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Since the middle of the 90s, multifractional processes have been introduced for overcoming some limita-
tions of the classical Fractional Brownian Motion model. In their context, the Hurst parameter becomes
a Holder continuous function H (-) of the time variable ¢. Linear Multifractional Stable Motion (LMSM)
is the most known one of them with heavy-tailed distributions. Generally speaking, global and local sam-
ple path roughness of a multifractional process are determined by values of its parameter H (-); therefore,
since about two decades, several authors have been interested in their statistical estimation, starting from
discrete variations of the process. Because of complex dependence structures of variations, in order to show
consistency of estimators one has to face challenging problems.

The main goal of our article is to introduce, in the setting of the symmetric a-stable non-anticipative
moving average LMSM, where o € (1,2), a new strategy for dealing with such kind of problems. It can
also be useful in other contexts. In contrast with previously developed strategies, this new one does not
require to look for sharp estimates of covariances related to functionals of variations. Roughly speaking,
it consists of expressing variations in such a way that they become independent random variables up to
negligible remainders. Thanks to it, we obtain, an almost surely and L? (£2), p € (0, 4], consistent estimator
of the whole function H (-), which converges, uniformly in #, and even for some Holder norms. Also, we
obtain estimates for the rates of convergence. Such kind of strong consistency results in uniform and Holder
norms are rather unusual in the literature on statistical estimation of functions.

Keywords: discrete variations; heavy-tailed distributions; laws of large numbers; statistical estimation of
functions; time changing Hurst parameter

1. Introduction

Fractional Brownian Motion (FBM) (see, e.g., [20,31,34]) is a quite classical random model for
real-life fractal signals. Although this model offers the advantage of simplicity, it lacks flexibility
and thus does not always fit with reality. One of the main reasons for limitations of FBM model
is that local fractal properties of its sample paths are not really allowed to evolve over time,
in other words roughness remains almost the same all along sample paths. This drawback is
mainly due to the constancy in time of H the Hurst parameter governing FBM. In order to
overcome it, various stochastic processes belonging to the so called multifractional class have
been introduced and studied since the middle of the 90s (see, e.g., [1,4,5,8,9,13-16,19,21-25,27,
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28,30,32,33,36-39]). Roughly speaking, the main idea behind this new class of processes is that
Hurst parameter becomes time changing, in other words a function H (-) depending on the time
variable 7. In order to make statistical inference related to this functional parameter, one has to
face challenging problems due to complex dependence structures of multifractional processes.
Usually, in the statistical literature on this topic, it is assumed that the available observations
consist in a realization of a given multifractional process over a regular grid; estimators of H (¢y),
the value of the Hurst function at some arbitrary fixed time 7y, are built through discrete variations
of observations. Then for showing their consistency, the strategies which have been developed
so far, consist in looking for sharp estimates of covariances related to functionals of discrete
variations (see e.g. [3,6,10-12,17,18,29]). The main goal of our article, is to introduce a new
strategy which, roughly speaking, consists in expressing discrete variations in such a way that
they become independent random variables up to negligible remainders.

We focus on a typical multifractional process: the symmetric a-stable (SaS) non-anticipative
moving average Linear Multifractional Stable Motion (LMSM) denoted by {Y (¢) : ¢ € [0, 1]},
which was introduced by Stoev and Taqqu in [36]. Notice that, when o = 2, then, up to a deter-
ministic function, the process {Y (¢) : ¢ € [0, 1]} reduces to the Multifractional Brownian Motion
(MBM) introduced in [33]; we mention in passing that the latter centered Gaussian process and
the closely connected one introduced in [13] are the two most common multifractional processes.
We always assume that o belongs to the open interval (1, 2), no further a priori knowledge on «
is required; notice that our results can easily be transposed to the Gaussian case o = 2.

The LMSM (Y (¢) : ¢t € [0, 1]} will be soon defined through a stochastic integral with re-
spect to Zy(ds), an arbitrary real-valued independently scattered SaS random measure on R
with Lebesgue measure as its control measure; the underlying probability space is denoted by
(2, F,P). For later purposes, it is useful to make some brief recalls concerning this integral;
the reader is referred to Chapter 3 in the book [34], for a detailed presentation of it. Gener-
ally speaking, the stochastic integral with respect to Zy(ds) is defined on the Lebesgue space
L%(R); the integral of an arbitrary deterministic real-valued function f € L*(R) is denoted by
fR f(s)Zy(ds), in what follows we set [( f) = fR f(s)Zy(ds). Let us mention that I( f) is a real-
valued SaS random variable on (€2, F, P); its characteristic function is given by exp(—|o&|%),
for all £ € R. The scale parameter o plays a role rather similar to that of the standard deviation
of a centered real-valued Gaussian random variable. Often, instead of o, one prefers the notation
II(f) |l for the scale parameter, since it satisfies

1/
||H(f)||a=</R|f(s)|°‘ds) = 1 fllee. (L1)

One of the main differences between I( f) and a Gaussian random variable is that, for any positive
real number p, the absolute moment of order p of I(f) is infinite, unless p € (0, «); in the latter
case (see Proposition 1.2.17 in [34]), one has

E([1(H)|") = | 1(f)]

i (1.2)

where the finite positive constant c¢(p) denotes the absolute moment of order p of an arbitrary
real-valued SaS random variable with a scale parameter equals to 1. Before finishing our recalls,
let us emphasize that the independently scattered property of Zy (ds) will play a crucial role in



Uniformly and strongly consistent estimation for the Hurst function 1367

our article; it means that: for each positive integer n and all functions fi, ..., f, belonging to
L*(R), the coordinates of the SaS random vector (I(f1), ..., 1(f,)) are independent random
variables as soon as the supports of f1, ..., f, are disjoint up to Lebesgue-negligible sets.

Let us now turn to the definition of the LMSM {Y (¢) : ¢ € [0, 1]}. First, note that the associated
functional Hurst parameter H (-) is assumed to be defined on the compact interval [0, 1] and with
values in an arbitrary fixed compact interval [H, H] included in the open interval (1/c, 1). We
impose to it in addition to satisfy, for some constant c, the following Holder condition:

V(. 0) €[0,1P,  |H(t) — Hn)| <clt —nlf, (1.3)
where the order of Holderianity py does not depend on (#1, #2) and is such that

1>py>H= sup H(t). 1.4
1€[0,1]

Notice that such a Holderianity assumption on functional Hurst parameter is very standard in the
literature on multifractional processes.
We are now in position to precisely define the SaS process {Y (¢) : 7 € [0, 1]}.

Definition 1.1. The LMSM {Y (t) : t € [0, 11} with Hurst functional parameter H (-), is defined,
foreacht €0, 1], as,
Y()y=X(t, H®)), (1.5)

where {X (u, v) : (u,v) €0, 1] x (1/a, 1)} is the real-valued SaS random field on the probabil-
ity space (2, F,P), such that, for every (u,v) € [0, 1] x (1/e, 1),

X (u,v) = /R{(u — )V — (=) V) 2, (ds). (1.6)
Recall that for all (x, k) € R2,
() =x"~ ifx>0 and (x)L =0 else. 1.7)

Remark 1.1. When the Hurst function is a constant, then LMSM reduces to Linear Fractional
Stable Motion (LFSM). Let us point out that LFSM is a quite classical self-similar stable stochas-
tic process with stationary increments, descriptions of its main properties can be found in [20,26,
34,40] for instance.

Remark 1.2. The field {X (4, v) : (u,v) € [0, 1] x (1/a, 1)} is always identified with its version
with continuous sample paths constructed in [2] through random wavelet series. Thus, in view of
(1.5) and (1.3), the LMSM {Y (¢) : ¢ € [0, 1]} has continuous sample paths as well. Let us mention
that in addition to its continuity, the field {X (u, v) : (u,v) € [0, 1] x (1/«, 1)} satisfies several
other nice properties; a quite useful one (see Corollary 3.1 in [2]) among them, is that its sample
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paths are Lipschitz functions with respect to v € [H, H] uniformly in « € [0, 1], that is one has'

A= sup{ | X (u, T;) - fi“ Wl 10, 1] and (uy. va) € [H. E]Z} <400, (1.8)
1 — V2

Notice that Theorem 10.5.1 on page 471 in [34] allows to obtain, for some constant ¢ > 0 and all
positive real number z, the following control on the tail of the distribution of A:

P(A>z) <cz™% (1.9)
therefore, one has E(A?) < +o0, for each real number ¢ € [0, «).

Remark 1.3. 1t is possible to define LMSM through (1.6) and (1.5), even when « is allowed to
belong to the whole interval (0, 2] and one has H(t) € (0, 1) N (0, 1/«] for some ¢’s (see [36]).
However, sample paths properties of such a LMSM are different from the one we consider in our
article. Indeed, as soon as there exists a fy such that H (f9) < 1/«, then sample paths of LMSM
become discontinuous unbounded functions in any arbitrary small neighborhood of #y (see [37]).
On the other hand, when H = inf;¢[o,1] H(¢) = 1/, then it is not clear that LMSM has a version
with continuous sample paths and that the useful property (1.8) remains valid.

2. The main results: Their statements and some insights on
their proofs

The first issue, we will deal with, is the statistical estimation of the quantity

H(I)=min H (), 2.1
tel

where I C [0, 1] denotes an arbitrary fixed compact interval with non-empty interior. It is im-
portant to construct an almost surely and L”(£2) consistent estimator of H (I), at least for the
following two reasons.

1. This is for us a fundamental step in getting an almost surely and L?(£2), p € (0, 4], con-
sistent estimator of the whole function H (-), which converges, with respect to ¢ € [0, 1], in the
uniform norm and even in some Holder norms (see Definition 2.1, Theorems 2.3 and 2.4, and
their Corollaries 2.1 and 2.2).

2. The estimation of H(I) is interesting in its own right. Indeed, the method used in [7] in
order to almost surely determine Hausdorff dimension of a graph of a Linear Fractional Stable
Sheet, can be transposed to LMSM, and allows to show that 2 — H (1) is, with probability 1, the
Hausdorff dimension of its graph on /.

IRelation (1.8) is satisfied almost surely. Yet, throughout the present article, for sake of simplicity, we assume, without
loss of generality, that (1.8) holds on the whole probability space 2.
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Before defining the statistical estimator of H(/), we mention that it is reminiscent of more
or less classical ones, previously introduced in somehow less general contexts; as for instance,
the Gaussian multifractional setting (see, e.g., [6,10-12,17,18,30]), and the setting of the Linear
Fractional Stable Motion with a constant Hurst parameter (see [35]). Our main concern is not
really to construct a new estimator, but to derive strong consistency results with a control, almost
surely and in L?(R2), p € (0, 4], on the rate of convergence. As far as we know, such kind of
results on the estimation of a Hurst function, or even a constant Hurst parameter, have not yet
been obtained in a context of heavy-tailed distributions.

Let us now turn to the precise definition of the estimator of H (/). To this end, we need to
introduce some notations. For any fixed real number 8 € (0, 1/4], one denotes by 7T the function
from [0, +00) into [2#/2, 28] such that, for all x € [0, +00),

Tp(x) = min{2? max{x, 2//2}}. 2.2)

It can easily be seen that T is a Lipschitz function:

V(x1,x2) €[0,400)%,  |Tp(x1) — Tp(x2)| < |x1 — x2l. (2.3)
Throughout the article, the integer L > 2 is arbitrary and fixed; moreover, the coefficients
ap, ai, ...,ar are defined, foreach/ € {0, ..., L}, as
(L _ L!
= (—1 LI =(—1 LI )
a==D (1) =D 1L —1)!

This finite sequence of real numbers (a;)o<;<; Will play a role rather similar to that of a filter
in signal processing. Observe that it has exactly L vanishing first moments, namely, for all g €
{0,..., L — 1}, one has

L L
Z 1a; =0 (with the convention 0° = 1), and Z 1ta #0. 24
=0 =0

The estimator for H (/) is built from a filtered version, through (a;)o<;<r, of the discrete realiza-
tion{Y(k/N):k €{0,..., N}} of Y the LMSM,; the integer N > L being large. More precisely, it
is built from the discrete variations {dy i : k € {0, ..., N — L}} defined, forallk € {0, ..., N—L},
as
L L
dyk=y aY(k+D/N)=) aX(k+D/N, H(k+0D/N)), (2.5)
=0 =0

where the last equality results from (1.5). Since H (1) is only connected with the restriction to /
of Y, it seems natural to focus on the variations dy x’s such that k/N € I; therefore we consider,
for each fixed N > (L + DAL, the set of indices

ww()=1{kef{0,....N—L}:k/Nel}. (2.6)
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The cardinality of vy (/) is denoted by |vx (1)]. Notice that |vy(I)| does not really depends on
the position of 7, but mainly on A(/), the Lebesgue measure (i.e., the length) of this interval.
More precisely, one has

NAI)—L—1<|on(D| <NAD + 1 2.7)
thus, as soon as N > 2(L + DA(I)~L, one gets that

NA(I)/2 < |vn(D)| < TNAI) /6. (2.8)
At last, one denotes by Vlg(l ), the empirical mean, of order 8, defined as,

Vi =l Y ldwal? 2.9)
kevy (1)

The following theorem is the first main result of the article. It provides, for each compact interval
I C [0, 1] with non-empty interior, an estimator of H (/) = min;c; H(¢) converging in all the
spaces L?(2), with p € (0, 4]. Also, it provides, independently on the position of 7, an estimate
of the rate of convergence in the L? (£2) metric.

Theorem 2.1. Assume that the Hurst function H(-) satisfies a Holder condition as in (1.3)
and (1.4). Also assume that the real number § € (0, 1/4] and the integer L > 2 are arbitrary.
Let I C [0, 1] be an arbitrary fixed compact interval with non-empty interior, and let N > 3 be
an arbitrary integer such that

A(I) = 4(L + 1N~ (log N)2. (2.10)
One sets
. vBa
Hﬁ(1)=ﬂ‘1log2<77s( g( )>) 2.11)
Von (D)

where the function Tg(-) is as in (2.2). Then, for any fixed real number p € (0, 4], one has
E(|AfD) —minH©|")
tel
p
< min{ (M) ,)L(I)PPH} + N—PBor—sup;epo,1y H (D)) (2.12)

log N
+ NTPAEBP) (log NYSA=ALAP) 5 ([ =40=ALBD) max(5.(1)2, N~ PHHIALAP))

where
2B(L —1)
(P+HBL-D+2(p+1)’

and where c is a positive (deterministic) constant not depending on N, I, and p.

AL, B, p) = (2.13)
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Notice that, (2.2) implies that the random variable H 1’\5,(1 ) is always with values in the in-
terval [1/2, 1]. This is coherent with the assumption that all the values of H(-) belongs to
[H, Hlc( /a, 1) C (1/2,1). Also, notice that, throughout the article the natural logarithm (i.e.,
the Naperian logarithm) is denoted by log and the binary logarithm (i.e. to base 2) by log,.

The following theorem is the second main result of the article. Under an additional condition
(see (2.14) in the theorem), it shows that not only the convergence of H 1{3,(1 ) to min;ec; H(t)
holds L?(£2), p € (0, 4], but also almost surely. As well, it gives an estimate of the almost sure
rate of convergence.

Theorem 2.2. Under the same assumptions as in Theorem 2.1 and the additional condition

2

there exists an almost surely finite random variable C > 0, not depending on N, such that the
following inequality holds almost surely
loglog N

Let us briefly outline the four main steps of the proof of Theorem 2.2; that of Theorem 2.1
follows a more or less similar strategy.

1. For the sake of convenience, rather than directly working with V/\g, (I) (see (2.9)), it is better
to work with its approximation 171€(I ), defined through (3.1). Lemma 3.3 provides an almost
sure control of the error stemming from replacing Vlg (I) with Vje 7).

2. The important Lemma 3.1 is the keystone of the proof. It provides, for any arbitrary fixed
real number 1 > 0, a nice upper bound for the probability

B
IF’(‘ v {) 1 >n>.

E(VE(I)
Notice that, in order to derive it, among other things, we make use of a Markov inequality which
requires the fourth moment of ng (1) to be finite. This is why, the |dy «|’s in (2.9) and the |£ZV Nkl’s
in (3.1) are raised to the power 8 € (0, 1/4]. The parameter 8 is no further specified, for the sake
of generality.
3. Lemma 4.1, whose proof relies on Lemma 3.1, shows that, when N goes to +oo, the

asymptotic behavior of the random variable \716 (1) is, almost surely, equivalent to that of its
expectation E(Vﬁ(l )); this is, in some sense, a strong law of large numbers. Also, the lemma

provides an almost sure control of the error stemming from replacing \716 (I) with E(Vlg D)).
4. In view of the three previous steps, it turns out that, when N goes to +oo, the asymp-

totic behavior of the random ratio V1€ ) Vzﬂ n (1) is, almost surely, equivalent to that of the
deterministic ratio E(Vﬁ(l ) /E(Vzﬂ ~(1)). Also, an almost sure control of the error stemming
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from replacing Vi (I)/ Vi, (I) with E(V] (1)) /E(V], (D)) is available. Notice that in the par-
ticular case of a LFSM, where the Hurst function H(-) is a constant denoted by H, using
the self-similarity and the stationarity of increments of this process, it can be easily seen that
E(Vlg (I))/E(VZﬂN(I)) =28H Tn the general case of a LMSM, Lemma 4.2 shows that this ratio
converges to 282 also the lemma provides an estimate for the rate of convergence.

The second issue, we will deal with, is the statistical estimation of the whole function H (-). It
is worth mentioning that the estimator, we will soon construct, will be almost surely and L? (2),
p € (0, 4], consistent; moreover, its convergence will hold uniformly in ¢ € [0, 1], and even for
some Holder norms. Note in passing that the uniform norm on [0, 1] of an arbitrary real-valued
function f, bounded on this interval, is denoted by || f |0, and defined, as,

I flloo = sup | f(®)]. (2.16)
tel0,1]

Also, for any fixed real number b € (0, 1], we set

|f (@) — f()]

Il £ 101 = | £l oo + ; 2.17)

0<t <tr<1 It — tp]?

when it is finite, this quantity is called the Holder norm of f of order b.

Before giving a formal definition of the estimator, let us explain, in a few sentences, its way
of construction. Assume that the arbitrary real number 0y € (0, 1/2] converges to zero at a con-
venient rate (see (2.25) and (2.29)), when N goes to +00. One sets My = [9151] — 1, where [-]
is the integer part function, and one splits the interval [0, 1] into a finite sequence (Zy ,)o<n<My
of compact subintervals with the same length 6y (except the last one Zy p7, having a length
between 6y and 260y ). Then, the estimator of H (-) is denoted by H 1’3 oy (+), and obtained as the
linear interpolation between the My + 2 random points having the coordinates

(0, HY (Zn.0)), .-, (My — DOy, HY Ty py—1))s (MyOx, HY T ay))s (1, Hy (T my))

where, for all n € {0, ..., My}, ﬁﬁ(IN,n) is given by (2.11) with I = Zy ,. Notice that the
ordinate of the last point is assumed to be the same as that of the previous one. This weak
assumption comes from the fact that the set of the indices t of LMSM has been restricted to the
interval [0, 1]; it does not significantly alter the results on the estimation of H (-) on this interval.
Let us now define the estimator 1/3,0N (-) in a formal and very precise way.

Definition 2.1. Assume that the real number B € (0, 1/4] and the integer L > 2 are arbitrary
and fixed. The integer Ny is defined as

No=min{N eN:0<9(L+ )N '(logN)* <1}, (2.18)

which implies that No > 9(L + 1). Let (On)n=>nN, be an arbitrary sequence of real numbers
converging to zero and satisfying, for all N > Ny,

4L+ 1N logN)? <6y <27 (2.19)
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Foreachn €{0,..., [91;1] — 1}, we denote by Ly , the compact subinterval of [0, 1], defined as,
Innp = [n@N, n+ 1)9N] when n < [9]\—/1] —2, and
- (2.20)
IN,[G]Ql]fl =[([ox '] 1)ow. 1].

At last, for every integer N > Ny, we denote by {ﬁﬁﬂN (t) : t € [0, 11} the stochastic process with
continuous piecewise linear paths, defined as:

HY 4O =HYZy po ) forallt €Ty ), .21
and, for everyn € {0, ..., [9;1] —2Yandt €Iy p,as:
HY ) (1) = (105"t —nON))HE Ty ) + 05 (¢ — nON) HE (T 1) (2.22)
N0y N N N\£N.n N N)HN\EN n+1)- .

Notice that, for all n € {0, ..., [9;1] — 1}, the estimator I/-I\[e(IN,n) for H(In n) (see (2.1)) is
defined through (2.11) with I =Ty ,. Also, notice that, in view of (2.21), (2.22), and the fact that

AY (T .) €11/2, 1, forany n € {0, ..., [65'1— 1}, it can easily be shown that
YN = No.Y(r.0) € (017, [HY, () — HY o ()| <6031 —nal. (2.23)

The following theorem is the third main result of the article. It provides, uniformly in p €
(0, 4], an upper bound on the estimation error E(|| Hle oy —H I1%,). Thus, when N goes to 400,
it turns out that this error converges to zero, as long as the condition (2.25), in the theorem, is
satisfied.

Theorem 2.3. We impose to H(-), B € (0,1/4], and L the same hypotheses as in Theorem 2.1;
moreover we use the same notations as in Definition 2.1. Then, there is a deterministic constant
¢ > 0 such that, for every real number p € (0, 4], and integer N > Ny satisfying (2.19), one has

p
CE(” N.oy — H“oo)
< (Oy)PPH  N—PPoH=SUDepo, ) H (D) (2.24)
+ N~PALBDP) (log N)S(I*A(L,ﬁ,p))91;4(5/4—1\(1~/5»1’)) max{@,%,, N*(p+4)A(L,ﬂ,p)}’

where the norm || - ||« is as in (2.16), and the quantity A(L, B, p) as in (2.13). Therefore, as
long as the sequence (On)n=>n, satisfies

A(L,B,p)
lim Oy=0 and lim N A@AD Oy = +oo, (2.25)

N—+o0 N—+o0o

the estimation error E(HH}?, oy~ H ||§o) converges to zero when N goes to +00.

Remark 2.1. Assume that the integer N > Ny is arbitrary. What follows, easily results from
Definition 2.1 and the triangle inequality.
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(i) Forallt e IN,[@;']—P one has,

’

|ﬁ1€,9N (1) —H@)| < |ﬁ1/\51(IN,[91;1]—1) _E(IN,[0;11—1)| + \ﬂ(IN,[(JI;l]—l) —H()

(i) foreachn €{0,..., [9;1] —2}and t € Iy ,, one has,
|HY 5, () — HO| < |H@xn) — HEy )|+ [Hy Tnn1) = HEy )|
+|H@nn) — HO|+ |HTNp1) — H()).

Then, using Definition 2.1, (2.1), (1.3), and (2.16), one gets that

|0y — Hlo (0§ + max |A{ @y — HTvwl). (2.26)
n<[0y"1

0<

where the inequality holds on the whole probability space €2, and ¢ > 0 is a deterministic constant
not depending on N.

Remark 2.2. 1t can easily be seen that Theorem 2.3 results from the inequality (2.26) and the
following proposition.

Proposition 2.1. We use the same notations as in Definition 2.1 and Theorem 2.3. Then, under
the same assumptions as in this theorem, for any integer N > Ny, one has,

E( max  [Af@nn) ~ HTvw)|")
0<n<[6y"]

loglog N \?
< min{ (%) , (Oy)PPH } + N —PBpr—sup;epo,1 H (1) (2.27)

b NPALED) (og NYSA-AL B g AC/MLLP) g2 N—(pHHALBD)),
where ¢ > 0 is a deterministic constant not depending on N and p.

The strategy of the proof of Proposition 2.1 will be rather similar to that of the proof of Theo-
rem 2.1. Let us now make a useful remark concerning the rate of convergence, for the estimator

H 1’3 oy (+), provided by Theorem 2.3.

Remark 2.3. In view of the inequality (2.24), for the rate of vanishing of the estimation error
E(||H/€ oy~ H %) be a power function of N, one can take, for every N > Ny,

On = koN S PALBP) L A4(L + )N~ (log N)?,
where the normalizing constant

ko =2""(L + 1)N; ' (log No)* (2.28)
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is chosen so that (2.19) holds, and where ¢ is an arbitrary parameter satisfying 0 < ¢ < (3 —
4A(L, B, p))~'. When the index pg (see (1.3)) is assumed to be known,? the optimal choice for
Cisthen¢ =B —4A(L, B, p)+ p,oH)_l. Indeed, for the latter choice, the rate of vanishing for
the estimation error, provided by (2.24), reduces to

L.B.p
(||H1€ o~ H|L)=0(N" W(logmw ALB.P) 4 N =P =Supreio.n HIDY
Observe that when p =1 and L is large enough, then using (2.13) one gets that

A(L, B, Dpn . 2pm
3—4AL,B,1)+pun  T+5pH

A(L,ﬂ,l):% and and 8(1—A(L,ﬁ,p)):?

The following theorem is the fourth main result of our article. Under the same assumptions
as in Theorem 2.3 and the additional conditions (2.14) and (2.29), it shows that, when N goes
~+o00, not only the estimation error ||ﬁ 16,01\/ — H||x converges to zero in the L”(€2) spaces,
with p € (0, 4], but also almost surely. As well, it gives an estimate of the almost sure rate of
convergence.

Theorem 2.4. We suppose that H(-), B, and L satisfy the same hypotheses as in Theorem 2.1,
and that (2.14) holds; moreover we use the same notations as in Definition 2.1. Let us assume in
addition that
B(L—1)—2
lim 6y =0 and lim NWL D20y = —+00. (2.29)
N—+o0 N—+o0

Then, there exists a positive and almost surely finite random variable C > 0, such that one has
almost surely for all integer N > Ny

H N O HHoo < C(Q&IN_47€3((LLill)):-22 + N —BH=supepo,1) H®)) + ell\)lH)' (2.30)

Remark 2.4. In a Gaussian setting more general than that of MBM, almost surely uniformly
convergent estimators of the whole Hurst function H (-) have already been obtained in [10].

Remark 2.5. 1t can easily be seen that Theorem 2.4 results from the inequality (2.26) and the
following proposition.

Proposition 2.2. We use the same notations as in Definition 2.1 and Theorem 2.4. Then, under
the same assumptions as in this theorem, there exists a finite random variable C > 0, such that
one has almost surely for all N large enough,

max |Hy(Iyn) — HTy.))|

0<n<[9N ]

< C(@ﬁlNA&((LL_]l)):rzz + NBlon—supeo 1 HD) min{ k){gl%N’ 91/\)]11 })
0g

2.31)

2For instance, in the article [12], it has been imposed to H (-) to be continuously differentiable, then, one has py = 1.
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The strategy of the proof of Proposition 2.2 will be rather similar to that of the proof of Theo-
rem 2.2. Let us now make a useful remark concerning the rate of convergence, for the estimator

H 1’3 oy (+), provided by Theorem 2.4.

Remark 2.6. In view of (2.30), for the almost sure rate of vanishing of the estimation error
| Hﬁ oy~ H || be a power function of N, one can take, for every N > Ny,

_BL=D-2) _q 5
Oy = koN~ D72 4+ 4(L + )N~ (log N)?2,

where the normalizing constant « is as in (2.28), and where ¢ is an arbitrary parameter belonging
to the interval (0, 1). When the index pgy (see (1.3)) is assumed to be known, the optimal choice
for ¢ is then ¢ = (1 + py)~". Indeed, for the latter choice, the almost sure rate of vanishing for
the estimation error, provided by (2.30), reduces to

P (BLL—1)~2)

[ 7| = O™ TS 4 oo 1),

Observe that when BL is large enough, then
pe(B(L-1D=2)  ~ pH
(I+pm)@BL -1 +2) 40 +pn)

The latter estimate, compared with the ones given at the end of Remark 2.3, somehow reveals
that the almost sure rate of vanishing of the estimation error |H — H f\}, oy lloo 1s slower than its

L'(Q) rate of convergence to 0. This is not very surprising, since, in general, convergence in
L?(Q2), p € (0, +00), is less demanding than almost sure convergence.

So far, we have shown that the almost sure and L”(2), p € (0, 4], consistency of the estimator
H 16 oy () holds in terms of the uniform norm || - || 5, defined through (2.16). In fact, without a lot
of extra work, this consistency can also be obtained, for some indices b, in terms of the Holder
norm || - ||[}716lder, defined through (2.17). Moreover the bounds (2.24) and (2.30), for controlling
the LP(€2) and almost sure rates of convergence of ﬁf,ﬂ[v(-), can be extended to the setting
of this norm. In order to do so, one still has a lot of freedom on the choice of the form of the
sequence (6y)n=>n,; however, for the sake of simplicity, we will assume, in the sequel, that it is
of a logarithmic form.

The following result is a consequence of (2.23) and of Theorem 2.3.

Corollary 2.1. We use the same notations as in Theorem 2.3 and Definition 2.1. We assume that
the hypotheses of this theorem are satisfied, and that, for all N > Ny,

Oy = ko(log N) ™! +4(L + )N~ (log N)?, (2.32)

where the constant ko was defined in (2.28). Let py be as in (1.3) and b be an arbitrary fixed
real number such that

PH

+ o’

0<b< ] (2.33)
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Then, for any fixed real numbers € (0, 1/4] and p € (0, 4], the estimation error ]E((||ﬁf,,0N —

H ||}I){61der)1’ ) vanishes at a logarithmic rate, when N goes to +00.
The following result is a consequence of (2.23) and of Theorem 2.4.

Corollary 2.2. We use the same notations as in Theorem 2.4 and Definition 2.1. We assume
that the hypotheses of this theorem are satisfied, and that Oy is defined through (2.32), for all
N > Ny. Let b be an arbitrary fixed real number satisfying (2.33). Then, for any fixed real number
B € (0, 1/4], the estimation error I|ﬁ f, —H ||Il;Iéjlder vanishes almost surely at a logarithmic
rate, when N goes to +00.

,ON

We will only give the proof of Corollary 2.2 since that of Corollary 2.1 can be done in a similar
way.

Proof of Corollary 2.2. Let wg be the real number, strictly greater than 1, defined as wg =
1 + pg. We know from the second inequality in (2.33) that pg > wob and wo(1 — b) > 1. Thus,
in view of (2.30) and (2.32), in order to obtain the corollary, it is enough to prove that, almost
surely, one has,

~B Holder (1-b)—1 wo(pH—b) —wob || 7B
|Hy g, —H, " =063 +ONTT 10" [ Hy o, — H ) (2.34)
To this end, in view of (2.17), one needs to conveniently bound, from above, the quantity

H o, () — HY o (12) = H(1y) + H(1)|
It —1”

op(t1, 1) = , (2.35)

where #; and 1, are two arbitrary real numbers satisfying 0 < #; <t < 1. It follows from (2.35),
(2.23), and (1.3), that

ot 12) <0y 1 — ol =" + el — ]P0,

where c is the same constant as in (1.3). Therefore, we get that

Op(t1,12) < On0 DT L o= hen |1y — 1] < 640 (2.36)
On the other hand, (2.35), (2.16), and the triangle inequality clearly imply that

op(t.n) <2l —nl | HYy . —H| .

Therefore, we obtain that

op(t1.1) <205 | HY 5 — H .. when |ty — 12| = 6}, (2.37)
Finally, putting together (2.17), (2.35), (2.36), and (2.37), it follows that (2.34) holds. U

The remaining of our article is organized in the following way. The third section provides the
keystone of the proofs of the main results, and the other two sections are devoted to their proofs
in themselves.
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3. The keystone

Let I € [0, 1] be an arbitrary compact interval having a positive Lebesgue measure A(/) (in
other words, I has a non-empty interior), and let N be an arbitrary integer such that N > (L +
DA™, The non-empty set vy () is as in (2.6), and |vy (I)]| is its cardinality. We denote by
Vﬁ(! ) the approximation of V}g (I) (see (2.9)) defined as

Vi =™ Y ldwal?, (3.1)
kevy (1)
where
N L
dvi=Y aX((k+1)/N,H(k/N)). (3.2)
=0

The main goal of the present section is to show the following lemma; let us point out that this
lemma is the keystone of the proofs of the main results of the article.

Lemma 3.1. For any fixed integer L > 2 and real number 8 € (0, 1/4], there is a constant ¢ > 0
satisfying the following property: for all compact interval I C [0, 1] with non-empty interior, and
for each real numbers é € (0, 1) and n > 0, the inequality

7B
(o
E(Vy (D))

-~ 7]) < cn—lN—Bﬂ(L—ﬂ(l))(log N)2
3.3)
n N—45ﬁ(L—H(1))>(10g AP

—2(1-8) —4(1-8)
+en N + N
A(I)? A

holds, for every integer N > 4 which satisfies (2.10). Recall that H(I) is defined through (2.1).

Before focusing on the proof of the lemma, we precisely explain the reason why it is better
to work with \716 (I)) rather than with V1€(1 ), also we provide an almost sure control of the error
stemming from replacing Vlg (I) with ‘716 (I). The d N.k’S, through which \716 (1) is defined, offer
the advantage to have a stable stochastic integral representation which is rather convenient to
handle. More precisely, one can derive from (1.6), (3.2), (2.4), (1.7) and easy computations, that

- N~ kL)
dy ;= N_(H(k/N)_l/“)/ o (Ns —k, H(k/N))Zy(ds), (3.4)

—00

where ®,, is the real-valued continuous function, defined, for all (u#, v) € R x (1/a, 1), as,

L
Do)=Y al —w) . (3.5)
=0
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Observe that for any fixed v € (1/«a, 1), the function ®, (-, v) can almost be viewed as a com-
pactly supported function in the variable u, since it satisfies the following two nice localization
properties.

Proposition 3.1. One has
supp(CDa(~, v)) Cl—o0, L], forall fixedv e (1/a, 1), 3.6)

and

c=sup{(1+L+ |u|)L+1/a_v

| @ (u, V)| : (u,v) €]—00, L] x (1/a, D} < +00. (3.7
Proof. The inclusion (3.6) is a straightforward consequence of (3.5) and (1.7). The inequal-
ity (3.7) holds when the supremum is restricted to (u,v) € [-2L, L] x (1/a, 1), since by using
(3.5) and (1.7), one gets that

L
| @ (u, )| < (143L)5 " ar| < +o0.
=0

(1 +L+ |u|)L+1/a—v

So, it remains to show that the inequality (3.7) holds when the supremum is restricted to (u, v) €
(=00, —2L) x (1/a, 1). By using (3.5) and (1.7) one has,

L
|<I>o,(u,v)| =|u|”*1/°’2a1f(lu71,v), (3.8)

=0

where f is the C* function on (—1, 1) x (=2, 2), defined for all (y, v) € (—1, 1) x (—2,2), as
fO,v)=(1 - y)v_l/“. Then noticing that z = ul belongs to (=271L=1,0), one can easily
derive from (3.8) and Lemma 3.2 below, that

L+1/a—v

sup{(1+ L + |ul) |®q (u, v)| : (u,v) €]—00, —2L) x (1/a, 1)} < +o0. O

Lemma 3.2. Assume that yo and vg are two arbitrary and fixed positive real numbers. Let f be
an arbitrary real-valued C*° function on (—yo, yo) X (—vo, vo) and let g be the C* function on
(=L~ "yo, L™ y0) x (—vo, vo) defined for all (z,v) € (=L~ "yo, L' y0) x (—vo, vo) as

L
gz v) =Y af(z.v).

=0

Then, one has for every (z,v) € [—2_1L_1y0, 2_1L_1y0] x [—27 g, 27 o],
gz, v)| < clzl*,
where c is the finite constant defined as

c= @Y "sup{|(8Fg) @ v)| : (zov) e [-27 L yo, 27 L yo ] x [—27 v, 27 o]}
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Proof. Assume that v € [—27 vy, 27" vg] is arbitrary and fixed. Applying Taylor formula to the
function z > g(z, v), it follows that for all z € [—27 'L~ 1yg, 271 L= yg]

L—1 q L
89)(0, aLg) (@,
g(z,v)=<507( g;g v)z‘f)+7( 'gz(! 2 (3.9)
q:

where 0 € (—2_1L_1y0, 2_1L_1y0). Next, observe that for each z € (—L_lyo, L_lyo) and g €
Z one has

L

(08) . v) =Y 1ay(3] f)(z. v),

1=0
therefore
L
(82)(0,v) = (37 £)(0, v) (Zlqm).
1=0
Thus, in view of (2.4), forall ¢ € {0, ..., L — 1}, (agg)(O, v) = 0. Finally, combining the latter

equality with (3.9), one gets the lemma. ]

The following lemma provides, independently on /, an almost sure control of the error stem-
ming from replacing Vﬁ([) with Vlg ).

Lemma 3.3. There exists a positive random variable C, not depending on I, such that the
inequality
Ve - VEW)| < cin—ren, (3.10)

holds, for all N > 2(L + I)A(I)_l, on the whole probability space Q2. Moreover, one has, for
some finite constant c, > 0 and every positive real number z, the following control on the tail of
the distribution of Cy,

P(Cy > 2) <csz ©. (3.11)

As a straightforward consequence one has E(C{) < +o0, for each real number q € [0, ).

Proof. First, observe that using (2.9), (3.1) and the inequality
Vi, yeR, [P =y <lx =yl (3.12)

one gets that

VED =V < v Y ldvi —dv il (3.13)
kEvN(I)
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On the other hand, in view of (2.5) and (3.2), one has

L
dvi—dyi=Y a(X(k+D/N.H((k+D/N)) = X((k+1)/N.H(k/N))).
=0
Thus, (1.8) implies that
- L
ldy i —dn il <AY |l |H((k+1)/N) — H(k/N)|. (3.14)
=0

Next, putting together (1.3), (3.13) and (3.14), it follows that the inequality (3.10) is satisfied
when

L
C, =cA<Zl|a1|>, (3.15)
=1

where c is the same constant as in (1.3). Finally, in view of (1.9) and (3.15), it is clear that (3.11)
holds. -

From now on, we focus on the proof of Lemma 3.1; first, we explain the main idea behind
it. The main difficulty in the proof is that the random variables JN,k (see (3.4)) have a complex
dependence structure. In order to precisely explain our main idea for overcoming this difficulty,
we need to introduce a few notations. Assume that § € (0, 1) is fixed and that ey = ey (§) is the
positive integer defined as

en =[N (3.16)

In view of (3.4), JN,k can be expressed as

dy i = J;;fk + &f;fk, (3.17)
where
N7l (k+L)
dyh = N—<H<’</N>—1/“>/ Do (Ns —k, H(k/N))Zy(ds) (3.18)
’ N-l(k—ey+L)
and
s N~ l(k—ey+L)
dyo = N—<H<k/N)—1/°t>/ o (Ns —k, H(k/N))Za(ds). (3.19)
—0o0

In order to clarify the importance of the decomposition (3.17), let us introduce for each fixed
r €{0,...,ey — 1}, the set of indices Jy - defined as

Inr=1lkevy():3g €Ly st.k=qey+r}; (3.20)
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in other words, Jy  is the set of the k’s belonging to vy (/) which are congruent to r modulo ey .
Observe that

eN—l
vw(l) = U IN r (disjoint union), (3.21)
r=0
also observe that the fact that § € (0, 1) implies that all the Jx ,’s are non-empty when N is large
enough.

The decomposition (3.17) will play a key role in the proof of Lemma 3.1, since, for each fixed
re{o,...,ey—1}, {djlv’fsk 1k € Jn .} is afinite sequence of independent random variables. Thus,
setting

~B,1,8 -1 1,8

Vet =T 0 dys (3.22)

kevy(I)
it is less difficult to bound from above the probability
~B,1,8
% I
IP’(AJNT()—I‘> ) (3.23)

E(Vy (D)

than to obtain, in a direct way, an upper bound for the probability

7B
vy
vz 177)
E(Vy ()
which figures in the left-hand side of (3.3). An appropriate upper bound of the probability (3.23)
is provided by Lemma 3.4 below. Moreover, for all n > 0, one has

5B 58,18 58,28
p('vﬁ’i(l)_l n><[p>< Vi(l) 1 >ﬁ>+[p>(VN~7(I)>Q>, (3.24)
E(V (1)) E(VE (1)) 2 EWVE() 2
where
Vi =wm|™ Yyl (3.25)

kevy (1)
Notice that (3.24) easily follows from the inequalities
58,1, =B.2,8 = SB.1,8 8.2,
Ve =V < Vi = VEM i)+ VI,

which in turn are obtained by using the triangle inequality, (3.1), (3.17), (3.22), (3.25), (3.12),
and the inequality

ve,yeR,  (Ix|+1yl)® < Ixlf +|ylf. (3.26)

The following remark provides the way to obtain Lemma 3.1.
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Remark 3.1. Lemma 3.1 is a straightforward consequence of the inequality (3.24) and the fol-
lowing two lemmas.

Lemma 3.4. For any fixed integer L > 2 and real number 8 € (0, 1/4], there is a constant ¢ > 0

having the following property: for all compact interval I C [0, 1] with non-empty interior, and
for each real numbers § € (0, 1) and n > 0, the inequality

—1

~B,1,8
P(\ ZG0))

N—20=8)  p—4(1-8)
B >n)5cn‘4< + +N““W‘ﬂ“”)<logN)8 (3.27)
E(Vy ()

A(I)? A

holds, for every integer N > 4 which satisfies (2.10).

Lemma 3.5. For any fixed integer L > 2 and real number B € (0, 1/4], there is a constant ¢ > 0
satisfying the following property: for all compact interval I C [0, 1] with non-empty interior, and
for each real numbers § € (0, 1) and n > 0, the inequality

b ( G 0))

A > n) < e I NTBLHD) (1og N)? (3.28)
E(Vy )

holds, for every integer N > 4 which satisfies (2.10).

From now on, our goal is to derive Lemmas 3.4 and 3.5. To this end, we need some preliminary
results. We mention in passing that for obtaining Lemma 3.4 more work is required than for
Lemma 3.5.

Lemma 3.6. There exist two constants 0 < ¢y < c1, such that, for every integers N > L and
0<k <N — L, one has

aNTHEN < dy gl < NTHEN, (3.29)
where ||21VN,k llo is the scale parameter of the SaS random variable ZI/N,k.
The proof of Lemma 3.6 mainly relies on the following lemma.

Lemma 3.7. The nonnegative function v — || @y (-, v)lLe(w) is finite and Lipschitz continuous
on (1/a, 1) that is, there is a finite constant co > 0 such that the inequality

} H CI)()(('a U2)”La(R) - H cDOt('a U]) ”L(I(R)’ = CO|U2 — V] | (330)
holds, for all vy, vz € (1/a, 1). Moreover, the continuity of this function entails that

1= U;Fé%] ” cDO((‘v U) HLO{(R) < 400; (331)
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on the other hand, one has

- o, Y 3.32
2’ I[IEHH]H G po > (3.32)

Recall that the compact interval [H, H]C (1/a, 1) is the range H ([0, 1]) of the function H(-).

Proof. The finiteness on (1/a, 1) of the function v = ||®¢ (-, v)[|Le(Rr) is a straightforward con-
sequence of (3.6) and (3.7). Let us show that it is Lipschitz continuous on this interval. Assume
that v1, v2 € (1/a, 1) are arbitrary and satisfy v; < vy. It follows from the triangle inequality,
(3.5) and (1.7) that

H"Da(" v2)“La(R) - H‘Da(" U1)||L“(R)|

” qDOl('a UZ) - q>0!('a vl)”L"‘(]R)

o 1/a
(/ Zal(l w2 e Za,(z w' e ) (3.33)
L 1/a
Z|al|<f )vz 1/a_(l v1 1/a| d>
1=0 -

L [ 1/a
dx) .

Zaz(z + 02N a4
=0

+00
Al
2L = 1=0

IA

Let us show that

= L 1 1 e
Z|az|<f [ e (A it du) < ch(v2 =), (3.34)
1=0 —2L

where ¢ > 0 is a finite constant not depending on v; and vy. Assume that [ € {0,..., L} is

arbitrary and fixed, in view of (1.7) and the inequalities 0 < «v; — 1 < 1, one has

/L |( u)vg 1/a (_ v1 1/a| du
—2L
1
=/ | — w2 — (¢ —uyn V| qu
—2L
1
:/ (I —w (I — w2 — 1" du (3.35)
—2L
1
< 3L/ lexp((v2 — vi) log(l —u)) —1|* du
—2L

l
< 3C3L</ |log(l — u)|adu>(v2 — ),
—2L
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where the constant ¢3 = sup{% :x €]—00,27! log(3L)]\ {0}} < +o0. Next, using (3.35)

and the fact that fiu [log(l — u)|* du < +00, one gets (3.34). In order to show that

L

where ¢;; > 0 is a finite constant not depending on vy and vy, it is enough to prove that there is a
finite constant c4 > 0, only depending on L, such that, for all x € (2L, +00), one has

Zal(1+x)vz l/a Zal(1+x)vl l/a

o 1/a
x) <cjwr—v),  (336)
=0

L L

Zal(l +x)”2_1/°‘ - Zal(l —}—x)”l_l/"‘

1=0 =0

< c4(va — v)x?>Llog(x). (3.37)

Applying the mean-value theorem to the function v > Yj—oa;(l + x)'~'/% on the interval
[v1, v2], it follows that one has for some w € (vi, v2) C (1/«, 1),

L L
Zal(l + x)rle Zal(l + x)u-l/e
1=0 1=0
L
=@ —v) Y _al+x)""*log(l +x) (3.38)
=0

L
= vy —vy) (@a(—x, w) log(x) + x2S g (1 + 171" og (1 + lx_l)),
=0

where the last equality results from (3.5) and easy computations. Moreover, noticing that z = x !

belongs to (0, 2=,y and applying Lemma 3.2 in the case where yop = 1, v9p =2 and f(z,v) =
(14 z)*"Y*log(1 + z), one gets that, for all v € (1/a, 1),

L
Zal l+l _1 v 1/Otlog(l—i-l)c_l) §C5X_L, (3.39)
=0

where ¢s5 > 0 is a constant not depending on v and x. Next, putting together (3.38), (3.7) and
(3.39) in which one takes v = w, it follows that (3.37) holds. Finally, combining (3.33) with
(3.34) and (3.36), one obtains (3.30).

Let now show that (3.32) holds. The continuity of the function v > || @4 (-, v)||Le(r), and
the compactness of the interval [H, H] imply that there exists vg € [H, H] such that ¢; =
[Py (-, vo) llLer). Suppose ad absurdum that ¢; = 0, then one has, for any u € R, ®, (u, vo) = 0;
which, in view of (3.5), means that

Zal(l WPV =0, forallueR.

This is impossible; the latter equality cannot hold for instance when u = L — 1. (]
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We are now in a position to prove Lemma 3.6.

Proof of Lemma 3.6. Using (3.4), (1.1), the change of variable u = Ns — k, and (3.6), one gets
that,

ldy 1% = N—“H“‘/N)“f | Do (Ns —k, Hk/N))|* ds
R

(3.40)

— N—HE/N) || q;a(., H(k/N))”ia(R);

thus, it turns out that (3.29) is a consequence of (3.31) and (3.32). O
The following remark is a straightforward consequence of (3.1), (1.2) and Lemma 3.6.

Remark 3.2. There are two constants 0 < ¢ < ¢, depending on 8 but not on /, such that for
every integer N > (L + DAL, one has

C2|VN(1)|_1 Z N—BHE/N)
kevy (1)

EE(Vﬁ(I))Scl|vN(1)|—1 Z N—BHE/N)
kevy (1)

(3.41)

The expectation E(Vﬁ(l )) can also be bounded in terms of N A&,

Remark 3.3. There are two constants 0 < c’2 < ¢y, depending on $ and L but not on /, such that,
for every integer N > 4 satisfying (2.10), one has

—BH(D) ~
c;N— <E(VE() <y NPHD, (3.42)
(logN)2 = "V N

Proof. First, notice that (2.1) and the second inequality in (3.41) clearly imply that the second
inequality in (3.42) holds. So, from now, we focus on the proof of the first inequality in (3.42).
Let i € I be such that

H(w)=H()= mi;lH(t), (3.43)
te
and let
. ' 2711
N, ) = {k evy():|luw—k/N| < (logN)2}

(3.44)

—1 1
={ke{O,...,N—L}:k/NeIm[M_2 A) 2 A(I)i“.

tog )2 F og )2
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Observe that (1.3), (3.43), (3.44), the inequality A(/) < 1 and the inequalities3 o > 1/a>1/2
entail that, for all k € vy (1, ),

N~PHEIN) = exp(—BH (k/N)log N) = exp(B(H (n) — H(k/N))log N)N PHED
> exp(—B|H(w) — H(k/N)|log N)NPED (3.45)
> exp(—c3p(log N)! =2H ) NPED) > oy N=FHD
where c3 denotes the constant ¢ in (1.3), and ¢4 = exp(—c3f).

Let us now provide a convenient lower bound for |Vy (1, )| the cardinality of Dy (I, u). One
can derive from the last equality in (3.44) that

[on (L, )| > NA| 1N 270D +2_1W) L—1 (3.46)
v s > — s —L—1. .
N K og N2 T og N)?
Next, observing that one has
271D 271D 21D
- M| CEIN | — ,
[" (logN)2" " ] [“ (logN)2" " +(1ogN)2}
or
2= 2= 21D
9 T a0 C I m - b ;
[“ " +<1ogN)2]— [“ (logny2 ¥ +(logNﬂ}
then, it follows from (2.10) that
2= 27 27w  47'w() L+1
a(rnf- 220 DO, 20 47 L+
(log N)? (log N)? (log N)?2 — (log N)2 N
Thus, (3.46) implies that
[on (1 u)|>M (3.47)
N (2log N)2 '

Finally, putting together the first inequality in (3.41), the inclusion vy (I, u) C vy (1), (3.45),
(3.47) and the second inequality in (2.8), one gets that

% vy (1, N—BHD
E(V,g(l)) > Z N—BHK/N) > c5MN—ﬁﬂ<’> S ——
v (Dl ; ow (D] (logN)
evy (I, 1)
where ¢5 = cac4 and c’2 =3¢s5/14. .

3Those inequalities follow from (1.4) and the inclusions H ([0, 1]) C (1/«, 1) C [1/2,1).
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Lemma 3.8. There exists a constant ¢ > 0, not depending on 6 € (0, 1), such that, for every
integers N > L and 0 <k < N — L, one has

|35, < eNTAmDHEN=OL, (3.48)

Proof. Using (3.19), (1.1) and the change of variable u = Ns — k, we obtain
N~V (k—en+L)

[yl = nmetem f |@o (N5 — k, Hk/N))|" ds
- (3.49)
L—eN
= N’“H(k/N)/ | @ (u, H(k/N))|" du.
—0oQ
Next, denoting by c; the constant c¢ in (3.7) then, it follows from (3.49) and (3.7) that
2.5 L=en @H(k/N)—aL—1
Il SCT‘N’“H("/N)/ (1+ L+ ul) du. (3.50)
—0oQ
Observe that when ey < L (i.e. N® < L see (3.16)) then (3.50) entails that
|35, < coN~A=HENI=IL, (3.51)

where the finite constant ¢, = clLL(f_Loo(l + L+ |u)~*L=D=Lg)l/¢ On the other hand,
when ey > L, (3.50) and (3.16) imply that

eN
||g]2\/:fsk ||Z < C?Nf(XH(k/N)/ (1 +L _u)olH(k/N)fothl du

—00
< GN"HEN (oL —aH(k/N)) ™ (en + 1¥HEN=D) (3.52)
< CtlxN—a(l—B)H(k/N)—aSL_

Finally, taking ¢ = ¢2 + ¢1, in view of (3.52) and (3.51), one gets the lemma. U

The following remark is a straightforward consequence of (1.2), Lemma 3.8 and (2.1).

Remark 3.4. Let ‘716’2’5(1) be as in (3.25). There is a constant ¢ > 0, depending on § but not on
I and §, such that for every integer N > (L + DAL, one has

E(VE>° (1)) < cN=0-DBHD =L (3.53)

The following remark is a straightforward consequence of (3.1), (3.22), (3.17), (3.12), (3.25)
and (3.53).

Remark 3.5. For every integer N > (L + 1)A(I)~!, one has
E(VE D) —EWVE" ()| <E(VE>’ (1) < eN=I-9PLD=L (3.54)

where c is the same constant as in (3.53).
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We are now in a position to prove Lemmas 3.4 and 3.5.

Proof of Lemma 3.4. First, notice that using Markov inequality one gets that

“(

Thanks to the first inequality in (3.42), one can conveniently bound from below the denominator
in the right-hand side of (3.55). From now on, our goal is to find a convenient upper bound of the
numerator in it. The convexity of the function x x* and (3.54) entail that

Za0)) ~
EWVE (1))

SALS T8y
. )577‘4E((VN () ]E(VN(I)))). (3.55)

EVE (1)))*

E(V§" ) —E(VED))Y)
<8E((VE" () —E(VE ()Y +8(E(VED) —EFTE (D) (3.56)

<8E((VE2 (1) —B(VE2 (1)) 4 ¢ NTHI-DBHD—43BL

where c¢; > 0 is a constant not depending on /, § and N. Next observe that, in view of (3.22),
one has

4
E((V}j""s(l)—E(V,ﬁ*"‘s(l)))“)=|uN(1)|‘41E<< > AN,,(> ) (3.57)

kevn (1)

where the Ay ’s are the centered random variables defined as
Ava =y | —E(dy5]"): (3.58)

moreover (3.21) and the convexity of the function x — x* imply that

(5 o)A )

kevy (1) keIn r
with the convention that ), . Iy, - =0when Jy , is the empty set. Next, using the crucial fact
that, for each fixed r € {0, ..., ey — 1}, {Anx : k € In,r} is a finite sequence of independent

centered random variables, one gets

(. av))

kEJN,r

= Y E((axo*) + Yo E((Ava))E((Ann)?).

keJn.r K KNeTF K #£K"

(3.60)
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The convexity of the function x +— x4, (3.58), (1.2), the inequality4 ||c7]{,’fsk||a < ||d~N,k||ou the
second inequality in (3.29), and (2.1) imply that

E((An0%) < 8E(|d5 ") +8(E(ay% "))

~ (3.61)
< ol < NG < ey antid,

moreover, using the convexity of the function x > x2 and similar arguments, one gets that
E((An)?) < caN7HHED, (3.62)

Observe that the constants ¢, ¢3 and ¢4 do not depend on I, §, N, k and r. Next setting c¢5s =
max(c3, ci), then (3.60), (3.61) and (3.62), entail that

4
JE(( > AN,k) )ScsmN,rFN“ﬂH(”, (3.63)

kEJN.r

where |Jn | denotes the cardinality of the set Jn ,; it easily follows from (3.20) that, for each
re{0,...,ey — 1},

vy (1
(Tl < VDL (3.64)
eN
Next combining (3.59) with (3.63) and (3.64), one obtains that
4
2 _
E(( > AN,k) )506(612v|v1v(1)| + ey ) N~HPED, (3.65)

kevy (1)

where cg > 0 is a constant not depending on 7, 6 and N. Next putting together (3.56), (3.57)
and (3.65), it follows that

E(VE" () —E(VFmn))") (3.66)

(D v (DF

where ¢7 > 0 is a constant not depending on 7, § and N. Next, observe that (2.10) clearly im-
plies that N > 2(L + 1)A(I)~! and consequently that (2.8) holds. Combining the first inequality
in (2.8) with (3.66) and (3.16), one obtains that

612\7 ej‘\, —48B(L—H (D)) \ j—4BH ()
=cr +N &£ N—PAW)

E((VE" () —E(V))*)

—2(1-9) —4(1-9) (3.67)
e (N2 N aspanay | y-apm,
A2 AD?
Finally, (3.27) results from (3.55), (3.67) and the first inequality in (3.42). O

4This inequality follows from (1.1), (3.4) and (3.18).
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Proof of Lemma 3.5. Using Markov inequality, one gets that

58.2,8 ~B.2,8
P(VNTﬂ) > > < 77_1 M
E(Vy (@) E(Vy (1))

then combining (3.53) with the first inequality in (3.42), it follows that (3.28) is satisfied. U

4. Proofs of Theorems 2.1 and 2.2

First, we focus on the proof Theorem 2.2. We need some preliminary results. Let us recall that
the empirical mean Vlg(l ) is defined through (3.1). The following lemma is, in some sense, a

strong law of large numbers for Vlg(l ) with a rate of convergence almost surely bounded by a
power function.

Lemma 4.1. Assume that the real number B € (0, 1/4] and the integer L are arbitrary and such
that the inequality (2.14) holds. Let I C [0, 1] be an arbitrary compact interval with non-empty
interior and let y be an arbitrary positive real number satisfying

_PL-HI) -2
4B(L — H(D) +2’

“.1)

where H(I) is defined through (2.1). Then, there exists a positive finite random variable C, such
that the inequality

—1

~p
‘ Viv) <CN77, (4.2)

E(VE ()

holds almost surely, for any integer N > (L + DA(I)~! and j € {1, 2}.

Before giving the proof of Lemma 4.1, let us point out that Lemma 3.1 is the main ingredient
of this proof.

Proof of Lemma 4.1. Let us first assume that N is big enough, so that (2.10) is satisfied. Then,
taking in (3.3) n = N7, and using the inequality log(2N) < 2log N, one gets that
EWVE (1
(Viy ()

>Ny)
J

< ¢ NYBUL=HD) (1og N)? (4.3)

N-20=8-2y)  N—4(-5-y)
+c +
1( (D)2 ()

7B
(R

L N —AB(L—H( ”) (log N)®,
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where 6 € (0, 1) is arbitrary and c¢; > 0 is a constant not depending on N, y and é. Next, one sets

5
PTWC-HD) T2

notice that the latter quantity belongs to the interval (0, 1) because of (2.14). Standard computa-
tions, relying on (4.1), allow to derive, for such a choice of §, that

21-8-2y)>1 and 8B(L—H))—y>1. (4.4)

Finally, in view of (4.3) and (4.4), one gets that

B Vi
X Hagra
E(Viy(D)

1| > N_V> < 400,
N>(L+DAI)~!

then, by using the Borel-Cantelli lemma, one obtains (4.2). |
The following remark is a straightforward consequence of Lemma 4.1.

Remark 4.1. Assume that 8, L and I are as in Lemma 4.1. Then, it follows from this lemma
that there exists a positive finite random variable C, such that the inequality

)
1| < CN™#3BT-1+2

‘ Ve ()
E(VIy (D)

holds almost surely, for any N > (L + 1)A( )~ ! and j € {1,2}. Notice that the lemma can be
used since

_pL-bH-2 BL-HI)-2
4B(L—1)+2 4B(L—H()+2

(4.5)

Recall that the estimator H' 5(1 ) (see (2.11)) is defined through the random ratio V1€ )/
VfN(I). In view of Lemmas 4.1, 3.3, and Remark 3.3, it turns out that, when N goes to +o0, the
asymptotic behavior of V/3 )/ sz;\,(l ) is, almost surely, equivalent to that of the deterministic

ratio E(Vle )/ E(Vzﬂ ~ (). Notice that in the particular case of a LFSM, where the Hurst func-
tion H (-) is a constant denoted by H, using the self-similarity and the stationarity of increments

of this process, it can be easily seen that E(ng (I))/]E(VzﬂN (I)) =2PH 1n the general case of a
LMSM, the following lemma shows that this ratio converges to 282

Lemma 4.2. There are three positive constants c, ¢’ and ¢’ such that, for each compact interval
I C [0, 1] with non-empty interior, and for all integer N > 4 satisfying (2.10), one has
B 25ﬂ(1)]E(V2ﬂN(I)) -

By = = 1| < cTn (M), B), (4.6)
E(Vy (D)
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¥2:]
EVyM)  _ @7
2BHDEV] (1)
and
E(VE () ,
——— — 1| <c"Ty (1), B), 4.8
‘zﬁﬂ’)E(VfN(l)) Ty (1(1). B) (48)

where, for any (i, 8) € (0, 1] x (0, 1/4],

loglog N

In(u, B) = miﬂ{ log N

,MH} + NP (log N)? + = ' N~ (log N)?. 4.9)

In order to show that Lemma 4.2 holds, one needs the following lemma.

Lemma 4.3. There exists a constant ¢ > 0 such that, for each compact interval 1 C [0, 1] with
non-empty interior, and for all integer N > 4 satisfying (2.10), one has

[ Sk 1Pals HE/ND Iy @N) PN w7 (1))

Ay =
Y ko (1) 19 H /N[y N=BHEN BV (1)) o
< cN~PPH (log N)? + cA(1) "' N~ (log N)2. '
Proof. It follows from (3.1), (3.4), (1.2), and (3.40) that
E(WViy (D) oy (D] L Lmen() D (-, H (/2N ) |y 2N) ~BH/2N) @i
E(Vh) (@) Y ko) 1@l Hk/N))|f o gy N=BHEIN)
Thus, one has
5 -1
AN5< > | @u(- Hk/N))| Q(R)Nﬁ”“‘/m)
kevy (1) 4.12)
vy ()] ‘ 2|un (D) B _BH(K/N)
X N+ |l ——-— DOy (-, Hk/N)) ||} 0y CN) s
<|v2N(1>| van (D) kevz Al Moy
N ()
where
Rv=| > ||d>a(-,H(m/2N))||ﬂa(R)(2N)_ﬁH(’"/2N)
mevyy (1) @.13)

2 3 [ HE M)y @)
kEVN(I)
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Notice that (2.6) easily implies that
{2k k evn (D} Cvan (D). (4.14)
So, let v3y (1) and v3, (1) be the two sets of indices defined as
Vo (D) =von (D \ {2k :k € vy (D)} 4.15)
and
viy () = {k e vy(I) :minvgy (1) < 2k < max U;N(I)}.
Observe that
v (D \ vy (D] <2, (4.16)
and
vgN(I)z{gN}U{Zk—i—l:kevﬁN(I)}, 4.17)
where ¢y = min vgN (I). In view of (4.13), (4.14), (4.15) and (4.17), one has

3
Ry <) Rpn. (4.18)
p=1
where
Riv= Y |[®al H(@k+1)/2N)) |}, g @N)FH@FD2D
kevsy (1)
— || @a (-, H/N)) | ey @NYPHEIN,
Ron= Y [ ®u(- H/N))| ey @N)PHEN)
ke (W (1)
and

R3n = || @a (s HGn /2N) oy @N)TPHEN2N),

Using (3.12), (3.30), (1.3), (3.31), the mean-value theorem, (2.1) and the inclusion vﬁN(I) -
vy (1), one can show that

Riy <ci|vn(D|NTPEDTPH) 100 N (4.19)
moreover, (3.31), (2.1) and (4.16) imply that

Ron + Ry n < caNPED, (4.20)
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Combining (4.18) with (4.19) and (4.20), one gets that
Ry < caN"PED (1 |uy ()|N PPt Tog N); 4.21)

observe that the constants ¢, ¢2 and ¢3 do not depend on N and /. Next, putting together, (3.1),
(3.4), (1.2), (3.40), and the first inequality in (3.42), one gets that
-1
( > [ @al HK/N)) ||‘§a(R>N—ﬂH<’</N>) <calon(D|T NPED logN)?, (4.22)
kevn (1)

where the constant ¢4 does not depend on N and /. One clearly has that

1
[vy (1) < 4.23)
[van (D]
On the other hand, using (2.7) and (2.8), one has
2{un (1)] -
‘ - T < esluw ()] (4.24)
lvan (1)]

where the constant cs does not depend on N and /. Also observe that, in view of (3.31) and (2.1),
one has

B —BH(k/N) —BH(I)
a\ o =C6 ’ .
§ | ®o (- Hk/N))| ®2N) <cs|vn(D|N (4.25)
kevy (1)

where the constant c¢ does not depend on N and /. Finally, putting together (4.12), (4.21), (4.22),
(4.23), (4.24), (4.25) and (2.8), it follows that (4.10) holds. (Il

Now, we are in position to show that Lemma 4.2 holds.

Proof of Lemma 4.2. Let us first show that the inequality in (4.6) holds. Using the equalities in
(4.6) and (4.10), as well as the triangle inequality, one has

By <Gy +2PED Ay <Gy +2Ay, (4.26)
where

 Ckeny 19aCs HERINDI oy [2PED=HEIND 1| N=BHE/N)

Gn 7
ZkepN(]) ”(Da('a H(k/N))” a(R)N_ﬂH(k/N)

Notice that, there exists a constant ¢, not depending on / and N, such that

Go < S 2kenyn 1PeC H (k/ N}y |L(T) — H (k/N)|N~FHE/N)
N =
Zkeu,\,u) P (-, H(k/N))||§a(R)N—ﬁH(k/N)

: 4.27)
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also, notice that one can derive from (3.43), (2.6) and (1.3) that
|H(I) — H(k/N)| < can ()P for all k € vy (1), (4.28)

where ¢, denotes the constant ¢ in (1.3). Let vy (/) and Dy (1) be the two sets of indices defined
as:

4loglog N
oy (1) =tk vy () : [HT) — Hk/N)| < T2 250 (4.29)
— Blog N
and
_ 4loglog N
() =1kevy():|H(I)— Hk/N)|> ——— 1. (4.30)
Blog N
One clearly has that
vy =vy(I) Uy () (disjoint union). 4.31)
Next setting ¢z = max(cp, 4/8), then it follows from(4.28) and (4.29) that
loglog N
|H(I) — H(k/N)| < c3 min{%, A(1)PH } for all k € vy (1).
log N -
The latter inequality and the inclusion vy (1) € vy (1) imply that
> keuy(n 19aCo HEK/ N o gy | H () — H(k/N)|N=PHEN)
Yoy ) |19 Co Hk/N))|f o gy N=BHEIN)
oo log N (4.32)
< min{ DEOEN }
log N
Next, observe that one has
NPHKIN) < N=BHD (1og N) =4, forall k e oy (1); (4.33)

indeed, when k € vy (I), using (2.1) and (4.30), one gets that
NBHID—HE/N) _ Ny—BIHU)—HK/N)| _ ,=BIHI)—HKk/N)|logN _ ,—4loglogN _ (log N)74.
Next, using (4.28), (4.33), (3.31), the inclusion vy (1) € vy (I) and (4.22), one obtains that

2kery(n) 1 Pals H(k/N))II’za(R)lﬁ(l) — H(k/N)|N—BH&/N)
Y con ) |19l H /NI o gy N=BHEIN)

4.34)
< ca(log N)2A(1)PH,
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where ¢4 > 0 is a constant not depending on / and N. Next, putting together (4.27), (4.31),
(4.32), (4.34) and the inequality A(/) < 1, it follows that

loglog N

Gy < csmi
N_Csmln{ logN

L A(DPH } (4.35)

where the constant ¢s = c1(c3 + c4). Finally combining (4.26) with (4.10) and (4.35), one can
derive (4.6).

Let us now prove that (4.7) holds. We set ¢’ =28/3. Using (4.11), (4.14), (2.1), the fact that
B € (0, 1/4], the fact that H (-) is with values [H, H] C (1/a, 1), and (2.8), one gets that

EVYI) Dl _
WHDOEWVE (1)~ oD~

k]

which shows that (4.7) is satisfied.
Finally, combining the last inequality with the equality

EVyU) | EVi)  (2PRORGH @)
2BUMDEV] (1) BEOEWV) ()| BV )
and with (4.6), we obtain (4.8). [l

Now, we are in a position to prove Theorem 2.2

Proof of Theorem 2.2. Using (2.11), (2.1), and (2.2), one gets that

g ¢ 2BH YA (1
ﬁ‘Hﬁ(I) - minH(t)’ < log2< V/];’(I) ) —logz(zﬂH(l))‘ _ logz(ﬁi‘/m())‘.
el Voy (D) vE

Then, standard computations allow to derive that

B AN (1) —min H (1)

B B BH(DTa (7B (4.36)
vE (D) Vi 2EDEWVE (1))
< 10g2<%)‘ + ‘10g2<¥>‘ + ‘logz(Tm() '
E(V,y (1)) E(Vy()) E(Vy (D)
Next observe that, for j € {1, 2}, the triangle inequality implies that
B 7B B B
Vivd Vivd Vivd) =V,
’ L) _1'5' ) _1‘+| A = Vi wi)

E(VE (1) E(VE, (1) E(VE (1)
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thus, assuming that y > 0 is as in Lemma 4.1, it follows from (4.2), (3.10) and the first inequality
in (3.42) that, one has, almost surely, for any N > 4 satisfying (2.10),

< C|N 77 + C,NPon—HD) (159 N)?, (4.38)

8
‘ Vin®@

E(Vy, (1)

where C and C; are two positive and finite random variables not depending on N and j; also,
we mention that C, does not depend on 1, while C| depends on this interval. On the other hand,
observe that one has for some constant ¢3 > 0,

[logy (1 +x)| < e3lx], forall x e [—1/2,1/2]. (4.39)

Finally putting together, (4.36), (4.38), the inequality pg — H(I) > 0, (4.6) and (4.39), one can
show that (2.15) holds. O

Let us now derive Theorem 2.1

Proof of Theorem 2.1. First, observe that (2.11) and (2.2) imply that 1’1\5(1) €[1/2,1]. On the
other hand, one knows that H (/) € (1/a, 1) C (1/2, 1). Therefore, one has

|HS (1) — H(D)| < 1/2. (4.40)
The random variable |ﬁ 1{3, (I)— H ()] can also be bounded from above in a different way, namely

47" BlHR () — H(D)|

B vB vB
e () () e
E(VE(D) 2BHIDEWV] (1) Vi)

‘ E(VE (D) _1‘X<E<’VZ€V(1>)> +‘E(V2€V(m_l‘

WHDEVL, (1)) vE (D) Ve, ’

The inequality (4.41) can be derived as follows. In view of (2.11) and (2.2), one has

B
log, (7?3( VD )) - log2(773 (zﬂﬁ(”))’~

BlEL () — H(I)| =
|Hy | V0

Thus, applying the mean-value theorem to the function log,, and using (2.3) as well as the fact
that 7g(-) is with values in [2’3/ 2 2’3], one gets that

440

B
p ‘ Vv pray _
2HDVE (I

22— H| < 2=
AIH (D) - H )}_logZ vE, ()

< 4,3' 1 ‘ (4.42)
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Then (4.41) follows from (4.42), the fact that 8 € (0, 1/4], the equality

V) :< Va (D) )X< E(V(D) >X (E(VfNu)))
0 ’

2WHIDYP, EWVE (1)) WBHDEWVE (1) Vi (D)

the equality abc —1 = (a—1)bc+(b—1)c+c—1, forany a, b, c € R, and the triangle inequality.
Next, we assume that the real number 1 € (0, 1/2] is arbitrary and fixed. In order to obtain
an convenient upper for the quantity ]E(|ﬁ ,6 (I) — H(I)|?), we will use (4.41) on a well chosen

event Y (1, n), and on its complement T, n) = \ Ty, n) we will use (4.40). Yn (I, n)
is defined as

Yy (L) =Gy (. m) NGy (I, 7) N Ly, (4.43)
where

Vie(lL2,  Gin(.n
Vivd,®
EWVi 1)

={weQ: (1 -nE(Vy() < Vi o) < A+ nE(V D)},

={we§2:‘ 1

< n} (4.44)

and
Ly ={oweQ: PN Pen—H <4-1g}, (4.45)

¢ being the positive constant ¢ in (3.41); we recall that the random variable C, has been in-
troduced in Lemma 3.3, also, we recall that H = sup, 0.1 H (7). For j € {1, 2}, let @jN(I, n) =
Q\ G,y (I, n) be the complement of Gy (/, n). Observe that, it follows from (4.44), Lemma 3.1,
the inequality log(2N) < 21log(N), and the inequality H (/) < 1, that there is a constant ¢ > 0,
not depending on I, N, n and §, such that for every § € (0, 1), one has

P(Gn (I, m) +P(Gon (1, ) < c1Fy(n, A1), 1 = 8,88(L — 1)), (4.46)
where, for any (1, 4, x,y) € (0,1/2] x (0, 1] x (0, 1) x (0, +00),

N72x N74x
FNm,u,x,y):n‘Ny(logN>2+n“< 2t +N4y><log1v>8. (4.47)

Let Ly = 2\ Ly be the complement of L. One can derive from (4.45) and (3.11) that, for
some constant ¢; > 0, not depending on I, N, n and 8, one has,

P(Ly) < caN~@Pr—H) < o) y—(pr—H) (4.48)

where the last inequality results from o > 1. Next, we set ¢c3 = c¢| + ¢, combining (4.40) with
(4.43), (4.46) and (4.48), we obtain that

E(|Hy (D) = H(D| 15, 1)) < B(Tn ()

-~ (4.49)
<c3(N~Pr=H) 4 Fy(n, A1), 1= 8,88(L — 1))).
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Now, we look for an appropriate upper bound for E(|ﬁ]€(1) — H(I)|?1yy,y)- To this end,
we have to find, on the event Y (1, n) = Gy (I, n) NGon (1, 1) N Ly, a suitable upper bound for
each term in the right-hand side of (4.41). So, let us derive the following three inequalities:

Vi, w) 5 _
Vje{l,2},YoeG;y(,n), Qﬁi —1| <+ CL(wyeN~PPa=H (450
E(VIy (D)
B2, (1
Vo € Gan(I,n) NLy, w <4, (4.51)
Vo (I, @)
and
E(VS, (1) 8 7
VYo € Gon (1, n) NLy, ‘ﬂ—N — 1| <4(n+ CL (w)eN—Plor—H), (4.52)
Von (D)

Putting together the inequality

B B B Y4

‘M B 1‘ 5 ‘V,N_m B 1‘ ViD= Vi)l
E(V/y (1) E(V/y(D) E(V/y(D)

the first equality in (4.44), (3.10), and the first inequality in (3.41), it follows that (4.50) holds.

Now, we focus on the proof of (4.51). Using the triangle inequality, the second equality in (4.44),

the inequality 1 —n > 2-1 and (3.10), we obtain that

Viv( ) = Vi (L w) — Vi (L ) — Vi (1L o)

~ B (wyN—Pru )

> 27 'E(V (D) — CL (@) NP ZE(VZﬂNU))<2_I EWVE, (1))
2N

Then the first inequality in (3.41) and (4.45) imply that
VE L w) = E(Vh (D)2 —e 'l (wyN—Fen—H)) > 4= 1R(VE (1)),

which proves that (4.51) is satisfied. Next, (4.52) can be obtained by combining the equality

'EWfNu»_l‘:E(VfN(l»‘ Vay () 1‘
Viv (D Vi B 1)

with (4.51) and (4.50), where j = 2. Having proved the inequalities (4.50), (4.51), and (4.52), let
us now notice that by combining them with (4.41), (4.7) and (4.8), it follows that

\BE(D) — H(D| vy 1. < ca(n+CENTFPEn= L Ty (0(1), B)), (4.53)
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where c4 > 1 is a constant not depending on I, N, n and §. Next, let c5 be the constant defined
as

cs = Bea) B((1+ c£)Y);
observe that c; is finite since 48 < 1 < « (see Lemma 3.3). It follows from (4.53) that
E(|HY (1) — H(D|"Lry1.) < es(n? + NP8~ 1 7y (1(1). p)"). (4.54)
Next, setting ce = ¢3 + ¢s, then (4.49), (4.54), and the inequality pf < 1 entail that

E(|H5 (1) — H(D)|")

< co(Fy(n, A1), 1= 8,88(L — 1)) + P + N=PEes=H L1y (6(1), B)). (439
Next, let A = A(L, B, p) be as in (2.13). We set
S=1-2"'p+4HA (4.56)
and
v =2""A) AN log N)*A. (4.57)

In view of (2.13) and (2.10), it can easily be seen that § € (0,1) and 57y € (0, 1/2]. Also, observe
that

pA=2—-28—4AN=38B(L—1)— A. (4.58)

Standard computations, relying on (4.47), (4.9), (2.13), (2.10), (4.56), (4.57), (4.58), and the
inequality A (/) < 1 allow to obtain, for some positive constant c7 not depending on N, I, and p,
the following inequality:

c1(Fy (in, M(I), 1= 8,8B(L — 1)) + (i) + N~PPCn=H) L Ty (x(I), B)")

loglog N\” I
< min{ (%) ’A(])PPH} + N—PBlon—H) (4.59)
log N

+ NP2 (log NYB =M () =4S max{a ()%, N=PTHAY

F_inally, we can assume in (4.55) that n =7y and § = 5, then combining (4.55) with the equality
H = sup, 9,11 H(7) and with (4.59), we obtain (2.12). U

5. Proofs of Theorems 2.3 and 2.4

As we have already pointed out (see Remark 2.2) for deriving Theorem 2.3 it is enough to show
that Proposition 2.1 holds.

Proof of Proposition 2.1. We assume that the real numbers n € (0, 1/2] and § € (0, 1) are ar-
bitrary and fixed. Also, we assume that N and n are arbitrary integers satisfying N > Ny and
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0<n< [9151], where No and Oy are as in Definition 2.1. The event Yn(Zy », n) is defined
through (4.43) with I =Zy ,. The events I'y (1) and T n(n) are defined as

rvm= () Y~@wa.m and Ty()=Q\Tym). (6.1

0<n<[oy"1
Then, it follows from (4.53) that

Tryoy max  |HS@n,) —H@ya)| <ci(n+CENTPOr— LTy 6n, 8),  (5.2)

0<n<[9N ]

where ¢; > 0 is a constant not depending on N and n; recall that H = sup;cpo.11 H (1) and
that Tn (-, -) has been introduced in (4.9). Next, similarly to the proof (4.54), one can derive
from (5.2), that

B(tryy | max  |AL @) = HIn|") < xla” + NP0 4 Ty 7). (53)

0<n<[0y

where ¢y > 0 is a constant not depending on N, 1, and p. On the other hand, similarly to (4.40),
one has that

max |HN(IN n) —H(Iy n)| <1/2

0<n<[6y"]
Therefore, in view of (5.1), (4.43), (4.46), (4.47), and (4.48), we get that

E(ﬂmm max IHN(INn)—H(INn)|)

0y'1-1
<PCW+ Y (PGCy@nn.m)+PGon @y ) (5:4)
n=0
<e3(N~C= L 051 Fy(n, 0, 1 = 8,8B(L — 1)),

where c3 > 0 is a constant not depending on N, n, §, and p. Next, putting together the second
equality in (5.1), (5.3), (5.4), and the equality pB < 1, we obtain that

E( max |HN(IN,1)—H(IN,1)|)
O<n<[0N
(5.5)

<ca(0y Fn(n, On,1=8,88(L — 1)) +n” + N~PPen=T L Ty (6y. B)P),

where ¢4 > 0 is a constant not depending on N, 7, §, and p. Next, let A = A(L, 8, p) and
6 € (0,1) be as in (2.13) and (4.56). Moreover, we set

iiv =271 N2 (log N)**;
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notice that, in view of (2.19), one has 77 € (0, 1/2]. Next, similarly to (4.59), we can obtain, for
some constant ¢s5 > 0, not depending on N and p, the following inequality:

es(0x Fx (iins On, 1= 8,8B(L — 1)) + Gin)? + N~PPCr=1 L Ty (0, B)P)

loglog N\” H
Smin{<01g0;i ) ’(ON)PPH}_FN—P/S(PH—H) (5.6)

+ prA(log N)8(17A)9];4(5/4—A) max{@%,, N*(P+4)A}.

Finally, we can assume in (5.5) that n = 7y and § = 5, then combining (5.5) with the equality
H = sup, (o 17 H (¢) and with (5.6), we obtain (2.27). [l

As we have already pointed out (see Remark 2.5) for deriving Theorem 2.4 it is enough to
show that Proposition 2.2 holds. In order to prove this proposition, we need the following lemma
which is reminiscent of Lemma 4.1 and Remark 4.1.

Lemma 5.1. Assume that the real number B € (0, 1/4] and the integer L are arbitrary and
satisfy (2.14). Also, assume that (2.29) holds. Then, using some of the notations introduced in
Definition 2.1, there exists a positive finite random variable C, such that the inequality
_ VJEN(IN,n) | Bu-h=2
Vje{l,2}, max | — 11 <COy N #iL-D+2 (CN))]
o<n<loy NWEV; y (In.n))

holds almost surely, for any integer N > Nj.

Proof. Let us set
_BL-1)-2 5

= I 12 and §p=——; (5.8)
B(L—1)+2 AB(L —H)+2

Yo

in view of (2.14) and the fact that H = sup;epo,17 H () < 1, standard computations allow to show
that

0<dg < 271 and SoB(L — H) — y>1 and 2(1 -39 —2y) > 1. 5.9
Next, observe that
7B
v (IN, )
]P’( max 1,217” —1 >9;1N_”0>
0§ﬂ<[9,§1] ]E(Vl'N(IN,n))
] : (5.10)
0y'1-1 Ve (1
‘v @Nn)
<y P(‘i’/\;—" ~1 >9,;1N—VO>.
n=0 E(VjN(IN,n))

Moreover, we know from Definition 2.1 that 4(L + 1)(j N)~!'(log(j N))? < 6y < A(Zy.n), the
integers j € {1,2}, N > Ng, and n € {0, ..., [91;1] — 1} being arbitrary. Thus, Lemma 3.1 (in
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which I =7y ,, § =80, n =0y IN— Y0 and Vﬁ(l) is replaced by 1% N(IN n)) can be used in
order to bound from above the probablhtles in the right-hand side of (5. 10) We obtain, in this way

]P’(‘ jN(IN,n)
E(V N(IN n))
<16y N (jN)—éoﬁ(L—ﬂ(IN.n)) (log(jN))2

iN —2(1-60p) iN —4(1-60)
+6197\'1N4y°<(] ) . (UN) .
9N ON
< CZQNNVO*SOﬂ(L*ﬂ(IN,n))(log N)2 (5.11)
+ 20N (QNN*2(1*50*2V0) + QA_JIN*“(I*(SO*VO) + 9]3\, N4V0*450ﬂ(L*E(IN,n)))(log N)S

-1

1 ar—
>0y N VO)

. _ _ . 8
+(jN) 480B(L E(IN,n))> (log(]N))

< ngNNVO*SOﬂ(L*ﬁ) (log N)2
+ 20N (N—2(1—50—2)/0) + 91;1]\/—4(1—50—)/0) + N4)/0—450/3(L—ﬁ))(10g N)S,

where ¢; > 0 and ¢, = 28¢; are two constants not depending on N, n, yp and & (in fact ¢ is the
constant ¢ in (3.3)). Next, combining (5.10) with (5.11), we get that

p(_ L
0<n<[9NJ]E(V @nn))
< CzNyo_’SO’g(L_H)(log N)2

e (N720=00-20) 4 gt y—4=d0—r0) N4yo—4aoﬂ(L—ﬁ>)(10g N)8.

1| > QI;IN—V0>

Finally, putting together the last inequality in (5.9), the first equality in (5.8), and the second
equality in (2.29), it follows that

400 Nﬁ (T
v EN.n)
Z IP’( max_ ]N—n 1 >91§1N_V°> < 400,
N=N, 0<n<[0 E(V (IN n))
then, using Borel-Cantelli Lemma, we obtain (5.7). O

Now, we are in a position to prove Proposition 2.2.

Proof of Proposition 2.2. Similarly to (4.36) and (4.37), we have

p max |Hy(Ty.) —HTyn)
O<n<[0N]
B
Von (L,
< max 10g2<%>‘ 5.12)
0<n<[y"] E(Vyn IN.n))
.6 ﬁH(INn)
Vi (@ 2 IEV 7
+ max logz(%>‘+ max log( ,3( (Nn))>'
0§n<[9§1] E(VN(IN,n)) 05"<[91;1] IE(VN(IN’”))
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and, for j € {1, 2},

Vi @n) VO Tnn)
max | ——p————— 1< max |—C—p—————
0=n<(0y NEWV;y (IN 1)) 0<n<(0y N EV;y (TN )
' 5 (5.13)
V@) = Vi @xn)
+ max =y .
0=n<[fy"] E(Viy@nN.n))

Next, we denote by C; the random variable C in Lemma 5.1; recall that this random variable
does not depend on N. On the other hand, we assume that the random variable C; is defined as

Cr=0""! Cf , Where ¢ is the positive constant ¢; in (3.41), and the random variable C, is as in
Lemma 3.3. Observe that we know from Remark 3.2 and Lemma 3.3 that C, does not depend on
N and on the intervals Zy ;. It follows from (5.13), (5.7), (3.10), and the first inequality in (3.41)
that, we have, almost surely, for any N > Ny,

VE @)
E(WVE Ty )

(L—1)—2

max —1| < CIQ&IN_Z&(L—IHZ + C2N_ﬁ(PH_Sque[O,IJ H(@) (5.14)

0<n<[6y']

On the other hand, we know from Lemma 4.2 and from Definition 2.1 that

max
0<n<[6y']

lgﬁ(IN,n) Nﬁ
2 NIS(VZN(IN,n)) < min{ loglog N o0 }
E(VY (Zn.n)) log N

(5.15)
+ 3N PP (log N)® + 30, N~ (log N)?,

where c3 > 0 is a constant not depending on N. Finally, putting together (5.12), (5.14), (5.15),
and (4.39), we obtain the proposition. O
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