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We prove functional central and non-central limit theorems for generalized variations of the anisotropic
d-parameter fractional Brownian sheet (fBs) for any natural number d. Whether the central or the non-
central limit theorem applies depends on the Hermite rank of the variation functional and on the smallest
component of the Hurst parameter vector of the fBs. The limiting process in the former result is another
fBs, independent of the original fBs, whereas the limit given by the latter result is an Hermite sheet, which
is driven by the same white noise as the original fBs. As an application, we derive functional limit theorems
for power variations of the fBs and discuss what is a proper way to interpolate them to ensure functional
convergence.
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1. Introduction

Since the seminal works by Breuer and Major [7], Dobrushin and Major [9], Giraitis and Sur-
gailis [10], Rosenblatt [27] and Taqqu [28-31], much attention has been given to the study of the
asymptotic behaviour of normalized functionals of Gaussian fields, as these quantities arise nat-
urally in applications, for example, where models exhibiting long-range dependence are needed.
The aforementioned papers focus on nonlinear functionals of a stationary Gaussian field, for
which one can derive a central limit theorem (in a finite-dimensional sense or in a functional
sense) if the correlation function of the field decays sufficiently fast to zero; see [7] for a pre-
cise formulation. However, if the correlation function decays too slowly to zero, then only a
non-central limit theorem can be established, meaning that the limiting distribution fails to be
Gaussian; see, for example, [27].

In particular, these results apply to functionals of the fractional Brownian motion (fBm). Let
By :={Bpg(t): t € R} be a fBm with Hurst parameter H € (0, 1), which is the unique (in law)
H-self similar Gaussian process with stationary increments; see (3.2) and (3.3) below for the
definitions of these key properties. The behaviour of the so-called Hermite variations of By,
depending on the value of H, can be described as follows. Let k € {1, 2, ...} and let P; denote
the kth Hermite polynomial, the definition of which we recall in (2.5) below. Applying results
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from [7,9,10,31], one obtains that
(a) If H € (0,1 — 57), then

n . '_1
nl/g;,;}((nf,(BH(ﬁ) _ BH<J - )))jﬂz N(0,02(H. k).

(b) If H=1— 4, then

oo 50 (1) (1)) (o)

(©) If H e (1 — 5, 1), then

n . .
-1 2
nl—zHZPk<nH(BH(i) _ BH(J ))) LﬁE)Hermite],k(l —k(1—H)).
n n n—oo
j=1

Above, lﬁ> denotes convergence in law, N (0, 0’12(H , k)) denotes the centered Gaussian law with
variance alz(H , k) > 0, whereas Hermite; x (1 —k(1 — H)) stands for a so-called Hermite random
variable given by the value of an Hermite process, of order k with Hurst parameter 1 — k(1 —
H) e (%, 1), at time 1. Such an Hermite process can be represented as a k-fold multiple Wiener
integral with respect to Brownian motion, as proven by Taqqu [30,31]. Moreover, the process is
non-Gaussian if k > 2. (More details on the Hermite process are provided in Section 2.4.) The
key observation here is that there are two regimes: Gaussian, subsuming cases (a) and (b), and
Hermite, case (c), depending on the Hurst parameter H and on the order k.

The convergences in all cases (a), (b), and (c) can be extended to more general functionals,
which we call generalized variations in this paper, obtained by replacing the Hermite polynomial
Py, with a function

Sfw) :=ZakPk(u), ueR, (1.1)

k=k

where k is the so-called Hermite rank of f. (Naturally, conditions on the summability of the
coefficients ay, aiy1, ... have to be added.) In this setting, the prevailing regime (Gaussian or
Hermite) will depend on the Hurst parameter H and on the Hermite rank k£ analogously to the
simpler setting discussed above. In addition, functional versions of these asymptotic results (un-
der additional assumptions on the coefficients ay, aiy1, .. .) can be proven in the Skorohod space
D([0, 1]); see [28,31].

In connection to applications that involve spatial or spatio-temporal modeling, processes of
multiple parameters are also of interest. Recently, there has been interest in understanding the
asymptotic behaviour of realized quadratic variations and power variations of ambit fields [5,21].
An ambit field is an anisotropic multiparameter process driven by white noise, or more gen-
erally, by an infinitely-divisible random measure. The problem of finding distributional limits
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(central or non-central limit theorems) for such power variations is, however, intricate because
the dependence structure of an ambit field can be very general; only a “partial” central limit
theorem is obtained in [21]. As a first approximation, it is thus useful to study this problem
with simpler processes that incorporate some of the salient features of ambit fields, such as the
non-semimartingality of one-parameter “marginal processes” (see [21], Section 2.2) and strong
dependence. A tractable process that incorporates some key features of ambit fields is the frac-
tional Brownian sheet (fBs), defined by Ayache et al. [1], which is a multi-parameter extension
of the fBm. In particular, it is a Gaussian process with stationary rectangular increments.

For concreteness, let Z := {Z(t): t € [0, 1]2} be a two-parameter anisotropic fBs with Hurst
parameter (Hi, H>) € (0, 1)?; see Section 2.2 for a precise definition. In view of the asymptotic
behaviour in cases (a), (b), and (c) involving the fBm, it is natural to ask what is the asymptotic
behaviour of Hermite variations of Z with different Values of Hi and H,. Consider, for example,
the “mixed” case where H; < 1 — ﬁ and Hy) > 1 — 2k’ which has no counterpart in the one-
parameter setting. Because of the structure of the fBs, it is tempting to conjecture that in this
case the limiting law is a mixture of a Gaussian law and a marginal law of an Hermite process.
However, as shown in [25], this is not the case and once again only two limiting laws can be
obtained:

@) If (Hy, Hy) € (0, D*\ (1 — 5, 1)?, then

st 3332 a(wtez([ 200 1) <[22 2))

J1=1 =1

£ N(0,04(Hi, Ha, k).

n—oo
(b)) If (Hy, H) € (1 — 5, 1)?, then
—1 Jl =1 )
Hy, H Ptz ([ = 2
¢(n, Hy, 2)22 k( (|: — ) T

J1=1 ja=1

2
L—> Hermite ¢ (1 — k(1 — Hy), 1 — k(1 — H)).

Above, Z ([“n—_l, 4y % []Zn—_l, L2)) stands for the increment of Z over the rectangle [“n—_l, 4y %
[’2’1—_1, fn—z), defined in Section 2.3 below, and ¢ (n, Hi, H) is a suitable scaling factor; see [25],
pages 9-10, for its definition. The limit in the case (b’) is the value of a two-parameter Hermite
sheet (see Section 2.4), of order k with Hurst parameter (1 —k(1 — Hy), 1 —k(1 — Hy)) € (%, )2,
at point (1, 1). Contrary to the one-parameter case, the results obtained in [25] are proved only
for one-dimensional laws; neither finite-dimensional (except in the particular setting of [24])
nor functional convergence (i.e., tightness in a function space) of Hermite variations has been
established so far. (In particular in the d-parameter realm with d > 2, tightness is a non-trivial
issue, which has not been addressed in [25] or in the related paper [24].)

The first main result of this paper addresses the question about functional convergence in
the general, d-parameter case for any d € N. We prove a functional central limit theorem,
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Theorem 2.4, for generalized variations of a d-parameter anisotropic fBs Z. (As mentioned
above, generalized variations extend Hermite variations by replacing P, with a function f of
the form (1.1).) This result applies if at least one of the components of the Hurst parameter vec-

tor H=(Hy,...,Hy) € (0, 1)d of Z is less than or equal to 1 — ﬁ, where k is the Hermite rank
of f. A novel feature of this result is that the limiting process is a new fBs, independent of Z,
with Hurst parameter vector H = (Hy, ..., Hy) given by
1 1
~ Hl) S 1 - a7
~ 2 2k
H, = -
1—-k(1-H,), Hv>1_2_k,
for v € {1,...,d}. Note, in particular, that if H € (0,1 — ﬁ]d, then the limit reduces to an

ordinary Brownian sheet. The proof of Theorem 2.4 is based on the limit theory for multiple
Wiener integrals, due to Nualart and Peccati [20], and its multivariate extension by Peccati and
Tudor [22]. To prove the functional convergence asserted in Theorem 2.4, we use the tightness
criterion of Bickel and Wichura [6] in the space D([O0, l]d), which is d-parameter generalization
of D([0, 1]), and a moment bound for nonlinear functionals of a stationary Gaussian process on
Z¢ (Lemma 4.1).

The second main result of this paper is a functional non-central limit theorem, Theorem 2.7,
for generalized variations of Z in the remaining case where each of the components of H is
greater than 1 — ﬁ In this case, the limit is a d-parameter Hermite sheet and the convergence

holds in probability and also pointwise in L*(£2). Assuming that Z is defined by a moving-
average representation with respect to a white noise ‘W on R¢, we can give a novel and explicit
description of the limit; it is defined using the representation introduced by Clarke De la Cerda
and Tudor [8] with respect to the same white noise 'W. This makes the relation between Z and
the Hermite sheet precise and constitutes a step further compared to the existing literature (see
[15,25]), where the limiting Hermite process/sheet is simply obtained as an abstract limit of a
Cauchy sequence, from which the properties of the limiting object are deduced.

As an application of Theorems 2.4 and 2.7, we study the asymptotic behaviour of power vari-
ations of the fBs Z. As a straightforward consequence of our main results, we obtain a law of
large numbers for these power variations. We then study the more delicate question regarding the
asymptotic behaviour of rescaled fluctuations of power variations around the limit given by the
law of large numbers. In the case of odd power variations, the rescaled fluctuations have a limit,
either Gaussian or Hermite, but with even power variations, the fluctuations might not converge
in a functional way if d > 2. We show that this convergence issue does not arise at all if one
considers instead continuous, multilinear interpolations of power variations.

The paper is organized as follows. In Section 2, we introduce the setting of the paper, some
key definitions and the statements of Theorems 2.4 and 2.7. The proofs of these two main results
are presented in Sections 3 and 4, the former section collecting the finite-dimensional and the
latter the functional arguments. Finally, the application to power variations is given in Section 5.
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2. Preliminaries and main results

2.1. Notation

We use the convention that N := {1, 2, ...} and R, :=[0, c0). The notation |A| stands for the
cardinality of a finite set A. For any y € R, we write | y| :=max{n € Z: n <v}, {y}:=y — ly],
and (y)4 := max(y, 0). The symbol y denotes the standard Gaussian measure on R, that is,
y(dy) := 2m)~/? exp(—y?/2) dy. From now on we fix d in N.

For any vectors s = (s1,...,54) € R? and t = (¢4, ..., 14) € R?, the relation s < ¢ (resp., s <t)
signifies that s, <t, (resp., s, <t,) forallv e {l,...,d}. We also use the notation

S ) S,
St:=(S1t1,...,Sdtd)€Rd, —IZ(—I,.H,_d)GRd,
I3 tqa
ls]i=(Ls1)s-os Lsal) €29, (s)i=s1---su €R,
Is]:= (Is1l, ..., Isal) € R, {s}:=({s1}..... {sa}) € [0, D)".
Further, when s € R‘j_, we write s! 1= (si‘, e sfi") € R?, and when s < r, we write [s, 1) :=
[s1,21) X+ X [8q,17) C R4, Occasionally, we use the norm ||s|~ := max(|si],...,|sq|) for
seRY,

For the sake of clarity, we will consistently use the following convention: i,i",i® ... are
multi-indices (vectors) in 74 and J, J1s J2, ... are indices (scalars) in Z.

2.2. Anisotropic fractional Brownian sheet

We consider an anisotropic, d-parameter fractional Brownian sheet (fBs) Z := {Z(r): t € R%}
with Hurst parameter H € (0, 1)d, which is a centered Gaussian process with covariance

d
d 1
R (5.1):=E[Z()Z()] = [ RY Gv. 1), s.1eRY, @.1)
v=1
where
1
R (su. 1) 1= S (Isu P + 10,2 — s, — 0, 2), 5,1 €R,

is the covariance of a fractional Brownian motion with Hurst parameter H,,.

In what follows, it will be convenient to assume that the fBs Z has a particular representation.
To this end, let us denote by Bo(R?) the family of Borel sets of R with finite Lebesgue measure.
Let (2, ¥, P) be a complete probability space that supports a white noise W := {W(A): A €
Bo(R?)}, which is a centered Gaussian process with covariance

E[W(A)W(B)] =Lebas(AN B), A, B € Bo(RY),
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where Leby (-) denotes the Lebesgue measure on R?. The process Z can be defined as a Wiener
integral with respect to ‘W (see, e.g., [19] for the definition), namely

Z(t) = / G, uywdu), teR? (2.2)
where the kernel
d
G =65t u).  tueR? 2.3)
v=I1

is defined using the one-dimensional Mandelbrot—Van Ness [13] kernel

Hy—1/2

b 2
Gy (ty. 1) = (v =)™ — a2 fueR, Q4

x (Hy)

with the normalizing constant

1 * H,—1/2 H,—1/2 V2
x(Hu>:=(2HU /O (@+pHt2—y v/)dy> :

We refer to [1] for a proof that the process Z defined via (2.2) does indeed have the covariance
structure (2.1). The fBs admits a continuous modification (see [3], page 1040), so we may assume
from now on that Z is continuous.

2.3. Increments and generalized variations

Given a function (or a realization of a stochastic process) & :R? - R, we define the increment
of h over the half-open hyperrectangle [s, 7) C R? for any s < 7 by

his.0) = S~ T n((1 = i)s +i).

ie{0,1}4

(Note that i, above stands for the vth component of the multi-index i.) This definition can be
recovered by differencing iteratively with respect to each of the arguments of the function A.

. . . . d
Thus, the increment can be seen as a discrete analogue of the partial derivative az.a—atd

Remark 2.1. 1t is useful to note that if there exists functions £z, :R — R, v € {1,...,d}, such
that (1) = hy(t1) - - - hq(tg) for any 1 € R, then

d
(Is. ) = H (hu(t) = hy(s))),

which is easily verified by induction with respect to d using iterative differencing.
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Let us fix a sequence (m(n)),eN C N of multi-indices with the property
m(n) :==min(m;(n),...,mg(n)) — oo
n—oo

and a function f € L%(R, y) such that fR f @)y (du) = 0. Our aim is to study the asymptotic

behaviour of a family {U ;"): n € N} of d-parameter processes, generalized variations of Z,

defined by

uPm =y f((m(n)ﬂZ([iiﬁ),ﬁ))), ref0,11,neN.

I<i<|m(n)t]

In this definition, (m(n)H Yy =m (). my(n)He according to the notation and conventions
set forth in Section 2.1. The realizations of U belong to the space D([0, l]d), which for
d > 2 is a generalization of the space D([0, 1]) of cadlag functions on [0, 1]. We refer to [6],
page 1662, for the definition of the space D([0, l]d). In particular, C([O, 11%) c D(]o0, l]d). We
endow D([0, 1]¢) with the Skorohod topology described in [6], page 1662. Convergence to a
continuous function in this topology is, however, equivalent to uniform convergence (see, e.g.,
[21], Lemma B.2, for a proof in the case d = 2).

2.4. Functional limit theorems for generalized variations

We will now formulate two functional limit theorems for the family {U W e N} of generalized
variations, defined above. The class of admissible functions f needs to be restricted somewhat,
however, and the choice of f and the Hurst parameter H of Z will determine which of the limit
theorems applies. Also, we need to rescale Uj(c") in suitable way that, likewise, depends on both
fand H.

To this end, recall that the Hermite polynomials,

dk
Pow):=1,  Pe(u):=(—1)ke /2d e ueRkeN, 2.5)

form a complete orthogonal system in L2(R, y). Thus, we may expand f in L*>(R, y) as
o0
f@)=>"arPi(u), (2.6)
k=k

where the Hermite coefficients ai, a1, ... € R are such that a; # 0 and
o0
> klaj < oco. 2.7)

The index k is called the Hermite rank of f, and the proviso fR f(u)y(du) = 0 ensures that
k > 1. We will assume that the Hermite coefficients decay somewhat faster than what (2.7) en-
tails.
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Assumption 2.2. The Hermite coefficients ai, ayy1, ... of the function f satisfy

o0
> 32Vl ax| < oo.

k=k
Let us define a sequence (c(n)),en C Ri of rescaling factors by setting forany v € {1, ..., d}
andn e N,

my (n)>~2k0—H) Hyel|l— L 1

v ’ % 2&’ b
1
cy(n) := 4 my(n) log(mv(n)), H,=1- %

1

my(n), H, € O,l—z—k .

Remark 2.3. Note that limsup,,_, o ’2’:((,:')) < 0o and that, in fact, lim,_, oo 2% — 0 if H, €

cy(n)
[1- 2. D

Now we can define a family {ﬁ.(f’?): n € N} of rescaled generalized variations as

. USO 0,11 neN
Uy ()= W’ €[0,1]1, neN.

Our first result is the following functional central limit theorem (FCLT) for generalized varia-
tions. Its proof is carried out in Section 3.2 and Section 4.2.

Theorem 2.4 (FCLT) Let f be as above such that Assumption 2.2 holds and suppose that

H e (0,1)"\ (1= 5, D?. Then

(2.T) = (z. 0% Z)  inD((0, 117, 2.8

where 7 is a d-parameter fBs with Hurst parameter He [%, 1)?, independent of Z (defined,
possibly, on an extension of (2, ¥, P)), and

oo
Auyg= Y  Kka;p®)eRr. (2.9)
k=max(k,2)
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The vectors H € [%, D? and b® e Ri, k > max(k, 2), that appear above are defined by setting
foranyvefl,... ,d},

1 Hye(0.1—2
- 2’ Vv 9 2& b
i 1 (2.10)
1 —k(1—H,), H"E(l_z_k’l>’
and
1 [2He _ 9 i 12Hy i 112Hv\k 1
Z<U+ | I+ 17— 1 > , Hve<0,1——),
JEL 2 %
2% — Dk — )\E 1
2<#> ::L(lﬁ), Huzl_ ﬂ’kzk’
) = 2k k @2.11)

Hy(2H, — 1)k
(1— k(1 — H,)(1 —2k(1 — H,))

1
=:K(H\)5]£)’ Hve(l_@’l)akzk’

1
0, Hve[l—i,l),b@.

Remark 2.5. (1) The counterpart of the convergence (2.8) for finite-dimensional laws holds with-
out Assumption 2.2; see Proposition 3.3 below.

(2) We may use max(k, 2), instead of k, as the lower bound for the summation index k in (2.9)
since (1) = 0 and

P P =20 P 41— 127
JEZ 2

-y e Vit L 3 el Vel Ui
2 2

JEZL JEZL

v S2H )i 112H
for any H € (0, %). (Then, ZjeZ |M| < 00 by the mean value theorem.)
(3) The convergence (2.8) can be understood in the framework of stable convergence in law,
introduced by Rényi [23]. Equivalently to (2.8), U(;-z) converges to A1H/2f2 as n — oo stably in

law with respect to the o -algebra generated by {Z(¢): 1 € [0, 1]%}.

Theorem 2.4 excludes the case H € (1 — ﬁ 1)d. Then, the generalized variations do have a

limit, but the limit is non-Gaussian, unless & = 1. To describe the limit, we need the following
definition, due to Clarke De la Cerda and Tudor [8].

Definition 2.6. An anisotropic, d-parameter Hermite sheet Z:= { 2(1‘): te Rf_} of order k > 2
with Hurst parameter H € (%, 1)? is defined as a k-fold multiple Wiener integral (see Section 3.2)
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with respect to the white noise ‘W,
s - A~ k) 1 k 1 k)\ . W Ak)
Z@) .:f--~/Gﬁ (ru®, L u®)yWw(du D) w (D) =G @) 212)

forany t € RY. In (2.12), the kernel G4 (t, ) € LXR) is given by

/G\g‘)(l, M(l), ey M(k))

k d
1 / —1/2—(1-#,
e )y —1/2—( v /k ) (k) d
== (yv—u ) dy, u P /] ER,
X(H . k) [o,z),}:[l}:[l v

using the normalizing constant

d ~ ~ 12
s B(1/2— (1 — Ay)/k, (1 — F))/k)
xR :H( 7,0H,— 1) > ’

v=1

where B stands for the beta function.

The Hermite sheet Z is self-similar and has the same correlation structure as a fBs with Hurst
parameter H . In the case k = 1, the process 7 is Gaussian (in fact, it coincides with a fractional
Brownian sheet with Hurst parameter H ) but for k > 2 it is non-Gaussian. In the case k = 2, the
name Rosenblatt sheet (and Rosenblatt process, when d = 1; see [32]) is often used, in honor of
Murray Rosenblatt’s seminal paper [26]. See also the recent papers [12,33] for more details on
the Rosenblatt distribution, including proofs that this distribution is infinitely divisible.

As our second main result, we obtain the following functional non-central limit theorem (FN-
CLT) for generalized variations. The proof of this result is carried out in Section 3.3 and Sec-
tion 4.2.

Theorem 2.7 (FNCLT). Let f be as above such that Assumption 2.2 holds and suppose that
H e (1— 5, 1)@ Then

—=m P 125 . d
Uy —> Ay in D([0,11), (2.13)
where Z is a d-parameter Hermite sheet of order k with Hurst parameter H, given by (2.10),
and Ay y is given by (2.9).

Remark 2.8. (1) The convergence (2.13) holds pointwise in L*(Q2, F,P), even when Assump-
tion 2.2 does not hold; see Proposition 3.5 below.

(2) Unlike in Theorem 2.4, the non-central limit Z is defined on the ori ginal probability space
(2, F,P). In particular, 7 is driven by the same white noise ‘W as Z.
R (3) In the special case k = 1, the limit in (2.13) is Gaussian. In fact, then Ay r = a% and
zZ=7.
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Remark 2.9. Our method of proving the convergence of finite-dimensional distributions of US?),
using chaotic expansions, is particularly suitable for providing estimates on the speed of conver-
gence (e.g., in the Wasserstein distance) as is done in [18] following the original idea presented
in [16], which combines the Malliavin calculus and Stein’s method. In addition, the study of
weighted variations of the fBs is still partially incomplete, especially with regards to functional
convergence (see [24]). To keep the length of this paper within limits — and since proving func-
tional convergence of weighted variations requires slightly different methods — we have decided
to treat these two questions in a separate paper.

3. Finite-dimensional convergence
In this section, we begin the proofs of Theorems 2.4 and 2.7. To be more precise, we prove the
finite-dimensional statements corresponding to (2.8) and (2.13); see Propositions 3.3 and 3.5,

respectively. As a preparation, we study the correlation structure of the increments of the fBs Z
and recall the chaotic expansion of functionals of Z.

3.1. Correlation structure of increments

In what follows, it will be convenient to use the shorthand

z™ :=(m(n)H>Z(|:i —l

m(n)’ m(n)

>>, 1<i<m@),neN. 3.D

For any n € N, the family {Zi("): 1 <i <m(n)} is clearly centered and Gaussian. We will next
derive its correlation structure.
To describe the correlation structure of the rescaled increments (3.1), let {B;(#): ¢ € R} be an

auxiliary fractional Brownian motion with Hurst parameter H e (0, 1). Using the kernel (2.4),
we may represent it as

1
B(t) = /R G;)(t, w)dBu), teR,
where {B(¢): t € R} is a standard Brownian motion. Recall that B is H -self similar, that is,
[Byan: teRY £ {a" By (): teR}  foranya >0, (3.2)
and has stationary increments, that is,

[Bj(Is,s +10): 1 eR} £ {By([0,1): t€R}  foranys e R. (3.3)
The discrete parameter process

By(lj,j+1)), JjeZ,
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which is stationary by (3.3), is called a fractional Gaussian noise. Its correlation function can be
expressed as

ri()) :=E[By(Lj.j + D) By (10, D)]

IR il Al Ui
- 2 ,

jeZ.

One can show, for example, using the mean value theorem, that there exists a constant C (I:I )>0
such that

<CH)j|2-H jez (3.4)

Thus, if k > 1 and H € (0,1 — ), then

k< 0. (3.5)

JeZ

IfH e [1— 2k’ 1), then the series (3.5) diverges. In this case, it is still useful to have estimates
for the partial sums corresponding to (3.5). Using (3.4), one can prove that there exists a constant
C’(H, k) > 0 such that

v v l
C'(H, k) logl, H=1-—,
1k 2k
Dol = ) . ) ' (3.6)
Ljl<I C'(H, k' ~2(=H) He <l—ﬁ,l).

We can now describe the correlations of the rescaled increments (3.1) using the correlation
function of the fractional Gaussian noise as follows.

Lemma 3.1 (Correlation structure). Foranyn e N, and 1 <iV i® <m(n),

QU

(n) (n) (2
Z,(1>Z,<2> H - ’5 ))'

Proof. Using first the linearity of Wiener integrals and then the product structure (2.3) of the
kernel GS{ID and Remark 2.1, we obtain for any s, ¢ € [0, l]d such that s <t,

Z(Is, 1)) =/G<,§)([s,t),u)W(du)

d
- / 1_[ ng (Lsvs 1), uy) W(du).
v=I

(3.7)
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Thus, by Fubini’s theorem,
i _q M @1 i@
E|Z ,—— | 1Z )
[ ([ m(n) m(”))) <|: m(n) m(n)))}
(1) (1) .(2) .(2)
- m([v =1 b m([b7 =1 &7
o /G””([ my(n) ’mu(n)>’v>GH“([ my (n) ’mv(n))’v) &
iV -1 i iP -1 i
E[BH“q my(n) ’mv<n))>BH“<[ m, (n) m<n>>ﬂ

Forany v € {1, ..., d}, the fractional Brownian motion By, is H,-self similar and has stationary
increments, cf. (3.2) and (3.3), so we obtain

1 21 W] —i)
E[B”” ([ m,(n) mu(n)>>BH” <[ m,(n) mu(n)>>] T )

from which the assertion follows. |

1
f

3.2. Multiple Wiener integrals and central limit theorem

The proofs of Theorems 2.4 and 2.7 rely on particular representations of generalized variations
in terms of multiple Wiener integrals with respect to the underlying white noise 'W. We will now
briefly review the theory of multiple Wiener integrals and how these integrals can be used to
prove central limit theorems. As an application, we take the first step in the proof of Theorem 2.4
by establishing the convergence of finite-dimensional laws.

In what follows, we write # := L2(R9). Recall that # is a separable Hilbert space when we
endow it with the usual inner product. For any k € N, we denote by #®* the k-fold tensor power
of # and by HO* C H®F the symmetrization of #®¥. Note that we can make the identification
HOE = L2(RK). For any h € #°K, we may define the k-fold multiple Wiener integral Ikw (h)
of h with respect to 'W. This is done, using Hermite polynomials, by setting for any « € N, any
orthonormal Ay, ..., h, € #, and for any ky, ..., k, € Nsuchthatk; +-- -+ k. =k,

Yy (@ hf?"f> =k ] A, (/ hj(u)W(du)>, (3.8)
j=1 j=1

where © denotes symmetrization of the tensor product, and extended to general integrands % €
HOK using a density argument. It is worth stressing that the multiple Wiener integral is linear
with respect to the integrand and has zero expectation. Moreover, by (3.8), for & € # one has

IMOE / h(u)W(du), (3.9)
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and if ||i]| 7 = 1, then for any k € N it holds that A® € #© and
P(1) () = 1Y (h®). (3.10)

Multiple Wiener integrals have the following isometry and orthogonality properties: for any ki,

ko €N, hy € #%1 and hy € k2,

ki!{h1, h2) gpok; s ky = ks,

3.11
0, ky # k. G-11)

E[1.) (h)1) (h2)] = {

Recall that any random variable Y € LQ(Q, F, P) has a chaotic expansion in terms of kernels
FY e #% k€N, as

Y =E[Y]+ ) 1"(F). (3.12)
k=1

where the series converges in LZ(Q, F,P) (see, e.g., [11], Theorem 13.26). Since the apperance
of the seminal paper of Nualart and Peccati [20], the convergence of random variables admitting
expansions of the form (3.12) to a Gaussian law has been well understood, based on convenient
characterizations using the properties of the kernels. To describe the key result, recall that for
any ki, k, r € N such the r < min{ky, k»2}, the rth contraction of hy € #®*1 and hy € H®R2 is
defined as

(hy ®, hp) (11, ..., H1Ha=20)

= D B ) (D))

for any t(, ... tki+k2=2r) ¢ R The following multivariate central limit theorem for chaotic
expansions appears in [4], Theorem 5, where it is proven using the results in [22].

Lemma 3.2 (CLT for chaotic expansions). Let k € N and suppose that for any n € N, we are
given random variables Yl(n), e Y,((") € LZ(Q, F,P) such that for any j € {1, ... ,«},

o0
y® =" 1Y (FM ),
k=1

where Fk(n) (j,-) € HO% k € N. Let us assume that the following conditions hold:
(a) Forany je{l,...,k},

(0.¢]
. (n), . . 2
hnmsolipkzzkk!n F s ) | Gee Kj;OO.

(b) There exists a sequence X, X1, Xa, ... of positive semidefinite d x d-matrices such that
forany (ji, j») €{1,...,k}* and k €N,

KED Gy B (o ) gk — k1. ),

and that ) ;2 | S = X.
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(c) Forany je{l,...,k},k>=2,andr € {1,...,k—1},
|F G @ B G o =0
Then we have
(", 7) 5 Ne©, %),

where N, (0, X) stands for the k-dimensional Gaussian law with mean O and covariance ma-
trix 2.

We apply now Lemma 3.2 to establish the following finite-dimensional version of Theo-
rem 2.4.

Proposition 3.3 (CLT for finite-dimensional laws). Suppose that H € (0, D \ (1 — %, D4,
Letk € Nand ¢V, ..., t®)) e ([0, 119)%. Then

(1) )\ 77 (1) =) ¢ () £ E 0
(2(e), - Z(), U (1), U (1) =3 Nae (0. , (3.13)
where B is the covariance matrix of the random vector (ZaWD)y, ..., Z@¢®)) and
. d)(.(i ; ..
(1, 2) = AH,fR;;)(t("),t(m), Gty j2) €1, ..., k)2

Remark 3.4. In the case H € (0,1 — ﬁ]d, the convergence

@), TY () 5 Ne(®)

n—oo

follows from the classical results of Breuer and Major [7].

Proof of Proposition 3.3. By (3.9), we have Z(1) = 1Y (G (s, )) for any ¢ € [0, 1]. In par-
ticular, by (3.7) and linearity, we find that forany n e Nand | <i <m(n),

Zi(n) = Ilw(hz(n))a

where

o, () ) o

m(n)’ mn)

satisfying ||h§") |7 = 1, due to the relation (3.11) and Lemma 3.1. The expansion (2.6) and the
connection of Hermite polynomials and multiple Wiener integrals (3.10) allows then us to write

o0
U.(fn)(f) =>"1Y(F" @), tel0.11neN, (3.15)
k=k
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where
W N Y& (n)\ ®k
EM ()= L _Z (h™)*", k> k. (3.16)
I<i<|m(n)t]

For the remainder of the proof, let s, t € {t(l), R t(K)}. Let us first look into condition (a) of

Lemma 3.2. By Lemma 3.1 and the relation (3.11), we obtain for any n € N and k > k,

2
) ) 9k (M\®k 1, (n) \®k
(Fk(n (5,), Fk(n (, .))J{@’k = (c(n)) Z Z ((h :ll)) (hl:lz)) >J€®k
1<i®D<{m(n)s] 1<i® <|m(n)t]
akz ) ;0

= %o Z Z (h0) . b @) (3.17)

1<iM<|mn)s] 1<i® <|m(n)t]

Lmy (n)sy] [my ()t |

=il X X G-t

v=l =l =l

Let ko € N be large enough so that H, € (0,1 — ﬁ) for any v € {1, ...,d}. Then we have for
any k > ko,

Lmy (n)sy] Lmy (n)sy |

d
1 . .
< ljl S| oY Gt

Ji=1 =1

<

d 1 my(n) my (n)

< r, G — )|
Mo 2 2 b=

J1=1 ja=l

< H( mv((:))> > Jra (D[ < o0,
Cv JEZ

nEN

which follows from Remark 2.3 and the elementary estimate

sup Z ra, Gr— )" < > |ra,

I=n=t; lil<t

teN,geR,. (3.18)

Thus, by (2.7), we have for K > ko,

) 00 d
0 <timsup Y k| F ()| 2pes = 3 Kla H( e >Z|m G — o,
n—>oo =K v—1 \neN Cu( ) -

and the condition (a) is verified.
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To check condition (b) of Lemma 3.2, note that we can write for any v € {1, ..., d}, assuming
without loss of generality that ¢, > s,,,

Lmy(m)sy] Lmy(n)ty ]

1 . .
e oY G-t
v : ?
J1=1 j2=1
1 Lmy(m)sy] Lmy (n)sy ] Lmy (m)ty ] Lmy (n)ty |
S s S o
v
J2=1 J1=1 Jjo=1

1 Lmy )ty ] —Lmy (n)sy ] Lmy (n)ty ] —Lmy (n)sy ]

e ru, (i — jz)k)-
Y =1 jo=1

We will now compute the limit of (3.19) separately in the following three possible cases:

G) Hye(l - 2k’ 1),
(i) Hy=1-— 2k’
(i) H, € (0,1 — 211)'

In the case (i), we obtain, by Lemma A.1 of [25],

1 Lmy (n)sy] Lmy (n)sy |

Z ru, G — j2)*

e T S
|_m (ﬂ)S J 2—2k(1—H,) 2 42k(1—H,) Lmy(n)sy ] Lmy (n)sy ]
v v - —H, . .
G TR e SR ST AL
my(n) P -
s1=1 Ja=1
_) K(Hv,k) 2—-2k(1-H,) K(Hvak)slflvs

where «(H,, k) is given by (2.11). (In fact, Lemma A.1 of [25] requires that k > 2, but it is
straightforward to check that the limits stated therein are valid also when k = 1.) With k > k we
may choose ¢ > 0 so that k + ¢ < min(ﬁ, k), whence

1 Lmy (n)sy ] my(n)sy | my (n) my(n) Kt
k £
r — r —
o E > ra,Gi— j2) (n) Yo rmGi— i
J2=1 s1=1 jp=1
1

.\ |k+e
< o ()1 —2E(—Hy) E \ra, ()] (3.20)
! 1jl<my ()

— 0
n—0o0
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by the estimate (3.6). Treating the other summands on the right-hand side of (3.19) similarly, we
arrive at

Lmy(n)sy] Lmy (n)ty ]

YYD G-t

J1=1 =1

n—>oo cy (n)

K(Hy, k) g | # i
_ TU(SFV‘FI,{-IV —(tv—SU)H")=K(Hu,k)R%3(su,tu), k =k,

0, k>k.
In the case (ii), rearranging and applying Lemma A.1 of [25] yields

Lmy (m)sy ] Lmy (n)sy ]

Z Z ru, G — j2)k

J1=1 =1

1

cy(n)

Lmy (m)sy] Lmy(n)sy ]

_ log([m, (n)sy | /m(n)) Lm, (n)sy | /m,(n) o
_<1+ log(m (n)) )Lmu(n)svjlog(Lmv(n)st) Z PORVAVES A

J2=1

— L(k)SV’
n—o0

where ¢ (k) is given by (2.11). When k > k, we have H, € (0, 1 — ﬁ) and, consequently,

Lmy(m)sy] Lmy (n)sy ] 1 X
TN 3 N
Z "Hy (]1 12) ‘ - log(mv(n)) %VHV (])| n—o00

J1=1 J2=1

1

cy(n)

Again, a similar treatment of the other summands on right-hand side of (3.19) establishes that

Lmy(n)sy] Lmy(n)ty ]

lim ru, G = j)*
n—o0 ¢, (n) “Z:l /22:1 h,
k
— L(Z)(sv +tv_(tv_sv))zl(k)Rgv)(swtv)’ k=k,
0, k> k.

Finally, in the case (iii), we deduce in a straightforward manner that for any k > k,

Lmy (n)sy] [my (n)ty ]

. 1
Jdim Z > raGi— )t = Zmy(]) (s + 10 — (b — 1))
2=l /eZ
=D i, ()R (s, 1)
JEZL

using Lemma A.1 of [25].
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Returning to the expression (3.17), we have shown that for any k > k,
(n) (n) 217 (k)\ p(d)

K(F™ (9), B (1) jpe njgok!ak<b( )Rl7 (s, ). (3.21)
When k£ = 1, we need to check, additionally, that the covariance matrix appearing in the
limit (3.13) is block-diagonal. To this end, note that it follows from the assumption H €
0, D?\ (4, 1)?, that b§" =0 for some v € {1, ..., d}, which in turn implies that

™ |2
|7 s, )”Jenjo’oo'
By the Cauchy—Schwarz inequality, we have then
d
(F{" (5.9, G (0. ) g —. 0,

which ensures block diagonality, and concludes the verification of condition (b).

In order to check condition (c) of Lemma 3.2, let k > max(k,2) and r € {1, ...,k — 1}. Using
the bilinearity of contractions and inner products, we obtain

” Fk(n)(t’ ) Fk(n)(t, ')||§g®2(k—r)

4
a
= (C(’,f)>2 Z <(h (’(11)) ) (h <72)) )®k (h (?3)) ) (h,(z‘)) )®k )J€®2(k_’)

1<iW <|m(n)]
jell1,2,3,4)
4
A (n) 5@ (n) () (n) () \k=rp(n) o (n)\k=r
= (c(n))? Z <hlf',), h 72)) (h :lwh Zw) (h ?lwh :l%>> (h,?z)’h,l(z))
I<iW <|m@n)t]
jel1,2,3,4)
Lmy(n)t, ]
=a; [] o SO raGi— ), Gs — ja) T, G — 3 e, G — )k
v=1 s a=1
Following the proof of Lemma 4.1 of [17], we apply the bound
, N N o
|, GO e, G < e, GO + [, i€z,
which is a consequence of Young’s inequality, and use repeatedly (3.18) to deduce that
2 Ty, (1)
|7 @ B @ o < 16%a [T =205 (3.22)
v=1 v

where

pom= > G Y rm Y e Gnl

[j1l<my(n) [j2l<my(n) [j3l<my(n)
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We need to analyze the asymptotic behaviour of ¢, (n) as n — oo. This can be accomplished
by considering separately the three possible cases:
(') Hye(l =g, D,
(i) Hy=1- g,
(iii") Hy, € (0,1— %).

In the case (i’) we have clearly Hy, € (1 — ﬁ, nna- 217’ 1), and by the estimate (3.6), it
follows that

$u(n) < C"(H,y, k. rym, (n)?~#*A=H),
where C"(H,, k,r) :=C'(H,,r)C'(H,,k —r)C'(H,, k). Since H, € (1 — ﬁ Hcd- ﬁ 1),
we obtain h

my @y o CH kD
- v (n)A k=B (1—Hy)

lim sup 5
n—00 cy(n) n—oo M

Let us then consider to the case (ii"). We have still H, € (1 — ﬁ, nHnNna-— %, 1), so by (3.6)
we find that

dv(n) < C"(Hy, k, r)my () *0=H) 100 (m,(n)) = C" (Hy, k, rym, (n) log(m, (n)).

Necessarily H, € [1 — 21—k, 1), whence there is an index ny € N such that ¢, (n) > m,(n) x
log(m, (n)) for all n > ng. We deduce then that

. my(my(n) . C"(Hy, k,r)
lim ——2 < lim ——~ "2 =0,
n—>00  c,(n)? n—oc log(m,(n))

In the remaining case (iii") we have Zjez Ira, (j) ¥ < 00. Since there is ny € N such that ¢, (n) >
my(n) for all n > ng, we find that

[ My ()
m —— —
oo cy(n)?

1 r . —r .
< Jim s 30 bmGol X o, G| Y |, G [ =0

[j1l<my(n) lj2l<my (n) J3EL
by Lemma 2.2 of [17].
Finally, let us return to the upper bound (3.22). The crucial observation is that the assumption
He 0 D4\ 1 - ﬁ, 1) implies that there is at least one coordinate v € {1, ..., d} that falls

within case (ii’) or (iii’). Thus,
(n) (n) 2
|E" @) ®r B (@) | ge00n oAl

concluding the verification of the condition (c), and the convergence (3.13) follows. O



Limit theorems for the fractional Brownian sheet 1691

3.3. Convergence to the Hermite sheet

We prove next a pointwise version of Theorem 2.7 in L?(2). The argument is based mainly
on the chaotic expansion (3.15) and the isometry property (3.11) of multiple Wiener integrals.
However, compared to the proof of Proposition 3.3, we need to analyze the asymptotic behaviour
of the associated kernels more carefully.

Proposition 3.5 (Pointwise NCLT). Suppose that H € (1 — ﬁ’ 1)?. Then, for any t € [0, 11¢,
(f")(t)L =0} (3.23)

where Z is the Hermite sheet appearing in Theorem 2.7.

Proof. Fix ¢ € [0, 1]¢. By the chaotic expansion (3.15), we have for any n € N,

[e.e]

TP 0 =1 (F" a))+ Y 17 (FP ).

k=k-+1

Using the property (3.11) and Parseval’s identity, we find that

o0 2 o
E[( 2 W (F’C(")“’”> }: S R

k=k+1 k=k+1

Since H € (1 — ﬁ, D4, we may choose ¢ € (0, 1] sothat H € (1 — 14, Combining (3.17)

and (3.20), we find that

o0
1
> KIE G, Weor = Z k'ail_[m ()1 —2k(—H) > }rH”(j)Fﬂnjgoo’

k=k+1 k=k+1 V= |jl<my,(n)

2(k+a) ]

where convergence to zero is a consequence of the bound (3.6). Thus, it remains to show that

L? (Q)Ik ( 1/2 G(k)(t )) 1/2 Z(t)

1Y (FM ., )
which follows by (3.11), if we can show that

F @, 2 }jzf GYa. . (3.24)

In the special case k = 1, the convergence (3.23) follows already. Namely,

IP”(Ff”(r,~))=a12(Lm(n)tJ)L2(m 1Z(0) = M 20 = Mgy Z )

m(n) n— 00

by the L2-continuity of Z. Thus, we can assume that k > 2 from now on.
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We will prove the convergence (3.24) in two steps. First, we show that (Fk(")(t, Mnen is a

Cauchy sequence in # ®k Later, we characterize the limit. Let 11, n» € N and consider

[FE0 = ) s
=| Fk('“)(t, ~)||,2;€®/; + | F&(”Z)(t, ) ||§{,®,£ - Z(Fk("')(t, I, F&(”Z)(t, ) ek '

By Definition (3.16), we have

(F"V ). ™ (1) g

=a}men)f me Y S (g g e

1<iD<|m(n)r] 1<i® < [m(np)1]

where gl.(n) is given by (3.14). Mimicking the proof of Lemma 3.1, we obtain

(ny) _(n2)
(gial) »8;2 )Jf®k

d ORI @ @
U e B (e D
i "\Lmy(ny) my(ng) "\Lmy(n2) my(n2)
4 iV -1 i i? -1 i
= E| Bx, v ——— ) )Bu\ | = ——
e my(ny) - my(ny) my(na)  my(nz)

i my(n1) /if)/mv(nz)

d
=[[&aH -1 o1 = v 207 dvy s,
v=1

GV =1 /my(n) J@P = 1) fmy (n2)

where the final equality follows (see, e.g., [14], page 574) since H, > 1 — ﬁ > % for any v €
{1,...,d}. Adapting the argument used in [15], pages 1064—1065, we deduce that

lim (F" @), FM™@. )

ni,np—00 FEL
2 d k " 2k(1
=a ]_[ Hy(2H, — 1)k/ / lv1 — vo| KA1 dy; du,
- 0Jo
v=1

(3.26)

d 1,1
k —_ —
= aé l_[ tfH“HJ(2HU - I)K/O /(; vy — V2| 2kA=H) gy, dvy

d
—af [] 2ty b = ai(b@)R}f) . 1).
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Thus, by (3.21) and (3.25),

lim [|FV () = F ()| Ser =0,

nip,ny— o0

whence (Fk(")(t, ‘)DneN is a Cauchy sequence.

To characterize the limit of (Fk(")(t, -))neN, let us consider for any s s® eRrY,

Fk(")(t,s(l), ...,s@)

= agfmm~" Y l_[ <|:m(n) mzn)> sm)

1<i<|m(n)t] k=1

=amm)~ Y HH m([m )’ mj(n)) (K))

I<i<m@®m)t] k=1v=1

d lmy(m)t,] k .
_ 1 ) J <K>>
el Z H'"”(”)G”vqm )’ mv<n>> ’

where the second equality is a consequence of Remark 2.1. Since
mfl -1 J > (K)>
G ~z 0 2
e ([mu(n) my ()

_ ! ((L_sw)””‘”z_<Q_S<K>>H”‘”2>
x(Hy) \\my(m) " /) my(n) " ), '

it follows from Lemma 3.6, below, that

F", ) — C"(a, H KGR,  ae. on Rk (3.27)
x n—o00 = H

for some constant C”'(ax, H, k) > 0. By the Cauchy property of (Fk(") (t, )nen, the conver-
gence (3.27) holds also in H®E_ Clarke De la Cerda and Tudor [8], pages 4—6, have shown that
E[Z(1)?] = @!u@%) (1. )2 = R (1. 1). In view of (3.26), we find that

C"(a, H, k)* = Klai(b®) = A .,
whence (3.24) follows. ([l

The following technical lemma was essential in the proof of Proposition 3.5.
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Lemma 3.6. Suppose that k > 2, He (%, 1), and v > 0. Then

k

e H—-1/2 i—1 H—-1/2
—Znn ——sK - — Sk
T =1 + " +

j=

(3.28)
A H-3/2 4
’H—O>O<H — 5) / l_[(u — Sy
for almost any s = (s1,...,Sk) € Rk,
Proof. We may assume that 5 := max(sy, ..., Sx) < v, as otherwise (3.28) is trivially true. In

fact,

v k “
/]‘[(y—snf’ Pay= [ Tlo=s0""ay.

k=1

We split the sum on the left-hand side of (3.28) for any n € N, such that |nv]| > |n5]| + 3, as

| ol K H-1/2 i—1 H—-1)2
(o) (5
+ n +
ns]+2 & H-1/2 i1 H-1/2
P () (5
] |ns]+1k=1 n +

o]k H-1/2 i1 H-1/2
P () (5

n
] |ns]+3 k=1

s 1 s,

Using the mean value theorem, we obtain for any y € R and n, j € N, such that ’T_l >y, the
bounds
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Since we are aiming to prove (3.28) for almost any s € R¥, we may assume (by symmetry) that

s=s] > 5, forany x € {2, ..., k}. Then we have for j € {1, 2},
((LnSJ+J >;,1/2 (anj—l )’“/2>
hmsupl_[ Sic - — — 5 <00
n—o00 n +

by (3.29), and

- . H-1/2 - 1 H-1/2 ) H-1/2
0§<LnsJ+J_S1> _(LnsJ+J _S1> E(LnsJ+ _Sl) o

n n + n n—00

Hence, we find that S,Sl) — 0asn— oo.
Finally, invoking (3.29), we obtain

kq ok 1 H-3/2
R T

j=lns]+3k=1

B AT 11\
e
2) Jansi+2/n n n

. 1\k plnvl=Dy/n 32 1\* H-3/2

nsl+D/n
and similarly by (3.30),

k

(o3 BN

j=lns]+3k=1

L 1\k plovl/n k 1 H-3/2
) CE
2) Jwmsi+m e\ o0

. 1\k pUnvi+D/n k o3 . 1\k v k f_3)
z(H—5> / ] [T =50 dynj;o<H—5> / K]i[fy—s@ dy.

(lns]+3)/n =1

(The convergence of the bounding integrals above, as n — 00, is ensured by Lebesgue’s domi-
nated convergence theorem.) Thus, the convergence (3.28) follows from the sandwich lemma.
([

4. Functional convergence

To show that Theorems 2.4 and 2.7 indeed hold in the functional sense, we need to establish
tightness of the relevant families of processes in the space D([0, 1]¢). To this end, we use the
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tightness criterion due to Bickel and Wichura [6], Theorem 3. To apply this criterion, we need to
bound the fourth moments of the increments of U;’-l) uniformly over n € N.

4.1. Moment bound and diagrams

As a preparation for the proof of tightness, we establish a moment bound for nonlinear function-
als of stationary Gaussian processes indexed by N¢. The bound is a multi-parameter extension
of Proposition 4.2 of [29], albeit under more restrictive assumptions.

Lemma 4.1 (Moment bound). Let f be as in Section 2 and {Y;: i € Nd} a Gaussian process
such that E[Y;] =0 and E[Yl.z] =1foranyi € N¢. Moreover, suppose that there exists a function

p: Z4 — [—1,1] such that E[Y;, Y, ] = p(iD —i®) for any iV, i® e N¢. If p € (2,3,...}
and the Hermite coefficients ay, ax41, . . . of the function f satisfy

" (f,p) =) (p— DVl < o0,

k=k
then for any | € N%,

‘E[(ur”z > f(Yi))p]

1<i<l

J i p/2
< (z c"'(f, p>22|p(z‘)!) :

li|<l

The proof of Proposition 4.2 of [29] is based on a graph theoretic argument that involves multi-
graphs. We prove Lemma 4.1 using slightly different (but essentially analogous) formalism based
on diagrams, defined below. Breuer and Major [7] used diagrams to prove their central limit
theorem for nonlinear functionals of Gaussian random fields via the method of moments. In fact
in the proof of Lemma 4.1, we adapt some of the arguments used in [7].

Definition 4.2. Let p € (2,3, ...} and (ki, ..., kp) € N? be such that ky + --- + k,, is an even
number. A diagram of order (k1,...,kp) is a graph G = (Vg, Eg) with the following three
propetrties:

(1) We have Vg = 5.’:1{(]', D, ..., (k)
(2) The degree of any vertex v € Vg is one.
(3) Any edge ((j, k), (j', k")) € Eg has the property that j # j'.

We denote the class of diagrams of order (k1,...,kp) by 4(k1,...,kp). For the sake of com-
pleteness we set G(ki1, ..., kp) =@ when ki +-- -+ kp is an odd number (no diagrams can then
exist by the handshaking lemma of graph theory). Let us also define two functions L1 and A of
an edge e = ((j, k), (j', k")) € Eg, where j < j’, by setting A (e) := j and A (e) .= j .

Diagrams are connected to Hermite polynomials and Gaussian random variables via the so-
called diagram formula, which is originally due to Taqqu [29], Lemma 3.2. Below, we state a
version of the formula that appears in [7], page 431.
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Lemma 4.3 (Diagram formula). Let p € {2,3,...} andlet Y, ..., Y, be jointly Gaussian ran-
dom variables with E[Y;] = 0 and E[Yf] =1foranyie{l,..., p}. Forany (ki,...,k,) € NP,

we have
p
E[]‘[ Pk,.(Y,-J = > J] EVueYuel
Jj=1

Ge§(ki,...kp) e€Eg
where a sum over an empty index set is interpreted as zero.

Remark 4.4. The diagram formula can be used to estimate the cardinalities of classes of dia-
grams. As pointed out by Bardet and Surgailis [2], page 461, using Lemma 4.3 and Lemma 3.1
of [29] in the special case Y :=Y; =--- =Y, we obtain

P
(kis o kp) | =E| [P0 | < (p— DEF I g1y, @.1)
p J p
j=1

Proof of Lemma 4.1. Fix [ € N¢. Let us define for any K > k, a polynomial function

K
fr@) =Y aP(x), xeR.

k=k

By Fatou’s lemma, Lemma 4.3 and inequality (4.1), it follows that

o]

E[|f(r) -] D0 laka ||k kp))|
k],...,kp=K+]
o] p
5( > <p—1>k/2m|ak|) .0
k=K+1 -

forany i € N9, Thus, if ¢ > 0, then there exists K () € N such that

‘E[((Z)_m Z f(Yi)>p} —E[((l)_l/2 Z fK(l)(Yi))p]

I<i<i I<i<i

<s, “4.2)

r(Q
by Minkowski’s inequality and the fact that XnL—(>)X implies E[X”] — E[X”] when p €

{2, 3,...}. Lemma 4.3 yields now the expansion

p
E|:<(l)_1/2 > fK(l)(Yi)> ]

1<i<l

K@)

—p/2
=Py Y ayar, Y. ] ElYie Yiesen]
1<iW<l ki,..., kp=k GeG(ky,...kp) ecEg
Jefl,....p}

= > aya, Y. e,

ki p=k GeGki,nkp)
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where

Io) =7 > ] p(i*@ — i), Geglk,....ky).  (43)
1<iD<] e€Eg
By Lemma 4.5 below and inequality (4.1), we obtain the bound

K(0)

Yooaya, Y. Ig()

Kiyeos kp=k GeG(ky,..., kp)
K0 P L\ P2 O\ P2
< (Z(;a - 1>’</2~/H|ak|) (2" Z|p<i>|—> < <2dc””(f, )’ Z|p<z‘>|—)

k=k HE lil<l

In view of (4.2),
14 r p/2
‘E[((lr”z > f(Yi)) } < (2f’c””<f, p>22|p(i)|-) +e,
1<i<l lil<l

and letting ¢ — 0 concludes the proof. (]

The key ingredient in the proof of Lemma 4.1 was the following uniform bound for the abso-
lute value of the quantity I (/). We will derive this bound by adapting the asymptotic analysis of
the moments of a nonlinear functional of a Gaussian random field, carried out in [7], pages 435—
436.

Lemma 4.5. Foranyki,....k, >k, G € §(ki,...,kp),andl € N4,

r/2
16(1)| < (de\p(i)!k) ,

li|<l

where I (1) is defined by (4.3).

Proof. As pointed out by Breuer and Major [7], page 435, the quantity I (/) is invariant under
permutation of the levels of the diagram G. More precisely, if o is a permutation of the set
{1,..., p}, then we define a new diagram Ge G(ks1), - ... ko(py) suchthat ((j, k), (j', k")) € Eg
if and only if ((a‘l(j),k), (a_l(j’),k’)) € E¢. For such a diagram G it holds that Ig(l) =
I (1). Relying on this invariance property we assume, without loss of generality, that

ki <ky<---<kp_1 <kp. (4.4)
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Let us introduce the notation kg (j) := |{e € Eg: A(e) = j}l €{0,1,...,

{1,..., p}. Since A1 (e) < Az(e) for any e € Eg, we have

p
e <0 3" TT T 1o —i%@))

1<i)<] j=1 e€kg
ke{l,...,p} Ar(e)=j

1699

k;} for any j €

(4.5)

DY ﬁ 110G —i%@) S [T |p(® —it2)].

1<iW<] j=2 ecEg 1<iD<| e€Eg
kel2,...,p} ri(e)=j ri(e)=1

Using Young’s inequality (see [7], page 435) and the trivial estimate

sup Z |,o (D |q Z

I=isly g lil<l

q=>0,

one can show that

sup Z l_[ | (i(l) _ i(lz(e)))| < Z|p(i)|k6(l).

1<i®<l 4 i)y ecEg lil<l
K€{2 } r(e)=1

Applying this procedure, mutatis mutandis, to (4.5) repeatedly we arrive at
= kG ()
(16| <)~ 2 le.
j=1lil<l
By Holder’s inequality, we have for any j € {1, ..., p},

kc(]) 1=k (j)/k;j k(7K
Y le)] (21) > lo)]"

lil<l li|<l

_ O\ ek
< ()l (Z |p(i>}—) :

Ljl<I

(4.6)

where we use the proviso k; > k to deduce the second inequality. Returning to (4.6), we have

thus established that

6] = (24)" uyP>-Zim ke (Z|p<i>|ﬁ)

li|<l

b1 kG ()/k;

A7)

Breuer and Major [7], page 436, have shown that whenever (4.4) holds, we have

ikcu) -0
kj -

j=1

NIE

4.8)
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(see also Remark 4.6, below). By (4.8), we may use the rough estimate Z|i|<1 o)k < (2) to
deduce that

Y ka(D/k; P kG ()/kj—p/2 p/2
(Z!m‘)%) = <Z|p<i)|&) (le(z’)%)

lil< lil< li|<l
P (4.9)
, P
< (a1 Ei=i ko kf'"’/2<Z|p(i)|'i>
li]<l
The assertion follows now by applying (4.9) to (4.7). ]

Remark 4.6. Strictly speaking, the inequality (4.8) is shown in [7] as a part of a more exten-
sive argument that uses the assumption that the diagram G is not regular (see [7], page 432,
for the definition of regularity). However, the assumption of non-regularity of G is completely
immaterial concerning the validity of (4.8) and, in fact, not used in the proof in [7], page 436.

4.2. Tightness

Furnished with the moment bound of Lemma 4.1, we prove the following lemma that enables us
to complete the proofs of Theorems 2.4 and 2.7.

Lemma 4.7 (Tightness). Suppose that H € (0, 1)? and that Assumption 2.2 holds. Then, the
family {ﬁ?-l): n € N} is tight in D([0, 11%).
Proof. The assertion follows from Theorem 3 of [6], provided that

[0} ([5.0)"]

sup  sup ——————— < 0. (4.10)
neNdspefod (= S)
s<t

But since for any n € N, the realization of U(fn) is constant on any set of the form
i—1 i .
— — |, 1 <i<mn),
m(n) m(n)

it suffices to show (see [6], page 1665) that

E[T (s, 1))*]
sup sup ————

neNs,reé, (t —s)?
s<t

< o0, @.11)

where &, :={i/m(n): 0 <i <m(n)}, instead of (4.10).
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Using Lemmas 3.1 and 4.1, we arrive at

77 4 2 4
E[U " ([s,1)"] m(n) _ n
sup sup —(J; — S>2 = ::§<—c(n) > sup E|:<<l) 1/2 E f(Xl( ))) i|

”ENS’;if" 1=<i=m(n) 1<i<l
2
<sup(2/C™(f, 4)]‘[%(:1)
neN =1
where
1 ik 1
() 2K Hy) Yo lrm WO CHL b, Hye 1=501)
! 1jl<my(n) *
1 Sk 1
Y [ — =< C'(H,, k), Hy=1-——,
Yu(n) = log(mu(n))l.z i (DI = € (. b v 2k
Jl<my(n)
1k 1k 1
2 O = Xl Gl < oo, Hoe (015 )
[jl<my(n) J€EZ

(The first two inequalities above follow from the estimate (3.6).) We have, thus, verified the
tightness condition (4.11). t

Proof of Theorem 2.4. Recall that, for a family of pairs of random elements, tightness

of marginals implies joint tightness. Thus, it follows from Lemma 4.7 that the family
{(Z, U(;l)) n € N} is tight in D([O, 119)2. The assertion follows then from Proposition 3.3 and

Theorem 2 of [6]. O

Proof of Theorem 2.7. Analogously to the proof of Theorem 2.4, above, we deduce from

Lemma 4.7 that {(Al/2 Z, Ug(n)) n € N} is tight in D([O, 11%)2. Moreover, Proposition 3.5 im-
plies that

TP = A% 20, relo 1,

which, in turn, implies the corresponding convergence of finite-dimensional laws. Thus, by The-
orem 2 of [6], we have

12 5
H,f

2.09) 5 (A% Z.ay5Z) i D(0, 1), (4.12)

(Mg H.f

) n— o0
Since the limit in (4.12) belongs to C ([0, 119)? and since substraction is a continuous operation
on C([0, 11¢)? (with respect to the Skorohod topology), the continuous mapping theorem implies
that

vy - Al/sz =0 inD(10,11%). (4.13)
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It remains to note that the convergence (4.13) holds also in probability as the limit is determinis-
tic. ]

5. Application to power variations

5.1. Convergence of power variations and their fluctuations

As an application of Theorems 2.4 and 2.7, we study the asymptotic behaviour of signed power
variations of the fBs Z. Let p € N be fixed throughout this section. We consider a family
{V,S"): n € N} of d-parameter processes, given by

) () o () PH=1 =l i)Y a
V(@) = (mmPtt) z([m(n),m(n)», 10,119 neN.

1<i<|m(n)t]

The realizations of VIS") belong to the space D([0, 1]¢), as was the case with generalized varia-
tions. To describe the asymptotic behaviour of V("), we introduce

vp() =yplt), 10,119,

ppM =y"—yp,  yER,
where y), is the pth moment of the standard Gaussian law, that is,

0, p is odd,

L Py (dy) = p/2
Vo= Ry vy = 1_[(2]'—1), p is even.
Jj=1

Since the function p, is a polynomial, it belongs to L*(R, y) and is a linear combination of
finitely many Hermite polynomials. Moreover, it is easy to check that the Hermite rank of o, is
given by

L 1, p is odd,
A p is even.

Thus, the Hermite coefficients of p, satisfy Assumption 2.2. In what follows, we denote by
AH,p, the constant given by (2.9), substituting f* with p), therein.

As a straightforward application of Theorems 2.4 and 2.7, we can prove a functional law of
large numbers (FLLN) for Vp(") as n — oo, namely,

v Lsu,inD([0,11).

n—oo
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It would then be natural to expect that the rescaled fluctuation process

(m(n))

W(vy)(z) —vp(0),  telo, 1% (5.1)

has a non-trivial limit as n — oo. In fact, we can write for any ¢ € [0, l]d andn e N,

(m(n))
(e

W)y . m(n) 3 I_m(n)tj>>
P )= (c(n))1/? (vp(t) v,,( m(n) 2 0.

If the remainder /31(,") were asymptotically negligible in D([0, 1]¢), the limit of the fluctuation
process (5.1) when n — oo would be easy to deduce from Theorems 2.4 and 2.7. If p is odd,
then indeed ,B(") = 0=, forany n € N. However, when p is even, the situation is more delicate.

(n)

—— 5 (V) —v,(0)) =T, (1) = By (1), (5.2)

where

In the special case d = 1, it is not difficult to see that 8, " (1) < c(n)~1/2 = 0 when n — oo for

any ¢ € [0, 1]. But when d > 2, the fluctuations of ,3,(,") may be non-negligible or even explosive
when n — 00, as the following example shows.

Example 5.1. Consider the case where p is even, d > 2, m(n) := (n,...,n) forany n € N, and
H e (0, %)d. Then we have by the mean value theorem,

d
B (1) = n/?! Z(]_[ g§”>(r)){mv}, tel0,11% neN,

v=1 “k#v

where £ ™ (¢) is some convex combination of n ! |n¢| and 7. We will now show that ,3 p cannot
converge to a continuous function in D ([0, 119) as n — oo (similar, but slightly longer, argument
shows that a discontinuous limit in D ([0, 1]d) is also impossible).

To this end, suppose that ;‘3(") — B in D([0, 11¢), where B € C([0, 11¢). Then it follows that

,(,”) — B uniformly. By the continuity of 8, there exists an open set E C [%, 114 such that

1
sup [B(s) — B(D] = 7. (5.3)
s,teE
Note that there exists ng € N such that £ N &, # & for any n > ng, where &, = {i/m(n): 0 <
i <m(n)}. Moreover, we can find n > ng such that

1nfl_[§(”)(t)_2d for any n > nj.
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Thus, we find that for any n > ny,

dj2—1
sup B (1) = " (5.4)
teE 2
while
inf B (1) = 0. 5.5
inf (1) (5.5)
But when ,BI(,") — B uniformly, the estimate (5.3) is not compatible with (5.4) and (5.5), which is

a contradiction. (This also shows that 8

1(,") cannot converge to 8 along a subsequence.)

5.2. Multilinear interpolations

We have just seen that the rescaled fluctuations (5.1) of the power variations V,Sn), n € N, around
their FLLN limit v, do not necessarily satisfy a functional limit theorem in D([O, l]d) when

d > 2 and p is even. Note that it is implicit in the definition of V[S”) that the corresponding partial
sums are interpolated in a piecewise constant manner. Such an interpolation can have very poor

precision in higher dimensions. In fact, interpolating VIS”) using a more appropriate, multilinear
method enables functional convergence in the general case.

Definition 5.2. For any n € N, we define a (piecewise) multilinear interpolation operator
L, :]R[O’]]d — C([0, 119 acting on a function g : [0, 119 > R, sampled on the lattice &,, by

Lag) )= Y g(w>a§"’<n, tefo, 171, (5.6)

ief0,1}d m(n)
where the weights

o™ () :=({mmy) (1 = {mm))' ™), ief0,1)9,
belong to [0, 1] and satisfy
Y aPn=1 (5.7)

ief0, 1}

Remark 5.3. (1) In the cases d = 1 and d = 2, the definition (5.6) reduces to the well-known
(piecewise) linear and bilinear interpolation formulae, respectively.
(2) The definition (5.6) involves slight abuse of notation. Namely,

Lm(n)t] +i

d
) ¢ [0, 1] (5.8)

when 7, =1 and i, = 1 for some v € {1, ...,d}. But then oz,.(")(t) = 0, whence (5.8) is of no
concern.
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The fluctuation process, analogous to (5.1), obtained by substituting the power variation V,g")

with its multilinear interpolation \7,5") =1L, V,S”) satisfies the following functional limit theorem.
In particular, it applies with any d € N and p € N.

Theorem 5.4 (Interpolated power variations). (1) If H € (0, 14 \ (1= D4, then

2k’

<Z, %(\7}5}1) — Up)> ’Higo(z, AH,p,,Z) in C([O, 1]4)2’

where Z is the JBs of Theorem 2.4.

Q) IfH e (1 — T, 1)4, then

(m(n)) ("7(,,)

| = .
W _vp)njo)oAH’ppZ n C([O, l]d),

where 7 is the Hermite sheet of Theorem 2.7.

Remark 5.5. As mentioned above, the remainder term ﬂé") in the decomposition (5.2) is asymp-
totically negligible in D ([0, 1]9) if d = 1 or p is odd. In these special cases, multilinear interpo-
lations can be dispensed with, to wit the convergences of Theorem 5.4 hold also with the original

power variation Vlsn) in place of \715"), in the spaces D([0, 11%)% and D([0, 1]%), respectively.

The proof of Theorem 5.4 is based on the following two simple lemmas concerning the multi-
linear interpolation operators. First, we show that the function v, is a fixed point of the operator
L, foranyn e N.

Lemma 5.6 (Fixed point). We have L,v, = v, for any n € N.

Proof. Let ¢ € [0, 1]¢ and n € N. By rearranging, we obtain that

Lavp)) = Y. n<w{ e} (1= {me})! i>

ie{0,1)4 m(n)
Lmy ()t | + : o
[T 3 O 1 s )
v=1 U( )
jef0,1}
It remains to observe that for any v € {1, ..., d},

Lmy(n)ty ] + {my(n)t,} _
my (n) -

Z lmy(n)ty | + j

prr e G OCT (e CH O

J€(0,1)

and the assertion follows. O
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Second, we show that convergence in probability in the space D ([0, 1]%) can be converted to
convergence in probability in C([0, 1]%) via interpolations.

Lemma 5.7 (Convergence and interpolation). Let X1, X3, ... be random elements in D([O0,
11%) and X a random element in C([0, 11%), all defined on a common probability space. If

X, —P> X in D([0, 11%) as n — oo, then
LaXy —> X inC([0, 119).

n—0o0
]d

Proof. By (5.7), we can write for any ¢ € [0, 1]* and n € N,

_ _ lm(m)t] +i _ lm@n)t] +i )
LX) ® =X = 2, <X< m(n) ) X( m(n) ))“" ®

ie{0,1}4
N Z <X<Lm(n)tj+i>_X(t)>ai(n)(t)'
ie{0,1}4 m(n)

Thus, invoking (5.7) again, we obtain the bound

sup [(Lp X)) — X(@®)| < sup |Xn(t) — XO)| + wx (m(m) ™),
tef0,14 tef0,114

where
wx ) :==sup{|X(s) = X(1)|: 5,1 €[0, 11, lIs = tlloc <u},  u>0,

is the modulus of continuity of X, which satisfies lim,_,o wy (#) = 0 a.s. since the realizations
of X are uniformly continuous. Thus, lim,_, oo wx (m(n)~!) = 0 a.s. Finally, since convergence
to a continuous function in D([0, 1]d) is equivalent to uniform convergence, it follows that

p
Sup; 0,134 | Xn () — X ()] —> O as n — oo. 0

Proof of Theorem 5.4. We have for any n € N, by Lemma 5.6, decomposition (5.2), and the
linearity of the operator L,

(mn)) ~q (mn)) —=(n) n
(c(n))1/? (V" —vp) = Ln(W(V’g - Up)) =LaUp, + LBy

Lm(n)t]
v, ———
m(n)
coincides with v, on &,. Since L, g depends on the function g only through the values of g on
&,,, we find that

Note that the function

Lm(n)-J)

Lyvp = anp< )
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whence

n) _ (m(n)) ( _ (Lm(n)J>>_
Lnﬂp _7“(”))1/2 Lyv, — Lyv, 7’"(’1) =0.

The assertion in the case (2) follows now from Theorem 2.7 and Lemma 5.7. In the case (1),
one can apply Theorem 2.4, Lemma 5.7 and Skorohod’s representation theorem [11], Theo-
rem 4.30. (]
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