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Testing monotonicity of a hazard:
Asymptotic distribution theory
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Two test statistics are introduced to test the null hypotheses that the sampling distribution has an increas-
ing hazard rate on a specified interval [0, a]. These statistics are empirical L{-type distances between the
isotonic estimates, which use the monotonicity constraint, and either the empirical distribution function or
the empirical cumulative hazard. They measure the excursions of the empirical estimates with respect to
the isotonic estimates, owing to local non-monotonicity. Asymptotic normality of the test statistics, if the
hazard is strictly increasing on [0, a], is established under mild conditions. This is done by first approxi-
mating the global empirical distance by a distance with respect to the underlying distribution function. The
resulting integral is treated as sum of increasingly many local integrals to which a central limit theorem can
be applied. The behavior of the local integrals is determined by a canonical process, the difference between
the stochastic process x — W(x) + x2, where W is standard two-sided Brownian motion, and its greatest
convex minorant.
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1. Introduction

One way of characterizing a distribution of an absolutely continuous random variable X that is
particularly useful in reliability theory and survival analysis is by its hazard rate hg. Suppose that
X models the failure time of a certain device. The interpretation of the hazard rate is that for
small ¢ > 0, ehg(x) reflects the probability of failure of the device in the time interval (x, x + €]
given that the device was still unimpaired at time x (assuming that 4 is continuous at x). Put
differently, ho(x) represents the level of instantaneous risk of failure of the device at time x,
given that it still works at time x. A high value reflects high risk, and a low value reflects low
risk. Lifetimes of devices that are subject to aging can be described by distributions with increas-
ing hazard rate. Locally decreasing hazard rates can be used to model lifetimes of devices that
become more reliable with age during a certain time period.

It is especially this clear interpretation of these qualitative properties of a hazard rate that
makes this function a natural characteristic of a survival distribution. The problem of estimating
a hazard rate nonparametrically under qualitative (or shape) restrictions gained attention in the
1960s (see the overview in [7,19] and [21]). Also the problem of testing the null hypothesis
of constant hazard (exponentiality) against monotonicity of the hazard was studied intensively
(see, e.g., [17]). Only quite recently was another “shape-constrained” rather than parametric
null hypothesis studied, namely the null hypothesis that the underlying hazard rate is increasing
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against the alternative that it is not. [3] studied local versions of the test statistic of [17] to test
this hypothesis, and [11] introduced and studied a test based on the “biased bootstrap” concept.
[2] used the supremum distance between two estimators of the cumulative hazard rate as the test
statistic.

In this paper, we consider two integral-type test statistics for the hypothesis that a hazard rate,
hg, is monotone on an interval, [0, a], for some known a > 0. We restrict ourselves to the in-
creasing case; the case of locally decreasing hazard can be considered analogously. Experiments
conducted by [8] indicated that testing the hypothesis based on our test statistic, using a bootstrap
procedure to determine critical values outperforms the test proposed by [11] and [2] for different
reasons. The test proposed by [2] is quite conservative, and the test proposed by [11] is anticon-
servative (also explaining in part its high power). (For more details, see [8].) In this paper, we
focus on the asymptotic distribution theory for the test statistics, especially under the assumption
that kg is strictly increasing on [0, a].

‘We now introduce our test statistics. Based on ani.i.d. sample X1, ..., X, from the distribution
associated with Hy, the most natural nonparametric estimator for Hy, without assuming anything
on Hy, is the empirical cumulative hazard function given by

Hn(_x): _log{l_]Fn(x)}v XG[O, X(n)),
0, X = X(n),

where [F,, denotes the empirical distribution function based on X1, X3, ..., X,,. Under the as-
sumption that Hy is convex on [0, a], the cumulative hazard can be estimated by the greatest
convex minorant, I:I,l, of the empirical cumulative hazard function H,, on the interval [0, a].
Using these two estimators, the following test statistic emerges:

T =/ {H, (x=) = H, (x)} dF,, (x). (1.1)
[0,a]

Note that this is the empirical L; distance between the two aforementioned estimators for the
cumulative hazard function with resp[ect to the empirical measure dF,,, and that 7,, > 0, because
I:In is a minorant of H,. If Hyp is concave on [0, a], then both estimators for Hy will be close
to Hy and T, will tend to be small (converge to zero a.s. for n — o0). In contrast, if h¢ has a
region in [0, @] in which it is not increasing, then Hl,, will capture this “non-convexity” of Hy
and converge to Hy on this region, whereas H, will converge to the convex minorant of Hy on
[0, a]. Note that 7, = 0 if and only if I:In coincides with the linear interpolation of the points
(x¢iy, H, (x)—)) on the range of the data falling in [0, a]. One could say that 7, = 0 if H, is
“as convex as it can be on [0, a],” being an increasing right- continuous step function. This is
the reason for taking H, (x—) instead of H,(x) in (1.1). Similar reasoning can be followed for
another test statistic,

U, :/ [Fo(x—) — Fy(0)}dF,(x)  where F,(x) = 1 — exp(—Ha (x)). (1.2)
[0.a)

An advantage of this statistic compared with 7,, is that U, is less sensitive to possible problems
that can occur with large values of H,.

The main result of this paper concerns the asymptotic distribution of 7;, and U,,. Suppose that
ho satisfies:
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Condition 1. hy is strictly positive on [0, a], with a strictly positive continuous derivative hyy on
(0, a), which also has a strictly positive right limit at 0 and a strictly positive left limit at a.

Then

(T, — ED,} 2> N(0,0%,) and n%°{U, — EU,} —> N(0,0%),  (1.3)
where D,, is a modified version of T,,; see Theorems 5.1 and 5.2. Here 01%10 and U%O are con-
stants depending on fy. Results of a similar flavor were established by, for example, [15] for
the difference between the empirical distribution function and its concave majorant. Note that
the asymptotic variances of the test statistics depend on the unknown underlying hazard rate.
Thus, the limit results cannot be applied immediately to compute approximate critical values. As
mentioned earlier, [8] proposed a bootstrap procedure to approximate critical values for the test
statistics. First, the underlying hazard rate k¢ is estimated under the null hypothesis. Then sam-
ples from the corresponding distribution are drawn and bootstrap realizations of the test statistic
obtained. These latter realizations can be used to approximate appropriate critical values. In fact,
the proof of [8] that shows that the bootstrap works is based on the limit results obtained in this
paper.

The basic idea of the proof of the limit theorems is to approximate the integral in the test statis-
tic by a sum of increasingly many local integrals, using the crucial localization Lemma 3.4, and
then apply a central limit theorem to the components that arise in this way. The behavior of the
local integrals is determined by a canonical process, the difference between a Brownian motion
with parabolic drift and its convex minorant. Relevant properties of this process are derived in
Section 2. In Section 3, a statistic related to 7,, (where the integral is taken with respect to Fy
rather than [F,)) is closely approximated by an integral involving the independent increments of
Brownian motion. Moreover, the resulting integral is represented as a sum of local integrals using
a “big blocks separated by small blocks” construction as introduced by [20]. The local integrals
over the big blocks reduce to the processes considered in Section 2. Finally, because the local
integrals are based on the independent increments of a Brownian motion process, a central limit
theorem can be applied to obtain the first result in the spirit of (1.3), but still with integrating
measure d F rather than dF,,. The asymptotic distribution of the statistic related to U,, (with d Fy
instead of dIF},) is derived in Section 4. In Section 5, the main results of the paper are established
by showing that the differences between the integrals with respect to dIF,, and d Fy are sufficiently
small to pass on the asymptotic normality results obtained in Sections 3 and 4 to the original test
statistics. Moreover, a result is proved for the case where the underlying hazard rate is constant
on [0, a], showing that this leads to completely different asymptotics. This also explains the
aforementioned conservative behavior of the tests considered by [2], in which critical values are
obtained using the exponential distribution (with flat hazard rate).

2. Local asymptotic process and its integral

A key factor in proving (1.3) is that the ‘global integral’ can be approximated by a sum of
increasingly many ‘local integrals.” By normalization, these local integrals are all related to the
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Figure 1. The greatest convex minorant of W (x) + x2, restricted to [—2, 2].

integral of a canonical local asymptotic process. Consider the process
x> V@) =Wk) +x2,  xeR, (2.1)

with W standard two-sided Brownian motion on R, and let C be the greatest convex minorant
of V on R. Then, for ¢ > 0, define the functional Q. as the integral of the ‘canonical process’
x = V(x) — C(x) over the interval [0, c]:

QC=/O [V(x) = €0} dx. 2.2)

A picture of the process V and its greatest convex minorant, restricted to the interval [—2, 2] is
provided in Figure 1.

In this section, we first derive asymptotic properties of Q. for ¢ — oo in Theorem 2.1. In
Theorem 2.2, we show that changing the integration bounds in the definition of Q. in a specific
way and changing the definition of V slightly does not essentially affect the asymptotic proper-
ties of Q.. Because we use the asymptotic result later in the paper in conjunction with a local
rescaling argument, we also prove a slightly more general result allowing for this in Theorem 2.3.

The basic result of this section is as follows:

Theorem 2.1.

c12{0, — cE[cO]} 2> N(0.63),  ¢— oo,
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where C(0) is the value of the greatest convex minorant C of the process V at 0 and
o
o= 2/ covar(—C(O), Vix)— C(x)) dx. 2.3)
0

All moments of ¢c=V/?*{Q. — cE|C(0)|} exist, and in particular, the fourth moment is uniformly
bounded in ¢ and converges to the fourth moment of the normal N (0, o'2) distribution as ¢ — co.

In the proof we use the following lemma, which is proved in the Appendix.

Lemma 2.1.

(i) For the process V defined in (2.1), there exist positive constants ¢ and ¢’ such that for all
u=>0,

P( min V(x) < O) < ce=
X ¢[—u,u]

(i1) Let t(a) be defined by:
7(a) = argglei]g{W(x) +(x —a)?}.
For each fixed a, t(a) is almost surely unique, and the process a — t(a),a € R is sta-
tionary. Moreover, there exist constants c1, ¢y > 0, such that for events A and B satisfying
A€ a{r(a) ra < 0} and B e a{t(a) ra> m},
we have that
IP(A N B) — P(A)P(B)| < cre™™ . 2.4)
(iii) The process
V(x) - C(x), x €R,
is stationary and that there exist constants c1, ¢y > 0, such that for events A and B satis-
fying
Aco{V(x)—Cx):x <0} and Beo{V(x)—Cx):x>=m},
we have

IP(A N B) — P(AP(B)| < cre™™ . 2.5)
Proof of Theorem 2.1. By part (iii) of Lemma 2.1, the process
Vx)—C(x), x eR, (2.6)

is stationary. In fact, the process touches 0 at changes in the slope of C and behaves between
these touches of 0 as an excursion of a Brownian motion path above a parabola of the form

Pp(x)=s—(x—a), x eR,
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where ¢ is a parabola touching two local minima of Brownian motion, and where the (random)
values a and s depend on the Brownian motion path. Defining

k+1
Dsz (V) —c)}dx, keZ,
k

we get a stationary sequence of random variables. Fubini and the stationarity of (2.6) give

k+1

k+1
EDsz E{V(x)—C(x)}dx=/ E{V(©0) - C(O)}dx =
k k

where we also use that V (0) = 0. Moreover, all moments of Dy, exist. This follows from the fact
that max,¢jo,1]{V (x) — C(x)} has a distribution with tails that die out faster than exponentially.
To see this, note that Vu > 0,

1 1
IP[ max {V(x) — C(x)) zM] <P! max V(x)> M} +PlminCx) < —=-M
x€[0,1] x€[0,1] 2 xeR 2

1 1
<P{max Wx)>-M—-1;+PiminV(x)<——M
x€[0,1] 2 xeR 2

2 [ -y 1
<,/— e dx+P{ min Wkx)<—-—=-M
T JMm/2—-1 X€[—u,u] 2

—HP’{ I[Illl’lu V(x) <0}

2.7)

The first term on the right-hand side is bounded by cexp{—c’M?/4} for some ¢, ¢’ > 0. By
part (i) of Lemma 2.1, for the third term we have

P( min V(x) < 0) < cec"’

x¢[—u,u]

for constants ¢, ¢’ > 0. For the second term in (2.7), by Brownian scaling, we get

IP’{ min W(x) < M/Z} { ml{l W(ux) < M/Z}

xe[—u,u] x€[—

:IP’{ min u_l/ZW(ux)g—u_l/zM/Z}
xe[—1,1]

=IP>{ max W(x)>u" I/ZM/Z}

xe[—1,1]

<2\/7/ e dx < 2\/7f {le/u}
w1202
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Thus, taking u = +/M in the second and third terms in (2.7) and observing that the first term is
of lower order, we obtain

IP{ max {V(x) - C(x)} > M} < cre—eaM? (2.8)
x€[0,1]

for constants ¢y, ¢y > 0.
By part (iii) of Lemma 2.1, the process x — V (x) — C(x) is strongly mixing. Thus, we can
apply Theorem 18.5.3 of [13], page 347, yielding that

o
c_l/z{ O — cE|C(O)|} £> N(O, 02) where 02 = var(Dg) + ZZcovar(Do, Dy).
k=1

Using the stationarity of the process (2.6) again, we obtain (2.3). The last statement of the theo-
rem follows from (2.8) and (2.5). U

To successfully apply the “big blocks separated by small blocks” method in the sequel, the
following extension of Theorem 2.1 is needed. It shows that the theorem essentially goes through
if the convex minorant is taken over a finite interval and the region of integration is altered
slightly.

Theorem 2.2. Let C, be the greatest convex minorant on [0, c] of the process V defined by (2.1).
Note that C. is not the restriction of C to [0, c], because C is defined globally on R and C. is
the greatest convex minorant of the process V on [0, c] and is defined only on [0, c].

(i) For c > 4, let the interval I be defined by I. = [\/c, c — \/c]. Then, for 0> as defined in
Theorem 2.1,

c_l/z{/ {V(x)—cc<x)}dx—E/{V(ﬂ—Cv()‘)}d"}
I le 2.9

gN(O,az), ¢ — oo.

(ii) Relation (2.9) also holds if the interval I.. is given by 1. = [0, c — /c] or I. = [\/c, c].
(iii) For any choice of 1. in (i) or (i), the fourth moment of

c—l/z{/{V(x)—cc(x)}dx—E/{V(x)—cv(”}dx}

I I

is uniformly bounded in c, and converges to the fourth moment of a normal N(0,c?)
distribution, as ¢ — 00.

Proof. (i) The probability that C. differs from C on the interval I, is less than or equal to
kq exp{—k2c3/ 2} for constants k1, ko > 0. The proof of this is analogous to the proof of Lem-
ma 3.4 in the next section. Thus, if K. denotes the event that C. £ C on I, then we get, using
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stationarity of x — (V(x) — C (x))? and the fact that EC(0)2 < oo,

1/2
E/ |Cc(x) = C(x)|dx < {/ E{V(x)—C(x)}zdx} P(K.)'/?
I I

< {ILIEC(0)*}' ki exp|—kac¥/?)
= O(CI/ze_kcm), c— 00,

for some k > 0. Thus,

c1/2{/{V(x)—Cc(x)}dx_E/{V(x)_CC(x)}dx}
Ic

I

=c—1/2{/{v<x)—C(x)}dx—E/{V<x)—C(X)}dx}
I le

+0, (ce_kcm),

and the statement now follows.
(i) We can repeat the argument on the interval [0, \/c], and apply the argument used in (i) on
the subinterval 1/ = [c1/4, e — c'/4] (but leaving C, as defined in (i)). This yields

0—1/4{/ {V(x)—Cc(x)}dx—E/ {V(x)—Cc(x)}dx} AN(O,GZ), €=
I I

implying that

c_l/z{f{V(x)—CC(x)}dx—Ef{V(x)—CC(x)}dx}—p>0, ¢ — oo.
I/ !

c c

Moreover,
c—1/2/ E|V(x)—Ccx)|dx=0(c""), ¢ o0.
[0.c'/4]

The statement now follows for the first choice of the interval I. in (ii). For the second choice
of I, the argument is similar.
(iii) Let 1. be as in (i). Then

4
c_zE{/ {V(x)—Cc(x)}dx—E/ {V(x)—CC(x)}dx}

I I

:czE{/ {V(x)—C(x)}dx—E/ {V(x)—C(x)}dx}4

I I

+0(e ")



Testing monotonicity of a hazard 1973

for some k > 0, and the statement now follows from Theorem 2.1, (2.8), and (2.5), along with
the fact that cz(c — 2\/2)‘2 — 1 as ¢ — oo. If, for example, I. = [0, c — 4/c], then we write

/{V(x)—cc(x)}dx—E/{V(x)—cc(x)}mzAc+Bc,
Ic

I

where
AC:/ [V(x) — Cex)} dx —E/ [V(x) — Ce(x)} dx
[0./] [0.4/]
and
BC=/ {V(x)—Cc(x)}dx—E/ {V(x)—Cc(x)}dx.
[Ve.c—y/el [Ve.c—y/el
Thus, we get
4
c_zE{/ V() = Ce(x)} dx — E/ (V) - Cc(x)}dx}
I I
=c 2EB} +c *{4EB}A. + 6EB2AZ + 4EB.A> + EA}}.
We have

2
c2EAY = <£> cEA*=0(c7")

c

and similarly, using the Cauchy—Schwarz inequality,

¢ 2EB.A2=Ec?A?B, < \/Ec—3Ag\/Ec—1Bc2 =0(c¥).

Continuing in this way, we find that the only non-vanishing term is ¢ "2 E Bf. The statement now
follows from what we proved for I, = [\/c, c — +/c]. ]

Finally, we also need the following extension of Theorem 2.2, allowing for some scaling in
the arguments of the various processes and coefficients.

Theorem 2.3. Let F., G., and H. be twice-differentiable increasing functions on [0, c], with
continuous derivatives f., gc, and h., respectively, satisfying

Fe(x) = feO)x(1+0o(1)), Ge(x) = ge(0)x(1 +0(1)), H(x) = 5h(0)x*(1+ o(1))

as ¢ — 0o, where the o(1) term is uniform in x. We assume that f.(0), gc(0), h.(0), and h.(0)
are positive and stay away from 0 and 0o as ¢ — 0o, where h/.(0) denotes the right derivative of
he at 0. Let C, be the greatest convex minorant on [0, c] of the process

Ve(x) = He(x) + W(Ge(x)),  x€l0,cl.
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In addition, let S, be defined by
Sc(x) =Ve(x) — Ce(x), x €[0,cl.
(i) For c > 4, define the interval I. = [\/c, c — \/c]. Then, as ¢ — 00,

(h.(0)/2)1/3

Var<c_1/2/ Sc(x)dFC(x)) ~ a2,
I

’

c_lE/ Se(x) dF.(x) ~ E|C(0)
I

(2.10)

where

2 80P f(0)%

o, —WU s (211)

and C and o* are defined as in Theorem 2.1. Moreover, the fourth moment of
c—l/zf {Sc(x) — ESc(x)} dFe(x)
I

is uniformly bounded and satisfies

4
E(fl/z/{Sc(x)—ESC(x)}ch(ﬂ) ~MP. c—soo (212)

I
where MC(4) denotes the fourth moment of a normal N (0, 002) distribution.

(ii) Relations (2.10) and (2.12) also hold if the interval I, is given by I. = [0, c — \/c], I, =
[c,clorI.=]0,c].

Proof. Because the proof proceeds along the lines of the proofs of Theorems 2.1 and 2.2, we
focus only on the new type of scaling present in the process

X %hé(O)x2 + W(gc(0)x), x €10, c],

which replaces the process V defined in (2.1) on [0, c].
Let a, b > 0. By Brownian scaling, the process

x> ax?+Wbx),  xel0,cl, (2.13)
has the same distribution as the process

xr—>a7]/3b2/3{(a2/3b71/3x)2+W(a2/3b7]/3x)}, x €[0,c]. 2.14)
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Thus, if C, j is the greatest convex minorant of the process given in (2.13) and C~'a, » of the process
given in (2.14), then we get

fo Hax® + W(bx) — Cup(0)} £:(0) dx

c
ga_1/3b2/3fc(0)f {(a2/3b—1/3x)2+W(a2/3b—1/3x) —a'Pp2BC, p(x) ) dx

2P3p=1/3¢
b 0 -
fe( )/ (1 4 W) — a2, (a2 Pu) ) du

a23p—1/3¢

bf (0

24 W) — Cc(u)} du

where C, is the greatest convex minorant of the process
u|—>u2+W(u), ue [0,a2/3b_1/3c].
Thus, for ¢ — oo,

: b2/ £,(0
c—lE/ {ax? + W(bx) — Cop(x)} £2(0) dx ~ %EM(O)’.
0
Given that a = zh/ 0), b = g-(0), (2.10) follows. Moreover,

var<c—1/2 /C{axZ + W (bx) — Cap(x)} fo(0) du>
0

b2 0 2 a?Pp=13¢
= #var(/ {u? + W () —Cc(u)}du>
a=c 0
b5/3fc(0)2 2Bp=1/3¢
=— (W/ u + W(u) — Ce(w)} du)
b8 (07 ,
/3
for ¢ — oco. Taking a = 1h/.(0), b = g.(0) now yields (2.11). O

3. Embedding and central limit result for 7,,-type statistic

In this section, we establish a central limit result for the quantity

n’/6 /Q{Hnoc) — Hy(x) — pa ) dFp(x) =¥/ fa{Hn (x—=) = Hy(x) — ) dFo(x),  (3.1)
0 0
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where u, denotes a centering sequence to be specified below. This result is the first step in
obtaining the limit result for 7,, defined in (1.1), where the integral is taken with respect to
dF, rather than dFy. To derive the limiting distribution of (3.1), we first replace the process
H, (x) — Hyp(x) by

E,(x)

m — Hn(x), X € [O,a],

x> Hy(x)+

where E,, is the empirical process /n{[F, — Fy} and I:I,, is the greatest convex minorant of the
process

E; (x)
V{l — Fo(x)}’

We next use the strong approximation of the empirical process by a Brownian bridge B,,, yielding
the approximation

x > Ho(x) + x €10, al. (3.2)

n~ 2B, (Fy(x))
xr—)Ho(x)—l—l_—Fo(x), XG[O,CZ],

to the process (3.2). This process is distributed as

Fo(x)

H, 2y ———
x> Hy(x)+n = Fo(x)

), x €[0,al, (3.3)

where W is standard Brownian motion on [0, 0co). Next, the interval [0, a] is split into so-called
“big blocks” separated by small blocks. The local contributions to the integral over the big blocks
can be treated using the results of Section 2.

The first lemma to be proven states a contraction property for convex minorants that will
be used repeatedly in the sequel. It is related to Marshall’s lemma in the theory of isotonic
regression.

Lemma 3.1. Let f and g be bounded functions on an interval 1 C R, and let Cy and C, be
their greatest convex minorants, respectively. Then

sup|Cf(x) — Cg(x)| < su11)|f(x) — g(x)|.

xel

Proof. Given that f > g — sup,¢; | f(u) — g(u)| and that g > C, by definition, it follows that
f=Cg —sup,c;|f(u) — g(u)|. Because the right-hand side is convex, this means that it is a
convex minorant of f on /. Thus, it lies below the greatest convex minorant C s of f on [,

Cr(x) > Cyolx) — su1])|f(u) — g, xel.
ue

Because this inequality also holds with f and g interchanged, the result follows. ]
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‘We now consider the functional

/[O ]{Hnm — H,(x)} dFo(x)

—/ {H(x)—lo (1—E”—(’“)>—F1(x)}dF(x)
~Joal T ARy e

where E,, = \/n{F, — Fy} is the empirical process. The following lemma allows us to dispense
with the logarithms.

(3.4)

Lemma 3.2. Let I:In be the greatest convex minorant of the process given in (3.2), where
Fo(a) < 1. Then:
()
/ E,(x)
[0.a] Vn{l — Fo(x)}

H,, (x) — Ho(x) — dFy(x) = 0p(n").

(ii)
/[0 ]|1f1,,(x) — H,(x)|dFo(x) = 0,(n7").

Proof. (i) Let A, denote the event
En(x) | _1
sup ——— | < —.
xef0.a] V{1 = Fo(x)}| ~ 2

Then, by a well-known result in large deviation theory (Chernoft’s theorem), we have P(AS) =
O(e™"¢) for a constant ¢ > 0. If A, occurs, then we can expand the logarithm, which yields

Ey(x) En(x) -1
- = 0
N FO(X)}} NI (

and (i) now follows.
(i) This follows from Lemma 3.1 and the argument of the proof of (i). (]

—log{l sup |En(x)‘),
]

x€[0,a

Below, we prove that
Ey(x) -
5/6 Ho(x) + ——"2_ _f,
" /[o,a]{ Ot - Ry
Ep(x)
Vn{l — Fy(x)}

converges in distribution to a normal distribution, which, together with Lemma 3.2, implies that

— E{Ho(x) + — ﬁn(x)}}dFo(x)

E,(x)

3/6 H, (x) — H, —E{H + ="
" /[o,a]{ () = Hin ) 0O F = Fot)

—~ ﬁn(x)”dFo(x>
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converges to the same normal distribution.

Remark 3.1. We avoid taking the expectation of HQ (x) — I:In (x), because H, is infinite with a
positive (but vanishing) probability on [0, a], as is H,,. This occurs when the empirical distribu-

tion function IF, reaches the value 1 on [0, a].

By Theorem 3 of [14], we can construct Brownian bridges B, on the same sample space as I,
such that

v n'2|E,(x) — By (Fo(x))|
n = Sup
xe[0,a] 2V 10gl’l

is a random variable with with EY,, < C < oo for all n. Thus, for n > 2,

0<E sup n ' E,(x)  Ba(Fo(x)) < EY,logn _ <logn>. (3.5)
xel0,a] 1 —Fo(x) 1-=Fplx)| ™ n(l— Fy(a)) n
We now have the following result.
Lemma 3.3. Let E, be defined by
~ By (Fo(x))
E =—, 0,al, 3.6
n(X) I~ Fotx) x €[0,4] (3.6)
where By, is as defined above. Let C,lf be the greatest convex minorant of
x = Hy(x) +n_1/25n(x), x € [0, al. 3.7
Then
| (B - o) arue
[0,a]
(3.8)
127 B logn
= {Ho(x) +n7?E,(x) — CL(x)} dFo(x) + O, )
[0,a] n
Proof. The result follows immediately from (3.5) and Lemmas 3.1 and 3.2(i). O
Now note that the process defined in (3.7) has the same distribution as the process
F
x> V() E Ho(x) + 012w _Fol) ., xel0,al, 3.9)
1 — Fo(x)

where W is standard Brownian motion on R . Therefore, if C, is the greatest convex minorant
of the process V,, on [0, a], then we have

/[0 ]{Ho(x>+n—”25n<x)—C,f(x>}dFo(x>2/[O [0 = €} R G0
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For (3.10), the asymptotic distribution is given in Theorem 3.1 below.

Theorem 3.1. Let hg satisfy Condition 1, and let S,, be defined by

Fo(x)

_ —1/2
$a(xr) = Ho(x) +n W<1 N

) — Cp(x) =V (x) — Cu(x), x€[0,a], @3.1D
where C,, is the greatest convex minorant of V,, defined in (3.9). Let D, be defined by

D, = /‘a Sn(x) dFp(x). (3.12)
0

Finally, let C(0) and o* be defined as in Theorem 2.1. Then

nD, —ED,} 2> N(0,03,),  n— oo,
where
@ (2ho(1) fot)\'/?
n2/3ED,,—>E|C(O)|/ (%) dHo(1) (3.13)
0 ()(t)
and

a 2 1/3
20:24/302/(; hO(t) {hO(t)fO(t)} dH()(t). (3'14)

For the proof of Theorem 3.1, we divide the interval [0, a] into m,, intervals I, x with (equal)
length of order n~!/3 logn (big blocks), separated by intervals Jox (k=2,3,...,m,) with length
of order2n=1/3/ log n (small blocks). The small interval J,, | to the left of I,, | has half the length
of the other separating blocks, as has the small interval J,, ;,,,+1 to the right of I, ,,,, . Thus,

[0,a]l= Jn,l ) In,l V) Jn,Z U In,2 u..-u Jn,m,, U In,m,l ) Jn,my,—H-

For k=2,3,...,m,, let ~J~,,, x be the interval with the same right findpoint as Jp x with half the
length of J, x, and take J,, | = J,1. Fork=1,2,...,m, — 1 leE Ju.k+1 be the interval with the
same left endpoint as J,, 41 with half the length of J, x+1 and J,, u,+1 = Jn,m,+1. Then

[0,a] = jn,l U In,l ) J_n,2 U jn,Z ) In,2 u..-u jn,mn ) In,m,l U jn,m,,+h

where all I intervals have the same length, of order n=1/3 logn, and the J intervals have the same
length of (smaller) order n~'/3/logn. Finally, let the interval L, be defined by

Lok = Jni Ui Udyii1 = [ank, an 1), k=1,2,...,m,
(3.15)

mp
yielding [0, @) = |_J Lux.
k=1
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Note that m,, ~ an'/3/logn, and see the figure for the structure of the partition.

Jn,l In,l Jn,2 Jn,2 In,2 Jn,3

b . . i . : i S —

0 a
Ln,Z

In,mn Jn,mn—i-l

The (key) localization lemma below, which is proven in the Appendix, shows that on inter-
vals I, k, the global convex minorant of V,, (defined in (3.9)) over [0, a] coincides with high
probability with the restriction to I, ; of the local convex minorant of the process V, on the
interval L, .

Lemma 3.4. Let hg satisfy Condition 1. Then:

(i) The probability that there exists a k, 1 < k < m, such that the greatest convex minorant
C,, of V,, is different on the interval I, i from the restriction to I, ;. of the (local) greatest
convex minorant of V, on Ly i, is bounded above by

cl exp{—cz(logn)3/2}

for constants c1, co > 0, uniformly in n.
(i1) The probability that there exists a k, 1 <k < my, such that C, has no change of slope in
an interval Jy, i or Jy i is also bounded by

3/2
cl exp{—c’g(logn) / }
for constants c1, ca, uniformly in n.

For each n > 1 and 1 < k < m,,, define independent standard Brownian motions W, ...,
Wy m,, and consider the processes

Fox)  Folank)
1—Fo(x) 11— Fylan)

x = Ho(x) — Ho(auk) +n_1/2Wnk( ) X €Lk

Denote the greatest convex minorants of these processes (on Ly ) by Cpi. Furthermore, define
the processes Sy by

Sk (x) = Ho(x) — Ho(ank)

_ Fo(x) Folank)
12w, 0 — -C L.
+n nk(l — Fox) 1— FO(ank)> nk (%), X € Ly k

(3.16)

Lemma 3.5. Assume that the conditions of Theorem 3.1 are satisfied. Moreover, let C(0) be
defined as in Theorem 2.1 and let 012{0 be defined as in Theorem 3.1. Then

n.k

n5/62f [S(®) = ESu(®)}dFo(x) > N(0,0%,),  n— oo,
k=11
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where (see (3.13))
13
OBV e

my a

n r(x)dFy(x) — E|C(0)
Z e | | 0 h (1)
k=11

Proof. Let ¢, = n1/3|Ln,k| ~logn and I, y = [ank + n~13 Jen, ane + n’1/3(c,, — Jcn)]. We

then have
n / (Su(x) — ESu(0)} dFox)
[n‘k

/cnﬁ{nl/éw k( Folank +n7"Px)  Folaw) >
n
o 1 — Fo(an +n~13x) 1= Folaw)

— 3 Crpe(ank +n~"x)

oy (ot Foaw)
" 1 — Folank +n~13x) 1 — Folan)

— n2/3an (ank + n_1/3x) } }fo(ank + n_1/3x) dx.

Here we use the fact that the (first two) deterministic terms in (3.16) drop out because of subtrac-

tion of the expectation. This implies that

n /1 (Suk () — ESyc ()} dFo(x)
n.k

2/%_@ 2 /6w Folamk +n~"Px)  Folam) )
Cn 1- FO(ank + n_l/S-x) 1— F()(Clnk) nk
o(ank +n~"°x) 0(ank) ) B Cr/zk(x)}}

—_Elnl/ow _
1 _FO(ank+n_l/3x) 1 — Fo(ank)
X fo(ank—i-nflﬁx)dx,

where C;, is the greatest convex minorant of the process

X nz/S{Ho(ank + n_l/3x) — Ho(ank) — n_1/3xh0(ank)}

F —173 F
Lo 0@ +n""""x)  Folan) L xel0.cl
1 — Fo(ank + n_1/3x) 1 — Folank)

Here we use the fact that adding a linear function to a function does not change the difference
between this function and its greatest convex minorant. Note that the integrals on I, 4 depend
only on the increments of the Brownian motion process on the corresponding disjoint intervals
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L, i and thus are independent. For the individual integrals, we are close to the situation of The-
orem 2.3, with, for ¢, — oo on [0, ¢,] (note that n is determined by c,,, n = e*),

Fo,(x) = n'*{ Fo(am +n""Px) — Folan) } = folam)x (1 +o(1)),
He, (x) = n*/*{Ho(ank +n~"x) — Holaw) —n~ " xho(an) }
= 1hj(an)x* (1 +o(1))

and
Fo(ank +n~13x) Fo(ank) Jol(ank)x
G, (x =n1/3{ - = 1+o(1)).
o) 1 — Folank +n=13x) 1 — Fo(an) (1- FO(ank))z( M)
This yields
n 2
var N Suk () dFo(x) ) ~ o, n— oo,
n In.k

uniformly in k =1, ..., m,, where

2 (folan) /{1 — Folan)}*)" folank)* 2
L (hly(ank) /2)%3

_ (ho(ane))'” fotan)'?
(hy(ani) /2)*/3

24/3h0(ank) {hO(ank)fO(ank)}l/3
hiy(an)*3

and o2 is defined as in Theorem 2.1. Likewise, with C (0) as defined in Theorem 2.1,

n 21/3h0(ank){h0(ank)fO(ank)}l/3E|C(0)|
o » E Sk (x)dFy(x) ~ (a1

Because the fourth moments of

;C_ | (S0~ ESu@) dfoo

are uniformly bounded by Theorem 2.3, for each ¢ > 0, using Chebyshev’s inequality, we get

{Snk(x) — ESpi(x) } dFo(x) zg}—>0, n— oo.

my I’l
]P’{ —1/2
]; V nk
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Using the fact that m;l ~a~'n13logn and that the intervals I, ; have lengths of order
n~3logn, we get
m m
- 2% ho(ani)® tho(@nk) folan)} '
-1 2 -1 n n n 2
my ;Unk m, ]; hb(ank)4/3 o

— dr.

243452 / ho(1)3(ho (1) fo(0)}'/3
a b hy(1)4/3

Because m, = an'/?/c,, the normal convergence criterion on page 316 of [16] now gives

W6y / {Suk(@) = ESu ()} dFo(x)
k=17 Ink

4/2%”!\/5

Ny ln.k{Snk(x) — ESu(x)} dFy(x) —> N(0,0%,).

Also note that

mp

—1/2,1/2 Z 213 ho (@) {ho(ank) folan)}'/3
o hy(ani)!/?

mp
—1/2 n N
my ZCW /1 ESu(x) dFy(x) ~m
k=1 ¢n n.k k=1

2B ho () {ho(t) fo(t)}1/3

~ /—mnc,,E|C(0)|/O PAGLE dr
“(2ho(® fo)\'"?

— nl/6

" /0( (1) ) A0 O

We can now prove Theorem 3.1.

Proof of Theorem 3.1. By Lemmas 3.4 and 3.5, we have

mp

D

n5/62/ {Suk(x) = ESui(x)} dFo(x) — N(0,07,).  n— oo.
k=1 In.k

For similar reasons, we have

mp

Y / [Sue@) — ESu(0)} dFo(xr) 250, n— oo,
k=1 Ln,k\ln,k

where we use Theorem 2.3. (This is the essence of the “big blocks, small blocks” method.) The
result now follows, because

n.k

D, =n/° Z/L {Snk(x) = ESuk (x)} dFp(x). a
k=1
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The corollary below follows from Lemma 3.3, (3.10), and Theorem 3.1.

Corollary 3.1. Let hg satisfy Condition 1. Then
a
n5/6{/ {HL, (x) — H,(x)} dFo(x) — ED,,} L N(0.03),  n— oo,
0

where ED,, and 01%10 are defined as in Theorem 3.1.

4. Central limit result for U, -type statistics

To derive the asymptotic distribution of the statistic U,, defined in (1.2) and used in the simula-
tions in [8], we first consider the statistic

/[0 ]{]F,,(x) — Fy(x)}dFo(x), .1

which is analogous to the statistic discussed in the preceding section but has [, (x) — ﬁn (x) as an
integrand instead of H,, (x) — I:In (x). Note that this is not U, ; the difference is in the integrating
measure (dFy instead of dIF,). If E, again denotes the empirical process, and arguing as in the
proof of Lemma 3.2(i), then we have

n12E,(x) ”

IFn(x>=1—exp{—Hn(x)}=1—exp{—Ho(““"g{l‘ 1= Fo(v)

-12g,
=1- exp{—Ho(x) — nl—iﬁb()(c);)} + Op(n—l),

uniformly for x € [0, a]. Thus, defining, as in Lemma 3.2, H,, as the greatest convex minorant of
the process given in (3.2), by Lemma 3.2, we get

~ _ ~ nil/zEn(x) -1
Fu(x) = Fu(x) = exp{—Ha (x)} — eXp{—Ho(x) - I_—FO(X)} +0,(n7")

nV2E,(x)

_ exp{—ﬁn(x)}{l — exp{—Ho(x) T Fo(x)

+ﬁn(x)H +0,(n™).

Next, replacing E, (x) by B, (Fop(x)) as in Lemma 3.3, where (B,,) are the approximating Brow-
nian bridges, and Cf is the greatest convex minorant of the process (3.7), we get

n=12B,(Fy(x))

Fy(x) = B (x) = exp{=C; <x>}{1 - exp{—HO(") T I-RW

logn
0 .
(%)

+C,f(x)H
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Again using the results of the preceding section, and denoting by C,, the greatest convex mi-
norant of the process defined in (3.9), this implies that

Fp(x) — Fp(x)

2 exp{—Cy (x)}{l —~ exp{—Ho(x) —~ n”W(M) +Cn (x)} } 4.2)

1 — Fy(x)
logn
+0p( f )

Based on this representation, we now first consider the following approximation to (4.2):

F
exp{—Ho(x>}{Ho<x) + n-”zw(l_o—g;)) - cn(x>}

- Fo(x)
={1—F0(x)}{Ho(x)+n I/ZW(1—O—FO(x)> —Cn(x)}
= {1 - Fo0)} 8, ()

for x € [0, a], where S, as defined in Theorem 3.1. For the integral of this process with respect
to dFp, we have the following result.

Lemma 4.1. Let hg satisfy Condition 1. Moreover, let Cy, S, and V,, be defined as in Theo-
rem 3.1, and let DL be defined by

Dfo = /a Sp ({1 = Fo(x)} dFy(x). (4.3)
0

Then, for n — oo,

@ 2ho(t) fot) \*?
(D — EDFo} B> N(0,0%) witha§0=a2/0 (%f)‘)(» dFy(0),
0

where o2 is defined as in Theorem 2.1 and

a 1/3
ED ~n—2/3E|C(0)|f (%)({)‘m) dFo(t), n— 0.
0 0

Proof. The difference with Theorem 3.1 is that d Fy(¢) is replaced by {1 — Fo(¢)} dFy(¢) in the
integral. This means that instead of E D,,, we get

213 ho ) {ho(t) fo()} 3 (1 — Fo1)) q
ts
h6(t)1/3

a
ED§0~n*2/3E|C(0)|/ n— 00,
0
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and instead of 01%10, we get

[1- Fo)) dr

2 _ 94352 /u ho(t)*{ho(t) fo(1)}'/3
0

TR = PRGRE

o [ 2ho® foO '
[ () oo :

Based on Lemma 4.1, we now derive the asymptotic distribution of (4.1).

Theorem 4.1. Let hg satisfy Condition 1. Moreover, let S|, be defined by S)(x) = F,(x) —
I:"n (x), x €10, al, where I:"n is as defined in (1.2), and let D), be defined by

a
D, = / S! (x) dFo(x). “4.4)
0
Then, with O’% defined as in Lemma 4.1,
0
5/6( ry D 2
n/°{D, —ED,} — N(0,0%), n— oo.

Proof. This is, in a sense, an application of the delta method. By (4.2), we can replace IF,, — ﬁn
by

_ Fy(x)
_ _ _ _p12 _T0W
exp{ Cn(x)}{l exp{ Hy(x) —n W(l o )) +C,,(x)”.

Using notation of the same type as in the proof of Lemma 3.5, we also have that

/0 E{Hy(x) — Co(0)}* dFo(x)

my

Cn
~ Z/() E{HO(ank + n_1/3u) — Ho(ank) — Cy (ank + n_1/3u) + Cn(ank)}2
k=1
X fo(ank) du

mpy C, 2

— " 1

~n 5/32/0 E{Ehf)(ank)uz—cnk(u)} Jolank) du,
k=1

where C, is the greatest convex minorant of the process

ho(ani)u

1
> ~hi 2pw(
x> g holanu <1—Fo<ank>

), u €0, cyl.
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By Brownian scaling, we get

2

Cp 1
/0 E{Ehé(ank)uz - an(u)} Jo(ank) du

1, B holam) \7P 2
NCnfO(ank)<zh0(ank)> (m) EC(0)7,

where C is the greatest convex minorant of x — W(x) + x2, x € R. Thus, we find that

fo E{Ho(x) — C,(x)}* dFy(x)

1 2/3 ho (1) 4/3 *3)
~—4/3 2 [(L,, ol
n EC(0) /0 (zho(t)> (1 — F()(t)) dFp(1).
We also have that
a 2
/ E{Ho(x) —l—nl/ZW(M) — Cn(x)} dFy(x)
0 1 — Fp(x) 46)

a/q 230 hot) \ 3
o —4/3 2 Y
n~*BPEC(0) /0 (2 0(;)) (1_Fo(t)> dFy(t).

Thus, by (4.5) and (4.6),

/anxp{_cn(x)}{l - exp{—Ho(x) —n*/ZW(%

= /Oa{l - Fo(f)}{l - exp{—Ho(x) - n‘”zW(l_FO—é)x()x» + Cn(x)HdFo(t)

) + Cn(x)} } dFo(r)

+0,(n*7)

= /“{1 - Fo(t)}{Ho(x) +n_1/2w( Fo(x)
0

1—7]7()()()) — Cn ()C)} dFo(t) + Op(n_4/3),

where we also use the Cauchy—Schwarz inequality in the first equality.
Similarly, for the expectation, we get

/g E{F,(x) — £, (x)} dFy(x) = ED} + O<10ﬂ)’
0

n

where D,f % is defined by (4.3). This is seen in the following way. Because we assume that
Fy(a) < 1, by Chernoff’s theorem (as in the proof of Lemma 3.2), we have

P{1—F,(a) < 3{1 — Fo(a)}} < e
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for ¢ > 0, and thus, defining the event A, = {1 — F, (a) > %{1 — Fyp(a)}}, we get
a R
/ E{F, () — Fo(0)) dFo(x)
0
a A
:/ E{F,(x) — Fu(x)}14, dFo(x) + O(e™")
0
a A
= / Efe™ ) — o7 Hn@ 1 dFy(x) + O (e™)

E{l _Fn(x)}{e—{ﬁn(x)—Hn(X)} _ 1}1A,, dFy(x) + O(e—nc)

J

= /a{l — Fo) ) EfeHn=En™) _ 1)1, dFy(x) + O (n ™)
0
J

F 1
{1- Fo(x)}E{Ho(x) +n—1/2W<1_0—ISz()x)) - Cn(x)} dFy(x) + 0(%)

1
= EDFo 4 O(E)

n

The result now follows from Lemma 4.1. O

5. Asymptotic distribution of the test statistics
We are now in the position to prove the main results for the original test statistics 7;, and U,,. In
view of Theorems 3.1 and 4.1, this essentially amounts to proving that the integrating measure

in the statistics may be changed from d £y to dFF,,.

Theorem 5.1. Let D,, be defined as in Theorem 3.1, and let the conditions of Theorem 3.1 be
satisfied. Then

a
n5/6{/ {H, (x—) — H,(x)} dF, (x) — EDn} Lo N(0.07), n— oo,
0
where ED,, and 0%10 are defined as in Theorem 3.1.

Theorem 5.2. Let the conditions of Lemma 4.1 be satisfied, and let 01%0 and C(0) be defined as
in Lemma 4.1. Then, as n — 00,

,15/6{/“{1@”@—) — F, ()} dF, (x) —/
o 0

2) N(O, 01%-0)

a

E{F,(x—) — F,(x)} dFo<x>}
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and

a a 1/3
/ E@%@—)—ﬁuxﬂdmmm~mW%ﬂcmn/‘<yﬂgygﬁ> dFy(1).
0 0 hy (1)

We prove only Theorem 5.1, given that the proof of Theorem 5.2 proceeds along similar lines.

Proof of Theorem 5.1. Again using Lemma 3.1, we get

/u{Hn(x_) - I:In(x)}dIFn(x) 2 /a{HO(X) +i’l_1/2Wn<
0 0

logn
+0p< f >

where C,, is the greatest convex minorant of V;,, defined as in (3.9), with W,, replacing W. The
process W, is distributed as a standard Brownian motion on [0, a], and W,, o (Fp/(1 — Fp)) is
given by

Fo(x)

I——Fo(x)) - Cn(x)} dIF, (x)

W ( Fo(x) )_ By, (Fo(x))
"\1-Fx)) 1-Fkx)’

where B, is coupled to the empirical process as in Lemma 3.3.
We need only show that

x €[0,al],

/O (V@) — Co)} dF — Fo)x) = 0, (n59). 5.1)
because we then have

fo {H, (x—) — Hy(x)} dF, (x)

:/0 [Va(x) = Cu ()} dF, (x) + 0,,(105”)

a

:/0 {Vn(x)—Cn(x)}dFo(X)JF/O {Vn(x)—Cn(x)}d(IB‘n—Fo)(x)—|—0p<lo$>

:/0 {Vn(x)_Cn(x)}dFo(_x)_i_op(n—S/é)

To show that this relation holds, we follow a method somewhat similar to that used by [15] but
that uses the Brownian motion representation instead of the empirical process and does not bring
the derivative of the greatest convex minorant into play.

The p-variation of a function f on the interval I = [0, a] is defined by

vp(f; I)ZSUP{Z|f(xi) — fic)|Pixo=0<x1 < - <xp=ajp.

i=1
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The p-variation norm of f on [ is defined by

I £llip) = vp(fs DMP 4 sup| £ (x)|.

xel

By Theorem I1.3.27 of [1], for p,q >0and 1/p + 1/g > 1, we have

‘/{0 ]{Vn(x) — Cu(x)} d(F,, — Fo)(x)

<cllVa = CullipiliFn — Follig (5.2)

for a constant ¢ > 0. Moreover, by Theorems 1.6.1 and 1.6.2 [1] and Theorem 3.2 of [18], we
have

OP(n(l_q)/q), g€l(l,2),
IFy = Follg1 = § Op(n~%/L(L))), g=2, (5.3)
Op(nfl/z), q>2,

where L(n) =1V logn.

Let 11,..., T,y be the points of jump of the derivative ¢, of C, on [0, a], and let 79 = 0,
Tm+1 = a. The function C,, is linear on the intervals [7;, 7;+1], and V,, behaves on such an in-
terval as an excursion above its greatest convex minorant C,, with the same values as V), at the
endpoints of the interval. Thus, for p > 2, by Lemma 4 of [12], we have

m+1 m+1 _
vp (Ve = G 10,a]) <2771 Y ", (Ve = G [mi1, wl) =277 Y~ 0y (Vs [, ),
k=1 i=1

where, using the fact that the linear part drops out in taking the comparison with the greatest
convex minorant,

Vn(x)=n_l/2{W( Fox)  Fo(zi-1) >
1— Fo(x) 11— Fo(ti_1)

X —Ti_| W( Fo(m)  Fo(mi-)) )}
T —Tio1 1 —Fo(ry) 11— Fo(ziz1)

X =T
+ Ho(x) — Ho(ti—1) — 1__7

i i—1

{Ho(t)) — Ho(mi—))},  x€[ri—1, Tl

By part (ii) of Lemma 3.4, we have E max;(t; — ti—1) = omn—173 logn). Let u; be the midpoint
of the interval [7;_1, 7;] and let fg, by defined by

Frio () = Ho(x) — Ho(zi—1) — "_:—’f“l{Ho(ri) —Hy(mi_n),  xelnoi,gl

Then
Fro () = —Shguix — i Mo — x}{1+0,(D},
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where x — {x — 7;_1}{r; — x} is increasing on [7;_1, ;] and decreasing on [u;, 7;], and

v (Fros [ti—1, 1) ~ 27 Phy ()P {u; — ti—1}P (i — ui}?,
(see, e.g., (3.4) of [12]). Thus, for any p > 2,

m+1 m+1
Z vp (frps [ziz1, wl) ~ 2177 Z hoi)?{ui — ti—1}P{t; —u;i}?
i—1

i=1

m+1
= 2" " ho(ui) P {ui — T )P
i=1

m+1
-3 2p—1
<277 max{u; — t;1}7 E ho(ui)P{ti — -1}
l

i=1
5 1 2p—1 “
~QTPF miax{r,- N fo hy(u)? du
= 0, (n= =3 (logn)2P=V/2),

Note that the O,-term becomes O, (n~!(log n)3/2) for p =2.
For the Brownian part,

Bk(x)dzefn_l/z{w< Fo(x)  Fo(ti-1) )
’ 1= Fo(x) 1= Fo(ti-p)

X T W( Fo()  Fo(ti-1) )}
T —Ti—1 1 —Fo(ry) 11— Fo(riz1)

m+1

> vp(Buki [tio1. 1) = 0, (n~P1?)

i=1

for p > 2, we find that

by the fact that almost all Brownian motion paths are Holder continuous of any order < 1/2.
Thus, we find that

IV = Cullip) = Op(n~"/2(logn)@r=1/2p)) (5.4)

for any p > 2. Thus, (5.2), (5.3), and (5.4) imply that
[ Vi = €} aEs = Fiy ) = 0,(71%)
[0,a]

for arbitrarily small ¢ > 0. (]
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We end this section with a result for the situation that the hazard is nondecreasing, but not
strictly nondecreasing. Clearly, the asymptotics are quite different from the case where h¢ in-
creases strictly on [0, a]; the rate of convergence drops from n°/® to n!/2, and the asymptotic
distribution is not normal. Cases where hg has intervals in [0, a] where it is constant lead to
similar results, because these intervals will dominate the asymptotic behavior of the test statistic.

Theorem 5.3. Let I:}, and F,, be defined as in Theorem 5.2, and let U,, as in (1.2). Let U be given

by
¢ Fo(x)
U =/ 1 — Fy(x) {W(i — C(x) rdFo(x),
0 { } 1 = Fo(x)
where W is standard Brownian motion on [0, 00) and C is the greatest convex minorant of
Fo(x)
Wl —— ). € [0, al. 5.5
T <1—F0(X)> relhal 2

Suppose that the underlying hazard hg is constant on [0, a]. Then
D
nl/zU,,—>U, n— o0o.

Proof. The proof follows lines that by now are familiar. We first consider
Up= [ [Eu=) = Fa)} dFoo,
[0,a]

By (4.2), we can replace F,, — E, by

_ Fo(x)
_ _ _ —n 12w BT
exp{ Cn(x)}{l exp{ Ho(x) —n (1 o(x)> Cn(x)}},

where C,, is the greatest convex minorant of the process

Fo(x)

H —1/2W AT
x> Hy(x)+n (I—Fo(x)

>, x €10, 4],
with a remainder term of order O, ((logn)/n). Using the delta method, as in the proof of Theo-
rem 4.1, we can replace this (apart from a remainder term of order O, ) by

Fo(x)

—1/201 _ _ o)
n~!2{1 Fo(x)}{W(l_FO(x)

)_C(-x)}’ xe[ova]v
where C is the greatest convex minorant of the process (5.5) and Hy is linear on [0, a]. The
statement for U, now follows by an application of [1], as in the proof of Theorem 5.1. (Il

Remark 5.1. The limit behavior in Theorem 5.3 can be analyzed using the methods of [4], where
the concave majorant of Brownian motion without drift is characterized via a Poisson process of
jump locations and Brownian excursions.
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Appendix
Proof of Lemma 2.1. Part (i). Let u > 0. Then, for x > u,

V(x)= W)+ (x —u)> +2ulx —u) +u®
> W)+ (x —u)? +u?
= W) +u>+Wx)— W) + (x —u).

Thus,

]P(min Vix) < 0) < P(ggg W) + 1+ W(x) — W) + (x —u)? < 0)

xX>u

= P(W(u) +u? +min W(x) — W) + (x - u)? < ())
1, . 5 1,
EP(W("‘)f_E“ >+P<¥1>13W(X)—W(u)+(x—u) < —5u )

The process
x> W) — W) + (x —u)?, X >u,

behaves in the same way as the process ¢ +— V(¢), ¢t > 0, but starts at x instead of 0. By Corol-
lary 2.1 of [9], we have that for all z > 0,

PlminV(0) < —z} ~2.37 Zexp{-822/327),  z— oo, (A1)
te
implying that there exist positive constants c¢; and ¢; such that for all u > 0
1
]P’(min W) — W) + (x —u)* < ——u2> < crexp{—cau’}.
x>u 2
We also have, for all u > 0,

1 1 exp{—u’/8}
IP’{W(M) < —Euz} =P{W(u)/ﬁ < —5u3/2} NI R

implying that there exist positive constants c3 and c4 such that for all u > 0,
P{W(u) < —%uz} <c3 exp{—C4u3}.

Combining these upper bounds with the fact that the process V running to the left from 0 behaves
in the same way as the process V running to the right from 0, part (i) now follows.

Part (ii). The (stationary) process a +— t(a) — a is studied in [5] and [6]. Theorem 2.5 in
[6] shows that {t(a):a € R} is a Markovian pure jump process. Moreover, it states that given
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t(a—) = x, the jump density at time a is given by

28(x — a + wup(u)
g —a)p(x —a)

and the conditional distribution function of the waiting time to the next jump is given by

>0, (A.2)

X—a

Fx_a(b—a)zl—exp{—/ ¢(u)du}, b—a>D0. (A.3)
u=x—>b

The functions g, p, and ¢ are specified in terms of Airy functions and power series in [6], and
have the properties

1
o) ~22, t— —oo, p)~—, 100,

p)~@2n) P rp0, pa) ~2e2

as t — oo, where a; denotes the largest 0 of Ai on the negative half-line and

0 —iux
e

800 = 2oy /_oo Al ) (A4)

A picture of g using this representation is shown in Figure 2.

The meaning of this result is that we can generate the process V by first generating the sta-
tionary process {t(a):a € R}, which is done by first generating 7(0) according to its (known)
distribution, and then generating the points t(a),a > 0 and t(a), a < 0, using the waiting time
distribution between jumps (A.3). Note that the distribution of the jump sizes is both space-

Figure 2. The function g, defined by (A.4).
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dependent and time-dependent, not exponential. By part (iii) of Lemma 2.5 of [6], we have
¢(—u) ~ 2142, U — 00.

This yields, for fixed x,a € R,

X—a 2 2
/ dw)du~ = —x)> ~Zp, b — oo,
u=x—>b 3 3

implying that
log{1 — Fy_q(b —a)} ~ —3b°, b — oo,

in accordance with
10g(1—[P’{|r(a)—a|>t})~—%t3, t — o0;

see Corollary 3.4, part (iii), in [5]. Part (ii), particularly (2.4), now follow.

Part (iii). After generating the points 7(a), we can generate excursions of the Brownian path
above the pieces of the greatest convex minorant, given by the jump times a;, where we take
ay as the first jump time to the right of 0 and number the jump times to the left and right from
here. The slopes of the greatest convex minorant are in fact given by ..., 2a_1, 2ag, 2ay, . ... The
distribution of the excursions depends only on the duration of the intervals between successive
jumps and the slope of the line segment of the convex minorant between these points. The only
thing left to do is to pin down the paths at some point, and we do that by letting each path be 0 at
time 0.

This construction reveals that the process of excursions {V(x) — C(x):x € R} inherits its
stationarity from the stationarity of the point process {7 (a) :a € R}, and that

Aeo{V(x)—Cx):x <0} and Beo{V(x)—Cx):x>=m} (A.5)

are independent, given a jump time of the process of slopes of the greatest convex minorant
between 0 and m and the slopes of the segments to the left and right of the vertex of the greatest
convex minorant at this jump time. This implies that there also exist positive constants c; and c
such that

|P(AN B) — P(AP(B)| < cre™ ™

for events A and B as defined in (A.5), noting that, by part (ii), the probability that there is no
change of slope on the interval [0, m] (meaning that the process t has no jump in the interval
[0, m]) is O(exp{—cm?}) forac > 0. O

Proof of Lemma 3.4. (i). The interval I, x is bounded on the left by the interval J~,,, « and on the
right by the interval J,, s 1. The intervals J,  and J, s both have length of order n='/3./Togn.
If the greatest convex minorant C,, of V;, on [0, a] has changes of slope in the intervals J~,,, r and
J_,,, k+1, the greatest convex minorant of V,, on [0, a], restricted to the interval I, , coincides with
the greatest convex minorant Cy; of V,, on L, k, restricted to the interval I, x. Thus, we have to
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find bounds for the probability that the greatest convex minorant of V,, on [0, a] has no changes
of slope in Jy or J_n,k+1. To do this, we follow the method used by [10], page 96.

Let a,r and by, be the left and right endpoints of J_n,k+1, respectively, and let u,; be its
midpoint. If

Cn(ank) < ho(unk) < cu(bui), (A.6)

where ¢, is the left-continuous slope of Cj,, then C,, has a change of slope in the interval J_n, k+1-
Note that for x > b, using the assumed smoothness of Hp and infjg 4 hg)(x) =2k >0,

Vo () = Vi) = n—l/z{W(M) _ W(M)}
1= Fo) 1 — Fo(unk)

(A7)
+ o (k) (X — ) + K (X — i)

Now consider the event that
Cn(bni) < ho(unk), (A.8)

and let t,,; be the first point of jump of ¢, to the right of b,;. Then
cn(x) < ho(unt), X < Tk,

and thus,
Tnk
Vi (Tak) — Vi (x) < Cp(ti) — Cr(x) Z/ cn(y)dy < ho(uui) (Tnk — x), X < Tpk-
X

Using (A.7) and the stationarity of Brownian motion, this means that the probability of (A.8) is
bounded above by

IP){Vn(":nk) = Va(unk) < ho(unk) (Tuk — unk)}
= P{Elx > bk - Vi (x) — Vi (k) < ho(uni)(x — “nk)}

< IP’{EIx > bk :n‘lﬂ{W(M) - W<M>} <—k(x— unk)z}
1 — Fy(x) 1 — Fo(unk)

=IP’{EIbenk:nl/2{W< Fox) — Folnk) )}S—K(X—Mnk)z}-
1—Fo(x) 1 — Fo(upk)

(A.9)

We can see that this probability will become exponentially small. Toward this end, define the
following covering of [, al:

def def . . _
Knkj = [tnkj stk j+1]1 = [buk + jn V3 b+ (j + Dn ]/3] = [buk, al
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for 0 < j < [n'3(a — bui) |, where the right endpoint of the last interval is taken to be a. Then
the probability in (A.9) can be bounded above by

('3 (a—bu)]

3 P{ElxeKnkj;nl/2{W< For)  Foum) )}
1= Fo(x) 1~ Folun)

i=0
! (A.10)
< —k(x —un)? .
Denoting the probabilities in this sum by p,;, we get
Fo(x) Fo(uni) 2
pk'g]P’{ su W( — )ka/ﬁ(lk'—uk)
"= ek \T= Fo@) 1= Folum) i
S]P’{ sup W (2) = k/n(tnij —Mnk)2}~

0=z=<Fo(tuk, j+1)/(A=Fo(tnk, j+1)) = Fo(unk) /(1= Fo (uni))

Because . j+1 € [bnk, a] for all j’s under consideration,

Foltak,j+1)  Folunr) - (Fo(tuk, j+1) — Fo(unk))
T 1= Foltnk,j+1) 1 — Founk) — (1= Fo(a))?

for some 0 < A < 0o, we obtain, for a standard normal random variable Z,

=< )"(tnk,j-i-l — Unk)

P SPL swp W@zl — )’

0=z=A(tnk,j+1—Unk)

= IP’{IZI L o/l — un)® }

Ak, j+1 — Unk)

< P{I1Z| = R/ (takj — uni)*'*}

IA

N =

I
exp{ —En/cz(tnkj — unk)3 }

Using that tjxj — unk = buk — Unk + jn’”3 and b, — Ui ~ %n’m«/logn, we get

[n'/3(a—by)]

1. .
Pukj < e>q>{—§;c((logn)3/2 + ]3)} — > pukj < pexp{—p/(logn)*/?}
j=0

for some p, p’ > 0. In combination with (A.9) and (A.10), this bounds the probability of (A.8)
from above. Because a similar bound holds for the probability of the event ¢, (anx) > ho(unk),
the probability that (A.6) does not hold for a specific k, is bounded by a bound of the same
structure. Moreover, because this upper bound does not depend on k and m,, ~ an'/3/logn, the
probability that there exists a 1 < k < m,, for which (A.6) does not hold satisfies the same bound
(with slight change in p and p"), this proves (i). Part (ii) is an immediate consequence of (i). [
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