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The problem of parameter estimation is considered for the two-state telegraph process, observed in the white
Gaussian observation noise. An online one-step Maximum Likelihood Estimator process is constructed,
using a preliminary Method of Moments Estimator. The obtained estimation procedure is shown to be
asymptotically normal and asymptotically efficient in the large sample regime.
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1. Introduction

In this work, we address the problem of estimating the unknown transition rates A and p of
a continuous time stationary Markov chain Y (#),0 <t < T with two states, y; and y,, and
infinitesemal transition matrix

A A

o)

Trajectory of the chain is observed in a white noise and the unknown two-dimensional parameter
¥ = (A, w) is to be estimated from the observations X T —(x (t),0 <t <T), generated by the
equation

dX(@)=Y(@)dt +dW (1), subject to Xo, (1.1)

where the initial condition X (0) = X is independent of the standard Wiener process W (t), 0 <
t < T.We will assume that 9 € ® = (cg, ¢1) X (¢, c1) for some known constants 0 < ¢ < c¢j.

Our goal is to construct an online estimator process 7 = (19; r-0 <t <T) which, on one
hand, is easy to compute, and on the other hand, is asymptotically optimal in an appropriate
sense, as T — oo. The construction is carried out in two steps. First, we introduce a learning
interval [0, T%] with § (%, 1) and propose a T3 -consistent preliminary estimator using the
Method of Moments. Then we improve it up to asymptotic efficiency with the help of a slightly
modified one-step MLE procedure.

Observation models, such as the one studied in this paper, are called Hidden Markov Mod-
els (HMM) or partially observed systems. HMMs have been extensively studied in the discrete
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time setup; see, for example, Elliott er al. [5]; Bickel et al. [1]; Cappé et al. [2] and the refer-
ences therein. In particular, asymptotic normality of various estimators in the different settings
have been established. Asymptotic theory for continuous time models seems to be less explored.
Nonlinear filtering and parameter estimation problems for the partially observed continuous
time Markov chains are considered, for example, in Elliott et al. [5]. Identification problems
of partially observed linear processes were studied in, for example, Kutoyants [11]; Dembo and
Zeitouni [4]; Zeitouni and Dembo [21]; Kutoyants [12]. The problem of asymptotically efficient
estimation for continuous time telegraph process observed on a discrete grid was studied in lacus
and Yoshida [7].

The problem, closest in spirit to ours, is addressed in Chigansky [3], where parameter es-
timation is considered in the case of hidden finite-state Markov process with continuous time
observations. It proves consistency, asymptotic normality and asymptotic efficiency of the MLE
under appropriate conditions, which may not be easy to check in general. The case of two-state
hidden telegraph process under consideration appears in Chigansky [3] as an example with one-
dimensional parameter (¥ = A = u).

The one-step MLE-process proposed here is based on the so-called Fisher scoring method. Let
us briefly recall its main elements in the case of i.i.d. observations X" = (X1, ..., X,), sampled
from the density f (1%, x). Suppose that we have a /n-consistent estimator ©%,,, that is, /n (¥, —
) is bounded in probability. Then the estimator 9

(O, X))

- f
0 =0y +1(0,) 'n~!
+1(0,)~ Z NS
is asymptotically efficient. Here dot stands for the derivative w.r.t. 9 and [(¢) is the Fisher infor-
mation. This estimator was proposed by Fisher [6] and studied by Le Cam [16]. It is also known
that the preliminary estimator can have convergence rate slower than /7, see Robinson [18] and
references therein. Newton—Raphson multi-step estimators were introduced by Kamatani and
Uchida [9] in parameter estimation problems for diffusion processes with discrete time observa-
tions. Note that the Newton—Raphson procedure is very close to one-step estimation device. In
particular, it was shown by Kamatani and Uchida [9] that multi-step Newton—Raphson procedure
allows to improve convergence rate of the preliminary estimator up to asymptotic efficiency. The
preliminary estimator there is constructed using all available observations.
Let us now illustrate the basic idea behind our MLE-process in this classical discrete time
setup. Suppose that 9y is a preliminary estimator constructed by the first N = [n®] observations
=(X1,...,Xy) with § € (%, 1). Then the one-step MLE-process 19,:’", N <k <nis given
by the following expression

k . -
- = g f@n, Xj)
O =9y +L@y) k! 1 <k <n,
b j:;ﬂ f@N.X))

where [ () is the empirical Fisher information matrix

k . .
1 f@ X)X )"
L@ =— Y f(;,xj)z /7

j=N+1
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Here a* denotes transpose of a vector (or a matrix) a. For any t € (0, 1) and k = [n7] we have
VE@E, —v) = N(0,I®)™)

as n — oo. Therefore this estimator-process is asymptotically efficient for all t € (0, 1]. Note
that its calculation is much simpler than the calculation of the exact MLE.

The MLE-process for the partially observed system (1.1) with observations X I'—=(X,,0<
t < T), proposed in this paper, uses the preliminary estimator f}Tg based on the observations

X T _ (X, 0<t < T‘S) over the initial learning interval [0, T‘S] with § € (%, 1) and is carried
out following the similar construction in Kutoyants [15] (see also Kutoyants [14]).

2. Problem statement and auxiliary results

Let us start with description of the MLE for the model under consideration. By the innovation
theorem (see Liptser and Shiryaev [17], Theorem 7.12), the stochastic process (1.1) admits the
representation

dX; =m(t,9)dr +dW,, subjectto Xg, 0<t<T,

where m(¢, ) is the conditional expectation
m(t,9) =Eg[Y ()| F}] = y1Py (Y (1) = 111 FY) + y2Ps (Y (1) = 2| F).

Here ]-"tX is the o-algebra of events generated by the observations up to time ¢, that is, ]-",X =
o(X;,0<s<t)and W;,0 <t <T is the innovation Wiener process. Let us denote

nt, ) =Py (YO) =nIFY),  Pp(YO)=nlF)=1-n@ ).
Then
m(t,9) =y + (1 — y)(t, ).

The random process (¢, 9),0 <t < T satisfies the following equation (see Wonham [20] or
Liptser and Shiryaev [17], Theorem 9.1 and equation (9.23) therein)

dr(r,0) =[pu— A+ w7 (r,9)
+(t, ) (1 —7(t,9))(v2 — yD) (y2 + (1 — y2)7 (1, 9))] dr (2.1)
+ 7 (t, 19)(1 —m(t, z?))(yl —y)dX;.
Denote by {P('), ¥ € O} the family of measures, induced by the random process X’ = (X, 0 <

s <t) from (1.1) on the space of realizations C[0, ¢] (continuous functions on [0, ¢]) for different
values of the parameter. These measures are equivalent and the likelihood ratio function

@

P!
0

dp!

L(9,X") = (X"), 9€0©,0<t<T
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can be written as follows
t 1 t
L(v,X") =exp{/ m(s, 9)dX; — E/ m(s,t?)zds}.
0 0

Here Pg) is the measure corresponding to X’ with Y (s) = 0.
The MLE-process D,0<r<Tis any root of the equation

L(d:, X") =su;G))L(l‘}, X'), 0<t<T. 2.2)
S

Asymptotic behavior of the MLE B was studied by Chigansky [3]. It was shown that in the
one-dimensional case (d = 1, A = u = 9) the MLE 97 is consistent, asymptotically normal

VThr —9) = N(0,1)7)

and asymptotically efficient. Here I(¢#) is the Fisher information.

In our model the observations are given by (1.1) and the unknown parameter ¢ = (A, u) has
to be estimated from the sample path X T = (X:,0 <t <T). We will construct an MLE-process
z?,fT, 0 <t < T, such that for any fixed 7 € (0, 1] and = T we have

Virr—9) = NOI®)), T - oo

Here I(¥) is the corresponding Fisher information matrix. Recall that an estimator is asymptoti-
cally efficient if it is asymptotically normal with the limit covariance matrix I(:%)~!. The family
of measures in the statistical problem under consideration is locally asymptotically normal and
therefore it can be shown that the latter implies asymptotic efficiency in the usual minimax sense
(see Ibragimov and Has'minskif [8]).

Note that the construction of the MLE-process z%, 0 <t < T according to (2.2) and (2.1) is
a computationally hard problem, because it requires solving the family of equations (2.1) for
all ¥ € ® and equations (2.2) for all ¢ € (0, T]. Computational complexity can be reduced as
follows. First, we construct an estimator 9 = (XT, 1) by means of the Method of Moments
(see (3.8) below) and show that it is /T-consistent, that is,

Ey |[VT (97 —19)‘2 <C,

where the constant C > 0 does not depend on 7'. Then applying this estimator 945 to the obser-
vations on the learning interval [0, T‘S] with % < § < 1, we introduce the one-step MLE-process

O =0ps +1 L 0p) T A (O, XT), TP<t<T. (2.3)

Here the empirical Fisher information matrix satisfies

1
I;(v) = ;/TE m(W, s)m(d, s)*ds — 1(),
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ast — 00, T® = o(t) and

t
A(9,X") = % /ﬂ m(®, s)[dXs —m(, s)ds]

is the vector score-function process.

Computation of this MLE-process uses the solutions m (3, ¢) and m (9, t) of the equation (2.1)
and of the corresponding equation for #(?%, ¢) only for one value of the parameter, namely for
# = ¥s. Solving the maximum likelihood equation (2.2) is avoided and the estimator O/ can
be easily calculated using (2.3). This is the main computational advantage of the proposed esti-
mation procedure. On the other hand, as it was mentioned above, the estimator 191*, 7 is asymptot-
ically efficient and, in particular, ﬁ;,T = 17 satisfies

VT3 -9) = N(0,1®)7"),

being therefore asymptotically equivalent to the exact MLE.

Hereafter, we will use the following notations: the derivative w.r.t. parameter ¢ is denoted by
a dot, (9, t) stands for the column vector of the derivatives 71y (9, t), 1, (0, t).

Let us recall some relevant well known properties of the (stationary) telegraph process
Y(),t >0.

1. The stationary distribution of the process Y (¢) is given by

A
Bo{ro=wl=51—  B{rO=w}=; (2.4)

2. Let us denote P;;(t) =Py{Y(t) = y;|Y(0) = y;}, then solving the Kolmogorov equation

we obtain
A A A
Pr() =t e Py = e G,
Atp A+ p Atp A+ 2.5)
_ M [y __* K G ‘
Py(t)= — — —— . Po()=—— 4 —— .
21(7) P A—i—ue 22(1) )»+M+?»+Me
It follows from (2.4) and (2.5) that
yis 4 )2
K(s)=Es[Y(O)Y(t+9)]= (7)
At
N (2.6)
2 M —0dws _ (72 —()s
+ — — e =(Y)"+ De ,
(2 —y1) Gty )
where
v )’IM+)’2)\ 2 )\,/,L
Y=EpY(t) = ——, D= — —— 2.7
oY (1) o (2 =y Ot )2 2.7)
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3. Let F¥ C F be the family of o-algebras of events
{Y(s)=yi,0<s<r,i=12}.

It follows from (2.5) that for some constant K >0 and A < T and forall s > A, > 0 the
inequality

[Eg{Y(s + T)Y(t + T)|FL} —Es[Y ()Y (1)]| < Ke” *THT = (2.8)

holds.

3. Method of moments estimator

Let us first consider the problem of constructing a «/ T -consistent estimator of the unknown
parameter ¥ by the Method of Moments. Recall that we observe the stochastic process

dX, =Y(@®)dt +dW,,  Xo, 0<t<T, 3.1)

in continuous time, where W;,0 <t < T is a standard Wiener process, X is an independent of
it random initial condition, and Y (¢), ¢t > O is the stationary Markov process with two states yj
and y, and infinitesimal transition matrix

(2
woo—un)
The processes Y (), ¢t > 0 and W;, ¢t > 0 are independent.
For simplicity, we assume that 7 is an integer and impose the condition

A € [co, c1], u € [co, c1], (3.2)

where cp and ¢ are some positive constants. To introduce our preliminary estimator, we need
the following objects:

e The function

1 1
Px)=———=(1—e77"). 33
()=~ ——(1-¢7) (3.3)
e The statistics
1 Il
ir=— _X;[Xm - X -1 (3.4)
1=

e The random variable o7 is defined as a solution of the equation

X7 \?
ir = <7> + 2n7 @(ar), (3.5)
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X X
nr = <7T - yl) (yz - TT) (3.6)

e The event Ay =“the equation (3.5) has a solution ar € [2cq, 2¢1]”.
e The random variable

where

Br =arlia;y + (co+c)liagy- 3.7

Define the estimator 37 = (A7, 1) where

X(T) X(T)

- T — ) _ Y2 — ——

Ar=—1—8r;  pr=—"1-pr. (3.8)
y2 — 1 Y2 =1

Properties of these estimators are given in the following theorem.
Theorem 1. Assume the condition (3.2) holds; then the estimators in (3.8) satisfy
Es[VTGr -0 <C,  Ey[VT(ir—w] <C (3.9)
with a constant C > 0, independent of T .

The proof is split below into several steps. )
The next lemma gives V/T-consistent estimator for ¥ (see (2.7)).

Lemma 1. Under the assumption (3.2), the estimator X7 /T is uniformly consistent for Y and
moreover :

Xr -\*> C
Eﬂ<—T—Y) <=, T>0 (3.10)
T T

with a constant C > 0 independent of v and T .

Proof. Using (2.6), we obtain the following relations

2

Xr  -\? 1 (7 _ W
E;(%—Y) =E§?/O [Y(t)—Y]dt—i—TT
T —_

/[Y(t)—Y]dt

0

11 2

——+_—E
T T

<11+ ZA/L( )2<11+c%( )2
=7 FEERERCIRI P 2=y ). 0
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Corollary. Existence of consistent estimators for ﬁ and
Indeed, from the equality

ﬁ follows from (2.4) and Lemma 1.

A
Y2+

= e
At At

M1

and Lemma 1 we obtain

2 — Y1 At
Y yl , (3.11)
—Tx
E{ﬁ(” r__HK )} <C
2=y At

The statistic

Xr 1 [T Wr
—_— = Y(t)dt + —
L roa+ s

is a sum of a bounded random variable and an independent normal random variable N (0, T™").
Hence, nr defined in (3.6) satisfies

Es[VTr — D)) <C, (3.12)
where the constant C > 0 does not depend on T and ©. The constant D is defined in (2.7).
Note that from the condition (3.2) we have

Al c%

M S0
A+ 3?4t

and we easily obtain the bound (3.12) for the estimator

2 €
ﬁT=maX{77T,(y2—y1) 2}~ (3.13)
8¢y

Lemma 2. The following equality holds
Eytr = Y2 4+2D®(h+ ) (3.14)
and under condition (3.2) we also have

Ey[VT (¢t —Eotp)]* < C. (3.15)
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Proof. By (2.6) and stationarity of the process Y (¢), we obtain

1 pl
EﬁCT=Ez9[X1—Xo]2—1=E19/ / Y(s)Y(t)dsdr +1—1
0o Jo

i} (3.16)
=Y24+2DO(A + p).
Denote
i+1
J/i:/ Y(1)ds; AW(@E) = Wiy — W,
1
Further, the equality
= 5 T-1 =
- 2 _ 2 = ' i _ A
tr —Eplr = — Z(y,- Eyy?) + Z%AW(I)Jr - Z(AW@) 1)
i=0 i=0 i=0
implies
3 Y 2 12 T-1 2
2 2 2 ' .
Ey(cr —Eyer)’ < By (;(Vi —Eyy, )) + 5B (Z(; mAW(z))
- - (3.17)
3 T—1 2
+ 7B (Z(AW(i)z - 1)) :=3J1 + 122+ 3/s.
i=0
By stationarity of Y (¢)
| T—-1 2 | TolT-l
2 2 2 2\(.,2 2
Ji= ﬁEﬂ (Z(V,- —Eyy; )) =72 Z ZEz&()ﬁ —E»y)(v; —Esy;)
i=0 i=0 j=0

1 =l 1 1 oplopl
= — Ey1Y(s)Y 3.18
T2MZ_O{/<>/0/(>/O AYOY0) (3.18)

B [¥ (1 = jl+0)Y (i — j1+0)IF) ]} ds de sy diy — (EWOZV}.

The bound (2.8) gives
[Es[Y(li = jl+s1)Y (i = jl+0)IF ] = Eg Y (s)Y (11)] < Ke” W+l
and, using (3.18) and (3.2), we obtain
T—1
K o K
i — (4wl j—il
J1 < 7 E e W= < .

T
i,j=0
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The obvious bounds

T—1 2
1 . Ez?)’ K
Jzzﬁm(Zy,-AW(z)) = 2ZE79 vi=—rt <o

i=0
| T-1 i 2 = . , K
J=—3Ey <Z[AW(1) - 1]) == ZEﬁ[AW(z)2 —1]" < -
i=0 i=0
and (3.17) imply the second assertion of the lemma. 0

Lemma 3. The function ®(x) (see (3.3)) has the following properties

1
Iim ®&(x)=—, 3.19)
x—0+ 2
lim ®(x) =0, (3.20)
X—>00
®'(x) <0, forx > 0. (3.21)

Proof. Expanding (3.3) into power series, we get

X X2 x3

1
®(X)___§+E_§+

o (L2 3x2 4x?
O="G"w) 5w

which give the limits (3.19) and (3.20) and the bound (3.21) for x < 2. For x > 2 it follows from
the explicit expression for this derivative

wore (2 ) (2 L)
x2\x x3  x2

Let us consider the equation (3.5) for ar, where ¢r and nr are defined in (3.4) and (3.6)
respectively. By Lemma 3 this equation has at most one solution. Recall that on the event Ar,
the equation (3.5) does have a solution and consider the statistic 87 defined in (3.7) (here cp, c1
are the constants from the condition (3.2)). ([

Lemma 4. Under the condition (3.2), the estimate By is ~/T-consistent for A + i
2
Es[VT(Br — .+ )] <C, (3.22)
with a constant C > 0, independent of 9 and T .

Proof. It follows from Lemmas 1 and 2 that

or=Y24+2DO(A+ p) + &1(T). (3.23)
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Here and below ¢;(T),i =1, 2... satisfy
Ey (VTei(T))’ < C.
By Lemma 1, estimates (3.12), (3.13) and boundedness of ®(x) we also obtain
¢r =Y+ 207 @0+ p) + ea(T). (3.24)
It follows from (3.5) and (3.24) that on the event Ar
207 ®(ar) =207 PO + p) + &3(T).

Since 17 is bounded away from zero by a positive constant (see Corollary to Lemma 1), the latter
equality and Lemma 3 imply that on A7z

D (ar) — DA+ p) =&4(T).
Therefore by Lemma 3, we obtain
Ey {14, VT (Br — .+ w)}’ < C. (3.25)

If w € A7 then the equation

72 (XN, .
+2DO0+ ) +e3(T) = —— ) +2ir®(x) (3.26)

has no solution x € [2c¢q, 2¢1].
It follows from (3.26), Lemma 1 and the corollary that the equation

O(x) =D+ ) + 4(T)
has no solution for x € [2¢g, 2¢;]. This means that
[V 42D+ ) + 3 — (V +£0)°]2D + 265) " ¢ [ (2c0), P2e1)],

where we used the notations g = T~ X7 — Y and &5 = nr — D.
Hence, we can write

AG c{leo(D)] > ar} U {|es(T)| > az} U {les(T)| > a3}
for some positive constants o1, oy and «3, which do not depend on 7. This inclusion implies
C
P(A7) <P{leo(T)| > a1} +P{|e3(T)| > a2} + P{|es(T)| > a3} < =

and the claim of Lemma 4 holds by (3.25). O
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Proof of Theorem 1. Let us now apply obtained results to prove /T -consistency of the estima-
tors defined in (3.9). To this end, the obvious equality

rea=pr T g R (g w)
T —AN=PT — pPT T — )
y»2—=n Atp  Atp

the bounds (3.11) and Lemma 4 give

X(T)

Eﬂ(ﬁdT_)‘))252E0[ﬁﬂT<T_yl 2 )T

Y2 =1 At p

2
+ 2(ﬁ) Ey[VT(Br — G+ w)] < C.

The second inequality in (3.9) is shown similarly and thus the estimator 97 = (A7, i) is JT-
consistent. ([l

4. One-step MLE

Our next goal is to construct the asymptotically efficient MLE-process for the parameter ¢ =
(&, n) € ®. We do it in two steps. First, we define the preliminary estimator 1_9T3 = (iTa, Hrs),
obtained by applying the estimator from the previous section to the observations X - (X:,0<
t < T‘s) on the learning interval [0, 7%, with § € (%, 1). By Theorem 1, this estimator satisfies
the condition:

sup T°Ey|9ps — 9> < C,
ek

with a constant C > 0 independent of 7 and ¥ € ©. Let us introduce the additional condition
(recall that ® = (cg, c1) X (co, c1)):

M(N). There exists N > 2, such that

2N +9
U + @.1)
(1 —y2) 8
With the preliminary estimator 975 at hand, we propose one-step MLE:
t
0 =Ops + 17, (Ogs) ! / m(Dys,s)[dXs —m(@Dps, s)ds], 4.2)
, -

based on the slightly modified score-function

t 1 ! . §
A,(ﬁ,x)zﬁfo m(®, s)[dXs; —m(®, s)ds], T° <t <T.



2076 R.Z. Khasminskii and Y.A. Kutoyants

Here we defined the vector

97 (s, ¥ an(r, ) a9 \*
m(a,s)z(yl_yz)%z(yl_yz)( ﬂétk ). ﬂ;; ))

and the empirical Fisher information matrix I, (¢)
1 t
I;(¥) = ;/ m(, s)m(, s)* ds — I(), t — 00,
T8

where the limit holds by the Law of Large Numbers; I(#}) is the Fisher information matrix

Am (s, V) am (s, 9)*

I(®) = (y; — y2)°E
(@) =1 —y2)Ey 55 55

The stochastic process o gf,fﬂ) has relevant ergodic properties (see the proof of Lemma 6 below)

and we assume here that % has invariant distribution. Therefore, the expectation above does
not depend on s.

Let us change the variable T = Tl e [0, 1] and introduce the stochastic process ﬁ;(r), s <
T < 1, where 97 (t) = 0%, ; and 75 = T%=1 — 0. Below 9 denotes the true value of the param-

eter.

Theorem 2. Suppose vy € ©, 6§ € (%, 1) and the condition M(2) holds. Then the one-step MLE-
process is consistent: for any v > 0 and any t € (0, 1]

Py, {97 (x) — 0| > v} >0 4.3)

as T — oo. Moreover, it is asymptotically normal

VIT(93(t) — ) =  N(0,I(90)7"). (4.4)
Proof. Let us denote the partial derivatives
. an(1,9) . on(1,9) .. (1, )
t919 =~ > tvﬂ E—— t’ﬁ = Q5 >
(1, 1) o 7 (t, %) o 7T, ) 512
and so on. O

Lemma 5. Suppose 99 € ® and N > 1. If the condition

co N+3
3 >
01 —y) 4

(4.5)

holds, then

sugEﬁ0(|m(t,ﬁ)|N+ 7., »[Y) < Ci, (4.6)
S
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and, if the condition
co 2N +9
5 >
1 —y2) 8

holds, then

. N . N . N
sup Eg (|72,5.(6, )" + [7n,u(t, 9| + [Fu @, 9)]7) < Ca.
e®

Here the constants C1 > 0, C > 0 do not depend on t.

Proof. For simplicity, we write
0 (, %) =7y, Tu(t,9) =1y, w(t, ) =m.
Taking the derivative of
dr = [ — A+ wr =71 —7)(y1 — y2) (y2 + (1 — y2)) | de
+ (1 —m)(y1 —y2)dXy,
we obtain the equations

dry, = —mw dt = [A + o+ (1= 2m)(y1 — y2) [y2 + (1 — y2)7 |

+r(—m)(y — y2)*]dt + 70, (1 = 27) (y1 — y2) dX (0),

dy = [1 —7)dt — 7t [A+p+ (1 =2m) (1 — y2)[y2 + (1 — y2)7]

+r(l—m)(y1 — y2)?]dt + 7, (1 = 2m) (v — y2) dX (0).

2077

4.7

(4.8)

(4.9)

(4.10)

“4.11)

Using the standard arguments it can be shown that the stochastic process 7 (¢, ¢*) has continuous
derivatives w.r.t. A and p with probability 1. If we denote the true value of the parameters by ¥

and 7 (1, ¥9) = 7 etc., then these equations with ¢ = ¥ read
dif = —m°dt — 7 [ho + po +7°(1 — ) (y1 — y2)?]dt
+a7 (1= 27%) (y1 = y2) AW (1),
dr; = [1 — no] dt — 7, [Ao + o + n”(l - no)(yl — y2)2] dr
+ 70 (1= 2m)(y1 — y2) dW (@),

where

dr® =[po — (ho + o) ®]dt + (1 — 7°) (y1 — y2) AW ().

4.12)

4.13)

(4.14)
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This system is linear with respect to 773 and 7, and it can be written as follows (x; =7?, y; =
Ty, =7, a =21+ [0, b=y1 — y2)

dx; = [uo — ax,]dt + bx, (1 — x;) dw,, 4.15)
dy, = —x; dt — [a 4+ b%x, (1 — x) ]y dt + b(1 — 2x,)y, AW, (4.16)
dz; =[1 — x;]dt — [a + bzx,(l — x,)]z, dr 4+ b(1 — 2x;)z; AW, “4.17)

Note that as A9 > 0 and o > 0, the process 7 (¢, ¥9) = x; € (0, 1) is ergodic with two reflect-
ing boundaries at 0 and 1. Therefore the process 7w 9(z, ¥9) is ergodic with the invariant density

2(up—rp)
Le(L =002 {_ZMO +2(h0 — po)x }
G (Do) (1 = y2)?x(1 = x)

_x(1 = x)]y o0 =2 p{ Y 140 7/)»0}

f (Do, x) =

X 1—x

G (Do) x

where we denote y =2(y; — y2) 2 and define the normalizing constant

! —ho)— A
G(l?o)=/ [x(1 — x)]7 o 2exp{—w— reo }dx.
0 X

1—x

The processes y; and z, admit the following expressions

t t b2
Vi = —/ exp{—/ |:a + b2 xs (1 — x;) — 7(1 - 2Xs)2} ds
0 v

t
+b/ (1 _2xs)dW€ }xvdva
v

t t b2
thf exp{—/ |:a+b2xx(1—xs)——(1—2xs)2]ds
0 v 2

t
+b/ (1-— 2xs)dWs}[1 — xp]dv.

(4.18)

(4.19)

Let us put x5 = % — Xs. Then we have

xs(1 —x5) — 5(1 —2x5)" = =3x; + 1

and

t 1 )2 t t _
y,zf <xv— E)e—(a%)(f—v) exp{3b2/ x?ds+2bf deWs}dv.
0 v v
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|V, we note that |x, — %l < % and use the Holder inequality

t N t N N—-1 /¢ N
(/0 }f(v)g(v)|dv> s(/o \f(v)|ﬁdv) /Olg(v>| dv

with f(v) =exp{—a(t — v)e} and

To estimate the moments Ey, | y;

2 ' t
g(v)zexp{—<a(l—8)+%)(1—U)+3b2/ de5+2b/ XSdWS}’

v

where ¢ > 0. This yields the estimate
! »? 20t 2 t 7
Eﬁo |yt |N < C(N, 8) / e—N(a(l—S)+T)(I—U)E0083Nb fv Xy dS+2Nbfu xs AWy dv,
0
where the constant C (N, ¢) > 0 does not depend on ¢. Further, we can write

t t
E,yoexp{3Nb2f xf,ds+2Nbf deWX}
v v

! t
=Ey, <exp{2Nb / xs AW, — 2N?b? / x? ds}
v v
t
X exp{Nb2(2N —1—3)/ x?ds})
v
Nb?
=exp T(zN +3) —v)
because xf <1/4, and
! _ t
Egoexp{ZNb/ xs AW —2N2b2/ ngs} =1.
v v
Therefore,
! b2 »2
Eg |V <C(N, g)/ e N@-+5 ~ 5 QN+3)(-v) g,
0
4 2
=C(N, 8)/ e—N(a(l—e)—%(NH))(r—u) dv.
0

We see that if

SMOTHRO ’
i —y)? 2

Ao+ 1 N
0+ Ko +s



2080 R.Z. Khasminskii and Y.A. Kutoyants
then Ey, | y; |¥ < C. In particular, if we set N = 2 in the condition (4.5) and choose a sufficiently
small ¢ > 0, we get the bound

A (t, ¥o)

2
<C, 4.20
oA - (4.20)

sup Ey,
L)

where the constant C > 0 does not depend on .

We also need to estimate the derivatives (4.10), (4.11) for the values & # ¥. The equation for
775, becomes

dity, = —mdt — 7, A+ + (1 = 2m) (y1 — y2)*(r — 7°) a1
+r(l=m) (1 — y2)*]dt + 7 (1 = 27) (v — y2) AW (0). @b
Hence if we put @ = A 4+ u, y, = 71, and b = y; — y,, we obtain the equation
dys = —x;dr — [@ +b*(1 = 2x0) (x, — x0) + b%x, (1 — x,) ]y, dt
+b(1 —2x,)y; dW;.

The solution of this equation can be written explicitly, similarly to (4.18), but with additional
term b%(1 — 2x;) (x; — xto) in the exponent. This term satisfies the inequality

(1 —2x)(x, — x0) = —1.
Hence by calculations as above, Ey | y; |2 will be bounded, if

A 3 N

L
Gi—y)? 2 2

For the second derivative 77 = 773 , (¢, ) we obtain similar bounds for the moments as follows.
The equation for 7 is

dit = —y,[2 = 267y (x¢ — x0) + 267y, (1 = 2x,) | dt — 2by? dW,
—dt[a+b*(1 = 2x,) (x; — x7) + b2x, (1 — x) ] dr + bit (1 — 2x,) AW,
Let us write it as
dit = A(t)dt + B(t) dW; —it[a + C ()] dt + 7, D(t) dW;
using the obvious notations. Its solution satisfies

P, 9)

t -
8)\'2 f e—fvt[a+C(s)—%D(s)2] dS-‘rfvr D(s)dW; [A(U) dv + B(U) de]
0
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The bound
D(s)* _ oy, Y 2
C(s) — =b(1 - ZxS)(xs — xs) + 7[2}%(1 —x5) — (1 —2xy) ]
. 1 2+b2_ 3h2 . 1\’ 3’
= T2) TaT Ty *T2) =T
holds since (x — %)2 < 4—1‘. Therefore,
3 2N +3 9 N
a2 2 Ny
2 4 4 2

and if

A+l 9 N
72 > _+_7
1 —y2) 4 2

then we obtain

N

2w (t, 0
M <C.

oo | =502

Hence under the condition (4.7), we have

N

2 (t, O
@9\ _

sup Ey, 12

Pe®

Similar estimates can be obtained for other derivatives and the claimed assertion follows.
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O

Lemma 6. The solutions (x;, y:, 2:) of the equations (4.15)—(4.17) have the following ergodic

propetrties
1 T . ) b2 T )
= my(t, %) dt = — y; dt — 111 (Do),
T Jo T Jo
1 T b2 T
—/ m;,(t, Bo)m (t, ¥o) dt = —/ vize dt —> 112(9o),
T Jy T Jo

1 T b2 T
—f rhﬂ(t,ﬁ‘o)2dt:—/ 22 dt — In (D),
T Jo T Jo

where convergence is in the mean square.

Proof. The proof of existence of the invariant measure can be found in Chigansky [3], Sec-
tion 4.2. Note that the equations (4.15)—(4.17) do not coincide with those in Chigansky [3],
where the case A = and y; = 1, y» = 0 is considered; however the same arguments apply to

the system of equations (4.15)—(4.17).
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The strong mixing coefficient «(¢) for ergodic diffusion process (4.15) satisfies the estimate

a(t) <e M,

as shown by Veretennikov [19]. The conditions, under which this bound holds, can be checked

by applying the following transformation to the equation (4.15):

* dv
& =g(xy), g(x)=/1/2m, xe€(0,1).

The obtained process solves the stochastic differential equation
d&, = A(&) dr +dW,, & = g(xo0), 0<t<T,

whose drift coefficient A(-) satisfies the assumptions needed in Veretennikov [19].
Now to verify the convergence

1 T 1 T 2 1 T 2
Ej, | — Zdt — — [ Egyyidt) =Eg (= | [yf —Esyi]dt) —0
o T J, Vs 7)o 9oVt = Ly, 7 J YVt VoVt

we can apply the result of the following lemma.

Lemma 7. Let {Y;,t > 0} be a stochastic process with zero mean, satisfying
= (m=2)
E|Y, "D < ¢y, / tkil[a(t)] m=D/m g < Cy,
0
for some m > 2 and k > 1, where «(t) is the strong mixing coefficient. Then

T
/ Y;dt
0

Proof. For the proof see Lemma 2.1 in Khasminskii [10].

2k

E < 3Tk,

The limit (4.22) is obtained by setting ¥; = y? — Ey,y?, m =3 and k = 1.
Let us now verify consistency of the one-step MLE-process. To this end, we have

Py, {|07(1) = D] > v}
§P00{|1§T5 — ol > %}

Lr (97s) 7!

tT
T /TB m(Oys, s)[dX; —m@Dps,5)ds]

+P79(){

|
> —t.
2

By the Theorem 1, the first term on the right satisfies

- v 4 - 2 C
Pﬂ() |19T5 — 190| > 5 S v_in?oll?T‘S — '(9()| S W —> 0

4.22)

O
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The second term can be estimated as follows

Ly @)~ 77 - - v
Pﬂo{ %/;5 m(Drs, s)[dXs —m(@Pps, 5)ds]| > 3
Ly @) [T - |
EPﬂo{ TT\/;(; m(l?Tﬁ,S)dWs >Z
L+ (9-5)"L rtT _ _ ¥
+P190{ %/ﬂ m@zs, s)Am(Fys, s)ds| > Z}’
where Am(f}Ta ,8)=m(Dg,s) — m(f}Ts ,5). We can write
I 5\ -1 T _ I 1_9 1 T . B
rT( T5) / . || rT( T5) ” n‘l(l?Ta,S)dWS ’
T T8 T8 )/
where 0 <y <8 — %.Hence
Lr@ps)~ " (77, - - v
P%{ _L_?%%__}ﬁw (s, 5)dWs| > 2
1 o W
SP&O{WL@ m(l?TE,S)dWS >T}
ILer @)~ W/
+P§O{T > — —)0,
as T — oo, because
1 L - Jv
PﬁO{T(S—V /5 m(l?T(S,S)dWS > 7}
1 C
< 71)T25 5 ’m(l?Ta s)’ ds < = 7mayT — 0.
Recall that 26 — 2y — 1 > 0; then
L Bps) ' (77 - v
P%{ —1—;?7——>ﬂﬁ nﬂﬁTms)AnﬂﬁTms)ds:>Z
1 tT o 1 ) _ ﬁ
SP#O{IT—ll’ /76 m(z?Ts,s)/O m(y, s)* dvds(Dps — 99)| > 7}
Ter @)~ VY
+P190{TT > N —>0

as T — 00, because s — 99 = O(T /%) and other terms are bounded in probability (here

By =00 + v(Dps — Do)).
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To prove (4.4), let us write
VT (93(1) — )

=TT 75 — Do) +

I 1_9 -1 T _ _
&/ 1 (Dps, s) AW,

VT

nh(ﬁrs, s)[m(ﬂo, s) — m(z§Ta, s)] ds,

T8

n Ly (Os) ™" /’T
~TT

T3

and note that

1 T _ _ 2
Ey, [ (s, 5) — m(o, s)] AW,
tT J1s
1 T _ 5
< Ep, | (975, 5) —m (99, 5)| ds —> 0
T T3

as T — oo. By the central limit theorem (see, e.g., Theorem 1.19 in Kutoyants [13]) the conver-

gence in distribution

1
tT

tT
/5 Mm@, )dW, = N(0,1(2%))
T

holds, since by the Law of Large Numbers
T

— m (Yo, s)m (Do, s)* dt — 1(Fp).
tT T8

Further, let us denote 075 = +/ tT(f)Ta — 99), then we can write

N A I A -
s +T . m(Oys,s)[m@o, s) —m@ps, )] ds

_ _ 1 1 T _
= L7 (Fys)”! (JITT(z?T(s) ~ L / / By, (B 5)* dr ds)ﬁT(s,
tT 0 T3
where 9, = 975 + r(97s — o). The expression

1
m(ﬁ,,s)zm(éTs,s)Jr/ i (0q, s)dg (Ops — Do)
0

and the equality

- 1 [, -
HTT(l?TS)z _/ ”h(l?T(S,S)n./l(ﬂTé,s)*ds
T T8
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give
. L) /TT. . .
Vps + ——— m(Oys, s)|mo, s) —mps,s)|ds
! NEY S oo )| 9]
=TT |95 — 920(1) = T2 2 0(1) —> 0,
as T — oo.

Let us verify that the Fisher information matrix is nondegenerate. To this end, it suffices to
show invertibility of the matrix

Ez? yz Ez? 5’121
J(Wo) = 0 5,
(%) <E190ytzt Eﬂoztz

where y;, 7; are stationary solutions of (4.16) and (4.17) respectively. If this matrix is degenerate,
then

Ej, 5 EoZ; = (Ep 520" (4.23)
By the Cauchy—Schwarz inequality
(Eg,51%)° < By 5By 27
with equality if and only if Z; = cy; with some constant ¢ # 0. Therefore in the case of equality,
we have Eg, (cy; — 7% =0.
Introduce a new process v; = cy; — Z; as a solution of the equation
dﬁ[ = [.x~t(1 — C) — 1] dr — [a + bzit(] — it)]ﬁl dt + b(l — 2)2[)17[ th,

where v; and X; are stationary.
Further, following Section 4 of Chigansky [3], we can write

t
o =5oe—“‘+/ eI 51— ) — 1]ds—b2f —at=9% (1 — %)y ds
0 0
t —_
—|—b/ e (1 = 2%,) 0 AW,
0
Hence,
2
< eI [F(1—c) - 1]d )
< (l—i—e_zm)E,yoﬁlz

4p* [ 1 1
- I, e_”(’_s)1—6E,9053ds+4b2 /0 e 24Uy 52 ds < CEy, 07
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with some constant C > 0 which does not depend on ¢. By stationarity Ey, 1712 does not depend
on ¢ and hence non-degeneracy of the matrix J(Jy) follows, if we can show that

t 2
lim Ej, (/ e I (1 —¢) — 1]ds> >0,
0

—>00

for all ¢. The stochastic process

t
&= / e UIF (1 — ) — 1] ds
0

is the solution of the equation

dg; -
E:—a;ﬁxt(l—c)—l, So=0.

Elementary calculations show that for all ¥y and ¢

Ey,[70(1 —¢) — 12
>

2 0,

. 2
tl—1>ngo Eﬁo é‘t - a
where 77 is a random variable with the density of the invariant distribution of the stochastic
process 7 (¢, ¥). Thus the Fisher information matrix I(J¢) is nondegenerate for all ¥y € ©.
Note that, by the Theorem 2, the limit covariance matrix of the one-step MLE-process co-
incides with the covariance of the asymptotically efficient MLE (see Chigansky [3]), therefore

¥7(t) is asymptotically efficient as well.

4.1. Discussion

In this section, we dwell on several possible generalizations of the obtained results.
Using the same arguments as in Kutoyants [15] it is possible to prove the uniform consistency:
for any v > 0

lim Py, { sup [97(0) — 20| 2 v} =0.
T—o0

s<t<l

Moreover it can be shown that the normalized one-step MLE-process
nr () =TI 2 (97(0) = %),  w<T<l,

converges to the two-dimensional standard Wiener process W (t), 7, < 7 < 1, where t, is any
value satisfying 7, € (0, 1]. For the details, see the proof of a similar result in Kutoyants [15].

The condition M (2) can probably be relaxed, but it needs a special study. The finiteness of
the Fisher information follows from Chigansky [3] and the condition M (2) is basically used to
control the matrix of the second derivatives.
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4.2. Markov chain with d > 2 states

In the case of Markov chain Y (), > 0 with d > 2 states, the only essential difficulty in our
approach is the construction of the preliminary estimator. For two states construction of a suitable
preliminary estimator, is relatively easy and it is not immediately clear how to extend it to the
more general setup. If we have some +/7 consistent estimator 97 of the unknown parameter
¥ € ® C R™, then the corresponding one-step MLE-process is

t
0F =07 + 1T (Fps) ! / m(@7s, )[dXy —mDyps, s)ds], TP <t <T,
TS

where § € (%, 1). Asymptotic efficiency

VIT(02 —90) = N(0.Iwo)™"),

*

can be shown, applying the arguments from this paper. Note that the estimator 97 is computa-

tionally simpler than the MLE dr.

For the discrete time hidden Markov models with d > 2 states, the MLE studied in for exam-
ple, Bickel er al. [1], can be used as the preliminary estimator for the one-step MLE-process,
constructed as in our paper. The obtained online estimator of the unknown parameter will have
asymptotically optimal properties.

4.3. Two-step MLE-process

The learning interval [0, T%] with § € (%, 1) is negligible with respect to the observations time 7 .
It can be made even shorter, if we use two-step MLE-process approach, as it was proposed
by Kutoyants [15]. This modification uses the learning interval [0, T°%) with § € (%, %]. The
procedure is as follows. First, we obtain the preliminary estimator ¢rs by applying our Method
of Moments estimator to the observations X7* = (X, 0<s<T?%. By (3.9)

TPEg, 975 — o> < C,

where the constant C > 0 does not depend on T'.
Then we introduce the second preliminary estimator-process

Or =0+t PL@0) T A (D, X', te[T0,T]
The two-step MLE-process is
0 =01+t L) T A (Ops, BT, X1, te[T°,T],

where

t
A (91,92, X") = %ﬁsm(ﬁl,s)[dxx —m(,s)ds],  te[T°,T]
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It can be shown that for all T € (0, 1] and ¢t = tT we have the asymptotic normality of the
estimator ¥7*(1) = Ul

VIT(0F (1) — %) = N(0,I(wp)"). (4.24)
The first step of the proof is to study the expression

Y = Y = _ Y = _
T2Or,r —00) =T2Ops —90) + T 2Ly 975) ' Arr 7 (90, X')

tT

AT Ly 0™ [ i) [m(90,5) = m(Gps. )] b
Té

We can show that if % <y <26, then T% (f},T,T — Vo) is bounded in probability and we have
(4.24).

The proof is omitted, being similar in spirit to that in Kutoyants [15]. Note however that such
two-step MLE-process lacks the advantage of being computationally efficient: its construction
requires generating the family of filters m(J;, 1, s) for all 95 7,5 € [T_‘S, t], while for one-step
MLE-process, m (1, s) is to be computed only for the single value ¢ = ¥7s.

4.4. Kalman filter

The proposed device is universal and can be applied to construct asymptotically efficient estima-
tors (estimator-processes) in other models. Let us consider the following simple example of the
partially observed system

dX, = (A +uY)dt +dW,,  Xo=0,

dY(t) = —aY (t)dt +dV;, Yo,
where W;,t > 0 and V;, t > 0 are two independent Wiener processes and a > 0 is a known con-
stant. The unknown parameter ¢ = (A, n) € ® = (co, c1) X (c3, c4) has to be estimated, using the
sample X7 = (X,,0 <t < T).Letusdefine n(9, 1) = Ey (Y (t)|FX) and m(9, t) = A+ pun(d, 1),
where ]-"tX = o0{X,0 <s <t}. The conditional expectation n(, t) satisfies the Kalman—-Bucy
filtering equations
dn(®,1) = —an(®, 1) dt + py,(W)[dX, — (A + pun (9, 1)) dt], n(, 0),

Ay ()
yg—t=—2m/z(u)—yz(u)2u2+ I, yw, 0<t<T

and the log-likelihood function is given by

L(v, xT) =f

0

T 1 T
m(®, t)dXt—E/ m(®, 1)>dt, 9 €.
0

Calculation of the MLE 197 requires m (v, t) for all 9 € ®,¢ € [0, T] (see, e.g., Section 3.1 in
Kutoyants [13]) and hence we are faced with the computational problem of the same complexity
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as for the model considered in this paper. One-step procedure can reduce the computational load,
while attaining the optimal performance in the large sample limit.
A reasonable choice of the preliminary estimator is ¥7 = (A7, it7) with

L S 1
T—T» UT = K’

where we denoted
= 1 2
r=max(fr,0),  fr=o) X —Xi—krP-1, K =E(/O Yy ds) :
i=0

Here Y;" is the stationary process satisfying the same equation as Y (s). It can be shown that
3 2
Ey, VT (91 — 90)|” < C.

Introduce the learning interval [0, T‘S] with § € (%, 1) and the one-step MLE

T
0% =Ops +T7 (Ogs) 1T / (s, O[dX; — (Aps + figan(Dps, 1)) dt].
T8
Using the same arguments as above, we can verify the convergence

VT(0F —9) =  N(0,1(90)7").

Acknowledgment

We thank Pavel Chigansky for his valuable comments and we are grateful to the anonymous
referees for their comments and remarks. This work was done under partial financial support
(second author) of the grant of RSF number 14-49-00079.

References

[1] Bickel, PJ., Ritov, Y. and Rydén, T. (1998). Asymptotic normality of the maximum-likelihood esti-
mator for general hidden Markov models. Ann. Statist. 26 1614—1635. MR1647705

[2] Cappé, O., Moulines, E. and Rydén, T. (2005). Inference in Hidden Markov Models. New York:
Springer. MR2159833

[3] Chigansky, P. (2009). Maximum likelihood estimator for hidden Markov models in continuous time.
Stat. Inference Stoch. Process. 12 139-163. MR2511676

[4] Dembo, A. and Zeitouni, O. (1986). Parameter estimation of partially observed continuous time
stochastic processes via the EM algorithm. Stochastic Process. Appl. 23 91-113. MR0866289

[5] Elliott, R.J., Aggoun, L. and Moor, J.B. (1995). Hidden Markov Models. New York: Springer.

[6] Fisher, R.A. (1925). Theory of statistical estimation. Proc. Camb. Philos. Soc. 22 700-725.


http://www.ams.org/mathscinet-getitem?mr=1647705
http://www.ams.org/mathscinet-getitem?mr=2159833
http://www.ams.org/mathscinet-getitem?mr=2511676
http://www.ams.org/mathscinet-getitem?mr=0866289

2090 R.Z. Khasminskii and Y.A. Kutoyants

(7]
(8]
(9]
(10]

[11]
(12]

[13]

[14]

[15]

[16]

[17]
[18]
[19]
[20]

(21]

ITacus, S. and Yoshida, N. (2009). Estimation for discretly observed telegraph process. Theory Probab.
Math. Statist. 78 37-47.

Ibragimov, I.A. and Has'minskii, R.Z. (1981). Statistical Estimation: Asymptotic Theory. Applications
of Mathematics 16. New York-Berlin: Springer. MR0620321

Kamatani, K. and Uchida, M. (2015). Hybrid multi-step estimators for stochastic differential equations
based on sampled data. Stat. Inference Stoch. Process. 18 177-204. MR3348584

Khasminskii, R.Z. (1966). On stochastic processes defined by differential equations with small pa-
rameter. Theory Probab. Appl. 11 240-259.

Kutoyants, Y.A. (1984). Parameter Estimation for Stochastic Processes. Berlin: Heldermann.
Kutoyants, Y.A. (1994). Identification of Dynamical Systems with Small Noise. Mathematics and Its
Applications 300. Dordrecht: Kluwer Academic. MR1332492

Kutoyants, Y.A. (2004). Statistical Inference for Ergodic Diffusion Processes. London: Springer.
MR2144185

Kutoyants, Y.A. (2014). Approximation of the solution of the backward stochastic differential equa-
tion. Small noise, large sample and high frequency cases. Proc. Steklov Inst. Math. 287 133-154.
MR3484327

Kutoyants, Y.A. (2015). On multi-step MLE-processes for ergodic diffusion. Stochastic Process. Appl.
To appear.

Le Cam, L. (1956). On the asymptotic theory of estimation and testing hypotheses. In Proceedings
of the Third Berkeley Symposium on Mathematical Statistics and Probability, 1954—1955, Vol. I 129—
156. Berkeley and Los Angeles: Univ. California Press. MR0084918

Liptser, R.S. and Shiryaev, A.N. (2001). Statistics of Random Processes. I, 2nd ed. New York:
Springer.

Robinson, P.M. (1988). The stochastic difference between econometric statistics. Econometrica 56
531-548. MR0946120

Veretennikov, A.Y. (1987). Bounds for the mixing rate in the theory of stochastic equations. Theory
Probab. Appl. 32 273-281.

Wonham, W.M. (1965). Some applications of stochastic differential equations to optimal nonlinear
filtering. J. Soc. Indust. Appl. Math. Ser. A Control 2 347-369. MR0186472

Zeitouni, O. and Dembo, A. (1988). Exact filters for the estimation of the number of transitions of
finite-state continuous-time Markov processes. I[EEE Trans. Inform. Theory 34 890-893. MR0966763

Received September 2015 and revised August 2016


http://www.ams.org/mathscinet-getitem?mr=0620321
http://www.ams.org/mathscinet-getitem?mr=3348584
http://www.ams.org/mathscinet-getitem?mr=1332492
http://www.ams.org/mathscinet-getitem?mr=2144185
http://www.ams.org/mathscinet-getitem?mr=3484327
http://www.ams.org/mathscinet-getitem?mr=0084918
http://www.ams.org/mathscinet-getitem?mr=0946120
http://www.ams.org/mathscinet-getitem?mr=0186472
http://www.ams.org/mathscinet-getitem?mr=0966763

	Introduction
	Problem statement and auxiliary results
	Method of moments estimator
	One-step MLE
	Discussion
	Markov chain with d> 2 states
	Two-step MLE-process
	Kalman ﬁlter

	Acknowledgment
	References

