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In this article, we develop a new approach to functional quantization, which consists in discretizing only a
finite subset of the Karhunen—Loeve coordinates of a continuous Gaussian semimartingale X.

Using filtration enlargement techniques, we prove that the conditional distribution of X knowing its first
Karhunen—Loe¢ve coordinates is a Gaussian semimartingale with respect to a larger filtration. This allows
us to define the partial quantization of a solution of a stochastic differential equation with respect to X by
simply plugging the partial functional quantization of X in the SDE.

Then we provide an upper bound of the L?-partial quantization error for the solution of SDEs involving
the LP+¢ partial quantization error for X, for & > 0. The a.s. convergence is also investigated.

Incidentally, we show that the conditional distribution of a Gaussian semimartingale X, knowing that it
stands in some given Voronoi cell of its functional quantization, is a (non-Gaussian) semimartingale. As a
consequence, the functional stratification method developed in Corlay and Pages [Functional quantization-
based stratified sampling methods (2010) Preprint] amounted, in the case of solutions of SDEs, to using the
Euler scheme of these SDEs in each Voronoi cell.
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0. Introduction

Let (2, A, IP) be a probability space, and E a reflexive separable Banach space. The norm on E is
denoted by | - |. The quantization of a E-valued random variable X consists in its approximation
by a random variable Y taking finitely many values. The resulting error of this discretization is
measured by the L? norm of |X — Y|. If we settle on a fixed maximum cardinal for Y (£2), the
minimization of the quantization error amounts to the minimization problem:

min{[[|1X = Y|[ ,.¥: @ — E measurable, card(¥ (Q)) < N}. (0.1)

A solution to (0.1) is an optimal quantizer of X. The corresponding quantization error is de-
noted by En,,(X) :=min{[||X — Y|||,, Y: @ — E measurable, card(Y (€2)) < N}. One usually
drops the p subscript in the quadratic case (p = 2). This problem, initially investigated as a signal
discretization method (Gersho and Gray [10]), has then been introduced in numerical probability
to devise cubature methods (Pages [23]) or to solve multidimensional stochastic control prob-
lems (Bally, Pages and Printems [3]). Since the early 2000s, the infinite-dimensional setting has
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been extensively investigated from both constructive numerical and theoretical viewpoints with
a special attention paid to functional quantization, especially in the quadratic case (Luschgy
and Pages [18]) but also in some other Banach spaces (Wilbertz [28]). Stochastic processes are
viewed as random variables taking values in functional spaces.

We now assume that X is a bi-measurable stochastic process on [0, T] verifying
fOT E[|X,|?]df < 400, so that this can be viewed as a random variable valued in the separa-
ble Hilbert space L2([0, T]). We assume that its covariance function I'* is continuous. In the
seminal article on Gaussian functional quantization (Luschgy and Pages [18]), it is shown that
in the centered Gaussian case, linear subspaces U of L?([0, T']) spanned by L?-optimal quan-
tizers correspond to principal components of X. In other words, they are spanned by the first
eigenvectors of the covariance operator of X. Thus, the quadratic optimal quantization of X in-
volves its Karhunen—Log¢ve eigensystem (e,f , )»,f Jn>1. If Y is a quadratic N-optimal quantizer
of X and d* (N) is the dimension of the subspace of L%([0,T]) spanned by Y (£2), the quadratic
quantization error 512\, (X) verifies

ENX)= > af+& (@N 0. 1% ) form > d*(N), 0.2)
j=m+1

X< Y xj.‘+5}‘v<®N(0,Aj?)> for 1 <m < d*X(N). (0.3)
j=m+1 j=1

To perform optimal quantization, the decomposition is first truncated at a fixed order m and
then the R -valued Gaussian vector, constituted of the m first coordinates of the process on
its Karhunen-Loeve decomposition, is quantized. To reach optimality, we have to determine
the optimal rank of truncation d X(N) (the quantization dimension) and the optimal dX(N)-

dimensional quantizer corresponding to the first coordinates ®d (N)N (0, AX ). A sharply op-
timized database of quantizers of univariate and multivariate Gaussmn dlstrlbutlons is available
on the web site www.quantize.maths-fi.com (Pages and Printems [25]) for download. Usual ex-
amples of such processes are the standard Brownian motion on [0, T'], the Brownian bridge on
[0, T'], Ornstein—Uhlenbeck processes and the fractional Brownian motion. In Figure 1, we dis-
play the quadratic optimal N-quantizer of the fractional Brownian motion on [0, 1] with Hurst
exponent H =0.25 and N = 20.

From a constructive viewpoint, the numerical computation of the optimal quantization or the
optimal product quantization requires a numerical evaluation of the Karhunen—Loe¢ve eigen-
functions and eigenvalues, at least the very first terms. (As seen in Luschgy and Pages [18,19],
Luschgy, Pages and Wilbertz [21], under rather general conditions on its eigenvalues, the quan-
tization dimension of a Gaussian process increases asymptotically as the logarithm of the size of
the quantizer. Hence, it is most likely that it is small. For instance, the quantization dimension
of Brownian motion with N = 10,000 is 9.) The Karhunen-Lo¢ve decompositions of several
usual Gaussian processes have a closed-form expression. This is the case for standard Brownian
motion, Brownian bridge and Ornstein—Uhlenbeck processes. The case of Ornstein—Uhlenbeck
processes is derived in Corlay and Pages [6], in the general setting of an arbitrary initial vari-
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Figure 1. Quadratic N-optimal quantizer of the fractional Brownian motion on [0, 1] with Hurst parameter
H =0.25 and N = 20. The quantization dimension is 3.

ance og. Another example of explicit Karhunen—Loeve expansion is derived in Deheuvels and
Martynov [8].

In the general case, no closed-form expression is available for the Karhunen—Loeve expansion.
For example, the K-L expansion of the fractional Brownian motion is not known. Yet, one can
use numerical schemes to solve the correspnding eigenvalue problem. In Corlay [5], the so-called
“Nystréom method” is used to compute the first terms of the K-L decomposition of the fractional
Brownian motion and to perform its optimal quantization.

In this article, we propose a new functional quantization scheme for a bi-measurable Gaus-
sian process X, which consists in discretizing a finite subset of its Karhunen-Lo¢ve coordinates,
instead of performing a full quantization. This partial functional quantization approach is moti-
vated by two observations. The first one is that the conditional distribution of X knowing that it
falls into a given L> Voronoi cell of its optimal quantizer is the crux of the recently developed
functional stratification scheme (Corlay and Pages [6]). It comes to conditioning the process with
respect to its first Karhunen—Logve coordinates. This work provides a better justification of the
functional stratification scheme of Corlay and Pages [6]. The second observation is that one of
the main purposes of the (full) functional quantization of X is to perform a quantization of the
solution of a SDE with respect to X, when a stochastic integration with respect to X can be de-
fined (see Pages and Printems [24], Luschgy and Pages [19], Pages and Sellami [26]). As (full)
functional quantizers of X will typically have bounded variations, one needs to add a correction
term to the SDE. Eventually, this comes to plug the functional quantizer of X in the SDE written
in the Stratonovich sense. In contrast, the partial quantization of X can be directly plugged into
the SDE written in the It6 sense. We provide a.s. and L? convergence results for this method.

The paper is organized as follows: Section 1 provides background on quantization-based cu-
bature formulas which are needed for the following. In Section 2, we develop a notion of gener-
alized bridge of a continuous Gaussian semimartingale which extends the generalized Brownian
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bridge introduced in Alili [1]. We prove that under an additional hypothesis (7{), the generalized
bridge of a continuous Gaussian semimartingale remains a Gaussian semimartingale with respect
to a bigger filtration and we derive its canonical decomposition. (Let us mention the thorough
study of the properties of Gaussian semimartingales available in Jain and Monrad [13].) A simi-
lar result is stated when conditioning by a Voronoi quantizer. We pay a particular attention to the
special case of generalized bridges that we call Karhunen—Lo¢ve generalized bridges and which
amounts to the conditioning of X by a finite subset of its K-L coordinates. Section 3 is devoted
to the partial functional quantization of continuous Gaussian semimartingales and its application
to the partial quantization of solutions of SDEs. We finally give L? and a.s. convergence results
for partially quantized SDEs.

1. Quantization-based cubature and related inequalities

The idea of quantization-based cubature method is to approach the probability distribution of the
random variable X by the distribution of a quantizer ¥ of X. As Y is a discrete random variable,
we can write Py = ZlNzl pidy;. If F: E — R is a Borel functional,

N
E[F(N] =) piF(G). (1.1)
i=1

Hence, the weighted discrete distribution (y;, pi)i<i<y of Y allows one to compute the
sum (1.1). We review here some error bounds which can be derived when approaching E[ F (X)]
by (1.1). See Pages and Printems [24] for detailed proofs.

1.IfXelL* Ya quantizer of X of size N and F is Lipschitz continuous, then
[E[F(X)] - E[FOD)]| < [FlLipll X = Y2, (12)

where [FlLip is the Lipschitz constant of F. In particular, if (YN)nN>1 is a sequence of
quantizers such that limy_ | X — Yn|l2 =0, then the distribution va:l pZNSX_N of Yn
weakly converges to the distribution Py of X as N — oo. [
This first error bound is a straightforward consequence of |F(X) — F(Y)| < [FlLip|X —

Y|.

2. If|Y is a stationary quantizer of X, that is, Y = E[X|Y], and F is differentiable with an
a-Holder differential DF for a € (0, 1], that is, |DF (u) — DF (v)|r(g) < [DFlglu —v|%,
forall (u,v) e E? where | - |L(E) is the operator norm on L(E), then

|E[F(X)] —E[F()]| < [DFlalX — Y[} (1.3)

In the case where F has a Lipschitz continuous derivative (¢ = 1), we have [DF]| =
[DF]Lip. For example, if F is twice differentiable and D2F is bounded, then [DF]Lip =
1D F | .

This particular inequality comes from the Taylor expansion of F around X and the sta-
tionarity of Y.
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3. If F is a semi-continuous' convex functional and Y is a stationary quantizer of X,

E[F(Y)] <E[F(X)]. (1.4)

This inequality is a straightforward consequence of the stationarity property and Jensen’s
inequality.

E[F(Y)] =E[F(E[X|Y])] <E[E[F(X)|Y]] =E[F(X)].

2. Functional quantization and generalized bridges
2.1. Generalized bridges

Let (X/)seq0,77 be a continuous centered Gaussian semimartingale starting from 0 on (2, A, P)
and FX its natural filtration. Fernique’s theorem ensures that fOT E[th]dt < 400 (see Jan-
son [14]).

We aim here to compute the conditioning with respect to a finite family Z7 := (Z"T)ie ; of
Gaussian random variables, which are measurable with respect to o (X;,t € [0, T]). (I C N is
a finite subset of N*.) As in Alili [1] we settle on the case where (Z"T),-e ; are the terminal
values of processes of the form Zf = fot fi(s)dX;, i € I, for some given finite set f = (f;);es of
leoc([O, T']) functions. The generalized bridge for (X;),c[0,7] corresponding to ? with end-point

Z = (zi)ier 1S the process (X,f‘z),e[o,r] that has the distribution
xTEE o(x1Zh =2,
N L(X|1Zy =zi,i€]). 2.1

For example, in the case where X is a standard Brownian motion with |I| =1, f = {f} and
f =1, this is the Brownian bridge on [0, T']. If X is an Ornstein—Uhlenbeck process, this is an
Ornstein—Uhlenbeck bridge.

Let H be the Gaussian Hilbert space spanned by (X;)se[0,7] and H7T the closed subspace

of H spanned by (Z"T)l-G 1. We denote by H% its orthogonal complement in H. Any Gaussian
T

i
random variable G of H can be orthogonally decomposed into G = Projz, (G) + Proj% (G),
T
where Proj7 - and Proj%T are the orthogonal projections on H_ and H%-T. (Proj%T =Ildy —
Projfr). With these notation, E[Gl(Z’T)iel] = ProjfT (G).

Other definitions of generalized bridges exist in the literature, see, for example, Mansuy and
Yor [22].

!n the infinite-dimensional case, convexity does not imply continuity. In infinite-dimensional Banach spaces, a semi-
continuity hypothesis is required for Jensen’s inequality. See Zapata [31] for more details.
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2.2. The case of the Karhunen-Loeve basis

As X is a continuous Gaussian process, it has a continuous covariance function (see Janson [14],
Section VIII.3). We denote by (eiX , )LI.X )i>1 its Karhunen—Lo¢ve eigensystem. Thus, if we define
function fl.X as the antiderivative of —el.X that vanishes at r = T, that is, fiX (t)= ftT eiX (s)ds, an
integration by parts yields

T T
/Xseix(s)ds=/ 5 () dX;. (2.2)
0 0

In other words, with the notation of Section 2.1, we have ZiT = fOT Xsel.x (s)ds =: Y;, the ith
Karhunen—Loeve coordinate of X.

For some finite subset / C N*, we denote by X’ and call K-L generalized bridge the gen-
eralized bridge associated with functions ( fiX )ier and with end-point ¥ = (y;);es. This process
has the distribution £(X|Y; = y;,i € I).

In this case, the Karhunen—Loeve expansion gives the decomposition

i
X=>"vie + Y af&el (2.3)
iel ieN*\1
R
=Projz,. (X) =Projl (X)
T

where (&;);en+\; are independent standard Gaussian random variables. This gives us the pro-
jections Projz. ~and Proj%T defined in Section 2.1. It follows from (2.3) that a K-L generalized
bridge is centered on E[X|Y; = y;,i € I] and has the covariance function

XY (s, 1) =cov(Xs, X;) — Zxﬁ‘eix ($)ef (). (2.4)

iel

We have [ TXIY (1, 1)dr = 3 e K-
Moreover, thanks to decomposition (2.3), if X’V is a K-L generalized bridge associated
with X with terminal values y = (y;);¢y, it has the same probability distribution as the process

T
> yief )+ X, - Z(/ Xse,-x(s)ds)eix(t).
0

iel iel
This process is then the sum of a semimartingale and a non-adapted finite-variation process.
Let us stress the fact that the second term in the left-hand side of (2.3) is the corresponding
K-L generalized bridge with end-point 0, that is, Proj%r =x10,
In Corlay and Pages [6], an algorithm is proposed to exactly simulate marginals of a K-L
generalized bridge with a linear additional cost to a prior simulation of (X, ..., X;,), for some

subdivision 0 =1y <t} <---<t, =T of [0, T]. This was used for variance reduction issues.
Note that the algorithm is easily extended to the case of (non-K-L) generalized bridges.
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2.3. Generalized bridges as semimartingales

For a random variable L, we denote by P[-|L] the conditional probability knowing L. We keep
the notation and assumptions of previous sections. (X is a continuous Gaussian semimartingale
starting from O.)_We consider a finite set I C {1, 2, ...} and (f;);ies a set of bounded measurable

functions. Let X /% be the generalized bridge associated with X with end-point 7 = (z;);¢. For
iel, Zl = [y fi(s)dX; and Z; = (Z})jey.
Jirina’s theorem ensures the existence of a transition kernel

VZri(Xrensy BRT) x C°(10, 51, R) - Ry,

corresponding to the conditional distribution £(Z;|(X,) 1€0,s])-

We now make the additional assumption (H) that, for every s € [0,7) and for every
(Xu)uelo,s] € CO([O,s],]R), the probability measure VZ (X reons] (dz, (xu)uelo,s]) is absolutely
continuous with respect to the Lebesgue measure. We denote by Il(x,),c.,.7 its density. The
covariance matrix of this Gaussian distribution on R’ writes

0, T):=E[(Zr —E[Z7|(Xuer0.01))(Z1 — E[Z71(Xuer0.51]) 1 (Xiuero,s1]-

If X is a martingale, we have Q(s, T) = ((fST ﬁ(u)fj(u)d(X)u))(i’j)elz. We recall that a
continuous centered semimartingale X is Gaussian if and only if (X) is deterministic (see, e.g.,
Revuz and Yor [27]). Hence, this additional hypothesis is equivalent to assume that

(s, T) is invertible for every s € [0, T'). (H)

The following theorem follows from the same approach as the homologous result in Alili [1]
for the Brownian case. It is extended to the case of a continuous centered Gaussian semimartin-
gale starting from 0.

Theorem 2.1. Under the (R) hypothesis, for any s € [0, T'), and for Pz _-almost every Z € R/,
P[-|Z7 =7] is equivalent to P on fg( and its Radon—Nikodym density is given by

dP[|ZT :Z] _ H(Xu)ue[(),s]xT(z)
P Fx Tor@®@)

s

Proof. Consider F a real bounded X -measurable random variable and ¢ : R’ — R a bounded
Borel function.

e On the one hand, preconditioning by Z7 yields

E[F¢(Z1)] =E[ELFIZ116(Zr)] = /R GEEIFZr =M@ Q5
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e On the other hand, as F is measurable with respect to FX, preconditioning with respect to
FX yields

E[F¢(Z1)] =E[FE[¢(Zn)IF)]] = E[F /RI @D (x,),¢0,4,7 (@) df}
Now, thanks to Fubini’s theorem
E[F¢(Z1)]= /R (D@E[FTI(x), 0 ,7(D] dZ. (2.6)

Identifying equations (2.5) and (2.6), we see that for ]P’7T -almost surely 7 € R! and for every real
bounded F. SX -measurable random variable F,

Q2.7)

E[F|Z7 =21:E[FM].

o, 7(2)

Equation (2.7) characterizes the Radon-Nikodym derivative of P[-|Z7 = z] with respect to P
on FX. O

We now can use classical filtration enlargement techniques (Jacod [12], Jeulin [15], Yor [29]).

Proposition 2.1 (Generalized bridges as semimartingales). Ler us define the filtration Ggx./

by g,x - o(Zr, .7:tX ), the enlargement of the filtration FX corresponding to the above con-

L . . = . dP[|Zr=3] _ Hxpyepo..7®@
ditioning. We consider the stochastic process D? := P Mo.r for s €

[0, T). _
Under the (H) hypothesis, and the assumption that D% is continuous, X is a continuous GX+7 -
semimartingale on [0, T').

Proof. D7 is astrictly positive martingale on [0, T') which is uniformly integrable on every inter-
val [0, t] C [0, T). Hence, as we assumed that it is continuous, we can write D? as an exponential
martingale D? = exp(LZ — 1(L%),) with L] = [ (D3)~'dD (as D§ = 1).

Now, as X is a continuous (F*, P)-semimartingale, we write X = V + M its canonical de-
composition (under the filtration FX).

e Thanks to Girsanov theorem, M? := M — (M, L%) is a (FX,P[-|Z7 =Z])-martingale.
— A consequence is that it is a (GX*/, P[-|Z7 = Z])-martingale.
— And thus MZ7 is a (QX'T, P)-martingale.
For more preciseness on this, we refer to Ankirchner, Dereich and Imkeller [2], The-
orem 3, where the proof is based on the notion of decoupling measure.

e Moreover, conditionally to Z7, V is still a finite-variation process V, and is adapted to G X.f,
O
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Remark (Continuous modification). In Proposition 2.1, if one only assumes that D has a con-
tinuous modification D%, then with each one of its continuous modifications is associated a con-
tinuous GX S -semimartingale on [0, T), and all these semimartingales are modifications of each
other.

Proposition 2.2 (Continuity of D). If FX is a standard Brownian filtration, then D* has a
continuous modification.

Proof. Consider s € [0, T'). Under the (H) hypothesis, the density I1(x,), ;.7 Writes

I (Xu)ue[O,s] T (Z)
= (2ndet Q(s, 7)) (2.8)

x exp((Z — E[Z71(Xw)uer0.51]) Q6. ) (Z — E[Z7(Xiuero.51]))-

Let us define the stochastic process H by H,:=E[Zr|(X w)uel0,s1]. The so-defined process
H is a FX local martingale. Thanks the Brownian representation theorem, H has a Brownian
representation and has a continuous modification. The continuity of s — det Q(s, T) and s >
Q(s, T)~! follows from the definition of Q(s, T') and the continuity of H (up to a modification).
Hence, D? has a continuous modification. ]

Remark.

e The measurability assumption with respect to a Brownian filtration is satisfied in the cases
of Brownian bridge and Ornstein—Uhlenbeck processes.

e This hypothesis is not necessary so long as the continuity of the martingale H, =
E[?Tl(Xu)ue[o’s]] can be proved by any means.

2.3.1. On the canonical decomposition

With the same notation, and under the (H) hypothesis, we can tackle the canonical decomposition
of X/+Z. We have

L= / A Ko, 7
' 0 H(Xu)MG[O,.v],T(Z)

and

ln(H(Xu)ue[O,sJ,T (Z))
= —% In(2mdet Q(s, 7))

1 — — *
-5 (- E[Z7(Xuuel0,51]) (s, TV (Z = E[Z71(X)uero.51]) "
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Using that for a positive continuous semimartingale S, dIn S = dTS — % d(% - ), we obtain

dIT(x,),eq0,41,7 (@)
H(Xu)uelo,:JvT(Z)

_ finite-variation
= dIn(IT(x,),c0,,7 (@) + ( )

process
- _%d((z —E[Z7|(Xu)uei0,1]) 06, T) ™ (2 = E[Z71(Xi)ucio,1]) ) + (E-v. p.)
= (AE[Z71(Xuei0.51]) 205, T) ™' (Z = E[Z11(Xuduero,51])” + (E-v. p).
Hence,
d(x, L7), = d(X, E[Z7](Xuero.1]), 05 7)™ (2 = E[Z71(Xueons1])

This expression can be further simplified in the two following cases:

o In the case where X is a martingale, owing to the definition of Z;, we have Vj € I,
E[Z71(Xwuefo.s1] = [y fj(u)dX, so that

dX. L%, = (F) 06, ) 'z — E[Z7|(Xiuer0.51]) ") d(X)s

=Y i) D (06, 1)), (2 — B[ 241 (Xuduero.s1]) d(X)s.

iel jel

(2.9)

As a consequence, M — [ 37/ fi(9) X2, (Q(s, T) ™ 1ij(z) — E[Z71(Xu)uero.s1) dX);

isa (GX *?, P[-|Z7 = Z])-martingale. We have recovered Alili’s result on the generalized
Brownian bridge (Alili [1]).

e [nthe case where the Gaussian semimartingale X is a Markov process, for every j € I there
exists g; € L%([0, T']) such that E[Z]T|(Xu)ue[0,s]] = fos fiw)dX, + g;(s)X;. Indeed,

. K T
E[Z}1(Xuucios)] = /O £ () dX, +E[ / 5 (u)dxuuxu)ue[o,s]} .

=g/ ()X,

Hence, if one assumes that (g;)je; are finite-variation functions (which is the case
when X is an Ornstein-Uhlenbeck process or a Brownian bridge), we have d(X, E[Z7|
(Xuwuero,11)s = (f (s) +8(s)) d(X)y, and thus

d(x, L7) = ((F&) +8) 0. 7)™z = E[Z41 (Xuuelo.s1]) ) d(X)s

=Y (i +8) Y (06 D), (z) = E[Z1(Xuueio.1]) d(X)s.

iel jel
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Example (Standard Brownian bridge). In the case where X = W is a standard Brownian motion
with |[/|=1, f={f}and f =1, Z, = W, and W/ % is a standard Brownian bridge. We have
(s, T) ' =

z—W;
T —t

dz.

1
d(X, LZ)t = T —t (Z o E[WTl(W“)”E[O’t]]) dr =

Thus,

Z—Wt
dw; = dr
=Yt

—
(GX-f P[-|Wr=z])—martingale

The martingale part happens to be a (GX *7, P[-|Wr = z])-standard Brownian motion, thanks to
Lévy’s characterization of the Brownian motion. Thus, we have retrieved the classical SDE of
the Brownian bridge.

2.3.2. Generalized bridges and functional stratification

With the same notation, we set Z' = Proj(Z7) = SN vilc,(Zr) a stationary quantizer of
Zr (where I' ={yq,...,yn} and C ={Cq, ..., Cy} are, respectively, the associated knots and
Voronoi partition).

Proposition 2.3 (Stratification). Under the (H) hypothesis, for any s € [0, T), for any k €
{1,..., N}, P[zF = vk] > 0 and the conditional probability IP’['|ZF = Y] is equivalent to P
on .7-'SX.

Proof. Obviously, if A € F;* is such that P[A] =0, we have P[A|Z Zl = py]=0. Conversely,
B e .7-'YX satisfies IP’[BIZF = yx] = 0, then pre-conditioning by Zr, we get E[E[13|27]|Zr
k] = 0. Thus, /zeCk [B|Zr =7Z] d}P’—T (z) =0. Hence P[B|Zy =7z] =0 for Pfr -almost every
Z (S Ck.
Since Pfr [Ci] > 0, there exists at least one element Z € Cy, such that P[B|Z1 =Z] = 0. Now
thanks to Theorem 2.1, P[B] = 0. O

Proposition 2.4 (Stratification). Let us define the filtration GX'U by QX - a(}"tx ,Z I‘) the

enlargement of FX corresponding to the conditioning with respect to Z 7 For ke{l,...,N},
28

we consider the stochastic process DY* = WI FX fors [0, T).

Under the (H) hypothesis, and the assumption that . DY* is continuous, the conditional distri-
bution L(X|Z") of X knowing in which Voronoi cell Zt falls, is the probability distribution of a
QX'F-semimartingale on [0, T).

Proof. Using that IP’[~|ZT = k] is equivalent to [P on .7-"SX , thanks to Proposition 2.3, we can
mutatis mutandis use the same arguments as for Proposition 2.1, P[-|Z7 = Z] being replaced by
PLZY = yil.
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D7k is a strictly positive martingale on [0, T') uniformly integrable on every [0, 7] C [0, T).
Hence, as D is continuous by hypothesis, it is an exponential martingale D}* = exp(L}* —
%(Ly’f)s), with L7 = fé(DZ")_ldDZ" (as D} =1). Now, as X is a continuous (FX,P)-
semimartingale, we write X = V + M its canonical decomposition (under the filtration FX).

e Thanks to Girsanov theorem, M% =M — (M, L") is a (FX, ]P’[-l?r = Yk])-martingale.
As a consequence, it is a (GX'T, ]P’[-|2T = yx])-martingale and thus MZ% s a G% T, P)-
martingale.

e Moreover, conditionally to 2F, V is still a finite-variation process V, and is adapted to G xr,
O

Proposition 2.5 (Continuity of D). If FX is a Brownian filtration, then DY* has a continuous
modification.

Proof. By definition, D is a FX-local martingale on [0, T]. The conclusion is a straightfor-
ward consequence of the Brownian representation theorem. O

Considering the partition of L?([0, T]) corresponding to the Voronoi cells of a functional
quantizer of X, the last two propositions show that the conditional distribution of the X in each
Voronoi cell (strata) is a Gaussian semimartingale with respect to its own filtration. This allows
us to define the corresponding functional stratification of the solutions of stochastic differential
equations driven by X.

In Corlay and Pages [6], an algorithm is proposed to simulate the conditional distribution of
the marginals (X, ..., X;,) of X for a given subdivision 0 =1y <t; <--- <t, =T of [0, T]
conditionally to a given Voronoi cell (strata) of a functional quantization of X. The simulation
complexity has an additional linear complexity to an unconditioned simulation of (Xy,, ..., X;,).
We refer to Corlay and Pages [6] for more details.

To deal with the solution of a SDE, it was proposed in Corlay and Pages [6] to simply plug
these marginals in the Euler scheme of the SDE. Proposition 2.4 now shows that this amounts to
simulate the Euler scheme of the SDE driven by the corresponding (non-Gaussian) semimartin-
gale.

2.4. About the (H) hypothesis

2.4.1. The martingale case

In the case where X is a continuous Gaussian martingale, the matrix Q(s, ) defined in Sec-
tion 2.3 writes Q(s, 1) = ((]; fiw) fi(u) d<X)u))(i,j)e12~

For 1 <s <t <T, the map (-]):(f,g) — fst f(u)g(u)d(X), defines a scalar product on
L2([s, 1], d(X)). Hence, Q(s, t) is the Gram matrix of the vectors of L2([s, 1], d(X)) defined
by the restrictions to [s, 7] of the functions (f;);cs. Thus, it is invertible if and only if these
restrictions form a linearly independent family of L2([s, 1], d(X)). (Another consequence, is that
if Q(s,t) is invertible for some 0 < s <t < T, then for every (u, v) such that [s, ] C [u, v],
Q(u, v) is invertible.)
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For instance, if X is a standard Brownian motion on [0, 7], the functions ( fiX )ier (associ-
ated with the Karhunen—Loe¢ve decomposition) are trigonometric functions with strictly different
frequencies. Hence, they form a linearly independent family of continuous functions on every
non-empty interval [s, T') C [0, T'). Moreover, the measure d(X) is proportional to the Lebesgue
measure on [0, 7] and thus Q(s, T') is invertible for any s € [0, T'). Hence, the (H) hypothesis is
fulfilled in the case of K-L generalized bridges of the standard Brownian motion.

2.4.2. Standard Brownian bridge and Ornstein—Uhlenbeck processes

Brownian bridge and the Ornstein—Uhlenbeck process are not martingales. Hence, this criterion
is not sufficient and the invertibility of matrix Q(s, T') has to be proved by other means.
Following from the definitions of Q(s, T') and Z7, in the case of the K-L generalized bridge

T T
(s, T)ij = E[( f K wdx, — E[ / ﬁ"(u)dxu(xu)ue[o,ﬂ])

T T *
x(/ .f,»"(u)dxu—EU f,-"(u)dxu|(xu>ue[o,s]])

T T
=cov<f f,.X(u)dX}f),/ f}‘(u)dxff)>,

where (X ,S‘Y))ME[S,T] has the conditional distribution of X knowing (X, )uc[0,s]-

(Xu)ue[O,s]i| (2-10)

e When X is a standard Brownian bridge on [0, T], (X,SS))L,G[X,T] is a Brownian bridge on
[s, T'], starting from X and arriving at 0.
It is the sum of an affine function and a standard centered Brownian bridge on [s, T].
e When X is a centered Ornstein—Uhlenbeck process, (X 1§S>)ue[s,T] is an Ornstein—Uhlenbeck
process on [s, T'] starting from X, with the same mean reversion parameter as X.
It is also the sum of a deterministic function and an Ornstein—Uhlenbeck process starting
from 0.

As a consequence, in these two cases, the quantity cov( L r fl.X (u)dX ,(f), L r ij (u)dX ,(,S)) can
be computed by plugging either a centered Brownian bridge on [s, 7] or an Ornstein—Uhlenbeck
starting from O instead of X ) in equation (2.10). This means that Q(s, T) is the Gram matrix
of the random variables ( fST fl.X (u)dGy)ier, where the centered Gaussian process (G, )ue[s,T]
is either a standard Brownian bridge on [s, T'] or an Ornstein—Uhlenbeck process starting from 0
at 5. Thus, it is singular if and only if there exists (a;);e; # 0 in R’ such that

T
/ (Zaﬁf‘@)) dG, =0  as. 2.11)

iel
— ———

=:g(u)

The case of Brownian bridge. In the case where X is the standard Brownian bridge on [0, T],
functions (fiX )ies are C*° functions and G is a standard Brownian bridge on [s, T']. An inte-

gration by parts gives fsT G;g'(s)ds =0 a.s. and thus g’ =0 on (s, T) and thus g is constant
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on [s, T']. The functions ( fl.x )ies form a linearly independent set of functions and, as they are
trigonometric functions with different frequencies, they clearly do not span constant functions,
so that equation (2.11) yields o1 = --- = «, = 0. Hence, the (H) hypothesis is fulfilled in the
case of K-L generalized bridges of the standard Brownian bridge.

The case of Ornstein—Uhlenbeck processes. In the case where X is an Ornstein—Uhlenbeck
process on [0, T'], G is an Ornstein—Uhlenbeck process on [s, T'] starting from 0. The injectivity
property of the Wiener integral related to the Ornstein—Uhlenbeck process stated in Proposi-

2
tion 2.6 below, applied on [s, T'], shows that equation (2.11) amounts to g LA, 100 0 and thus

L%([s,T].d
S X I, 2.12)
iel
Again, as ( fiX )ies are linearly independent, we have o] = --- = o, = 0. Hence, the (H) hy-

pothesis is fulfilled in the case of K—L generalized bridges of the Ornstein—Uhlenbeck processes.

Proposition 2.6 (Injectivity of the Wiener integral related to centered Ornstein—Uhlenbeck
processes). Let G be an Ornstein—-Uhlenbeck process defined on [0, T] by the SDE

dG;, =—-0G,dt + o dW; witho > 0 and 6 > 0,

where W is a standard Brownian motion and G £ N0, O’g) is independent of W.
Ifge L2([0, T1), then we have

T L2([0,T)
/ g(s)dG;=0 < g = "0.
0

Proof. The solution of the Ornstein—Uhlenbeck SDE is

o t
G, = Goe " * / ae? D qw; .
\Hf—/ 0
independent of W ~—
=:G9

Hence, we have

T T T
/ g(s)dG, = —QGO/ g(s)e ™ ds + f g(s)dGY.
0 0 0

Thus, by independence, if fOT g(s)dGs =0 then fOT g(s) dG(S) = 0. This means that we only have
to prove the proposition in the case of an Ornstein—Uhlenbeck process starting from 0.

We now assume that 002 = 0 and we temporarily make the additional assumption that 6T < ‘3—‘.
If g € L2([0, T]) and [} g(s)dG; =0, then 6 [ g(s)Gsds =0 [ g(s)dWy, and thus, if [V
denotes the covariance function of G,

T pT T
ezf / g(s)g(l)FOU(s,t)dsdt=c72/ g(s)* ds. (2.13)
0 Jo 0
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Applying Schwarz’s inequality twice, we get

T pT T T pT 2
// g(s)g(r)FOU(s,t)dsdtgf g(s)*ds // (OU(s, 1)) dsdr.
0 JO 0 0 JO

Hence, provided that

T pT 5 04
/0/0 (T9Ys, 1)) dsdr < —, (2.14)

equality (2.13) implies [ g(s)2ds =0.
Now, we come to the proof of inequality (2.14). The covariance function of the Ornstein—
Uhlenbeck process starting from 0 writes

2
U, 1) = 0_678(s+t)(620min(s,t) _ 1).

For 7 € [0, T, we have [} (TOU(s, 1)) ds = % (2—4e™20191 — e720(T=1) _2e=20 4 De=20T _
e 20(T+0) and thus

// (MOUY(s, 1))* ds dr = (5+49T+89Te*2”+4e*29T+e*4”).

Consequently, the function ¢ defined by ¢ (9) := fo fo (MOU(s,1))?dsdt — 27 ! writes

1 4
9(0)= ;’—4(—21 40T +80e 27T + 4627 4 =47,
Thus, ¢ (6) < —16 4+ 1260 T which leads to inequality (2.14) thanks to the fact that 6T < 4
We now come back to the general case Where we mlght have 6T > % 5. If this is the case, let us
consider T :=T — ,sothat 6(T — T) <2 Forte [T T], we have

~ L t
Gi= Gze 0D I /N oe?C=D aw, .
—— T
independent of (Ws)se[f 7] —10_/
' =:G;

The so-defined process (5?)1‘6[;]] is a centered Ornstein—Uhenbeck process starting from 0
and satisfying the same SDE as G. Hence, by independence, if fOT g(s)dG; = 0, then
J7 8()dGY =

AsO(T —T) < %, we can apply the result to (6?)reﬁ,ﬂ so that g7 7,
L*([0.T])

PALTD o 1 Fg <

we then have g 0. If it is not the case, we use the same method by using the decompo-

sition of [0, 7] into [0, T — %] and [T — é, T1 and so on. An easy induction finally shows that
L*([0,T])

g =70
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The converse is obvious. (]

The case of a more general Gaussian semimartingale. In the Appendix, we investigate the
problem for more general Gaussian semimartingales. As we have seen in the case of the
Ornstein—Uhlenbeck process, if functions (f;);c; are linearly independent in L%([s, T, d(X))
for s € [0, T), the () hypothesis comes to the injectivity of the Wiener integral with respect
to X on span( fi)iecs (on interval [s, T]).

3. K-L generalized bridges and partial functional quantization

We keep the notation and assumptions of Section 2.2. As we have seen, equation (2.3) decom-
poses the process X as the sum of a linear combination of the Karhunen-Loeve coordinates
Y := (Y})ies and an mdependent remainder term. We now consider YT a stationary Voronoi N -
quantlzatlon of Y. YT can be written as a nearest neighbor projection of Y on a finite codebook

—(]/la-,)/N)
Y= Proj(Y) where Proj- is a nearest neighbor projection on I'.

For example, YT can be a stationary product quantization or an optimal quadratic quantiza-
tion of Y. We now define the stochastic process X" XI.r by replacing Y by Y Y' in the decomposi-
tion (2.3). We denote X' = = Proj; (X).

IR SRV

iel ieN*\I

The conditional distribution of X/ given that Y falls in the Voronoi cell of y4 is the probability
distribution of the K-L generalized bridge with end-point y;. In other words, we have quantized
the Karhunen—Loeve coordinates of X corresponding to i € /, and not the other ones.

The so-defined process XIT s called a partial functional quantization of X.

3.1. Partial functional quantization of stochastic differential equations

Let X be a continuous centered Gaussian semimartingale on [0, 7] with Xy = 0. We consider
the SDE

dS, =b(t, S,)dt +o(t,S,)dX,,  Sp=xecRandzel0,T], 3.1)

where b(t, x) and o (¢, x) are Borel functions, Lipschitz continuous with respect to x uniformly
int, o and b(-, 0) are bounded. This SDE admits a unique strong solution S.

The conditional distribution given that ¥; = y; for i € I of S is the strong solution of the
stochastic differential equation dS; = b(z, S;)dr + o (¢, Sy) dX Y, with So = x € R, and for t €

[0, T], where X ,I Y is the corresponding K-L generalized bridge.
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Under the () hypothesis, this suggests to define the partial quantization of S from a partial
quantization X" X'T of X by replacing X by X’'T in the SDE (3.1). We define the partial quan-
tization S''T as the process whose conditional distribution given that Y falls in the Voronoi cell
of yx is the strong solution of the same SDE where X is replaced by the K-L generalized bridge
with end-point y,. We write

dS/" =b(, 5 dt + o (e, 5/ T) dX] T (3.2)

Remark. The SDE is written in the Itd sense unlike in the previous works on full functional
quantization (Pages and Sellami [26], Pages and Printems [24]) where the SDE was written in
the Stratonovich sense.

Here, the set I of quantized Karhunen-Loeve coordinates does not depend on the quantiza-
tion level, while in the case of full functional quantization, optimality is reached by adapting
the quantization dimension. The optimal quantization dimension (or critical dimension) has been
thoroughly investigated in Luschgy and Pages [18,19] and is shown to be asymptotically equiv-
alent to the logarithm of the quantization level when in goes to infinity, in the cases of Brownian
motion, Brownian bridge and Ornstein—Uhlenbeck processes.

3.2. Convergence of partially quantized SDEs

We start by stating some useful inequalities for the sequel. Then we recall the so-called Zador’s
theorem which will be used in the proof of the a.s. convergence of partially quantized SDEs.

Lemma 3.1 (Gronwall inequality for locally finite measures). Consider I an interval of the
form [a,b) or [a,b] with a < b or [a,00). Let (v be a locally finite measure on the Borel
o-algebra of I. We consider u a measurable function defined on T such that for all t € T,
f at lu(s)|(ds) < +o00. We assume that there exists a Borel function W on T such that

u(t)gw(t)+/ u(s)u(ds) Viel.

[a,1)

either  is non-negative,
ort+— wu(la,t)) is continuous on I and for all t € T, fat [V (s)|u(ds) < oo,

then u satisfies the Gronwall inequality

u(t) < ¥ (o) + / W(s) exp(u(ls. ) ) (ds).

[a,1)

A proof of this result is available in Ethier and Kurtz [9], Appendix 5.1.

Lemma 3.2 (A Gronwall-like inequality in the non-decreasing case). Consider I an interval
of the form [a, b) or [a, b] with a < b or [a, 00). Let i be a locally finite measure on the Borel



Partial functional quantization and generalized bridges 733

o-algebra of L. We consider u a measurable non-decreasing function defined on I such that for
allt e, fat lu(s)|u(ds) < +o00. We assume that there exists a Borel function W on I, and two
non-negative constants (A, B) € Ri such that

u(®) =y )+ A/

[a,1)

u(s)u(ds) + B / u(s)2u(ds) Viel. 3.3)
[a,1)

either  is non-negative,
ort+> u(la,t)) is continuous on I and for all t € T, fat [V (s)|u(ds) < oo,

then u satisfies the following Gronwall inequality

u(t) <29 (t) +2(2A + B?) ¥ (s)exp((2A4 + B*)u([s, 1)) w(ds).
la.1)

Proof. Using that for (x, y) € RZ, /xy < %(% + By), we have

1/2 12
( / u(s)%(ds)) < <u(r> u(S)M(dS)> < % + g / u(s)(ds).
[a,t) [a,t) [a,1)

Plugging this in inequality (3.3) yields
u(t) <29 (t) + (2A + B?) /[ , u(s)p(ds).
a,
Applying the regular Gronwall’s inequality (Lemma 3.1) yields the announced result. (]
Theorem 3.1 (Zador, Bucklew, Wise, Graf, Luschgy, Pages). Consider r > 0 and X be a

R?-valued random variable such that X € L"t" for some n > 0. We denote by EN+(X) the L"
optimal quantization error of level N for X, En »(X) :=min{||X — Y|, |[Y (2)| < N}.

1. (Sharp rate). Let Px(d§) = ¢(§) d§ + v(d§) be the Radon—Nikodym decomposition of the
probability distribution of X. (v and the Lebesgue’s measure are singular). Then if ¢ # 0,

N 1/d+1/r
Eny(X) ~ Jr,dx< f ¢>d/<"+”(u>du) x N~1/4,
N—o00 R4

where J~r,d € (0, 00).
2. (Non-asymptotic upper bound). There exists Cy .y € (0, 00) such that, for every R?-valued
random vector X,

YN>1,  En,(X)<CarpllXlrenN~V4.



734 S. Corlay

The first statement of the theorem was first established for probability distributions with com-
pact support by Zador [30], and extended by Bucklew and Wise to general probability distri-
butions on R? (Bucklew and Wise [4]). The first mathematically rigorous proof can be found in
Graf and Luschgy [11]. The proof of the second statement is available in Luschgy and Pages [20].

~

The real constant J, 4 corresponds to the case of the uniform probability distribution over
the unit hypercube [0, 11¢. We have 5;,1 = %(r + )~V and 72’2 = /185—ﬁ (see Graf and
Luschgy [11]).

3.2.1. L? convergence of partially quantized SDEs

Lemma 3.3 (Generalized Minkowski inequality for locally finite measures). Consider 7 an
interval of the form [a, b) or [a, b] with a < b or [a, 00). Let yu be a locally finite measure on the
Borel o-algebra of L. Then for any non-negative bi-measurable process X = (X;);e7 and every
p €[l,00),

H / X < / X0l (dn).
T » Jz

Proposition 3.1 (Burkholder-Davis—Gundy inequality). For every p € (0, 00), there exist
two positive real constants chG and C?DG such that for every continuous local martingale
(Xt)rero,77 null at 0,

PO VXr ], < | sup 1X,l
s€[0,7T]

=GV,

We refer to Revuz and Yor [27] for a detailed proof.

Proposition 3.2 (L? inequality). Let G be a standard Gaussian random variable valued in R.
There exists a constant C, > 0 such that for every M > 1

2 Mm?
\/iM”1 exp(——)
T 2

M2
<E[IGI"1iGj>m] < CpmP~! GXP(—7>-

Consequently

2 1/p M2
() w2
b1 2p

1 1 M2
<|IGLigi=umll, < (CHVP M exp<—5>,

where q is the conjugate exponent of p.
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Proposition 3.3 (The non-standard case and L? reverse inequality). If H := o G has a vari-
ance ofaz, we obtain

H1 <o|G1 —ocyr(M . m
I |H\>M||p_0” |G\>M/a||p—0( p) ; exp\ — )

2po
u (3.4
1p(c )Py m?
=0 'P(Cp exp 2p02 )
=M
Conversely, for some fixed n > 0, and if M > 1, we have
2q
M> [—o2(p— W[ - an =y < (3.5)
> p 1 7277 v <,
PUZ(Cp o24/p)
=M,

where W_1 is the secondary branch of the Lambert VW function. For more details on the Lam-
bert W function, we refer to Corless et al. [7].

Theorem 3.2 (L? quantization of partially quantized SDEs). Let X be a continuous centered
Gaussian martingale on [0, T] with Xo = 0. Let S be the strong solution of the SDE

ds, =b(t, S;)dt + o (¢, S;) dX;, So==x,

where b(t, x) and o (t, x) are Borel functions, Lipschitz continuous with respect to x uniformly
int,o and b(-,0) are bounded.

We consider XI'T a stationary partial functional quantization of X and
partial functional quantization of S, that is, the strong solutions of

ST the corresponding

08I = b(e. 3!y dr + o (e, T AT, 3T =,

Then, for every p € (0,00), € > 0 and t € [0, T), there exist three positive constants Cx ¢ J,
Ax ¢ 1 and Bx ¢ 1 such that

9 Iy — YT, .
sup |5, ~ 57| <Cxe exp(Ax,s,, W (—7)) [y =77 ... G6
ve[0,1] p Bx .1

where q is the conjugate exponent of p, where Y is defined from X by equation (2.3) and YT is
the nearest neighbor projection on I'.

Remark. Using that W_1(—x) ~ In(x), we can see that the right-hand term in equation (3.6)

x—04

goes to 0 as the quantization error ||¥Y — YT | p+¢ goes to 0.
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Proof. We decompose the process X into X; = Y ,;, YieX (1) + X1 and XIT into X7 =

Yiel ?l.relX (t) + X,I 0 where YT is the nearest neighbor projection of ¥ on I'. For some k €
{1,..., N}, conditionally to YT = y;, we have

S, — SIF f(b(u S,) — (u SIF du+Z/ o(u, Su)—o( S”))Yrdex(u)

iel

+Z/ (Y; — Yo (u, S,) de] (u)—i—f (0@, Su) — o (u, SET)) Gy d(X),

iel
t
+ / (o (u, Su) — o (u, SET)) dM,,.
0

This gives (conditionally to ¥T = y;)
5, -5
t ~
<[b] Llp/ |S — SI F|du + o ]Lipl| max |(el-X)/(u)|(I¥1€aIx|Yir|>/0 |Su _ S,f’r|du

[0 T]

+ [0 Tmax | max K|y |y - YF|+V o, $u) — o (u, SIT)) Gy d(X),

ue[O T] iel

+

[ ~
/0 (U(u, Su) — U(u, SL{’F))

As a consequence, conditionally to Yr = Vs

t
max |S, — S| < [b]Lip/ max |S, — /"] du
vel0,¢] 0 vel0,u]

t
+ [o]uipl /| max |(ef()/(u)|(max|l7ir|>/ max |S, — SI'7| du
iel iel

o vel0,u]
uel0,T]
+ [0 Jmax 1| max (M)|TZ|Y —YF|
ue[O T] iel

4+ max
vel[0,z]

/v(o(u, Su) — o (u, SET)) G, d(X),
0

[U(a(u, Su) — a(u, §,ﬁr))
0

To shorten the notation, we denote, for a random variable V and a non-negligible event A,
IVIp.a:=E[VP| A1YP Hence, using the Minkowski inequality and the generalized Minkowski

+ max
vel0,¢]
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inequality for locally finite measures (Lemma 3.3), we get

max |8, — §£F|”

vel0.1] pAY =y}
t ~

< [b]Lip/ max |5, ~ 507w
0 Nvel0,u] pAY =y}

t
+[oTuipl 7] max |(ef) (u>|(rglg,x|Yfl)f0

max]|SU - §£F|H

vel0,u p’{?FZVk}
uel0,T]
+[oTuipll | max |(ef) @|7| Y_|vi =¥}
uG’[%,T] iel pAY =y}
v ~
+ || max / (G(“’S”)_U(u»S,f’F))Gud(X)u
veiblo pAYT =y}
v
+ || max / (G(”’S")_U(%S,f’r))dMu .
rae PP =)
Now, from the Burkholder—Davis—Gundy inequality,
maX|Sv—§£vF|H R
UG[O,Z] pv{YF:yk}
1
< [blLi max |S. — SI.T ” R "
= ]Llpfo v€[0,u]| ’ v | pAYT =y}
t
+ [oLip|I| max eX/u(max?.F)/ maxS—gl,FH ~
[ ]L1P| | icl |( 1)( )| i€I| i | 0 Ue[O,u]| v ) | -
uel0,T]
3.7
+loluipll | max |(¢f) w7 Y_[v: =¥ ||
uel[f),T] iel pAYT =y}
t
+ H/ |G(M,Su) _U(M’S,i’r)||Gu|d(X)u R
’ p.(YT=p)
t
N 2
+CEDG \// (G(M,Su)—g(%SL{’F)) d(X)u N .
’ pAYT=y}

Now, from Schwarz’s inequality

P VIl [yl -7
iel

iel

S = \/|7| Y - ?F vI_ .
AT =y} pATT=p) H Hp,{yF_yk}
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From the generalized Minkowski inequality

t
H/ |o(u, Su) — o (u, SPT)|1G Ll d(X),
0

P =y}

t
< [ 1o 50 =0 (050l 5r_,y 20X
t ~
= [ ot 50 = . 57) Guti
+ (0w, S =0 (u, Sy GuliG=m |, r_,,, 4X)u
t
E/O ” (O(u’ Su) _U(u’ SL{’F))GMMGMZM||p’{?l"=yk}d(X>u
t
+f0 [(o . 80 =0 (. Sg) GuliGuizm [, e,y diX D

t t
< 2[0 lmax / 1Gu LG, 12m 77—y A(X)u + Mo TLip / IS0 =S oy XD
0 0 ’

We obtain, thanks to Proposition 3.3

t
”/ o (u, $u) — o (u, SE)|1Gul d(X )
0

P YT =y}

M2 t ST
U2 ‘|’1‘4[0]Lip\/0 || Su — Su || YF:)/k Vus

t

<200 Tmax (X)e (Cp) /70 P M1/ exp(—

=M

where vl2 = maxye[o,:](Var(G,)). Moreover,

H\// (0. $u) — o (. SET)) P d(X) /(
P{YF_)/k}

max S —SIF|H

iel AYT=p)
ve[0,u]
Hence, equation (3.7) becomes
max |8, — §£F|H N
vel0,1] AT =p}
) Xy’ o
= loTuiplf| max [(¢) VY =Y, pr_,,, +nu
uel0,T]
::A.X

max |Sv §’F|H
vel0,u]

~ u
pAYT=w}

t
+ [b]Lip /0
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max |SU - SIF|H

t
+[oluipl7] max () (u)|(I}1€a;<|Yfl)/0

% u
vel0,u] pAYT =y}
uel0,T]
' 12
+ CBDG /2)maxs S’FH d(x
P 0 iel ’ v ’ AVT =y} X0
vel0,u]
t ~
+M[0]Lip/ max |Sv —Si’F|H ~
—— Jo llvel0,u] pYT=pc}
—.CX.M

We can then apply the “Gronwall-like” Lemma 3.2 for locally finite measures to the non-
decreasing function

1/p
sup |SU—S1F’H _E[ sup ‘S —Slr|p|YF ]
vel0,7] APT=n) vel0,7]

and with the locally finite measure u defined by w(du) = du + d(X),, and we obtain

sup ‘Su - Slf’r’pr{f,r:yk}

< (AFE[]y = 777177 = 5] 77 4 mar) exp((E) 7 + XM (10,1)))
< (AFE[]Y = ¥" 717" = 3] + mar) exp(E7 7w (10.1))) exp(C*M u(10. 1))
=:¢ ()

where E; X% is an affine function of max;ey |(vk)il. This yields

sup |S —S’F|H
vel0,¢]

< (AF[E[Y =7 PIPT o7, + nulo (7)) exp(€* M w(10.0)).

Now, for e >0and p =1 + and g = Ll =1+ f the conjugate exponent of p, we have,
thanks to Holder’s inequality

E[¢(Y")E[|y - YT |7 |Y"]] < ||¢(?F)P||q IE[|Y - ’Y‘I“p|?r‘]”ﬁ
< [6(F)P | Elly — T
Hence,

[E[Jy — P["17T] 7o (P7)|, < |o(F")" |}/ "By — T[]0,

Now, as the so-defined fung}ion ¢ is convex and as YT is 5 a stationary quantizer of Y, we have
thanks to equation (1.4), [l¢(Y")?|l; < lp(¥)?llz and (YD), < (D)l .
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If one sets
Iy — YT
M= |—v(p—DW_ <—6]22—/;J/r€>,
pu; C,,q Py2alp
where g is the conjugate exponent of p and WW_; is the secondary branch of the Lambert WV
function, Proposition 3.3 ensures that ny <n:=||Y — YT p+e- We finally have the following
error bound
sup |Sv - §£r| H
vel0,7] p
q”Y_YF”pJ,-g ST
<Cxe1r eXP([U]Llp —v(p— DWW (—W)> “Y -Y Hp+8’
which is the desired inequality. |

Remark (Without the stationarity property). The last step of the proof of Theorem 3.2 (the use
of Jensen’s inequality) relies on the stationarity of the quantizer Y. Now, without this stationarity
hypothesis and under the additional assumption that

rnB@O,1)#g, (A)
we have for every i € /
Vil < 1Y =Y +1Y] < Vil +]Y =y <21Vl +]y/°| <21%i1+1  where y* e TN B(0, 1).
Hence,
rpea;q?,w <2max Y| +1.

We notice that the function ¢ (x) defined in the demonstration of Theorem 3.2 writes ¢ (x) =
Y (max;eg x;) for some non-decreasing function . This implies

¢(F) =y (max7, ) <y (max(2¥i + 1)) = ¢(217] + 1).
le IAS]
Hence, we can obtain the same conclusion as in Theorem 3.2.

Corollary 3.1 (L? convergence). With the same notation and hypothesis as in Theorem 3.2,

consider (X''Tn),en a sequence of partial functional quantizers of X and (S""1"),en the corre-
sponding sequence of partial quantizers of S. (For n € N, 'y, is assumed to have cardinal n.)

If we make the additional assumption that the associated sequence of quantizers (Y ') e is

rate-optimal for the LP*¢ convergence for some ¢ > 0, then for every t € [0, T) we have
e PP —1/|1
B[ sup |5, =307 ("] =0@m).
uel0,1]
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Proof. As||Y — Y | p+e —>n—o0 0, we have a.s. d(YTnY) =, 00 0. Hence, there exists Ny €
N such that for every n > Ny, I',, satisfies Hypothesis (A). From this observation, the result is
straightforward consequence of the previous remark and Zador’s theorem 3.1, which defines the
optimal convergence rate of a sequence of quantizers. (]

3.2.2. The a.s. convergence of partially quantized SDEs

Theorem 3.3 (Almost sure convergence of partially quantized SDEs). Let X be a continuous
centered Gaussian martingale on [0, T'] with X = 0. Let S be the strong solution of the SDE

dS; =b(t, S;)dt + o (¢, S;) dX;, So=x,

where b(t, x) and o (t, x) are Borel functions, Lipschitz continuous with respect to x uniformly
int,o and b(-,0) are bounded.

We consider ()? LTky ey a sequence of partial functional quantizers of X and SITn the corre-
sponding partial functional quantization of S, that is, the strong solutions of

dS/" =b(e, Sy dr + o (e, 5y aX T, Sy =

(For n € N, Ty, is assumed to have cardinal n.) We also assume that the sequence of partial
quantizers of X is rate-optimal for some p > |1 |, that is, that there exists a constant C such that

IE[|Y _ 7T |p]1/p <cn~ M

for every n € N*, where Y is defined from X by equation (2.3) and Y YT is the nearest neighbor
projection on I'. Then for every t €[0,T), S LT converges almost surely to S;.

Proof. From Corollary 3.1,if ¢ € [0, T), there existr € (||, p) and Ng € N such that for n > Ny,

~ 1
E[ sup |Su - SL{’F” r] " :O(I’l_l/lll).

uel0,r]

Hence, as ﬁ > 1, Beppo-Levi’s theorem for series with non-negative terms implies

B[S sup [5, -5

e uelo.

:|<—|—oo.

LT, LT,
Thus )~ SUP,efo.0 1Sy — Su” "I" < +oo P-as. so that sup,cio,1Su — Su™"| = n—s00 0
P-a.s. O

Remark (Extension to semimartingales). In Theorems 3.2 and 3.3, we limited ourselves to the
case where X is a local martingale. The proofs are easily extended to the case of a semimartin-
gale X as soon as there exists a locally finite measure v on [0, 7] such that for every w € Q
the finite-variation part dV (w) in the canonical decomposition of X is absolutely continuous
with respect to v. In particular, this is the case for the Brownian bridge and Ornstein—Uhlenbeck
processes whose finite-variation parts are absolutely continuous with respect to the Lebesgue
measure on [0, T'].
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Appendix: Injectivity properties of the Wiener integral

In this Appendix, we recall some results on the definition of the Wiener integral with respect to
a Gaussian process. We focus on the injectivity properties. Here, we pay special attention to the
special case of the Ornstein—Uhlenbeck processes.

The covariance operator and the Cameron—Martin space

Consider X a bi-measurable centered Gaussian process on [0, T'] such that fOT ]E[th] dr <
oo and with a continuous covariance function I'* on [0, T] x [0, T]. We denote by H :=

2
span{X;, t € [0, T]}L ® the Gaussian Hilbert space spanned by (X;);¢[0,7]- The covariance op-
erator Cx of X is defined by

Cx:L*([0, T1) — L*([0, T1),
v Cxy =E[(y, X)X].

We have Cxy(t) = E[(y, X)X1(t) = E[f) Xsy(s)dsX,] = [ TX(,5)y(s)ds where
I'X(¢,s) =E[X,X,] is the covariance function of X.

The Cameron—-Martin space of X, (or reproducing Hilbert space of Cx), which we denote by
Kx, is the subspace of L2([O, T]) defined by Ky := {t — E[ZX,], Z € H}. K is equipped with
the scalar product defined by

ki, ko)x =E[Z1Z5] itki =E[Z;X.],i=1,2,

so that (Ky, {-)x) is a Hilbert space, isometric with the Hilbert space {(y, X): y € L%([0, T])}H.
Ky is spanned as a Hilbert space by {Cx (y): y € L>([0, T])}.

The Wiener integral

Here, we follow the same steps as in Lebovits and Lévy—Véhel [17] and in Jost [16] for the
definition of a general Wiener integral. The difference here is that we use the quotient topology
in order to define the Wiener integral in a more general setting.

We define the map U : H — Ky defined by U (Z)(¢t) = E[ZX,]. By definition of H and Ky,
U is a bijection and for any s € [0, T, we have U (Xy) = I'* (s, -). Consequently, K is spanned
by (TX(s, ) se[0,7] as a Hilbert space. Now, we linearly map the set of the piecewise constant
functions £([0, T']) to the Cameron—Martin space Kx by

J:£([0,T]) — Kx,
L = DX, ) =T, ),

where |a, b| stands either for the interval [a, b], (a, D), (a, b] or [a, b). We equip E([0, T']) with
the bilinear form (-, -) ; which is defined by

(f.8)s:={Jf. Jg)x.

It is a bilinear symmetric positive-semidefinite form.
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Remark. The so-called reproducing property shows that (1j0 |, 1jo,s)s = X, s)+r%0,0)—
I'*(0,s) — I'¥(0, ). When X = 0 a.s., this gives (10,4, Ljo.s/)7 =X (s,1).

Now, we define the equivalence relation ~; on £([0, T]) by x ~; yif (x —y,x —y); =0.On
the quotient space E([0, T]) := £([0, T])/ ~, the bilinear form (-, -) ; is positive-definite and
thus it is a scalar product on E ([0, T']). In this context, J defines an (isometric) linear map from
E([0,T]) to Kx. Then, considering the completion F' of E ([0, T']) associated with this scalar
product, J is extended to F and U~! o J: F — H is an (isometric) injective map that we call
Wiener integral associated to X.

T
/0 fOdX; :=U" o J(f).

Injectivity properties of the Wiener integral
As we have just seen, the Wiener integral is an (isometric) injective map from F to H. Still, for
example, when dealing with a standard Brownian bridge on [0, T'], [|1[0,7;ll; =0, so that there

are functions of £([0, T']) which have a non-zero L? norm and a zero || - ||; norm. Injectivity
only holds in the quotient space E ([0, T']) = £([0, T])/ ~ and its completion F.
It is classical background that in the special case of a standard Brownian motion, || - || ; exactly

coincides with the canonical L2 norm so that F = L2([0, T']).

Study of the case of Ornstein—Uhlenbeck processes

From now, we will assume that X is a centered Ornstein—Uhlenbeck process defined on [0, T']
by the SDE

dX, =—-6X,dt + o dW, witho > 0and 6 > 0,

. . . L ..
where W is a standard Brownian motion and X¢ ~ N (0, 002) is independent of W. We make the
additional assumption that 67 < %. The covariance function writes

2
(s, 1) = ;—ge*"(”’) (2min6) _ 1) 4 g2e 00D,

Proposition A.1 (Semi-norm equivalence on £([0, T'])). There exist two positive constants ¢
and C such that for every f € E(0, TD, cllfll2 < IIflls <Clflla-

Proof. Let us consider f € £([0, T]). We have

T T
I£13 = Var(—e / f)Xsds +o / f(S)dWs)
0 0

T T
< 2Var<9/ f($)Xs ds) +2Var(o/ f(s) dWs>.
0 0
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The solution of the Ornstein—Uhlenbeck SDE is

1 t

X, = Xoe "' F / ae? D aw; .
0

—_—

=:X§)

The so-defined process (X ?),E[o,T] is a centered Ornstein—Uhlenbeck process starting from O.
Hence, we have

T T T
IF15 §2Var<X09/ f(s)e ds) —|—2Var(9/ f(s)X?ds) +2Var<o/ f(s)dWs)
0 0 0
T T T
5202TVar(X0)/ f(s)zds+2Var<9f f(s)XSds) +2Var(a/ f(s)dWS).
0 0 0

As in the proof of Proposition 2.6, using that 0T < 4/3, we can show that Var(0 fOT f(s)X? ds) <
Var(o [} f(s)dW). Hence,

T
If12 < (26°Ta? + 40?) / F(s)ds,
— ——— ' J0

=:C2

which is the desired inequality. Now we write

t T T T
/ F(s)dX, :_ef f(S)Xoe—esds+<—9/ f(s)xgds>+a/ £(s)dWs,
0 0 0 0

G/ Gf —Gf
=G} =G| =G}

where (Gg , G{ , G{ ) is Gaussian and Gg is independent of G{ and G{ . Hence,

Var(/t f(s)dXS>
0

> Var(G] + G} ) = Var(G) + Var(G] ) +2cov(G{, G}) (A1)

> Var(GY) + Var(G) — 2,/ Var(G] ) Var(G) = (\/ Var(G4) — /Var(G1 ))

2

It has been shown at the beginning of the proof of Proposition 2.6 that there exists a constant
K < 1 independent of f such that Var(G{ )<K Var(G{ ). K was defined by

92\/ T T w 5
K=— / / 4 (s,t))" dsdt,
a2\ Jo Jo ( )
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where I'X" is the covariance function of the Ornstein—Uhlenbeck process starting from 0. Plug-
ging this into equation (A.1) yields

t
Var(/ f(s)dXs) > (1 - VEK)? Var(G]) = (1 = VK> I f 113
0 %/_/

—2

This is the wanted inequality. (]

A straightforward consequence of Proposition A.1 is that || f||; =0 < || f|l2 = 0 so that equiv-
alence classes in £([0, T']) for the relation ~; are almost surely equal functions. Another con-
sequence is that the sets of Cauchy sequences and convergent sequences for the two norms on
E ([0, T]) coincide, and thus the corresponding completions of E ([0, T']) are the same. In other
words, in the case of Ornstein—Uhlenbeck processes that satisfy the condition 87 < é, we have

F=L%[0,T)).
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