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The aim of the paper is to establish asymptotic lower bounds for the minimax risk in two generalized
forms of the density deconvolution problem. The observation consists of an independent and identically
distributed (i.i.d.) sample of n random vectors in RY. Their common probability distribution function p can
be written as p = (1 —a) f + «[ f x g], where f is the unknown function to be estimated, g is a known
function, « is a known proportion, and x denotes the convolution product. The bounds on the risk are
established in a very general minimax setting and for moderately ill posed convolutions. Our results show
notably that neither the ill-posedness nor the proportion « play any role in the bounds whenever « € [0, 1),
and that a particular inconsistency zone appears for some values of the parameters. Moreover, we introduce
an additional boundedness condition on f and we show that the inconsistency zone then disappears.

Keywords: IL.p-risk; adaptive estimation; density estimation; generalized deconvolution model; minimax
rates; Nikol’skii spaces

1. Introduction

In statistics, deconvolution is one of the most well-known model among non-parametric ill-posed
inverse problems, where basically one wishes to recover an unknown real-valued function f after
it has been smoothed by a known operator. We will consider a multidimensional setting where
this operator is the convolution one, defined via some integrable real-valued “noise” function g.

Generalized deconvolution model. Our first model consists in a mix between the direct obser-
vation problem and the pure deconvolution problem. Consider the following observation scheme:

Zi=X;+¢&Y;, i=1,...,n, (L.1)

where X;,i = 1,...,n, are i.i.d. d-variate random vectors with common density f to be es-
timated. The noise variables Y;,i = 1,...,n, are i.i.d. d-variate random vectors with known
common density g. At last &; € {0,1},i =1, ..., n, are i.i.d. Bernoulli random variables with
P(e; = 1) = «, where o € [0, 1] is supposed to be known.

Let us note that the case o = 1 corresponds to the pure deconvolution model Z; = X; +7Y;,i =
1,...,n, whereas the case « = 0 corresponds to the direct observation scheme Z; = X;,i =
1,...,n. The intermediate case « € (0, 1) can be treated as the mathematical modeling of the
following situation. One part of the data, namely (1 — a)n, is observed without noise. If the
indexes corresponding to these observations were known, the density f could be estimated using
only this part of the data, with the accuracy corresponding to the direct case. The main question
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we will address in this intermediate case is whether the same accuracy would be achievable if the
latter information is not available? We will see that the answer is positive, but the construction
of optimal estimation procedures is based upon ideas corresponding to the pure deconvolution
model.

Convolution structure density model. Our second model is a generalization of the generalized
deconvolution model itself. For any fixed « € [0, 1] and R > 1, and for any g € L; (R?) introduce

Fo(R)={f €Bra(R): (1 —a) f +alf »gl € BRI},

where B 4(R) denotes the ball of radius R in IL; (R?) and ‘B(Rd) denotes the set of probability
densities on R¥. Suppose that we observe i.i.d. vectors Z;,i =1, ..., n, with common unknown
density p satisfying the following structural assumption:

p=0—-a)f+a[f*xg], felF,(R),ael0,1]. (1.2)

Here o € [0, 1] and g : RY — R are supposed to be known and f : R4 — R is the function to be
estimated. We remark that the observations scheme (1.2) coincides with the observations scheme
(1.1) if additionally f, g € P(RY).

What is more, the convolution structure density model (1.2) can be studied for an arbitrary
gelLi(RYand f € Fg¢(R), but later on we will restrict ourselves to the case g € P(R?). Then on
the one hand we have ‘B(Rd ) CF¢(R) for any R > 1, but reciprocally some function f € F,(R)
is not necessarily a density, except in the particular case o = 0.

As it stands, one may question the reason for the Introduction of the convolution structure
density model. In fact, the main motivation lies in the calculation of the upper bounds of the min-
imax risk defined further. Indeed, in a separate work, the authors have constructed a performant
estimation technique, along the lines of what [14] developed in the direct case. However this
estimator, like (to the authors knowledge) most of those available in the literature, exploit nei-
ther f > O nor [ f = 1. Thus, it is interesting to consider a broader setting than the generalized
deconvolution model, by removing the assumption that f is a probability density, and to check
if some estimators of interest are optimal in this new setting.

The minimax framework. We will study the deconvolution problem in the minimax perspec-
tive, which is very widespread in the statistical literature (see [30] for examples of problems
and methods in this setting). We want to estimate the target function f using the observations
ZW = (Z1,.... Zyp) given in each one of the two models (1.1) and (1.2). By estimator we mean
any Z-measurable map f R*"— L, RY).

The accuracy of an estimator f is measured by the IL ,-risk

ROL, fli= EpIf = £15)77. pellioco), RO F1:=Ef(If — flo).

Here E; denotes the expectation with respect to the probability measure Py of the observa-
tions ZM = (Z1,..., Zy), || - llp» p €[1,00) denotes the LL,,-norm on R4, and | - |lso denotes
the supremum norm on R?. The objective is to construct an estimator of f possessing a small
L, -risk.

)4
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In the framework of the minimax approach, the density f is assumed to belong to a functional
class X, which is specified on the basis of some prior information on f. Then a natural accuracy
measure of an estimator f is its maximal IL.,-risk over X,

RYLS; 21=sup RYLS, f1.
fex

The main question is: how to construct a rate—optimal, or optimal in order, estimator f* such
that

RO 1= ¢u(2) :=inf RP 121, n— 00?
f

Here the infimum is taken over all possible estimators, and ¢, (¥) is called the minimax risk. We
refer to the outlined problem as the problem of minimax density deconvolution/estimation with
IL,-loss on the class . Then the first problem arising here consists in bounding from below
the minimax risk ¢,(¥) in an optimal way, that is, with bounds as large as possible as for the
dependency on n (and on other parameters appearing in X if possible). The aim of the paper is
to address this problem, whereas the determination of the upper bounds and the development of
rate-optimal estimators will be addressed in a separate paper.

In the framework of the convolution structure density model we will consider ¥ = Nz 4( B , Z) N
Fq(R), where N;,d(ﬁ , Z) is the anisotropic Nikol’skii class defined further. Here we only note
that a Nikol’skii class belongs to the family of Besov functional classes and it is, in fact, the
largest Besov class, see [25], Chapter 6.2.

Moreover we will consider ¥ = N;gd(,é , Z) N ‘B(Rd), which allows to get the results in the
framework of the generalized deconvolution model.

At last we study = = Nz 4(8, L, M) NB(R?), where

Nea(B, L, M)=N; 4B, L)N{G:R! > R:Glloo <M},  M>0.

It will allow us to understand how the boundedness assumption on the underlying function may
have effects on the minimax rate of convergence.

Moreover let us note that our main purpose is to precise how the lower bounds depend on
the size n of the sample, when n — +o00. Furthermore, we also study the dependence of the
remaining constants on L, which, remind, is the radium vector in the Nikol’skii space.

Overview of the existing results. As already mentioned, our models include as particular cases
density estimation in the direct observation and in the pure deconvolution settings. As far as we
know, the intermediate case mixing both situations has not been studied yet from a minimax per-
spective. However, of course there is a vast literature dealing with each one of the two particular
cases.

First, let us consider the direct observation setting. The latest results in the density estimation
over ¥ = N;’d(,g, L, M) under LL,-loss, 1 < p < +o00, were obtained in [14]. The authors obtain
the following lower and upper bounds for the minimax risk:

c(Inn)*n™ < (T) < C(Inn)’n*,
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where p > 0, a > 0, b > 0 are constants completely determined by the class parameters E T
and the norm index p. Different relation between these parameters leads to four regimes of the
decay of minimax risk (cf. Theorem 2) and it is worth noting that @ = b in two zones among
four. Moreover in the same paper, an inconsistency result is also obtained for the sup-norm loss.
Along with the results of [20], this gives a complete picture on density estimation is sup-norm
loss.

Now let us focus on the results in the pure deconvolution setting. We only mention here
papers dealing partly or completely with our framework, that is, deconvolution in the den-
sity setting, in IL,-loss, from a minimax perspective. Moreover, the behavior of the Fourier
transform of the noise function g plays an important role in our results, as actually in all the
works on deconvolution. Indeed ill-posed problems correspond to Fourier transforms decaying
towards zero. Our results will be established for “moderately” ill posed problem, so we detail
only results in papers studying that type of operators. This assumption means that there exist
=1, ..., ma) € (0, oo)d and Y > 0 such that the Fourier transform g of g satisfies:

d d
T [J+) " <gol < [0+5) ™7 vi=@...w R
j=1 j=1

Let us first present some results in dimension one. Later on B(8, r, ¢, L) denotes the Besov
functional classes. In particular Nikol’skii class correspond to g = +o0, including Holder case
r =g = 400, and Sobolev class corresponds to g = r. Early works include in particular [7], who
developed consistent estimators under L -loss (but not yet in a minimax sense) whenever the set
of points where |g(z)| # 0 is of full Lebesgue measure. Later on [28] establish upper and lower
bounds for the L, loss of a family of estimators in three cases of noise functions: normal, Cauchy
and double-exponential. However, here again they did not use the minimax framework yet in the
choice of the regularity space for the target.

Fan [10] uses the L,-loss (with 1 < p < +00) and the Holder class ¥ = B(8, oo, 00, L),
B >0, L > 0. The author also assumes that the target functions are compactly supported in some
interval [a, b] and obtains the following lower bound:

¢n(2) > Cn_l/(2+(2M+1)//3). (13)

This rate is obtained in several papers as a convergence rate of an estimator, and hence upper
bounds for the minimax risk. For example, the L, loss and the Sobolev class ¥ =B(S,2,2, L)
was considered by [6,26] and [15] (who made the additional condition that § > %). They all
developed estimators, based on wavelets for the first paper, on penalization and model selection
in the second paper, and on a ridge method in the third paper. They all establish the convergence
rate of the estimators, which turns out to be (1.3). Note also that one chapter of the book by [24]
gathers results on one-dimensional density estimation in L, loss over Sobolev or Holder spaces.
These results are similar to the aforementioned ones: lower and upper bounds are established for
the minimax risk, estimators based on ridge methods, wavelets, or kernels are developed. Fan and
Koo [11] use the L>-loss and the Besov class ¥ = B(8, r, ¢, L). They establish a lower bound for
the minimax risk for any 1 < g < co under the condition 8 > % Once again the rate is the same



888 0.V. Lepski and T. Willer

as in (1.3). They also establish an upper bound under the additional assumptions that 1 <r <2,
1

M < 5=(B+ 5 — ) and f has a fixed compact support.

Lounici and Nickl [22] examined the case of the L,-loss. They obtain a lower and an upper
bound for the minimax risk over the class of Holder spaces ¥ = B(8, oo, 0o, L) with 8 > 0, but
they remark that the results can be generalized to the class of Besov spaces ¥ = B(8,r, ¢, L).
The found rate coincides with whose given in (1.3).

There are very few results in the multidimensional setting. It seems that [23] was the first paper
where the deconvolution problem was studied for multivariate densities. It is worth noting that
[23] considered more general weakly dependent observations and this paper formally does not
deal with minimax setting. However the results obtained in this paper could be formally com-
pared with the estimation under L-loss (p = 00) over the isotropic Holder class of regularity 2,
that is, the Nikol’skii class with B =(2,...,2)and ¥ = (00, ..., 00). Let us also remark that the
paper does not contain any lower bound result. L

In [5], the authors consider the ILp-loss and the Sobolev class X = B(8, 2,2, L) with the
restrictionVj € {1,...,d}, B; > % They also assume that all the components of the noise vectors
are independent. They then obtain the following lower bound:

bn(D) = Cn~ Y/ CHLI(@uj+1/BD)

They also obtain an upper bound containing the same rate in n, either on the Sobolev class as
above intersected with L, or on the Nikol’skii class X = Ni, d(B , Z, M) with the restriction
Vjel{l,....d}, B > 1.

Let us briefly mention without details other types of deconvolution problems which are beyond
the scope of this paper. First, there are several results on pointwise estimation, see, for example,
[2,4,9,12], or the already cited paper [S]. Second, note that other types of ill-posedness can ap-
pear. In particular, an exponential type of decay for |g| yields a “severely” ill-posed problem.
All of the aforementioned papers from 1993 onward studied these kinds of problems. Moreover,
papers such as [2,29] and [3] focus exclusively on severely ill-posed problems. Still another per-
spective is used in [1], where the operator is moderately ill-posed but the target function is “ex-
ponentially” smooth. Note that some convolution operators are neither moderately nor severely
ill-posed. For example, [15] investigate the case of oscillating behavior of ||, and [17] investi-
gate the case of the boxcar deconvolution with badly approximate width (but in the white noise
setting), where |g| behaves in an unstable way.

Note that there is also a vast literature on deconvolution in the white noise instead of the
density setting. Here one assumes that the function f x g is observed after being corrupted by an
additive gaussian white noise. Then let us mention in particular the work by [16] who assume
that f and g are one dimensional and periodic and develop an adaptive estimator, which turns
out to be rate-optimal as shown by the minimax bounds in [32].

The remainder of the paper is organized as follows. Section 2 describes the assumptions on
the functions f and g appearing in our models. Section 3 contains the main results, which com-
prehend lower bounds for the minimax risk in three situations: the generalized deconvolution
problem, the convolution structure model, and the generalized deconvolution problem with a
uniformly bounded target density. Moreover the results in the case of the IL,-loss and of the uni-
form loss are presented separately. In Section 4, we discuss the optimality of the results presented
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in Section 3. We present a general conjecture related to the construction of an estimation proce-
dure which would attain the asymptotics found in Theorem 1-3. Moreover, we consider some
particular cases where the construction of an estimator attaining our lower bounds is straightfor-
ward. Sections 5 and 6 contain the proofs of the main results. The proofs of auxiliary lemmas are
postponed to Appendix.

2. Definitions and assumptions

In this section, we give the definition of functional classes used in the description of the min-
imax risk and present the assumptions imposed on the function g used in the definition of the
convolution operator.

Anisotropic Nikol’skii classes. Let (e, ...,ez) denote the canonical basis of RY. For any
function f : R? — R! and any real number u € R, define the first order difference operator
with step size u in direction of the variable x j by

Ay i f(x)= fx+uej) — f(x), j=1,...,d.

By induction, the kth order difference operator with step size u in direction of the variable x; is
defined as

k
_ k
Ay fO) = Ay A FO) =) (=D (l ) At j f (). @.1)
=1
Definition 1. For given vectorst = (1, ...,ra) € [1,00], B = (B, ..., Ba) € (0,00) and L =
(L1, ..., Lg) € (0,00)?, we say that a function f : R? — R! belongs to the anisotropic Nikol’skii

class Ny 4(B. L) if:
) 1 fll, <Ljforall j=1,....d;
(i) forevery j=1,...,d there exists a natural number k;j > B; such that

[a; 7], <Lyl VueRVj=1,...d.

Recall also that we introduced
N g(B, L, M) =N; 4B, L) N {G :R! > R:||Gllos <M}, M >0.

Assumptions on the density g. Let J* denote the set of all subsets of {1, ...,d}.SetJ=J* U
and for any J € J let | J| denote the cardinality of J while {ji <--- < jj;} denotes its elements.
ol

For any J € J* define the operator 7 = 5, and let D% denote the identity operator. For
J ol

any Q €y (R9) let Q(t), t € R4, be the Fourier transform of 0.

Assumption 1. g is bounded, and D’ § exists for any J € J* and satisfies:
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(1) ifa €10, 1) then there exists 01 > 0 such that
sup |97, <vi;
JeJ*
(2) if a =1 then there exists 0 > 0 such that
aup 7197 ], <00,
Jeg*
Let us remark that Assumption 1 is very weak if o € [0, 1) and it is verified for many dis-
tributions, including multivariate centered Laplace and Gaussian ones. In the case o = 1, this

assumption is much more restrictive. In particular, it does not hold for Gaussian law but it is still
checked for the Laplace distribution.

Assumption 2. If o =1 then there exist ji = (i1, . .., nq) € (0, 00) and Y > 0 such that

d
o) <[] +)™7?  Vvi=(.....10) e R
j=1

The consideration of the I ,-risk on N;,d(,é , i) N TF¢(R) requires to enforce Assumption 1 in
the case « = 1. For any 1, J € J define ®// =D/ (D7) and note that obviously D'/ =D’/

Assumption 3. D'/ g exists for any I, J € J and:

@) sup H@“(g) ||l =:03 < 00;
1,Je3

(ii) sup /Rd g(z)(l_[ z?) dz < o0.

Jeg* jeJ

Assumption 3 is not much restrictive and it is checked for multivariate centered Gaussian and
Laplace distributions.

3. Main results

To present our results in an unified way, let us define (o) = i, o = 1, () = (0, ...,0),
a € [0, 1), and introduce the following quantities.
AT P S 1 Eo2p e +1 L m@+n8;
L J , :Z L(a)zl_[L. i 7
Bj w@ = B !

B(a)

)

j=1 j=1

Define forany 1 <s < oo and « € [0, 1]

() =@ 2+ 1/8@) —s,  t(s)=1-1/w(0)+ 1/(sB(0)).
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Convolution structure density model. Set p* = [max;—; . 4r;]V p and introduce

.....

L= %a(p) > po(@);
1 —1/w() +1/8@)’ ’
Be) )
m, 0 <% (p) < po(a);
ola) = “(p)
’ o —_ O’ * O;
CT 1B + w@poy P =0700)>
%;”)/”) sa(p) <0, 7(p") <0.
Here and later, we assume 0/0 = 0, which implies in particular that %}Z:m =0if p*=p
and sz, (p) = 0. Also, the following observation will be useful in the sequel:
. |: 1-1/p 1
o(a) = min ) ;
1-1/w(@)+1/B(@) 2+ 1/B(x) 3.0
(p) w(e)(1 — p*/p)] '
Q2+ 1/B(@)T(00) + 1/w(@)B(0)’ s (P¥) ‘
Put finally
Ln~", sa(p) > 0;
82 =1 L(@)n'In(n), #4(p) <0, 7(p*) <0;

[LO] PP L@ @), a(p) =0, 7(p*) > 0.

Iheorem 1. Let Lo > 0 and 1 < p < oo be fixed. Then for any B e (0, oo)d,7 e [1, oo]d,
L €[Lg, )4, R > L, i € (0,00) and g € P(RY), satisfying Assumptions 1-3, there exists
¢ > 0 independent of L such that

liminfinf sup 8;9(0‘)73;")[]51; flze,
"7 S e a(B LN (R)

where infimum is taken over all possible estimators. If additionally ji(x) € [0, 1/2)? in the case
»#y(p) <0, then

liminfinf sup 5,;9(a)7€§,”)[ﬁz; fl=c.
"7 e a(B.L)NP®RY

Following the terminology used in [14], we will call the set of parameters satisfying s, (p) >
pw () the tail zone, satisfying 0 < s, (p) < pw(«) the dense zone and satisfying »,(p) <0
the sparse zone. In its turn, the latter zone is divided in two sub-domains: the sparse zone 1
corresponding to 7(p*) > 0 and the sparse zone 2 corresponding to 7(p*) < 0. The notion of
dense and sparse zones appeared in the statistical literature in the mid-nineties in [8] and go up to
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the wavelet decomposition of the underlying density. The tail zone was discovered in [18] and its

existence is related to the function estimation on the whole space. In particular, the consideration

of compactly supported densities allows to eliminate this zone. The fact that the sparse zone is

divided in two sub-domains was discovered in [14] (bounded case) and in [21] (unbounded case).

This division can be informally viewed as some “degree of sparsity”. It can be easily observed by

analyzing the family of functions on which the lower bound established in the theorem is proved.
Some remarks are in order.

1°. In view of the inclusion ‘B(Rd) C Fg(R) for any g € P(R?) and R > 1, we remark that
the second assertion of the theorem is stronger than the first one. In particular, it provides with
the lower bound for the minimax risk in the generalized deconvolution model (1.1). Note that the
additional condition () € [0, 1/ 2)4 is always satisfied if o # 1 since p(a) = 0. Moreover, for
any o € [0, 1) the asymptotics of the of L ,-risk found in Theorem 1 are independent of a. Also,
it is worth mentioning that all our results in the case « € (0, 1) are proved under the very weak
Assumption 1.

We would like to emphasize that the asymptotics of the I, -risk defined on N 4 (B , Z) NPRY)
in the case fi() ¢ [0, 1/2)¢, @ = 1, on the sparse zone in the observation model (1.1) remains
an open problem. However, as it will follow from Theorem 2 below the asymptotics found in
Theorem 1 in the tail and the dense zone are correct on Nz 4(8, L) N ‘B(Rd) as well, whatever
the value of u ().

2. The assertions of Theorem 1 in the case « # 0 are completely new. In the case o = 0, the
lower bounds from Theorem 1 coincide with those found in [14] when the tail or dense zone are
considered. The result corresponding to the sparse zone even for « = 0 was not known. Let us
discuss this zone more in detail.

Case »y(p) 20, T(p*) =0, p* = p. As it follows from Theorem 1 there is no uniformly
consistent estimator under the LL,-loss, 1 < p < oo, over N; 4 (/§, L) N Fg(R) or over
N;,d(ﬁ , Z) N ‘,B(Rd ) if () € 10,1/ Z)d. We will see that the latter condition is necessary and
sufficient for nonexistence of uniformly consistent estimators over these two functional classes.

Case 74(p) <0, T(p*) <0, p* > p. Itis interesting to note that this case does not appear in
the dimension 1 or, more generally, when isotropic Nikol’skii classes are considered. Indeed, if
rp=rforalll=1,...,d, then p* > p means r > p which, in its turn, implies 7(p*) = 7(r) =
1>0.

3%, Note that if p = 1, then necessarily >, (p) > pw(a) (the tail zone) and, therefore, a uni-
formly consistent estimator under IL;-loss does not exist.

4 Leto=1landlet p=2andr; =2forany/=1,...,d. Itis easy to check that whatever
the value of E and ji, the corresponding set of parameters belongs to the dense zone. The lower
bound for the L,-risk in the deconvolution model was recently obtained in [5] but under more re-
strictive assumption imposed on the density g. It is worth noting that in this case the asymptotics
found in Theorem 1 is the minimax rate of convergence, see [5].

Deconvolution density model. Bounded case. The problem that we address now is inspired by
the following observation. Looking at (3.1) we remark that the elimination of any zone will im-
prove the accuracy of estimation. A similar problem was investigated in the recent paper [14],
where in the direct case a = 0 the authors proposed the tail dominance condition which allows
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to reduce and sometimes to eliminate the tail zone. In particular, under this assumption the uni-
formly consistent estimation under IL;-loss is possible.

Our goal is to impose in some sense minimal assumptions on the underlying function which
would allow to eliminate the inconsistency zone s (p) < 0, T(p*) <0, p* = p. It turns out
that in order to do this it suffices to add to the Nikol’skii class the uniform boundedness of the
underlying function. Thus, our objective is to find a lower bound for minimax risk defined on
N7 4(B. L, M) N P(RY). Introduce

L-1lp , #a(p) > po(a);
I —1/w(e)+1/8(x)
@ 0 < a(p) < po(@);
2B() +1° - ’
pla) = 2(p)
u . (p) £0,7(c0) > 0
2+ 1/B@)t(00) + 1/[w(a)B(0)]
w(a)
—, #y(p) <0, t(c0) <0.
p
Similarly to (3.1)
. [ 1-1/p 1

p(o) = min , ’

l1—1/w(@)+1/B() 2+1/8(x)

(3.2)

7(p) w(a)}
2+1/B@)t(00) + 1/(w(@)B(0)" p |

Theorem 2. Let Ly > 0 and 1 < p < o0 be fixed. Then for any B € (0, oo)d, rFell, oo]d, 17 €
[Lo, oo)d, M >9, i e (0, oo)d and g € ‘B(Rd), satisfying Assumptions 1 and 2 there exists ¢ > 0
independent of L such that

liminfinf sup 8,1_‘)(“)725,")[];;1; fl=c,
" fu feN; (B LM)NPRY)

where the infimum is taken over all possible estimators.

Remark 1. The result of Theorem 2 in the case « # 0 is completely new. When « = 0, the lower
bounds from Theorem 2 coincide with those found in [14] when the tail, dense or sparse zone 1
are considered. As to the sparse zone 2, even if « = 0, we improve in order the result obtained
in [14]. Indeed, the asymptotics found in [14] is proportional to n~?© which is smaller in order
than 8/, o Moreover, we will see that the asymptotics given by 8/ @
convergence on the whole sparse zone for any « € [0, 1].

yields the minimax rate of

Comparing the assertions of Theorems 1 and 2 we conclude that the results of Theorem 2
concerning the tail and the dense zone imply those of Theorem 1. Moreover, their proofs do not
require Assumption 3.
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Let us also remark that the rate-index o () coincides with o(«) if p* = oo, which is not
a simple coincidence. Indeed, since p < oo then p* = oo means that there exists [ € {1, ..., d}
such that 7; = co. Hence, any function belonging to the corresponding Nikol’skii class is bounded
by L; in view of the definition of the class. Note, however, that tlle condition p* = oo is much
stronger than the belonging of the underlying function to Nj. d(B , L, M).

What is more, analyzing the proof of Theorem 1 in the case »,(p) <0, 7(p) <0, p* = p, we
can conclude that

liminf lim inf sup RO fus 1> 0.
"0 M0 fi feN: 4(BLAMDNPRT)

It shows that in some sense, the assumption f € N;,d(,g , L, M) is the minimal one allowing to
assert the existence of a uniformly consistent estimator on the whole sparse zone.

7(00)

Bounds for the Lo -risk. Introduce p = T F@) 00 Tl @ B0

Theorem 3. Let Lo > 0, B € (0,00),7 € [1, 001, L € [Lo, 00)¥, M > 0, ji € (0,00)¢ and
g € BRY), satisfying Assumptions 1 and 2, be fixed. Then:

(1) if T(00) > 0 there exists ¢ > 0 independent on such that

liminfinf sup (L] L@yn=" In(m)) "R fy: 12 c.
" feN; g (B.LNP®RY)

where the infimum is taken over all possible estimators;
(2) there is no uniformly consistent estimator if T(00) < 0.

The assertions of the theorem are new if o #£ 0. If @ = 0 the same bound was obtained in [14]
and the asymptotics found in the first assertion is the minimax rate of convergence, see [20]. In
the univariate case d = 1, if « = 1, and r = oo (Holder class) the first assertion of the theorem
was proved in [22].

Remark 2. In view of the embedding theorem for Nikol’skii spaces [25], Section 6.9, the condi-
tion t(00) > 0 guarantees that all the functions belonging to N;’d(ﬁ , Z) are uniformly bounded
by a constant completely determined by L. In view of the latter remark, we can assert that The-
orem 3 is a particular case of Theorem 2. However, although the proofs of these theorem have
a lot of common elements, they are different. At least, the authors were unable to find a single

proof for both theorems.

4. Are the lower bounds sharp?

Since all the results presented in the previous section deal with lower bounds for the minimax
risk only, a natural question is: are the asymptotics that we found optimal? In other words is
it possible to construct an estimator whose accuracy coincides up to numerical constants with
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the asymptotics established in Theorems 1-3? As it was mentioned above, the development of
rate-optimal estimators will be addressed in a separate paper. Here we would like to discuss
some general ideas which, at a glance, will lead to the construction of an estimator which is
adaptive over the scale of Nikol’skii classes. Moreover, we consider some particular cases where
the construction of an estimator attaining our lower bounds is straightforward.

Below we will discuss only the results of Theorems 1 and 2. An estimator attaining simultane-
ously the asymptotics proved in Theorem 3 was recently constructed in [27]. The latter implies
that our results concerning the estimation under sup-norm loss are sharp.

4.1. General conjecture
For any h= (h1,...,hg) € (0, 00) set Vi = ]_[‘;?=1 h; and introduce
K;,(t)=V{IK(tl/hl,...,td/hd), teR?,

where K : Hgd — R is a kernel obeying some restrictions discussed later.
For any & € (0, 00)? let M (-, h) satisfy the operator equation

Ki()=(1—a)M(y,h) +a /Rd gt =M@, hydt,  yeR% (4.1)

Introduce for any he (0, 00)? and x € R the kernel estimator

i) =n"1Y " M(Zi —x.h). 4.2)

i=1

Let H¢ denote the diadic grid in (0, 00)?. We believe that for any given x € R¢ a data-driven
selection rule from the family of kernel estimators { f; (x), h € Hd} will attain simultaneously:

» the rates found in Theorems 1-2 on the whole sparse zone;
» the rates found in Theorems 1-2 up to a logarithmic factor on the tail and the dense zones,
under the following assumptions imposed on the density g.

(1) If o = 1, then there exists i = (i1, ..., na) € (0, oo)d and Yo > 0 such that
¢ 2
GO = [JOU+) ™% Vi=(n.....1) eRY. (4.3)
Jj=1

Comparing (4.3) with Assumption 2 we can assert that they both are coherent. Indeed, we
come to the following assumption

d d
o[+ < g <[]+ vieRr?
j=1 j=1
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This assumption is well known in the literature, and corresponds to a moderately ill-posed statis-
tical inverse problem. In particular, it is checked for the centered multivariate Laplace law.
(2) If ¢ € (0, 1), then there exists € > 0 such that

[l —a+ag@)|>e,  VieR 4.4)

Note first that (4.4) is verified for many distributions. In particular, it holds with e =1 — «
if g is a real positive function. The latter is true, in particular, for centered multivariate Laplace
and Gaussian laws and for any probability law obtained by an even number of convolutions of
a symmetric distribution with itself. Moreover, this condition always holds with ¢ = 1 — 2« if
a<l1/2.

The selection scheme that we have in mind is a generalization of two pointwise procedures.
The first one is developed in [19] and the second one in [14]. In particular, the kernel K used in
the operator equation (4.1) has to be chosen as it was suggested in these aforementioned papers.

4.2. Particular cases

Let 7 = (p,..., p). Itis easily seen that in this case 3¢, (p) =28(a)p > 0, w(a) = B(a)p and,

therefore, independently of ﬁ and « the case p > 2 corresponds to the dense zone and p <2
describes the tail zone. Let f;, h € (0, 1)4, be the kernel estimator defined in (4.2). Introduce

b (f.) =/Rd Ky — ) f Gy du — FO);

n
gi(f.)=n""Y [M(Zi—x.h) =By M(Z; — x.b)).
i=1
Using the relation (4.1), one easily gets

RO 112 3£, + Ef g f0[12) 17

The choice of K proposed in [19] and in [14] implies, see for instance [13], forany 1 < p < o0

d
sup  [[b(fo], <Y Lkt Ve © 1)
feNza(B,L) j=1
Here, C; is a constant independent of h. The restriction 7 = ( P, ..., p) is crucial for the latter

bound.
Suppose additionally that the Fourier transform K of K satisfies

d d
Ko|TT(0+73 ”J(“)/zdt<k / K@) 12 "f<°‘)dt<k2,
[Rd| ()]j+ Rd| ()]j+
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for some constants k; > 0 and k; > 0. Taking into account that

Ey|gi(f )" :/Rd Ey (& (£ 0)|”) dx

and applying the Rozentahl inequality to the sum of i.i.d. centered random variables &; (f, -) we
get for any p > 2

d
sup (B[ (f.0[5)"" = con™ AT P vhe 0.1,
FeNz4(B.L) j=1

Here C» is a constant independent of h and n. Thus, we have for any p > 2
d d "
sup RWIf f1<C1 Y Lt + Con V20, 7 vhe© ).
feNz4(B.L) j=1 j=1
Minimizing the right-hand side of this inequality w.r.t. he (0, 1)¢, we come to the rate found in
Theorem 1, which corresponds to the dense zone.

The situation is more delicate when 1 < p < 2 (recall that there is no consistent estimator
under the L;-loss). Indeed, applying Bahr—Esseen inequality, [31], we obtain

Vi e (0, 1)4.

l _ -
sup  (Ey &£ 0]2) 7 < Con™ VP MG )|
feN;a(B.L)
Under slightly weaker assumptions than Assumptions 1 and 3(i), the following estimate is avail-
able for any 1 < p < 2. There exists C3 such that

d
| i), <cs[Tr/" 7 vie©. 1
Jj=1

Thus, we have

d d
sup  RUIf f1<C1 Y Lint + Can™ P [ 1/"7 799 vihe 0,17
SeNrq(B,L) j=1 j=1

Minimizing the right-hand side of this inequality w.r.t. he (0, 1)?, we come to the rate found in
Theorem 1, which corresponds to the tail zone in the case « € [0, 1). Contrary to this, if @« =1,
the minimum obtained is larger in order than the asymptotics given in Theorem 1. We conjecture
that the result of Theorem 1 is sharp. This implies, in particular, that in the pure deconvolution
model the linear estimators are no more rate-optimal (minimax) whenever p < 2.



898 0.V. Lepski and T. Willer

5. Proof of Theorems 1-2

The proofs below are very long, technical and tricky and we break them in several parts.

In Section 5.2, we present three different constructions of finite sets of functions on which the
announced lower bounds are established. All three constructions are used in the different parts
of the proof of Theorem 1 while the proof of Theorem 2 uses the first construction only. Each
construction contains several parameters to be chosen. We present the relationships between them
allowing to assert that the corresponding set of functions belongs to the considered functional
class.

Section 5.3 is devoted to the proof of a generic lower bound based on the constructions pre-
sented in Section 5.2. The results we obtain are explicitly expressed in terms of the aforemen-
tioned parameters and their proofs require to impose some additional restrictions on them. All
conditions together with the obtained bounds are summarized in Section 5.3.3.

The proofs of Theorems 1 and 2 are given in Sections 5.4-5.6 and they consist in the optimal
choice of the parameters satisfying the restrictions found in the previous sections.

5.1. Technical lemmas

SetT(x)=n"4 ]_[?:1(1 +x]2)_1,x =(x1,...,xq) € R, and for any N > 0 and a > 0 define
Jon @) = @N)~ /R TGOy Oy, fonO =0’ fonaCa).

Lemma 1. (1) fo n is a probability density for any value of N and a. Moreover, for any ,é €
(0, 00)4, 7 € (0, 00]¢ and Lg > 0 there exists a > 0 such that

fon() eNig(B.27'Ly), YN >0,

where Zo = (Lo,...,Lo).
(2) For any M > 0 one can find N(M) > 0 such that

fon() €Nz 4(B.27' Lo, M), YN = N(M).

(3) Set A = a[27{1 +4a%}17". Then, for any x € R? and any N > 2
d 1
fon @) = A TN mion v ) + (65 = N3 7 Ieyo-voven ()],
j=1

The first and second assertions of the lemma are obvious and the third one will be proven in
the Appendix.
For any g € P(R?) let N ¢ > 0 be a given solution of the equation

/ g)du=2"".
[—Ng.Ngl?
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For any J € J define
Fy={xeR?:|x;|>N+Ny+1,jel|xj|<N+Ng+1,jeJ},

where as usual J = {1,...,d}\ J and later on the product over an empty set is supposed to be
equal to 1.

Lemma 2. For any g € B(RY) and any N > 2
[fo.v *gl(x) = B Z(N“'d ]_[xﬁ) Ir,(x),  ¥YxeR?
JeJg jeJ

where B depends on Ng and a only.

5.2. Three general constructions of a finite set of functions

Let f 0 = fo.n, where fp n is constructed in Lemma 1 with the parameter N = N, > 8 v
N (M /2) which will be chosen later. Recall that in view of the first and second assertions of
Lemma 1

@ eNz (8,27 Lo, 27" M) NP(RY). 5.1

Setn=(lmax;—1,_4pB;])V (Imax;—; _ap;])+3andletr: R - R 1A e C*(R"), A #£0be
a function possessing the following properties.

supp(r) € [—1, 1], roo= sup AP <oo. (5.2)
k=0,...,n

Obviously, the second property is the consequence of the first one since 1 € C*(R").
Forany/=1,...,dlet1 >0, =0;(n) > 0, n - 00, and M; € N*, M; < N(SGZ)_I + 1, be
the sequences to be specified later. Define also

xj,1={2(1—M1)+4(j—1)}01, j=1,....M;,1=1,...,d,
andlee M ={1,..., M} x---x{l,..., My}. Forany m = (my, ..., mg) € M introduce
d X] — X,
A,,,(x):rp(w), xR,
o]
I=1
Mm = (X1 = 2070, Xmy,1 + 2011 X - X [Xg.a — 204, Xmg.a +204] C RY.
Note that in view of the first condition in (5.2), if U denotes the interior of a set U

supp(Am) C Iy, Ym e M, (5.3)
W NI =2, Ym,je M :m#j. (5.4)
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For m € M define

d—1 d
mm) =Y (m;— 1)( I1 M,) +my.

It is easily checked that 7w defines an enumeration of the set M, and 7 : M — {1,2, ..., |[M|}is
a bijection. For any w € {0, 1}MI define

Fo(x)=2 Z Wy (m) Am (X)), X € Rd,
meM

where wg, s =1, ..., | M| are the coordinates of w, and 2l is a parameter to be specified.

Let W be a subset of {0, 1}|M|. We remark that the construction of the set of functions
{Fy,w € {0, 1}|M|} almost coincides with the construction proposed in [14], in the proof of
Theorem 3. Thus, completely repeating the computations done in the latter paper we can assert
that the assumption

d 1/n
Ao, (SW l_[cn‘) <ecy™'L, vi=1,....4, (5.5
j=1

guarantees that Fy, € N;’d(,g, 2’15) forany w e W.

Here Sw :=sup,cw I{s : ws 7 0}| and C; is a universal constant completely determined by
the function A. It is important to mention that the proof of (5.5) uses only the condition (5.2),
which is the same as in [14].

5.2.1. First construction

Suppose additionally that

/ Yia(y)dy=0,  Vk=0,...,n. (5.6)
R!

It is easy to see that the set of functions satisfying (5.2) and (5.6) is not empty. One of the possible
constructions of such A consists in the following. Define

n+2
)»(l):Zas(l—12)S+nl[_1,1](l), teR!.
s=1

It is obvious that A € C*(R!) and it satisfies the two conditions in (5.2), whatever the values of
ai, ..., anys. Condition (5.6) is reduced to

n+2
> ashg(k) =0, Vk=0,...,n,
s=1
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where we have put by (k) = f_ll(l — r2)ystugk gy,

The latter system of linear equations always has a solution (ay, ..., any2) # (0, ..., 0) since
the number of equations (n+ 1) is less than the number of variables (n+2). It implies in particular
that A £ 0 since A is a polynomial on [—1, 1].

It follows from (5.2), (5.3) and (5.4) that

| Fullo <204, vw e {0, 1}M, (5.7)

and (5.6) with k = 0 implies that
/ Fo(x)dx=0,  VYwe{0, 1}M (5.8)
Rd

Define for any w € {0, 1}IM!
fo@)=fO@ + Fy(x),  xeR?

and remind that f© e ‘B(]Rd ). It yields, first, together with (5.8) for any w € {0, 1M
/ fux)dx =1. 5.9
R4

Next, under (5.5) f,, € N;,d(ﬁ, Z) for any w € W in view of (5.1) since min;—; . 4 L; > Lo.
At last, if we impose the restriction M; < N Bo)~ 1+ %, then by construction of Fy,, for any
w e {0, 1}IMI

Fu(x)=0, Vx ¢ [N /4, N /414

This yields f,,(x) = f©(x) >0 forall x ¢ [-N/4, N/4]%.
On the other hand, in view of the third assertion of Lemma 1

FOx)= AN, Vx € [~N/4, N/41°.
Therefore, if we require, putting Cr = 2-1 Ak;od s
A< LN, (5.10)
this will imply together with (5.7) for any x € [—N /4, N /4]¢
Fo@) = FO@) = 1Fulle =27 f Q@) + 27" ANT = | Fylloo = 27 F Q).
Thus, we have finally
fox) =271 O ) >0, Vx e RY, Yw € {0, 1}IMI, (5.11)

and we conclude that under (5.10) f,, > 0 for any w € {0, I}W”.
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Thus, we assert in view of (5.9) and (5.11) that under (5.10) f,, is a probability density for any
w € {0, 1}|M|. Thus, we can assert that under rgstrictions (5.5) and (5.10) {f(o), fw,we Wlisa
finite set of probability densities from Ny, d(B ,L).

It remains to note that for any N providing CgN_dkgo <271 M we guarantee || Fy [loo <27 'M
for any w € {0, 1}IMI in view of (5.7) and (5.10). Thus, we conclude that under (5.5) and (5.10)

{FO, fu,we W} Nz 4(B, L, M) NP (RY). (5.12)
Here we have also taken into account (5.1).
5.2.2. Second construction
Instead of (5.6), suppose now that
A(y) =0, Vy eR. (5.13)

Introduce for any w € {0, 1}|M|

d
fux) = (1 — A I{2AS (w) l_[m)f(o)(X) +Fy(x),  xeRY

=1

where we have put S(w) = |{s : wy # 0}|. Noting that

d
/R Ry dr= ||A||i’9t5(w)l]lol
in view of (5.3) and (5.4), we obtain using (5.1)
/ fox)dx=1,  Vwe{0, }M (5.14)
]Rd

If we require, putting C3 = 2! ||A||fd, that

d

ASw [ [or < C3 (5.15)
=1

we obtain that f,, > 0 for any w € W, which together with (5.14) yields {f©, f,, w € W} C
PB(RY). Here we have used that Fy, > 0 for any w € {0, 1} in view of (5.13), and that Sy =
sup,,cw S(w). .

Note also, that under (5.5) and (5.15) { £, f,,, w € W} C N; 4(B, L) in view of (5.1). Thus,
we can conclude that if (5.5) and (5.15) are fulfilled

[FO, fu,we W} Ny 4(B, L) NP(RY). (5.16)

Note that Sy ]_[f: 101 <CN 4 where C is a universal constant, and therefore, the restriction
(5.15) is weaker in general than the condition (5.10). Thus, the latter restriction leads to the
inclusion (5.12) which is stronger than the inclusion (5.16) obtained under (5.15).
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5.2.3. Third construction

This construction will be used only if @ = 1. We will assume that (5.6) holds and use the first
construction, that is, for any w € {0, 1}

fo@) =fO0) + Fy(x), xeR.

We already proved that {(FO f,,weWwW}c N;,d(ﬁ, Z) if (5.5) holds. Thus, it remains to find
conditions guaranteeing { f©, f,,, w € W} C F,(R). Obviously fO e B1.4(R), so we need to
find conditions assuring that (remember that @ = 1):

fw € B1.a(R), (5.17)
O «g]. [fuwxglwe W} CB(RY). (5.18)
We start with finding condition guaranteeing the verification (5.17). We have:

d

/Ifw(X)|dx§/ f<°>(x>dx+/ |Fu(0)]dx < 1+ [I2]{2ASw | Jor.
R4 R4 R4

=1
Putting Cp 3 = (R — 1)8d”)\.||17d and imposing

d
ANISw [ Jor < Cos (5.19)
=1

we can assert that (5.17) holds (remember that N > 8).

Now, let us find conditions guaranteeing (5.18). Since f O ¢ e ‘B(Rd) we have in view
of (5.8)

/Rd[f@)*g](x)dx:l, /Rd[fw*g](x)dle, vw e {0, 1M1 (5.20)

Moreover, f (VR g€ YJ3(R") implies obviously [ f ©) g] > 0 and, therefore,
[F© xg] e BRY). (5.21)
Thus, it remains to find conditions under which
[fuw*gl=0, Ywe W. (5.22)

1°. We have for any w € W in view of the Young inequality

d

1P * glloo < llgllooll Fullt < llglloolIAlI{2ASw [ Jor-
=1
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In view of Lemma 2 [ f 0 gl(x) > BN —d for any x € 'y and, therefore, if we require that

d
AN‘Sw [[or < Cis (5.23)
=1

holds with C 3 = (2l|gllsc[I1|9) ™! B we can assert that
[fwx 1) > [fQxg](x) = 1Fuxglloe 227 [fQ xg](x),  Vxels. (5.24)

20, Set A(x) = I—[flzl A(x; /o) and let A denote the Fourier transform of A. Note that in view
of Assumption 3 and the conditions (5.2) imposed on A

M gAm])= Y DPT(A@)DV (3@)). (5.25)
I,JcJuz

Moreover, 1v\(t) = Hle ali(tl o7) and, therefore forany Z, 7 C J U @

T (Am) = [] o wow) I1 ofiweny ] ekwon,
1eInT Ie(ZUTININT) 1eJ\(IUT)

where 1’ and 1" denote the first and the second derivative of X, respectively.
Hence, we have, putting A = |A| v |A’| v |A”| and taking into account thato; <1,/ =1,...,d,

d d
BT (AW)| < [[orkwon < 1A& [ Jor.  YI.TCSJTU@,VieR!.  (526)
=1 =1

30. Forany J € J set Q;(y) = ([T}cy yj)[A * g1(y), y € R? and note that Q; € L (R%).
Indeed,

/ |0()|dy < (Hm)llklld ""/ g(Z)H[/|X(u)|(z—uoj)2du:|dz<oo
jeJ

in view of (5.2) and Assumption 3(ii).
Let Q; denote the Fourier transform of Q; which is well-defined since Q; € L (R?). Then,

we have for any t = (#1,...,13) € R? in view of (5.25)
0,0 =DM [gmA®] =D Y BT (A0)DNV (20)).
,JCJUug

It yields, together with (5.26) and Assumption 3(i) for any J € J

10/lle < @)~ 10 =@~ > 22T )| |97V @],

Lgelue (5.27)

I\

<032m) " (414 lloo) H
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40, Let J € 3* be fixed and set Fyy s (x) = [Fuy(x) * g1(0) [1 ¢, x3.
We obviously have in view of the triangle inequality

sup|FwJ(x)|
xely meM xely

where we have put Km’J()C) =[Am~*glkx) ]_[jej sz..

Note that the definition of I'; implies for any x = (x1,...,x4) €'y
XP <4(x; —xm1)?,  VieJ,VYme M. (5.28)
Here we have also used that the definition of x;;,s =1,..., M;,l =1, ...,d, together with the

restriction M; < N(807) ! + % imply that |x,,, ;| < N/4forany/=1,...,d andme M.
It yields for any m € M in view of the definition of A,

sup [Am, /| <4V sup|Am<x>|1'[<x, Xm1)? <47 sup![A*g1<y>|1"[y, =471 Qlloo,
xel'y xel'y jeJ yeRd jel

and, therefore, we deduce from (5.27) for any w € W

d
sup |Fy.g| <032m) 7 (16]1Xll0) ‘ASw [ T 1.

xel'y 1=1

We get finally

d

|Fu()| < <]_[ xj—z)a3(2n)—d(16||i||oo)"msw [[or.  vxer,.

jelJ =1

In view of Lemma 2, [ f* x g](x) > B(N!/I=¢ s x;z), for any x € I'; and, therefore, if we
require that

d
AN‘Sw [ [or < Cas (5.29)
=1

holds with C; 3 = 2-1 BD;1 (27t)d(16||)~\||oo)_d we can assert that for any J € J*

[fu*gl(x) = [f O *g](x) = |[[Fyxgl(x)| =27 [f @ xg](x).  VxeD,. (530
Since I'y, J € 3, is a partition of R?, (5.24) and (5.30) imply that if AN Sy ]_[fizl 01 <Ci3A
Ca3

[fwrglx) =27 [f@xg](x) >0,  VxeR’ (5.31)
Set C; = Co 3 A C13 A Cp3 and assume

d
AN Sy [ [or < C4. (5.32)
=1



906 0.V. Lepski and T. Willer

It remains to note that (5.31) implies (5.22), which together with (5.19), (5.20) and (5.21) allows
us to conclude that

[FO, fu,we W} CN;4(B, L) NFy(R), (5.33)
if the restrictions (5.5) and (5.32) are fulfilled.

5.3. Generic lower bound

As before the notation C1, Cs, ..., is used for the constants independent of L.
Let P denote the probability law on {0, 1}|M| such that

IM] M
Pw) = cZ=1 (1 — )MIamre e o, M,
where ¢ € (0, 1/2] will be chosen later. Denote by E the mathematical expectation with respect

to P. Choose also

|IM]
W= {w € {0, pMIY Tws <26 |M|

s=1

and note that this choice of W implies Sy < 2¢M. Hence, (5.5) will be fulfilled if

d 1/n
Ao, P <2§|M| HUj) <@ecy 'L, Yi=1,....d,

j=1
and (5.15) and (5.32) will be held if

d d
AM|[Jor<27'C50 AsIMIN'[Jor 27"
=1 =1

Choose M; = N(8c71)_1 ,1=1,...,d, assuming without loss of generality that M; is an integer.
It yields

d -1
M| = (N/8) <H01> : (5.34)

=1
Then, (5.5) and (5.32) are reduced respectively, to
Ao, P (N <C7'Ly, V=1, d; (5.35)
AN ¢ < Cs. (5.36)

We note also that (5.32) implies (5.15) if we replace C3 and Cé by C3 A Cg since N > 1. Hence,
we conclude that (5.36) implies (5.15).
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Moreover, let us suppose that ¢ > 4|/\/l|’1 and, therefore, necessarily

d
Né¢ >23+2 l_[(n. (5.37)
=1

Note also that since 7 is bijection the following inclusion holds for any j € M

WD{we{O,l}M: Z wn(m)§2g|M|—1}=:Wj. (5.38)
meM, m#j

5.3.1. Generic lower bound via the first and the third constructions

Let X be either N;,d(g, Z M)N ‘B(Rd) or N;)d(,é, Z) NIF,(R). We have under (5.35) and either
(5.10) or (5.36) in view of either (5.12) or (5.33) for any estimator f

R(f):= SupEfllf fly = ElwEy, | f — fullh-

10. Denote f = f — f© and remark that
1 = fulll > Z/ |F () = Ful? dy = Z/ | F0) — Qe Aj0)| dx,
jeM jeM
in view of (5.3) and (5.4). Thus, we get
R(f)> Zf Ely, ( (Ef, | f(x) — AwzgAj(x)]”) dx (5.39)
jeM
Set for any j € M

Aeo=r2+2 3 wrmAm©.  F0=F 00 +A450)

meM, m#j

and define

BJ(w) _ fwl (Z(n))zl_[ ( Ol)fu')’]( k)+a[fu.)’1*g]( k)' (5.40)
by i1 (L—a) [ o(Zi) +al f) o * g1(Zk)

‘We have
Ey, | f00) = Ay Aj(0)]" = L, —1E 1 | 700 = AA )] + Ly =oF 0|f(x>|”

=E fi’o(lw,[m:13j<w>|f(x) — AAj@)[” + Tug=0] f)]7).
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Noting that w;m), m € M, are i.i.d. under P, since 7 is a bijection, and taking into account that
neither le, f{:;,o nor 3j depends on wyj) we obtain
Ely, (E, | f(0) — Awe Aj0)]”)

=ElwE ;i (s3j)]f(0) = A2;0)|" + 1 =9 f)|")
o i ) (5.41)
>ElwE 5 min[c3jw), 1 = ](|fx) = AA;0[" + | F0[")

= 2P0 | A0 Bl E (minf3i00). 1 - <))

Here we have used the trivial inequality |a — b|P < 2P=1(ja|? + |b|?). Denote
bj(¢) = wig;fvj Efi‘o(min[gSj(w), 1-¢])

and remark that for any j € M and any ¢ € (4/| M|, 1/2] in view of Tchebychev inequality
M| —-1Dg(1 — M

_ (M]=Dg( g)zl— Ml _>5/9.
(IMlg+¢—1) (IMlg —1)

Here we have used that |[M]|g > 4. We obtain from (5.39), (5.41) and (5.42) for any ¢ €
(4/IM], 1/2]

P(Wj) > 1 (5.42)

d
inf R(f) = (5/9)2' P00/ (1"[ Uz) D bi(). (5.43)
f =1 / jeM

20, Using the trivial equality 2(a A b) =a 4+ b — |a — b| we get for any j € M and ¢ €
(4/ M, 1/2] applying the Holder inequality

2bj(¢) = 1 — sup \/Efj {s30) -1 -0

weW; w,0
(5.44)
>1— sup \/1 —2¢+¢2E 3j2(w).
wEWj fw.O
Since Zi, k=1, ..., n are i.i.d. random vectors, we have in view of (5.40) for any w € W;

By

sz(w)z{/ {(l—a)f,f)j,l(x)wta[ j,j,l*g](x)}zdx}".
RO (I —a) fy, o) +alfy o*glx)

Since f;jj,l )= fg) o) +2AA;(), fg),o is a probability density and fRd Aj =0 in view of (5.6)
we obtain

[(1 — ) Aj(x) +a[Aj*gl(x)]? dx}"'

E 3§<w>={1+2l2/ ; ;
o RY (1= ) f) o(x) +alf) o *g](x)
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At last, flju’o(x) > 271 fO (x) for all x € R? in view of (5.11) if the first construction is used.
On the other hand, fj = f,i, where the sequence wl is obtained from w by replacing the

coordinate Wr (). by zero. Let us remark that the definition of W implies wi € W for any j € M

and, therefore f 0 € {fw, w € W} for any w € W. Hence [f;; o *81(0) = 271 O x g](x) for

all x € R? in view of (5.31) if the third construction is used.
Recalling that the third construction is used only if « = 1 we come to the following bound
being true for both constructions.

> 2 [ =) Aj(x) +afAj* gl }
i = {1 = /R (=) fO ) +alf@ «gl(x) G4
We remark that the right-hand side of the obtained inequality is independent of w.
30, We have
/ [(1 — o) Aj(x) +afAj*gl(x)]?
ki (L—) fOG) +alfOxgl(x)

_ [(1 — ) Aj(x) + a[Aj* g](x)]?
_/rz (T—a) fO@) +alfOxgl) (540

5 [Aj*gl*(x)
T Z/ (1—a)f(°>(x)+a[f(°)*g](x)dx

JeJ*

Here we have used that Aj is compactly supported on [-N /4, N /414
Let us bound the first integral in the right-hand side. In view of the third assertion of Lemma 1
and Lemma 2, there exists a universal constant 7' such that

1—a) fO0) +a[fOxg]x)=TN, Vx €lg.

It yields

— A ) 2
[F [(I—a)Aj(x) +a[Ajxgl(x)] dx <T-'N[(1 —Ol)||Aj||2+Ol||Aj*g||2]2~ (5.47)

s 1=a) fO) +a[ fO % g](x)

Recall that A(x) = ]_[f:1 A(x;/o7) and note that ||Ajll2 = ||[Afl2 and [|[Aj* gll2 = [|A * gll2
whatever the value of j. It yields in particular in view of (5.47)

— . . 2
[ ot S e < 7 N~ alA L el A vl (549

o (1=a) fO) +alfO #g](x)

and, we remark that the latter bound is independent of j.
In view of the Young inequality | A * g|l2 < || Al|2. Thus, we have

J [ 10— @A)+ alA 11 1 g (T
= /r@. (1—a)f<°>(x)+a[f<°>*g](x)dxSzT IHEREN EGZ oo
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If @ = 1, then we need a sharper upper bound than the one in (5.49). Remind that X and A
denote the Fourier transform of A and A respectively. Then in view of the Plancherel theorem
one has in view of Assumption 2

d
1A *glla = 2m) ™ /Rd|§(z>|21_[6;2|i<noz>|2dt
=1

d
< Tzn(Zn)_lal2/ })V»(va[)|2(1 + vz)_“-i dv.
=1 R

Combining the obtained inequality with (5.49), we remark that the two bounds can be written
in an unified way. Indeed, for any « € [0, 1]

292 / [(1 — @) Aj(x) +a[Aj* gl(x)]
ry (1—a)fOx) +a[fOxgl(x)

d
<G WNT o} /R yi(vo,);2|v|—2ﬂl<“> dv (5.50)
=1

d
142
= C3 1 W2N 1 @) [T o) 21,
j=1

.....

is well defined since the conditions (5.2) and (5.6) imply
A()] = C3210]",

where C3 3 is a constant completely determined by the function A and by the number n. It yields

1
I(@) < C3, / o2t M@ dy )13 =2 €2 5 < 00

since 2n > 2u,; () forany / =1, ..., d. We deduce from (5.50)

2 [(1_a)Aj(X)+Ol[Aj*g](x)]2 2 ard 2 2p(a)+1
= /Fz (1—a) fO0) +alfOxglx) dr = C3420N ll]az : (5.51)

49 1n view of the third assertion of Lemma 1 and Lemma 2 we also have

A=) fOW +a[fO gl =T !N ]x;?  vxer,.
jelJ
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It yields for any J € J*

[Aj*gl*(x) d—|]|/< ) .)2
/1"; (1—Oé)f(o)(X)+Oé[f(0)*g](X)dXSTN ry [AJ*g](X)JEXJ e

Continuing (5.52) and using (5.28) we obtain by changing the variables for any J € J*

[Aj * g1 () d/ ( )2
dx <4TN A i] dy. (5.53
/r, 1= fO0) +alfOxgln) i\l *g](”gyf . 633

Here we have also used that N' > 8. We remark that the obtained bound is independent of -
59, Denote R;(x) = [A * gl(x) Hje! x; and let R, be the Fourier transform of R .

Then, we have for any r = (1, ..., 17) € R4

d
Ry(0) =YD [z A@n)] =i"'D’ [g(t) Holi(tlal):|. (5.54)

=1

Here we have used the definition of A and the fact that the right-hand side of (5.54) is well-
defined in view of Assumption 1 and the conditions (5.2) imposed on A.
Let J be an arbitrary subset of J U &. First, since oy <1,/ =1, ...,d, we get

d
<[o(A@won|v |Xwaop]).  vieR?, (5.55)

=1

d
@‘71_[0‘15»0161)
=1

where . is the first derivative of the function .
Second, in view of Assumption 1

D7g0)| <01,  VieRY, ifae (0, 1) (5.56)

D7) =g DT )| <v|g®)],  VieRY ifa=1. (5.57)

It remains to note that

’

D/ [gAD]| <2V sup |97 g0)| sup [DTA@)
JCJUg JcJug

and we obtain from (5.54), (5.55), (5.56) and (5.57) that for any j € M, J € 3* and t € R?

d
Ry (1] <29 1_[01(|5»(t101)| v X (tor)
I=1

), ae€(0,1);

d

R, (0] < 2%0|30| [ Tor(|Amon)| v [X @or)])
=1
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d
< 2dT021_[01(\5»(t101)| \ PV»’(IIUJ)D(I + tf)_”'/z, a=1.
=1

To get the last inequality we have used Assumption 2. We remark that both bounds can be rewrit-
ten in an unified way. Namely for any o € (0, 1]

d
R, 0] <o [Tor(|Xwon| v |X won)|) (1 +12) @72, (5.58)
=1

where we have put 0 = 24 max[01, Y02].
Thus, in view of the Plancherel theorem, one has

2
/Rd<[“*g](” M1 yj) dy = @)~/ 13

jeJ
d
<Css HUIZ/R(|)V»(UUZ)| \Y |)v\/(vgl)|)2|v|—2ﬂl(a) dv.
=1

Note that |i’(v)| < C3,2|v|"_1, for any v € R, in view of (5.2) and (5.6), and that 2(n — 1) >
2p (o) forany j =1,...,d. Hence repeating the computations that led to (5.51), we obtain

2 d
/R ) ([A «gln ] y,;) dy < Ca6[ Jo ™.

JjeJ =1

It yields together with (5.53) for any J € J*

[Aj*g]?(x) d 24 (@)+1
292 / 1 dx < C3 %4> N¢ i , 5.59
v, (=) fO00) +alfO gl © E"’ 429

where as previously C3 7 is a universal constant.
We deduce from (5.45), (5.46), (5.51) and (5.59) that there exists a universal constant C4 such
that forany o € [0, 1], je M and w € W;

d n
E; 3jw) < (1 + C4m2Nd]_[of"1(“)+‘) . (5.60)
- I=1

Suppose now that the following restriction holds

d
CN 1o <0 (o). (5.61)
j=1
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Under this condition 2bj(¢) > 1 —4/1 — ¢ > 271 ¢ and we obtain from (5.43) and (5.34)

¢n(E) =inf sup RY[£, £1> CsA(N¥5) "7, (5.62)
f fex

where, remind, ¥ be either N;’d(,é, Z M)N ‘B(Rd) or N; 4 (B, Z) NFy(R).

5.3.2. Generic lower bound via the second construction

The considerations in this section are very similar to the previous ones. Let £ = Ny 4 (,5 , Z,) N

PRY). \
‘We have under (5.35) and (5.36) in view of (5.16) for any estimator f

R(f):= ;uglafnf— FIS=ElwE s IIf — fullh.
S

Set for brevity B = ||k||‘1in ]_[jl=1 o7 and remind that w! is obtained from w by replacing the
coordinate wy j) by zero. For any j € M put §; =2AA; — B f © and introduce

AoO=rO0=-8s))+A Y wrmAm(),  f10= 110 +S0).
meM, m#j

Denote f = f — (1 — BS(wl)) £© and remark that similarly to (5.39)

R(f)= Z/ Ely;(Ey,

jeM

@) —wrp 8|7 dx (5.63)

Let us remark first that f,, = lwm.): 1 f{:; [+ lwm):o fd) o and

£ o= Fuis /Rd Sj(x)dx =0,  Vje M. (5.64)

Next, noting that £ Qe < @N)~? and using the obvious inequality |a — b|? > 217P|a|P —
|b|?, we get

p+1
/ 500" dx = 2177l ”(l’[a) 21PN "P||M|"”21P<l_[al>

=1 =1
d
> 27PAP ||y (]"[ al>,
=1

for all N > C, where C is a constant completely determined by A and a. Define

dP J n J 7 J Z
3 (w) = fwl (Z(n))zl—[ a)fwl( k)+0l[fw1*g (Zx) (5.65)
! dP J J
1Ju0 k=1 (1= a)fw o(Zk) +Ol[fw 0*8 (Zk)
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Completely repeating the computations that led to (5.43) and taking into account (5.44) we assert
that

d
inf R(f) > Co” (]—[o,) 3 (1 — sup
7

Jimos ey Bw) 56
=1 jeM wer w,0

As previously, we have

) (- f! ) +alf) 1*g1<x>}2 n
i 35 (w) = ; ; dx} .
RO (1—a)f) o) +alf) o*glx)
We have already mentioned that the definition of the set W implies that wd € W for any w € W

and any j € M. Hence, in view of the first equality in (5.64) [ ffu o=1land f[fi o*&l = 1since
g is a density. It yields together with the second relation in (5.64)

S; S;
E, sz(w) _ {1 / (1 Ot)JJ(x)Jra[ JJ*g](x)] x} .
w0 RE(1—a) £y, 0(0) +al fy, o> g1(x)
Recall that (5.11) holds under (5.36), since A is positive, and, therefore,

s [(1— @) S;(x) + alS; * 1002 }
B 3= {1 * szd 1= fO) +alfOxgl0) ] -

Since Sj =2AA; —Bf © we obtain taking into account that A is positive function

E 3jw)

) [ 10— )Aj() +alAj * g0 T Vi s om2 |
5{1+2m fRd (1—a)f(o)(x)—l—a[f(o)*g](x)dx_4m%(gw A +2B%F .

It remains to note Ql(]_[f: 101) IA]14 =B and, therefore,

1 —a)A;j Aj 2
E 32(IU)§ 1+29[2/ [( a) (x)+05[ * g](x)]
Fuo™ ki (1= ) SO0 +alf O xglx)
Since the right-hand side of the latter inequality is exactly the same as in (5.45), the computations

which led to the lower bound (5.62) under the restriction (5.61) remain true in the case considered
here as well. Note however that the calculations led to (5.61) exploit heavily the fact that

1
/(|X(v)|v|X/(v)|)2|v|—zﬂj<a>dv5f (E@)| v 2 @) 101722 dv + 13 v 1] |3 < oo,
R —1

It was guaranteed by the condition (5.6) imposed on A, which is not verified now since we sup-
posed that A is a positive function. Hence, necessarily |A(0)| # 0 and the integral above converges
at 0 if and only if p; (o) < 1/2.
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Thus, if () € [0, 1/2)¢ and (5.61) holds, we have

on(Nea(B.D)NPRY)) =inf  sup  RVLF f1= CANI) P (5.67)
I feN; 4(B,LHINPRY)

5.3.3. Conclusions

The goal of this paragraph is to put together all the conditions found in the previous sections, in
order to present the results in an unified way, and then to precise the organization of the remainder
of the proofs.

Remind that the parameter N is chosen sufficiently large, and that ¢ < 27! In each case, we
have to check five conditions. Four of them are common to every case, namely:

d
ng > 23d+2 1_[0[; (5.68)

=1
Ao, (N <Ly, VI=1,...,d; (5.69)
22 N4 ]_[ 2O 2 M in (o). (5.70)

These conditions are found in (5.37), (5.35) and (5.61) respectively. A fourth condition is that
o1 € (0, 1) for each /.

Lastly there is a fifth condition, which is specific to the situation under study. A first possibility
is to check (5.36), i.e.

AN ¢ < Cs. (5.71)
Then we deduce from (5.62)
0 (N7.a(B. L) NF(R)) = CsA(N95) 7. (5.72)

Moreover, if ji() € [0, 1/2)? then we deduce from (5.67)

6n(Nr.a(B, L) NP(RY)) = CsA(NI¢) /7. (5.73)
A second possibility is to check (5.10), that is,
AN < Cy. (5.74)
Then we deduce from (5.62)
¢n(N7.a (B, L, M) NP(RY)) = CsA(N4g) 7. (5.75)
Our objective now is to specify the parameters A, N, ¢ and 07,/ =1, ..., d in order to maximize

the right-hand side of (5.72), (5.73) and (5.75) so that the relationships (5.68), (5.69), (5.70) and
either (5.71) or (5.74) are simultaneously fulfilled.
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5.4. Proof of Theorems 1 and 2. Tail and dense zones

We note that if 5, (p) > 0 the lower bounds of asymptotics of minimax risk announced in Theo-
rems 1 and 2 are the same. Hence, in view of the obvious inclusions Ny, d(,B L M) C Nr d(ﬂ L)
and ‘B(Rd) CFg g€ ‘B(Rd) it suffices to consider the minimax risk over Ny d(ﬂ L M) N
P(RY) only. Also remind that

d d
1 21 () + 1 1 2 i () + 1 Ty /8
—Z (o) ’ _ /L,(-) 7 L(a)zl_[LE-ﬂ’(aH )Bj
B(a) = :3/ (o) =1 ﬂjrj i=1
Lateron¢;,i =1, ..., 4, denote the constants independent of L.

1
Tail zone: »4(p) > pw(e). Choose ¢ = ¢z, N = (L(a)n~")~ T a/oeta/F@ and

1/ o UB=Y@ . I
= (c1L)) I(L(a)n ) T=T/w@+/F@ A=c3 (L((x)n ) T—T/0@+1/B(@)

Here ¢; < 1/2 and we remark that N — oo, n — 0o, which guarantees that N is large enough
for all n large enough.

Note also that our choice implies ]_[;1:1 o] < cfl/ A L(0)~!, which guarantees that (5.68) holds
for all n large enough, since N — oo, n — 00. Also, choosing ¢3 < C, we assert that (5.74)
holds.

Moreover (5.69) and (5.70) become respectively,

ciesey ! < Cy; (5.76)

PO < Cylneyl. (5.77)

Note also that o; < (clLo)_l/ﬁl,l =1,...,d for all n large enough and, therefore, choosing
caa=Ly "'we guarantee that oy < 1,/ =1, ..., d, which was the unique requirement to the choice

of this sequence. Putting finally ¢, = c3 we can assert that (5.76) and (5.77) are fulfilled if c3 is
chosen small enough.
It remains to note that (5.75) yields

¢n (N?,d(ﬁ, Z’ M) ) m(Rd)) > CS(L(a)nfl)(1*]/P)/(lfl/w(a)‘?]/ﬂ(a))
and the assertions of Theorems 1 and 2 concerning the tail zone are established.
Dense zone: 0 < s, (p) < pw(x). Choose ¢ = c;], N4 = ¢4 and

B@)/By Bl@)
o1 = (c1Ly)~ VA (L(a)n™ )2f5(“)+‘ A= C3(L(Ol)n_1) 2B+l

Here c4 is chosen large enough. Note also that our choice implies Hflzl o1 — 0,n — oo, which
guarantees the verification of (5.68) for all n large enough. Moreover, (5.74) is fulfilled for all n
large enough since A — 0,7 — oo and N9 = ¢4.
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Additionally, (5.69) and (5.70) become respectively,

cie3 < Cy;

;P92 < C4In(2).

Both inequalities are fulfilled if we choose ¢3 small enough. It remains to note that oy < 1, for
any / =1,...,d, and sufficiently large n since o; — 0, n — co. We deduce from (5.75)

60 (N7 (B, L M) NB(RY)) = C5(L(cpn™ ") /D

and the assertions of Theorems 1 and 2 concerning the dense zone are established.

It will be suitable for us to continue our considerations by proving first the assertion of The-
orem 2 corresponding to the sparse zone. Its proof exploits the same condition (5.74) and the
required lower bound is deduced as previously from (5.75).

5.5. Proof of Theorem 2. Sparse zone

Sparse zone 1: t(00) > 0. Choose N =y,

_ Q+1/p@)o@) . 1
gz[L(())] T=T/eO)EH/FaNe@1780) (L (a)n ]n(n))(lfl/w(O))(ZJrl/ﬂ(a))ﬁ(0)+l/w(a); (5.78)

1 (1=1/0(0))8(0)
A =c3 [L (())] T T/ ZF /@)@ +1/B0) (L ()n~! ln(n)) =T/ @B OFTo@  (5.79)

and let ¢4 be chosen large enough. Let us remark that (5.74) is fulfilled for all n large enough in
view of N9 = ¢4 and /A — 0, n — o0, because w(0) > 1. Define

4 (/B -1C+1/B@)o@)]/ (1) (/B (1=1/0O)BO+1/(rp)
o1=1L, /B [L(())](1—l/w(O))(2+1/ﬂ(u))w(a)+1/ﬁ(O) (L(a)n—l1nn)(I—1/w(O)>(2+1/ﬁ(a)>ﬁ(0>+l/w(a)_ (5.80)

First, we note that o; < 1 for all n large enough since o7 — 0,n — oo, =1,...,d, in view of
w(0) > 1. Next, (5.68) becomes ¢4 > 23d+2 and, therefore, it is verified for c4 large enough.

At last, (5.69) becomes C3ci/ " < Cy and it is satisfied if one chooses c3 small enough. More-
over, for all n large enough (5.70) will be satisfied if

34 <271C4[(1 = 1/0(0)) (2 + 1/B(2)) B(0) + 1/w ()]

and, therefore, it suffices to choose c¢3 small enough.
We deduce from (5.75) that

dn(Nzg (B, L, M) NP (R?
( ¢ ( )) (5.81)

__xa(p) 1 (p)
> C7([L(O)] ©@pt® [ (a)n lnn) T=T/oO)2FI/B@) /@A)
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Sparse zone 2: T(00) < 0. Choose 2 = C203c;1, N? = ¢4 and

o] = (CILZ)*I//SI (L(Ot)nil lnn)w(“)/(ﬁlrl)’ c= (L(Ol)nil lnn)w(a).

Here c4 is chosen large enough and c3 < 1. First we note that (5.74) is obviously fulfilled.
Next, taking into account that L; > Lo,/ =1, ..., d, we assert that (5.68) holds if

C4(L(ot)n71 lnn)w(a)(lfl/w(o)) > 23d+261_1/ﬂ(0)L61/ﬁ(0).

Since we consider w(0) < 1 the latter inequality will be fulfilled if c4 is large enough.
Moreover, o7 < (clLo)_l/ Bi<1,01=1,....d,if c1 is sufficiently large. Furthermore, (5.69)
becomes

1/r—1
C264/” cre3 <€

and it is satisfied if one chooses c¢3 small enough.
Note at last that for all n large enough (5.70) will be fulfilled if

C%C%CZICII/ﬂ(a) <27 Cuw(a),
and it is satisfied by choosing c4 large enough. We deduce from (5.75) that
¢n(N7.a (B, L, M) NP(RY)) = Cs(L(c)n™" Inn)* /P

This together with (5.81) and (3.2) proves the assertion of the theorem corresponding to the
sparse zone.

5.6. Proof of Theorem 1. Sparse zone

Sparse zone 1: »x(p) <0, 7(p*) > 0. Here we will use the choice of parameters given in
(5.78)—(5.80) and let N¢ = ¢4 as before. We have already showed that (5.68)—(5.70) are ful-
filled in this case. Hence we have to check (5.71) and to verify that oy <1 forany /=1, ...,d.
The following relations will be helpful for this verification

(1/B)(1 = 1/w(0)) B(O0) + 1/(Byr1)

= 1/BD{z(p*)BO) +[1/r1 = 1/p*]} >0, vi=1,...,d;
(1-1/0)(2+1/8@))B0) + 1/w(a)

=7(p*) (24 1/B@)BO) — [>a(p*)/(w(@)p*)] > 0;

(1-1/w(0)B(0) + 1 _ BO)T(p*)+1—1/p* -0
(1-1/w0)2+1/B(@)BO) + 1/w(@) (1—-1/0(0)2+1/8(a)B(0)+ 1/w(a)
To get the first inequality we have used that t(p*) > 0 and p* > max;=;.___4r;, while the second

one is based on 7 (p*) > 0 and >, (p*) < 0. The third inequality is the consequence of the second
one, T(p*) >0and p*>p>1.
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In view of the first and second inequalities we have o; — 0, n — oo and therefore, o7 < 1,/ =
1,...,d, for all n large enough. Note also that (5.71) is reduced to

) 1=Q+1/p(@))w(@) 1 (1-1/w(0)B0)+1
C3C4[L(())] (T=T/w(©0)2+1/@)w(@)+1/(0) (L(oc)n ln(n)) =T/ CH/B)FOFT/o@ < Cj.

In view of the third inequality above the left-hand side of the latter inequality tends to zero and,
therefore, it is fulfilled for all n large enough.
Thus, we deduce from (5.72) and, if ji(a) € [0, 1/2)¢, from (5.73)

2T _#Erp()) -1 (1—1/w(O))(2+I/rf(if;))+l/[w(u)ﬁ(0)1-
on(N7.a(B. L) NF(R)) > C7([L(O)] 7@ L(a)n~" Inn) ,

bn (Ni,d(ﬁ, L) O‘B(Rd)) > C7([L(0)]_$”(Z)”’L(a)n_l Inn) (1—l/a)(0)><2+I/T/(if;))+l/lw(a)ﬂ(0>J_

This, together with (3.1) complete the proof of Theorem 1 in the sparse zone 1.

Zone of inconsistency and the sparse zone 2: 4, (p) <0, 7(p*) <0. Set

(L(ot)n_l ‘ln(n)’) ) ; #a(p*) <0;
n2

e ’ %Ol(p*) :0,

wy =

and note that @w, — 0o0,n — oo. In view of the latter remark, we will assume that n is large
enough, such that @, > 1. We start our considerations with the following remark. The case
24 (p*) = 0 is possible only if p* = p since s (-) is strictly decreasing. Choose N = c4,

*

o= (C]Ll)—l/ﬂlw_rgrlfp*)/(ﬂlrl)’ ¢ = w_;p , Q[ = c3,. (582)

Let us remark that 2 — 0o, n — 00, and, therefore, (5.74) in not satisfied anymore. We will see
that (5.71), which, remind, is weaker than (5.74), is fulfilled. Note also that 2 — oo, n — oo,
which means that the family of functions constructed in Section 5.2 is not uniformly bounded.

Let us start with the verification of (5.68)—(5.71) which are reduced in view of (5.82) for all n
large enough to

C4w”—p*r(p*) > 23d+2(clLO)—l//3(O); (5.83)

c1(ca)es < Cy; (5.84)

sy PO L @ym P @ < Cyprn in (). (5.85)

em, P < Cs. (5.86)

Note, additionally, that o7 < (clLo)’l/ B since rp<p*foranyl=1,...,d. Hence, choosing c|

large enough we guarantee that oy < 1.
Since t(p*) <0 and @, > 1 choosing ¢4 large enough we guarantee the verification of (5.83).

Choosing c¢3 small enough we satisfy (5.84) and (5.86) since p* > 1. If s, (p*) < O for all n
large enough (5.85) will be fulfilled if csc2e; /P@ < 271Cy p*|w (@) /56 (p*)| and, therefore it
suffices to choose c3 small enough.
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At last, if 5, (p*) = 0 (5.85) becomes C4c3 “VB@ 1 (o) < C4p*n and it is verified for all
n large enough.
Thus, we deduce from (5.72) and, if p(x) € [0, 1/2)d, from (5.73)

60 (N7a(B. L) NFy(R) = Cry "7, 4 (Nza(B. D) NP(RY)) = Crm, /7

and, first, we remark that there is no uniformly consistent estimator if p* = p.
If p* > p, which implies as mentioned above that >, (p) < 0, we obtain

(@1—p*/p)

6o(Nra(B. D) NFoR),  6u(Nra(B. L) NB(RY)) = Co(Licon™ |In(m)]) =)

This, together with (3.1) complete the proof of Theorem 1 in the sparse zone 2.

6. Proof of Theorem 3

As it was already mentioned, the proof of this theorem has many common elements with the
proof of Theorem 2. In particular, we will use the first construction of the finite set of functions
developed in Section 5.2 and the same choice of parameters as in Section 5.5 (the sparse zone 1).
However the approach used in the proof of the generic lower bound in Section 5.3 cannot be
applied to the consideration of IL-risks. The approach which will be applied here is based upon
the following general bound formulated in Lemma 3 below. The statement of this lemma is a
simple consequence of Theorem 2.4 from [30].

Lemma 3. Let IF be a given set of probability densities. Assume that for any sufficiently large in-
teger n one can find a positive real number 3, and a finite subset of functions F = {f©, f() j e
Tn} C F such that

[FO =D = 20 VijeRHUON:i£]  (61)

dP s 2
lim su E X } =:C < o0. 6.2
n—)oop |J |2 Z f(){dIP’f«))( ) ( )

Then for any g > 1

hmmfmfsupg,n YEANF - £l )1/q>(\/—+4/c+ 1)~2/4,

n—o0

where the infimum on the left-hand side is taken over all possible estimators.

6.1. Proof of the theorem

We will apply Lemma 3 with F = N;,d(,é, Z,) N ‘B(Rd) and F = {f©, f,,,w € W}, where
(£ O, f,, w € W} is given in the first construction of Section 5.2.
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We have already proved, c.f. (5.12), that under (5.5) and (5.10)
[fO, fw.we W} C Ny (B, L) NB(RY). 6.3)

Let W = (W1, ..., Wrq)) be the canonical basis of RMI Let W = (Wm 1= Wr(n), m € M),
which is the same as W up to some reordering. Thus, W will play the role of 7, in the lemma.

Let 0 € {0, 1} denote the sequence with zero entries. With this notation f© = fy and we
have for any w, w' € W in view of (5.3) and (5.4)

Ifw = fwlloo = 1 Fw — Falloo =2 sSup |Wam) — Wiy | sup |Am(x)| =AlIAIE,
meM xellp

(6.4)
=:23y.

We conclude that (6.1) is verified with 3, = 2712 ||go. It remains to check (6.2).
As before, for any w € W, let

_ dPr }2_{ (1 — @) fiy (X) + al foy * g1(x)} }
E(W)'_Ef°{ ) =1 T/ O Lol gl &

dP O

Since f© is a probability density and fRd Am =0,m e M, in view of (5.6) we obtain

E(w)={1+m2 {1 — ) Aj(x) + alAj* g](1)} }

R (1 =) fOx) +alfO*g](x)

Here j € M is uniquely determined from the relation w; = 1 since 7 is a bijection.
We note that up to the factor 2 the latter expression coincides with the one found in (5.45).
Hence the bound (5.60) is applicable and we obtain for any w € W

d n
E(w) < (1 + C4912Ndnal2’”(a)+l) .
=1

Taking into account that the right-hand side of the latter inequality is independent of w and that
| Tl = |W| = | M] we can assert that (6.2) holds with C =1 if we assume
d
CCPN o™ <ntinjml. (6.5)
=1
Choose as previously M; = N (801)_1 ,I1=1,...,d, which yields, remind, that

d —1
|M| = (N/8) (]‘[m) :

=1
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Choose also N9 = c4, where, remind c4 is large enough. Then (6.5) is reduced to

d d
2 1
o™ < Can|in (]‘[ 01) . (6.6)
j=1 =1
Noting that Sw = 1 we reduce (5.5) to
d 1/r
malﬂl(]_[oj> <CiL;, Vi=1,....d. (6.7)
j=1
Let us assume now that t(c0) > 0, and let 2 and o7,/ =1, ...,d, be chosen in accordance

with (5.79) and (5.80), respectively. We have already checked thato; <1,/ =1, ..., d. Note also
that (5.10) is verified as well since A — 0, n — oo while N = ¢4.

The simplest algebra shows that choosing c¢3 in the definition of 2l small enough we guaran-
tee the verification of (6.6) and (6.7). The first assertion of the theorem follows now from the
statement of Lemma 3 and (6.4).

Let now 7(00) < 0 and choose 2 = CZC3c;1 and

o] = (C]L[)_l/ﬂl (L(ot)n_l lnn)w(a)/(ﬂl"l).

Here c4 is chosen large enough and ¢3 < 1. Then (5.10) is verified and o7 < (¢ Lo VB <1,1=
1,...,d, if c] is sufficiently large. Moreover, for all n large enough (6.6) can be reduced to

- Ciow ()

22 -2 —1/B()
(C2)7c3¢y 7c = 200

which is checked if one chooses c3 small enough. Additionally, (6.7) can be reduced to
C2C3C4_1C}_1/(r”3(0)) (L(oz)n_l lnn)—(f(oo)w(ot))/mL—l/r, 0) <Cy.
If 7(00) < 0 the latter inequality holds for all n large enough. If t(co0) =0, we have
CZC3C4—1C}fl/(rzﬂ(o))L—l/r,(O) <C,.

It remains to recall that L(0) > L(l)/ AO) and, therefore, the above inequality holds if ¢3 is small

enough. The second assertion of the theorem follows now from the statement of Lemma 3
and (6.4).

Appendix
A.l. Proof of the third assertion of Lemma 1
Set M = Na and define

L(z) = (Mnm)™! fR (1+ (=23 () dy.
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We have for any z € [-M —a, M + a]

M-z

L(z) = (2Mn)*‘/(1+(y—z)z)*‘l[_M,M](y)dy=(2Mn)*‘/ (1+u?)”
R —M—z

]du

M
> QM) /

a

2a
(1+u2)_lduz(2Mn)_1f (1+u?) " du>AM,

a

where we have denoted A = a[27 {1 + 4a2}]_1. Here we have used that N > 2 = M > 2aq.
Ifz¢[—M — a, M + a], noting that |u| > a forany u € [—-M — z, M — z], we get

M—z
L) = a(2Mx |1 +a2})—1/ W du=C(— M),
M-z
where we have put C = a?[7{1 4 a?}]~!. Thus, we obtain for any N > 2
- -1
L@z AM ™ —y—am+a) (@) + C(Z = M?) " Ir\—m—am+a (), VZER
and, therefore,
aL(va) > AN~ _y_1 x40 (V)
| (A.1)
+Ca_l(”2 _NZ)_ IR\[—N—1,N+1](V), Yv e R.

It remains to note that fy y(x) = ]_[‘;: 1 aL(ax;) and that C a~! > A and the second assertion of
the lemma follows. '

A.2. Proof of Lemma 2
Set A=[—N —2N, — 1, N + 2N, + 1] and note that (A.1) implies
aL(va) > C;N 7!, Ve A VN > 2,

where Cj = A A[2Ca™ (5 + 12N +4ND) ™.
The latter inequality together with (A.1) yields

2aL(va) > aL(va)l 4(v) + aL(va)lr\(—n—1,N+11(V)
> ClNill_A(v)+1)72CCI711]R\[_N_1,N+1](1)), Vo e RY.

Since, remind, fy y(x) = ]_[‘;:1 aL(ax;) we get, putting Cp = 274[Cy A Ca 1,

d
fon(x)=Cr H[N_llA(xj) +xj_21R\[—1—N,N+1](Xj)], Vx e RY, (A.2)
=1
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Forany J € Jand 3 € R? set 35 = {3;, j € J} € RVI and we will write 3 = 3/, 37)-
Let J € J be fixed. We have for any x € I'j by changing the variables

[fo.nv *g1(x) = / / g(ys. [x = y15) fon ([x = yls, y7) dy
RV JRa-11 (A3)

- /[—Ng,Ng]fl /Ad—m g(ys, [x =y1j) fon (Ix = 1, yj) dy,

since we integrate positive functions.
Note that y; € [—Ng,Ng]”| and x € I'y imply that |[x; — y;j| > N + 1 for any j € J. This,
together with y; € A4~V yields in view of (A.2)

fon((x=15.37) = NI T [y —xp 7%
jeJ
Since |x;| > 1 and |y;| < N, forany j € J

(=27 = (27 +2x)) 7 =x (27 4+2) 7 = (28 +2) xR
Let j; <:-- < jy—|s) be the elements of J. We get, continuing (A.3) and putting C3 = C2(2Ng2 +

2)—

[fo.v *gl(x) = C3NVI=4 ]"[xﬁ/ /AH' g(vs. [x = y1j)dy

jeJ [—Ng.Ng]lY!
1t 5 N+2Ng+1+xj, N+2Ng+14xj,_
=C3N Hx/. g(u)du
jel [—Ng,NoIlV1 J =N 2Ny —1+4x;, ~N=2Ng—l+xj,
> C3N|J|_dnx;2/ g(u)du:BNlJl_de;Z, Vxely,
d
jeJ [—Ng, Nel jed

where B = 27!C3. Here to get the penultimate inequality we have used the definition of I';
while the last equality follows from the definition of N,.
Since the collection {I";, J € J} forms a partition of R? we have for any x € R?

[fov *g](x) = B Z(N”"d I1 sz) Ir, (x).

JeJ jeJ
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