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Let X = {X (1), 1 € RV} be a centered real-valued operator-scaling Gaussian random field with stationary
increments, introduced by Biermé, Meerschaert and Scheffler (Stochastic Process. Appl. 117 (2007) 312—
332). We prove that X satisfies a form of strong local nondeterminism and establish its exact uniform and
local moduli of continuity. The main results are expressed in terms of the quasi-metric g associated with
the scaling exponent of X. Examples are provided to illustrate the subtle changes of the regularity properties.
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1. Introduction

For random fields, “anisotropy” is a distinct property from those of one-parameter processes and
is not only important in probability (e.g., stochastic partial differential equations) and statistics
(e.g., spatio-temporal modeling), but also for many applied areas such as economic, ecological,
geophysical and medical sciences. See, for example, Benson et al. [6], Bonami and Estrade [10],
Chilés and Delfiner [11], Davies and Hall [12], Stein [24,25], Wackernagel [27], Zhang [36], and
their combined references for further information.

Many anisotropic random fields ¥ = {Y (¢), t € R} in the literature have the following scaling
property: There exists a linear operator E (which may not be unique) on RV such that for all
constants ¢ > 0,

{¥(cFr),1 eRV} S {ev(n),1 e RV, (1.1)
Here and in the sequel, «d> eans equality in all finite-dimensional distributions and, for ¢ > 0,
cf is the linear operator on RY defined by ¢ = Z;io (]Mnﬁ A random field Y = {Y (¢),t €
RV} which satisfies (1.1), is called operator-scaling in the time variable (or simply operating-
scaling) with exponent E. Two important examples of real-valued operator-scaling Gaussian
random fields are fractional Brownian sheets introduced by Kamont [14] and those with station-

ary increments introduced by Biermé, Meerschaert and Scheffler [8]. Multivariate random fields
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with operator-scaling properties in both time and space variables have been constructed by Li
and Xiao [16].

Several authors have studied probabilistic and geometric properties of anisotropic Gaussian
random fields. For example, Dunker [13], Mason and Shi [20], Belinski and Linde [5], Kiihn
and Linde [15] studied the small ball probabilities of a fractional Brownian sheet B where
H = (Hy,...,Hy) € (0, )N. Mason and Shi [20] also computed the Hausdorff dimension of
some exceptional sets related to the oscillation of the sample paths of B . Ayache and Xiao [3],
Ayache et al. [2], Wang [28], Wu and Xiao [29], Xiao and Zhang [35] studied uniform mod-
ulus of continuity, law of iterated logarithm, fractal properties and joint continuity of the local
times of fractional Brownian sheets. Wu and Xiao [30] proved sharp uniform and local moduli
of continuity for the local times of Gaussian fields which satisfy sectorial local nondetermin-
ism. Luan and Xiao [18] determined the exact Hausdorff measure functions for the ranges of
Gaussian fields which satisfy strong local nondeterminism. Meerschaert et al. [22] established
exact modulus of continuity for Gaussian fields which satisfy the condition of sectorial local
nondeterminism. Their results and methods are applicable to fractional Brownian sheets and cer-
tain operator-scaling Gaussian random fields with stationary increments whose scaling exponent
is a diagonal matrix. We remark that there are subtle differences between certain sample path
properties of fractional Brownian sheets and those of anisotropic Gaussian random fields with
stationary increments. This is due to their different properties of local nondeterminism; see Xiao
[33] and Li and Xiao [17] for more information.

For an operator-scaling Gaussian random field X = {X (¢), r € RV} with stationary increments,
Biermé et al. [8] showed that the critical global or directional Holder exponents are given by
the real parts of the eigenvalues of the exponent matrix E. The main objective of this paper
is to improve their results and to establish exact uniform and local moduli of continuity for
these Gaussian fields. Our approach is an extension of the method in Meerschaert et al. [22].
In particular, we prove in Theorem 3.2 that X has the property of strong local nondeterminism,
which is expressed in terms of the natural quasi-metric tg(t — s) associated with the scaling
exponent E (see Section 2 for its definition and properties). As an application of Theorem 3.2
and the method in [22], we establish exact uniform and local moduli of continuity for X (see
Theorems 4.2 and 5.1 below).

It should be mentioned that Biermé et al. [8] constructed a large class of operator-scaling
a-stable random fields for any « € (0, 2]. By using a LePage-type series representation for stable
random fields, Biermé and Lacaux [7] studied uniform modulus of continuity of these operator-
scaling stable random fields. See also Xiao [34] for related results using a different approach
based on the chaining argument. In this paper we will focus on the Gaussian case (i.e., @ = 2)
and our Theorem 4.2 establishes the exact uniform modulus of continuity, which is more precise
than the results in [7] and [34].

The rest of this paper is divided into five sections. In Section 2, we prove some basic properties
on the quasi-metric 7 associated with the scaling exponent E and recall from [8] the definition of
an operator-scaling Gaussian field X = {X (¢), t € RV} with stationary increments. In Section 3,
we prove the strong local nondeterminism of X, and in Sections 4 and 5 we prove the exact
uniform and local moduli of continuity of X, respectively. In Section 6 we provide two examples
to illustrate our main theorems.

We end the Introduction with some notation. The parameter space is R", endowed with the Eu-
clidean norm || - ||. For any given two points s = (sq, ..., Sn), t = (t1, ..., ), the inner product
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of s, € RN is denoted by (s, ). For x € R, let logx :=In(x V e) and loglog x :=In((Inx) V ¢).
Throughout this paper, we will use C to denote an unspecified positive and finite constant which
may be different in each occurrence. More specific constants are numbered as Cq, Ca, . ...

2. Preliminaries

In this section, we show some basic properties of a real N x N matrix E and prove several
lemmas on the quasi-metric Tz on RY. Then we recall from Biermé et al. [8] the definition of
operator-scaling Gaussian random fields with a harmonizable representation.

For areal N x N matrix E, it is well known that E is similar to a real Jordan canonical form,
i.e. there exists a real invertible N x N matrix P such that

E=PDP !,

where D is areal N x N matrix of the form

J 0 .. 0
0 J -+ 0
D=| . . . 2.1
0 0 - J,
and J;, 1 <i < p, is either Jordan cell matrix of the form
A 0 0 --- 0
1 » 0 --- 0
o1 A --- 0 2.2)
0O 0 0 - A
with A a real eigenvalue of E or blocks of the form
A 0 0 --- 0
L A O 0
0 b A 0 . _ (1 0 _fa b
. with I = (0 1 and A = b a ) (2.3)
o 0 0 --- A

where the complex numbers a & ib (b # 0) are complex conjugated eigenvalues of E.
Denote the size of Ji by [} and let a; be the real part of the corresponding eigenvalue(s) of J.
Throughout this paper, we always suppose that

l<ay<ay<---<a,.

Notethatpr,fl+f2+---+ip=NandQ::trace(E):Zf La;l;.
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As done in Biermé and Lacaux [7], we can construct the E-invariant subspace W associated
with Ji by

k—1 k
Wi = span; fj: Zi,-—i—lfjfoi ,
i=I
where f; is the jth column vector of the matrix P. Then R” has a direct sum decomposition of

RV=w @ - oW,

It follows from Meerschaert and Scheffler [21], Chapter 6 (see also [8], Section 2) that there
exists a norm || - || on RV such that for the unit sphere Sg = {x € RV: ||x||g = 1} the mapping
W:(0,00) x Sp — RY \ {0} defined by ¥ (r,0) = r£0 is a homeomorphism. Hence, every x €
R™\ {0} can be written uniquely as x = (t¢(x))F1g (x) for some radial part 7z (x) > 0 and some
direction /g (x) € Sg such that the functions x — 7g(x) and x — [g(x) are continuous. For
x eRVN \ {0}, (zg(x), [E(x)) is referred to as its polar coordinates associated with E.

It is shown in [21] that Tz (x) = 7 (—x) and 1 (rEx) = rtg(x) forall r > 0 and x e RY \ {0}.
Moreover, tg(x) — o0 as x — oo and 7g(x) — 0 as x — 0. Hence, we can extend tg(x)
continuously to RV by setting 7z (0) = 0.

The function tg(x) will play essential roles in this paper. We first recall some known facts
about it.

(i) Lemma 2.2 in [8] shows that there exists a constant C > 1 such that
te(x+y) <C(te(x) +16(y)),  ¥x,yeRY. (24)
Hence, we can regard Tz (x — y) as a quasi-metric on RV
(ii) Since the norms | - || and | - || are equivalent, Lemma 2.1 in [8] implies that for any
0 < § < ay there exist finite constants C1, C» > 0, which may depend on §, such that for
all ||x||<lorall tg(x) <1,
Cillx 7 < 7p(x) < Coflx |/, 2.5)
and, for all |x|| > 1 or all Tg(x) > 1,
Cillx ]|+ < 2z (x) < Callx]| /7). (2.6)
(iii) Biermé and Lacaux [7], Corollary 3.4, proved the following improvement of (2.5): For
any n € (0, 1), there exists a finite constant C3 > 1 such that forall x e W; \ {0}, 1 < j <
p,with [lx| <n

_ . —(i—1 P . li—1 P
C3 el 4 el |GV < ey < Gyl i g |GV @)

where [, = l~k if Ji is a Jordan cell matrix as in (2.2) or [ = ik/2 if Jy is of the form (2.3).
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We remark that, as shown by Example 6.2 below, both the upper and lower bounds in (2.7) can
be achieved and this fact makes the regularity properties of an operator-scaling Gaussian field
with a general exponent E more intriguing.

Forany x e RV, let x =5 @5 @ --- @ X, be the direct sum decomposition of x in the

E-invariant subspaces W;, j = 1,2, ..., p. This notation is used in Lemmas 2.1 and 2.2.
Lemma 2.1. There exists a finite constant C > 0 such that for all x e RN and j =1,2,..., p,
we have

1e(x;) < Cte(x). (2.8)

Proof. Since (2.8) holds trivially for x = 0. We only consider x € RN \ {0}, which can be written
as x = (15 (x))Elg(x) for some Ig(x) € Sg. Denote the direct sum decomposition of /g (x) in
the E-invariant subspaces W;, j =1,2,..., p,bylp(x) = x; ®--- éBx;,. Then from the fact that

(rE(x))Ex} e Wjforall j=1,2,..., p, it follows that

- E
Xj= (tE(x)) x}.
Since Sg is bounded, that is, there exists M > 0 such that S C {y € RV: ||y|| < M}, we can
easily see that x} ef{ye RN: Iyl <M} forall j=1,2,...,p. Let C = max) <M TE(X) €
(0,00). Then forall j =1,2,...,p
Tp(Xj) = TE(X)TE(X}) <Crtg(x),
which is the desired conclusion. ([l

As a consequence of (2.4) and Lemma 2.1, we have the following lemma.

Lemma 2.2. There is a finite constant C > 1 such that
p p
C'Y @) <t =C) w@E), VreRY. (2.9)
i=1 i=1

The following lemma implies that the function 7 (x) is O-regular varying at both the origin
and the infinity (cf. Bingham et al. [9], pages 65-67).

Lemma 2.3. Give any constants 0 < a < b < 00, there exists a finite constant C4 > 1 such that
forall x eRY and B € [a, b],

C;y ' te(x) < tp(Bx) < Catp(x). (2.10)

Proof. To prove the left inequality in (2.10), note that A = {8x: x € Sg, B € [a, b]} is a compact
set which does not contain 0. This and the continuity of Tz (-) on RY, imply min,cp 7g (x) > 0.
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Hence, by taking C4_1 =1 Aminyecp Te(x), we have

e (Bx) = e (BTE (DIE(x)) = Te() e (BlE(X)) = C; Mg (x).

The right inequality in (2.10) can be proved in the same way. This finishes the proof. (]

Lemma 2.4. There is a subsequence {nj}ren € N such that ny >k for all k > 1 and

min g ((i27%)) > C; g (27)), @.11)

1<i<2"k
where (¢) = (c,c, ...,c) €RY forany c eR.

Proof. Suppose minj<;<o» Tg((i27")) is attained at i = K. There is an integer m,, € [0, n] such
that 2"~ ~1 < K, < 2"~"»_Therefore, we can rewrite K,27" as 82~ for some f € (1/2, 1].
Since {i27",i=1,...,2M™}cC{i27",i=1,...,2"}, we have

min 7 (i27")) = min 7p((27") = e ((27")) = €5 e (7)),

1<i<2mn 1<i<2n

where the last inequality follows from Lemma 2.3 with [a, b] = [1/2, 1]. Furthermore, by the
fact

min, 7 ((i27) < e (277) — 0
as n — oo, we know that ¢ ((27"")) — 0 which implies that m, — oo as n — oo. Hence, a
desired subsequence {ny}ren can be selected from {m,}. O

Let E’ be the transpose of E. An E’-homogeneous function 1 : RN — [0, 0o) is a function
which satisfies that ¥ (x) > 0 and w(rElx) =ry(x) for all r >0 and x € RN \ {0}. For any
continuous E’-homogeneous function yr ‘RN = [0, 00), Biermé et al. [8], Theorem 4.1, showed
that the real-valued Gaussian random field Xy = {Xy (¢),1 € RY }, where

i Mdg)
X,,,(t):Re/RN(e <f’f>—1)W, reRV, (2.12)

is well defined and stochastic continuous if and only if minj<j<,a; > 1. In the latter case,
they further proved that X, satisfies (1.1) and has stationary increments. Here, M is a centered
complex-valued Gaussian random measure in R" with the Lebesgue measure m y as its control
measure. Namely, M is a centered complex-valued Gaussian process defined on the family A =
{A CRM: my(A) < oo} which satisfies

E(M(AM(B)) =my(ANB) and M(—A) = M(A) (2.13)

forall A, B € A.
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Remark 2.1. The following are some remarks on the Gaussian random field X .

e If, in addition, v is symmetric in the sense that v (£) = v (—&) for all £ € RV, then because
of (2.13) the Wiener-type integral in the right-hand side of (2.12) is real-valued. Thus, in
this latter case, “Re” in (2.12) is not needed. For simplicity, we assume that ¥ is symmetric
in the rest of the paper. A large class of continuous, symmetric £’-homogeneous functions
has been constructed in [8], Theorem 2.1.

e By replacing Min (2.12) by a complex-valued isotropic «-stable random measure M, with
Lebesgue control measure (see [23], page 281), Biermé et al. [8], Theorem 3.1, obtained a
class of harmonizable operator-scaling «-stable random fields. They also defined a class of
operator-scaling «-stable fields by using moving-average representations. When « € (0, 2),
stable random fields with harmonizable and moving-average representations are generally
different. However, for the Gaussian case of o« = 2, the Planchrel theorem implies that every
Gaussian random field with a moving-average representation in [8] also has a harmonizable
representation of the form (2.12).

3. Strong local nondeterminism of operator-scaling
Gaussian fields

Let E be an N x N matrix such that the real parts of its eigenvalues satisfy minj<;j<pa; > 1
and let ¢ be a continuous, symmetric, E’-homogeneous function with ¥ (x) > 0 for x # 0 as
in Section 2. Let Xy = {Xy(1),1 € RV} be the operator-scaling Gaussian field with scaling
exponent E, defined by (2.12). For simplicity, we write Xy as X. Note that the assumptions on
¥ imply

0 <my = min ¥(x) < My = max ¥ (x) < oo. (3.1)

XeSp xeSg
The dependence structure of the operator-scaling Gaussian field X is complicated for a general
matrix E. In order to study sample path properties and characterize the anisotropic nature of X,
we prove that X has the property of “strong local nondeterminism” with respect to the quasi-
metric g (s — t). The main result of this section is Theorem 3.2, which extends Theorem 3.2 in

Xiao [33] and will play an important role in Section 4 below.
Since many sample path properties of X are determined by the canonical metric

dx(s,1) = [E(X(s) = X(1)’]?,  Vs,1eRY, (3.2)
our first step is to establish the relations between dx (s, ¢) and tg(s — 7).
Lemma 3.1. There exists a finite constant C > 1 such that

C k(s —1) <di(s,H) <Cti(s —1),  Vs,teRV, (3.3)
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Proof. Forall s, € RV, by (2.12), we have

d%(s,t) =/ |ei<saX> _ei(t,x)‘z dx
RN

¥ (x)*e

dx
:2/};1\/(1 —COS<S—[,X))W.

Let y = t£ (s — )x. Then dx = (1/tx (s —1))2 dy. Hence,

2 _ 2 1 £ dy
dX(S,l)—z'L'E(S—t) AN<1—COS<<m> (S—[),y>>W (34)

Since for all s # 1, rE((ﬁ)E(s —t)) = 1. Hence, the set

1 E v
{<7TE(S—I)) (s—1):s#teR }

is compact and does not contain 0. On the other hand, a slight modiﬁcation of the proof of
Theorem 4.1 in [8] shows that the function & — fRN (1 —cos¢, ¥)—=5 )2 +p 1s continuous on RV

Yy
and positive on RV \ {0}. Therefore, the last integral in (3.4) is bounded from below and above
by positive and finite constants. This proves (3.3). (I
Theorem 3.2. There exists a constant Cs > 0 such that for alln > 2 and all t', ..., 1" ¢ RN, we
have
Var(X (") X (¢, ..., X(1" 1)) = C " —t 3.5

(X)X X () 2 G min (01, (3

where t° = 0.

Proof. The proof is a modification of that of Theorem 3.2 in Xiao [33]. We denote r =
ming<x<p—1 TE(E" — #5). Since

Var(X (") IX (1), ..., X(t"7 1)) = ilrllnf_leRE|:<X(t") —SukX(tk)> ]

up,...,

it suffices to prove the existence of a constant C > 0 such that
n—1 2
E[()((t") — ZukX(tk)) } >Cr? (3.6)
foralluy e R, k=1,2,...,n— 1. It follows from (2.12) that

E[(X(t”)—gukX(tk)>2:| / S Zuke (thox

L
Y (x)2+e’
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where 1© =0 and up =1 — Y_{_, ux. Let §(-) :RY + [0, 1] be a function in C>(R") such that
8(0) =1 and it vanishes outside the open set B = {x: tg(x) < 1}. Denote by 3§ the Fourier
transform of 8. Then § € C*®(RN) as well and decays rapidly as x — oo, that it, for all £ > 1,
we have ||x ||€|§(x)| — 0 as x — oo. This and (2.6) further imply that for all £ > 1,

)5 >0 asx— oo (3.7)

Let 8,(t) =r—28(-—Er). Then

8-(t) = (ZR)_N/ e_i<t’x>§(rE/x) dx.
N

R

Since min{tg (1" —t*),0 <k <n— 1} =r, we have §,(t" —t*) =0 forall k=0,1,...,n — 1.
Therefore,

n—1
J = ellt"x) _ N7 it x) Y o—i" T E ) dy
/R ( 3 (rE'x)

k=0
(3.8)
n—1
= enV <8r URDBEAGE t")) =nVre.
k=0
By Holder’s inequality, a change of variables, the E’-homogeneity of ¥ and (3.1), we derive
n—1 L
2 it"x) _ (", x) 240
J S/];N e ge w(x)z*‘Q,/. Y(x) |8(r x)| dx

n—1

— ZukX(tk)

= erZE( x(")

2
r‘zQ‘2E< X (1" )/ rE(y)HQM?fQ\E(y)\zdy
RN

2
< Cr‘ZQ‘ZE( X (" 5 )

for some finite constant C > 0, since [py T£ (1) 2[5(y)|>dy < oo which follows from (3.7).
Combining (3.8) and (3.9) yields (3.6) for an appropriate constant C5 > 0. ]

2
) | e ey

(3.9)

n—1
— Z ukX(tk)
k=1
n—1

— ZukX(l

k=1

The relation (3.5) is a property of strong local nondeterminism, which is more general than
that in Xiao [33] and can be applied to establish many sample path properties of X.

Forany s, t € RN with s # ¢, we decompose s — ¢ as a direct sum of elements in the E-invariant
subspaces W, j=1,2,...,p,

s—t=(s1—t)®---D(sp —1p).
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Then (2.7) and Lemmas 3.1 and 2.2 imply

p
_ . —(j=1)/a;
3 sy — a1 sy — 1| 7YV < ddsn)

j=1
p (3.10)
< CY sy — 101 i s — o517
j=1
Moreover, Theorem 3.2 implies that for all n > 2 and all ¢!, ..., #" € R¥, we have
Var(X ()X (1), ... x ("7
(X ()X (") (") o
1/a;j —(li=1)/a;
=€ o IZHt e T [
where 10 = 0.

Inequalities (3.10) and (3.11) are similar to Condition (C1) and (C3’) in Xiao [33]. Hence,
many results on the Hausdorff dimensions of various random sets and joint continuity of the local
times can be readily derived from those in [33], and these results can be explicitly expressed in
terms of the real parts {a;, 1 < j < p} of the eigenvalues of the scaling exponent E.

To give some examples we define a vector (Hy, ..., Hy) € (O DV as follows

F0r1<1<lp,deﬁneH_a ! In general, 1f1+2 l]<z<2 ; for some 2 <

k < p, then we define H; = akfl. Since 1 <ay <ap <--- <ap, we have
O<H <H<---<Hy<1.
Consider a Gaussian random field X = {f( (1), t € RV} with values in R¢ defined by

X(0) = (X1(0), ..., Xa(0)),

\yhere X1,...,Xg are independent cgpies of the centered Gaussian field X in the above. Let
X([0, 11V) and Gr X ([0, 11V) = {(t, X (¢)), t € [0, 1]V} denote respectively the range and graph
of X, then Theorem 6.1 in [33] implies that with probability 1,

N
dimy X ([0, 11V) = dimp X ([0, 11V) = min[d; > HL} (3.12)
j

where dimy and dimp denote Hausdorff and packing dimension respectively, and

dimy Gr X ([0, 11V) = dimp Gr X ([0, 11V)

k N
H 1
:min{§ Fk—i-N—k—i—(l—Hk)d,lgka;E F} (3.13)
J

=1k j=1
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A A
>0 it) =4
_ )=t =1
—) «k k—1 k
H; 1 1
— 4+ N—k+ (1 — Hyd, if — <d —,
ZH;+ +( k) it H = <ZH/
Jj=1 Jj=1 Jj=1
where Z?:l H% :=0.
Similarly, it follows from Theorem 7.1 in Xiao [33] that the following hold:
@) If Zy:1 HL] < d, then for every x € R4, i_l({x}) =g as.
Gi) If Z];V:l HLI > d, then for every x € R,
dimp X! ({x}) = dimp X~ ({x})
k Hi
= mi — +N—k—Hd,1<k<N 3.14
min Z H, + k =Kk= } ( )
j=1
k k—1 k
H 1
=S RN —k—Hd, i) —<d<) —
j:1 J j=1 J j=1 J

holds with positive probability.

In light of the dimension results (3.12)—(3.14), it would be interesting to determine the exact
Hausdorff (and packing) measure functions for the above random sets. In the special case of frac-
tional Brownian motion, the corresponding problems have been investigated by Talagrand [26],
Xiao [31,32], Baraka and Mountford [4]. For anisotropic Gaussian random fields, the problems
are more difficult. Only an exact Hausdorff measure function for the range has been determined
by Luan and Xiao [18] for a special case of anisotropic Gaussian random fields.

4. Uniform modulus of continuity

In this section, we establish the exact modulus of continuity for X. We first rewrite Lemma 7.1.1
in Marcus and Rosen [19] as follows.

Lemma 4.1. Let {G(u),u € RN} be a centered Gaussian random field. Let w:R, — R, be
a function with w(0+) =0 and T C RY be a compact set. Assume that there is a continuous
map t ‘RN Ry with ©(0) = 0 such that dg is continuous on t, i.e., T(u, — v,) — 0 implies
dg(uy, v,) = 0. Then

i Gw) — G(v)|
im sup —————— <
=0 (u—v)<s w(t(u—v))

u,vel

C, a.s. for some constant C < 0o
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implies that

IGw) =G| _

lim sup =C/, a.s. for some constant C' < 00.

=07 (u—v)<s o(t(u—v))
u,vel

This result is also valid for the local modulus of continuity of G, that is, it holds with v replaced
by uy and with the supremum taken over u € I'.

Remark 4.1. Lemma 4.1 is slightly different from Lemma 7.1.1 in Marcus and Rosen [19],
where 7 is assumed to be a pseudo-norm. However, by carefully checking its proof in [19], this
requirement can be replaced by the conditions stated in Lemma 4.1.

Using the above lemma, we prove the following uniform modulus of continuity theorem. For
convenience, let Bg(r) := {x € RV: 1g(x) <r} and B(r) = {x e RV: ||x|| <r} for all r > 0,
and I :=10, 1]V,

Theorem 4.2. Let X = {X (¢),t € RN } be a centered, real-valued Gaussian random field defined
as in (2.12). Then

. 1X(5) = X(0)] _
lim  sup = a.s., “.1)
r=0 el tp(s —1)y/log(l + (s — 1)~ 1)

TE(s—1)<r

where Cg is a positive and finite constant.

Proof. Note that due to monotonicity the limit in the left-hand side of (4.1) exists almost surely,
and the key point is that this limit is a positive and finite constant.
Fort,t' €I,let B(t,t") =tp(t — t/)\/log(l + 1t — )~ 1) and let

B IX() — X&)
T = e B(t,1)
tp(i—1)<r

First, we prove that lim,_,o J (r) < C < oo almost surely. We introduce an auxiliary Gaussian
field:

Y={Y(t.5),t€l,s€Bp(r)}

defined by Y (t,s) = X (t +s) — X (), where r is sufficiently small such that B¢ (r) € [—1, 1]V.
Since X has stationary increments and X (0) =0, dx(s,t) =dx(0,¢t — s) for any s, ¢ € RV, the
canonical metric dy on T := I x Bg(r) associated with Y satisfies the following inequality:

dy((t.5), (', s")) < Cmin{dx (0, s) +dx (0.5"). dx(s.s") +dx(t.7)}
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for some constant C. Denote the diameter of T in the metric dy by D. By Theorem 3.2(i), we
have that

D<C sup (dx(0,s)+dx(0,s")) <Cr

SEBE(r)
s'€BE(r)

for some constant C. Note that by Theorem 3.2(i) and (2.5), for a given small § > O, there is
C > 0 such that

dx(s, 1) < C|it — ||/ @+,

Therefore, there exists C > 0 such that for small ¢ > 0, if ||t — || < Ce% T and ||s — || <
Ce 18 then

(t'.5") € Ogy ((1,5), &) = {(u, v): dy((u,v), (t,5)) <e}.

Hence, N4(T, ¢), the smallest number of open dy-balls of radius ¢ needed to cover T, satisfies
Na(T, &) < Ce 2N @t

for some constant C > 0. Then one can verify that for some constant C > 0

D
[ ViR e = cr o1+ 7).
0

It follows from Lemma 2.1 in Talagrand [26] that for all u > 2Cr+/log(1 +r~1),

2
u
P( sup |X(t+s)—X(1) 2“) §exp<——>.
(t,s)eT| | 4D2

By a standard Borel-Cantelli argument, we have that for some positive constant C < oo,

. | X (s) — X (1)]
imsup sup ————"-<C  as.
r—0  tel  rylog(1+r~1)

Teg(s—t)<r

The monotonicity of the functions r > r/log(1 4+ r—!) implies that lim, .o 7 (r) < C almost
surely. Hence, by Lemma 4.1, we see that (4.1) holds for a constant Cg € [0, 00).
In order to show Cg > 0 it is sufficient to prove that

lim J(r)>Cy, a.s., 4.2)
r—0+

where C7 = C4_1«/2C5a1. Recall that a; is the real part of eigenvalue A1. For any k > 1, we let

xP=(i2™),  i=0,1,2,...,2%
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and ry = T ((27")), where the sequence {ny} is taken as in Lemma 2.4. Since 0 < g ((27"¢)) —
0 as k — oo, the monotonicity of 7 (r) implies that

. X () = X (@)
lim J(r) = lim sup N
r—>0+ k=00 tel tp(s—1)<r Bs, 1)
k) (k)
X (x5 - X
> liminf max X052 ) (4.3)
k—o00 0<i<(1/2)(2"—1) rry/log(1 +rk_ )

=: liminf J.
k—o00

For any small § > 0, denote Cg = C4_1«/2C5(a1 —6). For any € (0, 1), we write

P(Jk < (1 — w)Cs)
=g\ _ n—ni+1
:P<{|X(<1 27m)) = X ({1 =27 >>|§(1_M)Cg} )

rey/log(l + rk_l)

IX ({2 + D27™%)) — XUCD2T)] _ (1- M)CS}).

n { max
0<i<(1/2)(2"k—1)—1 - /log(l—}—rk_l)

Let

|x«m+nrm»—xm%ﬂﬂ””<a—um0 (4.5)

Pl(k)=P< max
0<i<(1/2)(2"—1)—1 e /log(l—i—r,:l)

and
—nk+l>)|

IMM=PCMﬂ_ZW”_X““4 < (1= WG| x ({1 =27+
Tk

+/log(1l +rk_l)
(4.6)

Ligm _ )1)

X((@i +1D27™)), X ((2i)27™)),0<i <

N =

It follows from Theorem 3.2 and Lemma 2.4 that

Var (X ({1 = 2774) = ({1~ 2 - 2

X((@i + 127")). x (22 ")) 0 <i < 2 @w 1) — Q

= Cs min 7 (i2) = s () = sy

1<i<2"
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Thus by the fact that the conditional distributions of the Gaussian process is almost surely Gaus-
sian, and by Anderson’s inequality (see Anderson [1]) and the definition of Cg, we obtain

Py(k) < P(N(O, D={- M)\/Z(al —8)log(1 +rk_l)>’

where N (0, 1) denotes a standard normal random variable. By using the following well-known
inequality

Q) 2 (1 —x2)x e R <P(N©, 1) > x) < @0 xle 2 x>0,

we derive that for all k large enough

Pryk)<1— P(N(O, H>1- u)\/Z(al —8)log(1+ "k_l))

1-1/2)%(a1 -5 1— /2% (a1 -5 @7
<1 —’”15 —n/DM@=8) exp(—r,ﬁ —1/2)*(a1— >)'
Combining (4.4) with (4.5), (4.6) and (4.7), we have that
2 (@ —
P(Jk < (1 — 0)Cs) < exp(—r 2770 Py k).
By repeating the above argument, we obtain
2% =1 (1—p/2%@r-9) )2
P(Jk = (1= wCy) =exp( ————74 <exp(—C2/"/?), (4.8)

where the last inequality follows from the estimate:
=R = Gl = s,

By (4.8) and the Borel-Cantelli lemma, we have liminfy_, oo Jr > (1 — u)Cg a.s. Letting u — 0
and § — 0 yields (4.2). The proof of Theorem 4.2 is completed. ]

5. Laws of the iterated logarithm

For any fixed 1o € RY and a family of neighborhoods {O(r): r > 0} of 0 € RY whose diameters
go to 0 as r — 0, we consider in this section the corresponding local modulus of continuity of X
at 1g

w(to,r)= sup |X(to+s) — X(to)|.
se0(r)

Since X is anisotropic, the rate at which w(fy, r) goes to 0 as r — 0 depends on the shape of
O(r). A natural choice of O (r) is Bg(r).
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For specification and simplification, in this section, let E be~a Jordan canonical form of
(2.1), which satisfies all assumptions in Section 2. Recall that /; is the size of J;. For any

i=1,2,...,N,iflj +---+1_1+1<i<lj4---+1;, then
e;=10,...,0,1,0,...,0} e W;.
i
The following theorem characterizes the exact local modulus of continuity of X.
Theorem 5.1. There is a positive and finite constant Cy such that for every ty € RN we have
| X (s) — X(10)|

lim sup =Cy a.s. 5.1
r=>0t s tyeBg(r) TE (s — to)y/loglog(l + T (s — 19)~")

In order to show this result, we will make use of the following lemmas.

Lemma 5.2. There exist positive and finite constants ug and C1o such that for all to € RN, u>ug
and sufficiently small r > 0,

P( sup |X (o +5) — X (to)| = ur,/loglog(1 + ’”_l)) < e~ Cionloglog(1+r™")

sEBE(r)

Proof. We introduce an auxiliary Gaussian field ¥ = {Y(s),s € Bg(r)} defined by Y(s) =
X (to + s) — X (fo). Since X has stationary increments and X (0) = 0, we have dy(s,s’) =
dx(s,s’) for all s,s" € RN, Denote the diameter of Bg(r) in the metric dy by D. It follows
from Lemma 3.1 that D < Cr for some finite constant C. Note that the decomposition of
x = (x1,x2,...,xy) € BE(r)in W; is

5=0,... 0,...,0).

0, xl~1+'"+l~j71+l’ e xi1+"'+[~j ’

Forany j=1,2,...,p,letl; :l~j if J; is a Jordan cell matrix as in (2.2) or /; :ij/2 if J; is of
the form (2.3). By Lemma 2.1 and (2.7), we have that for sufficiently small r,

_ . - —=Uj=D/a;
1% 11 [in 1%~ < cr.

This implies that there exists a constant C, which may depend on a;, such that for all i with
h+-+La+1<i<h+---+1,

Ix;| < Cré%|Inrlli~!

Therefore Br(r) C [—h, h] for sufficiently small r > 0, where h = (hy, ha, ..., hy) with h; =
Cri|lnr|i—Vasl +- +lj 1 +1<i<l+- +l Furthermore, from (2 7), we have that
for any x = (x1,x2,...,xN) € RY and sufﬁc1ently small e>0,if

e aj e —(lj—l)/aj
= () Gl
Nu Nu
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for l~1 + - +l~j_1 +1<i< l~1 + - +fj, where  is a constant whose value will be determined

later, then
s 7(11-71) e aj e 7(117])/6” (lj*l)/aj
e =efn()) () In(w) ]
M 2 2% M 5.2)
< C—
Nu'
where X; =(0,...,0,x;,0,...,0) € RY. Then by (2.4) and (5.2), there exists a constant C > 0
M
such that !

N N
fE(x)=TE<Z)?i> Z S
i=1 im1

By using Lemma 3.1 again, we have

:m

dy(0,x) < Ctp(x) < Cr1¢/u.

Now we take . > Ci1, then x € Oy, (¢) implies [0, x) C Oy, (&). Therefore the smallest number
of open dy-balls of radius ¢ needed to cover Bg(r) := T, denoted by N4 (T, ¢), satisfies

Uj=1)/a; lj

&

ln(—) |1nr|<’f—1>>
uN

for some constant C > 0. Then one can verify that

D
/ VNN (T ) de < Cr\loglog(1 + ).
0

It follows from [26], Lemma 2.1, that for all sufficiently large u,

P( sup [ X (10 +5) — X (10)| > ur\/m)

SEBE(r)

aj

p
,
Ny(T,e)<C —_—
9= ]Dl(@/(uzv))%

< exp(—Ciou’loglog(1 +r71)).

This finishes the proof of Lemma 5.2. ]

Lemma 5.3. There is a constant Cy; € [0, 00) such that for every fixed tq € RY,

X X (1
lim  sup X(s) — X0 =Ci2 a.s. (5.3)

e=>05_10eBp(e) TE(S — to)\/loglog(l +1e(s—19)" D)
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Proof. By Lemma 4.1, it is sufficient to prove

X(s) — X (¢
lim  sup X () (o)l <C < o0, 5.4

e=05 1eB(e) TE(s — 19)y/loglog(1 + T (s —19)~1) —

for some constant C > 0. Let ¢, = e™", consider the event

En:{ sup 1X(s) — X ()| >u}’

s—to€BE(¢) En loglOg(1 + 871_1)

where u > CfO]/Z is a constant. By Lemma 5.2, we have P(E,) < e—Crou?logn o1 a1] sufficiently
large n. Hence, the Borel-Cantelli lemma implies

5 | X (s) — X (10)]
imsup sup <u
e—0 sel.s—tyeBg(e) €4/loglog(l +&~1)
This and a monotonicity argument yield (5.4). (]

We will also need the following truncation inequalities which extend a result in Luan and Xiao
[18].

Lemma 5.4. For a given N x N matrix E, there exists a constant ro > 0 such that for any u > 0
and any t € RN with tg (Hu < rg, we have

), dE / dt
, ——— <3 1-— , _ 5.5
/{TE,@@}“  ema =3 f, (et ) s )

Proof. Let M = max{||x|,x € Sg}, K(r) = max{|x|, tg/(x) < r}. Since Sg is compact set
without 0 and tg/(-) is continuous, M > 0 and K (r) continuous with K(0) =0, K(r) — o0
as r — oo. Therefore, there exists rg > 0 such that MK (r) < 1 for all r < rg. By using the
inequality u? < 3(1 — cosu) for all real numbers |u| <1, we derive that if tg (f)u < rg, then

) d¢
/{TE/(§)<u}<t7§> Y (£)2H0

dé

= Eip), £ ———

/{w@q}(r’f Ol (®).£) ¥ (§)HH0

, d¢ » d&

= l t 5 £ t 272 2 l t 3 A A

[rg/(§)<u}< £, T ()§> w(§)2+Q () {tE/(§)<rE(t)u}( £ E) W($)2+Q

d§

32 1 —cos(lg(t), £) —=—

=% {TE/($)<rE(t)u}( COS(E(t) g»w(é)prQ

, dg
= 3 1 - l 5 £ LN
/{rE/($)<u}( coslle (). 7 (I)S))lﬁ(éf)2+ ¢
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which equals

dé / d§
3 1— EY)———F <3 1— EY)———- 5.6
/{IE/@W}( os(t- ) gy =3 Jo (1 o050 0) Feo 60
The proof of this lemma is complete. ]

Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1. By Lemma 5.3 and the stationary increments property of X, it only
remains to show

X
lim sup (Xl >C 6.7

>0+ 5eBE (o) rE(s)\/loglog(l +1e(s)™ D)

for some constant C > 0.
Forany 0 < u < 1 and n > 1, we define s, = (0, ..., 0, _“P" )eRN By (2.7)

C3_le_nl+lt|apn1+u|—(lp—l)/ap < TE(Sn) < C3e_n|+lt apn1+u|(lp—1)/ap. (58)

For every integer n > 1, let d, = exp(n't# + n*). Denote U = exp(u(n — 1)*). Notice that
as n — 0o,

5 Usp)dn—1 < CUM apn' T — u(n — 1|~/ exp(—n" 4 (0 — )T 4 (0 — 1)H)

_ 1
< C|apn1+“ —un— 1)“|(1" D/ap exp(—u(l - —>(n - 1)“) -0
ap

It follows from Lemma 5.4, Lemma 3.1 and (2.7) that

2 dE 72/ 2 dé
n» Ll — U ",U7 PRGN, )
/{TE,@)sdn_l}(s e {TE,@)sd,,_l}(s e
< CU2d%(Usy,0) < CU%t2(Usy)

(5.9)
= U202 [in s, |70 i U, 1P 2R (50

< Cexp(—(l — %)M(n - 1)“)@%(5;1)
p

for n large enough. On the other hand, noting that ¥ is E’-homogeneous, by using [8], Proposi-
tion 2.3, we obtain that

o) < Cd,?,
/{rE/<s>>d,,}1/f(€)2+Q / / 2+Q1ﬁ(9) o)<
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since o (d#) is a finite measure on Sg. Furthermore,

I4+n " 1+u _ I+p  =2(1,—1 2(1,—1 _onh
dn—Z_e—Zn 2n —e 2n |1ne apn | Up )/apiapn1+,L| (Up )/ape 2n
2(p—1)/ap —opk
<C Z(Sn)|nl+”} Up=1)/ Pe 2n ,

when 7 is large enough. Therefore, for sufficiently large n,

_ Cr2 - 1o
{tgr (§)>dn} W < Crg(sp)e " . (5.10)

Now we decompose X into two independent parts as follows.

- . Md
X (1) =f ellh8) — )7(1 5) 5 (5.11)
{7/ ©)¢(dn—1.dn1} V(€)1 e/
and
. M (d.
X, (1) =/ elt8) _ )M++$Q)2. (5.12)
{r/ (€)€(dn—1.dn1} V(§)1+9/
Notice that the random fields { X, (¢),t € RN },m=1,2,... are independent.
Let
X
I(n) = | X5 (s)]
7 (sn)y/loglog(1 + 7 (s,)~")
and
X
Ln) = | X5 (50l _
5 (sn)y/loglog(1 + T (s,) 1)
Then
. [X (s)] . | X (sn)|
lim sup > lim sup
e=>0+ 5e By (e) -,;E(s)\/loglog(l + ()™ n—00 '[E(sn)\/loglog(l + 1@, hH (5.13)

> limsup /1 (n) — limsup I>(n).
n—0o0 n— 00

By using (5.9), (5.10) and the same argument in the proof of Theorem 5.5 in [22], we can readily
get that

limsup Ir(n) =0, a.s. (5.14)

n—oo

In order to estimate limsup,,_, ., I1(n), using Lemma 3.1 again, we have that

E(X,(50))” < d%(5,0) < C137(s).
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Again, by the corresponding argument in the proof of Theorem 5.5 in [22], it is easy to get that

limsup I1(n) > +/2C13 a.s. (5.15)
n—oo
Hence, (5.7) follows from (5.13), (5.14) and (5.15). O

6. Examples

Finally, we provide two examples of operator scaling Gaussian random fields with stationary
increments to illustrate our results and compare them with those in Meerschaert, Wang and Xiao
[22]. In particular, Example 6.2 shows that the regularity properties of X depend subtly on its
scaling exponent E.

Example 6.1. 1f E has aJogdan canonical form (2.1) such that, forallk = 1,2, ..., p, fk =1if J;
is a Jordan cell matrix and [, = 2 if Ji is not a Jordan cell matrix. Then for any t = (#1, ..., tn) €
RYN, by (2.7) and Lemma 2.2, we have

N

1 .

Te(t) =< Y |6,
i=1

where a; is the real part of eigenvalue(s) corresponding to Ji such that le;i I j+1I=<i=<

Z];-=1 I j- Therefore, in this case, Theorems 4.2 and 5.1 are of the same form as the corresponding
results in Meerschaert, Wang and Xiao [22].

Example 6.2. We consider the Gaussian random field {X (¢), ¢ € R?} defined by (2.12) with
scaling exponent E, a Jordan matrix, as follows

a 0
w1 2)
where a > 1 is a constant. Then p = 1 and [; = 2. For any ¢ > 0, by straightforward computa-
tions, we have
1 0
E _ .a
r=t <lnt l> '

According to Lemma 6.1.5 in [21], the norm || - || ¢ induced by E is defined as that for any x € R?

UeEx)
Iy = / ar.
0 t

Note that we can uniquely represent x € R? as (0, s) or (s,0s) for some s € R,0 € R. When
x=(0,5),

)
a

! . Is|
Ixlle = / ls|r*~ ! de = (6.1)
0
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and when x = (s, 6s),

1
||x||E=/ 151t/ 1+ (0 +Int)2dr =: |s|a(0). 6.2)
0

It is easy to see that «(0) is continuous on 6 € R with «(0) > 1/a and that |#|/«(0) is bounded
since 6|/« (0) is continuous and

%

im L =a. (6.3)
6— 00 0((9)

We have « := ming «(0) > 1/a. From (6.1) and (6.2), we have

0 1 [0
Sg={x: ||x||E=1}={i<0>a,im<l)9: eeR},

and RZ = {sEy: s>0,yeSg}.
To unify the notation, we set
0

—— =244 and L=0
a ) «(0)

when 6 = +o00. Then for any x € R with 7 (x) = s, there exists 6 € [—o0, +00] such that

B L (0)_ 8 (O
x=ts a(9)<1)9—:l:a(9)<1)9+lns, (6.4)

where s Ins|;—o := 0 and the sign 4 or — depends on x.
Now we reformulate Theorem 4.2 and Theorem 5.1 for the present case. For convenience, we
express the vector y € R? in terms of s = t£(y) and 6 by

s s

a®) )

y=y(S,9,W)=(—1)w< (9+IHS)>,

where w € {0, 1}.

Conclusion A. Ler I =[0, 1]%. Then

X 6, w)) — X
lim sp KOG 6w m XL (6.5)

r=>0+ s<r.0e[—00,+00] sy/log(1+s—1)

wef0,1},x,x+yel

and that for any xo € I,

, | X (x0 + y(s,0,w)) — X (xo0)|
im sup =

r—=0+ s <1 0 e[—o00,400],wel0,1} s+/loglog(1 —i—s_l)

where C17 and Cg are positive and finite constants.

Cig a.s., (6.6)
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Next we describe the asymptotic behavior of g (y) as || y|| — O along three types of curves in
R2:

(1) If 8 = —Ins + ¢ for a constant ¢ € R, then y = y(s, 6, w) = (—1)" (s*/a (), cs? /a(0))
satisfies

VI4eZs® 1+
@)  alc—Ins)’
This, together with (6.3), implies that as || y|| — O,

Iyl =

1/a

Ve | |yl 7, (6.7)

s=1e(y) ~ Iyl

w9
~

where the notation
a positive constant.
(ii) If @ = +o0, then y(s,0, w) = (—1)"(0, as*) and

means that as || y|| — O the quotient of the two sides of ~ goes to

1 1
_ — /
s=7E() = 7 Iy (6.8)

(iii) If 0 is fixed in (—00, 4-00), then for y = y(s, 0, w),

V14 (@ +1ns)?,

a

o (6)

Iyl =

which implies that as ||y|| — 0,

1/a 1/a

s=1e() ~ Iy Inlyll|” (6.9)

In the following, we derive the exact uniform moduli of continuity of X (x) by using the norm
|| - || in three different cases which are intuitively corresponding to the three types mentioned
above. These results illustrate the subtle changes of the regularity properties of X. For the exact
local moduli of continuity, similar results are true as well. In order not to make the paper too
lengthy, we leave it to interested readers.

Conclusion B. (1) If I = {(¢,t): t € [0, 1]}, then

lim  sup (Xx +y) = X0 —Clye(0,00) as. (6.10)
I1=0x xtyer, (lyll[In]lylDT/4y/log(1 + Iy~1)
@) If I = {(0,1): 1 € [0, 1]}, then
[X(x +y) — X(x)|

lim  sup
Y10 xtyen [Iy)'/9y/log(1 + [IylI=1)

(3) Let 6y € argming a(0) = {v, ¢ (¥) < x(0), 0 € [—o0, +<]}. Then

= Cy € (0, 00) a.s. (6.11)

1 Va|x - X
lim sy ITEXCHY) =X o 0,000 as. (6.12)

p
IYI=0y—y(r60,00  llylI/4y/log(1 + [IylI=1)

x,x+yel




Exact moduli of continuity for operator-scaling Gaussian fields 953

Proof. (1) Observe that, in the proof of (4.2) in the case of N = 2, one can choose the sequences
of {xl.(k)} such that all the points xl.(k) and the differences xi(i)l —xl.(k) liein IT ={(¢,1): t € [0, 1]}.
Therefore, the proof of (4.2) essentially shows that

X X
lim  sup XCHN =Xl ol s (6.13)

y=0x xtyen, TE(Y)/log(l +tp(y)~D) —

Thanks to the formula (6.7), we see that (6.10) follows from the proof of Theorem 4.2.

(2) To prove (6.11), choose xl.(") =(0,i27") fori =0, 1,...,2". Then by some obvious mod-
ifications, one can easily check that (6.13) is also true with I instead of /1. Therefore, by (6.8),
(6.11) also follows from in the proof of Theorem 4.2.

(3) Note that «(#) is continuous and as 8 — o0, a(0)/|0| — a. The set arg ming «(#) is not
empty. Let ap = ¢ (6p) and

l‘ —an i2—al’l

xi(n) _ iy(2_", B0, O) +(0,1) = ( , (Bp —nlIn2) + 1>
o o

fori=0,1,2,..., K,, where
K, =max|i, x" € [0, 1?}.
Manifestly, for sufficiently large n, K, > 2". Letr, := tg(y(27", 6p, 0)). Then

, X (x +y) — X
im  sup

r=0y—y(r00,0) r/log(1+r=1)

x,x+yel

(n) (n)
. X, ) — X&) L.
> liminf max X (xig1 el =:liminf J,.

n—o0 0<i<K,—1 r, /log(l+rn_l) k—o00

Note that for k > 1,

szlln szan
ky(27”,00,0) = ( , (90—n1n2)).

200] a0

There exist some 0 € (—o0, 00), w € {0, 1} and s = T (ky(27", 6y, 0)) such that
ky(27",60,0) = y(s.6, w),

which implies that w = 0 and
54 k2—n
a®

Because ag = ming o (0)

s=1g (ky(27”, o, O)) >27"=rp,.
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Therefore, from Theorem 3.2 and Lemma 2.4, we obtain that

Var(X(x(2}) = X (i")IX ("), 05k <1) = Cs min 3 (ky(2"".60,0)) = 57},

By the same proof of (4.2) with some obvious modifications, we have that

. | X(x +y) = X ()|
im  sup >

r=>0y=y(r60,0) ry/log(l+r=1)

x,x+yel

C>0. (6.14)

Reviewing the proof of Lemma 7.1.1 in Marcus and Rosen [19], one can easily get that

X - X
im s KGN X

r=>0y—y(r60,0) ry/log(l+r1)

x,x+yel

C, a.s. for some constant C < oo

implies that

IX(x+y) = X&) _

lim  sup =C/, a.s. for some constant C’ < oo.
r=0y—y(r60.0) r/log(l+r1)
x,x+yel

Therefore, from Theorem 4.2 and (6.14) it follows that
I X(x+y) — X(x)|

lim sup —Ce (0’ OO)
r=>0y—y(r,60,0) F log(1 + r—l)
x,x+yel
This and (6.9) imply (6.12). .
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