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We introduce the notions of scaling transition and distributional long-range dependence for stationary ran-
dom fields ¥ on Z? whose normalized partial sums on rectangles with sides growing at rates O (n) and
O(n?) tend to an operator scaling random field V, on R2, for any y > 0. The scaling transition is char-
acterized by the fact that there exists a unique y > 0 such that the scaling limits V,, are different and do
not depend on y for y > yp and y < yp. The existence of scaling transition together with anisotropic and
isotropic distributional long-range dependence properties is demonstrated for a class of a-stable (1 < o < 2)
aggregated nearest-neighbor autoregressive random fields on Z? with a scalar random coefficient A having
a regularly varying probability density near the “unit root” A = 1.
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1. Introduction

Following Biermé et al. [7], a scalar-valued random field (RF) V = {V(x); x € R"} is called
operator scaling random field (OSRF) if there exista H > 0 and a v x v real matrix £ whose all
eigenvalues have positive real parts, such that for any A > 0

[V(Ex); x e R} AV (x); x e RY). (1.1)

(See the end of this section for all unexplained notation.) In the case when E = [ is the unit ma-
trix, (1.1) agrees with the definition of H -self-similar random field (SSRF), the latter referred to
as self-similar process when v = 1. OSRFs may exhibit strong anisotropy and play an important
role in various physical theories; see [7] and the references therein. Several classes of OSRFs
were constructed and discussed in [7,9].

It is well known that the class of self-similar processes is very large, SSRFs and OSFRs being
even more numerous. According to a popular view, the “value” of a concrete self-similar process
depends on its “domain of attraction”. In the case v = 1, the domain of attraction of a self-similar
stationary increment process V = {V(t); T > 0} is defined in [31] as the class of all stationary
processes Y = {Y(¢);t € Zy} whose normalized partial sums tend to V in the distributional
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sense, namely,

[n7]
B Y0 ™S v, teRyn— . (1.2)

t=1

The classical Lamperti’s theorem [31] says that in the case of (1.2), the normalizing constants
B, necessarily grow as n! (modulus a slowly varying factor) and the limit random process
in (1.2) is H-self-similar. The limit process V in (1.2) characterizes large-scale and dependence
properties of Y, leading to the important concept of distributional short/long memory originating
in Cox [10]; see also ([11], pages 76-77), [22,41-44]. There exists a large probabilistic literature
devoted to studying the partial sums limits of various classes of strongly and weakly dependent
processes and RFs. In particular, several works [12,13,16,32,36,47] discussed the partial sums
limits of (stationary) RFs indexed by r € Z":

By' S Y0 ™S v, x=(x,....x) eRYn— oo, (1.3)
tEK[nxJ
where K[,y :={t=(t1,...,t,) € Z' :1 <t; <nx;} is a sequence of rectangles whose all sides

increase as O (n). Related results for Gaussian or linear (shot-noise) and their subordinated RFs,
with a particular focus on large-time behavior of statistical solutions of partial differential equa-
tions, were obtained in [1,2,35-37]. See also the recent paper Anh et al. [3] and the numerous
references therein. Most of the above mentioned studies deal with “nearly isotropic” models of
RFs characterized by a single memory parameter H and a limiting SSRF {V (x)} in (1.3).

Similarly as in the case of random processes indexed by Z, stationary RFs usually exhibit
two types of dependence: weak dependence and strong dependence. The second type of de-
pendence is often called long memory or long-range dependence (LRD). Although there is
no single satisfactory definition of LRD, usually it refers to a stationary RF Y having an un-
bounded spectral density f: sup,c(_, v f(x) = 00 or a non-summable auto-covariance func-
tion: Y, [cov(Y (0), Y (7)) = oo; see [5,13,15-17,21,32]. The above definitions of LRD do
not apply to RFs with infinite variance and are of limited use since these properties are very hard
to test in practice. On the other hand, the characterization of LRD based on partial sums as in the
case of distributional long memory is directly related to the asymptotic distribution of the sample
mean. As noted in [27], in many applications the auto-covariance of RF decays with different ex-
ponents (Hurst indices) in different directions. In the latter case, the partial sums of such RF on
rectangles []/_,[1, n;] may grow at different rate with n; — o0, leading to a limiting anisotropic
OSRF.

The present paper attempts a systematic study of anisotropic distributional long-range de-
pendence, by exhibiting some natural classes of RFs whose partial sums tend to OSRFs. Our
study is limited to the case v = 2 and RFs with anisotropy along the coordinate axes and a di-

agonal matrix E. Note that for v =2 and E = diag(l,y),0 < y # 1, relation (1.1) writes as

Vo, ) " A H Y (x, y)), or

f.d.d.
=1

AV, y); (x,y) e R?} VY Hx Ay (x,y) eR?) YA 0. (1.4)
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The OSRFs V =V, depending on y > 0 are obtained by taking the partial sums limits

O N v S V), @y eRn— 0o (1.5)

(t,8)€K [y nv y)

on rectangles Ky nvy) :={(f,5) € 721 <t <nx,1 <s <n¥y} whose sides grow at possibly
different rate O (n) and O (n”). Somewhat unexpectedly, it turned out that for a large class of RFs
Y ={Y(t,s); (t,s) € Z*}, the limit in (1.5) exists for any y > 0. What is more surprising, many
LRD RFs Y exhibit a dramatic change of their scaling behavior at some point y > 0, in the sense

f.d.d.

that V, fdd. V4 do not depend on y for y > yp or y < yp and V; # V_. This phenomenon
which we call scaling transition seems to be of general nature, suggesting an exciting new area
in spatial research [45]. It occurs for a-stable (1 < o < 2) aggregated autoregressive RFs studied
in this paper, for a natural class of LRD Gaussian RFs discussed in [45] and Remark 2.2 below,
but also in a very different context of network traffic models; see Remark 2.3. In most of the
above mentioned works, the limit V), is different from V. and V_, and the differences between
Vyo» V4, V_ can be characterized by dependence properties of increments V,, (K) :=V,, (x,y) —
Vy(u,y) — V,(x,v) + V, (u, v) on rectangles K = (u,x] x (v,y] C RZ , which may change
from independent increments in the vertical direction for y > yy to independent increments in
the horizontal direction (or completely dependent increments in the vertical direction) for y < yy,
or vice versa. Further on, depending on whether yy = 1 or yg # 1, the corresponding RF Y is
said to have isotropic distributional LRD or anisotropic distributional LRD properties.

The main purpose of this work is establishing scaling transition and Type I isotropic and
anisotropic distributional LRD properties for a natural class of aggregated nearest-neighbor
random-coefficient autoregressive RFs with finite and infinite variance. We recall that the idea
of contemporaneous aggregation originates to Granger [26], who observed that aggregation of
random-coefficient AR(1) equations with random beta-distributed coefficient can lead to a Gaus-
sian process with long memory and slowly decaying covariance function. Since then, aggre-
gation became one of the most important methods for modeling and studying long memory
processes; see Beran [5]. For linear and heteroscedastic autoregressive time series models with
one-dimensional time, it was developed in [8,23,24,30,40-44,51,52] and for some RF models in
[32-34,38]. Aggregation is also important for understanding and modeling of spatial LRD pro-
cesses by relating them to short-range dependent random-coefficient autoregressive models in a
natural way. The two models of interest are given by equations:

A
X3(t,s) = g(X3(t —1,9)+ X3t s+ 1)+ X3, s — 1) +et,s), (1.6)

A
Xa(t,5) = Z(X4(t — L)+ X4t +1,9) + Xat,s + 1)+ Xa(t,s — 1)) +et,5), (1.7

where {e(z, 5), (¢, s) € Z?} are i.i.d. r.v.’s whose generic distribution ¢ belongs to the domain of
(normal) attraction of «-stable law, | <o <2, and A € [0, 1) is a r.v. independent of {e(z, 5)}
and having a regularly varying probability density ¢ at a = 1: there exist ¢ > 0 and 8 > —1
such that

p@~¢p(l—a)y, a Ll (1.8)
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Figure 1. One-step transition probabilities of the random walk underlying models (1.6) and (1.7).

In the sequel, we refer to (1.6) and (1.7) as the 3N and 4N models, N standing for “Neighbor”.
Let X3, X4, j =1,...,m denote m independent copies of X3, X4 in (1.6), (1.7), respectively.

As shown in Section 5, the aggregated 3N and 4N models defined as m ™! Z?:l X;j(t,s) fdd

Xi(t,s),m — oo,i = 3,4 are written as respective mixed a-stable moving-averages:

Xits)= Y gi(t —u,s —v,a)My(da),  (t,8)€Z’i=3,4, (19
(u,v)eZ? 0.1

where {M,, ,(da), (u,v) € 72} are i.i.d. copies of an «-stable random measure M on [0, 1) with
control measure ¢ (a)da and g; is the corresponding (lattice) Green function:

oo
gi(t,s,a)=Y d'pit.s),  (t.s)eZ ael0,1),i=3,4, (1.10)
k=0

where pi(t,s) = P(Wy = (¢, s)|Wp = (0,0)) is the k-step probability of the nearest-neighbor
random walk {Wy,k =0, 1, ...} on the lattice 72 with one-step transition probabilities p(z, s)
shown in Figure 1(a)—(b).

The main results of Sections 3 and 4 are Theorems 3.1 and 4.1. The first theorem identifies
the scaling limits V), ¥ > 0 in (1.5) and proves Type I anisotropic LRD property in the sense
of Definition 2.4 with yy = 1/2 for the aggregated 3N model X3 in (1.9). Similarly, the second
theorem obtains Type I isotropic LRD property (yo = 1) for the aggregated 4N model X4 in (1.9).

The proofs of Theorems 3.1 and 4.1 rely on the asymptotics of the lattice Green function
in (1.10) for models 3N and 4N. Particularly, Lemmas 3.1 and 4.1 obtain the following point-
wise convergences: as A — 00,

Vg <[m, [VAs], 1 — i) — ha(t, s, 7), t>0,seR,z>0, (1.11)
g4([m], [As], 1 — %) S ha(t.5.2),  (t.s)€RE, 20, (1.12)

respectively, together with dominating bounds of the left-hand sides of (1.11)—(1.12). The limit
functions s3 and h4 in (1.11)—(1.12) (entering stochastic integral representations of the scaling
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limits V,, in Theorems 3.1 and 4.1) are given by

3
ha(t,5,2) = ——e 391U 11 7 > 0),

2/t

2
ha(t,s,z) = ;I(()(Z,/z(t2 +52))1(z > 0),

where Ky is the modified Bessel function of second kind. Note that A3 in (1.13) is the Green
function of one-dimensional heat equation (modulus constant coefficients), while /4 is the Green
function of the Helmholtz equation in R?. The proofs of these technical lemmas can be found
in the extended version of this paper available at http://arxiv.org/abs/1303.2209v3 and will be
published elsewhere. Lemmas 3.1 and 4.1 may also have independent interest for studying the
behavior of the autoregressive fields (1.6) and (1.7) with deterministic coefficient A in the vicinity
of A =1, particularly, for testing stationarity near the unit root in spatial autoregressive models,
cf. [6].

(1.13)

Notation. In what follows, C, C(K), ... denote generic constants, possibly depending on the

. . . . . . . d d fdd
variables in brackets, which may be different at different locations. We write —, =, —,

f.d.d.
f.d.d. . . . C . . .
=", # for the weak convergence and equality and inequality of distributions and finite-

dimensional distributions, respectively. f.d.d.-lim stands for the limit in the sense of weak con-
vergence of finite-dimensional distributions. For A > 0 and a v x v matrix E, AE = eElOg)‘,
where e4 = Z/Sio Ak/k! is the matrix exponential. Z!) = {(t1,...,t,) € Z" : t; > 0,i =
Lol Ry = {(x1,....,x0) e RV 1 x; > 0,i = 17"~7V}7RV+ ={(x1,...,x9) € R" : x; >
0,i=1,....v},Z; :=Z, , Ry := R, Ry := R, R2 :=R?\ {(0,0)}. E = diag(y1,.... )
denotes the diagonal v x v matrix with entries y1, ..., ¥, on the diagonal. 14 stands for the in-
dicator function of a set A. log, (x) :=logx,x > 1,:= 0 otherwise. [x] = |x] :=k,x € [k, k +
D, [yl :=k+1,y€kk+ 11,k €Z. Kpxnry :=1{ts)€Z?:1<t<nx,1<s<ny},
Ku,vy;x,y) i=1{(t,5) eRi u<t<x,v<s<y}

2. Scaling transition and Type I distributional LRD for RFs
on 72

In this section, by RF on R%r wemean a RF V ={V(x,y); (x,y) € ]1_%3_} such that V(x,y) =0
for any (x,y) € RZ \R2. ARF V on R? is said trivial if V(x, y) =0 for any (x, y) € R%, else
V is said non-trivial.

Definition 2.1. LetY ={Y(t,s); (t,s) € Z*} be a stationary RF. Assume that for any y > 0 there
exist a normalization A, (y) — o0 and a non-trivial RF' 'V, ={V, (x,y); (x,y) € Ri} such that

Ay Y YeoS=S ey, @y eRln— oo, @.1)

(l,S)EK[nX’nV).]
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. . e . . f.d.d.
We say that Y exhibits scaling transition if there exists yo > 0 such that the limits V), ="V ,y >

vo and 'V, fdd. V_,y < yo do not depend on y for y > yy and y < yy and, moreover, V and
V_ are mutually different RFs, in the sense that for any a > 0

f.d.d.
Vi # aV_. (2.2)

In such case, Vy,, will be called the well balanced and V.., V_ the unbalanced scaling limits of Y ,
respectively.

Note that the fact that (2.2) hold for any a > 0 excludes a trivial change of the scaling limit
by a linear change of normalization. It follows rather easily that under general set-up scaling
limits V), satisfy the self-similarity and stationarity of rectangular increments properties stated in
Proposition 2.1 below. Let V = {V (x, y); (x,y) € R2} be a RF and K = Ky );(x,y) C R? be a
rectangle. By increment of V on rectangle K we mean the difference

VIK)=V(x,y)—V(u,y)—V(x,v)+ V(u,v).

We say that V' has stationary rectangular increments if for any (u, v) € R2,

{V(K(u,v);(x,y)); X=u,y= U} f‘d:.d' {V(K(O,O);(x—u,y—v)); X=u,y= U}- (2.3)
As mentioned in the Introduction, in the case of scaling transition the limits V,,,, V4, V_ can
be characterized by dependence properties of increments V (K). To define these properties, we
introduce some terminology. Let £ = {(x, y) € R? : ax 4+ by = ¢} be a line in R?. A line ¢’ =
{(x,y) e R?:d'x + by = ¢’} is said perpendicular to € (denoted ¢’ L €) if aa’ + bb' = 0. We
say that two rectangles K = K, vy;(x,y) and K" = K,/ /). (v',y) are separated by line £’ if they
lie on different sides of ', in which case K and K’ are necessarily disjoint: K N K’ = &. See
Figure 2.

Definition 2.2. Let V ={V(x,y); (x,y) € Ri} be a RF with stationary rectangular increments,
Vx,00=V(0,y)=0,x,y>0,and £ C R2 bea given line , (0,0) € £. We say that V has:

Figure 2. Rectangles K and K’ separated by line £’
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(i) independent rectangular increments in direction € if for any orthogonal line €' 1L £ and

any two rectangles K, K' C R%_ separated by €', increments V(K ) and V (K') are independent;

(ii) invariant rectangular increments in direction £ if V(K) = V(K') for any two rectangles
K,K'C R%_ such that K’ = (x, y) + K for some (x,y) € {;

(iii) properly dependent rectangular increments in direction £ if neither (i) nor (ii) holds;

(iv) properly dependent rectangular increments if V has properly dependent rectangular in-
crements in arbitrary direction;

(v) independent rectangular increments if V has independent rectangular increments in ar-
bitrary direction.

Example 2.3. Fractional Brownian sheet By, n, with parameters 0 < Hy, Hy <1 is a Gaussian
process on R%r with zero mean and covariance

EBH, 1,(x, ¥)Bay 1, (x',Y)

1
_ Z(XZHI + x2H _ ’x _x/|2H1)(y2H2 +y/2H2 _ ’y _ y/’ZHZ)’

2.4)

where (x,y), (x',y) € Ri. It follows (see [4], Corollary 3) that for any rectangles K =
Ku,v): (e300 K" = K vy v,y

EBu, 1, (K)Br, 1, (K')

/|2H1 2H, 2H; / 2H1)

+ |u — u’|
2H,

:%(|x—x —|x—u/| —|x—u|

2H, _ |y 2H, _ |y/ _ U|2H2)

x(|ly=y[""+v=1| — | (2.5)

=E(Bm (x) — By, ) (Bu, (x') — Ba, (u'))
x E(Bw,(y) — Bu, (v))(Bw, (') — B, (V')),

where { By (x); x € R, } is a fractional Brownian motion on R = [0, co) with EBy (x) By (x/) =
(1/2)(x2H 4 x2H _|x — x'|*H) H € (0, 1]. (Recall that Bi 3 is a standard Brownian motion
with variance EBf/z(x) = x and Bj(x) = xBq(1) is a random line.) In particular, By, p, has
stationary rectangular increments; see [4], Proposition 2. It follows from (2.5) that By, g, has
independent rectangular increments in the horizontal direction since EB1 /2, i, (K) B1/2, 1, (K N =
0 for any K, K’ which are separated by a vertical line, or (u, x]N (1, x'] = &. Similarly, By, 12
has independent rectangular increments in the vertical direction and Bj/2,1/2 has independent
rectangular increments in arbitrary direction. It is also clear that for Hy = 1 (resp., H» = 1)
By, n, has invariant rectangular increments in the horizontal (resp., vertical) direction.

Let H; # 1/2,1,i = 1,2 and ¢ be any line passing through the origin. Let K =
K(—1,y—1):(x,y)» K" = K(0,0):(1,1) be two rectangles whose all sides are equal to 1. Clearly, if
x and y are large enough, K and K’ are separated by an orthogonal line £/ L €. From (2.5) and
Taylor’s expansion, it easily follows that

EBu, 1, (K) By, 1, (K') ~ C(Hy, Hy)x*1=2y2H2=2 when x, y — o0,
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with
2
C(H. Hp) =] [2H;)(2H; — 1) #0.
i=1
This means that for H; ¢ {1/2,1},i = 1,2, By, n, has properly dependent rectangular incre-
ments in arbitrary direction £.
Using the terminology of Definition 2.2, we conclude that fractional Brownian sheet By, #,
has:

e properly dependent rectangular increments if H; ¢ {1/2,1},i =1,2;

e independent rectangular increments in the horizontal (vertical) direction if H] = 1/2 (Hy =
1/2);

e invariant rectangular increments in the horizontal (vertical) direction if H| =1 (Hy = 1);

e independent rectangular increments if H; = H, = 1/2.

Definition 2.4. Let Y = {Y(t,s); (t,s) € Z*} be a stationary RF. Assume that for any y > 0
there exist a normalization A,(y) — oo and a non-trivial RF 'V, = {V,,(x,y); (x,y) € Ri}
such that (2.1) holds.

We say that Y has Type I distributional LRD (or Y is a Type I RF) if there exists yy > 0 such
that

e RF V,, has properly dependent rectangular increments, and

® RFs V,,y # yo do not have properly dependent rectangular increments; in other words,
forany y # v,y > 0 there exists a line £(y) € R? such that Vy, has either independent or
invariant increments in the direction £(y).

Moreover, a Type I RF Y is said to have isotropic distributional LRD if y9 = 1 and anisotropic
distributional LRD if y # 1.

Remark 2.1. The above definition does not assume the occurrence of scaling transition at yy,
although in all cases known to us, Type I distributional LRD property holds simultaneously with
scaling transition. On the other hand, Remark 2.3 shows that scaling transition need not lead
to Type I distributional LRD. “Type I” indicates that V), has properly dependent rectangular
increments at a single point y = . By contrast, “Type II” Gaussian LRD RFs mentioned in
Remark 2.2 below have the property that V), have properly dependent rectangular increments for
all y > 0.

Remark 2.2. Puplinskaité and Surgailis [45] established scaling transition and Type I distribu-
tional LRD property for stationary Gaussian RFs with spectral density f(x, y) = g(x, y)(|x|> +
|y|2H2/H1)_H1/2, (x,y) € [—m, 7]%, where H; > 0, H{Ho < H1 + Ho are parameters and g is
a bounded positive function having nonzero limit at the origin. In this case, y9 = #/H; and the
unbalanced scaling limits V. agree with a fractional Brownian sheet By, p, where at least one of
the two parameters Hy, H» equals 1/2 or 1. Moreover, H| = H; (resp., H1 # H2) correspond to
Type 1 isotropic (resp., anisotropic) distributional LRD properties. By contrast, “Type II”" Gaus-
sian RFs with spectral density of the form f(x, y) = g(x, Vx|~ y|722 0 <dy,dr < 1/2 and
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a similar function g do not exhibit scaling transition since their scaling limits V,, for any y > 0
coincide with a fractional Brownian sheet By, 10.5,4,40.5 up to a multiplicative constant; see [45].
[32,34] discuss scaling limits of Gaussian LRD RFs with general anisotropy axis.

Remark 2.3. Scaling transition different from Type I arises under joint temporal and contempo-
raneous aggregation of independent LRD processes in telecommunication and economics; see
[14,20,39,42] and the references therein. In these works, {Y (t,s);t € Z},s € Z are indepen-
dent copies of a stationary LRD process X = {X(¢); ¢ € Z} and the scaling limits V,, of RF
Y ={Y(,s);(t,5) € Z%) necessarily have independent increments in the vertical direction for
any y > 0, meaning that Y cannot have Type I distributional LRD by definition. Nevertheless,
for heavy-tailed centered ON/OFF process X and some other duration based models, the results
in [39] imply that Y exhibits a scaling transition with some yp € (0, 1) and markedly distinct
“supercritical” and “subcritical” unbalanced scaling limits Vi, V4 being a Gaussian RF with
dependent increments in the horizontal direction and V_ having «-stable (1 < « < 2) distribu-
tions and independent increments in the horizontal direction. The well-balanced scaling limit V,,,
termed the “intermediate process” is discussed in detail in [19,42].

Proposition 2.1. Let Y = (Y (z,5); (t,s) € Z*} be a stationary RF satisfying (2.1) for some y > 0
and A,(y) = L(n)n®, where H> 0 and L : [1, 00) — Ry is a slowly varying function. Then
the limit RF' 'V, in (1.5) satisfies the self-similarity property (1.4). In particular, V,, is OSRF
corresponding to E := diag(1, y). Moreover, V), has stationary rectangular increments.

Proof. Fix » > 0 and let m :=nAY/H_ Then L(n)/L(m) — 1,n — oo and

1

1VH, yy/H.\ _ T

Vy, (A, AV y) = f'%{i'ogm WAL E Y(t,s)
(tvS)GK[x)LI/HnVy)Ly/HHyJ

. Lm) A f.d.d.

=fdd.-lim———— Y, ="AV,(x,y).

Ly Ly 2 Y@ (=3
(t’S)EK[xm,ymV]

The fact that V), has stationary rectangular increments is an easy consequence of Y being sta-
tionary. (]

3. Scaling transition in the aggregated 3N model

This section establishes scaling transition and Type I anisotropic distributional LRD property,
in the sense of Definitions 2.1 and 2.4 of Section 2, for the aggregated 3N model X3 in (1.9).
We shall assume that M in (1.9) is symmetric «-stable with characteristic function EelfM(B) —
e 101"®B) B < [0, 1). The case of general a-stable random measure M (see (5.36)) in (1.9)
can be discussed in a similar way. Recall that g3(t, s, a) in (1.9) is the Green function of the
random walk { W} on Z? with one-step transition probabilities shown in Figure 1(a). According
to Remark 5.2, RF X3 in (1.9) with mixing distribution in (1.8) is well-defined if | <o <2, 8 >
—(a—1)/2.
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For given y > 0, introduce aRF V), = {V3, (x, y); (x, y) € Ri} written as a stochastic integral
Viay (x,y) = / F3, (x, y;u,v,2)M(du, dv, dz), 3.1
RZxR,

where F3, (x, y; u, v, z) is defined as

X py
/ f h3(t —u,s —v,z)deds,
0o Jo

y=1/2,

1(0<v<y)/xdt/h3(t—u,w,z)dw,
y>1/2,8<ﬂ§a—1,

Fy, = x/o} ha(—u,s —v,z)ds, (3.2)
y>1/2,—(a—1)/2< B <0,

1(O<u<x)/y ds/h3(w,v—s,z)dw,
y<1/2(@—D)2<p<a1

ythg(t—u,v,z)dt,

' y <172, =(@=1D/2<p <(a—=1)/2,

hs(t,s,z) = 2%/He_m_sz/(‘")l(t >0,z > 0) as in (1.13), and M is an «-stable random mea-
sure on R2 x R4 with control measure du(u, v, z) := ¢1zﬂ du dvdz and characteristic func-
tion Eel?MB) = ¢~101"1(B) ' where ¢y > 0, B > —1 are the asymptotic parameters in (1.8) and
B C R? x Ry is a measurable set with ;(B) < .

Proposition 3.1. (i) The RF V3, in (3.1) is well-defined for any y > 0,1 <a <2 and B in (3.2).
It has a-stable finite-dimensional distributions and stationary rectangular increments in the
sense of (2.3).

(ii) V3y, is OSRF: for any A > 0,

[Vay (e, 27 y); (v, ) € B2} P ROV, (x, 3); (x, y) € R2 ),

where
yre=p y=1/2,8>0,
o
-2
yta-2py y > 12,8 <0,
H(y):= ¢ (3.3)

l—y+2y(@—B)
o ,

ay+(@+1)/2-8
o

y <172, > (a—1)/2,

, y<1/2,8<(ax—1)/2.
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(iii) RF V3, has properly dependent rectangular increments for y = 1/2 and does not have
properly dependent rectangular increments for y # 1/2.

(iv) RFs V3, = V3 1. (y > 1/2) and V3, = V3,_(y < 1/2) do not depend on y for y > 1/2
andy < 1/2.

(v) For a =2, the RFs

Ve, fd {31—(,3/2),1/2, 0<p<l,
34+ = K3
* * B1,1/2)-8; -1/2 < B <0, o)
Vo fdd { Bi/2,G3/2)-8> 1/2<B <1, :
A = K3,—
Bay—p/20,  —1/2<p<1/2,

agree, up to some constants k3 + = k3,+(B8) # 0, with fractional Brownian sheet By, y, where
one of the parameters Hy, Hy equals 1/2 or 1.

Remark 3.1. Similarly, as in the case of fractional Brownian sheet (case o = 2), the unbalanced
limit RFs V3 4 have a very special dependence structure, being either “independent” or “deter-
ministic continuations” of random processes with one-dimensional time:

(V3,4 1);1 =0}, 0<B<a-—1,
{v3,+(1,r);zzo, —(@—1)/2<pB <0,
{

{

}
}
| (3.5)
)

Va1 =
Vi =

Vi _(1,t);t > 04, (x—1)/2<B<a—1,

Va_(t,1);t>0}, —(@—1)/2<B<(—1)2.

The four processes V;;, i, j = 1,2 in (3.5) are all symmetric a-stable (SaS) and self-similar with
stationary increments (SSSI) with corresponding self-similarity parameters:

a—B 1-28
Hyj:=——, Hip = ,
o a

2 —p)—1 a+1-28
Hy = —, Hy = ——F—.
o 200
These facts follow from Proposition 3.1, for example, the self-similarity property of V;, follows
from the definition of V3 4 and Proposition 3.1(ii): VA > 0,

oo} = {(ar(Lan}={vs (A7 27171, )}

fdd. AH(V)/V{V&_,_()»_I/VI, t)} — A(H(V)‘”/V{Vg,Jr(l, t)} — )»le{vlz(t)}.

For o = 2, processes V;;, i, j = 1, 2 are representations of fractional Brownian motion and, for
1 < o < 2, they belong to the class of SaeS SSSI processes discussed in [48]. Note that the self-
similarity exponents satisfy 1/a < H;; < 1,1, j =1, 2 and fill in all points of the interval (1/c, 1)
as B vary in the corresponding intervals in (3.5).
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Proof of Proposition 3.1. (i) It suffices to show J,(x,y) := fszm [F3y (x, y;u,v,2)|% x
pn(du,dv,dz) < oo, x,y > 0. For simplicity, we restrict the proof to x =y =1, or J, <
0o, J, :=J,(1, 1).

First, consider the case y = 1/2. Write Ji, = J' + J”, where J' := fszﬂh(folfol ha(t —

u,s —v,z)deds)*1(jv| <2)du, J" = fszR+(f01 fol hy(t —u,s —v,z)deds)*1(jv| > 2)du.

Then
1¢>uwdt a4\ 0 !
<C d P dz / Sl u)) =C</ d +...+/ du---
/ M/ ( Vi—u —00 ! 0 !

= C(J] + J).

~

J

By Minkowski’s inequality,

/ : 0 du  —Gaean p g )
J<V| a [ e Ge2a-w B g
SIEN="1 @ac) |
—c ld o0 du 1/a a_c 1 dr 1/a
= Y\, crorren =), e | <%

since (1/2) + (B/a) <1dueto B <o — 1, <2. We also have

[e'¢) 1 o oo
Jy < c/ P dz / e G/ gyt = c/ P —e )% dz < 00
0 0 0

since @ > 1 + B. On the other hand, since (s — v)> > v?/4 for |s| < 1,|v| > 2, so using
Minkowski’s inequality we obtain

Y 1 t du A o /e 1/aya
7 < dr = eV /A= gy [ - Ga/za—w B g,
0 —oo (=) Jiy=2 0

oo
<C & SR
- 0 x1th+@/2) v]>2 ’

where the last integral is easily seen to be finite. This proves Ji,2 < oo.
Next, consider J, for y > 1/2,0 < 8 < o — 1. Using h.(u,z) := fR hy(u,v,z)dv =
12¢7321(u > 0), similarly as above we obtain

1 00 1 @ 0 1
Jy < C/ du/ z’gdz</ 6_32(’_”)dt> :C{/ du+-~-+/ du}
—00 0 uv0 —00 0

=:C{Jy1 + Jy2},

where Jy,1 < C{fi) dt (5ot +u)~'Pdu)' /) < C{ [ 1=F/* dr}!/* < o0 and

1 00 1 o 00
Jy2 < C/ du/ Pdz (f g 3w dt) < C/ P dz((1 - e_z)/z)a <00
0 0 u 0

because of B —a < —1. This proves J, <ocofory >1/2,0 < <a — 1.
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Next, lety > 1/2, — (¢ — 1)/2 < 8 < 0. We have

1 o
J,,<C/ d,u</ h3(u,s — v, Z)ds)
Ry xRxR4
o
< / —a/zdu/ dv/ —zu ﬁdZ(/ —(S—U)Z/u dS)
00 1 ) o

c/ u—(IFATe/2) du{/ dv+/ dv}(/ gV /u ds) =:C{Jy1 + Jy2}.

0 lv|<2 [v]>2 0

o0 1 o
Jy1 =< C/ u~+A+a/2) gy </ e_sz/“ ds)
0 0
1 00
- C(/ (4B du+/ —(+p+a/) du) o
0 1

since 8 <0, 8 > —a/2, while

oo oo 5
Jy2 < C/ u~IFAFe/2) du/ e U /" dv
0 1

o0 o0 5
< C/ u—1/2+B+e/2) du/ e “ dz< oo
0 12

Here,

as % +p+75>1and flo/c;l/z e dz decays exponentially when # — 0. This proves J,, < oo for
y>1/2, —(a«—1)/2< B <O.

Consider the case 0 <y < 1/2, (¢ — 1)/2 < B < o — 1. Then using thg(w, v,z)dw =
%e_‘/ﬂ”‘ we obtain

0 1 o
Jy, = C/ dv/ z’sdz<'/ z]/zeﬁls"'ds) =C{/ dv+--~+/ dv~--}
R 0 0 [v]<2 [v|>2

=:C{Jy1 + Jy2},

where Jy < C [ 2@ dz(f) e=blds)* < C [P~ (1 — e™V¥)¥dz < o0 for 0 < B <
o — 1 and

e.¢]
Jy2<c/ dv/ paf2e- ”dz—C/ v dy < 00
1

since2+28 —a > 1for > (ax—1)/2.
Finally, let0 <y < 1/2, —(@—1)/2 < < (@ —1)/2.Then J, = C [ __ du Jpdv [5° 2P dz x
(Jo h3(t —u,0,2)d0)* = C{f°_ du+--- + [ du---} = C{Jy1 + Jy2}. By Minkowski’s in-
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equality,

| 1 1/a
JV{“ /0 dt{/ du/ dv/ (t—i—u,v,z)zﬂdz}

1 du 1/a 1 1 1/a
=C 0 dt{/o (t+u)l+ﬁ+(al)/2} 2/0 dt{tﬁJr(a])/z} <000

and, similarly,

1 00 ) 1/a 1 1 1/a
Jhe<c | ar dv [ ri(tv,0dzd =c | al—— ) <o
2 =" o o 2T ' o (BHa+1)/2

since |B] < (e — 1)/2. This proves J, < oo, or the existence of V3,, for all choices of «, 8, y
in (3.2). The fact that linear combinations of integrals in (3.1) are «-stable is well known ([46]).
Stationarity of increments of (3.1) is an easy consequence of the integrand (3.2) and the control
measure (. This proves part (i).

(ii) The OSRF property is immediate from the scaling properties h3(iu, v/Av, A~'z) =

A~12h3(u, v, 7) of the kernel k3 in (1.13) and (M (du, dA” v, dr—'2)} "&b (A0 =B/ M (du,

dv, dz)} of the stable random measure M, the last property being a consequence of the scaling
property of u(diu, dAY v, dA"1z) =AY 7P (du, dv, dz) of the control measure .

(iii) Let ¥ = yp := 1/2. Consider arbitrary rectangles K; = K, ;v C R3,i = 1,2,
and write [ = f]sz]RJ,' Then V3,,(K;) = [ Gk, (u, v, z) dM, where Gk, (u, v, z) = fKi h3(t —
u,s —v,z)dtds. Note Gg;, > 0 and G, (u,v,z) > 0 for any u < x; implying supp(Gg,) N
supp(Gg,) # . Hence, and from ([46], Theorem 3.5.3, page 128) it follows that the increments
V3y,(K;),i = 1,2 on arbitrary nonempty rectangles K1, K, are dependent. It is also easy to
show that V3, does not have invariant rectangular increments in any direction. This proves (iii)
fory =1/2.

Next, let y > 1/2,0 < B < o — 1. Similarly as above, for any rectangle K = K ). (x,y) C
RZ, we have V3, (K) = [ Gk, (u, v,2) dM, where Gk, (u,v,2) :=1(n <v < y) f; h3y (1 —
u,z)dt. Clearly, if K;,i = 1,2 are any two rectangles separated by a horizontal line, then
supp(Gg,,y) Nsupp(Gg,) = &, implying independence of V3, (K1) and V3, (K3). Thus, V3,
for 0 < B < a — 1 has independent increments in the vertical direction. The fact that V3, for
y > 1/2,—(¢ — 1)/2 < B < 0 has invariant increments in the horizontal direction is obvious
from (3.1) and (3.2). The properties of V3, in the case 0 < y < 1/2 are completely analogous.

(iv) Follows from (3.1) and (3.2).

(v) Since V3 4 for o = 2 are zero mean Gaussian RFs, it suffices to show that their covariances
agree with that of fractional Brownian sheet in (2.4). This can be easily verified by using self-
similarity and stationarity of increments properties stated in (i) and (ii), as follows.

Let 0 < 8 <1 and pi(x,x") :=EV34(x, )Va +(x",1),x,x" > 0. By (3.1) and (3.2),
EV3 4 (x, V34", y) = O A Y)pr(x,x), (x,y), ', y) € Ri. According to (ii), for any
A>0

p+(hx, Ax") = EV3 1 (x, DV3 4 (Ax, 1) = A2HVEV; 4 (x, A7) V3 4 (x/, 177)
(3.6)
=2HOVEV; L (x, DVa o (x, 1) = 22 p(x, '),
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where Hy := H(y) — (y/2) =1 — (B/2); see (3.3). The stationarity of rectangular increments
property of RF V3  implies that the process {V3 4 (x, 1), x > 0} has stationary increments. To-
gether with the scaling property in (3.6), this implies that p4 (x, x") = (/(_2F /2) (x4 x2Hy
lx —x'|2H4), x, x' >0, or EV3 4. (x, ») V3, 4. (x', y') = kFEB1_(8/2),1/2(x, ¥) Bi—(8/2).12(x', ¥'),
see (2.4). The remaining relations in (v) are analogous. Proposition 3.1 is proved. (I

The main result of this section is Theorem 3.1. Its proof is based on the asymptotics
of the Green function g3 in Lemma 3.1, below. The proof of Lemma 3.1 can be found at
http://arxiv.org/abs/1303.2209v3.

Lemma 3.1. Forany (t,s, z) € (0, 00) X R x (0, 00) the point-wise convergence in (1.11) holds.
This convergence is uniform on any relatively compact set {€ <t < 1/€,e <|s| < 1/e,e <z <
1/€} C (0,00) x R x (0, 00), € > 0.

Moreover, there exist constants C,c > 0 such that for all sufficiently large ) and any
(t,s,2),t > 0,5 €R,0 < z < A the following inequality holds:

N ([At], [VAs], 1 — %) < C(h3(t,s,2) + \/Xe—zt—C(M)lﬁ_c(«/Xlsl)1/2)’ 37

where h3(t,s,7) = %ﬁe_“_sz/(m’), (t,s,2) € (0,00) x R x (0, 00).

Theorem 3.1. Assume that the mixing density ¢ is bounded on any interval [0, 1 —€), € > 0 and
satisfies (1.8), where

—(a—-1)/2<B<a-—-1, l<a<2,B#0,8# (—1)/2. (3.8)
Let X3 be the aggregated RF in (1.9). Then for any y > 0

[nx] [n"y]
n—H(y)Z Z x3(t’s)f'd_'d)' V3, (x, y), x,y>0,n— o0, (3.9)

t=1 s=1

where H(y) and V3, are given in (3.3) and (3.1), respectively. As a consequence, the RF' X3
exhibits scaling transition at yo = 1/2 and enjoys Type I anisotropic distributional LRD with
yo = 1/2 in the sense of Definition 2.4.

Remark 3.2. As it follows from the proof of Theorem 3.1, for y = 1/2 the limit in (3.9) exists
also when 8 =0 or B = (0 — 1)/2 and is given in (3.1) as in the remaining cases. On the other
hand, the existence of the scaling limit (3.9) in the cases y > 1/2,=0and 0 <y < 1/2 and
B = (¢ — 1)/2 is an open and delicate question. Note a sharp transition in the dependence struc-
ture of the limit fields V3 4 and V3 _ in the vicinity of 8 =0 and 8 = (« — 1)/2, respectively,
changing abruptly from independent rectangular increments in one direction to invariant (com-
pletely dependent) rectangular increments in the perpendicular direction. For o = 2, the above
transition may be related to the fact that the covariance functions of the “vertical” and “horizontal
sectional processes” {X3(0, s); s € Z} and {X3(z,0); t € Z} change their summability properties
at respective points 8 =0 and § = 1/2; see Proposition 3.2 below.
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Let o =2 and r3(¢, s) = EX3(¢, 5)X3(0, 0) be the covariance function of the aggregated Gaus-
sian RF in (1.9). The proof of Proposition 3.2 using Lemma 3.1 can be found in the arXiv version
http://arxiv.org/abs/1303.2209v3.

Proposition 3.2. Assume o =2 and the conditions of Theorem 3.1. Then for any (t, s) € R%

Cals| ™21y (B+1/2,52/41t]),  t#0,5 #0,
Jlim 252 (0], VA1) = 1 Cals 21T (B 4 1/2). r=0,
Cylt|7P=172, 5 =0,

where y (o, x) := fg y*~le™Y dy is incomplete gamma function and C3 =~ 1/?22=131=F52

H1T(B+1), Cq:=47127PC5.

Proof of Theorem 3.1. Write S, (x, y) for the left-hand side of (3.9). It suffices to prove the
convergence of characteristic functions:

EeiZfZIGjS,ly(x]-,yj) N Eeizi.)zlej‘/}y(xj,yj)’ n— 0o, (310)
forany pe Ny, 0; eR, (xj,y)) € Ri,j =1,..., p. We have
Eeiz?:l 0 Sny (xj,¥;) — e*./ny, EeiZleej Vay (xj,55) — eij’ (311)

where

14
Jy :=/ ’Gy(M,U,Z)‘adM, GV(M,U,Z) :=20]F3y(xj’yj;”’l)72)’
RZxR4 =

» w (3.12)
Jny = pn HY Z EZQJ- Z g3t —u,s —v,a)| .
w,v)ez? 1j=1 1=<t=<[nx;],1<s<[n?y;]
Thus, (3.10) follows from
nlingo Jny = Jy. (3.13)
To prove (3.13), we write J,,;, as an integral
Jny :/ |Gy, v, 2)|* X0 (D) (du, dv, d2), (3.14)
RZxR4

where the functions x, satisfying x,(z) — 1(n — o0) uniformly in z > 0 will be specified
later, and where Gy : R? x Ry — R are some functions which approach G, in (3.12) in
the following sense. Let W, := {(u,v,2) € R> x Ry : |u| + |v| < 1/€,€ <z < 1/€}, W=
(R? x Ry) \ We, € > 0. We will prove that

n—oo

lim/ |Gy (u,v,2) = Gy (u,v,2)[“du=0 Ve >0, (3.15)
We
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and

lim limsup/ ’Gny(u,v,z)}ad,u=0. (3.16)
we

e—>0 p—>oo

Since w(We) < oo, (3.15) follows from the uniform convergence

lim  sup [Gny(u,v,2) —G,(u,v,2)|=0  Ve>0. (3.17)

=00 (u,v,2)eWe

Clearly, (3.15) and (3.16) together with (3.14) and the above mentioned property of x, im-
ply (3.13).

The subsequent proof of (3.15) and (3.16) is split into several cases depending on values y
and .

Case y = yo = 1/2. In this case, (3.14) holds with

Gy (U, v,2) 3.18)

4 lnxjl/n pLy/myil/v/n 2
:=Zej/ / «/ﬁg3((nﬂ—fnu},f\/ﬁs]—(\/ﬁzﬂ,l—;)dtds
PR 0

and x,(z) == (z/n)"P(p(1 — z/n)/$1)1(0 < z < n) — 1 boundedly on R as n — oo accord-
ing to condition (1.8). To show (3.17), for given €1 > 0 split Gy, (1, v,2) — Gy (u, v,2) =
Z?:l I'yi(u,v,z), where, for0 <z <n,

4 AING NG .
Cpi(u,v,2) = 29]'/0 /0 {ﬁ&(fnﬂ — [nul, [v/ns] — [v/nv], 1 — ;)
j=1
—h3(t —u,s —v, z)}l((t, s) € Dj(el)) dr ds,

P lnxjl/n pl/ny;l/vn z
T, v, 2) = Ze,-f / «/ﬁga(fnﬂ — [nu], [Vns] = [Vnv], 1 - ;)
; 0 0
j=1
x 1((t,s) ¢ Dj(e1))dr ds,
P lnxjl/n pl/ny;l/vm
Cp3(u,v,2) :=—29j/ / h3(t —u,s —v,2)1((t,5) ¢ Dj(e1))drds,
. 0 0
j=1
and where the sets D;(€1), j =1,..., p (depending on u, v) are defined by

Dj(e1) :=={(t,5) € (0,x;1x (0, yj]:t —u> ey, |s—v|>er}.

Relation (3.17) follows from

lim  sup |Fn1(u,v,z)| =0, (3.19)
n_)OO(Ll,U,Z)EWE
lim limsup sup }Fm-(u, v, z)‘ =0, i=2,3. (3.20)

€170 n—o00 (u,v,2)eW.
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Here, (3.19) follows from Lemma 3.1. Next, |I',3(u, v, 2)| < Cfoel t~V2dr + Cféll =124 x
fIS|<€1 ds = O(/€1), implying (3.20) for i = 3. Similarly, using (3.7) we obtain [ (u, v, 2)| <

C e+ C/n [ e 4t < € /&1 + C//n. This proves (3.20) for i = 2, and hence (3.17),
too.

Consider (3.16). W.l.g., we can assume p = 1,0; = x; = y; = 1. With (3.18) and (3.7) in
mind, we have 0 < Gy, (1, v,2) < C(G(u,v,z2) + Gp(u,v,z)), where

1 1
G(u,v,z) :=/f h3(t —u,s —v,z)deds,
0 Jo
~ L el 1/3 1/2
Gn(u,v,z2) = ﬁ1(0<z<n)f f e~ 2t —cnt—u) P=c(/uls=vD 1 p o ) dr ds,
0 JO

where ¢ > 0 is the same as in (3.7). Relation (3_.16) with G, replaced by G follows from G €
L%(w) (see Proposition 5.1, proof of (i)), since A3 (%, s, z) and h3(t, s, z) differ only in constants.
Thus, (3.16) follows from

Tn :=f (Gu(u,v,2)"du=0(1),  n—>oo. (3.21)
RZXR+

Split Ty = Z?:l I,,;, where

Inl ::f (5’1)(1 dMs
(—00,0]xRxR4

I ::/ (an)a du,
(0,1]x[—2,2]xR 4

- / G dp,
(0,1]x[—2,2]° xR4+

1/4 12

[—2,2]¢:= R\ [—2,2]. Using the fact that fpe™""$~vI"" dy = C//n and Minkowski’s in-

equality,

I < Cna/Z{/ drds </ e—az(t+u)—ca(n(t+u))1/3—Ca(ﬁ|s—v|)l/2
(0,117 Ry xRxR4

/oy
X zﬂdudvdz> }

1 1
<cn@h2 / dr /Ooe—cam(wu))‘“di” “1"
0 0 (t +u)th

< Cn—(@+D2-B) |
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where 2 — B> 0and I := {f;7dr(f° e—cat)' (¢ ) =1=B qu) 1/} < 50 Next,

a2 [ 8 —zt— et B—c(Als)12 ’
ILn<Cn 7P dz e ¢ : drds
0 (0,4]2

4 ‘ 13 00 1/aya
S C{/ e—c(nt) dl (/ e—OtZlZﬂ dZ) }
0 0

o0 1/3 ¢
< C{/ e—cn) P —(1+p)/a dt} < cn—(@=1-8 — o(1).
0

Finally, using e~ (Wnls=vD'? < e=@/2WaD'? gor |y| > 2, |s| < 1 it easily follows I,3 =
O(e_c/”]/A) = o(1)(3c’ > 0), thus completing the proof of (3.21) and (3.13) for y = y9 = 1/2.
Case y >1/2,0 < 8 <a — 1. In this case, (3.14) holds with

Gny (uv v, Z)

[n?y;]

nx;|/n
: —1)2 _ _ _Zz
/ dtn E g3 <|'nt] [nul,s [n v—|, 1 n)l(O <z<n)

s=1

-3
]:
P LanJ/n z
Z / dtf ds\/ﬁg3(fnt] — [nul, [v/ns], 1 — ;) (3.22)
o R

x1(0<z<n,1—[n"v]<[vns]<|n"y;|—[n"v])

p x;
=:29jf dt/ dsfnj(t,s,u,v,2).

oo R

We first check the point-wise convergence: for any (u,z) e Rx R, v e R\{0,y,},j=1,...,p

Gny(ua v, Z) e G}/ (M, v, Z)
(3.23)

p Xj

:=29j/ dt/dsh3(t—u,s,z)l(0<v<yj), n— oo.
; 0 R
j=1

To prove (3.23), note that from (1.11), (3.7) and y > 1/2,forany u <t € R, v e R\ {0, y;}, j =
1,...,p,s €R, and z > 0, we have the point-wise convergences (as n — 00)

\/ﬁg3((nﬂ — [nul, [v/ns], 1 — 2)1(0 <z<n)— h3(t—u,s,z2),
1(1 = [n"v] < [Vns] < [n"y;| = [n"v]) > 10 <v < yj)

and hence

Juj@, ssu,v,2) = fit,s;u,v,2) i=h3(t —u,s,2)1(0 <v <yj). (3.24)
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Using (3.24), relation (3.23) can be shown similarly as in the case y = yg above. Namely, write
Gy (U, 0,2) — Gy (u,v,2) = Y 3_ Thiu, v, 2), where, for 0 < z < n,

p

nx;]/n
T1(u,v,2) :=Ze,-/ drf {fuj @, 550,0,2) = fi(t,s3u,v,2)}1((t, 5) € Dj(e1)) ds
=1 Y0 R

P lnxjl/n

T, v,2) =Y 0 / dt/ fit, s;u,v,2)1((t,5) ¢ Dj(e1)) ds
Jj=1 0
P

nx;]/n
Cp3(u,v,2) = E 0; / dt/ Jujt,s3u,v,21((t,5) ¢ Dj(er))ds
0

j=1

and where Dj(e1) :={(t,5) € (0, x;] x R:t —u > €1, |s — v| > €1, |s| < 1/e1}. Then (3.23)
follows if we show that, for any (#,z) e R x Ry, v e R\ {0, y},

lim |Fn1(u, v,z)| =0 Ve; >0 and
n—00
(3.25)
lim 11msup|l"n,(u v, Z)| =0, i=2,3.

€—0 nsoo

Here, the first relation in (3.25) follows from the uniform convergence statement of Lemma 3.1,
and the second one from the dominating bound in (3.7); in particular,

Xj
/ dt/fnj(t,s;u,v,z)l(t—u561)ds
0 R

+ -1
< [61 ! dt/ (Le”z/t + \/ﬁe"(m)m”(ﬁlsl)l/z) ds < C(Gl —}—n*l)
0 R\

vanishes as n — oo and €] — 0.

With (3.23) in mind, the convergence of integrals in (3.15) and (3.16) can be established using
the dominated convergence theorem and the bound (3.7) of Lemma 3.1, similarly as in the case
y = 1/2 above.

Casey > 1/2, —(a¢—1)/2 < B < 0. In this case, (3.14) holds with y,(z) := (z/nzy)_ﬂ(c/)(l —
(z/n*))/¢1)1(O0 < z <n*) — 1 and

lnxjl/n [nYy;l/n
n]/(” v,2) _Ze / ' l/ / dsn?
0
X g3<(nt] — [nzyu], (n”s—| — [n”v—|, 1— n%)l(o <7< nzy)

p Lnx;J/n [n?y;l/n?
Z / / dsf,(t,s;u,v,2).
— 0



Aggregation of autoregressive random fields 2421

Note that in the above integral, variables ¢ and u are rescaled by n and n%” >> n, respectively.
Therefore, by (1.11) the integrand

fult,siu,v,2) = f(s;u,v,2) :=h3(—u,s —v,z)  asn— o0 (3.26)
converges point-wise to f(s; u, v, z) independent of ¢, forany u <0, s,ve R, s e R,and z > 0

fixed. By using (3.26) and splitting G, (u, v, z) similarly as in the case y = yp above, we can
show the uniform convergence in (3.17) with

P xj Vi P Vi

Gy (u,v,2) :=Zej/ dt/ f(s;u,v,z)ds:Zijj/ hy(—u,s —v,z)ds
; 0 0 ; 0
j=1 j=1

satisfying (3.12); see the definition of F3, (x, y;u,v,z) = Gy (u,v,z) in (3.2). The proof of
(3.16) uses the dominating bound (3.7) of Lemma 3.1 similarly as in the previous cases.
Case 0 <y <1/2,(¢ —1)/2 < B <a — 1. We have (3.14) with

Guy(u,v,2)

b Lnxj1/n Ln? yj1/n z
:=29j/ dt/ dsn7g3<[n27’t—| — [nu], [nys—| — (nyv—|, 1— T)
o Jo 0 n=y

0

p 00 [ny;l/nY

= E :9.// dw[ fnj(w, s3u,v,2)ds,
. 0
j=1

where

fojw,s3u,v,2) = n”g3<[n27’w-|, |_nys-| - |_n7’v-|, 1-— i)

n2v
1 — [nu] [nx;] — [nu]
x| ———<w< ———
n2v n2v
- 10<u <xj)hz(w,s —v,2), n— 0o

point-wise for each u € R\ {0, x;},w > 0,5 € (0,y;),v € R,s # v,z > 0 fixed, according to
Lemma 3.1. This leads to the point-wise convergence of integrals, namely,

Gl’l)/(uv v, Z) - G}/(us v, Z)
(3.27)

P oo ¥j

= 29j1(0<u <xj)/ dw/ dshz(w,s — v, 2), n— 0o
Ny 0 0
j=1

similarly as in (3.23) above. We omit the rest of the proof of (3.15) and (3.16) which uses (3.27),
Lemma 3.1 and the dominated convergence theorem.
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Case 0 <y <1/2,—(x¢—1)/2 < B < (@ — 1)/2. We have (3.14) with

P nxj)/n n? y;1/n”
Gy (v, 2) :=Zej/ dt/ fult,s;u, v, 7)ds
0

=1 70

and

Fult, 3, 0,2) = nl/zgs(fﬂﬂ — [l [n?s] = [n'/20] 1~ 5>1<o <z<n)
n
— h3(t —u, —v,2)

tending to a limit independent of s for each t < u,s € R,v € R, z > 0 fixed, according to
. /2
Lemma 3.1 and using the fact that sup; |W —v|—0forany y>0asy <1/2.

Whence, the point-wise convergence, as n — 00,

14 Xj
Gny(u,v,2) - Gy(u,v,z)=29jyj/0 h3(t —u, —v, z)dt
=1
’ (3.28)

P
= Z@jF3V(Xj,yj; u,v,z),
Jj=1

can be obtained. The details of the proof of (3.28) and subsequently (3.17) and (3.16) are similar
as in other cases above.

This proves (3.13), and hence the limit in (3.9) in all cases of y and 8 under consideration.
The second statement of the theorem follows from (3.9) and Proposition 3.1. Theorem 3.1 is
proved. g

4. Scaling transition in the aggregated 4N model

In this section, we discuss scaling transition and Type I isotropic distributional LRD property for
the aggregated 4N model X4 in (1.9). Recall that g4(¢, s, @) in (1.9) is the Green function of the
random walk {W;} on Z? with one-step transition probabilities shown in Figure 1(b). Recall that

2 2 [
ha(t,s,2) = —Ko(2,/z(t? + s2)) = —/ wleaw—(+s?)/w dw, (t,s) € R%, z>0
/4 T Jo

is the potential of the Brownian motion in R? with covariance matrix diag(1/2, 1/2), written via
Ky, the modified Bessel function of second kind. See [29], Chapter 7.2.
For any y > 0, introduce a RF V4, = {V4, (x, y); (x,y) € Rﬁ} as a stochastic integral

Vi (x, ) i= / Fay (r. i, v, 2)M(du, dv, d2), @.1)

RZxR4
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where Fy, (x, y;u, v, z) is defined as

x ry
/ / ha(t —u,s —v,z)deds, y =1,
0 JO

X
1(O<v<y)/ dt/h4(t—u,w,z)dw, y>1,8>(@—1)/2,
0 R

._ y
Fay := 1(O<u<x)/dw/ ha(w, s —v,z)ds, y<1L,B>(@—1)/2, 42)
R 0
y
x/ ha(u,s — v, z)ds, y>1,0<B<(x—1)/2,
0
y fo ha(t —u, v, 2)dt, y<1,0<B < (a—1)/2,

and where M is the same «-stable random measure on R? x R as in (3.1).

Proposition 4.1. (i) Vs, in (4.1) is well-defined for any y > 0,1 <a <2,0 < 8 <a — 1 with
exceptionof y # 1, B = (o« — 1) /2. It has a-stable finite-dimensional distributions and stationary
rectangular increments in the sense of (2.3).

(i) Va, is OSRF: for any 1 > 0, {Vay (hx, AV y); (x, y) € R2} &M QHO VL (x, 3); (x, ) €
R2}, with

2 —B) =
P r=1L
o
yoIR2e=h o s @12,
o
-2
Hp= { O30 2207 y>LE<@=1/2, -
1—y+iy(a—ﬂ), y<1L,B>(@—1)/2,
w, y<Lp<@=1/2

(iii) RFs V4 = V4 4 (y > 1) and V4, = V4 _(y < 1) do not dependon y fory > landy < 1.

(iv) RF V4, has properly dependent rectangular increments for y =1 and does not have
properly dependent rectangular increments for y # 1.

(v) For a =2, the RFs

v, fad [ Bep-ps 1/2<p<1,
T B, 0<B<1/2, w
v, fdd Bi2,¢3/2)-8; 1/2<B <1, '
T B B 0<pB<1/2,

agree, up to some constants k4 + = k4 +(f) # 0, with fractional Brownian sheet By, n, where
one of the parameters Hy, Hy equals 1/2 or 1.
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Proof. (i) As in the proof of Proposition 3.1(1), we show J, := fRzXR+(F4y(l, 1;u,v,
7))*du < oo only. First, consider the case y = 1. We have J; = Cf]R2x]R+ (f(o’“z Ko(2/z|lv —
w|)) dv)¥zf dwdz < co. Here, ||x||? := x? +x2, for x = (x1, x2) € R2. Split J; = J' + J”, where
J = f{llwl\fﬁ}xR+ e g = f{|\w|\>ﬁ}xR+ ---. By Minkowski’s inequality,

1/aya
J'<cC / dv|:/ Kg(2ﬁ||v—w||)zﬁdzdw] }
{Ivl=v2} {lwll>~2} xRy

l/aya
<C / dvU ||v—w||—2—2ﬂdw] }
{Ilvll<v2) {lwl>+2}

o
<C / (ﬁ—l|v|l)_2ﬁ/adv} < 00,
{Ivl<v2}

where we used the facts that fooo Kg (2\/E)z/3 dz<oocand 0 < B8 <o — 1 <2. Next,

J’gc/ dw/ z%z(/ Ko(2/Zlvll dv)
{lwl<v2} 0 {Ilvll=v2} ( )
00 V2 o
<C / f dz( / Ko(2y/zr)r dr)
0 0

o0
< c/ P P10 <z <) +27%1(z > 1)) dz < 0o,
0

where we used 0 < 8 <« — 1 and the inequality

—-1/2

V2 ;
/ KO(Z«/Er)rdrgc{Z1 ., O0<z<l,
0

7, z>1,

which is a consequence of the fact that the function r + r Ko(r) is bounded and integrable on
(0, 00). This proves J; < oo.
Next, let y > 1, (@ — 1)/2 < B <o — 1. Using hau(u, 2) := [ ha(u, w,z)dw = 2 [ Ko(2 x

Vzu? +w?))dw = 2 /4;+/2K_1/2(2\/Z|u|) = /e 2V ([25], 6.596, 8.469), we obtain

1
Jy <C [pdu fR+ P dz(fy has(t —u,z)d0)* < C{ﬁulﬂ AT flu\>2 -} =:C{J, + J/}, where
00 1 a 00 1 o
T, SC/ Zﬁdz<f h4*(t,z)dt) SC/ z’s_(‘”/z)dz<f e_zﬁ’dt)
0 0 0 0
o
< C/ P dz(l —e_zﬁ)a,
0
where the last integral converges forany 0 < f <o — 1, 1 <o < 2. Next,
x o o0
J)’,’ < C/ du/ Pr@De=2u g, < C/ PIH2e722 47 < o0
1 0 0

provided B > (a — 1)/2 holds. Hence, J,, < co.
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Consider J,, for y > 1,0 < < (¢ —1)/2. We have J, < C [pdu [ dv fR+ P dz(fol ha(u,
s —0,2d$)* <C{f 1<y + Jiy»2 -} = ClJ, + J7}. By Minkowski’s inequality,

00 [e¢] 1 o
Cf duf z’sdz</ h4(u,s,z)ds>
0 0 0
1 e’} 00 1/aya
C{/o ds[/o du/0 P K§(24/2(e2 + u?)) dz] }

1 00 du /oy 1 1 l/aya
el [ ol ] el olma] | ==

since B < (o — 1)/2. Next,

00 00 0
J)///SC/ dvf du/ ZﬁthZ(u, v,2)
1 0 0

c ood o0 du <C * dv
V) @ty =T g T

Hence, J, < cofory > 1. The case 0 < y < 1 follows by symmetry. This proves the existence of
V4, for all choices of «, B, ¥ in (4.2). The remaining facts in (i) are similar as in Proposition 3.1.

(ii) Follows analogously as in Proposition 3.1(ii).

(iii) Follows from the definition of the integrand Fy, in (4.2).

(iv) The proof is completely similar to that of Proposition 3.1(iii), taking into account the form
of V4, in (4.1) and the fact that s14(u, v, z) is everywhere positive on R? x R;.

(v) Follows from the OSRF property in (ii) analogously as in Proposition 3.1(v). Proposi-
tion 4.1 is proved. ]

’
J}’

IA

IA

IA

The main result of this section is Theorem 4.1. Its proof is based on the asymptotics
of the Green function g4 in Lemma 4.1, below. The proof of Lemma 4.1 can be found at
http://arxiv.org/abs/1303.2209v3.

Lemma 4.1. Forany (t,s,z) € R3 x (0, 00)

2
Ali)lgog4<[)»t], [As], 1 — %) =hy4(t,s,2) = ;KO(Z,/z(tZ +52)). 4.5)

The convergence in (4.5) is uniform on any relatively compact set {€ < |t| + |s] < 1/€} x {€ <
7< l/E}CR% x R4, e>0.

Moreover, there exists constants C, ¢ > 0 such that for all sufficiently large A and any (¢, s, 7) €
Rg x (0, A%) the following inequality holds:

g4<[m, [hs], 1 — %) < Chat,5,2) + e YHIHB1DY (4.6)


http://arxiv.org/abs/1303.2209v3
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Theorem 4.1. Assume that the mixing density ¢ is bounded on [0, 1) and satisfies (1.8), where
0<B<a-—1, l<a=<2, B# (a—1)/2. 4.7)

Let X4 be the aggregated 4N model in (1.9). Then for any y > 0

[nx] [n” y]
n—H(y)Z Z :{4(,’5)“]_“1)’ Viy (x,y), x,y>0,n— o0, (4.8)
t=1 s=I

where H(y) and Va4, are given in (4.3) and (4.1), respectively. As a consequence, the RF X4
exhibits scaling transition at yy = 1 and enjoys Type I isotropic distributional LRD property in
the sense of Definition 2.4.

Proof. Similarly, as in the proof of Theorem 3.1, it suffices to prove the limit

lim Joy = Jy, (4.9)

n—0o0

where

o

P
Zej Z g4t —u,s —v,A)| ,

j=1 1=t=[nx;],1<s<[n?y;]

Jny = nfaH(V) Z E
(u,v)eZ?

(4.10)

P
Jy ;:/ |Gy(u,v,z)|adu, Gy(u,v,z2) ZIZejF4y(Xj,Yj;M,U,Z)7
RZXR+ J=1

forany peN,,0; eR, (x;,y)) € Ri_, j=1,..., p. The proof of (4.9) follows the same strategy
as in the case of Theorem 3.1, that is, we write J,,, as a Riemann sum approximation

Iy = [ 16y .2 o (e v, o), (4.11)
RZxR4

to the integral J,,, where x,(z) — 1(n — 00) boundedly in z > 0, and G, : R2 x Ry — Rare
some functions tending to G, in (4.10). We use Lemma 4.1 and the dominated convergence the-
orem to deduce the convergence in (4.9). Because of the differences in the form of the integrand
in (4.2), several cases of y and 8 need to be discussed separately. The approximation is similar
as in the proof of Theorem 3.1 and is discussed briefly below.

For € > 0, denote W, := {(u,v,z) € RZ x Ry : |u| + |v] < 1/€,€ <z < 1/€}, W = (R? x
R4+) \ We. Similarly, as in Theorem 3.1, (4.9) follows from

n—oo

lim/ |Gy, v,2) = Gy (u,v,2)|“du=0 Ve >0, (4.12)
We
and

€0 p—>oo

lim limsup/ |Gy (u, v, 2)|* du =0. (4.13)
we
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Case y = yp = 1. In this case, (4.10) and (4.11) hold with G,(u,v,z) := Zleej X
(;Cj Oy'i ha(t —u,s —v,z)drds and

P s 1/n playl/n ;
Gn}/()(uv v, Z) = ZQ}/ / g4<[_l’lt-| - |—nu-|? |—nS1 - [-nv_]7 11— _2)
o o 0 n

X 1(0 <z< nz) dr ds.

Then, by splitting G, (u, v,z) — Gy, (1, v,z) = Z?:] Ipi(u, v, z) and using Lemma 4.1 simi-
larly as in the proof of Theorem 3.1, Case y = 1/2, relation (4.12) can be obtained.

Consider (4.13). Since G, € L*(u), see the proof of Proposition 4.1(i), relation (4.13) holds
with G, replaced by G,,. Hence and with (4.6) in mind, it suffices to check (4.13) with G,

replaced by G, (u, v,z) :=1(0 < z < n?) fol fol e—cnlt—ul+v/nls=vD) 4 4, which follows from
Ty = / (én(u, v, z))a du = O(nz(ﬂ_“+1)) =o(1). (4.14)
R2xR4

We have J, < anﬁJrz{fR(fO1 e-cvnrli—ul g dy)?,  where f]R(fol e—vnrli—ulgnedy <
Sty C %t + [y () du =2 i}, + if/. Here, i}, < C(fg e V™ dv)* < C/n® and
il <C [ emcavnu=h gy = O(e~¢V1), ¢’ > 0. This proves (4.14) and (4.13).

Casey > 1,(a —1)/2 < B <a — 1. We have (4.11) with G, (u, v, z) = 721 0;10 <v <

yj)f(fj dr thzx(t —u,s,z)ds and

n”y;]

p lnx;j]/n
Gpy(u,v,z2) = ZOJ-/ din~! Z g4<[nt] — [nul,s — |—n7’v—|, 1— nZ_2>
=1 70 s=1
x1(0<z< n2)
P Lnxj1/n .
=Zej/ dt/g4<fnt]—[nu],[ns},l——2>
= R n
X 1(0 <z<n? 11— (nyv] <[ns] < |_nVij — [nyv—|)ds

p X
ej/ dt/ Snj(t,s3u,v,2)ds,
— 0 R

cf. (3.22). From (1.12), (4.6) and y > 1,forany u,t e R,u #¢t,v € R\ {0,y;},j=1,...,p, s,
and z > 0, we have point-wise convergences

1

~

g4<[nt'| — Tnul, Tn].1— %)1(0 <z<n?) > ha(t —u,s.7),
n

1(1 — |_n7’v—| <[ns] < Ln”ij — [nyv-|) —-10<v<yj)



2428 D. Puplinskaité and D. Surgailis

implying fn;(t,s,u,v,2) = ha(t —u,s,2)1(0 < v < y;) similarly as in (3.24) in the proof of
Theorem 3.1. The remaining details of the proof of (4.12) and (4.13) are similar as in Theo-
rem3.1,Case y > 1/2,0< B <a — 1.

Casey >1,0 < B < (a—1)/2. Wehave (4.11) with G, (u, v, z) = Zle 0xj foyj ha(—u,s—
v, z)ds and

p lnx;l/n

¥ 331" .
Gny(u,v,2) = ZQj/ dt/ g4<(nﬂ — |_nyu-|, [n”s—| — |—n”v—|, 1— nTV>
oo 0

x1(0<z <n2”)

4 lnxjl/n L) /n?
= Ze,-/ dt/ fult,s5u,v,2)ds,
P 0

where f,(t,s;u,v,2) > f(s;u,v,z) :=ha(—u,s — v, z) tends to a limit independent of ¢, as
n — 0o. Again, we omit the details of the proof of (4.12) and (4.13) which are similar as in
Theorem 3.1,Case y > 1/2, (¢ — 1)/2 < B < (¢ — 1)/2.

Case 0 < ¥ < 1 in (4.8) follows from case y > 1 by lattice isotropy of the 4N model. This
ends the proof of (4.8). The second statement of the theorem follows from Proposition 4.1. The-
orem 4.1 is proved. ]

The following proposition obtains the asymptotic behavior of the covariance function
ra(t,s) = EX4(t, 5)X4(0,0) of the aggregated Gaussian RF X4 in (1.9) (o« = 2). The proof of
Proposition 4.2 uses Lemma 4.1 and is omitted. (]

Proposition 4.2. Assume o =2 and the conditions of Theorem 4.1. Then for any (t, s) € ]R%

2
Tim 22y ([11], [s1) = d "blr(ﬂ; DT (12 4 2)7#, (4.15)

5. Auxiliary results
This section obtains conditions for the existence of a stationary solution of a general random-
coefficient nearest-neighbor autoregressive RF in (5.1). We also discuss contemporaneous ag-

gregation of (5.1) under the assumption that the innovations belong the domain of attraction of
wa-stable law, 0 < o < 2.

5.1. Existence of random-coefficient autoregressive RF

Consider a general random-coefficient nearest-neighbor autoregressive RF on Z?:

X(t,5) = Z a(u, V)Xt +u,s +v)+e@,s), (t,5) €72, (5.1
lu|+|v|=1
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where {e(t, 5); (t,s) € Z*} are i.i.d. r.v.’s with finite pth moment, p € (0, 2], and a(z, s) > 0, |t| +
|s| = 1 are random coefficients independent of {e(¢, s)} and satisfying

A= ) at.se©1) as (5.2)

lt]+]s|=1

Set also a(t,s) =0, (t,s) € Z2, |t| + |s| # . Clearly, the 3N and 4N models in (1.6) and (1.7)
are particular cases of (5.1).

Let us discuss solvability of (5.1). We will show that under certain conditions this equation
admits a stationary solution given by the convergent series

X(t,s) = Z gt —u,s —v,a)eu, v), (t,s) € 2, (5.3)
(u,v)eZ?

where g(t,s,a), (t,5) € Z*,a= (a(t, s); |t| + |s| = 1) € [0, 1)* is the (random) Green function
defined as

g(t,s,a):= Y a*(t,s), (5.4)

k=0
where a* (¢, s) is the k-fold convolution of a(z, s), (¢, s) € Z?* defined recursively by

L, (t.s)=1(0,0),
0, (5 #(0,0),

a*®(t,s) = Z a* D@, vat —u,s —v), k>1.
(u,v)eZ?

a¥(t,5) =8(t,5) = {

Note that (5.4) can be rewritten as

g(t.s.a)=Y Afp(t.s), (5.5)
k=0

cf. (1.10), where A is defined in (5.2) and pi(t,s) = P(Wy = (¢, s)|Wo = (0, 0)) is the k-step
probability of nearest-neighbor random walk {Wy, k =0, 1,...} on Z? with one-step transition
probabilities
a(t,s)
A
Generally, the pi (¢, s)’s depend also on a = (a(z, s); |t| + |s| = 1) € [0, 1)* but this dependence
is suppressed below for brevity. Note that the series in (5.5) absolutely converges a.s., moreover,

Yo gtsaay=) Ak Y pk(t,s)=ZAk=1_1A<oo a.s. (5.7)

(t,5)€Z? k=0 (t,5)ez2? k=0

>0, (t,s) € 77 (5.6)

p(t,s) =
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according to (5.2). From (5.7), it follows that the Fourier transforms p(x,y) :=
Yletsi=1 €Y (e, s) and

oo
gayay= Y e sy =) A Y T ps)

(t,9)eZ? k=0 (t,5)€Z?
00 . 1

= > AP ) =
,; ( ) 1= Ap(x,y)

are well-defined and continuous on 1% := [—7, 7 ]2, a.s. From Parseval’s identity,

2 _2 dxdy
3 gt.s.a)| = @n) —_— (5.8)
(t,5)e7? m [1 = Apx, )l

Let
01:=pO.D+pO D =1-p1.0)=p(-1.0=t1-g2.  q:=min(q1.42). _ 0

M1 ZP(LO)_P(_LO)s n2 :=p(05 1)_]7(0’—1)7 MZVM%‘I_M%

Note g; € [0, 1] and g1 = O (resp., g2 = 0) means that random walk {W;} is concentrated on
the horizontal (resp., vertical) axis of the lattice Z?. Condition = 0 means that {W;} has zero
mean. Denote

— mi ! 1 "
vbaw '_mm(q(l — 4y wm) <1 +1°g+<q<1 - A)))' 10

The main result of this section is Theorem 5.1, below, which provides sharp sufficient condi-
tions for the convergence of the series in (5.3) involving the quantity W (A, ¢, 1) in (5.10). The
proof of Theorem 5.1 uses the following Lemma 5.1. The proof of this lemma is given at the end
of this subsection.

Lemma 5.1. There exists a (non-random) constant C < oo such that

dxdy
—————— <CV(A,q, . (5.11)
/112 11— Ap(x, y)[?

Theorem 5.1. (i) Assume there exists 0 < p <2 such that
E|£(0,0)|” <oo and Ee(0,00=0  forl<p<2. (5.12)
Then there exists a stationary solution of random-coefficient equation (5.1) given by (5.3), where

the series converges conditionally a.s. and in LP for any a= (a(t,s) > 0, |t| + |s| = 1) € [0, 1)*
satisfying (5.2).
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(ii) In addition to (5.12), assume that q > 0 a.s. and

E[W(A,q, )P (1 - AP <00, ifl<p=2, 5.13)
E[(1 — A)*73] < o0, ifo<p<l. '
Then the series in (5.3) converges unconditionally in L?, moreover,
E[W(A,q, )P~ (1 — A)P?] < o0, l<p<2,
E[|xX¢ 9| ]<C [va.q ”)2 (-] P= (5.14)
E[(1 — A)?73] < o0, 0<p=<lL

Proof. Part (i) follows similarly as in [43], proof of Proposition 1. Let us prove part (ii). We shall
use the following inequality; see [50], also [43], (2.7). Let 0 < p <2, and let &1, &, ... be random
variables with E|&;|? < co. For 1 < p <2, assume in addition that the &;’s are independent and
have zeromean E§; =0. Then E| ), &|” <2}, E|§;|”. The last inequality and the fact that (5.3)
converges conditionally in L? (see part (i)) imply that

E[|X(.5)|"a] <2E[e0.0)]" > [g(u.v,a)|". (5.15)
(u,v)eZ?

Accordingly, it suffices to prove that

E > |g@ts )] <oo. (5.16)
(1,8)€Z?

For p =2, (5.16) is immediate from (5.8) and (5.11). Next, using (5.8), (5.11) and Holder’s
inequality, for any 1 < p < 2 we obtain

Z lgt. s, a)|" = Z |g(t,s,a)|2(p_1)|(g'(t,s,a)\z_"7

(1,5)€2? (t,5)€7?
2 p—1 2—p
5( > |8(fvs’a)|) ( > |g(t,s,a)|) (5.17)
(t,5)€Z? (t,5)€Z?

<CV(A,q, )" (1 — AP

Next, consider the case 0 < p < 1. Using (5.5), the inequality | ) ; x;|? < >, |x;|? and Holder’s
inequality, we obtain

Y Jgs )’ <> AR N plas)

(t,s)eZ? k=0 [tl+Is|<k
x p 1-p
sZAkf’{ > pk<r,s>}{ > 1} (5.18)
k=0 [t|+]s|<k |t]+]s|<k
o
<CY A0 < ¢ < ¢

- _ 3-2p — _ 3-2p°
par (1 —=AP)y>=2P = (1 — A)°—=P
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where the last inequality follows from 1 — x? > p(1 — x), x € [0, 1]. Note that C in (5.17)-
(5.18) are non-random. Hence, (5.16) follows from (5.13) and the bounds in (5.17)—(5.18), prov-
ing the unconditional convergence of (5.3). Inequality (5.14) is a consequence of (5.17)—(5.18)
and (5.15). O

Proof of Lemma 5.1. Write / for the left-hand side of (5.11). Since (5.11) holds trivially for
0<A<1/2,weassume 1/2 < A < 1 in the sequel. We have

1— A[a(X, y) = (1 — A) + A Z p(t, S)(l _ ei(t)c+sy))
[t]+|s|=1

=(1—A) + Ag2(1 — cos(x)) + g1 (1 — cos(y)) ] — iA (1 sin(x) + p2 sin(y))
and
11— Ap0x, »|* = (1= A) + A[g2(1 = cos(x)) + 1 (1 — cos(»)])°
+ A2 (1 sin(x) + pa sin(y))”
> (1/H{((1 = 4) +¢[(1 = cos(x)) + (1 = cos(»))])°
+ 12 (v sin(x) + v2sin(y)) ),

(5.19)

where v; i= pi/p,i =1,2,07 + v = 1. Split I = It + I, where It := [i_, 4 yps b2 1=
fﬂz\[—ﬂ/4,ﬂ/4]2' Changing the coordinates sin(x) = u, sin(y) = v, viu + vv =5, —Vou + Vv =
trr=t24+s%s=r sin(¢) we get
1
I = C/
[—1/v2,1/42P /(1 —u?)(1 —v?)
dudv
X
(A=A +4q[d =vVI—u?) + (1 = V1 =)D+ u2(v1u + v2v)?}

/‘ dudv
<C
2v2<1 (1= A) + qlu? + v2])2 + p2(viu + vpv)?

. C/ ds dr
T Jege<r (L= A) 4 qls2 +12])2 4 u2s2

_C/‘/n/z rdr d¢
Do Jo (0= A) +gr2)2 + p2r2sin?(9)

Using sin(¢) > (1/2)¢, ¢ € [0, 7/2) with W := w we obtain

/‘1/1 dxdy
L <C
0 Jo ((1—A4)+qx)? +u?xy?

Ldx ! dy
=C o 2.2
o X Jo WHwusy
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/1 dx /]/W du

<C —

0o xvW Jo 1+ p2u?

o e ) =cuin
< — min( 1, — | =C(I; + 1),
wlo xJW W (fi+1)

where

1 [t d Id
I: f al 1(w > VW), I{’::/ ﬁl(/x<vW).
0

_MoxW

Here,

y i ( * dx 1 [* dx
Ii < min / —7_/ )
0o (1=A)+gx)? o xV2((1—A)+qx)

1 1
C mi , .
= n““(qﬂ-—A) MV@ZTI76)

Since I{ =0 for u? < q(1 — A) we obtain

’ 1 1 dx 2
fe [ s m a7 a0 - )
< _c 1(u? > g(1 — A)).
u/q(l—A)

Relations (5.20) and (5.21) yield

. 1 1
< emin( oG )

Below we prove the bound

Lecl=A+a™ p=l—Atgq,
2= _ —
A=A+ (I+log(n/(1=A+q)),  u>1-A+g,
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(5.20)

(5.21)

(5.22)

(5.23)

with C independent of A, g, i, as elsewhere in this proof. Since 1 — A + g > /g(1 — A), the

desired inequality (5.11), viz., I < CW(A, g, ), follows from (5.22) and (5.23).

Let us prove (5.23). For u <1 — A + ¢ it follows trivially from (5.19). Let u > 1 — A +g¢g in

the rest of the proof. From (5.19), we obtain that

dxdy
L=<C R - 5
n2\[—n/4,7/412 (1 — A+ q)* + p (v sin(x) + vz sin(y))
/ dxdy
S C ~ . ~ . 9
0.722 (1 —A+¢q)? + pu?(Dy sin(x) + D sin(y))?

(5.24)
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where || = |v;],i = 1,2 satisfy > + D2 = 1. Then

I < C/ (1 —=u®)"V21 =3~ V2dudv
~ Joap 1 =A+q)? + p?(Gru + )2

C dud 1—A
<= uev with ¢ 1= 2114

— ~ = > 0.
(0,122 (€2 4+ (Viu + 1))/ —u)(1 —v) w

We claim that

f du dv < 9(1 +1log, (1/€)) (5.25)
0P @+ G+ )T - —v) e\ oF '

with C < oo independent of € > 0 and v;,i =1, 2, f)lz + by = 1. Bound (5.25) proves (5.23) and
hence (5.11) and the lemma, too. Therefore, it remains to prove (5.25).
By symmetry, it suffices to prove (5.25) for ¥ > 1/+/2,0> ¥, > —1/+/2, or

7 ._/ dudv C(1 +log, (1/e€))
'_ [0.12 €2+ u—rvd)H)Jad—wd—v) ~ &+ (5.26)

uniformly in 7 € [0, 1].

_ du 1 dz _ V2 -
We have J = ffO ﬂfO (- 1=u ffO mf() (62+(1—Z—U)2)«/E - Zi,j:l Jl],

where

. 1(1—v>2e)dv P11 —z—v] > €)dz

= \/_/ Jr—u /0 €+0-z-v)?)/7

Ju::_/’ 1(1—v>26)dv/1 1(|1—z—v|<e)dz’

\/’7 0 N —v 0 (€2+(1—z—v)2)ﬁ

oy ::_f’ 1(1—v<26)dv/1 11—z —vl>edz

VrJo Vr—v 0 (€+(-z-v)Hz

I ::_/’ 1(1—v<2e)dv/‘ 101 —z—vl<e)dzs

vrlo Jr—o 0 (E2+0—z—v2)/Z

Bound (5.26) will be proved for each J;;,1, j =1, 2.
Estimation of J>. We have

Jzzf—/r 1(1—v<26)dvi/’11(|1—z—v|<e)dz
Vrlo Vr=v € Jo Vz
/1(1—v<26)dv1 3¢ dz __C /’1(1—v<26)dv
‘f

il 5.27
Nr—v €2 Jo Jz T Jred? Jr—v (527

1(r>1—26)<—1(r>1—26)

few / \/;i—_v
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Estimation of Jy1. We have

Iy < /1 1(1 —rv <2¢)dv /1 11—z —rv| > e€)dz
0 0

V1—v (1—z—-rv)2y/z
V2 (5.28)
_/26 dx 11(|x—z|>e)dz<1/2 dx [®1(x—z|>Ddz _C
o VxJo -2z 0o ~/xJo (x—22%/z T €
since the last double integral converges.
Estimation of J12. We have
1 < / 1(1 —v>2e)dv 1 /11(|(1—v)—z|<e)dz
NG N NG
/ 1(1—v>2e)dv —v>26)dv 1 /1—"+f dz
o Jr—v ), _Z
\/— 1-v—e \/— (5.29)

1(1 —v>2e)dv
ﬁe /0 N Wl—v+e—+V1—-v—o¢)

- C /"1(1—v>2€)dv € <Clog(l/e)
T Jre? Vr=v  JT—v~ e
Indeed,ifre[o,l/z]thenff’l%j%” ff’ d'f” C,andifr € [1/2, 1], € < 1/2 then
withz=w— 2e+r—1)

1/’1(1—v>2€)dv<c "1(w>2e+r—1)dw

Jrlo Jr=ov1—v —  Jo Jw1T—r+w

2¢ >1—r,
< Clog(1/e).
1 —r>2e,

/ﬁ
| i

Estimation of J11. We have

s L 1 ! 1w>26)dw ['1(lz—w|>e€)dz
TVrlieVwu=0=-nJo (G-w?yz
1/€ L(w)l(w>2)dw
6\/_/1 e Jw=>a=1)]€ "’

(5.30)

where L(w) := [3° “‘é;’;—‘;lf)dz < Cw 2 for w > 1. W.lLg., let € € (0, 1/2]. First, let (1 —

r)/e <1,thenr € (1/2,1] and w — % > w/2 for w > 2. The above facts imply that

c (Ved Clog(1
Jlls—/ dw _ Clogll/e)  hen (1 —ry/e <1, (5.31)

€
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with C independent of r, €. Next, let (1 —r)/e > 1 then from (5.30), L(w) = O (w2 and the

change of variables w — 16;’ = L;’x we obtain

Jin <

L/r/a—r) & _ C [ra=-m)"7 rel03/4],
e Jo VEST+x T e | log(r/(1—1)),  rel3/4,1],

< Clog(1l/e)
€

(5.32)
when (1 —r)/e > 1.

Bounds (5.31), (5.32) prove (5.26) for J;1, thereby completing the proof of (5.26). Lemma 5.1 is
proved. O

5.2. Aggregation of autoregressive RF

Definition 5.2. Write ¢ € D(a),0 <a <21if
@) a=2and Ee =0, 02 :=Ee? < 00, or
(i) 0 < a < 2 and there exist some constants ci, cy > 0, ¢1 + ¢ > 0 such that

lim x*P(e >x)=c; and lim |x|*P(e <x)=cy;
X—00 X——00

moreover, Ee = 0 whenever 1 < a < 2, while for o = 1 we assume that the distribution of € is
symmetric.

Remark 5.1. Condition & € D(«) implies that the r.v. & belongs to the domain of normal attrac-
tion of an «-stable law; in other words,

N
NS 47 NSoo (5.33)

i=1
where Z is an a-stable r.v.; see [18], pages 574—581. The characteristic function of r.v. Z in (5.33)
is given by
Eel/Z = l0I'0@ g eR, (5.34)

where w(0) depends only on sign(f) and «, c1, ¢2, o in Definition 5.2. See, for example, [18],
pages 574-581.

Let {X;(¢,5)},i = 1,2,... be independent copies of (5.3) with i.i.d. innovations (¢, s) €
D(x),0 < o < 2. The aggregated field {X(z, s); (¢,5) € Zz} is defined as the limit in distribu-
tion:

N
NV X, 9) S x(,s), (1s) €Z2 N — oo (5.35)

i=1
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Introduce an independently scattered -stable random measure M on Z? x [0, 1)* with charac-
teristic functional

EeXp{i > et,sM,,s(Bt,o}:exp{— > |9M|“w(9t,s><b(3t,s)}, (5.36)

(t,s)eZ? (t,s)eZ?

where ®(B) :=P(a= (a(z,s), |t| + |s] = 1) € B) is the mixing distribution, 6; s € R, B, B; 5 C
[0, 1)4 are arbitrary Borel sets, and w is the same as in (5.34). According to the termi-
nology in [46], Definition 3.3.1, M is called an «-stable measure with control measure
Re(w(1))®(da) proportional to the mixing distribution ®, and a constant skewness intensity
Im(w(1))/Re(w (1)) tan(w e /2).

Proposition 5.1. Let £(0,0) € D(«), 0 < o < 2. Assume that the mixing distribution satisfies the
following condition: there exists € > 0 such that

E[V(A, g, )] < oo, ifa=2,
E[Wr~(A,q,)(1 — AP <00, ifl<a<2 p=ate, (5.37)
E[(1 — A)%73¢] < o0, fOo<a<l,

where W (A, q, ) is defined in (5.10). Then the limit aggregated RF in (5.35) exists and has the
stochastic integral representation

X(t,s) = Z gt —u,s —v,a)M, ,(da), (t,s) e 72, (5.38)
(u,v)eZ? [0.1)*

Remark 5.2. Note for the 3N and 4N models, we have u = 1,q = 1/3,W(A,1/3,1) <
\/IC—_A(I + [log(l — A)]) and u =0,9 = 1/4, V(A,1/4,0) < C/(1 — A), respectively. As a

consequence, for the aggregated 3N and 4N models and a regularly varying (mixing) density
of A in (1.8), condition (5.37) for 1 <« <2 reducesto 8 > —(« — 1)/2 and B > 0, respectively.

Proof of Proposition 5.1. Let T C Z> be a finite set, 6,; € R, (t,s) € T, and Sy =
N~V Z,N:1 U; be a sum of i.i.d. r.v.’s with common distribution

U := Z O s X(1,5) = Z G(u,v,a)e(u,v),

(t,s)eT (u,v)eZ?
Gu,v,a):= Y  0,,8(t—u,s—v,a).
(t,8)eT

d .
It suffices to prove that Sy — S(N — 00), where S := Z(I,S)ET 0; sX(¢,s) is a a-stable r.v.
with characteristic function

EeinzeXp{_|w|a Z E[|G(u,v,a)\“w(wG(u,v,a))]}.

(u,v)eZ?
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For this, it suffices to prove that r.v. U belongs to the domain of attraction of r.v. S (in the sense
of (5.33)) or U € D(w), see Remark 5.1; in other words, that

EU?=ES’<oc0  fora=2, (5.39)
and, for 0 < o < 2,

Jim x“P(U > x) = > E[|Gu, v, a)|*{ci11(Gu, v.a) > 0) + c21(G(u, v, 2) < 0)}],

(u,v)eZ?
(5.40)
im xPU <) = ) E[|Gu.v.a)|*{e11(Glu. v, a) <0) + 21 (G(u, v, 2) > 0)}],
(u,v)eZ?

where ¢;,i = 1,2 are the asymptotic constants in Definition 5.2 satisfied by ¢(0,0) ~ D(«).
Here, (5.39) follows from definitions of U and S and Theorem 5.1 with p = 2. To prove (5.40),
we use [28], Theorem 3.1. Accordingly, it suffices to check that there exists € > 0 such that for
O<a<2,a#l,

> E|Gu,v,2)|"" <oco and > E[Gu.v.a)|" < oo, (5.41)
(u,v)eZ? (u,v)eZ?

and

< 00 fora =1.

El > |Gu.v.a)|""

)(aJre)/(ote)
(u,v)eZ?

Since T C Z? is a finite set, it suffices to show (5.41) with G(u, v, a) replaced by g(u, v, a).
Letl <a<2and p=«aFe€e€(1,2) in (5.37). Then Z(u,v)ezz E|g(u,v,a)|” < CE[V(A,q,
w)?~1(1 — A)P~2] < oo follows from (5.17) and (5.37). In the case 0 < « < 1, relations (5.41)
immediately follow from (5.18) and (5.37) with p =« + € € (0, 1). For « = 1, (5.41) follows
from (5.18) in a similar way. |

Acknowledgements

The authors are grateful to several anonymous referees for numerous suggestions and comments
which helped to improve this and the previous versions of this paper. This research was supported
by a grant (No. MIP-063/2013) from the Research Council of Lithuania.

References

[1] Albeverio, S., Molchanov, S.A. and Surgailis, D. (1994). Stratified structure of the Universe and Burg-
ers’ equation — a probabilistic approach. Probab. Theory Related Fields 100 457-484. MR1305783

[2] Anh, V.V, Angulo, J.M. and Ruiz-Medina, M.D. (1999). Possible long-range dependence in fractional
random fields. J. Statist. Plann. Inference 80 95-110. MR1713795


http://www.ams.org/mathscinet-getitem?mr=1305783
http://www.ams.org/mathscinet-getitem?mr=1713795

Aggregation of autoregressive random fields 2439

(3]
(4]
(5]
(6]
(7]
(8]
(9]
(10]

[11]

[12]
[13]
(14]

[15]

[16]
(7]
(18]
[19]
[20]
(21]

(22]

(23]

[24]

Anh, V.V,, Leonenko, N.N. and Ruiz-Medina, M.D. (2013). Macroscaling limit theorems for filtered
spatiotemporal random fields. Stoch. Anal. Appl. 31 460-508. MR3049079

Ayache, A., Leger, S. and Pontier, M. (2002). Drap brownien fractionnaire. Potential Anal. 17 31-43.
MR1906407

Beran, J., Feng, Y., Ghosh, S. and Kulik, R. (2013). Long-Memory Processes: Probabilistic Properties
and Statistical Methods. Heidelberg: Springer. MR3075595

Bhattacharyya, B.B., Richardson, G.D. and Franklin, L.A. (1997). Asymptotic inference for near unit
roots in spatial autoregression. Ann. Statist. 25 1709-1724. MR1463571

Biermé, H., Meerschaert, M.M. and Scheffler, H.-P. (2007). Operator scaling stable random fields.
Stochastic Process. Appl. 117 312-332. MR2290879

Celov, D., Leipus, R. and Philippe, A. (2007). Time series aggregation, disaggregation, and long mem-
ory. Liet. Mat. Rink. 47 466-481. MR2392713

Clausel, M. and Vedel, B. (2011). Explicit construction of operator scaling Gaussian random fields.
Fractals 19 101-111. MR2776743

Cox, D.R. (1984). Long-range dependence: A review. In Statistics: An Appraisal (H.A. David and
H.T. David, eds.) 55-74. Towa: Iowa State Univ. Press.

Dehling, H. and Philipp, W. (2002). Empirical process techniques for dependent data. In Empirical
Process Techniques for Dependent Data (H. Dehling, T. Mikosch and M. Sgrensen, eds.) 3—113.
Boston, MA: Birkhduser. MR1958777

Dobrushin, R.L. (1979). Gaussian and their subordinated self-similar random generalized fields. Ann.
Probab. 7 1-28. MR0515810

Dobrushin, R.L. and Major, P. (1979). Non-central limit theorems for nonlinear functionals of Gaus-
sian fields. Z. Wahrsch. Verw. Gebiete 50 27-52. MR0550122

Dombry, C. and Kaj, I. (2011). The on-off network traffic model under intermediate scaling. Queueing
Syst. 69 29-44. MR2835229

Doukhan, P. (2003). Models, inequalities, and limit theorems for stationary sequences. In Theory and
Applications of Long-Range Dependence (P. Doukhan, G. Oppenheim and M.S. Taqqu, eds.) 43-100.
Boston, MA: Birkhduser. MR1956044

Doukhan, P., Lang, G. and Surgailis, D. (2002). Asymptotics of weighted empirical processes of linear
fields with long-range dependence. Ann. Inst. Henri Poincaré Probab. Stat. 38 879-896. MR1955342
Doukhan, P., Oppenheim, G. and Taqqu, M.S., eds. (2003). Theory and Applications of Long-Range
Dependence. Boston, MA: Birkhduser. MR1956041

Feller, W. (1966). An Introduction to Probability Theory and Its Applications. Vol. 1. New York:
Wiley. MR0210154

Gaigalas, R. (2006). A Poisson bridge between fractional Brownian motion and stable Lévy motion.
Stochastic Process. Appl. 116 447-462. MR2199558

Gaigalas, R. and Kaj, 1. (2003). Convergence of scaled renewal processes and a packet arrival model.
Bernoulli 9 671-703. MR1996275

Giraitis, L., Koul, H.L. and Surgailis, D. (2012). Large Sample Inference for Long Memory Processes.
London: Imperial College Press. MR2977317

Giraitis, L., Leipus, R. and Surgailis, D. (2009). ARCH(o0) models and long memory properties. In
Handbook of Financial Time Series (T.G. Andersen, R.A. Davis, J.-P. Kreiss and T. Mikosch, eds.)
71-84. Berlin: Springer.

Giraitis, L., Leipus, R. and Surgailis, D. (2010). Aggregation of the random coefficient
GLARCH(1, 1) process. Econometric Theory 26 406—425. MR2600569

Gongalves, E. and Gouriéroux, C. (1988). Agrégation de processus autorégressifs d’ordre 1. Ann.
Econom. Statist. 12 127-149. MR1002213


http://www.ams.org/mathscinet-getitem?mr=3049079
http://www.ams.org/mathscinet-getitem?mr=1906407
http://www.ams.org/mathscinet-getitem?mr=3075595
http://www.ams.org/mathscinet-getitem?mr=1463571
http://www.ams.org/mathscinet-getitem?mr=2290879
http://www.ams.org/mathscinet-getitem?mr=2392713
http://www.ams.org/mathscinet-getitem?mr=2776743
http://www.ams.org/mathscinet-getitem?mr=1958777
http://www.ams.org/mathscinet-getitem?mr=0515810
http://www.ams.org/mathscinet-getitem?mr=0550122
http://www.ams.org/mathscinet-getitem?mr=2835229
http://www.ams.org/mathscinet-getitem?mr=1956044
http://www.ams.org/mathscinet-getitem?mr=1955342
http://www.ams.org/mathscinet-getitem?mr=1956041
http://www.ams.org/mathscinet-getitem?mr=0210154
http://www.ams.org/mathscinet-getitem?mr=2199558
http://www.ams.org/mathscinet-getitem?mr=1996275
http://www.ams.org/mathscinet-getitem?mr=2977317
http://www.ams.org/mathscinet-getitem?mr=2600569
http://www.ams.org/mathscinet-getitem?mr=1002213

2440 D. Puplinskaité and D. Surgailis

[25] Gradshteyn, I.S. and Ryzhik, I.M. (1962). In Tables of Integrals, Sums, Series and Products. Moscow:
Fizmatgiz.

[26] Granger, C.W.J. (1980). Long memory relationships and the aggregation of dynamic models. J. Econo-
metrics 14 227-238. MR0597259

[27] Guo, H., Lim, C.Y. and Meerschaert, M.M. (2009). Local Whittle estimator for anisotropic random
fields. J. Multivariate Anal. 100 993-1028. MR2498729

[28] Hult, H. and Samorodnitsky, G. (2008). Tail probabilities for infinite series of regularly varying ran-
dom vectors. Bernoulli 14 838-864. MR2537814

[29] Ito, K. and McKean, H.P. Jr. (1974). Diffusion Processes and Their Sample Paths. Berlin: Springer.
MRO0345224

[30] Kazakevicius, V., Leipus, R. and Viano, M.-C. (2004). Stability of random coefficient ARCH models
and aggregation schemes. J. Econometrics 120 139-158. MR2047783

[31] Lamperti, J. (1962). Semi-stable stochastic processes. Trans. Amer. Math. Soc. 104 62-78.
MRO0138128

[32] Lavancier, F. (2007). Invariance principles for non-isotropic long memory random fields. Stat. Infer-
ence Stoch. Process. 10 255-282. MR2321311

[33] Lavancier, F. (2011). Aggregation of isotropic autoregressive fields. J. Statist. Plann. Inference 141
3862-3866. MR2823655

[34] Lavancier, F,, Leipus, R. and Surgailis, D. (2014). Anisotropic long-range dependence and aggregation
of space-time models. Preprint.

[35] Leonenko, N. and Olenko, A. (2013). Tauberian and Abelian theorems for long-range dependent ran-
dom fields. Methodol. Comput. Appl. Probab. 15 715-742. MR3117624

[36] Leonenko, N.N. (1999). Random Fields with Singular Spectrum. Dordrecht: Kluwer.

[37] Leonenko, N.N., Ruiz-Medina, M.D. and Taqqu, M.S. (2011). Fractional elliptic, hyperbolic and
parabolic random fields. Electron. J. Probab. 16 1134-1172. MR2820073

[38] Leonenko, N.N. and Taufer, E. (2013). Disaggregation of spatial autoregressive processes. Spatial
Statist. 3 1-20.

[39] Mikosch, T., Resnick, S., Rootzén, H. and Stegeman, A. (2002). Is network traffic approximated by
stable Lévy motion or fractional Brownian motion? Ann. Appl. Probab. 12 23—-68. MR1890056

[40] Oppenheim, G. and Viano, M.-C. (2004). Aggregation of random parameters Ornstein-Uhlenbeck or
AR processes: Some convergence results. J. Time Series Anal. 25 335-350. MR2062677

[41] Philippe, A., Puplinskaite, D. and Surgailis, D. (2014). Contemporaneous aggregation of triangular
array of random-coefficient AR(1) processes. J. Time Series Anal. 35 16-39. MR3148246

[42] Pilipauskaité, V. and Surgailis, D. (2014). Joint temporal and contemporaneous aggregation of
random-coefficient AR(1) processes. Stochastic Process. Appl. 124 1011-1035. MR3138604

[43] Puplinskaite, D. and Surgailis, D. (2009). Aggregation of random-coefficient AR(1) process with in-
finite variance and common innovations. Lith. Math. J. 49 446-463. MR2591877

[44] Puplinskaité, D. and Surgailis, D. (2010). Aggregation of a random-coefficient AR(1) process with
infinite variance and idiosyncratic innovations. Adv. Appl. Probab. 42 509-527. MR2675114

[45] Puplinskaité, D. and Surgailis, D. (2015). Scaling transition for long-range dependent Gaussian ran-
dom fields. Stochastic Process. Appl. 125 2256-2271. MR3322863

[46] Samorodnitsky, G. and Taqqu, M.S. (1994). Stable Non-Gaussian Random Processes. Stochastic Mod-
eling. New York: Chapman & Hall. MR1280932

[47] Surgailis, D. (1982). Domains of attraction of self-similar multiple integrals. Litovsk. Mat. Sb. 22
185-201. MR0684472

[48] Surgailis, D., Rosinski, J., Mandrekar, V. and Cambanis, S. (1992). Stable generalized moving aver-
ages. Preprint, Univ. North Carolina.


http://www.ams.org/mathscinet-getitem?mr=0597259
http://www.ams.org/mathscinet-getitem?mr=2498729
http://www.ams.org/mathscinet-getitem?mr=2537814
http://www.ams.org/mathscinet-getitem?mr=0345224
http://www.ams.org/mathscinet-getitem?mr=2047783
http://www.ams.org/mathscinet-getitem?mr=0138128
http://www.ams.org/mathscinet-getitem?mr=2321311
http://www.ams.org/mathscinet-getitem?mr=2823655
http://www.ams.org/mathscinet-getitem?mr=3117624
http://www.ams.org/mathscinet-getitem?mr=2820073
http://www.ams.org/mathscinet-getitem?mr=1890056
http://www.ams.org/mathscinet-getitem?mr=2062677
http://www.ams.org/mathscinet-getitem?mr=3148246
http://www.ams.org/mathscinet-getitem?mr=3138604
http://www.ams.org/mathscinet-getitem?mr=2591877
http://www.ams.org/mathscinet-getitem?mr=2675114
http://www.ams.org/mathscinet-getitem?mr=3322863
http://www.ams.org/mathscinet-getitem?mr=1280932
http://www.ams.org/mathscinet-getitem?mr=0684472

Aggregation of autoregressive random fields 2441

[49] Surgailis, D., Rosinski, J., Mandrekar, V. and Cambanis, S. (1993). Stable mixed moving averages.
Probab. Theory Related Fields 97 543-558. MR1246979

[50] von Bahr, B. and Esseen, C.-G. (1965). Inequalities for the rth absolute moment of a sum of random
variables, 1 <r < 2. Ann. Math. Statist 36 299-303. MR0170407

[51] Zaffaroni, P. (2004). Contemporaneous aggregation of linear dynamic models in large economies.
J. Econometrics 120 75-102. MR2047781

[52] Zaffaroni, P. (2007). Aggregation and memory of models of changing volatility. J. Econometrics 136
237-249. MR2328592

Received December 2014 and revised March 2015


http://www.ams.org/mathscinet-getitem?mr=1246979
http://www.ams.org/mathscinet-getitem?mr=0170407
http://www.ams.org/mathscinet-getitem?mr=2047781
http://www.ams.org/mathscinet-getitem?mr=2328592

	Introduction
	Scaling transition and Type I distributional LRD for RFs on Z2
	Scaling transition in the aggregated 3N model
	Scaling transition in the aggregated 4N model
	Auxiliary results
	Existence of random-coefﬁcient autoregressive RF
	Aggregation of autoregressive RF

	Acknowledgements
	References

