Bernoulli 24(1), 2018, 257-270
DOL: 10.3150/16-BEJ875

A note on the convex infimum convolution
inequality
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We characterize the symmetric real random variables which satisfy the one dimensional convex infi-
mum convolution inequality of Maurey. We deduce Talagrand’s two-level concentration for random vector
(X1,...,Xy), where X;’s are independent real random variables whose tails satisfy certain exponential
type decay condition.
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1. Introduction

In the past few decades, a lot of attention has been devoted to study the concentration of mea-
sure phenomenon, especially the concentration properties of R”-valued random vectors with
independent coordinates. Through this note, we denote by |x|, the [, norm on R", namely
Ixl, = Qi |x;|P)1/P, and let us take BZ = {x e R" : [x], < 1}. We say that an R"-valued
random vector X satisfies concentration with a profile ax(¢) if for any set A C R" with
P(X € A) > 1/2 we have

P(X € A+1B}) > 1—ax(r) for all 7 > 0.

An equivalent statement is that for any 1-Lipschitz function f on R” the random vector X satis-
fies the inequality

P(f(X) >t 4+ Med f (X)) <ax(t) forall r > 0,

where Med f(X) is a median of f(X). The above framework includes classical theory of large
deviations for sums of independent random variables. The concentration of measure has appli-
cations in functional analysis [15], theory of empirical processes (see [14], Chapter 7), random
matrix theory and combinatorics (see [14], Chapter 8), and statistical mechanics (see [21]). It
can be also investigated in the context of infinite dimensional diffusion generators (see [5]). For
the study of concentration and isoperimetry under curvature bounds on Riemannian manifolds,
see [18].

A usual way to reach concentration is via certain functional inequalities. For example, if an
R”-valued random vector X satisfies Poincaré inequality with constant C, that is, for any f €
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C'(R",R) we have Var(f (X)) < CE|V f(X) |%, then it has exponential concentration with pro-

file ax(t) = 2exp(—t/ 2./ C ). The characterization of random vectors with independent entries
satisfying the above inequality is well known, see [19], [17] and [14], Corollary 5.7. Similar char-
acterization is valid for the so-called log-Sobolev inequality, which implies a stronger concentra-
tion -the Gaussian concentration phenomenon, namely with a profile ax (f) = exp(—t2/2C), see
[9] and [6].

The goal of this article is to investigate concentration properties of a wider class of random
vectors, that is, vectors that may not even satisfy Poincaré inequality. For example, in the case
of random vector whose law is purely atomic, one can easily construct a non-constant function
f with E|V f(X )|% = 0. However, one can still hope to get concentration if one restricts set A
to the class of convex sets. It turns out that to reach exponential concentration for convex sets, it
suffices to prove that X satisfies the convex Poincaré inequality, which is stated as below.

Definition 1. We say that a real random variable X satisfies the convex Poincaré inequality with
a constant C, if for every convex function f : R — R with f’ bounded we have

Var(f (X)) < C,Ef(X). (D

Here we adopt the standard convention that for a locally Lipschitz function f : R — R the
gradient f’ is defined by

f'(x) =limsup M
h—0 h

(@)

This definition applies in particular to convex f. If f is differentiable, (2) agrees with the usual
derivative.

Now we consider a class of real random variables with exponentially decaying tails, which
allows random variables with atomic distributions.

Definition 2. Let h > 0 and A € [0, 1). Let M(h, L) be the class of symmetric real random
variables such that for any X € M(h, }) it holds that P(X > x + h) < AP(X > x) for x > 0.
Moreover, let M (h, L) be the class of Ry -valued real random variables, satisfying the same
condition.

The convex Poincaré inequality has been investigated by Bobkov and Gotze, see [8], Theo-
rem 4.2. In particular, the authors proved (1) in the class M (h, ) with a constant C;, depending
only on % and A. This leads to the exponential concentration for 1-Lipschitz convex functions f
(as well as the exponential concentration for convex sets) via the standard Herbst argument (see,
e.g., [14], Theorem 3.3). In the present article, we show that the class M (h, 1) admits even better
concentration properties, that is, the so-called two level Talagrand concentration. We follow the
approach developed by Maurey in [16]. Let us introduce the following definition.

Definition 3. Define

Ix2, x| <1,

1
x| =3, lxl>1

@o(x) = {
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We say that a real random variable X satisfies convex exponential property (t) with constant C-
if for any convex function f : R — R with inf f > —oo we have

(Eeﬂ:‘ g”(X))(I[Ee_f(x)) <l, where ¢(x) = @o(x/Cy) 3)
and (fO@)(x) =infy{ f(y) + @(x — y)} is the so-called infimum convolution.

In [16], Maurey showed that every real random variable having values in the set of diameter 1
satisfies the inequality Ee/H¢X)Ee—/ () <1 for convex f, with ¢(x) = J—‘|x|2 (see [16], Theo-
rem 3). Our result, as stated below, extends both the above fact and the exponential concentration
in the class M (h, A) due to Bobkov and Gotze.

Theorem 1.
The following conditions are equivalent

(a) X e M(h,2).

(b) There is Cp, > 0 such that X satisfies the convex Poincaré inequality with constant C .

(c) There exists C; > 0 such that X satisfies the convex exponential property (t) with constant
C:.

Moreover, (a) implies (c) with the constant Cr = 17h/(1 — A)2, (c) implies (b) with the constant
Cp = 5CZ and (b) implies (a) with h = \/8C,, and ). =1/2.

This generalizes Maurey’s theorem due to the fact that any symmetric [—1, 1]-valued real
random variable belongs to M(1, 0).

It is well known that the convex property (7) tensorizes, namely, if the independent real ran-
dom variables Xq, ..., X, satisfy convex property (t) with cost functions ¢, ..., ¢, respec-
tively, then the vector X = (X1, ..., X,) has convex property (t) with ¢(x) = Z?:l @i (xi), see
[16], Lemma 5. Therefore Theorem 1 implies the following corollary.

Corollary 1. Let X1, ..., X, € M(h, A) be independent and let us take X = (X1, ..., Xp). De-
fine the cost function ¢(x) = Z?:l @o(xi/Cy), where C; = 17h/(1 — )2 Then for any convex
function f we have

(Ee/De@X) (Ee=/0) < 1. 4)

As a consequence, we deduce the two-level concentration for convex sets and convex functions
in R”.

Corollary 2. Let X1,..., X, € M(h, ) be independent. Let Cr = 17Th/(1 — 1)2. Take X =
(X1, ..., Xy). Then for any convex set A with P(X € A) > 0 we have

P(X € A+~/21C.BY +21CB}) > 1 —P(X € A)"le™". 5)
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Corollary 3. Let Xi,..., X, € M(h, ) be independent. Let C = 17Th/(1 — 1)2. Take X =
(X1, ..., Xy). Then for any convex function f :R" — R with

f@) = fW|, <alx—yh.  [f&)—fOD],<blx—yh. x,yeR", (6
we have
1 [t ¢
IP’(f(X)>Med(f(X))+C,t)§2exp<—§mm{z,a—2}), 1>0, (7)
and
1 [t ¢?
P(f(X) <Med(f (X)) — Crt) < 2exp<—§mm{z, ;D t>0. (8)

The rest of this article is organized as follows. The next section briefly describes other relevant
results existing in the literature. In Section 3, we prove Theorem 1. In Section 4, we deduce
Corollaries 2 and 3.

2. Discussion

Poincaré and log-Sobolev inequalities have formulations in the context of Markov processes via
the notion of Dirichlet forms, see [3,4,14]. For applications to mixing time bounds, see [10].
Also of interest is Wang’s generalized Beckner-type inequality, that interpolates the Poincaré
and log-Sobolev inequalities, see [22]. This extends a result of Latata and Oleszkiewicz [12].
The property () for general (not necessarily convex) function was introduced by Maurey in
[16] and studied in more details by Latata and Wojtaszczyk (see [13]). An R”-valued random
vector X is said to satisfy property (t) with a nonnegative cost function ¢ if the inequality

(EefDW(X))(Ee—f(X)) <1 )

holds for every bounded measurable function f on R". Property () implies concentration with
respect to level-sets of ¢; namely, for every measurable set A we have (see [16], Lemma 4)

P(X¢A+{p<t}) <P(XeA) e

In [16], Maurey showed that the vector ¥ = (Y1,...,Y,), where Yq,...,Y, are indepen-
dent symmetric exponential random variables, satisfies the infimum convolution inequality
with the cost function ¢(x) = ZLI wo(x;), where @o(t) = min{%tz, %(|t| — 2)}. This leads
to a two-level concentration inequality (similar to (5), see [16], Corollary 1), which, as men-
tioned earlier, is stronger than the usual exponential concentration implied by Poincaré inequal-
ity. However, Bobkov, Gentil and Ledoux showed that the property (r) with a cost function
@q(x) = min{|x |§ /a?, |x|>/a} is in fact equivalent to Poincaré inequality for smooth f : R” — R
(see [7)).

It is worth mentioning that a much stronger condition than being in M (%, ), namely P(X >
x4+ C/x) < AP(X > x), x > m, where m is a fixed positive number, has been considered. It
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implies log-Sobolev inequalities for log-convex functions and the Gaussian concentration for
convex sets. We refer to the nice study [1] for the details.

Very recently Adamczak and Strzelecki established related results in the context of modified
log-Sobolev inequalities, see [2]. For simplicity, we state their result in the case of symmetric
real random variables. For A € [0, 1), 8 € [0, 1] and h, m > O the authors defined the class of
random variables Mis (h, A, m) satisfying the condition P(X > x + h /x/S ) < AP(X > x) for
x > m. Note that MOAS(h,k,O) = M(h, ). They proved that any vector X = (X1, ..., X,),
where X1{,..., X, € Mis (h, A, m) are independent, satisfy the inequality

i) (10)
B

for any smooth convex function f : R” — R. Here Ent(f) = E(fInf) — (Ef)In(Ef). As a
consequence, for any convex set A in R” with P(X € A) > 1/2 we have

B+1
Ent(e/®) < CasE(e/ X |V £V IV AL

1 ’
IP(XeA+t%B§+tWCtB?+ﬁ)Zl—e‘CAS’, t>0.

Here the constants Cas, C)y g depend only on the parameters 8, m, h and A. They also established
inequality similar to (7), namely for a convex function f with

|f @) = D], <alx = yla, |f) = FOD)] 145 <blx = li4p, x,yeRY,

one gets

P d 2) <2 ) e 0
X) > Med(f(X)) +2¢) < BT ey b ot NELE
(f (X) > Med(f (X)) +21) =< exp( 16 mm{[,HﬂCﬁs a?Cas }>

However, the authors in [2] were not able to get (8). In fact one can show that for 8§ = 0 our
Theorem 1 is stronger than (10). In particular, the inequality (10) is equivalent to Ee/ HeX) <
ESX) gee [2], which easily follows from (4).

While writing this note, we were aware of a work in progress by Gozlan, Roberto, Samson, Shu
and Tetali (private communication), which shows an equivalence between the convex property
() on the real line and certain mass transportation inequalities (see also [11]).

3. Proof of Theorem 1

We need the following lemma, which is essentially included in Theorem 4.2 of [8]. For reader’s
convenience, we provide a straightforward proof of this fact.

Lemma 1. Let X € MY (h, X) and let g : R — [0, 00) be non-decreasing with g(0) = 0. Then

2(1+ A
Eg(X)* < ﬁ ‘E(g(X) — g(X —))*.
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Proof. We first prove that AEg(X) > Eg(X — h) for any non-decreasing g : R — [0, c0) such
that g(0) = 0. Both sides of this inequality are linear in g. Therefore, it is enough to consider only
functions of the form g(x) = 1[4 00y (x) for a > 0, since g can be expressed as a mixture of these
functions. For g(x) = 14 00)(x) the above inequality reduces to AP(X > a) > P(X > a + h),
which is clearly true due to our assumption on X.

The above inequality is equivalent to

(1 - MEg(X) <E(g(X) — g(X —h)). (1)

Now, let us use (11) with g2 instead of g. Then,
1
Eg(X)? = ——E(s(X)* — g(X —)?)

1
= T 5B —e(X =) (e(X) +g(X —h)

1

< 75 (EB(sX) — g (X = 1)) *(E(s(X) + 5 (X = 1))?)

1/2

Moreover, again using (11) for g%, we get

E(g(X) + g(X — 1)) < 2E(g(X)* + g(X — h)?) < 2(1 + HEg(X)>.

We arrive at
12 _ ~2(1+2) 20172
(Bg(x)’)'? = 5= (B(s(X) - g(X —m)*)"”.
Our assertion follows. O

In the rest of this note, we take f : R — R to be convex. Let xo be a point where f attains
its minimal value. Note that this point may not be unique. However, one can check that what
follows does not depend on the choice of xo. Moreover, if f is increasing (decreasing) we adopt
the notation xg = —oo (xg = 00). Let us define a discrete version of gradient of f,

f(x)— f(x—h), x> xo0+h,
(Df)(x) =1 f(x) — f(x0), x0—h<x=<xo+h,
fx)— fx+h), X < xg—h.

Lemma 2. Let f : R — R be a convex function with f(0) =0 and let X € M(h, \). Then

E(ef (072 _ o= 100/2)2 ﬁﬂﬂ(ef O(pf(x))%).

Proof. Step 1. We first assume that f is non-negative and non-decreasing. It follows that f(x) =
0 for x < 0. Correspondingly, the function g = e//> — ¢=f/2 is non-negative, non-decreasing and
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2(0) = 0. Note that |X| € M*(h, A). From Lemma 1, we get

. . 1 14

(e /2 — e—f(X)/Z)Z - E1[«:g(|x|)2 < (I:rik)znz(g(|X|) —g(IX| - h))2
2(1 42
(1( A)Z) (800 — g(X — )>.

Observe that

: fG&=h) fx=h)
gx)—glx—h)=e?2 —e 2 —e 2 +e 7

_ S f=h)
2 2 )

\,
=
=

B (fo0) - fox—n),

S 2(6 f(zx) _ ef(x{h ) S

where the last inequality follows from the mean value theorem. Since A < 1, we arrive at

B(e/ 072 = e 00R)” < s Be/ M (Dr (O

=< (1 —

Step 2. Now let f be non-decreasing but not necessarily non-negative. From convexity of
f and the fact that f(0) =0, we get | f(—x)| < f(x) for x > 0. This implies the inequality
Ief(_x) — e_f(_x>| < |ef(") — e_f(")l, x > 0. From the symmetry of X, one gets

]E(ef(X)/2 — e—f(X)/2)2 < E(ef(\XD/Z — e—f(IXI)/2)2.
Let f = f1j0,0). From Step 1, one gets

E(e/1XD/2 — g—f(|X|>/2)2 - 2E(ef'<X>/2 —f(X)/2) Ee/ 0O (Df(X))2

T (=22

< oyt (Preo)”

Step 3. The conclusion of Step 2 is also true in the case of non-increasing functions with
f(0) =0. This is due to the invariance of our assertion under the symmetry x — —x, which
is an easy consequence of the symmetry of X and the fact that for F(x) = f(—x) we have
(DF)(x) = (Df)(=x).

Step 4. Let us now eliminate of the assumption of monotonicity of f. Suppose that f is not
monotone. Then f has a (not necessarily unique) minimum attained at some point xo € R. Due
to the remark of Step 3 we can assume that xg < 0. Since f(0) =0, we have f(xp) < 0. Take
yo =inf{y e R: f(y) =0}. Clearly, yo < xo. We define

fx), X > Xxo, X > Y0,

filx) = { fxo),  x <xo, fax = { fx),  x<yo.
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Note that f; is non-decreasing and f> is non-increasing. Moreover, f1(0) = f2(0) = 0. There-
fore, from the previous steps applied for fi and f> we get

(ef60/2 _ o= FE02)2P(X < xg) + E(ef /2 — =IOy

(12)
2
< SE(e/ N (Df (X)) xza0))
(1-=2)
and
E((e/ X2 — e/ O Ly o) < 0 /\)ZIE(ef(X)(Df(X))zl{XSyO}). (13)
Moreover, since | f (x)| <|f(x0)| on [yo, x0], we have
(/0 e O 1y ) = 60 e SR R e Do)
< (ef 602 _ o= FG02)2p(X < ).
Combining (12), (13) and (14), we arrive at
FXI2 _ = F(X)/2)2 8 £ 2
E(e e ) < = A)ZE(e (DF(X))).
O

The following lemma provides an estimate on the infimum convolution.

Lemma 3. Let Cy, h > 0. Define ¢1(x) = Cllgpo (x/ h). Assume that a convex function f satisfies
|f'| <1/(Cih). Then

C
(FOe)) < @) = S |0H

Proof. Let us consider the case when x > xo + k. We take 6 € [0, 1] and write y =6(x — h) +
(1 —6)x. Note that x — y = h6. By the convexity of f, we have

(fUenx) = f) +oi1(x —y) =0f(x —h) + (1 = 0) f(x) + ¢1(h8)

_ _ _ )
=0 (=) + (1= 0)f () + 56

Let us now take & = C1(f(x) — f(x — h)). Note that 0 < f/ < 1/Ch yields 6 € [0, 1]. We get

1 C
(FOeD () < f(x) —0(f () — f(x —h)) + 2—C192 = f(x) - 71(f<x) — fx—m)>.

The case x < xo — h follows by similar computation (one has to take y =0 (x + k) + (1 —0)x).
Also, in the case x € [xg — h, xo + k] it is enough to take y = 0xo + (1 — 0)x and use the fact
that |[x — y| =10 (x — x0)| < h6. O
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Proof of Theorem 1. We begin by showing that (a) implies (c). We do this in three steps.
Step 1. We first show that it is enough to consider only the case when f satisfies |f'| <
1/C;. To this end, for any convex f : R — R bounded from below, we consider g(x) =

sup,cr{(fTU@)(y) — ¢(x — y)}. Thus, g(x) = sup,cg infzer{f(z) + ¢(y —2) — ¢(x — y)}. By
taking z = x, we get g(x) < f(x) for all x € R. Moreover, since f is bounded from below, it
is easy to see that g is also bounded from below. Since f is convex, one can check that the
function f[¢ is also convex (classical property of infimum convolution). Therefore writing
g(x) = sup,r{(fUp)(x —u) — ¢(u)}, the function g turns out to be convex as a supremum
of convex functions. Moreover, since x — ¢(x — y) is (1/Cy)-Lipschitz for every y, the func-
tion g is also (1/Cy)-Lipschitz. Finally, we check that gl = fg. Indeed, the inequality
g0e < f0O, ¢ follows from g < f. The other direction is obtained by writing that

(g0@)(x) = inf sup inf { f(w) + 9z —w) — p(y — 2) + @(x — y)}
YER ;cR weR

and by taking z = x. Using gll¢ = fUe, g < f and the fact that g is (1/C;)-Lipschitz, we
arrive at

(EefD w(X)) (Eeff(X)) < (EegD w(X)) (Eefg(X)) <1.

Step 2. The inequality (3) stays invariant when we add a constant to the function f. Thus, we
may assume that f(0) = 0. Note that from the elementary inequality 4ab < (a + b)*> we have

4(Eef'D¢(X))(Ee—f(X)) < (E(eﬂ:‘w(x) +e_f(X)))2.
Thus, it is enough to show that
E(e/D¢X) 1 o= /(%) <2,

Step 3. Take C1 =17/(1 — A2, C; = Cih and @(x) = @o(x/C;). Assume that | f'| < 1/C.
By the convexity of ¢y we get ¢(x) < Cllrpo(x/h), since C1 > 1. Thus, by Lemma 3 we get
fOe < f(x) — %Cll(Df)(x)|2. By the mean value theorem [(Df)(x)|/h < 1/C;. Therefore,
1CIUDAH))? < lcl(cir)Z =1/2C;. Let a(Cy) =2C (1 — exp(—%)). The convexity of the
exponential function yields e™* <1 — a(Cy)s, s € [0, 1/2C1]. Therefore,

E (/D90 1 o=/ X)) <R/ O-3CQUDIXOF 4 (=S (X))
1
< E(ef(x) (1 - 5c1¢>¢(c1)|Df(X)|2) + ef<x>>.
Therefore, since e/ + e~/ —2 = (ef/2 — e‘f/z)z, we are to prove that

E(e/ %02 _ ¢~/ (0/2) < %a(cl)E(ef<X>|Df(X)|2)_
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From Lemma 2, this inequality is true whenever 1 5Cra(Cy) > - It suffices to observe that

A)Z

¢ _ G 8
L Tap b a=-n?

1 L 1
—Cia(C)=C?(1—e 1)>C?1- =
2 12(C1) 1( e )— 1( l_’_ﬁ) B

We now sketch the proof of the fact that (c) implies (b), which is well known, see Corollary 3
in [16]. Due to the standard approximation argument one can assume that f is a convex C>
smooth function with bounded first and second derivative (note that in the definition of the convex
Poincaré inequality we assumed that f” is bounded). Consider the function f, = ¢f. The infimum
of ¥, (y) = ¢(¥) + &f (x — y) is attained at the point y satisfying the equation ¥, (y) = ¢'(y) —
ef’(x —y) = 0. Note that ¢’ is strictly increasing on the interval [—C., C.]. If ¢ is sufficiently
small, it follows that the above equation has a unique solution y, and that y, € [—-C;, C;]. Thus,
Yy = C%e f'(x — yx). This implies y, = sCf f'(x) +o(g), where the o(¢) dependence is uniform
in x. We get

fOe@) =) +ef(x —y) = 2yx P+ef(x—eCr () +o(e%)

2Cz
= %aszf/(x)z +ef(x) —2C2f'(x)* +o(e?)
=ef(x) — %52C3f’(x)2 + 0(82).
Therefore, from the infimum convolution inequality we get
(Bt =362 CEf 00 o) (go—ef (X)) < |,

Testing (3) with f(x) = |x|/C; one gets that

oyl =yl 1>_|x| 1

C. C. 2

(fUe)(x) >1nf( =C. 2

and thus EelX1/Cr < 0o. Also, there exists a constant ¢ > 0 such that | f (x)| < c(1 + |x]), x € R.
As a consequence, one can consider the Taylor expansion of the above quantities in ¢ = 0. This
gives

(1 +ef(X)— —82C2f (X)*+= e 2F(X)* +o(e ))E(l —ef(X)+ %azf(x)2 +0(82)> <1.
Comparing the terms in front of £2 leads to
1
Ef(X)’ = (Ef (X)) < JCZES'(X0)’.

This is exactly the Poincaré inequality with constant %C?
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We show that (b) implies (a). Suppose that a symmetric real random variable X satisfies the
convex Poincaré inequality with a constant C,. Consider the function f,(x) = max{x — u, 0},
u > 0. We have IElfu’(X)|2 =P(X > u). Let Y be an independent copy of X. Since f,(y) =0
for y <0and P(Y <0) > 1/2, one gets

1 1
Var( f, (X)) = E]E(fu(X) - fu(Y))2 > E]E((fu(X) - fu(Y))zl{YSO})
1 1
> Z]E((ﬁ,(}())2 > ZIE(fL,()())21{)@“\/@}) > 2C,P(X > u+/8C,).

These two observations, together with Poincaré inequality, yield that X € M(,/8C,,1/2). O

4. Concentration properties
We show that the convex property (7) implies concentration for convex sets.

Proposition 1. Suppose that an R"-valued random vector X satisfies the property (t) with a
non-negative cost function ¢, restricted to the family of convex functions. Let By, (t) = {x ¢ R" :
@(x) <t}. Then for any convex set A we have

P(X€eA+B,(1)=1-P(XeA) e

The proof of this proposition is similar to the proof of Proposition 2.4 in [13]. We recall the
argument.

Proof of Proposition 1. Let f =0 on A and f = oo outside of A. Note that f is convex (to
avoid working with functions having values 400 one can consider a family of convex functions
fn =ndist(A, x) and take n — 00). Suppose that (fU¢)(x) < t. Then there exists y € R” such
that f(y) +¢(x —y) <t.Thus, y € Aand x — y € By(t). Therefore x € A + By(t). It follows
that x ¢ A+ B, (t) implies (f[¢)(x) > ¢. Applying the infimum convolution inequality, we get

¢'(1—P(X € A+ By(1)) -P(X € A) < (Ee/T¥X)(Ee~/ M) < 1.
Our assertion follows. (]
We are ready to derive the two-level concentration for convex sets.
Proof of Corollary 2. The argument is similar to [16], Corollary 1. Due to Corollary 1, X
satisfies property (r) with the cost function ¢(x) = Z?:] ¢@o(x;/Cy). Suppose that ¢(x) < t.

Define y, z € R” in the following way. Take y; = x; if |x;| < C; and y; = 0 otherwise. Take
zi = x; if |x;| > C; and z; = 0 otherwise. Then x = y + z. Moreover,

D e0i/CO+ Y eGi/C) =) ¢xi/C) <t

i=1 i=1 i=1
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In particular |y|2 < 2C2t andt > Y7 ¢o(zi/Cr) > 2|z|1/C,, since |z;|/Cy — 5 > %lzil/C, for
|zi| = 1/C<. This gives x € \/_C, B" + 2tC,Bi’. Our assertion follows from Proposition 1. O

Finally, we prove concentration for convex Lipschitz functions.

Proof of Corollary 3. The proof of (7) is similar to the proof of Proposition 4.18 in [14]. Let us
define a convex set A = {f < Med f(X)} and observe that P(X € A) > 1/2. Moreover,

A+ C(V2tBY +2:BY) C [ f <Med f(X) + Cr(av/2t +2b1))}.
Applying Corollary 2, we get
P(f(X) > Med f(X) + Cc(av/2t +2b1)) <2¢7, forall £ >0,

where a, b are Lipschitz constants given in (6). Take s = C; (a«/2—t +2bt) and r =5/ C. Suppose
that <= ’ . Then

1 1
aN2t +2tb=r> 5,/a2r/b+ r=a /28— +2bE >a /2— +2b—

By the monotomclty of x — a~/2x + 2xb, x > 0 it follows that g min{z, r_2} =g; <t.Onthe

other hand, if ~ 5> —2, then
a

ax/_~|—2tb—r>—r~|—— a2 82+2b >a,[2 82+ b

Therefore, 3 mln{ 5o 2}— > <t. Thus,

r r

2
P(f(X)>Med f(X)+rC;) <2e™' <2exp —lmln —_——F t>0.
8 b’ a?

For the proof of (8), we follow [20]. Define a convex set B = {f < Med f(X) — C, (a2t +
2bt)} with t > 0. It follows that

B+ C.(V2tBY +2tB}) C {f <Med f (X))}

and thus Corollary 2 yields

>P(X € B+C. (V2B +2tB!)) > 1 -P(X e B) '™,

oy l\)l>—‘

Therefore P(X € B) < 2e~". To finish the proof we proceed as above. ]
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