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The approximation of fixed-interval smoothing distributions is a key issue in inference for general state-
space hidden Markov models (HMM). This contribution establishes non-asymptotic bounds for the Forward
Filtering Backward Smoothing (FFBS) and the Forward Filtering Backward Simulation (FFBSi) estimators
of fixed-interval smoothing functionals. We show that the rate of convergence of the L;-mean errors of
both methods depends on the number of observations 7" and the number of particles N only through the
ratio T'/N for additive functionals. In the case of the FFBS, this improves recent results providing bounds
depending on T/+/N.
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1. Introduction

State-space models play a key role in statistics, engineering and econometrics; see Cappé,
Moulines and Rydén [2], Durbin and Koopman [10], West and Harrison [18]. Consider a pro-
cess {X;};>0 taking values in a general state-space X. This hidden process can be observed only
through the observation process {Y;};>0 taking values in Y. Statistical inference in general state-
space models involves the computation of expectations of additive functionals of the form

T
St =Y h(Xi1, X)),

t=1

conditionally to {Y; tho, where T is a positive integer and {h,}tT=l are functions defined on X2
These smoothed additive functionals appear naturally for maximum likelihood parameter infer-
ence in hidden Markov models. The computation of the gradient of the log-likelihood function
(Fisher score) or of the intermediate quantity of the Expectation Maximization algorithm involves
the estimation of such smoothed functionals, see Cappé, Moulines and Rydén [2], Chapters 10
and 11, and Poyiadjis, Doucet and Singh [17].

Except for linear Gaussian state-spaces or for finite state-spaces, these smoothed additive
functionals cannot be computed explicitly. In this paper, we consider Sequential Monte Carlo
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algorithms, henceforth referred to as particle methods, to approximate these quantities. These
methods combine sequential importance sampling and sampling importance resampling steps to
produce a set of random particles with associated importance weights to approximate the fixed-
interval smoothing distributions.

The most straightforward implementation is based on the so-called path-space method. The
complexity of this algorithm per time-step grows only linearly with the number N of particles,
see Del Moral [4]. However, a well-known shortcoming of this algorithm is known in the litera-
ture as the path degeneracy; see Poyiadjis, Doucet and Singh [17] for a discussion.

Several solutions have been proposed to solve this degeneracy problem. In this paper, we
consider the Forward Filtering Backward Smoothing algorithm (FFBS) and the Forward Filtering
Backward Simulation algorithm (FFBSi) introduced in Doucet, Godsill and Andrieu [9] and
further developed in Godsill, Doucet and West [11]. Both algorithms proceed in two passes. In
the forward pass, a set of particles and weights is stored. In the Backward pass of the FFBS, the
weights are modified but the particles are kept fixed. The FFBSi draws independently different
particle trajectories among all possible paths. Since they use a backward step, these algorithms
are mainly adapted for batch estimation problems. However, as shown in Del Moral, Doucet and
Singh [5], when applied to additive functionals, the FFBS algorithm can be implemented forward
in time, but its complexity grows quadratically with the number of particles. As shown in Douc
et al. [8], it is possible to implement the FFBSi with a complexity growing only linearly with the
number of particles.

The control of the L,-norm of the deviation between the smoothed additive functional and
its particle approximation has been studied recently in Del Moral, Doucet and Singh [5,6]. In
an unpublished paper by Del Moral, Doucet and Singh [6], it is shown that the FFBS estimator
variance of any smoothed additive functional is upper bounded by terms depending on T and N
only through the ratio 7/N. Furthermore, in Del Moral, Doucet and Singh [5], for any g > 2,
a L,-mean error bound for smoothed functionals computed with the FFBS is established. When
applied to strongly mixing kernels, this bound amounts to be of order 7/+/N either for

(i) uniformly bounded in time general path-dependent functionals,
(i1) unnormalized additive functionals (see Del Moral, Doucet and Singh [5], equation (3.8),
page 957).

In this paper, we establish L,;-mean error and exponential deviation inequalities of both the
FFBS and FFBSi smoothed functionals estimators. We show that, for any ¢ > 2, the L,-mean
error for both algorithms is upper bounded by terms depending on 7 and N only through the
ratio 7 /N under the strong mixing conditions for (i) and (ii). We also establish an exponential
deviation inequality with the same functional dependence in 7 and N.

This paper is organized as follows. Section 2 introduces further definitions and notations and
the FFBS and FFBSi algorithms. In Section 3, upper bounds for the L,-mean error and expo-
nential deviation inequalities of these two algorithms are presented. In Section 4, some Monte
Carlo experiments are presented to support our theoretical claims. The proofs are presented in
Sections 5 and 6.
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2. Framework

Let X and Y be two general state-spaces endowed with countably generated o -fields X and ).
Let M be a Markov transition kernel defined on X x X and {g;};>0 a family of functions defined
on X. It is assumed that, for any x € X, M (x, -) has a density m(x, -) with respect to a reference
measure A on (X, X). For any integers 7 > 0 and 0 <s <t < T, any measurable function 4 on
X5+ and any probability distribution x on (X, X'), define

ger | X (dx0)g0(x0) [To—; M (xu—1, dxu) gu (X)) (xg:r)
o7 1] = . : @.1)
f x (dxo)go(x0) l_[uzl M (xy—1, dx,) gu (xy)

where a,., is a short-hand notation for {a,};_, . The dependence on g.7 is implicit and is dropped
from the notations.

Remark 2.1. Note that this equation has a simple interpretation in the particular case of hidden
Markov models. Indeed, let (2, F,P) be a probability space and {X,};>0 a Markov chain on
(2, F,P) with transition kernel M and initial distribution x (which we denote Xy ~ x). Let
{Y:}:>0 be a sequence of observations on (€2, F, P) conditionally independent given o (X;, t > 0)
and such that the conditional distribution of ¥, given o (X;, t > 0) has a density given by g(Xy, -)
with respect to a reference measure on ) and set g, (x) = g(x, ¥;,). Then, the quantity ¢;.;7[h]
defined by (2.1) is the conditional expectation of 4 (X;.;) given Yo.7:

Gs:r[h] = E[h(Xs:0) Yo7 ], Xo~x.

In its original version, the FFBS algorithm proceeds in two passes. In the forward pass, each

filtering distribution ¢, défgb,:,, forany ¢ € {0, ..., T}, is approximated using weighted samples

{(a)fv’e, E,N’Z)}?’:l, where T is the number of observations and N the number of particles: all
sampled particles and weights are stored. In the backward pass of the FFBS, these importance
weights are then modified (see Doucet, Godsill and Andrieu [9], Hiirzeler and Kiinsch [14],
Kitagawa [15]) while the particle positions are kept fixed. The importance weights are updated
recursively backward in time to obtain an approximation of the fixed-interval smoothing distri-
butions {¢‘;;T|T}ST:0. The particle approximation is constructed as follows.

Forward pass. Let {&év ’Z} évzl be i.i.d. random variables distributed according to the instrumental

density pg and set the importance weights a)(l)v £ &ef dyx /dpo (Sév ,e) £0 (f;‘év ’Z). The weighted sample

{(E(;V ,e’ a)(l)v ,l)}év: | then targets the initial filter ¢ in the sense that is a consistent estimator of
¢o[h] for any bounded and measurable function /# on X.

Let now {(SSN_’{Z, a)ﬁv_’?)}g/: | be a weighted sample targeting ¢s—1. We aim at computing new
particles and importance weights targeting the probability distribution ¢. Following Pitt and
Shephard [16], this may be done by simulating pairs {(/, SN ,(z’ ESN £
from the instrumental distribution:

)}‘,15\/:1 of indices and particles

ots (6 1) o o405 (67) Py (651 7),



Deviation inequalities for smoothed additive functionals 2225

on the product space {1, ..., N} x X, where {0 (& SN;f)}Q]:l are the adjustment multiplier weights
and Py is a Markovian proposal transition kernel. In the sequel, we assume that Ps(x, -) has, for
any x € X, a density p,(x, -) with respect to the reference measure A. Forany £ € {1,..., N} we
associate to the particle ésN Lits importance weight defined by:

NN N Nt
N, ¢ def m(Es_l° s s (s )

s AR NN N
ﬁs(%‘s_yl )ps(gs_l' 65 )

Backward smoothing. For any probability measure n on (X, X), denote by B, the backward
smoothing kernel given, for all bounded measurable function /2 on X and for all x € X, by:

der [ n(dxm(x’, x)h(x")

Byl )= S n@dx)m(x’, x)

Forall s € {0, ..., T — 1} and for all bounded measurable function # on X7 —5+1, ¢s.7|7[h] may
be computed recursively, backward in time, according to

¢s:T|T[h]:/qus(xs-i-l»dxs)¢s+1:T\T(dxs+l:T)h(xx:T)~

2.1. The forward filtering backward smoothing algorithm

Consider the weighted samples {(g[”, w,N’Z)}éV:l, drawn for any ¢ € {0, ..., T'} in the forward

pass. An approximation of the fixed-interval smoothing distribution can be obtained using

Wit = [ By Grcen. dx00 o @), 22)

and starting with ¢¥:T|T[h] = ¢¥ [#]. Now, by definition, for all x € X and for all bounded
measurable function ~ on X,

N

o mEN, x) N
By (x, h) = h(EN),
" ;zezlwﬁ “mEN x) (&™)

and inserting this expression into (2.2) gives the following particle approximation of the fixed-
interval smoothing distribution ¢q.7|7[/]

N
¢(])\:]T\T[h]=Z" Z(HA (- 1)) (EN”’,..., 2, (2.3)
io=1 ir=1 \u=1
where £ is a bounded measurable function on X7 t!,
N,j
w, 'm
ANG, HE (6" 64 G, j)ell,..., NP, 2.4)

N N.L_ o N.L  Ni
D= wp m& $,+1)
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and
N def N.¢
Q) = E w; . (2.5)

The estimator of the fixed-interval smoothing distribution ¢(I)\:’T|T might seem impractical since

the cardinality of its support is N7 1. Nevertheless, for additive functionals of the form

T
Srr(Xor) =Y hi(Xi—ra), (2.6)

t=r

where r is a nonnegative integer and {hf},TZ, is a family of bounded measurable functions
on X’ *1, the complexity of the FFBS algorithm is reduced to O(N"*?). Furthermore, the smooth-
ing of such functions can be computed forward in time as shown in Del Moral, Doucet and Singh
[5]. This forward algorithm is exactly the one presented in Poyiadjis, Doucet and Singh [17] as
an alternative to the use of the path-space method. Therefore, the results outlined in Section 3
hold for this method and confirm the conjecture mentioned in Poyiadjis, Doucet and Singh [17].

2.2. The forward filtering backward simulation algorithm

We now consider an algorithm whose complexity grows only linearly with the number of parti-

cles for any functional on X7 +!. Forany r € {1, ..., T}, we define
FNEo{EN o¥i);0<s<t,1<i <N}
The transition probabilities {AN } deﬁned in (2.4) induce an inhomogeneous Markov chain
{Ju} _o evolving backward in tlme as follows. At tlme T, the random index Jr is drawn from
the set {1, ..., N} with probability proportlonal to (a)T - a)T ) Forany t € {0, . —1},
the index Jt is sampled in the set {1, ..., N} according to A (J1+1, -). The joint dlstr1but10n of
Jo-T is therefore given, for jo.r € {1, .. N+ by
N JT
PlJor = jor|F7 | = =I5~ AT Grs jr—1) -+~ A G o). 2.7)
: : QN -1 0 ’

Thus, the FFBS estimator (2.3) of the fixed-interval smoothing distribution may be written as the
conditional expectation

S =E[n(g) ", ... &7 ) IFY],

where % is a bounded measurable function on X7 !, We may therefore construct an unbiased
estimator of the FFBS estimator given by

Porirlhl=N lzh NI M, 2.8)
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where {J(f:T}év=1 are N paths drawn independently given J—'}V according to (2.7) and where h
is a bounded measurable function on X7 1. This practical estimator was introduced in Godsill,
Doucet and West [11] (Algorithm 1, page 158). An implementation of this estimator whose
complexity grows linearly in N is introduced in Douc et al. [8].

3. Non-asymptotic deviation inequalities

In this section, the L,-mean error bounds and exponential deviation inequalities of the FFBS
and FFBSi algorithms are established for additive functionals of the form (2.6). Our results are
established under the following assumptions.

Al
(i) There exists (o_, 04) € (0, 00)? such that o_ < oy and for any (x,x") € X2, o_ <
’ def
mx,x")<oyandwesetp =1—o0_/o4.
(i) There exists c¢c_ € R% such that [ x(dx)go(x) > c¢— and for any r € N¥
infyex [ M(x,dx")g (x") > c_.
A2
(i) Forall >0and all x € X, g;(x) > 0.
(i) SUp;>o |8tl00 < 00.
A3 sup, [9]oo < 00, SUP,5( | Prloo < 00 and sup,q |@;|oo < 00 Where

oy (r, ) S MG
A 9 () py (x, ) =

Assumptions Al and A2 give bounds for the model and assumption A3 for quantities related to
the algorithm. A1(i), referred to as the strong mixing condition, is crucial to derive time-uniform
exponential deviation inequalities and a time-uniform bound of the variance of the marginal
smoothing distribution (see Del Moral and Guionnet [7] and Douc et al. [8]). For all function &
from a space E to R, osc(h) is defined by:

of d
wo(x) & d—;‘o(x)gou),

osc(h) dof sup |h(z) —h(Z')].

(z,2/)€E?

Theorem 3.1. Assume A1-A3. For all g > 2, there exists a constant C (depending only on q,

O—, 04, C—, SUP;~1 |Vtloo and sup,~qlw;|eo) Such that for any T < oo, any integer r and any
. T

bounded and measurable functions {hs};_,,

VN

where St is defined by (2.6), qb(])\:’T‘T is defined by (2.3) and where

s=r

T 1/2
C
||¢(])\:/T|T[STJ] — @077 ST /] ||q < —Tr]YT (Z osc(hs)2> ,

JTHF/T—rF1
TQ’T‘jzef«/r+1(«/1+rA«/T—r+1+ SRR )

JN
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Similarly,

T 1/2
|60 7 [S7.-1 = do:rir (7.1, < =1 (Z osc(hy) ) ,
! N ’ s=r
where %YTlT is defined by (2.8).

Remark 3.1. In the particular cases where r =0 andr =T, TévT =1+4/T+1/N and T%T =
~T +1(1+ /T 4+ 1/N). Then, Theorem 3.1 gives

(ZST:O osc(hs)?)1/? <1 N T + 1)
VN :

|63 [ST.01 = $o717 18701, < C S

and

T+1 T+1
6877701 = doerir 7.0, < c\/ o (1 T \/ %) ose(hr)?.

As stated in Section 1, theses bounds improve the results given in Del Moral, Doucet and Singh
[5] for the FFBS estimator.

Remark 3.2. The dependence on 1/+4/N is hardly surprising. Under the stated strong mixing
condition, it is known that the L,-norm of the marginal smoothing estimator d)tl\i mlT[h], te

{r,..., T} is uniformly bounded in time by [|¢}"" rairlhlllg <€ osc(h)N~1/2 (where C depends
only on g, o, 04, c—, sup,> |9|ec and sup,-( |@;|c0). The dependence in VT instead of T

reflects the forgetting property of the filter and the backward smoother. As forr <s <t < T,

the estimators qﬁ‘fv_ M‘T[hs] and ¢tl\i mlT[h,] become asymptotically independent as (r — s) gets

large, the L,-norm of the sum Zthr d)l[\i r:t|T[ht] scales as the sum of a mixing sequence (see
Davidson [3]).

Remark 3.3. 1t is easy to see that the scaling in /7 /N cannot in general be improved. Assume
that the kernel m satisfies m(x, x’) = m(x’) for all (x,x’) € X x X. In this case, for any ¢ €
{0, ..., T}, the filtering distribution is

S m(x)g(x)hs(x)dx
S m(x)g: (x)dx

and the backward kernel is the identity kernel. Hence, the fixed-interval smoothing distribution
coincides with the filtering distribution. If we assume that we apply the bootstrap filter for which

¢t[ht] =

)

.....

ables corresponding to importance sampling estimators. It is easily seen that

T
<C h —.
< OléltaSXT{OSC( Dy v

q

T

> 6N hid — il

t=0




Deviation inequalities for smoothed additive functionals 2229

Remark 3.4. The independent case also clearly illustrates why the path-space methods are sub-
optimal (see also Briers, Doucet and Maskell [1] for a discussion). When applied to the inde-
pendent case (for all (x,x") € X x X, m(x, x") =m(x’) and ps(x, x") = m(x')), the asymptotic
variance of the path-space estimators is given in Del Moral [4] by

T—1 2 2 2 2
def m(gT) m(g:[hy — ¢ (h)]7) m(gT[hT —¢r(hr)]9)
torrtSrol = g mer)?  m(g) m(gr)?
T—1(t—1 2 2 2 2
m(g?) m(gslhs — ¢s(h)PP)  m(gPlhy — ¢y (h))
" 21:{;0 me?  mg) o m()?

x(851ho — ¢o(ho)T?)
x (80)?

The asymptotic variance thus increases as 72 and hence, under the stated assumptions, the vari-
ance of the path-space methods is of order T2/N. It is believed (and proved in some specific
scenarios) that the same scaling holds for path-space methods for non-degenerated Markov ker-
nel (the result has been formally established for strongly mixing kernel under the assumption
that o_ /o is sufficiently close to 1).

We provide below a brief outline of the main steps of the proofs (a detailed proof is given
in Section 5). Following Douc et al. [8], the proofs rely on a decomposition of the smoothing
error. For all 0 < ¢ < T and all bounded and measurable function 2 on X! define the kernel
L7 : X x®T+1 5 [0, 1] by

def

T
L rh(xo:) = f [T MG, dr)gu(r)h(xor).

u=t+1

The fixed-interval smoothing distribution may then be expressed, for all bounded and measurable
function 4 on X7+, by

¢0:t\t[Lz,Th]
Go:4¢[Ls,71]°

and this suggests to decompose the smoothing error as follows

do.rTlh] =

AN TR E Gy (] — docrirh]

D o0 Lerh]l g1 [Le—1,7h]
/L PR LR AR | PARS T

3.1

where we used the convention

Por_y—1[L-1.7] _ ¢ollo,rh]
G0y [Loirl]l ¢ollorl]

o.rirlh].
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Furthermore, forall0 <t < T,
WlLarl = [ 0 @roLe rhiron)
- f ¢ (dx)Byy (xr,dx—1) -+ By (1., dxo)Ly, 7 (x0:r)
f & (dx) L] rh(xp),

where £2’T and £, 7 are two kernels on X x X®T+D defined for all x; € X by

def

Lirh(x) = deJ,_](xt»dxt—l)"'B(/)o(xl»de)Lt,Th(xO:t)v (3.2)

def
Ltrhn) = f By (xrs 1)+ By (x1, d¥o)Le, 7 (roy). (3.3)

Forall 1 <t < T, we can write
¢(j)\:/z|z[LhTh] ‘f’([)\:’z—uz—l[LI—l»Th] . ¢zN[£2/Th] ¢t 1[£z 1,7 h]
oopllerll @)y Ll ML o) 1LY, 1]

1 o 1LY 1h]
(¢tN[£z{\,’T] =1~ —1,T ¢t[ ]>’

BRATSY ¢ LN o1

and then,

LONTIY sz’eG?,/Th@zN’e)

A=)

i N7! Zévzl th’Zﬂct,Tl(ézN’[)

with GfVT is a kernel on X x X®T+D defined, for all x, € X and all bounded and measurable
function 4 on X7 *1, by

(3.4)

GNh( )defﬁ l’l() ¢tN1[ lI‘VIT]ENl()
= —_— Xt),
L RN
where, by the same convention as above,
$olLo,rh]
GY h(xo) & Lo rh ————— Lo, 71(x0)-
0.7 (x0) & Lo,7h(x0) — dolLor1] 0T (x0)

Two families of random variables {C r(f )}T o and {D r(f )}T _o are now introduced to trans-
form (3.4) into a suitable decomposmon to compute an upper bound for the L;-mean error. As

shown in Lemma 5.1, the random variables {a)lN ’ZGf\f rf (gtN*‘Z)}f}’:l are centered given ]—'ﬁ 1- The
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idea is to replace N~ Zévzl a),N ’Eﬁ,,Tl(S,N’e) in (3.4) by its conditional expectation given ]—'ﬁ |
to get a martingale difference. This conditional expectation is computed using the following in-

termediate result. For any measurable function 2 on X and any ¢ € {0, ..., T},
oN | [Mgh)
E[o; ' n(gV)FY ] = “—— (3.5)
¢t—l [ﬁt]
Indeed,

Elo; 'h(EM)FY ]

N’ITN,I , :
mE & DaEN h(EtN,l)‘ftNl]

=E
YNAR NNt
9E L e g

_lN

Ay M@EN doyg (x)
(Zth—’llﬁ’(S ) Z/ W49, () i (€, ) e DI
i=1

9N D EN] x)

-1 §
<Za)lNlll9, ) Z/ th,dx)g,(x)h(x)

N [ [Mgih)
N 19

This result, applied with the function 2 = £, 71, yields

o) (Mg Lir1]l ¢ (L1 7]
N | [94] N [0

Bl Lo r1(gV)1FY ] =

For any 0 <t < T, define for all bounded and measurable function / on X7+l

N, L
N v Ler1ENh N:| 1 NEGivTh(St )
D)= [’ 1Ls 7100 ‘f“ Z Lol
Nt 3.6)
_ AR LA IZ v GorhE™D)
oM L1 /1Lr el " Larlle
Y| ! e }
A SHINIARIDS (RS VIR [ AR Vs VTSRS (N o
GYrhE"Y

x N~ 1 N,
Z |£t T1|<>o
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Using these notations, (3.4) can be rewritten as follows:

T T
AR =" DN+ . (3.8)
t=0 t=0

For any g > 2, the derivation of the upper bound relies on the triangle inequality:

T
+ It S

q t=0

|aF1srAl, < .

T
> DN (St
t=0

where St is defined in (2.6). The proof for the FFBS estimator ¢(I)YT|T is completed by using
Propositions 5.1 and 5.2. According to (3.8), the smoothing error can be decomposed into a sum
of two terms which are considered separately. The first one is a martingale whose L,-mean error
is upper-bounded by /(T + 1)/N as shown in Proposition 5.1. The second one is a sum of
products, L,-norm of which being bounded by 1/N in Proposition 5.2.

The end of this section is devoted to the exponential deviation inequality for the error AITV [ST.r]
defined by (3.1). We use the decomposition of AlTV [S7,-] obtained in (3.8) leading to a similar
dependence on the ratio (T + 1)/N. The martingale term D;YT(ST,,) is dealt with using the
Azuma-Hoeffding inequality while the term CtIYT (St,r) needs a specific Hoeffding-type inequal-
ity for ratio of random variables.

Theorem 3.2. Assume A1-A3. There exists a constant C (depending only on o_, o4, c_,

Sup,>1 [9tloo and sup,s |, |oo) such that for any T < 0o, any N > 1, any ¢ > 0, any integer r,

T

and any bounded and measurable functions {hg};_,,

P{|po.77[S7.-1 = dir 7 [ST.01] > €}

CN¢? CNs
<2exp| — T + 8exp( — - ,
Or1 s, 0sc(hy)? (14r) 31 osc(hy)

where St is defined by (2.6), ¢>(1)YT|T is defined by (2.3) and where

O €A+ +r AT —r+1). (3.9)
Similarly,

P{|or17[S.r1 = Gt r[S7.01] > €}

<4 < CN&? ) e < CNe )
= exp — eXp — s
O Y1, osc(hy)? (1+r) 3T osc(hy)

where g(l)\:]TlT is defined by (2.8).
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4. Monte-Carlo experiments

In this section, the performance of the FFBSi algorithm is evaluated through simulations and
compared to the path-space method.

4.1. Linear Gaussian model
Let us consider the following model:

Xir1=¢X; + 0, U,
Yi=X:+o, Vs,

2
where X is a zero-mean random variable with variance lfﬁ, {Ut}i>0 and {V;};>0 are two

sequences of independent and identically distributed standard Gaussian random variables (in-
dependent from X(). The parameters (¢, o, 0,) are assumed to be known. Observations were
generated using ¢ = 0.9, 0, = 0.6 and o, = 1. Table 1 provides the empirical variance of the es-

timation of the unnormalized smoothed additive functional Zp def Ztho E[X;|Yo.7] given by the
path-space and the FFBSi methods over 250 independent Monte Carlo experiments. We display
in Figure 1 the empirical variance for different values of N as a function of T for both estimators.
These estimates are represented by dots and a linear regression (resp., quadratic regression) is
also provided for the FFBSi algorithm (resp., for the path-space method).

Table 1. Empirical variance for different values of 7 and N

Path-space
N
T 300 500 750 1000 1500 5000 10000 15000 20000
300 137.8 119.4 63.7 46.1 36.2 12.8 7.1 3.8 3.0
500 290.0 215.3 192.5 161.9 80.3 30.1 14.9 11.3 7.4
750 474.9 394.5 3329 250.5 206.8 71.0 35.6 244 21.7
1000 673.7 593.2 505.1 483.2 326.4 116.4 70.8 37.9 34.6
1500 1274.6 1279.7 916.7 804.7 655.1 233.9 163.1 89.7 80.0
FFBSi
N
T 300 500 750 1000 1500
300 5.1 3.1 23 1.4 1.0
500 9.7 5.1 3.7 2.6 2.2
750 11.2 7.1 4.9 3.7 2.6
1000 16.5 10.5 6.7 5.1 34

1500 25.6 14.1 7.8 6.8 5.1
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Figure 1. Empirical variance of the path-space (top) and FFBSi (bottom) for N = 300 (dotted line),
N =750 (dashed line) and N = 1500 (bold line).

In Figure 2, the FFBSi algorithm is compared to the path-space method to compute the
smoothed value of the empirical mean (T 4 1)~!Z7. For the purpose of comparison, this quan-
tity is computed using the Kalman smoother. We display in Figure 2 the box and whisker plots
of the estimations obtained with 100 independent Monte Carlo experiments. The FFBSi algo-
rithm clearly outperforms the other method for comparable computational costs. In Table 2, the
mean CPU times over the 100 runs of the two methods are given as a function of the number of
particles (for T = 500 and T = 1000).

4.2. Stochastic volatility model

Stochastic volatility models (SVM) have been introduced to provide better ways of modeling
financial time series data than ARCH/GARCH models (Hull and White [13]). We consider the
elementary SVM model introduced by Hull and White [13]:

X1 =¢X, +0oU41,
Y, = peXi/2v,,

2
where X is a zero-mean random variable with variance i#’ {Ui}i=0 and {V;};>0 are two

sequences of independent and identically distributed standard Gaussian random variables (inde-
pendent from Xg). This model was used to generate simulated data with parameters (¢ = 0.3,
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Figure 2. Computation of smoothed additive functionals in a linear Gaussian model. The variance of the
estimation given by the FFBSi algorithm is the smallest one in both cases.

o =0.5,8 = 1) assumed to be known in the following experiments. The empirical variance
of the estimation of Z7 given by the path-space and the FFBSi methods over 250 independent
Monte Carlo experiments is displayed in Table 3. We display in Figure 3 the empirical variance
for different values of N as a function of T for both estimators.

Table 2. Average CPU time to compute the smoothed value of the empirical mean in the LGM

FFBSi Path-space method
T =500
N 500 500 5000 10000
CPU time (s) 4.87 0.24 247 4.65
T = 1000
N 1000 1000 10000 20000

CPU time (s) 16.5 0.9 8.5 17.2
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Table 3. Empirical variance for different values of 7" and N in the SVM

Path-space method

C. Dubarry and S. Le Corff

N
T 300 500 750 1000 1500 5000 10000 15000 20000
300 52.7 33.7 22.0 17.8 12.3 3.8 2.0 1.4 1.2
500 116.3 84.8 64.8 53.5 30.7 114 6.8 4.1 2.8
750 184.7 187.6 134.2 120.0 65.8 29.1 12.8 7.3 7.7
1000 307.7 240.4 2447 182.8 133.2 43.6 24.5 15.6 11.6
1500 512.1 487.5 445.5 359.9 249.5 90.9 52.0 32.6 293
FFBSi
N
T 300 500 750 1000 1500
300 1.2 0.6 0.5 0.4 0.2
500 2.1 1.2 0.8 0.6 0.4
750 3.7 1.8 1.4 0.9 0.6
1000 4.0 2.7 1.8 1.3 0.9
1500 7.3 3.8 3.1 1.6 1.4
5. Proof of Theorem 3.1
We preface the proof of Proposition 5.1 by the following lemma.
Lemma 5.1. Under assumptions A1-A3, we have, for any t € {0, ..., T} and any measurable
function h on XT+1:
: GV o nEM"
(i) The random variables {wy’e%}é\;l are, for all N € N:
(a) conditionally independent and identically distributed given .7-“,’! 1
(b) centered conditionally to .7-";! |
where GV h is defined in (3) and LV is defined in (3.3).
(i) For any integersr,t and N:
GV Sy (SN,K) T
t,T= 1,7 \5t max(t—s,s—r—t,0)
—— <) p osc(hs), (5.1)
X a

S=r

where St and p are respectively defined in (2.6) and in A1(i).

(iii) Forall x € X, fg”(*)

7lec = 04

o_
> — an

Lio1.71(x)
—_— s >
L1110 —

Cc

o
=

Proof. The proof of (i) is given by Douc et al. [8], Lemma 3.
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Figure 3. Empirical variance of the path-space (top) and FFBSi (bottom) for N = 300 (dotted line),

N =750 (dashed line) and N = 1500 (bold line) in the SVM.

Proof of (ii). Let I1;_,.; 7 be the operator which associates to any bounded and measurable

function & on X"t the function [Is_r.,7h given, for any (xo, ..., x7) € X7+, by

def
Hs—r:s,Th(xO:T) = h(Xs—ris).

Then, we may write St , = ZST:r [T5_y.5.7hs and Gf”TST)r = ZST:, GQ/T [s_,5.7hs. By (3), we

have

G;YT [y pus, 7 hs (1) . EﬁYT [ —pis, 7hs (1) ¢,Ai1 [ﬁfv_lj 55, 7hs]

['?,jTl(xt) B E?”Tl(x,) ¢ﬁ][£f\’71j1]

and, following the same lines as in Douc et al. [8], Lemma 10,

|G£/Tnsfr:s,Ths|oo = ,Os_r_t osc(hs)|Lr 110 ifr<s—r,

|G My rhs| o < p' P 0seh) Lo lloe if 1>,

where p is defined in A1(i). Furthermore, forany s —r <t <,
|G T rhs | < 0sc(h)|Le.71oo,

which shows (ii).

3
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Proof of (iii). From the definition (3.2), forallx e X and all t € {1, ..., T},

T

£t = [ mvgen e [] Moo dn)g, (i),
u=t+2

hence, by assumption Al,
IL: 7100 < G+/gr+1(Xz+1)ﬁz+1,T1(Xt+1))»(dxz+1)

Lirl(x) > U—/gt+1(xz+1)Et+1,T1(xt+1))»(dxt+l),

which concludes the proof of the first statement. By construction, for any x € X and any ¢ €
{1,...,T},
Li—1,71(x) =/M(x,dx/)gt(x/)ﬁt,rl(x/),

and then, by assumption Al,

Li—1,71(x) / L, 71(x") o_
M x dx >c_—.
|£t 71l ) |Et 1o — o4 ]

Proposition 5.1. Assume A1-A3. For all q > 2, there exists a constant C (depending only on
q,0—, 04, C—, SUP;> |U]oo and sup,sg |w,|oo) such that for any T < 0o, any integer r and any
bounded and measurable functions {h S}ST:r on X+,

1/2
N (ST <TJ1+r(Jl+rAJT—r+1)<Zosc(h)) , (5.2)

S=r

where DZYT is defined in (3.6).

Proof. Since {DINT (ST,r)}o<t<T 1s ais a forward martingale difference and g > 2, Burkholder’s
inequality (see Hall and Heyde [12], Theorem 2.10, page 23) states the existence of a constant C

depending only on ¢ such that:
q q/2
}ECE[ }

T
]E [
Moreover, by application of the last statement of Lemma 5.1(iii),
L1 10:] _ 045U [Piloo

> DN (Sr.)
N (Lo, 71/ |1L 71 00] — o_c_

T
> Dr(St.)?

=0

t=0

’
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4/2}
where a, 7 = w; Wloo) By the Minkowski inequality,

RGN

Since for any ¢ > 0 the random variables {afvf}?’:l are conditionally independent and centered

and thus,

T
> DN (Sr.)?
t=0

q/2
E|: :| < <U+SuPz>O|ﬁt|oo>qE|:
o_c_

Noedef N GNpsrrE

T N 2
—1 N.C
Z N a1
=0 =1

T
> DN (Sr.)

t=0

N
4 Nt
N Zar,T
=1

conditionally to .EIK |» using again the Burkholder and the Jensen inequalities we obtain

|

N
N
Z"t,T
=1

q N
S B R
= (54)

T q
< C|:Z pmax(t—s,s—r—t,O) OSC(hS):| Nq/2,

S=r

where the last inequality comes from (5.1). Finally, by (5.3) and (5.4), we get

T T 2y1/2
< CNI/Z{Z(Z pmax(lfs,sfrft,O) OSC(hS)) } .

=0 \s=r

T
> DN (Sr.)

t=0

q

By the Holder inequality, we have

ipmax(t—s,s—r—t,O) OSC(hS)
s=r
, 12 r 12
< (Z pmax(t—s,s—r—t,O)) x (Z pmax(t—s,s—r—t,()) OSC(hS)2>
s=r S=r

) 172

s=r

which yields

T
> DN (Sr.r)
t=0

S=r

T 1/2
5CN1/2(1+r)<Zosc(hs)2) .
q
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We obtain similarly

T T
> DN(Sr)| <CNTRA 1)) oselhy),
t=0 q s=r
which concludes the proof. ]

Proposition 5.2. Assume A1-A3. For all q > 2, there exists a constant C (depending only on
q,0—, 04, C—, SUP;>| |94 |00 and sup, > |w, o) such that for any T < +o00, any 0 <t < T, any
integer r, and any bounded and measurable functions {h S}ST:r on X+,

T
IC2pSrl, = 55 2P o), (5.5)

S=r

where CtlYT is defined in (3.7).

Proof. According to (3.7), CIIYT (St,) can be written

N (St =UN VYWY (5.6)
where
- Nt N,¢
g = N T o Gl St @D /1l
t, — ,
N-IQN
N N1 N,¢
_ L1 N LoTl(ETT)
T =1 ! L, 710 ' ! L7100
N—IQN
N
WI,T = !

EloM L 71EN Y 1L ool Fr INTV YN oL 71N /1L 1100

and where QV is defined by (2.5). Using the last statement of Lemma 5.1, we get the following
bound:

]E[wN’l c,,Tl(s,N'l)‘ 1} _ L1 lle] | oo
LordE ) - . ’
T LTl o 1011 10¢ |00
Lol oo
|£t,T1|oo _0'+’

which implies

(o Cc_

2
(W | < <U—+> [Dtloo (5.7)
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Then, |C St HI<C |U rll VI{VT| and we can use the decomposition

1IN N 1IN N
N iary Nl ey N ~N

SN SNTr oSN ( [Qz |-7:f—1]_91) )
E[2," | Fi—1] QU E[Q 1 Fr-1]

N yN _ yN
Ut,TVt,T - Vt,T[

ol (Mg
o [0

GN S , N.t ~
where o' & ot SLIIE ) and GY €N 10N By (3.5), Bl |FY 1 =

then, by Al(ii), A3 and (5.1),

and

—1
1 |19t|oo and = ZivlazT <c |191|ooz max(t=s,s=r=1,0) oo (h.).
E[QN | F— 1] c— Q E[Q | Fr-1] c—

S=r

Therefore, |C,'(S7./)] <C(C:}V + I pmax=s.s=r=1.0) ogc )CtT)where

N
clY Ly, NI e and Y YN E[QN 1 F—i] - QY.
(=1

The random variables {a)N K%}é\'zl being bounded and conditionally independent

given ]-" " |» following the same steps as in the proof of Proposition 5.1, there exists a constant C
(depending only on ¢, o, 04, c— and sup,- |, |cc) such that ||V, Nollag < CN~V2. Similarly

ZT— pmax(t =s,5=r=1,0) 5o (hy)

N
-1 N,¢ s=
NI ey | =Cc=F N1/2 ’
=1 2q
and
E[GYIF 1] - &Y, < —
H [ 0] tfl]_ t qu— N1/2°
The Cauchy—Schwarz inequality concludes the proof of (5.5). ]

The proof of Theorem 3.1 is now concluded for the FFBS estimator ¢(I)\{T|T[ST’ +] and we can
proceed to the proof for the FFBSi estimator. We preface the proof of Theorem 3.1 for the FFBSi
estimator ¢0 |7 BY the following Lemma. We first define the backward filtration {Q }T+1 by

N def N
gT+1T:‘7:T’
gN def}-N {Jf,ISZSNJSuST} vie{0,...,T}.

Lemma 5.2. Assume A1-A3. Let £ € {1,..., N} and T < +00. For any bounded measurable
function h on X't we have,
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@) forallu,t suchthatr <t <u<T,

B[S 1G]~ B )16 ]| = o oscli,

where p is defined in A1(i).
(i) forallu,t suchthatt —r <u<t—1<T,

|E[h( - rtt ")1Gar] — E[A( erJtz )G ]| = ose(h).

Proof. According to Section 2.2, forall £ € {1, ..., N}, {J, N, E}T o is an inhomogeneous Markov
chain evolving backward in time with backward kernel {AuN }u: .Foranyr <t <u<T, we
have

NJNZ

N.t
E[h(" %) IGN ]~ E[h (D )IGN, 4]

N, ju
w
—Z[ Nmu)—( (I ) Lu<r + 5 1uzr>]

u

Jtu
t+1 t—r+1
x]‘[A,Z 1Geden Y0 T A G de-nh(E55).
Ji—ru—1 L=t

The RHS of this equation is the difference between two expectations started with two different
initial distributions. Under A1(i), the backward kernel satisfies the uniform Doeblin condition,
o
Vi, el NP ANG =T

N!
+Qv

and the proof is completed by the exponential forgetting of the backward kernel (see Cappé,
Moulines and Rydén [2], Del Moral and Guionnet [7]). The proof of (ii) follows exactly the
same lines. O

To compute an upper-bound for the L, -mean error of the FFBSi algorithm, we may define the
difference between the FFBS and the FFBSi estimators:

SN IST./1= b0 r[ST.r1 — D7 7 [ST.01. (5.8)

Proof of Theorem 3.1 for the FFBSi estimator. The difference between the FFBS and the
FFBSi estimators, 51}] , defined in (5.8), can be written

N

T
1 NJNE NNt
6¥[ST,,] = NZZ}”( l*r:tt .t) _E[ht( t—r:t t)l}—év]

1 N T T Nt
zﬁzz Z E[h’( INVJIIH)|gli\,]T]_E[ (t rlt”)|gu+1T ZZC ’

=1 t=r u=t—r ( 1 u=0
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where
f(u—t—r)AT
N ¢ def ¥ ”
Z E t— rtt t)lg ] [ (t rtt t)|gu+1 T]
Forall £ e{l,...,N}and all u € {0, ..., T}, the random variable ;uN’Z is géVT-measurable and

E[C |gu 1. 71=0so that C,ﬁv * can be seen as the increment of a backward martingale. Hence,
since g > 2, using the Burkholder inequality (see Hall and Heyde [12], Theorem 2.10, page 23),
there exists a constant C (depending only on g, 0—, 04, c—, sup,> |¥]co and sup, l@; ) such

that
N q2/9\1/2
DA ] } . (5.9)
=1

Then, since the random variables {g“,fv ’l}évzl are conditionally independent and centered condi-
tionally to G using the Burkholder inequality once again implies:

o

Furthermore, according to Lemma 5.2(i),

T
ofisr ol =Y -

u=0

u+1,T>

N
G T:| s CNe ZEW 1600 .1]- (5.10)
=1

t rt N‘/tert
|§u Z| <Z|E t— rt )lg ] [hf(t rit )|gu+1 T]|

(u+r)AT

NI, NI,
+ Z E[A (&= ’)|gLIZT] —E[h (&) )lgu+1 rll .11

t=u+1
(u+r)AT

< Zp“_’ osc(hy) + Z osc(hy).

t=r t=u+1

Putting (5.9), (5.10) and (5.11) together leads to

c T [((u+r)AT 24172
||6§V[Sr,r]||q§ﬁ{2( > p(”_’)voosc(ht)>} .

u=0 t=r

Using the Holder inequality as in the proof of Proposition 5.1 yields

1/2
|87 tsz.A1], <TJI+r(«/1+rA«/T—r+1)(Zosc(h )) ,

S=r
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and the proof of Theorem 3.1 for the FFBSi estimator is derived from the triangle inequality:

|bo717(S7.) = Bl (S0, < 1 AFISTA, + 871871,

where AN[S7,]is defined by (3.1) and 8 [S7.,] is defined by (5.8). O

6. Proof of Theorem 3.2

We preface the proof of the theorem by showing that the martingale term of the error AI}] [ST.r]
(which is defined by (3.1)) satisfies an exponential deviation inequality in the following proposi-
tion.

Proposition 6.1. Assume A1-A3. There exists a constant C (depending only on o_, o4, c_,

Sup,> 1 [9tloo and sup,~g |w;loo) such that for any T < 00, any N > 1, any ¢ > 0, any integer r
and any bounded and measurable functions {h S}ST:r on X+,

2
IP’! >8} §2exp<— CNe ), (6.1)

O Zstr osc(hy)?
where D;YT is defined in (3.6) and ©,. T is defined by (3.9).

T

> DN (St

t=0

Proof. According to the definition of D[NT (St,r) given in (3.6), we can write

N(T+1)

T
Y DN Sry= ) v,
=0 k=1
where forallt €{0,...,T}and £ €{1,..., N}, U%H is defined by

N oM (0] e GNpSrENY

v = w.
N N 1201 71/1L0 7 1]00] VIS T

’

and is bounded by (see (5.1))

T
}UII\\/]t+Z| < CN—] meax(t—s,s—r—t,O) OSC(hs).

S=r

Furthermore, we define the filtration {H,iv},ivz(lTH), forallt €{0,...,T}and £ € {1,..., N}, by:

H%zw déf}—z]\il VU{(Q)zN’i’érN’i)» 1<i<¢t},
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with the convention F Nl = o (Yo.7). Then, according to Lemma 5.1, {vk}N( D s martingale
increment for the filtration {H} }N(TH) and the Azuma-Hoeffding inequality completes the
proof. (]

Proposition 6.2. Assume A1-A3. There exists a constant C (depending only on o_, o4+, c—,
sup;> [0¢leo and sup,~g |w,|oo) such that for any T < 00, any N > 1, any € > 0, any integer r
and any bounded and measurable functions {h S}STzr on X'+,

IP’{ >e} 586xp<— CNe ) (6.2)

(1+r) 3T osc(hy)
where Ct]YT(F) is defined in (3.7).

T

> V(S

t=0

Proof. In order to apply Lemma A.2 in the Appendix, we first need to find an exponential
deviation inequality for CtNT (St.r) which is done by using the decomposition C{YT (St.r) =
U; N VN WN given in (5.6). First, the ratio U 7 is dealt with through Lemma A.1 in the Ap-
pendlx by deﬁmng

N
def ,,
ay =N} ZG)?”ZGQ/TSTJ(étN’Z)”‘Ct,T”oo,
=
d f N
=N e
Z:
def
b S Elo | FN ] =N IMg1/6)) 11911,
def
B= o/ I9iloc.

Assumption Al(ii) and A3 shows that b > B8 and (5.1) shows that |ay/by| <
C(1 + r)max,<;<r{osc(h;)}. Therefore, Condition (i) of Lemma A.1 is satisfied. The bounds

0< a)g < |wr]|oo and the Hoeffding inequality lead to
2Neg?
o oo 22,
1

P[lby — b| > ¢] = [[ IZwt —Efo;"17Y])

establishing Condition (ii) in Lemma A.1. Finally, Lemma 5.1(i) and the Hoeffding inequality

imply that
> 8‘.7-'ﬁlj|j|

P[lan| > ¢] = |: [
ge ( Ne? )
<2exp| — .
p 2|wl|c2>o(ZsT:r pmax(t=s.5=r=1.0) ogc(h,))2

IZwN@GN St (61) /11,71

<
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Lemma A.1 therefore yields

CNe?
(ZT pmax(t—s,s—r—t,O) OSC(hs))z .

S=r

]P’{|UZ{VT| >e} < 2exp<—

Then V ' is dealt with by usmg again the Hoeffding inequality and the bounds 0 < b f < |t 00>
bN cdef NoL 1N

where = w; 7‘£tT1|oo :
N

NTUY (B B[ I ])
=1

[ 1Zb byt 1Fia1]| =

:E[p[

Finally, WtNT has been shown in (5.7) to be bounded by a constant depending only on o_, oy,

>¢€

fﬁl:H < Zexp(—Cst).

C—, Sup;>1 [0 and sup,q | leo: |W, T| < C so that

P{ICr (S| > e} <PUL V| > o/ C) < P{|UT | > e} +P{ V7| > 20},

where
T
&y déf e Z pmax(tfs,sfrft,O) osc(hy)/C and &, déf - & .
s=r C ZS:r pmax(t—s,s—r—t,O) osc(hy)
Therefore,
CNe
P{|CN.(s et <4e — )
{| t,T( T,r)| > } = Xp( Zz:r pmax(t—s,s—r—l,o) OSC(]’lX)>

The proof of (6.2) is finally completed by applying Lemma A.2 with

CN
X, =CN.(S7,), A=4, B, = , =1/2.
! ”T( r.r) ! ZST:r pmax(t=s.s=r=1.0) osc (hy) Y / O

Proof of Theorem 3.2 for the FFBS estimator. The result is obtained by writing

>8/2}-HP’{ >8/2}

and using (6.1) and (6.2). O

T

> Clr(St)

t=0

T

> DN (St

P{|AY (ST, > ¢ <]P’{
t=0
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Proof of Theorem 3.2 for the FFBSi estimator. We recall the decomposition used in the proof
of Theorem 3.1 for the FFBSi estimator:

1 N T
s A=5 2> a
£=1u=0

where SIIY[ST,,] is defined by (5.8). Since {{L‘fv’e}?;] are gf){T measurable and centered condi-
tionally to QZ{V 'y 1.7 using the same steps as in the proof of Proposition 6.1, we get

CN¢&?
P{|s¥[S =2 (_ >
{|67(S7./1] > e} <2exp ®r,TZST=rOSC(hS)2

where ©,. 7 is defined by (3.9). The proof is finally completed by writing

Go.1171S7.r) = B 7 71571 = AV ST, 1+ ) [S7.11,

and by using Theorem 3.2 for the FFBS estimator. O

Appendix: Technical results

Lemma A.1. Assume that ay, by, and b are random variables defined on the same probability
space such that there exist positive constants B, B, C, and M satisfying

(i) lan/bn| <M, P-as. and b > B, P-a.s.,
(i) Foralle >0andall N > 1,P[|by —b| > €] < Be—CNez’
(iii) Foralle >0andall N > 1, P[lay| > €] < Be=CN(e/M)?

Then,
an 6,3 2
Pl|-—|>€; <Bexp| —CN| — .
by 2M
Proof. See Douc et al. [8], Lemma 4. U

Lemma A.2. For T >0, let {Xt}tT:O be (T + 1) random variables. Assume that there exists a
constants A > 1 and for all 0 <t < T, there exists a constant B; > 0 such that and all ¢ > 0

P{IX,| > e} < Ae” B,
Then, for all 0 < y < 1 and all ¢ > 0, we have

T
IE”{ > X
t=0

l—y

>€}SLCVBS/(T+1),
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where
- -
def -1
B=|— B .

Proof. By the Bienayme—Tchebychev inequality, we have

T T
B
SR I ETL S
1=0 1=0
- (A1)
B
< e—yBe/(T+1)E|:eXp|:TV 1 ZXI :|:|
t=0

It remains to bound the expectation in the RHS of (A.1) by A(1 — y)_l . First, by the Minkowski

ool ol |- Bt

o0 quq T q
§1+Zm Z”Xt”q .
q=1 t=0

Moreover, for g > 1, E[|X,]|?] can be bounded by

T

12X

o0 1 gl Aq!
E[1X17] = P{IX,|>e}de <A | e B¢ de=".
q
0 0 B/
Finally,
|: Y T 00 A
E exp|:— ZXf i|:|§Aqu= .
T+1|& = (1—7y) O
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