [(Y) F”‘”’C‘)}Jr [(Y) F"(“’C”}
n J n\J
=E\ 7)1 +—) ElLpe
B [<y0+61n) F”(C"Cl)] <y0) [LFeer.onl

< cl_j + yo_jnj exp(—ey/n). a

We notice here that the above proof also works for the case a = 0 by directly working with
> '_; Xi D1 ; and using general large deviation estimates in (4.9) and (4.11).
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4.2. L1 bound for the increments of A,,

To ease notation in the rest of paper, we will refer to F,(cy, C1) as
Fp:={yo+cin <Y, <yo+ Cin}, (4.12)
where 0 < ¢; < C| < oo are the constants determined in Theorem 4.1 to obtain (4.4). Also, for

any ¢ > 0, let R(e,n) :={|p1., — p1|l < &} and Q(e, n) := {A, > ¢}, where we recall from (4.1)
that A,, = |p1 — Z,|. The following result provides an upper bound on the increments of A,,.

Theorem 4.2. Let m| > my and assume (2.2) and (2.3). For any € > 0, there exists 0 < ¢y < 00
and a sequence of random variables {\,; n > 0} with E[|V,|]1=o(n™"), such that

E[G(n.n" ) LgemlFa] < —n"" - e2lgem + V. 4.13)
where we recall G(n,n™") = (Apy1 — Ap).

The behavior and the sign of the excepted increments of the urn proportion G (1, n~!) required
to prove Theorem 4.2 depend on the position of Z,, respect to p;. For this reason, we study
separately the cases when Z,, is above or below p;. Formally, we define

Q (e,n):={Z, <p1 —¢}, 0" (e,n):={Z, > p1 +¢}, (4.14)
so that Q(e,n) = Q1 (e, n) U Q™ (e, n). Specifically, we present Lemma 4.3 and Lemma 4.4 that

provide bounds for the expected increments G (7, n~1) on the sets Q7 (g, n) and Q7 (¢, n), re-
spectively. The proof of Theorem 4.2 is presented after the proofs of Lemma 4.3 and Lemma 4.4.

Lemma 4.3. Let A, € F, be such that A, C Q™ (g, n). Then, we have that

E[(Zus1 — Zn)ia, | =0~ caP(Ay) —o(n™"). (4.15)

Proof. Let I, := E[(Z,+1 — Z,)14,] and, since A, € F,,, we can use result (a) of Lemma 3.1
obtaining

Iy =E[E[Zy11 — Zn|Falla, | = E[Z,(1 — Z1)Ba1a,]. (4.16)

7|

where we recall that B, is defined in (3.1) as follows

Dl,n—i—lWl,n . D2,n+1W2,n
Yn + Dl,n+1 Wl,n Yn + D2,n+1 W2,n

B, :=E|:

Now, note the following relation

{Zn < B2} D (@ (&,n) N R(e, ),
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where R(e,n) ={|p1., — p1| < €}. Since A, C O~ (e, n), on the set A, the previous relation
becomes {Z, < p1,,} D R(e, n), which implies Wy, > Lg( ). Combining this argument with
W2, < 1, we obtain on the set A, the following inequality

B, > E[( Dinyilreny  Danti )‘]_.n]
Yn + Dl,n—i—l]]-R(s,n) Yn + D2,n+l

Then, by using D ,4+1 >0 and Dy ,+11g(,n) < b a.s., we obtain that, on the set A,,

D 1 D
Bn Z E|:< Lnt12Re.n) — 2nt! > ‘]:ni| = E]n - E2na

Y, +b Y,
where
1 - b
Eip = M1LR(e,n) — M2 and Ep, = L
Y, +b Yy (Y, +b)

First, note that

k 2
E[Z,(1 — Z))E2y14,] < E[E2] < mab supE[<—> i|n_2.
k>1

Now, using (4.5) it follows that
E[Z,(1 - Z))Ez1a,]=0(n"?).
Thus, from (4.16) we have
I, > E[Z,(1 — Zy)E1pla, ] —o(n7"). (4.17)
Now, consider the set F;, defined in (4.12) as
Fy={cin <Y, —yo < Cin},

where we recall that, by (4.4) in Theorem 4.1, P(F}) < exp(—e),ﬁ). Moreover, let 14, =
Jin 4 Jon, where Ji, :=14,nF, and Jo, 1= La,nFe. Thus, concerning J, we have that

|[E[Z0(1 = Z) Evn Jon]| < max{|Evl} P(Fy) = o(n™),

since max,>of{|E1,|} < b/yo a.s. Thus, returning to (4.17) we have that
I, > E[Z,(1 — Z)E\pJin] —o(n™"). (4.18)

Now, consider the further decomposition J1, = Ji1, + Ji24, Where Ji1, := 14,nF,n(E;,>0) and
Ji2n :=14,nF,n{E,,<0}- Thus, concerning Ji2, we have that

m3

E\Z,(1-Z)E,Jizn| 2| —————=
[n( ) E1n lZn]_ (y()—i—cl(n—i-l)

)P(A,, N{E < 0});
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moreover, since P(Z, < zmin) and P(Z, > zmax) converge to zero with a sub-exponential rate
by (4.3), in Theorem 4.1, we obtain

Zmin(1 — Zmax) (M1 — m2)
yo+Ci(n+1)

E[Zn(l_zn)Elnjlln]Z < )P(Anﬂ{E1n>0})—0(n_l).

Therefore, from (4.18) we have
Li>n"'e,P(Ay) — O(n ') P(Er, <0) —o(nY),

where 0 < ¢ < 00 is an appropriate constant. Hence, since from m| > m, we have {Ej, <0} =
R¢(e, n), result (4.15) is obtained by establishing P(Ey, < 0) — 0. To this end, note that

P(E,,<0)=1-— P(R(e, n)) — 0,
where P(R(e,n)) — 1 follows from p LS p1, which is stated in (2.3) since m| > mj. [l
Let us recall that from (4.14) Q" (e, n) = {Z, > p; + &}. We have the following result.
Lemma 4.4. Let A, € F,, be such that A, C Q7 (s, n). Then, we have that
E[(Zns1 — Zo)1a, | < —n"" - c2P(A) +o(n7h). (4.19)

Proof. The proof of this lemma is obtained by following analogous arguments of the proof of
Lemma 4.3. In fact, we can first apply result (a) of Lemma 3.1, then note that

{Zl'l S )61,11} C (Q+C(87n) U Rc(‘?’ n))a

and

{Zn = 2.0} D (QF(e,n) N R(e, m)),

where we recall that R(g, n) := {|p1., — p1| < €}. Hence, since A,, C Q" (¢, n), on the set A, we
have that Wy , < 1 ge(e,ny and Wy, > L R(e,n), Which lead to the following inequality

B, < E[( Diptilgeenmy  Dontilren ) ]_.n].
Yo+ Dint1lreen) Yo+ Donti1lreen
Then, by applying some standard calculations, we obtain that, on the set A},

B, < E|:<D1,n+1]1R"(a,n) B D2,n+11R(s,n)>‘]_-ni|

Y, Y, + b]lR(s,n)
_ milgeen)y  m2lRen
Yn Yn + b]lR(s,n)

_ milgee ) —malR(en)
Yu 4 bLR(e.n)




2226 G. Aletti, A. Ghiglietti and A.N. Vidyashankar

Now, we can go through the same previous calculations using the results of Theorem 4.1 and
P(R¢(e,n)) — 0, in order to prove (4.19). 0

Proof of Theorem 4.2. First, note that establishing (4.13) is equivalent to proving that for any
A, € F, and letting A, := A, N Q(g,n):

E[G(n, n_l)]lAn] < —n~! -y P(Ap) +0(n_1),
where we recall that G(n,n~") = (A,11 — A,). Hence, consider A} := A, N Q% (e, n) and

A, :=A, N Q (e,n).Since A NA,; =2 and A U A, = A,, we have the following decom-
position

E[G(n.n )14, ] =1 — 1,
where
LI = E[(Znr1 = Z)yt ], 1y = E[(Zop1 — Zo)1,- ]
By applying Lemmas 4.3 and 4.4 to 1, and I,1, respectively, we obtain
{In_ >n~! ~czP(An_) - o(n_l),
It < —n~! -czP(A,T) —i—o(n*]).

This concludes the proof. |

4.3. L1 bound for A, at linearly increasing times

In this subsection, we provide an upper bound for the increments of A, evaluated at linearly
increasing times, i.e. G(n, ¢) = (Ay4ne — Ay) and ¢ > 0, where we recall from (4.1) that A, =
|p1 — Z,|. To this end, we claim that, for any fixed § > 0, there exists a value ¢ > 0 such that for
alln >0

P({|Zn+ns5 —Zyl > 5/2} n Fn) =0,

where we recall from (4.12) that F, := {yo + cin <Y, < yo + Cin}. We will denote by s5 one
of these values of c.
We can compute precisely the range of values admissible for s;5: on the set F,,, we obtain

n+nc b n+nc1 b
|Zn+nc—zn|sb§ Vo Z 7S loed+0),

where we recall that b is the maximum value of the urn reinforcements, i.e. Dy ,, D2, < b a.s.
for any n > 1. Then, imposing |Z, 4, — Z,| < §/2, we obtain

55 € <0, exp(%S) - 1). (4.20)

This ensures that P({|Z, 4,53 — Zn| > 8/2} N F,) =0forall n > 0.
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The next theorem provides an L1 upper bound for the difference G (n, 55) = (Ap4nss — Ap) ON
the set Q (8, n) = {A, > §}. An L upper bound on the set Q°(8, n) is presented in Theorem 4.6.

Theorem 4.5. Let m| > my, (2.2) and (2.3). Then, for any § > 0 there exists a constant 0 < C <
oo such that

E[G(n,s5)Loem] < —CP(Q(8,n)+o(1).
Proof. First, note that using (4.4) in Theorem 4.1, we have

|E[G (1, s9)Los.mnFe ]

<P(F;)—0.
Hence, define

G, = E[G(n, Sa)]lQ(s,n)an],
and consider the following expression

n+nss—1

Gu= ) E[G(i.i ) loemnr ] 4.21)

i=n

where we recall that G(i,i~!) = (Aj4+1 — A;). From the definition of ss in (4.20), on the set F),
we have that forall i € {n, ..., n + nss}

Q(8,n) C Q(8/2,1),

where we recall that Q(8,n) = {A, > 8} and Q(5/2,i) = {A; > §/2}. Hence, by applying The-
orem 4.2 to each term of the sum in (4.21), since Q(§,n) N F, € F; foralli € {n,...,n + nss},
we obtain

E[G (i) 106.mns] = ELE[G(:i )06 Jtoumnr, ]
<E[(=i"" c2loeai + ¥i)Lowmnk, |
=—i"'caP(Q,n) N Fy) + ElWiloe.mnr, |-

Now, note that from (4.4) in Theorem 4.1 we have that P(Q(8,n) N F,) = P(Q(8,n)) —o(i~1);
moreover, from Theorem 4.2, |[E[Y; 1 os.mnrF, Il < E[|¥i|]l = o(i’l). Thus, from (4.21) we have
that

ntnss—1 n+nss—1
G, <-— Z i_l . C2P(Q(8,n)) + Z O(i_l)
ien i=n

< —log(1+s5) - c2P(Q(8,m)) + o(1).

The result follows after calling C := ¢ log(1 + s5). (]
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Now, we show that the expected difference G (n, s5) is asymptotically non-positive on the set
Q°(8,n), for any 6 > 0, where we recall that G(n, ss) = (Apyns; — An), Q(8,n) ={A, > §}
and A, = |p1 — Z,|. The result is stated precisely in the following theorem.

Theorem 4.6. Let m| > ma, (2.2) and (2.3). Then, for any § > 0,

lim, E[G (n, 55)1ge(s,m ]| < 0. (4.22)

To prove Theorem 4.6, we need to compare the ARRU model with two new urn models:
{Z n* ;n > 1} and {Z ., s n > 1}. The dynamics of these processes is based on a sequence of random
times {t,; n > 1} which describes relation between the process {A,; n > 1} and an arbitrary fixed
value v > 0. Specifically, fix v > 0 and, for any n > 0, define the set

Tn={0<k=<n:00.n—k},

where we recall Q(v,n — k) = {A,—x < v}. Let {t,; n > 1} be the sequence of random times
defined as

n=

. 4.23)
o0 otherwise.

{infm} if T # 2

The time (n — t,) indicates the last time up to n the urn proportion is in the interval (o1 — v,
o1+ V). ~ _

First, let us describe the urn model {Z, ;n > 1}. Let I~ =1, ¥ € (0, yo) and Za € (0, p1 —v).
The process {Zn_; n>1}, Zn_ = 171,,,/(1?1,,1 +f’2,n), evolves as follows: if f,, | =0,1.e. A,,_1 <,
or t,_1 = oo, then )~(,, = ]l{Un<25} and

Yl,nzza '5’0+)~(;1D1,ni_, (4 24)
Yon= (1 _Za) Yo+ (1 = Xp) D2 s
ift,_1 =k >1, thatis, A,_{ > v, then )~(,, = ]l{U,l<Z,1_]} and
?l,n:fll,n—l +XnDl,nI~79 (4 25)
Y2,n = Y2,n71 + (1 - Xn)DZ,n

then, Y, := 171,,1 + f’z,n and Z, := f’l’n/f’n. The urn model is well defined since t,,_ is F;,—1-
measurable.

Analogously, the urn model {Z};n > 1}, Z} = Y1 ,,/(Y1., + Y2.0), is defined by the same
equations (4.24) and (4.25), with I~ and Z, are replaced by It =0and Za' € (p1 +v, 1), re-
spectively.

In the next lemma, we state an important relation among the processes {Zn_ ;n > 1}, {Z,jr jn >
1} and the urn proportion of the ARRU model {Z,; n > 1}. This result is needed in the proof of
Theorem 4.6. To ease calculations, let 2 > 0 and fix the initial proportions Z, and Zar as follows:

pL—Zy =Zg —p1=v+h. (4.26)
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Let My, := Y77 1 pe(, ny and, for any € > 0 define the set

i=n
M = {M, < nsse}, 4.27)
where we recall that R(v, n) = {|01,, — p1]| < v}, ss is such that P({|G (n, s5)| > §/2} N F,) =0,

with F,, = {yo+cin <Y, < yp+ Cin} from (4.12). Moreover, foranyn > l and k € {n, ..., n+
nss} let us define the set

k
Emn.k) =[] 0w H={3jen.....k}:{A; <v}}. (4.28)
Jj=n
We also introduce the following notation: AI_ = |p1 — Zl_|, AT = |p1 — Zl+| and A;k =

max{A;", A}. Thus, we have the following result:

Lemma4.7. Let m| > m», (2.2) and (2.3). Fixn > 1, yo € (0, yo +c1n), Z, and Zar as in (4.26).
Consider the set M, as defined in (4.27) with

O<e<—. (4.29)

bs,;

Then, foranyn > 1andl, e {n+1,...,n+ nss}, on the set M, N F,, we have that
E(n,l,) C Q°(Af 1) as., (4.30)
foralll e {l,+1,...,n+nss}.

Proof. First, fix! € {l, +1, ..., n+nss} and note that, from the definition of {z,;; n > 1} in (4.23)
and E(n, k) in (4.28), we always have

{ti-i=00}NEn, 1) =92.

Hence, we never consider in this proof the set {#/_; = co}.
Then, consider the set {t;_; = 0} and note that, from the definition of ¢, in (4.23), {t/_1 =0} =
Q°¢(v,1 — 1), which implies that, on the set {#;_; =0} N {X; =0},

1 (1 =Y Z5 Yo
T Y1+ Dy Way—1 ~ Jo+ D2y

=Z;  as, (4.31)

and, on the set {r;_; =0} N{X; =1},

~+~
D
7, < (o1 +v)Yi—1 + Dy Wy - Zo~y0 + Dy
Y1+ Dy Wi Yo+ Di;

=7  as. (4.32)

From (4.31) and (4.32), we have Zl_ <Z < Zl‘”' a.s., that ensures that (4.30) is verified whenever
{t1—1=0}.
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To prove (4.30) on the set {1 < #_; < oo}, we will show that, defining ANI_ = {Zl_ < Z},
Al :={Z/<Z}yand B:= M5NF,N{1 <1y < oo},

(BNO~(w,l—u-)) S (A, NQ~ (.1 —1-1),
(BN Ot l—1-D) S (AFn QT .l —14-1).
Moreover, from the definition of {#,; n > 1} in (4.23), on the set {1 < #;_| < oo}, we note that
X1y, =0 ={Zi—y_, =p1 —v}=0 (v, [ —11-1),
Xig =0 ={Zi—y_, 2 p1 +v} =0T (v, —11-1).

(4.33)

Hence, showing (4.33) is equivalent to establish the following

(BN {Xi—y_, =0)) € (A7 N{Xi—y_, =0}),
~ (4.34)
(B MX1—yy = 1}) < (A;L X1y, = ]})

To this end, we will prove by inductionon j € {{ —f;_; + 1, ..., [} the following results:

j
(BN {X;—y , =0}) C (( N A;) N{X)_y = 0}>, (4.35)

i=l—1_

j
(BN (X, =1}) C (( N Aj) N{X)_y = 1}). (4.36)

i=l—t;

First, note that by (4.31) it follows that condition (4.35) is verified for j =/ — #,_;. Hence, the
result is achieved by establishing (4.35) for j € {{ — 1 + 1, ...,1}, assuming that (4.35) holds
for (j — 1).

To this end, consider

Ziy 1 Yiey -1+ 2 XiD1iWiio

Zi= - - .
j
Yiy -1+ ,L,,,, XiDyiWyi—1+) {=Z,IH(1 = Xi)D2,iWai-1

Now, note that by (4.35) we have X; = Ljy,<z,_;} = ]l{U,-<Z.‘1} = )~(l_ for any (i — 1) =
I—ti—1,...,(j—1),and since Z;—;, ,—1=>p1 —V > Za we also have that X;_;, , > Xl_—t,_.'
Moreover, since Y;—;, ,—1 > ¥o and X;—;,_, =0, it follows that
s (p1 —Vv)yo + Z{:l_,,_lﬂ X;Dl,iwl,ifl
;>
i . — . — .
Yo + ZZ:I—MI X; DiWyio1+ Z{:l—t/—l (I1=X.)Dy Wy ;1

Note that, letting ng such that P(R(v, ng)) > n > 0, for any n > ny we have the following rela-
tion

{Zn < p1.2) D (@~ (v, n) NR(v, 1)),



Adaptive reinforced urn 2231

where we recall that R(v,n) = {|p1., — p1l < v} and Q™ (v,n) = {Z, < p1 — v}. Hence, by
definition of #_; in (4.23), we have Q™ (v,i) foranyi=1—1#_y,...,j —1,and {Z; < p1;} D
R(v, i), which implies Wy ; > 1g(,,;). Combining this argument with W5 ; < 1, we have that

s = (p1 —v)¥o + Z{=17t171+1 X; Dy ilgei-1
== : — : — )
Yo + Z{:,_,HH X; D1,ilgw,i-1n + Z,J:,,,H (I=X;)Dy,;

In addition, on the set M, we have that
J

J
> X Dilrepi-n= Y. X7 Dii—bM,
i=l—tj_1+1 i=l—tj_1+1

> Xl: )};Dl’i — nbsse.
i=l—t_1+1
Moreover, condition (4.29) ensures that
(p1 — v)yo — nbsse > 7 Yo,
which implies A;” = {Z; > Z;}.

Analogous arguments can be followed to establish (4.36) for any j e {{ — 6,1+ 1,...,1}.
Finally, combining (4.35) and (4.36), we obtain (4.34). This concludes the proof. (I

In the next lemma, we show an important result required in the proof of Theorem 4.6, con-
cerning the probability that Z, exceeds an arbitrary threshold / > 0. This result is obtained by
using comparison arguments between the process {Aj; n > 1} and the urn proportion of an RRU
model, where we recall that AZ = max{&l_, A;r}, Az_ = |p1 — Zl_l and A;L =|p1 — Z;rl. The
result is the following:

Lemma 4.8. Let m| > mo, and
T, = {ky < t, < 00}, Hy:={A} > v}, (4.37)

where {k,; n > 1} is a deterministic sequence such that k, — 0. Fix 0 < yo < 00 and define 7,
and Zg as in (4.26). Then,

lim P(H,UT,)=0. (4.38)
n—>oo

Proof. Since H, = H,; U H," where

Hy ={Z; <pi—v} and H:={Z} > p +v},
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equation (4.38) is established by proving

lim P(H, UT,)+ P(HUT,)=0.

n—oo

We will show that P(H,” U f”,,) — 0, since the proof of P(Hn+ U f”,,) — 0 is analogous.

First, we recall that #,,, defined in (4.23), satisfies that Q°(v,n — t,) = {A,—;, < v} and when
t, >0, Q(v,i) ={A; > v} forany n — t, < i <n. Hence, on the set T, the process Zlf evolves
attimes n — t, < i <n as described in (4.25), yielding f(,- = 1{U,~<Z;1} and

n
Y, =Z Yo+ Z XDy,
':_n+1
=l (4.39)

?£n=(1—25)90+ Z (I—Xi)Dz,i.
i=n—t,+1

Now, consider an RRU model {Z f; J = 1} with initial composition (y{fo, &fo) = (Zy Yo, (1 —
Z( )Yo); the reinforcements are defined as Dﬁj =Dy y_t,+j and ng =Ds,_4,4jforanyi>1
a.s.; the sampling process is modeled by Xf = ]1{UJR<Z’?_1} and U]R = Uy—y,+j a.s., Hence, the
composition of the RRU model at time j > 1 can be expressed as follows:

J
Y{?j - yl’fo 4 Z Xn—ty+i D1 n—t,+i
i=1
n—ty+j
=Zy5 + Z XiDy,i,
i=n—t,+1 440)
4.

j
Yzl,ej - yfo + Z(l — Xn—t,4) D2, n—t,+i

i=1

n_tn+j
=(1-Z%y)jo+ Z (1—-Xi)Ds,;.
i=n—t,+1

Hence, combining (4.39) and (4.40) with j =1, we have that on the set fn

5— - R R

(Yl,n’ Yz,n) = (Yl,tn’ Yz,zn)'
Now, from the asymptotic behavior of the RRU studied in Muliere, Paganoni and Secchi [22],
Theorem 8, we have that (since m| > my) P (lim,_ Z,f = 1) = 1. Thus, on the set 7,, we have
{lim,,_, oo Z,If = 1}, which implies P(H, U T,)) — 0. This concludes the proof. (|
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Proof of Theorem 4.6. First, consider the set F,, = {yo+cin <Y, < yo+ Cin} defined in (4.12)
and by using (4.4) in Theorem 4.1 we have

lim, P(Fy;) =0.
Hence, since |G (n, ss)| < max{Z,4ns;; Zn} < 1 a.s., to prove (4.22) it is enough to show that for
anyO<h <1/2
E[G, ss10cs,mnF,] <h+o(1), (4.41)

where we recall that G (n, ss) = (Ap4ns; —An) and Q (8, n) = {A, > §}. Now, define H :=[§/ h]
and note that

m

[0,81C [0, (H + Dh] = [ih. (i + Dh];
i=0

then, calling
O((i + Dh,n) := Q°((i + Dh,n)\ Q°(ih,n) ={ih < A, < (i + 1)h}

(where for any two sets A and B, A\ B = A N B¢), we have Q“(8,n) = Uino O((i + Dh,n)
and hence the left-hand side of (4.41) can be written as

H
E[G(n» SS)H-QC(S,n)ﬂF,,] = Z E[G(n, Sa)ﬂ‘Q((H—l)h,n)ﬁFn];
i=0

thus, result (4.41) can be achieved by establishing the following

E[G(n, )L 54 1ynmnr,] <h - P(O(G + Dh,n)) +o(l), (4.42)
forany i € {1,..., H}. Now, fix i € {0,..., H}, call v := (i + 1)h and consider the set My, :=
(M, < nsse) deﬁned in (4.27), where we recall that M,, = Z"“” 1Re(v.n)- The left-hand side
of (4.42) can be so decomposed E[G (n, sa)JlQ(v’n)an] = Gin + Gon, where

Gin = E[G(,50) 150 mnr,ome]  ad Gowi= E[G (1,551, mnp, e -
Since P(R(v,n)) — 1 from (2.3), and by using Markov’s inequality we have that

n—+nss

€c —IL c
P(MS) <e " > P(R(v,m)—0

i=n

thus, since |G (n, s5)| < max{Z,4,s;; Z,} < | a.s., we have G, — 0 and hence result (4.42) can
be achieved by establishing the following

Gin=E[G(n, s(;)]lQ(v’anan;] <h-P(Q(v,n)+o(l), (4.43)

where we recall that Q(v,n) ={v —h < A, < v}.
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Now, following the same arguments used to determine s; in (4.20), we can fix a value s;, such
that

P({|Gm,sp)|>n/2}nF,) =0,

where we recall that G(n, s;) = (Ap4ns, — An). Analogously to (4.20), the range of values

admissible for sy, is
c1
el0, —h)—1),
e (0e(5) 1)

where we recall that ¢; > 0 is a constant introduce in (4.12) to define F;,.

Now, consider the random time #; defined in (4.23) as the smallest time k such that
Q¢(v,n — k) occurs, i.e. n — 1, indicates the last time up to n the urn proportion is in the interval
(p1 — v, p1 +v). Then, call 7, :=t,1,5 and note that, since O, n) C Q°(v, n) by definition of
O (v, n), we have that

P(t,, < nsslg(v,n)) =1.

Hence, define Sy := [ss/s5] and, assuming wlog that ss = Sgysph + 1, on the set Q(v, n), con-
sider the partition {0, ..., nss} = U,fio T, where T," := {nksp, ..., n(k + 1)s;}; thus, the left-
hand side of (4.43) can be decomposed as Gy, = Z/fio T}', where for any k € {0, ..., Sy}

Ty = E[G(n, 5515 mnFun Mtz T ) (4.44)
Hence, equation (4.43) can be achieved by establishing the following
T/ <h-P(Qw.m)N{t, € T'}) +o(),  Vke{0,...,Su}. (4.45)
First, consider k = 0 in (4.45). From the definition of t,,, we have
{ta €T} C O°(v+h,n+nss), (4.46)

where we recall that Q°(v 4 h, n +nss) = {Ap4nss < v + h}. Hence, using (4.46) in (4.44), it is
immediate to obtain (4.45).
Fork e {1,..., Sg} in (4.45), from the definition of t, and E, ; in (4.28), we have that

{t,, € 7;”} C E(n,n +n(ss — ksh)),

where we recall E(n, k) = Ul;:n Q¢(v, j). Hence, we can use Lemma 4.7 with [,, = n + n(ss —
ksp), to obtain, on the set M N F,, forany j € {n +n(ss —ksp) + 1,...,n + nss}

Q° (v, n+n(ss — ksn)) C Q°(A%, j) as., (4.47)

where we recall that Q°(v, j) = {A; < v} and QC(&} D=1 < &;}’ A}k‘ = max{A;, A}F}’
A; =|p| — Zj_| and Aj‘ =|p1 — Z;ﬂ. In particular, by using (4.47) and since Q(v,n) C Q(v —
h,n) ={A, > v — h}, from (4.44) we obtain

Tkn = E[(A;+n35 —V+ h)]]‘Q(v,n)ﬂFnﬂMgﬂ{rneﬁ"}]' (4.48)
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Note that, from the definition of 7,, and 77(", we have
{‘L’n € 7};’} - {nksh < tytnsy <n(k + l)sh}.

Hence, we can apply Lemma 4.8 with k;, g5 = nksy, Tj = {Ajf >v}and Hj :={k; <t; < o0}
as defined in (4.37), so obtaining

E[(A* V)+]l{r,,€7;"}] < P(Hn-l—nsa ) Tn-i—nsg) — 0.

n+nss

Hence, applying these results to (4.48), we obtain
T <h-P(Q,n)N{t, € T'}) +o(D),

that corresponds to (4.45). This concludes the proof. a

4.4. Proof of weak consistency

Proof of Theorem 2.2. The result is established by proving that, for any / > 0 and any € > 0,
there exists ng € N such that

P(QU.,n)) <e, (4.49)

for any n > ng, where we recall that Q(/,n) = {A, > [} and A, = |p; — Z,]|. To this end, fix
0<e < %6 and 0 < § < €’ to define the conditions

A, :={P(0@,n) <€}, B, :={E[A,] <2€'}.

It is immediate to see that B, implies (4.49). Thus, (4.49) can be established by proving that

(a) for any N > 1 there exists ng > N such that A, occurs;
(b) there exists ng > 1 such that for any n > ng, A, C By forallke{n+1,...,n(1 +s5)};

(c) there exists ng > 1 such that for any n > ng, B, C By for all k € {n(1 + s5),...,(n +
D+ ss)}.
For part (a), we will show that there cannot exist N > 1 such that
A :={P(Q@,n) =€}, (4.50)
occurs for all n > N. First, we combine Theorem 4.5 and Theorem 4.6 to obtain
/
E[G(n.55)] s—C(P(Q(a,m) - %) @.51)

with 0 < C < oo, where we recall that G (n, ss) = (Ap4ns; — An). Now, if (4.50) holds, then
there exists a subsequence {k;;n > 1} such that, ky = N and k, = k,,—1 (1 +s5) forall n > 2, and
by (4.51)

n n ,
E[Ag, 1= ZE[G(ki_l,Sa)] < —ZC% = —00,
i=1 i=1
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where G (k;_1,ss) = (A, — A,_,), which is a contradiction and hence part (a) holds. For part
(b), consider the time n at which A,, occurs. Fix k € {n + 1, ...,n +nss} and note that E[A;] <
Jin 4 Jon k Where

Jin :=E[A,] and Jy k= E[|Ak — A,,|].
From definition of s5 in (4.20), we have
J2n,k = E[|Ak - An|]lF,l:| + E[|Ak - An|]anf]
<8+ P(F)),

and using P(F}) — 0 from (4.4) in Theorem 4.1 we have that lim,_, o J2, x < 8. Thus, there
exists ng > 1 such that Jp, x < 28 for any n > ng. Then, note that J, = J3, + Ja, where

J3n = E[AyLges,my] and  Jay = E[ApLgs,n]-

Notice that J3, <SP (Q°(8,n)) <8 and Jg, < P(Q(8,n)) < €, and hence we have Jy,, < §+¢€'.

Thus, combining Jy,, and J,, since § < €’/3, we obtain for any n > ng
E[A < Jin+ Jong <S8 +€ +28 <26,
that implies (b). For part (c), for any k € {n(1 + s5),..., (n + 1)(1 + s5)} consider
E[I1Ak — Angnss|] < E[1Ak = Apgnss 115, | + E[| Ak — Apcinss | LFe |-

First, note that P(F;) — O from (4.4) in Theorem 4.1. Then, since |k — (n 4 nss)| < (1 + s5)
and |Z,+1 — Z,| < b/ Y, a.s., we have that

b
P({|Zk - Zn+ns5| > <—>(1 +58)} an) =0.
Yo +cin

Thus, for any k € {n(1 + s5),..., (n + 1)(1 + s5)} we have

b(1 + s5) X
_ P(F¢ 0. 4.52
yO+c1n> * (F )_> ( )

n

E[|Ak - An+ns5|] = (
Now, since B, C A, UC,, where C, = (B, N A{), part (c) is established by proving that there
exists ng > 1 such that, for any n > ny,

(cl) A, CcBiforallke {n(1+ss),...,(n+ 1D +s5)};
(c2) C, Cc By forallk e {n(1+ss),...,@m+ 1D +s5)}.

For part (cl), we can follow the same arguments of part (b), except for Jo, x since here k €
{(n(14+s5),...,(m+1)(1 +s5)} and hence

Jonk < E[|Ar — Aullp, | + E[| Ak — AplLEe]
< E[|Ak — Mpinsy 11F, |+ E[|Apins; — Aullr, |+ P(Fy)
=< E[|Ak - An—&-nsa“]-F,,] +5+ P(F;)s
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However, by using (4.52), we still have lim,—,  J2, 1 < é and so, analogously to part (b), there
exists no > 1 such that J,» < 2§ for any n > ng. Since J1, does not depend on k, (cl) follows.
For part (c2), we combine (4.51) and \A¢ to obtain

/

E[G(n,5)] <—C5. (4.53)

where we recall that G(n, s5) = (A,4ns; — Ay). Moreover, by (4.52) there exists ng > 1 such

that E[|Ax — Apgnssl] < C% for any n > ng. Hence, (c2) follows by combining (4.52), (4.53)
and B3, as follows:

E[A < E[|A% = Augngy|] + E[G(n, 55)] + E[A,] = 2€. O

Remark 4.9. It is possible to present a modification of the current arguments along the tradi-
tional probabilistic lines. We chose to present the above alternative logical argument.

Remark 4.10. An anonymous referee raised the issue of relaxing the hypothesis concerning the
boundedness of u(-). While such condition has been used in several estimates, we notice that it
is not required in the proof of the Theorem 4.1. In this case, under weak additional conditions
on the tails of #(£;1) and u(&>,1) one can modify the arguments to obtain an analogous ver-
sion of Theorem 4.1. The challenge however is to establish the comparison arguments between
various urns without this hypothesis. This seems to be a challenging task at this moment even
though the authors believe that the results should hold without the boundedness assumption. It is
worth pointing out that even for the MRRU model, the limit theorems without the boundedness
condition are not known.

5. Proof of strong consistency

In this section, we provide the proof of the strong consistency of the urn proportion Z, for any
values of m and m>, when the random thresholds g1 , and py , converge with probability one.
Proof of Theorem 2.4. We divide the proof into three steps:

(a) P(p2 <lim Z, fmnzn <pn=1,
(b)

P(im,Z, > p1) =1 ifmy >mo,
Pim,Z, <p)=1  ifm <mo,
(¢) P(lim, Z, exists) = 1.

For part (a), firstly note that, wheM 1 = 1 and pp = 0, result (a) is trivially true, hence consider
0 < p2 < p1 < 1. We show that P(lim, Z, < p;) = 1, since the proof of P(lim,Z, > p2) =11is
completely analogous. To this end, we show that there cannot exist € > 0 and p’ > p; such that

P(lim,Z, > p}) > € > 0. (5.1
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We prove this by contradiction using a comparison argument with an RRU model. The proof
involves last exit time arguments. Now, suppose (5.1) holds and let Ay := {lim, Z,, > ,oi }. Let

/
n +
Rliz{kZOIPLkZpl ,01}’

and denote the last time the process {01,,; n > 1} is above (p] + p1)/2 by

p1t+p1 .
R ] otherwise.

L {sup{Rl} if Ry # 2

Since p1 B p1 by (2.5), then we have that P(tp +p, < 00) = 1. Hence, there exists n € N such
that 7

P, >n)< % (5.2)

ﬂ +,01

Setting By :={t > n¢} and using (5.2), it follows that

ﬂ +p01
2

€ <P(A)) <€/2+ P(A; N BY).

Now, we show that P(A| N Bf) = 0. Setting

)

1+
- {h_mnzn 3 u}
2
we decompose P (A1 N BY) as follows:

P(A1 N Bf) < P(E1) + P(E),

where E; = AN B{NCyand Ex = A1 N By NCY.
Consider the term P (E>). Note that on the set C{, we have {lim,Z, >
. Hence, since (BIC N Cf) D Ej,on the set E£; we have

p‘+p1 } and on the set

Bf{ we have {01, < L

that Wy , = Lz, <p1) 2. Then, letting tw :=sup{k > 1: Wj ; =1} we have P(E; N {tw <
oo}) = P(E») and, on the set E3, for any n > 7y the ARRU model can be written as follows:

Yint1 =Y10p,

n+1
Yont1=Yory + Y (1= X))Dy,
i=Tw
where Wy ;1 =0forany i > tw, and W, ;| = 1 because W5 ;_1 + W> ;1 > 1 by construction.

Now, consider an RRU model {Zf; i > 1} with initial composition (Y{%), X)) = (Y11, Y2.z)
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a.s.; the reinforcements are defined as Df ;= 0 and Df i = D2y +i for any i > 1 a.s.; the draw-
ing process is modeled by XI.RJrl = 1{UiR+1<ZiR} and UiR = Uy 4i as., where {U,; n > 1} is the
sequence such that X,, 11 =1y, <z,) for any n > 1. Formally, this RRU model can be described
for any n > 1 as follows:

R _yvR _
Y1,n+1 = Y1,0 =Yy,

n+1 n+twy+1
YR =Y+ ) (1=X)Dfi=Yary + D (—X)Ds,.
i=0 =ty

Hence, on the set E> we have that for any n > Ty
R R
(Yl,}’lv Y2,n) = (Yl,n—rw’ Y2,n—rw)'

Since from Muliere, Paganoni and Secchi [22], Theorem 8, P (lim,, Z,f =0) =1, on the set E;
we have that {lim,Z,, = 0}. This is incompatible with the set A; which includes E». Hence
P(E»)=0.

We now turn to the proof that P (E) = 0. To this end, let

! b
Te ::inf{kzne:{Zk< p1+p]}ﬂ{Yk>/—}}
2 (,01_:01)/2

and note that, since by result (c) of Lemma 3.1 Y, 23 00, P(CiN{t. < o0o}) = P(Cy). Moreover,

’
on the set B{ we have that {p , < L ‘erpl } for any n > n.. We now show by induction that on the
p1Fo1

set Bf N Cy we have {Z, < ,oi Vn > 7. }. By definition we have Z; < ~'5—, and by Lemma 3.5

’
.. . . . . +
this implies Z; 41 < ,oi; now, consider an arbitrary n > t.; if Z, < a 2p1 , then by Lemma 3.5

we have Z, 11 < py;if @ < Z, < py wehave Wi , =0andso Z,1 < Z, < p|. Hence, since
(Bf N Cy) C Eq, on the set E| we have {Z,, < ,oi Vn > t.}. This is incompatible with the set A
which also includes E;. Hence P(E1) = 0. Combining all together we have € <¢€/2+ P(E1) +
P(E>) = €/2, which is impossible. Thus, we conclude that P (A{) = P(im,Z, <p;)=1.

For part (b), wlog we assume m| > m> to show that P(1im, Z, > p1) = 1, since the proof of
P(lim, Z, < p) =1 when m < m; follows the same arguments. To this end, we now show that
there cannot exist € > 0 and p’ < p; such that

P(ﬁnzn < ,0{) >e>0. 5.3)

We prove this by contradiction, using a comparison argument with an RRU model. Now suppose
(5.3) holds and let A, := {lim, Z,, < pi}. Let

’
. +
Rz::{kz():pl,k<pl ,01}’

2
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and define the last time the process {01,,; n > 1} is less than (o] 4 p1)/2 by

sup{R»} if Ry # J;
Tpidp = 0

5 otherwise.

Since p1 % p1, then we have that P (7 < 00) = 1. Hence, there exists n, € N such that

P +p1
-2

P(t,., >ne=< % (5.4)

-2

Setting B; := {rﬂlﬂ1 > n¢} and using (5.4), it follows that
-2

€ < P(Ay) <€/2+ P(A2 N BS).

Let E3 := Ay N B5. We now show that P(Eg) = 0. On the set Ay, we have {lim,Z, < P}
and on the set BS, we have {01, > p‘ } for any n > n.. Hence, on the set E3 we have that
Win = Lz, <pi ) ) Then, letting TW :=sup{k > 1: Wi, =0} we have P(E; N {tw <
oo}) = P(E3). Now, analogously to the proof of P(E;) = 0, we can use comparison argu-
ments with an RRU model to show that on the set E3 we have {lim,Z, = 1}. This is in-
compatible with the set A, which also includes E3. Hence P(E3) = 0. Combining all to-
gether we have € <¢€/2 + P(E3) = €/2, which is impossible. Thus, we conclude that the event
AS = {lim, Z, > p1} occurs with probability one.
For part (c), note that, combining (a) and (b), we have shown that

P(im,Z, =p;) =1 if my > ma,
P(py <lim,Z, <lim,Z, < p;) =1 if my =mo,
P(lim,Z, =py) =1 if m; <mj.

Therefore, if the process {Z,; n > 1} converges almost surely, we obtain (2.6). Wlog, assume
m1 > my, since the proof of the case m| < my is completely analogous.

First,letd, u, y and p| (d <u <y < p; < p1) be four constantsin (0, 1). Let {z;(d, u); j > 1}
and {z;(d,u); j > 1} be the sequences of random variables defined in (3.2). Since d and u are
fixed in this proof, we sometimes denote 7;(d, u) by t; and ¢;(d, u) by ¢;. It is easy to see that
7, and ¢, are stopping times with respect to {F,; n > 1}.

Recall that, by Lemma 3.2, we have that forevery 0 <d <u < 1

Z, converges a.s. < P(t,(d, u) < 00) — 0

N Z P (tag1(d, u) = 00|ty (d, u) < 00) = 0.

n=1

Now, to prove that Z,, converges a.s., it is sufficient to show that

P(ty(d,u) < 00) = 0,
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forall 0 < d < u < 1. Suppose Z,, does not converges a.s. This implies that P (f, < c0) | ¢1 > 0,
since P(#, < 0o) is a non-increasing sequence. We will show that for large j there exists a
constant ¢ < 1 dependent on ¢1, such that

P(tj41 < o0ltj < 00) < . (5.5)

This result implies that ) °, P (t,41 = 00|t < 00) = 00, establishing by Lemma 3.2 that P (¢, <
00) converges to zero as n goes to infinity, which is a contradiction.
Consider the term P (t;+1 < oolt; < 00). First, let us denote by Ty the last time the process

P10 is below py, that is,

o swfn=1ipa <ol if{nz1:p, <0} # 25
/1 0 otherwise.

Since p1.p ey p1, we have that P(rpi < 00) = 1. Hence, for any € € (0, %) there exists ne € N
such that

%P(l’p; >ne) <e. 5.6)

By denoting P;(-) = P(:|t; < 00) and using #; < 1; < ;4| we obtain
Pt <oo|t; <o0) < Pi(t; < 00).
Hence,
P;(ti <o00) < Pi({ri <oo}Nn {rpi < ne}) + Pi(r/’i > Ne). 6.7
We start with the second term in (5.7). Note that

P(rpi > ne) P(rp{ > ne)
=< =
P(t; < o0) b1

Pi(ty >ne) < €,
where the last inequality follows from (5.6).

Now, consider the first term in (5.7). Since the probability is conditioned on the set {#; < 0o},
in what follows we will consider the urn process at times n after the stopping time ¢;. Since we
want to show (5.5) for large i, we can choose an integer i > n. and

b
i > logu-o | ——— ),
' OngiZ§<Y0(y—u)>

so that

(1) t; >i>nc¢as.;
(ii) from Lemma 3.3, we have that Y, > b/(y —u) ass.

These two properties imply respectively that, on the set {n > #;}

(i) p1,n = pj, since from {‘Cp; <n¢} we have that n > Tl
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(ii)) Z; € (u,y), since Z;_1 <u and Z; > u and from Lemma 3.5 we have that |Z, —
Zn—1l <(y —u).

Now, let us define two sequences of stopping times {t,;n > 1} and {r n > 1}, where ¢
represents the first time after 7*_, the process Z;,;, up-crosses p;, while 7,° represents the ﬁrst
time after 7, the process Z;, 1, down crosses y. Formally, let 7 =0 and deﬁne for every j > 1
two stopping times

. 1nf{n>r Z,l+n>p1} 1f{n>7: Z,,+n>pl}7é®;
I RS otherwise,

o inf{n>t]’-‘:Z,,.+,,§y} if{n>t}k_1:Z,,.+n§y}7£®;

J +o0o otherwise.

Note that, since Z,[+t7_1 >y and Z,Hrt; <y, from (ii) we have that Zti+,7 e(u,y).
For any j >0, let {Z,{; n > 1} be an RRU model defined as follows:

/ d o ~ _
ey (Yl 0 Y2J,0) = (Yl,t,-+r;.‘a Yl,t,--l—r;.‘ %) a.s., which implies that Zé = ”‘2“1,

(2) the drawing process is modeled by X,{H = ]l{U;{+1<Zr{}’ where U = Uz,+r tntl &S,
and U, is such that X;, = 1(y, <z,_};

(3) the reinforcements are defined as D2 il _. D, PR ETES + (mp — mo), D] 1l =

Dl,,l“j 4nt1 a.s.; this means E[D ] = E[D2 ,] forany n > 1;

(4) the urn process evolves as an RRU rnodel, that is, for any n > 0

oJ v
Y1n+l_Y +Xn+l ln+l’
o _ v J J
Y2 n+1 _Y +(1 Xn+l)D2n+1’
oJ
Y, n+1 = Yl ,n+1 + Y, 2n+1’
oJ
Zj Yl,n+1
n+l1 — ?/
n+1

We will compare the process {Z,{; n > 1} with the ARRU process {Z;,,; n > 1}. Note that at
time n, we have defined only the processes ZJ such that r}“ <n.
We will prove, by induction, that on the set {rpi <n¢}, forany j € Nand forany n < t;‘ - r}“

5] v J
Zy < Zt,-+r;.k+na Y2 n= Y2 ti +r +n> Yl,n < Yl,t,-+r]’?‘+n~ (5.8)

In other words, we will show, provided that ¢; > Tl that for each j > 1 the process Z) is always
dominated by the original process Z,‘.+1—7+n, as long as Zti+r7+,, is dominated by p] (i.e., for

n<t*

S t;f). By construction, we have that

d+u

J 2.
0 <u< Zt,-+r;fv Yl,()— Yl,t,-+r;f
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which immediately 1mphes Y 5.0 > Yo i To this end, we assume (5 8) by induction hypothesis.
Flrst we will show that Y2 w1 > Yo il Since from (5.8) Z; < Z, i forn < t*
*, by construction we obtain that

J o _
X”+1 {U,{<Z,§} = l{Ut,-+rj’f+n+l<Zz,-+r]’f+n} - Xti+1';-‘+n+l~

As a consequence, since W, < 1 for any n > 1, we have that

(Yz,ti-i-r;.“-i-n-i-l - Y2,t,-+r;.*+n) =(- Xt,-+r’.‘+n+1)D2,t,-+r;+n+1W2,t,~+r]’f+n

— (1 Xi+1)D£ n+1
(Y2]n+1 YZJ,H)’

which using hypothesis (5.8), implies Yzj;nﬂ > Yz‘,i+,7+n+1. Similarly, we now show that

Y/, =1, i+ef+nt1- We have

Ln+1 —
(Yl,ti+rj+n+1 - Yl,t,'+1';f+n) = le-+rj’f+n+1D1,z,-+r;‘+n+1Wl,z,-+r]’f+n-

From (i) we have that, as long as Z remains below p}, Z is also above the process f1,,. Since
we consider the behavior of Ztiﬂjmr,, when it is below p{, that is, n < tj’.‘ 1 t;.‘, we have that
Wl,t,‘+f;~k+n =1. Thus,

vip —(y/ v J
(Yl,tf+r,’-‘+n+1 - Yl,ri+r_;*+n) 2 X D1 = (Yl,n+1 - Yl,n)’

which using hypothesis (5.8) implies Y ljn =Y LTt Thus, we have shown that, on the
* x ) ) J

set {Tpi <ne}, forany n < iy =755 Z, < Z,,,+,7+n+1, Yi1 = Yl,,[+t;+n+1 and Y5, >

Y2,l,‘+f?+n+l hOld.

Now, for any j > 1, let 7; be the stopping time for Z,’l to exit from (d, u), that is,

inf(R;}  if Ry #2;

T, = .
+00 otherwise,

where Rz :={n>1: Z,’z <d or Z,’, > u}. Note that, on the set {Tpi <ne},

tw <oot =itz <df (U fmilz) 5} <a))

j:r/’.‘fn

C U{Tj < oo}

j=0
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Hence, by denoting P;(-) = P(:|t; < c0) and E;[-] = E[-|t; < co], we have that

Pi({ti <00} N{ry <nc}) < P; ({U{T <oo}}ﬂ{tf<n€})

j=0

L

< Pi({Tj<OO}ﬂ{Tp; <ne}),

0

J

and, by setting h = %, each term of the series is less or equal than

Pi({sup|2,{ - Z(f)| zh} N {‘L'p; Sne}) < P,~(sup|2‘,{ — Z(ﬂ > h)
n>1

n>1

Note that {Z,]l'; n > 1} is the proportion of red balls in an RRU model with same reinforcement
means. Then, by using Lemma 3.4 we obtain

n>1

n>1
<E b 4+2
hr h

Moreover, by using Lemma 3.3, the right-hand side can be expressed as

1-— 2
a7 ) =n) (o 7)
Yo [\v(—pp /) \h* " h
Since by result (c) of Lemma 3.1 Y;, converges a.s. to infinity, and since 7; — oo a.s. because

T; > 1, we have that E ,~[Y,i_1] tends to zero as i increases. As a consequence, we can choose an
integer i large enough such that

b 4 2 1—pj 1
E;| — St N <5
Y, [\h h)\1—=p1/y 2
which by setting ¢ = 1/2 + € implies (5.5), i.e.
P(tiq1 <oolti <o0) <¢p < 1.

This concludes the proof. O

Proof of Lemma 2.6. We divide the proof in two parts:

(1) my#mrand 0 < pp < p1 < 1;
(1) m; =mo and 0 < po < p; <1, on the set {Z, # {0, 1}}.
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For part (i), assume m| > my, since the proof in the case m < m, follows the same argu-
ments. In this case min{m1, m>} = m, and, by using Theorem 2.4, we have Z, % p1; thus, since

P2.n 2% p2 and p; > p, denoting by t € N the last time Z,, crosses p2 5, that is, T := sup{k >
1, Zi < p2.k}, we have that P(t < oo) = 1. Then, since {t <n} C {War =1, Vk > n}, we use
the following decomposition, on the set {t < n},

Y2,n

n

1 n

==Y (1= X))DyiWai—1 =Won+ Wi,
n i=1

where

T

1
Won =~ ;a — X:)D2;(Waig — 1),
1=

1 n
Wi == (1= X)Da.

i=T
Since P(t < o00) =1, we have Wy ,, a3 0, while since
E[(1 - X)D2ilFic1]= (1= Zi—))ma =3 (1 — Zoo)ma,

we have that W , = (1 — Zso)my. Finally, since ¥,, = (1 — Z,;)~ Y2 1, We have 2 Y Y my =
min{my, my}.

For part (ii), since m| = my = m, by using Theorem 2.4 we have Z, 2% Zoo € [p2, p1]; then,
on the set {Z € (0, 1)}, we can follow the arguments of part (i), so obtaining

Y Y
2L (1= Zogym,

a
— Zooim.
n

Thus,%:ﬁ—’"%—%a—'im. O

The proof of Lemma 2.7 is based on comparison arguments between the ARRU and RRU
model. Specifically, for any ng > 1, we consider an RRU process {Zk (no); k = 0} coupled with
the ARRU process {Z,,+k; k > 0} as follows: the initial composition is (Y1 o(no), Y2 0(ng)) =
(Y1,nq> Y2,n) and for any k > 1

Y1.4(no) = Y1.4-1(n0) + X1.£(n0) D1 1,

. . ! (5.9)
Y2.k(no) = Yak—1(no) + (1 — Xi(n0)) Dok,

where X r(ng) =1 Ve <Zh1 (10))" The relation between Zk (no) and Z,,+ required in the proof of
Lemma 2.7 is expressed in the following result.
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Lemma 5.1. For any ng,ny > 1, we have that

ni ni
(m{laZ,no+k < Zngtk < ﬁl,n0+k}> C (ﬂ {Zngk = Zk(no)}) (5.10)

k=1 k=1

Proof. First, consider the dynamics of the RRU process {Zk (no); k = 0} expressed in (5.9) and
the dynamics of the ARRU process {Z,,,1+«; k > 0} expressed as follows:

Y1 no+k = Y1 ngrk—1 + X104k D1,ng+k Wi, ng+k—1, 6.1
Y2 no+k = Y2 ng+k—1 + (1 = X1, ng+4) D2, ng+k W2, ng+k—1,
where Xy 1k = L, <z, )- Hence, (5.10) follows by noticing that for any 1 <k <n;
{02104k < Zng+k < P1ng+k} C AW ngrk—1 = Wangrk—1 =1} O

Proof of Lemma 2.7. The proof is structured as follows: we assume there exist x € (p2, p1) and
p > 0 such that P(Zs, = x) = p and we show that this assumption leads to a contradiction. To
this end, fix € > 0 such that p» < x — € < x + € < p; and denote by 7 € N the last time Z,
exceeds I := (x — €, x + €): formally,

sup{k > 1:Zp ¢ I, } if{fk>1:2Z; ¢ 1.} # O;
T =
—00 otherwise.

Since {Z-, = x} C {t < oo} and by (2.5) ﬁj,n B pj ¢ Ie, j € {1,2}, there exists an integer
ko € N such that,

P({pjn ¢ Ie.Vn = ko} N {1t <ko} N {Zoo =x}) = =. (5.12)

SRS

Now, by using Lemma 5.1, we have that
({Bjin & Ie.¥n = ko) N {T <ko}) C{Zkysn = Zn (ko). ¥n > ko}.
and hence (5.12) is equivalent to

P({pjn & Ie.Vn = ko) N {t <ko} N {Zoolko) =x}) =

NS

Finally, the contradiction follows by noticing that by Aletti, May and Secchi [3], Theorem 2, for
an RRU model, we have P (Zso (ko) = x) =0. O

Remark 5.2. As described in Remark 4.10, the boundedness of u(-) plays a critical role in the
proofs. Additionally, when m| = m; the weak law of large numbers (even for a bounded u(-)) is
unclear. Here, the behavior of the thresholds f; , and p2 , is much more erratic and linking this
behavior with the tail conditions of #(&; 1) and u(&>,1) remains a challenge.
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6. Proofs of limit distribution of the proportion of sampled ball
colors

We start by presenting the limit distribution of the proportion of sampled ball colors for the RRU
model.

Proof of Theorem 2.8. Note that

Ny

n

ﬁ( - Zoo) = Tip + Top,

where

n n
Tiyi=n"'2 (Nln - ZZH), T ="' (Zi1 = Zoo).
i=1

i=1

Now, calling AZ; =Z; — Z; | and (j An) :=min{j, n}, we have that

oo jAn

n o0
T =n""2Y "3 (-AZ)=-n"12Y">"AZ,

i=1 j=i j=li=1
(0.¢]

=—n""2Y (G AMAZj =~ (T + Tup),
j=1

where, since (j An) =n forall j >n + 1, we have

n
T3y := n~ 12 ZjAZja Ty, :an/z(zoo - Zn).
j=1

Now, by using the Doob’s decomposition AZ; = AM; + AA; (see Durrett [13]), where
E[AM;|F;j_1]=0and A; € Fj_;, we have T3, = T5, + Tg,, where

n n
Tsy:=n"'PY"jAM;, T :=n"'?)"jAA;.
j=1 j=1

Then, recalling that
Nln

n

a

the limit distribution is established by proving the following results:

- Zoo) = Tln - T4n - TSn - T6na

) ]
(@) TanlF = N0, Tq) (stably), where g = Zoo(1 — Zoo) (1 + 35);
(b) Ton 2> 0;
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J _

(©) (Tin — Tsn) = N0, E,) (stably), where Te = Zoo(1 — Zoo) 5
d

(d) Tup + (T — Tsy) —> N (0, T, + Z,) (stably).

Part (a) follows from Aletti, May and Secchi [3], Theorem 1, Crimaldi, Letta and Pratelli [10],
Crimaldi [9].
For part (b), by using result (a) of Lemma 3.1, for any j > 0, we have that

AA;=E[AZj|Fi-1=Zj—1(1 - Zj_1)Bj_1,

with Wy j_1 = W, j_1 =1 (since for any j > 1, the process is an RRU model). By using Aletti,
May and Secchi [3], Lemma 2, we have |B;_1| < c; Y]T_zl a.s. for some constant ¢; > 0, and
hence

n n
Ton <n™'2Y jIAAj <cin™' 2y Gy
j=1 j=1

in addition, by using Aletti, May and Secchi [3], Lemma 3, we have E [Yj__zl] <c(j— 1)~2 for
some constant ¢, > 0 and hence '

n
E[Tsn] <cieon™ Y j(j— D7 =0(n""*log(n)).
j=1

Thus, (b) follows.
For part (¢), let Ty, — Ts, = Z;f:l ASj, where
ASjn=n"V2(X; - Z;—1 — jAM)).

Since (T1, — Tsy,) is a martingale with respect to the filtration {F,; n > 1}, we apply the Martin-
gale CLT (MCLT) after establishing the following conditions (see Hall and Heyde [17], Theo-
rem 3.2):

(i) maxj<j<, |ASju| > 0;
(i1) Sup,> | E[maxlsjfn(ASjn)z] < 00;

p
(iii) Yj_) EL(AS;)?|Fj—1] = Ze.
For part (i), since |X; — Z; 1| <1l as.and AM; =(AZ; — AA}), we have that

|AS;ul <n ' 2(1X; = Zjoa |+ 1FAM;]) <n V2(1+ | (AZ; — AA))).

Now, since |[AZ;| < ij__l1 and |[AAj| < ¢ Yj__z1 a.s. by Aletti, May and Secchi [3], Lemma 2,
we have

Sl <n™ P(14bjY ! +e1jY?)  as.

Since by Lemma 2.6 (j¥;') = m ™!, we have sup; (j¥; ') < 00 a.s., and thus |AS;,| = 0.
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For part (ii), using the relation E[S] = fooo P (S > t)dt that holds for any non negative r.v. S,
we obtain

E[max (Asjn) Z/ ((AS;)2 > 1) dt.

1<j<n
By applying arguments analogous to part (i), we obtain
n(AS;)? <2[(X; — Zj_1)* + (jAM;)?]
<2[1+2[(GAZ)* + (jaap]]
<201 +2[p? (Y1) + v ).

Now, by using Markov’s inequality we obtain

. 2
P((ASj)?>1) < P(C<L> > m)
Yj—l

ol (£ (7))

Now, since by Aletti, May and Secchi [3], Lemma 3, sup > E [(Y_Ll)“] < 00, it follows that
> i
there exists a constant C independent of j such that fooo P((AS jn)2 > 1) < Cn~2 and hence

supE[ max (ASj,) ] < suanil <C.

n>1 Ll<j=<n n>1
For part (iii), since AM; = AZ; — AAj;, AA; € Fj_ and hence E[AZ;AA;|F;_1]=
(AA j)2, we have the following decomposition:

1 2
E[(ASi)*|Fjm1] = ~E[Q]1Fj 1]+ ~(jAA;),

where Q1= (Xj — Zj_1 — jAZj). Since |AA| < cle_fl a.s. and by Lemma 2.6 (ij_l) =
m~!, we have that (jAA;)> 23 0. Thus, 23"_ (jAA;)? %3 0 and hence (i) is obtained by
establishing that

ZE (ASj)?|Fji1] ZE 0} F;] 5
Jj=1 J 1

To this end, we will show that E[Q§|]-"j_1] i 3. First, note that, since X; € {0, 1}, we can
express AZ; as follows

D; ;
AZ;j=X;j\(A-Z;_ 1) +A-X))\~Zj-15— ).
/l Y/l
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As a consequence, we consider Q? =X; Q? A= X./')Q?,o’ where, denoting by M;_; :=
Yi_1/j,

Qj1i=(1-2; 1)(1— el )
JoL J— M]—]

<1_Zf‘)(M Dy
=\—F i—1— Di,j),
M j j

D, j
io:=2Z;i—1| -1 :
Q],O j 1< +M )

Jj—1

= (Z“)(—M- 1+ D2))
M]_l J— ]/

Then, since Dy j, D> ; and X ; are independent conditionally on ;1 and using
E[(M;_1 — D1 )*|1Fj—1] = (Mj_1 —m)* + o},
E[(=Mj_1 + D2 )*|Fj—1] = Mj—1 —m)* + 03,
we have that

E[Q}1Fj-1] = Z; 1E[ Q3 ||Fj1]+ (1 = Z;_)E[ Q] ol Fj-1]

z (1 _Zj_1>2[(M ) +0?]
— i1 ——— i—1—m o
j M j i

Zj|
M;_

2
+(1—z.,~_1)< > [(Mj_1 —m)* + 3]

Finally, since by Lemma 2.6 M;_; 2% m and by Theorem 2.4 Z;_; 23 Zoo, it follows that
- )
s a.s.
E E[(ASjn)zurj—l] = e =Zxo(l - Zoo)(ﬁ)

j=1

For part (d), the result follows by combining part (a), (c), Crimaldi, Letta and Pratelli [10], and
Crimaldi [9] and by noticing that (T}, — T5) € F;,. O

We now turn to consider the ARRU model. The limit distribution for an ARRU model can be
obtained using Theorem 2.8 on the set of trajectories that do not cross the thresholds gy, and
02.n 1.0., and hence {Z, € (p2, p1)}- Since this set is not F,,-measurable, we consider a sequence
of sets {A,; n > 1} such that {Z, € A, ev.} ={Z € (p2, p1)} a.s. Specifically, we consider the
sequence of sets {A,; n > 1} defined in (2.8) as follows:

Api=(p2+CY, %, p1 —CY, %), 6.1)
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where 0 < C < oo is a positive constant and 0 < o < % Consider the partition 2 =.4; U A4, U
Ajz, where
Ay :={Z; € Ar,ev.},
Ay :={Zk € A, i.0} N {Z ¢ Ap. i), ©6.2)
Az :={Zy ¢ Ag, ev.}.

The following lemma establishes the relation between A;, j € {1, 2,3}, and Z.

Lemma 6.1. Assume m| =mo =m and (2.5) with p1 > p>. Then,

(@) A1 ={Zw € (p2, p1)} a.s;
(b) P(A2)=0;
(©) A3 ={Zx € {p2. p1}} as.

The proof of Lemma 6.1 is based on comparison arguments between the ARRU and an RRU
model presented in Lemma 5.1. This relation is possible when only one random threshold mod-
ifies the dynamics of the ARRU. For this reason, we fix € € (0, (o1 — p2)/2) and we introduce
the following times

T := sup{n >1:Z, > min{p1,; p1 — e}},
Ty :=sup{n > 1: Z, < max{p; p2 +€}}.
Let 71 :={T| < oo} and T; := {T> < oo}. Since p1,, p2n and Z, converge a.s., P(T{ UTp) = 1.

Then, by comparing the ARRU process with the RRU process defined in (5.9) we have the
following result:

Lemma 6.2. On the set Ty, for any ng, k > 1 we have
{no > Ti} C{Zk(no) < Zngrk < p1 — €} (6.3)
Analogously, on the set T, for any ng, k > 1 we have

{no > Ta} C {p2 + € < Zngsk < Zi(no) }. (6.4)

Proof. Consider the dynamics of the RRU process {Zk(no); k > 0} expressed in (5.9) and
the dynamics of the ARRU process {Z,,4«; k > 0} expressed in (5.11). Then, since {ng >
Ti} C{W1 ng+k—1 = 1} and W2 »o4k—1 < 1 we obtain (6.3). Analogously, since {ng > 7>} C
{W2,no+k—1 = 1} and Wy ,044—1 < 1 we have (6.4). O
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Proof of Lemma 6.1. First, let A :=[p2, p1], fo = 0 and define for every j > 1

- inf{k > 1;_1:Zy € Ay} if{k>tj1:Zr € A} #9;
77 +0 otherwise,

f inf{k >7T): Zk_fj(tj) ¢ A} if {k >Tj: Zk_rj (tj) ¢ A} +
! 400 otherwise.

Denoting by T the last finite time in {z;, t;, j > 1}, we have the following partition Q = S, U
Soo U Sz, where

So={Toeftj,j = 1} = () {Z ¢ Ach,

k>Ty

Seo 1= {Tp = o0},

Sei={Toelrj.j =1} = [ {Z—1(T0) € (2. p1)}-
k>Ty

Thus, we establish the following result:

@) P(Se0) =0,
(ii) S; C Ay, and
(ii1) Sz C{Zco € (02, P}

For part (i), this result is obtained by establishing that there exists igp > 1 such that, for any
i > o,

1
P(t < oo|ti <00) < 7

To see this, we recall that by Lemma 3.4 we have, for any & € (0, 1),

P(s \Z Z|>h><b<4+2><6bh2
u - —| =+ )=<—h".
kzFI) k or= “Yo\h?Z h) " Y

Thus, by using Lemma 3.4 with h = C(l?o(rj))_“ we obtain

T < oo>

< P(sup | Zk(t)) — Zo(t))| > C(I?o(rj))_a]ri < oo)
k>1

B (52 ) el ™)

Yo(z))

P(t; < 00|t < 00) = P<U Zi(w) ¢ [p2, p1]
k>1

IA

ri<ooi|

6b - o—
= EE[(YO(T,J)2 ' < o0],
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and hence the result follows by recalling that 0 < o < % and by (c) of Lemma 3.1. For part (ii),
by Lemma 6.2, we have that

(S:NTh) C (ﬂ {Zk—7,(To) < Zk < pi —6}>,

k>To

($:NT2) C (ﬂ {p+e<z; < Zk—TU(TO)})-

k>Tp

Thus, the result follows by P(7; UTz) = 1 and Zy_1,(To) =3 Zoo(To) € (02, p1). For part (iii),
from part (ii) we have that

Sz C {min{p2 + €, Zoo(To) } < Zoo < max{p1 — €, Zoo(To) } };
thus, the result follows by noticing that

(min{p2 + €, Zoo(To) }, max{p1 — €, Zoo(T0)}) C (02, p1).

Now, to complete the proof of Lemma 6.1, we notice that from (i), (ii) and {43 = S;}, it follows
that P(A) =0 and {S; = A;}. Then, combining (iii) and A3 C {Zoo € {02, p1}}, we obtain the
result. O

We now present the proof of the limit distribution of the proportion of sampled ball colors for
an ARRU model.

Proof of Theorem 2.10. First, take the sets A, Ay and Aj3 defined in (6.2). Note that, since
Ay =lim, {Z, € A} and A =1im,{Z, € A,}, by Lemma 6.1 we have

lim, {Z, € A,} Zmn{Zn € Ap}l= {Zoo € (p2, ;01)}-

Then, the proof is based on applying Theorem 2.8 to the ARRU model. To this end, consider
the decomposition {Z, € A,} = A1, U Az, U A3y, where Aj, ={Z, € A,} N A; for any j €
{1,2,3}. Since by using Lemma 6.1 P(A,) =0, we have P(A,) = 0 for any n > 1. Moreover,
by definition we have that P(A3,) — 0 and P(Ay,) — P(A;). Thus, calling N, := «/ﬁ(% —
Zo), we have

lim P(N, <x,{Z, € A;}) = lim PN, <x,A)),
n—od n— o0
and since by Lemma 6.1 Ay = {Z« € (02, p1)}, this is equivalent to

lim PN, <x,{Ze € (02, p1)}).

n—oo

Now, consider the RRU model {Zk(no), k > 1} described in (5.9) coupled with the ARRU
model {Z;, 1, k > 1}. By using Lemma 5.1, for any ng > 1, we have

( ﬂ (P2 < Zi < ﬁl,k}> - <ﬂ{zno+k = Zk(no)})~

k=ng k=1
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Hence, on this set the ARRU process Z,,+k is equivalent to the RRU process Zk(no); thus, we
can obtain the limit distribution for the ARRU by applying the limit distribution for the RRU
expressed in Theorem 2.8 on the set where the trajectories of the two processes are equivalent.
To this end, define

T* :=sup{k = 1:{Zk < pox} U{Zk > pru}}.

and note that, for any ng > 1,

{T* <no} C (ﬁ{z,m+k = Zk(no)}>.

k=1

Let S be a r.v. with characteristic function E [exp(%Etz)]. Thus, by applying Theorem 2.8 we
have that, for any ng > 1 and any set 7 € F,

lim P(Nn <x,TN {T* Sno}) = P(Sfx,Tﬂ {T* §n0}).

n—oo

Now, since {Z € (02, p1)} C{T* < o0}, we have

lim P({T* <no}N{Ze € (p2. p1)}) = P(Zoo € (p2. p1)),

np— 00

which implies that

lim P(Ny < x,{Zo € (02, p1)}) = P(S = x, {Zoo € (p2, 1) }).

n— oo

This concludes the proof. ]
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