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Weighted power variation of integrals with
respect to a Gaussian process
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We consider a stochastic process Y defined by an integral in quadratic mean of a deterministic function f
with respect to a Gaussian process X, which need not have stationary increments. For a class of Gaussian
processes X, it is proved that sums of properly weighted powers of increments of Y over a sequence of
partitions of a time interval converge almost surely. The conditions of this result are expressed in terms
of the p-variation of the covariance function of X. In particular, the result holds when X is a fractional
Brownian motion, a subfractional Brownian motion and a bifractional Brownian motion.
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1. Introduction

Let X ={X(¢):1 € [0, T]} be a Gaussian process and let f : [0, T] — R be a real-valued function
for some 0 < T < co. We consider a stochastic process ¥ = {Y(¢):t € [0, T']}, given by an
integral

t
Y(t):q.m./ fdX, 0<t<T, (1)
0

defined as a limit of Riemann-Stieltjes sums converging in quadratic mean. According to the
main result of this paper (Theorem 21), under suitable hypotheses on the covariance of X and
the p-variation of f, there exists a stochastic process Y defined by (1) and with probability one

Y-y pr, ,/T ,
1 t' —t] =FE , 2
ningoilj [p(tl" _tinfl)]r (l l—l) |n| o |f| ( )

where 7 is a standard normal random variable, p is a function equivalent to (E[X (s + -) —
X (5)]1%)'/? near zero uniformly in s € [¢, T) for each ¢ > 0, and ((tl.”)?l:"o) is a sequence of
partitions of [0, T'] such that the sequence (max; (tl?1 — ti”_l)) tends to zero as n — oo sufficiently
fast.

In the case f =1, X is areal centered Brownian motion B, p(h) = Vh, T =1and tl.” =i27",
i€{0,1,...,2"}, (2) gives the result of Lévy [15]
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This result has been extended in many directions. The Brownian motion B has been replaced
by a general Gaussian procces X under suitable hypotheses on the covariance of X ([1,9,20]).
The sequence of dyadic partitions of [0, 1] in (3) have been replaced by a sequence ((tl.")z.i”o) of
partitions of [0, 1] such that max; (' — /' ;) = o(1/logn) as n — oo ([6]), and this is the best
possible rate ([5]). The second power of increments of a Brownian motion B in (3) has been
replaced by rth power of increments of a Gaussian process X with stationary increments by
Marcus and Rosen [19] when r > 2 and by Shao [23] when r > 1. A different strand of research
led to similar results for a power variation of a general stochastic process with convergence
in probability in place of convergence with probability one (see [4], and references there). In
fact, the present paper is an attempt to prove the almost sure convergence for a weighted power
variation of integral process (1) like in [4] (but different) and keeping the framework of the above
mentioned results.

In the rest of this section, we formulate and discuss in more detail the stated main result of the
paper. In Section 2, we give conditions for the existence of the integral process Y given by (1). In
Section 3, we give conditions for a Gaussian process to have positively or negatively correlated
increments in terms of p-variation of its covariance function. The general results are proved
to hold for a fractional Brownian motion, a subfractional Brownian motion and a bifractional
Brownian motion. The main result is proved in Section 4.

We consider the integral process Y given by (1) with a Gaussian process X having “lo-
cally stationary increments” defined next (Definition 2). While in this paper we consider only
Gaussian processes, the following concept makes sense for any stochastic process whose finite-
dimensional distributions have finite moments of the first and second orders. Such a process with
mean zero will be called a second order stochastic process as in [16], Chapter 37.

Definition 1. Let T > 0 and let R[0, T] be a set of functions p : [0, T] — R such that p(0) =0,
p is continuous at zero, and for each 6 € (0, T),

0 <inf{p(u):u €[8,T1} <sup{p(u):uc[s, T]} < oo. 4)

Let X ={X(t):t € [0, T]} be a second order stochastic process with the incremental variance
function 0)2( defined on [0, T1?:=1[0, T] x [0, T] with values

o2 (s,0):=E[X(1) = X©®)], (5,0 €[0, TP

We say that X has a local variance if there is a function p € R[0, T] such that (Al) and (A2)
hold, where

(A1) there is a finite constant L such that for all (s, t) € [0, T1>
ox(s,t) < Lp(lt —s]);
(A2) foreache e (0,T)

ox(s,s +h) _
p(h)

In this case, we say that X has a local variance with p € R[0, T].

1

limsup{ :s € e, T),he(O,SA(T—s)]}:O. 5)
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Let X ={X():t €[0,T]}, T > 0, be a mean zero Gaussian process with stationary incre-
ments, and let px (1) := ox(u,0) for each u € [0, T]. Then (Al) and (A2) for p = px hold
trivially. Also, if X is such that py is continuous at zero, and (4) holds for p = px and each
6 €(0,T), then px € R[0, T], and so X has a local variance with py.

Suppose X is a second order stochastic process such that ox (s, t) # 0 for each (s, t) € [0, T
If X has a local variance with two elements p; and py in R[0, T'], then by (A2) we have

Lii%m(u)/pz(u) =1.

This property defines a binary relation in the set R[0, T'], which is an equivalence relation. Let
us denote this relation by ~. If X has a local variance with p; € R[0, T'], and if p € R[0, T'] is
such that p; ~ p;, then X has a local variance with p,. Therefore, the property of X having a
local variance is a class invariant under the binary relation ~.

Definition 2. Let X be a second order stochastic process. We say that X has locally stationary
increments if X has a local variance with some p € R[0, T]. Any element in the equivalence
class {p’ € R[0, T]: p’ ~ p} will be called a local variance function. We write X € LST(p(-)) if
X has local variance with p € R[0, T].

So far as we are aware, a similar concept was suggested by [2], Section 8, under the name
of local stationarity. We show that a subfractional Brownian motion Gy = {Gy(t):t € [0, T]}
with index H € (0, 1) and covariance function (26) has local variance function pg (1) = u’l,
u € [0, T] (see Proposition 17). Also, we show that a bifractional Brownian motion By x =
{Bu x(t):t €[0, T]} with parameters (H, K) € (0, 1) x (0, 1) and covariance function (30) has
local variance function py g (u) = 2U0=K)/2y HK 1y 10, T] (see Proposition 18).

For p € R[0, T'] let

1
V() :=inf{y > 0:u” /p(u) — Oasu | 0} =limsup og p(u)
w0 logu

and

y*(p) :==sup{y >0:u”/p(u) > +ocasu | 0} = liminfM.
ul0 logu

By definition, we have 0 < y*(p) < yx(p) < co. Clearly, y,(p) and y*(p) do not change when
o is replaced by o’ ~ p. If a second order stochastic process X has a local variance with p €
R[0,T] and if 0 < y*(p) = y«(p) < oo then we will say that X has the Orey index yx :=
y*(p) = y«(p). Clearly this notion extends the one suggested by Orey [22] (see also [21]) for a
Gaussian stochastic process with stationary increments. We will be interested in the case in which
a Gaussian stochastic process X € LSZ(p(-)) has the Orey index yx € (0, 1). In this case, X is
equivalent to a stochastic process whose almost all sample functions satisfy a Holder condition
of order « for each o < yyx.

Now we can formulate the main result of the paper with more details. Suppose that a mean zero
Gaussian process X has locally stationary increments with a local variance p and has the Orey
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index yx(p) =y € (0, 1). Suppose that a function f : [0, T] — R is regulated if y > 1/2 and has
bounded g-variation for some ¢ < 1/(1 —2y)if y <1/2,and let 1 <r < 2/max{(2y — 1), 0}.
Under the further hypotheses of Theorem 21 on the covariance of X, a stochastic process Y de-
fined by (1) exists, and (2) holds with probability one. The proof of the main result (Theorem 21)
use the ideas of Marcus and Rosen [19] and Shao [23].

Gladyshev [9] considered a stochastic process X = {X(¢):t € [0, 1]} with Gaussian incre-
ments, mean zero and a covariance function I'y such that the expression

o (t,t —h)/h* =[x (t,1) —20x(t,t —h) + Tx(t —h,t — h)]/ h* (6)

converges uniformly to a function g on [0, 1] as & — 0, ['x is continuous, twice differentiable

outside the diagonal and

2Ix (1, s)
dt 9s

C
|t =200

@)

(here y =1 — y /2 for y in [9]). Under these assumptions, E. G. Gladyshev proved (2) with the
right-hand side replaced by fol gwhen f=1,pu)=u’,r=2,t'=i27"fori e{l,...,2"}
and each n > 1. In [20], we showed that hypothesis (6) does not hold when X is a subfractional
Brownian motion and a bifractional Brownian motion, but the conclusion of Theorem 1 in [9]
(with g = 1) still holds for these processes. Malukas [17] further extended this result to arbitrary
sequences of partitions using the ideas of Klein and Giné [12], and proved a central limit theorem
in his setting.

As compared to previous results, in the present paper a class of Gaussian processes is de-
fined by conditions (A1) and (A2) which seem to fit perfectly Gladyshev’s theorem for the mean
convergence (see Corollary 20 below), and are weaker than hypothesis (6) with g = 1. Instead
of hypothesis (7), we use the following assumption on a Gaussian process X having locally
stationary increments and the Orey index y € (0, 1): there is a constant C3 such that the inequal-

ity
SIEX ) — X -] [X ) — X(tj-D]| < Calti — ti- )"
j=1

holds for each partition (¢) je(o,...,m) of [0, T] and each i € {1,...,m} (see Corollary 23). Fi-
nally, in place of X, we consider a stochastic process Y defined by (1). In this case the preceding
assumption on X is replaced by the following one: there is a constant Cy such that the inequal-

1ty

m
Z Vo (Cxs o1, ti] % [tj-1, 1) < Calti — 1))
j=1
holds for each partition (¢;) je(o,...,m) of [0, T] and each i € {1, ..., m}, where V,(-) is the p-
variation seminorm defined by (11) below and p = max{1, 1/(2y)} (see Theorem 21). The two
assumptions are shown to be easily verified using the properties of negative or positive correla-
tion of X (see Section 3).
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The following is a consequence of Theorem 21, Proposition 15 when K = 1 and Proposi-
tion 18 when K € (0, 1).

Corollary 3. Let T >0, H € (0,1), K € (0,1], r € (1,2/max{2QHK — 1),0}), and let
By xk ={Bu,k(t):t €[0,T]} be a bifractional Brownian motion with parameters (H, K). Let
f:1[0, T] — R be regulated if HK > 1/2 and of bounded q-variation for some g < 1/(1—2HK)
if HK < 1/2. Let (k) be a sequence of partitions k, = (t")ic(0,....m,} of [0, T] such that

hm |Kn|(l/\2/r)+(0/\(1—2HK)) logn — O
n—o00

Then with probability one

my,

J;ngoZ

where 1 is a standard normal random variable.

q.m. deHK

t)l

1-rHK
(=) T = K2 /

A similar result holds for a subfractional Brownian motion due to Theorem 21 and Proposi-
tion 17. Corollary 3 when K = 1 (the case of fractional Brownian motion By ) may be compared
with Theorem 1 of [4] where f is a stochastic process, the integral fé fdBpy,t €0, 1],1s defined
pathwise as the Riemann—Stieltjes integral, partition «;, = (i /n);¢/o,...,n}, convergence holds in
probability and with no restrictions on r.

Notation. Forn e N:={0,1,...}let[n]:={0,1,...,n}and (n] :={1, ..., n}. Aninterval [a, b]
is a closed set of real numbers r such that a <r 5 b. A partition of an interval [a, b] is a fi-
nite sequence of real numbers k = (#;);¢[n) such thata =1y < t; < --- <1, = b. The set of all
partitions of [a, b] is denoted by Il[a, b]. leen a partition Kk = (t,)le[n for each i € (n], let
Jf =1[ti_1,t;] and Af :=1; —t;_1. The mesh of a partition « is |«| := max; A¥. Given a func-
tion g:[a, b] — R and a sequence (k;) of partitions «, = (¢")ic[m,) of [a, b], for each i € (m,],
let A ;= A" =" — 1" | and Alg:=g(t]') — g(t" ).

2. Riemann-Stieltjes integrals

In this section, the double Riemann—Stieltjes integral and the quadratic mean Riemann—Stieltjes
integral are defined, and several their properties to be used are given.

A double Riemann-Stieltjes integral

Let F and G be real-valued functions defined on a rectangle R :=[a, b] X [c,d] in R? defined
by real numbers a < b and ¢ < d. We recall a definition of the Riemann—Stieltjes integral of F'
with respect to G over R. A partition of [a, D] X [c, d] is a finite double sequence of pairs of real
numbers T = {(s;, t;): (i, j) € [n] x [m]} such that (s;);e[n) € la, b] and () jem) € e, d].
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The set of all partitions of a rectangle R is denoted by IT(R). Thus v € IT(R) if and only if
T =k X A for some « € Il[a, b] and A € I1[c,d]. The mesh of t =k x A € TI(R) is |t] :=
max{|«|, |*|}. Given such t, for each i € (n] and j € (m], the double increment of G over the
rectangle Q; ; =[s;—1,5;] X [tj—1,¢;] is defined by

AT G =A% G = Gsi 1)) — Glsioi, 1) — Glsi tj-1) + G(si—1, 1j-1). ®)

Also if (u;,v;) € Q; ; for (i, j) € (n] x (m], then (u;,v;) is called a fag and the collection
T :={((u;,v}), Qi,;):(, j) € (n] x (m]} is called a tagged partition of R. The Riemann—Stieltjes
sum of F with respect to G and based on a tagged partition 7 is

n m
Srs(F. A%Git) =) F(u;,vj)A,G.
i=1 j=1

We say that the double Riemann—Stieltjes integral over [a, b] X [c, d] of F with respect to G
exists and equals A € R, if for each ¢ > 0 there is a § > 0 such that

|Srs(F, A*G;t) — A] <&

for each tagged partition 7 of [a, b] X [c, d] with the mesh |t| < §. Clearly, if such A exists then
it is unique and is denoted by

b d b pd
//Fd2G=/ / F(s,1)d*>G(s, 1) := A.

Since in this paper we work with the quadratic mean Riemann—Stieltjes integral [ f dX of a
deterministic function f it is enough to treat double Riemann—Stieltjes integral for integrands
F=f® f,where f® f(s,t) = f(s)f(¢t) for (s,1) € R.

First, we give sufficient conditions for the existence of a double Riemann—Stieltjes when the
integrator has bounded total variation. Let R = [a, b] X [c, d] be a rectangle and G : R — R. For
a partition T = {(s;,¢;) : (i, j) € [n] x [m]} € [T(R) let

n m
s1GsT) =Y > |AT G,

i=1 j=1

where A; jG is defined by (8).

Definition 4. Let R be a rectangle in R? and G : R — R.
Vi(G; R) :=sup{s1(G:7): T e I(R)}.

If V1(G, R) < oo then one says that G is of bounded variation in the sense of Vitali-Lebesgue—
Fréchet—de la Vallée Poussin and write G € W) (R).
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We say that a function G : R — R is separately continuous if its sections x — G(x, y) and
y = G(x,y) are continuous for each fixed y and x, respectively. A function f:[a,b] — R is
regulated if for each x € (a, b] it has left limits f(x—) and for each x € [a, b) it has right limits
f(x+). The set of all regulated functions on [a, b] is denoted by Wxs[a, b]. Each regulated
function is bounded and for such a function f we write

I fllsup :=sup{| £ (x)|:x €[a.b]},  Osc(f):=sup{|f(x) = fF()|:x.y €[a,b]}
Theorem 5. Let R = [a, b] x [c, d] for some real numbers a < b and ¢ < d. Let G € W) (R)

be separately continuous, f € Wola, b] and g € Wi[c, d]. Then the double Riemann—Stieltjes
integral |, ab / Cd f ® gd2G is defined and we have the bounds

b d
/ f f®gdG
a C

b d
f(/[f®g—fwmwﬂ¥6

= ”f”sup”g”supvl (G; R), 9

< [llglsupOsc(f) + I f lsupOsc()]Vi(G; R).  (10)

The proof is standard for such statements about existence of Riemann—Stieltjes integrals when
the integrand is a regulated function and the integrator has bounded variation (see, e.g., Theo-
rem 2.17 in [7] when functions have single variable). Namely, one needs to compare a difference
between two Riemann—Stieltjes sums corresponding to sufficiently fine partitions and one of
them is a refinement of the other. The sum of terms corresponding to subrectangles containing
a jump of either f or g can be made small due to separate continuity of G and since G is a
difference of two quasi-monotone functions as shown in [10], page 345. The details are omitted.

Next, we give sufficient conditions for the existence of a double Riemann—Stieltjes integral
in terms of p-variation of the integrand and integrator. Let p > 1 and let f :[a, b] — R. For a
partition k = (s;);e[n] Of [a, ], let

sp(fir) =Y | fsi) = fsin)]|”.
i=1
The p-variation seminorm of f on [a, b] is the quantity
Vo (f) = V,(f3 a, b]) :=sup{[s, (f; )]"/? :k € T[a, b1}.

One says that f has bounded p-variation or f € W|[a, b] if V,(f; [a, b]) < co. We also use the
p-variation norm defined by

£ o1 = 1 ipntabr = 1L f lsup + Vp (f5 [a, b1).

Recalling that Wol[a, b] is the set of regulated functions on [a, b], Wla, b] is defined for 1 <
p < 00.
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Again, let R = [a, D] X [c,d] be a rectangular and G: R — R. For p > 1 and a partition
T ={(s;,2;): (i, j) € [n] x [m]} of R let

n m
5p(Gs 1) == ZZM;I-G

i=1 j=1

p

9

where Az /'G is defined by (8). The p-variation seminorm of G is
1
V,(G; R) :=sup{[s,(G; 1)] /p:tel'I(R)}. (11)

Let W, (R) be the set of all functions G : R — R such that V,(G; R) is bounded, which extends
Definition 4 when p = 1.

The following is an elaboration on the statements 3.7(ii) and 4.3 of [14]. In the present case,
we do not assume f(a) =0 and g(c) =0.

Theorem 6. Let R = [a, b] X [c, d] for some real numbersa <bandc <d.Let p > 1andq > 1
be such that p_l —i—q_l > 1. Let f € Wyla, b], g € Wylc,d] and let G € Wy (R) be continuous.

There exists the double Riemann—Stieltjes integral fab fcd f®gd*G and

b pd
//[f®g—f(a)g(0)]d2G <8Kp q[I fllig1Va (@) + Igllig1Ve(H]Vp(G: R, (12)

where Kp 4 .= (1 + c(p~t —i—q_l))2 and £ (s) := 2130:1 k= fors > 1.

Proof. The functions ®, and ®, with values ®,(x) :=x?/p and ®,(x) := x?/q for x > 0 are
the N-functions. We apply the results of Lesniewicz and LeSniewicz [14] for ® =¥ = &, and
P=0= ®,. The integral fab fcd f ® gd*G exists by Theorem 4.3 in [14], page 57. (We note
that continuity of the functions f and g is not used in the proof there.) To obtain the bound (12), it
is enough to bound the Riemann—Stieltjes sums. Let 7 = {(u;, v;), [si—1, 8;] x [tj—1,;]: (i, j) €
(n] x (m]} be a tagged partition of R. Letting u( := a and vy := ¢ we have the identity

n o m i ] m j
S(f@g— flagle), A’G;t) =Y "> Y MfAigA] G+ f@) Y Ag
j=11=1 i

i=1 j=1k=11=1

n
T
A; ;G
1

noi m
+8@Y Y Af Y ALG,
i=1 k=1 j=1

where Ay f := f(ux) — f(uxk—1) and A;g := g(v;) — g(v;—1). Using the bounds 3.5 in [14], page
53, and (5.1) in [24], page 254, we get

S(f ®8 - f(@g(e), A’G; )]
1 1\)\?
< 16<1+§<; +5>> Vy(f3la, b)Vy(g: a, 1)V, (G; R)

1 1
+ <1 + z(; + 5))[|f<a>|vq(g; [c.d]) + |g(©)|Vy4(f;[a,b])]V,(G; R),
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and so (12) follows. Instead of the bound 3.3 in [14], page 51, we used the bound of L.C. Young
since it gives a smaller constant in (12) in the present setting. O

We use the following two versions of the preceding inequality (12) adapted to subrectangles
of a rectangle [0, T

Corollary 7. Let p > 1 and g > 1 be such that p~' + g~ ' > 1. Let T > 0, let f € Wyl0, T]
and let G € W,[0, TV be continuous. There exists the double Riemann—Stieltjes integral

JET f @ fd2G. Also, letting K p 4 = 16(1+¢(p~" +g71))2,

(i) the inequality

/ f [f®f— i )]dG

holds forany 0 <s <t <T;

(i) the inequality
t v
f / f®fdG
N u

holds forany 0 <s <t <T andO0<u<v<T.

< Kpgll fligrior Ve (£ Is, 1) Vp(Gi [s,11%)  (13)

< Kp gl £ 70,0017V (G Is, 11 x [u, v]) (14)

The quadratic mean Riemann-Stieltjes integral

This integral is defined for a (deterministic) function with respect to a stochastic process in the
present paper. Let X = {X (¢) : t > 0} be a second order stochastic process on a probability space
(2, F, Pr), which is a family of random variables X () having mean zero and finite second
moment. The covariance function of X is the function T'y defined on R%2 = [0, 00) x [0, 00)
with values

Tx(s,1):=E[X()X®)]. (s,0) eR%.

Let f:[0,00) - R be a function and let 0 < a < b < oco. For a tagged partition ¥ =
{(ui, [ti—1, t;]) :i € (n]} of the interval [a, b] the Riemann—Stieltjes sum is

Srs(fs AX; &)=Y fud)[X @) — X (ti-1)],

i=1

and so it is a random variable in L>($2, F, Pr). We say that the quadratic mean Riemann—Stieltjes
integral over [a, b] of f with respect to X exists and equals / € L2(S2, F,Pr), if for each ¢ > 0
there is a § > 0 such that

E[Srs(f, AX; i) — 1] <e¢
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for each tagged partition k of [a, b] with the mesh |«| < 8. If such [ exists, then it is unique in
L? and is denoted by

b b
/ fdXx :q.m./ f)dX @) :=1.
a a
Next, is the integration in quadratic mean criterion of Loeve [16], page 138.

Proposition 8. Let X be a second order stochastic process and f :[0,00) — R. For 0 <a <
b < 00, the quadratic mean Riemann—Stieltjes integral

b b prb
/ fdX exists if and only if / / fef d’Ty exists
a a a

as the double Riemann—Stieltjes integral. Moreover, forany 0 <s <t <ocoand 0 <u <v <00
if the two integrals [! f dX and [ f dX exist then so does [! [" f ® f d’I'x and the equality

E[/Stde/uvde]=/St/uvf®fd2FX (15)

Formal properties of Riemann—Stieltjes integrals such as (finite) additivity and linearity hold
almost surely for corresponding integrals in quadratic mean.

We shall write @, :=[1, p/(p — 1)) if p > 1 and Q; := {oo}. The following theorem holds
by Theorem 5, Corollary 7 and Proposition 8.

holds.

Theorem 9. Let X be a second order stochastic process with the continuous covariance function
I'x € W,[0, T1? for some p>1and 0 < T < oo, and let f € WylO, T] with g € Q. Then for
each t € [0, T] there exists the q.m. Riemann—Stieltjes integral fé fdX and there is a finite
constant K = K (p, f) (depending on p and f) such that the inequality

t 2
E|:q.m./ de} <KV,(Tx;[s,11%)
N
holds forany 0 <s <t <T.

Given a second order stochastic process X, a class of functions f such that fOT fdX is defined
as the quadratic mean Riemann—Stieltjes integral can be larger than the class of functions f such
that fOT f dX is defined as the pathwise Riemann—Stieltjes integral. Indeed, let X be a fractional
Brownian motion By with the Hurst index H € (0, 1). By Proposition 15 below, By has the
continuous covariance function I'g,, € W, [0, T1? with p = max{1, 1/(2H)}. Therefore, the g.m.

Riemann-Stieltjes integral fOT fdBp is defined for each f € W, [0, T'], where

1
<
1-2H

q ifHe(0,1/2) and g=oc0 ifHe[l/2,1)
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by the preceding theorem. While the pathwise Riemann—Stieltjes integral fOT fdBpg is defined
for each f € W,[0,T] withg < 1/(1 — H) if H € (0, 1) by the result of Young [24], and these

results are best possible in terms of p-variation (see [7], Section 3.7).
The preceding comment suggests that a family of random variables

t
q.m.f fdx,  tel0,T], (16)
0

need not be a stochastic process with well-behaved sample functions. The following is a standard
approach to deal with such cases.

Theorem 10. Suppose that the hypotheses of the preceding theorem hold. Suppose that for each
te(0,7T]

limV, (FX; [s, t]2) =0.
st

Then a measurable and separable stochastic process Y = {Y (t):t € [0, T1} exists on (2, F, Pr)

such that
t
Pr({Y(t) :q.m./ de}) =1
0

Throughout the paper, we assume that the q.m. Riemann—Stieltjes integrals (16) are given by
the stochastic process Y from the preceding theorem, to be called the g.m. integral process.

foreacht [0, T].

3. p-variation of the covariance function

We start with a simple fact concerning the boundedness of variation of the covariance functions
of stochastic processes with positively or negatively correlated disjoint increments (meaning hy-
pothesis (17) or (18), respectively).

Proposition 11. Let 0 < T < oo and let X = {X (¢):t € [0, T1} be a second order stochastic
process with the covariance function I'x on [0, T]2.

@G) Ifforany0<u<v<s<t<T,
E[X() - Xw][X(@) — X(s)] =0, a7
then forany0<a <b<T and0<c<d<T
Vi(Tx;la, b] x [c,d]) = E[X (b) — X (@)][X (d) — X (0)].
(i) Ifforany0<u<v<s<rt<T,

E[X() - Xw][X(@®) — X(s)] <0, (18)
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then forany0<a<b<c<d<T
Vi(Tx; [a,b] x [c.d]) = |[E[X (b) — X(@)][X (@) — X (0)]]. (19)

Proof. To prove (i) note that (17) holds for any pairs of closed intervals [u, v] and [s, t] in [0, T']
provided (17) holds for such intervals having at most a common endpoint, as assumed. Then the
conclusion follows using the relation

|l Oy | = E[X (0) = X ][X (1) — X (5)]-
In the case (ii), the conclusion follows using the relation
| Al APy | = —E[X () — X@)][X () — X (5)]
for nonoverlapping intervals [, v] and [s, ¢] in [0, T]. O

By the second part of the preceding proposition the covariance function of a stochastic process
with negatively correlated disjoint increments has bounded variation over rectangles which do
not contain a diagonal. The following result for such a process, with an additional assumption
(20), gives a bound of the p-variation of the covariance function over rectangles containing a
diagonal.

Theorem 12. Let 0 < T < 00, let p > 1 and let X = {X(t):t > 0} be a second order stochastic
process with the covariance function Ty such that (18) holds for any 0 <u <v<s <t <T,
and

E[X() - X)][X(®) — X(s)] =0, (20)

holds forany 0 <s <u <v <t <T.Thenforany0<a<b<T
2
Vp(Tx; [a, b1%) < 2Va, (¥x: [a, b]), @1
where ¥x :[0, T] — LZ(Q, F,Pr) defined by ¥x () := X(¢,-) fort € [0, T].

Remark 13. The theorem is meaningful provided the right side of (21) is finite. In addition to
the hypotheses of Theorem 12, suppose that X and p > 1 are such that for a finite constant L the
inequality

E[X(t) = X(5)] <Lt —s5)"/7

holds for each 0 <s <t < T. Then for any 0 <a < b < T we have V2,(¥x;[a,b]) <
VL —a)"/@P) and so by Theorem 12

V,(Tx; [a,b1?) <2L(b —a)'/P.
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Proof of Theorem 12. Let 0 <a < b < T. Without loss of generality, we can assume that the
right side of (21) is finite. Let A x « = {(s;,¢;):i € [n], j € [m]} be a partition of [a, b]? with
n>1andm > 1.If n =1 then, since p > 1 and (20) holds, we have

m 14
sp(Dxs A x k) < (Z E[X(b) — X(a)]A§X> =(E[X () — X(a)]z)p

= 22)

2 2
= [vx® —vx@| = Vap(vx: la, b]) ™.
Letn>2,let1 <i <n,andlet A; :={j € (im —1]:t; € (s;—1,5;)}. If A; is the empty set, then
there is a jo € (m] such that [s;_1, s;] C [tj,—1, tj,]. In this case, we have
2
|[EATXAS X| < E[A}X]
+|EAFX[X (1)) — X (s)]| + |EA}X[X (si—1) — X (tjo-1)]|-

If A; is not the empty set then let j; be the minimal element in A; and let j, be the maximal
element in A;. In this case, we have

|EA,%XA§IX| <|EAMX[X(t;) — X(si—D)]| + |[EAFX[X (si—1) — X (tj,-1)]|
and
|EA;\XA§2+1X| <|EAMX[X(tj41) — X(s)]| + |[EAFX[X (si) — X (t},)]|-

Therefore to bound Z;flzl |E Af\X A;X |, we can and do assume that in the partition ¥ we have
tj; =si—1 and t, =s; for some ji < j; in (m — 1]. Using this assumption and negative correla-
tion for disjoint increments it follows that

m
SO|EARXASX| =2E[A}X] — EANX[X(b) - X (@)] <2E[A}X],
j=1

where the last inequality holds by (20). Finally, since p > 1, we have

n m p n
sp(Tx; h X k) < Z<Z|EA§\XA’;X|) <2y (E[alX])”
i=1

i=1 \j=I

n
2 2
=27 ux (i) = ¥x (i) | 2 < 27 Vo, (¥x; [a, b1) .
i=1
Recalling the bound (22) in the case n = 1, the conclusion (21) follows. ([l
Next, we show that for several classes of stochastic processes including fractional Brownian

motion, subfractional Brownian motion and bifractional Brownian motion one has positively or
negatively correlated increments.
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Stochastic processes with stationary increments

First, consider real-valued stochastic processes X with mean zero, finite second moments
E[X()]* and (weakly) stationary increments. Then the incremental variance function 0)2( (t,
t + r) does not depend on ¢, and so it is a function of r. The following fact is known (see
[18], page 32); we sketch a proof for completeness.

Lemma 14. Let X = {X (¢) : t = 0} be a mean zero second order stochastic process with station-
ary increments, and let ¢ : [0, 00) — [0, 00) be the function with values
$r) =02t 1 +r)=E[X(t+r)—XD)]
for eachr > 0.
(1) If ¢ is convex on [0, T1, then (17) holds forany0 <u <v<s <t <T.
@ii) If ¢ is concave on [0, T], then (18) holds forany 0 <u <v<s <t <T.

Proof. To prove (i) let ¢ be convexon [0, T'],andlet0 <u < v <s <t < T. Using an expression
of ¢ in terms of the covariance function I'y, it follows that

2E[X(v) = X)][X (1) = X ()] =[p(t —u) = ¢t = v)] = [p(s —u) — (s —v)].

Inserting additional points in the interval [u, v] if necessary, one can suppose that v —u <t —s.
Then letting x; ;=5 — v, xp =5 —u,x3: =t —vand x4 :=f —u,wehave 0 <x|] <x <x3 <
x4 <T and

Pxa) —Pp(x3) _ d(x3) —d(x2) _ ¢(x2) —p(x1)

X4 — X3 X3 — X2 X2 — X1

by convexity of ¢. This proves (17), and so (i). The proof of (ii) is symmetric. [l

We apply this fact to a fractional Brownian motion By = {By (¢):t € [0, T']} with the Hurst
index H € (0, 1), which is a Gaussian stochastic process with mean zero and the covariance
function

Fu(s,t):=Tg,(s,0) = $(t*7 + 527 — |t — s|*H)
for (s, 1) € [0, T1?.
Proposition 15. Let By be a fractional Brownian motion with the Hurst index H € (0, 1), let

pn ) :=ull for each u € [0, T1, and let p :=max{1,1/(2H)}. Then By € LST(px (-)). Also,
the inequality

2
Vo(Fui[s.117) < Ci[pu(t — )] = C1(t — 5)*H (23)
withC1=1if2H > 1and C; =2 if2H < 1, holds for any 0 <s <t < T, and the inequality

)1A(2H)

m m
> Vo(Fui Jf x J5) <Y |E[Af By A% By ]| < Co(AY (24)
: =

j=1
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with Co =2HT?*"=V if2H > 1 and C; =3 if 2H < 1, holds for any partition k = (tj)jerm of
[0, T] and for any i € (m].

Proof. The incremental variance function crlz;H (s,t) = |t —s|* for (s, 1) € [0, T]. Clearly, By €
LST(pr (-)). By Lemma 14, disjoint increments of By are positively correlated if 2H > 1 and
negatively correlated if 2H < 1. If 2H > 1, then by part (i) of Proposition 11,

Vi(Fu:la.bP) = E[Bu(b) — Bu(@)]* = (b —a)*"

for any 0 <a < b < T, proving (23) with C; = 1 in this case. If 2H < 1 then (23) holds with
C1 =2 by Remark 13 and Theorem 12 since its hypothesis (20) holds due to the relation

2E[By(v) = Bu)][Bu (1) — Bu(s)]

(25)
=w—-5" -5 +¢t-w —c-v¥ >0

foranyO<s<u<v<t<T.

To prove (24) let k = (¢;) je[m) be a partition of [0, T'], and let i € (;m]. Due to (23) one can
suppose that m > 1. First let H € [1/2, 1). Then p = 1. By part (i) of Lemma 14 and by part (i)
of Proposition 11 we have

m

m
ZV] (Frs [ti1, 6] x [1j-1,151) = ZE[A;FBHA‘J{'BH]
j=1 J=l

= E[Bu(t;) — By (ti—1)|[Bu(T) — Bu (0)]

1
=S =2+ (@ = = (T 1))

<2HT* 1 — 1),
where the last inequality holds by the mean value theorem. Now, let H € (0, 1/2). Then p =

1/(2H) > 1. Since V,(-) < Vi(-), by part (ii) of Lemma 14 and by part (ii) of Proposition 11 we
have

Yo Vp(Fus I x T < Y Vi(Fui Jf x JY)
jem\(i) jem\i)

= > |E(AYBuASBY)|
jetmI\i)

— E(AYBy)’ — EAY By[Bu(T) — By (0)]
< E(AYBy)* = (1 —ti-1)?",

where the last inequality holds by (25). This together with (23) gives (24), completing the
proof. (]
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The inequality (23) in the case H € (0, 1/2) and with a different constant is the same as the
one stated by Proposition 13 in [8]. The proofs seem to be also different.

Sub-fractional Brownian motion

Let H € (0,1) and 0 < T < oo. The function Ry : [0, T]*> — R with values
Ry (s, 1) =527 + 2 — L[(s + )2 +|s — 1]*H], (26)

(s,1) €[0, T1?, is positive definite as shown in [3]. A sub-fractional Brownian motion with index
H is a mean zero Gaussian stochastic process Gy = {Gy () :t € [0, T]} with the covariance
function Ry and with the incremental variance function

aéH(s, t)y=|s — t|2H + (s +t)2H — 22H7][12H +s2H]

for 5,7 € [0, T]. In the case H =1/2, G2 is a Brownian motion. A subfractional Brownian
motion Gy with index H is H-self-similar but does not have stationary increments if H # 1/2.

Proposition 16. Let Gy = {Gy(t):t € [0, T]} be a sub-fractional Brownian motion with H €
(0, 1). The following properties hold:

@) forany0<s<t<T
- <ol s.H<2-22HN -9, ifo<H<1/2,
2-22""Na -9 <0d, (s.) <t — )", if1/2<H<1,;

(i) foranyO<u<v<s<t<T

e O R T

(i) forany0<s<u<v<t<T
Clu,v,5,0):=E[GH(v) —GyW)][Gu(t) — Gu(s)] > 0.

Proof. Statements (i) and (ii) are proved in [3], Theorems (3), (5). To prove (iii), let 0 <s <u <
v <t <T. Since the pairs of intervals [s, u], [u, v] and [v, t], [«, v] do not intersect (except for
the endpoints), by (ii) in the case 1/2 < H < 1, we have
Clu,v,5,0) = E[Gu(®) — Gu )]’
+E[Gu ) — Gu][Guw) — Gu(s)]
+E[Gu(v) —Guw)][Gu(t) — Gp(v)]
> 0.
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Thus we can suppose that 0 < H < 1/2. Using the values of the covariance function (26) it
follows that

Cu,v,s,0)=3{-t+v)*" =t -+ +w" + ¢ —w?"

(27
+ W+ + -9 — @+ — -5}

Let f;(x) := (t + x)> + (¢t — x)*! for each x € [0, ¢]. Since 0 < H < 1/2, then f/(x) < 0 for
x €(0,1),and so for 0 <u < v <t we have — f; (v) + f;(u) > 0 by the mean value theorem. Let
gs(x) = (x + )2 + (x — 5)2H for each x > s. Since gi(x)>0forx >sand v>u>s, we
have g (v) — gs(u) > 0 by the mean value theorem again. Therefore

Cu,v,5,1) = [~ fi(v) + fi(w) + g (v) — gs(w)} > 0,

as claimed. O

The following proposition shows that the hypotheses (36) and (44) of the main result (Theo-
rem 21) hold true for a sub-fractional Brownian motion.

Proposition 17. Let Gy = {Gy(t):t € [0, T1} be a sub-fractional Brownian motion with
H e (0,1), let pgu) := utl for each u € [0, T], and let p == max{l,1/(2H)}. Then Gy €
LSET(pr (). Also, there is a finite constant C| such that the inequality

Vp(Rig: [s,117) < Ci[pu (6 — )] = Ci (2 — )* (28)

holds for any 0 <s <t < T, and there is a finite constant Cy such that the inequality

m m
Z Vo (R Jf x J¥) < Z\E[AfGHAch]y < Co(Af
Jj=1 j=1

)M(zy) 29)

holds for any partition (t;)icim) of [0, T'] and for any i € (m].

Proof. Condition (A1) of Definition 1 holds by part (i) of Proposition 16. To prove condi-
tion (A2) suppose that H € (0,1/2) U (1/2,1) and let ¢ € (0,T). For each s € [¢,T) and
te[—e, T —s], let

fs(@) = @2s + )2 = 22H-1[G2H o (5 4 1)2H].
Then f;(0) = /(0) =0 and

oGy (s, s +h)
on(h)

Lets e[e,T) and h € (0, T — s]. By Taylor’s theorem with the Lagrange remainder applied to
the function f;, there exists u = u(s, k) € (0, h) such that

2
b(s,s +h):= ( ) —1=hn"2H ).

b(s,s +h) =2"1h2 =1 7y,
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where
£l ) =2HQH — D[@2s +w)* 2 =221 (s + u)*"72].
Then there is a finite constant C = C (e, H) such that the inequality
|b(s,s +h)| < CR*1=H)

holds foreach s € [¢, T) and h € (0, T — s]. Since H < 1 the preceding bound yields that condi-
tion (A2) holds, and so Gy € LSZ(pg(+)).

To prove (28), first let H € (1/2,1). Then p = 1 and hypothesis (17) holds for X = Gy by
part (ii) of Proposition 16. Therefore in this case by part (i) of Proposition 11 and by part (i) of
Proposition 16, for any 0 <s <t < T we have

Vi(Ru: s, 117) = E[Gu () = Gu()]* < (t — ).

Therefore, (28) holds with C; =1 in the case H € (1/2,1). Now let H € (0,1/2). Then
p =1/(2H) > 1 and the hypotheses of Theorem 12 hold by Proposition 16. By part (i) of
Proposition 16 and Remark 13 with L =2 — 22#~1 (28) holds with C; = 4 — 22# in the case
H €(0,1/2).

To prove (29), let « = (¢;) jepm) be a partition of [0, 7] and i € (m]. Due to (28), one can sup-
pose that m > 1. First, let H € (1/2, 1). Then p = 1. As for fractional Brownian motion (Propo-
sition 15), in the present case by part (ii) of Proposition 16 and by part (i) of Proposition 11, we
have

m m
Z (Rus Jf x JS) =D E[ASGyASGy] = [fr(t,)—fr(t, D]+ —i2h,
j=1 j=1

where fr(t) = (T + 121 (T —1)*H for t € [0, T] and the last equality is the special case of
(27). Since 1/2 < H < 1 the function fr is increasing, and so

m

ZE[AZ.KGHA§GH] <t 28 <ogT V(g — 1))

1
j=1

by the mean value theorem. Now let H € (0, 1/2). Then p = 1/(2H) > 1. Again as for fractional
Brownian motion (Proposition 15), in the present case by part (ii) of Proposition 11 and by parts
(ii), (iii) of Proposition 16, we have

2
Y Vp(Ru: < I = > |E[ASGuASGH]| < E(ASGH).
Jem\{i} Jem\{i}
Then by part (i) of Proposition 16, the inequality

m m
> Vo(Rus Jf % J¥) 52 [ASGHASGy]| <2E(ASGH)? < Ca(af) 7,

holds with c; =2HT*#~Vif 2H > 1 and C; =4 — 2>/ if 2H < 1, completing the proof. [
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Bifractional Brownian motion
Let0<T <00,0< H <1and 0 < K < 1. The function Cg  : [0, T1? > R with values

Chx (s, 1) := 27 K[ (7 4 2K —|r — 5 2HKY, (30)

(s,1) €0, TT?, is positive definite as shown in [11]. A bifractional Brownian motion with pa-
rameters (H, K) is a mean zero Gaussian stochastic process By x = {Bu x (t) :t € [0, T]} with
the covariance function Cy g. When K =1, By 1 is the fractional Brownian motion By with
the Hurst index H € (0, 1). The Gaussian process By k is a self-similar stochastic process of
order HK € (0, 1), the increments are not stationary and its incremental variance function is

2 1-K 2HK 2H 2H\K 2HK 2HK
Oy (5.0 =275 [le = s — (27 4 2) 0]+ 215 s

for each s, t > 0. By Proposition 3.1 of [11], for every s, ¢ > 0,

27K — s <op (s.0) <2!7 K — 5 PRK (31)

2
Bu k

function u > const|u|*X, u € R. A more precise property is proved next.

This suggests that the incremental variance function o is dominated by a single variable

Proposition 18. Ler0 < T <00,0< H <1,0< K <1 and By gk ={Bu,k(t):t €[0,T]} be
a bifractional Brownian motion with parameters (H, K). Let py x (1) 1= 20=K2y HK for each
u€l0,T], and let p :==max{1,1/2HK)}. Then By x € LST(pH k(). Also, there is a finite
constant Cy such that the inequality

Vp(Cr.k;la, b1?) < Ci(b —a)*H X (32)

holds for any 0 <a < b < T, and there is a finite constant C» such that the inequality

m
SOV (Coue 98 1) = Ca(a8)
j=1

IAQHK) (33)

holds for any partition (t;) je(m) of [0, T] and for any i € (m].

Proof. Concerning the property of local stationarity of increments of By x with the local vari-
ance function p = py g (-) note that condition (A1) in Definition 1 holds with L = 21-K by (31).
To prove condition (A2) let ¢ > 0. Foreach s € [¢, T) and t € (—¢, T — s] let

fs(t) = 21—K[s2H +(S+t)2H]K _SZHK _ (S+t)2HK.

Then f;(0) = f/(0) =0 and

2
b(s,s +h) = (%) — 1= 2K 20K gy,
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Lets e[e,T) and h € (0, T — s]. By Taylor’s theorem with the Lagrange remainder applied to
the function f;, there exists u = u(s, h) € (0, k) such that
b(s,s +h) = —2K=2p20=HEK) g1y
where
) = 2KK (K = DE[(s + ) + 5215 72 (5 40)22H-D

+22KKHQH - D[(s +w)! + 2] (s 4 )22

—2HKQHK — 1)(s +u)*K=2,
Then there is a finite constant C = C (g, H, K) such that

|b(s,s +h)| < CR*I—HE)

foreach s € [¢,T) and h € (0, T — s]. Since HK < 1, the preceding bound yields that condition
(A2) holds, and so By x € LSZ(pnu k().

To prove (32) and (33), we use a decomposition in distribution of a fractional Brownian motion
Bp x with the Hurstindex H K into a linear combination of a bifractional Brownian motion By, g
and a Gaussian process Yy g with the covariance function

w[ﬁ“ +s2HK (21 4 20K (34

(s,1) € [0, T]?, due to [13], Proposition 1. Letting A :=2 XK /I'(1 — K) and B :=2'"K by
the decomposition we have the relation

Chx =—ADy g +BFyk (35)

Dp k(s,t) =

between the covariance functions of By g, Yu x and By, respectively. Forany 0 <u <v <T
and0<s <t <T,if Q=[u,v] x[s,t]and f(r) = f,.,(r) := @ 2K — 2H 4 p2H)K
for r > 0, then

ACDy g = [f&) — f()] >0,

since f'(r) > 0 for each r > 0, and so Yy g has positively correlated increments. Let 0 < a <
b <T. Since V,(-) < V1(-), by part (i) of Proposition 11, it follows that

rd-K)
K

Vo(Ch.k:la,bl?) < AVi(Dy k: [a, b1*) + BV,(Fu: [a. b))
= AE[Yu x(b) — Yu k(@] + BV, (Fuk; la, b?).
Using (34) we have
AE[Yux(b) = Yu k@] =27 K[2(621 4+ a®)K — 2Kp2HK _ oK g2HK]
<2 K(p— g)2HK

by the left inequality in (31). Using inequality (23) for the fractional Brownian motion with the
Hurst index H K, the first desired bound (32) with C; =5 - 27X follows.
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To prove the second desired bound (33) let (¢;) jepm) be a partition of [0, T'] and let i € (m].
Again, since Yy  has positively correlated increments and using (34) it follows that

m
AZ}EAfYH,KA';YH,K} = AE[Yu k() — Yi,k (ti—)|YH,x (T)
Jj=1

=2 A R T (7))

i
27Kt — ;1) MK, if2HK <1,
= |2 KHKTHHE ( — ), if2HK > 1.

Since V() < Vi(-), using (35), (24) with HK in place of H, and the preceding inequality, it
follows that

m
Z Vp(CH,K; JiK X JJK)
j=1

m m
<AY |E[ASYy kMY k]| + B Y |E[AS Bux A% Bk ]|
j=1 j=1

< Cat; — 1) NCHE),

where C, =7 -2 K if 2HK <1 and C, =6HK2 KT2HK-1if 2K > 1. This completes the
proof of the proposition. ]

4. Proof of the main result

The main result is Theorem 21 below dealing with almost sure convergence of sums of properly
normalized powers of increments of the q.m. integral process (1). First, we prove a convergence
of the mean of such sums under less restrictive assumptions.

Theorem 19. Letr >0and T > 0. Let X ={X (t) :t € [0, T']} be a mean zero Gaussian process
from the class LSTZ(p(-)) with the covariance function T'x such that for a constant C| and a
number p > 1 the inequality

Vo (Tx: s, 117) < Ci[p(t — )] (36)

holds for all 0 <s <t <T. Let f € Wy[0,T] with q € Q) and let (x,) be a sequence of
partitions ik, = (t!")iem,) of [0, T] such that |k,| — 0 as n — oo. Then there exists the q.m.

integral process Y (t) = q.m. fot fdX,t€[0,T], and

m

" EIA"Y|" T
lim > '—’,,',A?=E|n|’/ 1, 37)
n—00— [p(A})] 0

i=1

where 1 is a standard normal random variable.



Power variation of integrals 1281

Proof. Since p(-) is continuous at zero, by (A1) of Definition 1, it follows that "y is a continuous
function. Then the q.m. integral process Y exists by Theorems 9 and 10. We shall prove (37).
Since Y is a Gaussian process, for 0 <s <t < T we have

t 2\ r/2
E|Y(t)—Y(s)|r:E|n|’<E[/ de} ) .
By (15), we have

o =] [ roren

[1re - POl + POEXD - x0T

For (s, 1) € [0, T]? let

oy (s,

D= i =

-1, (38)
if s #¢,and let b(s, t) :=0if s =¢. Then

1y~ ElA]YY

Ry = (El") " ) — o A
— [p(A])]

r/2

me
[p(Al_‘L)]Z /t" -/t” [f®f_fz(ttﬂ—l)]dzrx—i_fz(tin—l)[l+b(tin—l’tin)] A?
1 1 i—1 i—1

for each n. Also for each integer n > 1, let

my my,

S DI (TS S L R K

i=1 i=1

and

Mp

5 r/2
M= Z{[pw)]z// fef- f('l)]dr"} A

If r < 2 then using the inequality ||A|"/2 — |B|"/?| < |A — B|"/? it follows that

|Rn_Tn| fUn+er (39)

for each n. If r > 2, then using the Minkowskii inequality for weighted sums, it follows that

2/r 2/r

Ry |<U + w2 (40)
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for each n. Recall that the mesh |«;, | — 0 as n — oo. Therefore since f is regulated, and so | f|”
is Riemann integrable, it follows that

my T
Jim 7o = Jim 3 1) = [ s @)
=

We will show that U,, and W, tend to zero as n — oco. Assuming this, by (39) if r < 2, by (40) if
r > 2 and (41), the conclusion (37) follows.

To prove convergence of U, let ¢ > 0. Recalling notation (38) and using condition (A1) of
Definition 1, we have

E[A?X]?
bt )< —L — +1<L*+1
| (l 1 l) [,O(A:’)]2
for eachn e N and i € (m,]. For each § > 0 letting
¢:(8) :=sup{|b(s,s +h)|:s€le,T),h € (0,8 A (T —5)]} (42)

it follows that

S LRI DAL = (o) S

it | >e i=1
for all n € N. Then for each n € N we have

b=+ X el

il >e i <e

r/2

< {ge (k) )23 N7 AL + (8 + leal) L f g (L2 + 1)

i=1

By conditions (A1) and (A2) of Definition 1, and since the Riemann sums are bounded as |«,| —
0 with n — oo, U,, tends to zero as n — o0.
We prove convergence of W, first assuming that p = 1. In this case, by (10) and (36), we have

s [ Vi@x: [y 1] 1) "
W < (211 f llsup) ”Z{ - [’; g ose(f: [tl»"l,ti"])} Al
i=1 !

N “3)
= 2C11 Flsup) " Y {Ose(f3 [y 7)) AT

i=1

Let ¢ > 0. Since f is a regulated function there is a partition {s j}];=0 of [0, T] such that

Osc(f; (sj—1,5;)) < € foreach j € (k] by Theorem 2.1 in [7]. Since |«,| — 0 as n — oo there is
an N € N such that |k, | < &/(2k) for each n > N. For each n let J,, be the set of indices i € (m,,]
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such thats; € [, #'] for some j € [k] and let J;; := (m,]\ J,. Then the cardinality of J, does
not exceed 2k, and continuing (43), we have for eachn > N

W < (4C1IF1%,)"2 D AT+ 26Cill fllsup) > AL

i€y ieJ¢
2 2
<e(4Cllf12p)"% + (26C1ll £ llsup) T

since the mesh |k, | < ¢/(2k).
1 1

Now suppose that p > 1. Let ¢’ > ¢ be such that % + é >yt > 1. By (13), we have

r/2

Vol [ a

2 (VD [, t11)
Wy < (Kp.g Il fllgn) /ZZ{ - [,o(A'-')l]2

i=1
mp

< (Kpg/ I FlignCrVa (N4) 23 fOse(f: [y ]) 7} 2 s,
i=1

Since a function of bounded g-variation is regulated the arguments used in the preceding case
p = 1 apply and show that W,, tends to zero as n — oo. The theorem is proved. (]

In the case f = 1, we have the following conclusion.

Corollary 20. Letr >0and T > 0. Let X = {X(¢) :t € [0, T]} be a mean zero Gaussian process
from the class LST(p(-)), and let (k,) be a sequence of partitions kn = (t")ie[m,] of [0, T] such
that |k,| — 0 as n — oco. Then

m

" E|AMX|
lim 27| L 'r "
n=00 £ [p(A])]

=1

=En'T,

where 1 is a standard normal random variable.
Proof. In the proof of Theorem 19 taking f =1 it follows that for each n > 1, in the present
case we have T, =T, W,, =0,

Mn mp

Ro=Y [1+b( . f)]A7 and Uy =Y b, )] A7,

i=1 i=1

The argument used in the proof of Theorem 19 gives that U, — 0 asn — oo, and so R, — T as
n — 00, proving the corollary. (I

Next, is the main result.

Theorem 21. Let T > 0, let p € R[0, T'] be such that y,(p) =y for some y € (0, 1), let p :=
max{l, 1/2y)}, and let 1 <r <2/ max{(2Qy — 1),0}. Let X be a mean zero Gaussian process
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from the class LST(p(-)) with the covariance function Tx. Suppose that there is a constant C|
such that (36) holds for all 0 <s <t < T, and there is a constant C, such that the inequality

m
Do Vp(Cxs I x J5) < Ca(af) " (44)
j=1

holds for each partition k = (t;) jem) of [0, T] and each i € (m]. Let f e W, [0, T] withq € Q,,
and let (k) be a sequence of partitions ik, = (t]')ic[m,] of [0, T such that

. . 2
sup{a:ngngow 10gn=0]= IAZ)+(0Aa=-2p). (45)

Then there exists the q.m. integral process Y (t) = q.m. fot fdX,t €0, T], and with probability
one

. |ATY ]
o Z pcany & = / o
where 1 is a standard normal random variable.

Remark 22. The right side of (45) is less than or equal to 1. Also it is positive for any 1 < r < 0o
ify <1/2,andforany 1 <r <2/(2y — 1) if y > 1/2. It follows from the proof of the theorem
that if the local variance p(u) = u? then the hypothesis (45) can be replaced by the following
one

llm IK |(1A2/r)+(OA(1—2)/)) logn :0
n—>oo n
It is known that this condition with » =2 is best possible ([5] and [19], Theorem 2.6).

Proof of Theorem 21. The q.m. integral process Y (t) = q.m. fé fdX, t €0, T], exists due to
reasons stated in the proof of Theorem 19. For each n > 1, let

my 1/r
Z, = (Z ¢ ,,|A”Y| ) , where ¢; , 1= [p(Af‘)]_rA?.

Denoting the median of a real random variable Z by med(Z), by Lemma 2.2 of [19], for each
e>0

2
Pr({|Zn—med(Z,,)| >8})§26Xp{—28—2}, 47
O—n

where

mpy 2 mpy
—sup{ (Zbcl/w ) :(bi)iam,l]eR’"",Dbir’sl}

i=1
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and 1/r +1/r =1.Foreachn > 1 and i € (m,], by (15) we have
mp
M, =) |E(A]YATY)| = / / f® fdly|.

j=1 j=1
For each n > 1 and each vector (b;) € R, by Lemma 2.2 of [23]
my 2
E(Zb NS ) =
i=1
< Zb? i Min

Mp My

D> bibj(cincin) " E(A]YATY)

i=1 j=1

2/r
li?i’,‘,lc zn<2|b| ) , if2<r <oo,
. Q=n)/r /m, 2/r
(ZC? M ff“)) (Z b |f’> . ifl<r<2

i—1 j=1

It then follows that for each n > 1

n 2/r
max | ———— M; ,, if2<r <o,
2 I<i=my [P(A")]’ ’
0y = "y AR 2/(2—r) @=n/r
Yt VAT ifl<r<2
[o(AD)Y ’ '
i=1 i

By (14) if p > 1 and by (9) if p = 1, and then by (44), for each i

mp
n n ]
Min < Kpgll £13, D Vo(Txi I x J57) < CaK g I F117,[A2]7
j=1

where K o0 :=1and || fl[oo] := Il f lsup- By the hypothesis on the local variance p, we have

o
Y (0) :inf{a > 0:sup i oo} =y.
u=0 P ()

In the case p > 1, we have 1 — 2y > 0, and so for each § € (0, 1/r),

Ay +9o 2
|K,,|2/’_281max (%) , if2<r < oo,
2 2 sizmp \ PLA;
Jn < CZKp,q”f”[q] I(Aﬂ)y+5 2
TN/, |12 max | ——— | , ifl <r <2,
1<i<m, p(A:l)

= o(1/(logn)),
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as n — oo by the hypothesis (45). In the case p = 1, we have 1 — 2y <0, and so for each § > 0,

ATy TiN2
licy |2/ +1-2 =28 1 max (%) , if2<r < oo,
o7 < Coll flIzup e p((iA)’?)V” 2
T(z_r)/r|Kn|2—2y—28 max | ———] , ifl <r <2,
1<i=m, \ p(A})
= o(1/(logn)),

as n — oo by the hypothesis (45). By (47) and Borel-Cantelli lemma it then follows that
lim |Z, — med(Z,)| =0
n—0oo

with probability one. Using our Theorem 19 and the argument of [19], Theorem 2.3, it follows
that (46) holds with probability one. (|

In the case f = 1, we have the following conclusion.

Corollary 23. Let T > 0, let p € R[0, T] be such that y.(p) =y for some y € (0, 1), and let
1<r<2/max{2Qy —1),0}. Let X = {X(t):t € [0, T1} be a mean zero Gaussian process from
the class LSZ(p(-)). Suppose there is a constant Cy such that the inequality

m
Y |E[AfxASX]| < Cy(aK) 48)
j=1

holds for each partition k = (t;) jeim) of [0, T] and each i € (m]. Let (k,) be a sequence of
partitions kK, = (t!)ie[m,) of [0, T] such that (45) holds. Then with probability one

m

o|ATX
lim :"7"|r
n=>00 &= [p(AD)]

i=1

A" =En|'T, (49)

where 1 is a standard normal random variable.

Proof. The proof is the same as of Theorem 21 except that now Corollary 20 is used in place of
Theorem 19 and the bound (48) is used in place of (44). U
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