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Given a birth–death process on N with semigroup (Pt )t≥0 and a discrete gradient ∂u depending on a positive
weight u, we establish intertwining relations of the form ∂uPt = Qt ∂u, where (Qt )t≥0 is the Feynman–Kac
semigroup with potential Vu of another birth–death process. We provide applications when Vu is nonnega-
tive and uniformly bounded from below, including Lipschitz contraction and Wasserstein curvature, various
functional inequalities, and stochastic orderings. Our analysis is naturally connected to the previous works
of Caputo–Dai Pra–Posta and of Chen on birth–death processes. The proofs are remarkably simple and rely
on interpolation, commutation, and convexity.
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1. Introduction

Commutation relations and convexity are useful tools for the fine analysis of Markov diffu-
sion semigroups [2,3,22]. The situation is more delicate on discrete spaces, due to the lack of
a chain rule formula [1,6,7,10,12,13,15,21]. In this work, we obtain new intertwining and sub-
commutation relations for a class of birth–death processes involving a discrete gradient and an
auxiliary Feynman–Kac semigroup. We also provide various applications of these relations. Our
analysis is naturally related to the curvature condition of Caputo–Dai Pra–Posta [10] and to the
Chen exponent of Chen [13,15]. More precisely, let us consider a birth–death process (Xt )t≥0 on
the state space N := {0,1,2, . . .}, that is, a Markov process with transition probabilities given by

P x
t (y) = Px(Xt = y) =

{
λxt + o(t) if y = x + 1,
νxt + o(t) if y = x − 1,
1 − (λx + νx)t + o(t) if y = x,

where limt→0 t−1o(t) = 0. The transition rates λ and ν are respectively called the birth and
death rates of the process (Xt )t≥0. The process is irreducible, positive recurrent (or ergodic), and
nonexplosive when the rates satisfy to λ > 0 on N and ν > 0 on N

∗ and ν0 = 0 and

∞∑
x=1

λ0λ1 · · ·λx−1

ν1ν2 · · ·νx

< ∞ and
∞∑

x=1

(
1

λx

+ νx

λxλx−1
+ · · · + νx · · ·ν1

λx · · ·λ1λ0

)
= ∞,
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respectively. In this case, the unique stationary distribution μ of the process is reversible and is
given by

μ(x) = μ(0)

x∏
y=1

λy−1

νy

, x ∈ N with μ(0) :=
(

1 +
∞∑

x=1

λ0λ1 · · ·λx−1

ν1ν2 · · ·νx

)−1

. (1.1)

Let us denote by F (resp., F+ and Fd ) the space of real-valued (resp., positive and nonnegative
nondecreasing) functions f on N. The associated semigroup (Pt )t≥0 is defined for any bounded
or nonnegative function f as

Ptf (x) = Ex[f (Xt )] =
∞∑

y=0

f (y)P x
t (y), x ∈ N.

This family of operators is positivity preserving and contractive on Lp(μ), p ∈ [1,∞]. Moreover,
the semigroup is also symmetric in L2(μ) since λxμ(x) = ν1+xμ(1 + x) for any x ∈ N (detailed
balance equation). The generator L of the process is given for any f ∈ F and x ∈ N by

Lf (x) = λx

(
f (x + 1) − f (x)

) + νx

(
f (x − 1) − f (x)

)
= λx ∂f (x) + νx ∂∗f (x),

where ∂ and ∂∗ are, respectively, the forward and backward discrete gradients on N:

∂f (x) := f (x + 1) − f (x) and ∂∗f (x) := f (x − 1) − f (x).

Our approach is inspired from the remarkable properties of two special birth–death processes:
the M/M/1 and the M/M/∞ queues. The M/M/∞ queue has rates λx = λ and νx = νx for
positive constants λ and ν. It is positive recurrent and its stationary distribution is the Poisson
measure μρ with mean ρ = λ/μ. If Bx,p stands for the binomial distribution of size x ∈ N and
parameter p ∈ [0,1], the M/M/∞ process satisfies for every x ∈ N and t ≥ 0 to the Mehler type
formula

L (Xt |X0 = x) = Bx,e−νt ∗ μρ(1−e−νt ). (1.2)

The M/M/1 queening process has rates λx = λ and νx = ν1N\{0} where 0 < λ < ν are constants.
It is a positive recurrent random walk on N reflected at 0. Its stationary distribution μ is the geo-
metric measure with parameter ρ := λ/ν given by μ(x) = (1 −ρ)ρx for all x ∈ N. A remarkable
common property shared by the M/M/1 and M/M/∞ processes is the intertwining relation

∂L = LV ∂, (1.3)

where LV = L − V is the discrete Schrödinger operator with potential V given by

• V (x) := ν in the case of the M/M/∞ queue
• V (x) := ν1{0}(x) for the M/M/1 queue.
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Since V ≥ 0 in these two cases, the operator LV is the generator of a birth–death process with
killing rate V and the associated Feynman–Kac semigroup (P V

t )t≥0 is given by

P V
t f (x) = Ex

[
f (Xt ) exp

(
−

∫ t

0
V (Xs)ds

)]
.

The intertwining relation (1.3) is the infinitesimal version at time t = 0 of the semigroup inter-
twining

∂Ptf (x) = P V
t ∂f (x) = Ex

[
∂f (Xt ) exp

(
−

∫ t

0
V (Xs)ds

)]
. (1.4)

Conversely, one may deduce (1.4) from (1.3) by using a semigroup interpolation. Namely, if we
consider s ∈ [0, t] �→ J (s) := P V

s ∂Pt−sf with V as above, then (1.4) rewrites as J (0) = J (t)

and (1.4) follows from (1.3) since

J ′(s) = P V
s (LV ∂Pt−sf − ∂LPt−sf ) = 0.

In Section 2, we obtain by using semigroup interpolation an intertwining relation similar to
(1.4) for more general birth–death processes. By using convexity as an additional ingredient,
we also obtain sub-commutation relations. These results are new and have several applications
explored in Section 3, including Lipschitz contraction and Wasserstein curvature (Section 3.1),
functional inequalities including Poincaré, entropic, isoperimetric and transportation-information
inequalities (Section 3.2), hitting time of the origin for the M/M/1 queue (Section 3.3), convex
domination and stochastic orderings (Section 3.4).

2. Intertwining relations and sub-commutations

Let us fix some u ∈ F+. The u-modification of the original process (Xt )t≥0 is a birth–death
process (Xu,t )t≥0 with semigroup (Pu,t )t≥0 and generator Lu given by

Luf (x) = λu
x ∂f (x) + νu

x ∂∗f (x),

where the birth and death rates are respectively given by

λu
x := ux+1

ux

λx+1 and νu
x := ux−1

ux

νx.

One can check that the measure λu2μ is symmetric for (Xu,t )t≥0. As consequence, the process
(Xu,t )t≥0 is positive recurrent if and only if λu2 is μ-integrable. From now on, we restrict to the
minimal solution corresponding to the forward and backward Kolmogorov equations given as
follows: for any function f ∈ F with finite support and t ≥ 0,

d

dt
Pu,tf = Pu,t Luf = LuPu,tf,
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cf. [14], Theorem 2.21. In order to justify in all circumstances the computations present in these
notes, we need to extend these identities to bounded functions f . Although it is not restrictive for
the backward equation, the forward equation is more subtle and requires an additional integra-
bility assumption. From now on, we always assume that the transition rates λu and νu and also
the potential Vu are Pu,t integrable.

We define the discrete gradient ∂u and the potential Vu by

∂u := (1/u) ∂ and Vu(x) := νx+1 − νu
x + λx − λu

x.

Let ϕ : R → R be a smooth convex function such that for some constant c > 0, and for all r ∈ R,

ϕ′(r)r ≥ cϕ(r). (2.1)

In particular, the behavior at infinity is at least polynomial of degree c.
Let us state our first main result about intertwining and sub-commutation relations between

the original process (Xt )t≥0 and its u-modification (Xu,t )t≥0. To the knowledge of the authors,
this result was not known. A connection to Chen’s results on birth–death processes [14] is given
in Section 3 in the sequel.

Theorem 2.1 (Intertwining and sub-commutation). Assume that the process is irredu-
cible, nonexplosive and that the potential Vu is lower bounded. Let f ∈ F be such that
supy∈N |∂uf (y)| < ∞, and let x ∈ N and t ≥ 0. Then the following intertwining relation holds:

∂uPtf (x) = P
Vu
u,t ∂uf (x) = Ex

[
∂uf (Xu,t ) exp

(
−

∫ t

0
Vu(Xu,s)ds

)]
. (2.2)

Moreover, if Vu ≥ 0 then we have the sub-commutation relation

ϕ(∂uPtf )(x) ≤ Ex

[
ϕ(∂uf )(Xu,t ) exp

(
−

∫ t

0
cVu(Xu,s)ds

)]
. (2.3)

Proof. The key point is the following intertwining relation

∂uL = LVu
u ∂u, (2.4)

where Lu is the generator of the u-modification process (Xu,t )t≥0 and LVu
u := Lu − Vu is the

discrete Schrödinger operator with potential Vu. Note that the relation (2.4) is somewhat similar
to (1.3) and follows by simple computations. To prove (2.2) from (2.4), we proceed as we did to
obtain (1.4) from (1.3). If we define

s ∈ [0, t] �→ J (s) := P Vu
u,s ∂uPt−sf,

then (2.2) rewrites as J (0) = J (t). Hence, it suffices to show that J is constant. By [13], we know
that if ∂uf is bounded then ∂uPt−sf is also bounded. Hence, using the Kolmogorov equations
and (2.4), we obtain

J ′(s) = P Vu
u,s(LVu

u ∂uPt−sf − ∂uLPt−sf ) = 0,
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yielding to the intertwining relation (2.2).
Now let us prove the sub-commutation relation (2.3) by adapting the previous interpolation

method, under the additional assumption Vu ≥ 0. Denoting

s ∈ [0, t] �→ Jc(s) := P cVu
u,s ϕ(∂uPt−sf ),

then (2.3) rewrites as Jc(0) ≤ Jc(t). Hence let us show that Jc is a nondecreasing function. Since
ϕ(∂uPt−sf ) is bounded, we have by the Kolmogorov equations:

J ′
c(s) = P cVu

u,s (T ), where T = LcVu
u ϕ(∂uPt−sf ) − ϕ′(∂uPt−sf ) ∂uLPt−sf.

Letting gu = ∂uPt−sf , we obtain, by using (2.4),

T = LcVu
u ϕ(gu) − ϕ′(gu)LVu

u gu

= λu
(
∂ϕ(gu) − ϕ′(gu) ∂gu

) + νu
(
∂∗ϕ(gu) − ϕ′(gu) ∂∗gu

) + Vu

(
ϕ′(gu)gu − cϕ(gu)

)
= λuAϕ(gu, ∂gu) + νuAϕ(gu, ∂

∗gu) + Vu

(
ϕ′(gu)gu − cϕ(gu)

)
,

where Aϕ(r, s) = ϕ(r + s) − ϕ(r) − ϕ′(r)s is the so-called A-transform of ϕ studied in [12] also
known in convex analysis as the Bregman divergence associated to ϕ [8]. Note that gu + ∂gu =
gu(· + 1) and gu + ∂∗gu = gu(· − 1). Now, since ϕ is convex, we have Aϕ ≥ 0. Moreover, using
(2.1) and Vu ≥ 0 we obtain that T ≥ 0. Finally, we get the desired result since the Feynman–Kac
semigroup (P

cVu
u,t )t≥0 is positivity preserving. �

Remark 2.2 (Ergodic condition). The potential Vu in Theorem 2.1 is assumed to be lower
bounded. When it is positive, the so-called Chen exponent infy∈N Vu(y) is related to the ex-
ponential ergodicity of the original process (Xt )t≥0, cf. [13]. However, identity (2.2) does not
require such an ergodic assumption. A nice study of the exponential decay of birth–death pro-
cesses was recently studied by Chen in [15], with special emphasis on nonergodic situations
including transient cases.

Remark 2.3 (Case of equality). According to the proof of Theorem 2.1, the assumption Vu ≥ 0
can be dropped if the convex function ϕ realizes the equality in (2.1). Such an observation was
expected since in this case the use of Hölder’s inequality in (2.2) entails the desired result.

Remark 2.4 (Propagation of monotonicity). The identity (2.2) provides a new proof of the prop-
agation of monotonicity [28], Proposition 4.2.10: if f ∈ Fd then Ptf ∈ Fd for all t ≥ 0. See
Section 3.4 for an interpretation in terms of stochastic ordering.

Remark 2.5 (Other gradients). Theorem 2.1 possesses a natural analogue for the discrete back-
ward gradient ∂∗. We ignore if there exists a useful “balanced” intertwining relation involving a
combination of both forward and backward gradients.

Remark 2.6 (Higher dimensional spaces). The extension of Theorem 2.1 to higher dimensional
discrete processes such as queuing networks or interacting particles systems arising in statistical
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mechanics is a very natural question, but seems to be technically difficult. However, a first step
has been emphasized by Wu in his study of functional inequalities for Gibbs measures through
the Dobrushin uniqueness condition: see step 1 in the proof of Proposition 2.5 in [31].

Our second new result below complements the previous one for the case u = 1. Let I be an
open interval of R and let ϕ : I → R be a smooth convex function such that ϕ′′ > 0 and −1/ϕ′′
is convex on I . Following the notations of [12], we define on the convex subset A I := {(r, s) ∈
R

2: (r, r + s) ∈ I × I} the nonnegative function Bϕ on A I by

Bϕ(r, s) := (
ϕ′(r + s) − ϕ′(r)

)
s, (r, s) ∈ A I .

By Theorem 4.4 in [12], Bϕ is convex on A I . Some interesting examples of such functionals
will be given in Section 3.2 below.

Theorem 2.7 (Sub-commutation for 1-modification). Assume that the process is irreducible
and nonexplosive. If the transition rate λ is nonincreasing and ν is nondecreasing then for any
function f ∈ F such that supy∈N |∂f (y)| < ∞ and for any t ≥ 0,

Bϕ(Ptf, ∂Ptf ) ≤ P
V1
1,t B

ϕ(f, ∂f ), (2.5)

where the nonnegative potential is V1 := ∂(ν − λ).

Proof. Under our assumption, the two processes (Xt )t≥0 and (X1,t )t≥0 are nonexplosive. By
using standard approximation procedures, one may assume that f has finite support. If we define
s ∈ [0, t] �→ J (s) := P

V1
1,sB

ϕ(Pt−sf, ∂Pt−sf ) we see that (2.5) rewrites as J (0) ≤ J (t). Denote
F = Pt−sf and G = ∂Pt−sf = ∂F . Since Bϕ(F,G) is bounded, the Kolmogorov equations are
available and using (2.4) with the constant function u = 1, we have J ′(s) = P

V1
1,s(T ) with

T = LV1
1 Bϕ(F,G) − ∂

∂x
Bϕ(F,G)LF − ∂

∂y
Bϕ(F,G)LV1

1 G

= λ1 ∂Bϕ(F,G) − λ
∂

∂x
Bϕ(F,G)∂F − λ1 ∂

∂y
Bϕ(F,G)∂G

+ ν1 ∂∗Bϕ(F,G) − ν
∂

∂x
Bϕ(F,G)∂∗F − ν1 ∂

∂y
Bϕ(F,G)∂∗G

+ ∂(ν − λ)

(
∂

∂y
Bϕ(F,G)G − Bϕ(F,G)

)

≥ ∂ν

(
∂

∂y
Bϕ(F,G)G − Bϕ(F,G)

)

− ∂λ

(
∂

∂y
Bϕ(F,G)G − ∂

∂x
Bϕ(F,G)G − Bϕ(F,G)

)
,

and where in the last line we used the convexity of the bivariate function Bϕ . Moreover, since
the birth and death rates λ and ν are respectively, nonincreasing and nondecreasing on the one
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hand, and using once again convexity on the other hand, we get

∂

∂y
Bϕ(F,G)G ≥

{
∂

∂x
Bϕ(F,G)G + Bϕ(F,G),

Bϕ(F,G)

from which we deduce that T is nonnegative and thus J is nondecreasing. �

Remark 2.8 (Diffusion case). Actually, the intertwining relations above have their counterpart
in continuous state space, as suggested by the so-called Witten Laplacian method used for the
analysis of Langevin-type diffusion processes, see for instance Helffer’s book [19]. Let A be the
generator of a one-dimensional real-valued diffusion (Xt )t≥0 of the type

Af = σ 2f ′′ + bf ′,

where f and the two functions σ,b are sufficiently smooth. Given a smooth positive function a

on R, the gradient of interest is ∇af = af ′. Denote (Pt )t≥0 the associated diffusion semigroup.
Then it is not hard to adapt to the continuous case the argument of Theorem 2.1 to show that the
following intertwining relation holds:

∇aPtf (x) = Ex

[
∇af (Xa,t ) exp

(
−

∫ t

0
Va(Xa,s)ds

)]
.

Here (Xa,t )t≥0 is a new diffusion process with generator

Aaf = σ 2f ′′ + baf
′

and drift ba and potential Va given by

ba := 2σσ ′ + b − 2σ 2 a′

a
and Va := σ 2 a′′

a
− b′ + a′

a
ba.

In particular, if the weight a = σ , where σ is assumed to be positive, then the two processes
above have the same distribution and by Jensen’s inequality, we obtain

|∇σ Ptf (x)| ≤ Ex

[
|∇σ f (Xt )| exp

(
−

∫ t

0

(
σσ ′′ − b′ + b

σ ′

σ

)
(Xs)ds

)]
.

Hence under the assumption that there exists a constant ρ such that

infσσ ′′ − b′ + b
σ ′

σ
≥ ρ,

then we get |∇σ Ptf | ≤ e−ρtPt |∇σ f |. This type of sub-commutation relation is at the heart of the
Bakry–Émery calculus [2,3,22]. See also [25] for a nice study of functional inequalities for the
invariant measure under the condition ρ = 0. However, as we will see in Remark 3.6 below, such
a choice of the weight is not really adapted when studying the optimal constant in the Poincaré
inequality.
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3. Applications

This section is devoted to applications of Theorems 2.1 and 2.7.

3.1. Lipschitz contraction and Wasserstein curvature

Theorem 2.1 allows to recover a result of Chen [13] on the contraction property of the semigroup
on the space of Lipschitz functions. Indeed, the intertwining (2.2) can be used to derive bounds
on the Wasserstein curvature of the birth–death process, without using the coupling technique
emphasized by Chen. For a distance d on N, we denote by Pd(N) the set of probability measures
ξ on N such that

∑
x∈N

d(x, x0)ξ(x) < ∞ for some (or equivalently for all) x0 ∈ N. We recall
that the Wasserstein distance between two probability measures μ1,μ2 ∈ Pd(N) is defined by

Wd(μ1,μ2) = inf
γ∈Marg(μ1,μ2)

∫
N

∫
N

d(x, y)γ (dx,dy), (3.1)

where Marg(μ1,μ2) is the set of probability measures on N
2 such that the marginal distributions

are μ1 and μ2, respectively. The Kantorovich–Rubinstein duality [30], Theorem 5.10, gives

Wd(μ1,μ2) = sup
g∈Lip1(d)

∫
N

g d(μ1 − μ2), (3.2)

where Lip(d) is the set of Lipschitz function g with respect to the distance d , that is,

‖g‖Lip(d) := sup
x,y∈N

x �=y

|g(x) − g(y)|
d(x, y)

< ∞,

and Lip1(d) consists of 1-Lipschitz functions. We assume that the kernel P x
t ∈ Pd(N) for every

x ∈ N and t ≥ 0 so that the semigroup is well-defined on Lip(d). The Wasserstein curvature of
(Xt )t≥0 with respect to a given distance d is the optimal (largest) constant σ in the following
contraction inequality:

‖Pt‖Lip(d)→Lip(d) ≤ e−σ t , t ≥ 0. (3.3)

Here ‖Pt‖Lip(d)→Lip(d) denotes the supremum of ‖Ptf ‖Lip(d) when f runs over Lip1(d). It is
actually equivalent to the property that

Wd(P x
t ,P

y
t ) ≤ e−σ td(x, y), x, y ∈ N, t ≥ 0.

If the optimal constant is positive, then the process is positive recurrent and the semigroup con-
verges exponentially fast in Wasserstein distance Wd to the stationary distribution μ [14], Theo-
rem 5.23.

Let ρ ∈ F+ be an increasing function and define u ∈ F+ as ux := ρ(x +1)−ρ(x). The metric
under consideration in the forthcoming analysis is

du(x, y) = |ρ(x) − ρ(y)|.
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Hence, u remains for the distance between two consecutive points. In particular, the space of
functions f for which the intertwining relation of Theorem 2.1 is available is actually Lip(du).
Then it is shown in [13,20] by coupling arguments that the Wasserstein curvature σu with respect
to the distance du is given by the Chen exponent, that is,

σu = inf
x∈N

νx+1 − νx

ux−1

ux

+ λx − λx+1
ux+1

ux

.

The following corollary of Theorem 2.1 allows to recover this result via an intertwining relation.

Corollary 3.1 (Contraction and curvature). Assume that the potential Vu is lower bounded.
Then with the notations of Theorem 2.1, for any t ≥ 0,

‖Pt‖Lip(du)→Lip(du) = ‖Ptρ‖Lip(du) = sup
x∈N

Ex

[
exp

(
−

∫ t

0
Vu(Xu,s)ds

)]
. (3.4)

In particular, the contraction inequality (3.3) is satisfied with the optimal constant

σu = inf
y∈N

Vu(y). (3.5)

Proof. Let f ∈ Lip1(du) be a 1-Lipschitz function with respect to the distance du. For any y, z ∈
N such that y < z (without loss of generality), we have by the intertwining identity (2.2) of
Theorem 2.1 and Jensen’s inequality,

|Ptf (z) − Ptf (y)| ≤
z−1∑
x=y

ux |∂uPtf (x)|

≤
z−1∑
x=y

uxEx

[
|∂uf (Xu,t )| exp

(
−

∫ t

0
Vu(Xu,s)ds

)]

≤ du(z, y) sup
x∈N

Ex

[
exp

(
−

∫ t

0
Vu(Xu,s)ds

)]
,

so that dividing by du(z, y) and taking suprema entail the inequality:

‖Pt‖Lip(du)→Lip(du) ≤ sup
x∈N

Ex

[
exp

(
−

∫ t

0
Vu(Xu,s)ds

)]
.

Finally, since by Remark 2.4 the semigroup (Pt )t≥0 propagates monotonicity, the right-hand side
of the latter inequality is nothing but ‖Ptρ‖Lip(du), showing that the supremum over Lip1(du) is
attained for the function ρ. The proof of equation (3.4) is achieved.

To establish (3.5), note that it suffices to get part ≤ since the other inequality follows from
(3.4). Applying (2.2) to the function ρ which is trivially in Lip1(du), we have for all x ∈ N,

σu ≤ −1

t
logEx

[
exp

(
−

∫ t

0
Vu(Xu,s)ds

)]
, t ≥ 0,
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and taking the limit as t → 0 entails the inequality σu ≤ Vu(x), available for all x ∈ N. The proof
of (3.5) is now complete. �

Remark 3.2 (Pointwise gradient estimates for the Poisson equation). The argument used in
the proof of Corollary 3.1 allows also to obtain pointwise gradient estimates for the solution
of the Poisson equation at the heart of Chen–Stein methods [4,5,9,27]. More precisely, let us
assume that du is such that ρ ∈ L1(μ). For any centered function f ∈ Lip1(du), let us consider
the Poisson equation −Lg = f , where the unknown is g. Then under the assumption σu > 0,
there exists a unique centered solution gf ∈ Lip(du) to this equation given by the formula gf =∫ ∞

0 Ptf dt . We have for any x ∈ N the following estimate (compare with [23], Theorem 2.1):

sup
f ∈Lip1(du)

|∂gf (x)| = sup
f ∈Lip1(du)

ux

∫ ∞

0
|∂uPtf (x)|dt

= ux

∫ ∞

0
∂uPtρ(x)dt

= ux

∫ ∞

0
Ex

[
exp

(
−

∫ t

0
Vu(Xu,s)ds

)]
dt

≤ ux

σu

.

3.2. Functional inequalities

Theorems 2.1 and 2.7 allow to establish a whole family of discrete functional inequalities. We
define the bilinear symmetric form 
 on F by


(f,g) := 1
2

(
L(fg) − f Lg − gLf

) = 1
2 (λ ∂f ∂g + ν ∂∗f ∂∗g).

Under the positive recurrence assumption, the associated Dirichlet form acting on its domain
D(Eμ) × D(Eμ) is given by

Eμ(f,g) := 1

2

∫
N


(f,g)dμ =
∫

N

λ∂f ∂g dμ,

where the second equality comes from the reversibility of the process. Here the domain D(Eμ)

corresponds to the subspace of functions f ∈ L2(μ) such that Eμ(f,f ) is finite. The stationary
distribution μ is said to satisfy the Poincaré inequality with constant c if for any function f ∈
D(Eμ),

c Varμ(f ) ≤ Eμ(f,f ), (3.6)

where Varμ(f ) := μ(f 2) − μ(f )2 and μ(f ) := ∫
N

f dμ. The optimal (largest) constant cP is
the spectral gap of L, that is, the first nontrivial eigenvalue of the operator −L. The constant cP
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governs the L2(μ) exponential decay to the equilibrium of the semigroup: for all f ∈ L2(μ) and
t ≥ 0,

‖Ptf − μ(f )‖L2(μ) ≤ e−cPt‖f − μ(f )‖L2(μ).

Several years ago, Chen used a coupling method which provides the following formula for the
spectral gap:

cP = sup
u∈F+

σu,

where σu is the Wasserstein curvature of Section 3.1 or, in other words, the Chen exponent. It
corresponds to Theorem 1.1 in [13], equation (1.4). The following corollary of Theorem 2.1
allows to recover the ≥ part of Chen’s formula.

Corollary 3.3 (Spectral gap and Wasserstein curvatures). Assume that there exists some func-
tion u ∈ F+ such that the associated Wasserstein curvature σu is positive. Then the Poincaré
inequality (3.6) holds with constant supu∈F+ σu, or in other words

cP ≥ sup
u∈F+

σu.

Proof. Since there exists some function u ∈ F+ such that the Wasserstein curvature σu is posi-
tive, the process is positive recurrent. By Proposition 6.59 in [14], the subspace of D(Eμ) con-
sisting of functions with finite support is a core of the Dirichlet form and thus we can assume
without loss of generality that f has finite support. We have

Varμ(f ) = −
∫

N

∫ ∞

0

d

dt
(Ptf )2 dt dμ

= −2
∫

N

∫ ∞

0
Ptf LPtf dt dμ

= 2
∫ ∞

0

∫
N

λu2(∂uPtf )2 dμdt

≤ 2
∫ ∞

0
e−2σut

∫
N

λu2Pu,t (∂uf )2 dμdt,

where in the last line we used Theorem 2.1 with the convex function ϕ(x) = x2. Now the measure
λu2μ is invariant for the semigroup (Pu,t )t≥0, so that we have

Varμ(f ) ≤ 2
∫ ∞

0
e−2σut

∫
N

λu2(∂uf )2 dμdt

= 1

σu

∫
N

λ(∂f )2 dμ

= 1

σu

Eμ(f,f ),
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where in the second line we used σu > 0. The proof of the Poincaré inequality is complete. �

Remark 3.4 (M/M/∞ and M/M/1). The spectral gap of the M/M/∞ and M/M/1 processes
is well-known [13]. Corollary 3.3 allows to recover it easily. Indeed, in the M/M/∞ case, the
value cP = ν can be obtained as follows: choose the constant weight u = 1 to get cP ≥ ν, and
notice that the equality holds for affine functions. For a positive recurrent M/M/1 process, that
is, λ < ν, we obtain cP ≥ (

√
λ − √

ν)2 by choosing the weight ux := (ν/λ)x/2, whereas the
equality asymptotically holds in (3.6) as κ → √

ν/λ for the functions κx , x ∈ N. We conclude
that cP = (

√
λ − √

ν)2.

Remark 3.5 (Alternative method for M/M/1). In the M/M/1 case, let us recover the bound
cP ≥ (

√
λ − √

ν)2 by using a different method. Letting ρ(x) := x for x ∈ N and g = f − f (0)

for a given function f ∈ D(Eμ), we have∫
N

g2 dμ = 1

ν − λ

∫
N

g2(−Lρ)dμ

= 1

ν − λ
Eμ(g2, ρ)

= λ

ν − λ

∫
N

∂(g2) ∂ρ dμ

= λ

ν − λ

∫
N

(
2g ∂f + (∂f )2)dμ

≤ λ

ν − λ

(
2

√∫
N

g2 dμ

√∫
N

(∂f )2 dμ +
∫

N

(∂f )2 dμ

)
,

where in the last inequality we used Cauchy–Schwarz’ inequality. Solving this polynomial of
degree 2 entails the inequality∫

N

g2 dμ ≤ λ

(
√

λ − √
ν)2

∫
N

(∂f )2 dμ.

Finally using the inequality Varμ(f ) ≤ ∫
N

g2 dμ, we get the result.

Remark 3.6 (Diffusion case). As mentioned in Remark 2.8, the argument above leading to the
Poincaré inequality might be extended to the positive recurrent diffusion case. In particular, under
the same notation we obtain the following lower bound on the Poincaré constant

cP ≥ sup
a

inf
x∈R

Va(x),

where the supremum is taken over all positive C 2 function a on R. Note that up to the transfor-
mation a → 1/a, such a formula was already obtained by Chen and Wang in [16] through their
Theorem 3.1, equation (3.4), by using a coupling approach somewhat similar to that emphasized
by Chen in the discrete case.
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Theorem 2.7 allows to derive functional inequalities more general than the Poincaré inequality.
Let I be an open interval of R and for a smooth convex function ϕ : I → R such that ϕ′′ > 0 and
−1/ϕ′′ is convex on I , we define the ϕ-entropy of a sufficiently integrable function f : N → I
as

Entϕμ(f ) = μ(ϕ(f )) − ϕ(μ(f )).

Following [11], we say that the stationary distribution μ satisfies a ϕ-entropy inequality with
constant c > 0 if for any I -valued function f ∈ D(Eμ) such that ϕ′(f ) ∈ D(Eμ),

c Entϕμ(f ) ≤ Eμ(f,ϕ′(f )). (3.7)

See, for instance, [12] for an investigation of the properties of ϕ-entropies. The ϕ-entropy in-
equality (3.7) is satisfied if and only if the following entropy dissipation of the semigroup holds:
for any sufficiently integrable I -valued function f and every t ≥ 0,

Entϕμ(Ptf ) ≤ e−ct Entϕμ(f ).

We have the following corollary of Theorem 2.7.

Corollary 3.7 (Entropic inequalities and Wasserstein curvature). If the birth rate λ is nonin-
creasing and the Wasserstein curvature σ1 (with the constant weight u = 1) is positive, then the
ϕ-entropy inequality (3.7) holds with constant σ1.

Proof. As in the proof of Corollary 3.3 the assertion σ1 > 0 entails the positive recurrence of
the process. Moreover, we assume once again that the I -valued function f has finite support. By
reversibility, we have

Entϕμ(f ) =
∫

N

(
ϕ(P0f ) − ϕ(μ(f ))

)
dμ

= −
∫

N

∫ ∞

0

d

dt
ϕ(Ptf )dt dμ

= −
∫ ∞

0

∫
N

ϕ′(Ptf )LPtf dμdt

=
∫ ∞

0

∫
N

λ∂Ptf ∂ϕ′(Ptf )dμdt

=
∫ ∞

0

∫
N

λBϕ(Ptf, ∂Ptf )dμdt,

where Bϕ is as in Theorem 2.7 (the identity ∂g ∂ϕ′(g) = Bϕ(g, ∂g) comes from g + ∂g =
g(· + 1)). Using now Theorem 2.7 together with the invariance of the measure λμ for the 1-
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modification semigroup (P1,t )t≥0, we obtain

Entϕμ(f ) ≤
∫ ∞

0

∫
N

e−σ1t λP1,tB
ϕ(f, ∂f )dμdt

=
∫ ∞

0

∫
N

e−σ1t λBϕ(f, ∂f )dμdt

= 1

σ1

∫
N

λBϕ(f, ∂f )dμ

= 1

σ1
Eμ(f,ϕ′(f )). �

Remark 3.8 (Examples of entropic inequalities). The constant in the ϕ-entropy inequality pro-
vided by Corollary 3.7 is not optimal in general (compare for instance with the Poincaré inequal-
ity of Corollary 3.3 when ϕ(r) = r2 with I = R). The choice ϕ(r) = r log r with I = (0,∞)

allows us to recover the modified log-Sobolev inequality of [10], Theorem 3.1: for any positive
function f ∈ D(Eμ) such that logf ∈ D(Eμ),

σ1 Entϕμ(f ) ≤ Eμ(f, logf ). (3.8)

Note that beyond this entropic inequality, it is proved in [10] that the entropy is convex along the
semigroup (a careful reading of the proof in [10] suggests that it simply boils down to commu-
tation and convexity of A transforms!). For the M/M/∞ process, the estimate of Corollary 3.7
is sharp since σ1 = ν and the equality in (3.8) holds as α → ∞ for the function x ∈ N �→ eαx .
Note that the M/M/1 process and its invariant distribution, which is geometric, do not satisfy a
modified log-Sobolev inequality. Another ϕ-entropy inequality of interest is that obtained when
considering the convex function φ(r) := rp , p ∈ (1,2], with I = (0,∞): for any positive func-
tion f ∈ D(Eμ) such that f p−1 ∈ D(Eμ),

μ(f p) − μ(f )p ≤ p

σ1
Eμ(f,f p−1). (3.9)

Such an inequality has been studied in [7] in the case of Markov processes on a finite state space
and also in [12] for the M/M/∞ queuing process. In particular, it can be seen as an interpolation
between Poincaré and modified log-Sobolev inequalities.

Under the positive recurrence assumption, Theorem 2.1 implies also other type of functional
inequalities such as discrete isoperimetry and transportation-information inequalities. Given a
positive function u, we focus on the distance du constructed in Section 3.1, where we assume
moreover that ρ ∈ D(Eμ), that is, λu2 is μ-integrable or, in other words, the u-modification
process (Xu,t )t≥0 is positive recurrent. The invariant measure μ is said to satisfy a weighted
isoperimetric inequality with weight u and constant hu > 0 if for any absolutely continuous
probability measure π with density f ∈ D(Eμ) with respect to μ,

huWdu(π,μ) ≤
∫

N

λu|∂f |dμ, (3.10)



Intertwining and commutation for birth–death processes 1869

where the Wasserstein distance Wdu is defined in (3.1) with respect to the distance du. The termi-
nology of isoperimetry is employed here because it is a generalization of the classical isoperime-
try, which states that the centered L1-norm is dominated by an energy of L1-type. Indeed, if the
weight u is identically 1, then the distance d1 between two different points is at least 1, so that
(3.10) entails

2h1

∫
N

|f − 1|dμ = h1 Wd(π,μ) ≤ h1 Wd1(π,μ) ≤
∫

N

λ|∂f |dμ,

where d is the trivial distance 0 or 1. Note that the L1-energy emphasized above differs from the
discrete version of the diffusion case, since our discrete gradient does not derive from 
.

On the other hand, let us introduce the transportation-information inequalities emphasized
in [18]. Let α be a continuous positive and increasing function on [0,∞) vanishing at 0. The
invariant measure μ satisfies a transportation-information inequality with deviation function α if
for any absolutely continuous probability measure π with density f with respect to μ, we have

α(Wdu(π,μ)) ≤ I(π,μ), (3.11)

where the so-called Fisher–Donsker–Varadhan information of π with respect to μ is defined as

I(π,μ) :=
{

Eμ

(√
f ,

√
f

)
if

√
f ∈ D(Eμ);

∞ otherwise.

Note that I(·,μ) is nothing but the rate function governing the large deviation principle in large
time of the empirical measure Lt := t−1

∫ t

0 δXs ds, where δx is the Dirac mass at point x. In
other words, the Fisher–Donsker–Varadhan information rewrites as the variational identity [14],
Theorem 8.8:

I(π,μ) = sup
V ∈F+

∫
N

− LV

V
dπ.

The interest of the transportation-information inequality resides in the equivalence with the fol-
lowing tail estimate of the empirical measure [18], Theorem 2.4: for any absolutely continuous
probability measure π with density f ∈ L2(μ) with respect to μ, and any g ∈ Lip1(du),

Pπ

(
Lt(g) − μ(g) > r

) ≤ ‖f ‖L2(μ)e
−α(r), r > 0, t > 0.

We have the following corollary of Theorem 2.1.

Corollary 3.9 (Weighted isoperimetry and transportation-information inequality). With the
notations of Theorem 2.1, assume that the process is positive recurrent and that the following
quantity is well defined:

κu :=
∫ ∞

0
sup
x∈N

Ex

[
exp

(
−

∫ t

0
Vu(Xu,s)ds

)]
dt < ∞.
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Then the weighted isoperimetric inequality (3.10) is satisfied with constant hu = 1/κu. If more-
over there exists two constants ε > 0 and θ > 1 such that

(1 + ε)λxu
2
x + (1 + 1/ε)νxu

2
x−1 ≤ −a

(
λx(θ − 1) + νx(1/θ − 1)

) + b, x ∈ N, (3.12)

where a := aε,θ ≥ 0 and b := bε,θ > 0 are two other constants depending on both ε and θ , then
the transportation-information inequality (3.11) is satisfied with deviation function

α(r) := sup
ε>0,θ>1

√
b2 + 2a(r/κu)2 − b

2a
.

Remark 3.10 (The case of positive Wasserstein curvature). In particular, if the Wasserstein
curvature σu with respect to the distance du is positive, then the process is positive recurrent and
we have

σuWdu(π,μ) ≤
∫

N

λu|∂f |dμ and α(Wdu(π,μ)) ≤ I(π,μ),

with the deviation function

α(r) := sup
ε>0,θ>1

√
b2 + 2a(rσu)2 − b

2a
.

Proof of Corollary 3.9. For every f,g ∈ D(Eμ) we have, by reversibility,

Covμ(f,g) :=
∫

N

(
g −

∫
N

g dμ

)
f dμ

=
∫

N

(
−

∫ ∞

0
LPtg dt

)
f dμ

(3.13)

=
∫ ∞

0

(
−

∫
N

PtgLf dμ

)
dt

=
∫ ∞

0
Eμ(Ptg, f )dt.

Now, for every probability measure π � μ with dπ = f dμ, f ∈ D(Eμ), we get, using (3.13),

Wdu(π,μ) = sup
g∈Lip1(du)

Covμ(f,g)

= sup
g∈Lip1(du)

∫ ∞

0
Eμ(Ptg, f )dt

= sup
g∈Lip1(du)

∫ ∞

0

∫
N

λu∂f ∂uPtg dμdt
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=
∫ ∞

0

∫
N

λu| ∂f | ∂uPtρ dμdt

≤
∫ ∞

0
sup
x∈N

Ex

[
exp

(
−

∫ t

0
Vu(Xu,s)ds

)]
dt

∫
N

λu|∂f |dμ,

where in the last inequality we used Theorem 2.1. This concludes the proof of the weighted
isoperimetric inequality.

Using now Cauchy–Schwarz inequality, reversibility and then (3.12) with Vθ(x) := θx , x ∈ N,

Wdu(π,μ) ≤ κu

√
I(π,μ)

√∫
N

λu2
(√

f (· + 1) + √
f

)2 dμ

≤ κu

√
I(π,μ)

√∫
N

(
(1 + ε)λu2 + (1 + 1/ε)νu2·−1

)
f dμ

≤ κu

√
I(π,μ)

√∫
N

(
−a

LVθ

Vθ

+ b

)
f dμ

≤ κu

√
I(π,μ)

√
aI(π,μ) + b,

from which the desired transportation-information inequality holds. �

Remark 3.11 (M/M/∞ and M/M/1 revisited). Corollary 3.9 exhibits optimal functional in-
equalities, at least in the M/M/∞ case and its stationary distribution, the Poisson measure of
mean λ/ν. Choosing the weight u = 1, we obtain the optimal constant �1 = ν in the isoperimet-
ric inequality. Indeed, Corollary 3.9 entails �1 ≥ ν, whereas the other inequality is obtained
by choosing π a Poisson measure of different parameter. For the transportation-information
inequality, we recover Theorem 2.1 in [24] since the choice of a := θ(1 + 1/ε)/(θ − 1) and
b := λ(1+ε+(1+1/ε)θ) allows us to obtain the deviation function α(r) := λ(

√
1 + νr/λ−1)2,

r > 0. Note that it is optimal in view of Example 4.5 in [17]: for any absolutely continuous prob-
ability measure π with square-integrable density with respect to μ,

lim
t→∞

1

t
log Pπ

(
1

t

∫ t

0
Xs ds − λ

ν
> r

)
= −λ

(√
1 + νr

λ
− 1

)2

, r > 0.

For the M/M/1 process, we have the following inequalities for the optimal isoperimetric con-
stant �u, with ux = (ν/λ)x/2 (a quantity that will appear again in Section 3.3):

(√
λ − √

ν
)2 ≤ �u ≤ (√

ν − √
λ
)√

ν.

To get the second inequality, we choose the density f = (ν/λ)(1 − 1{0}) and the 1-Lipschitz test
function g = ρ. In particular as the ratio λ/ν is small, we obtain �u ≈ ν. However, we ignore if
such a process satisfies a transportation-information inequality.
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3.3. Hitting time of the origin by the M/M/1 process

Recall that we consider the ergodic M/M/1 process (λ < ν) for which the stationary distribution
is geometric of parameter λ/ν. Since the process behaves as a random walk outside 0, the ergodic
property relies essentially on its behavior at point 0. Using the notation of Theorem 2.1, the
intertwining relation (2.2) applied with a positive function u entails the identity

∂uPtf (x) = Ex

[
∂uf (Xt ) exp

(
−

∫ t

0
Vu(Xu,s)ds

)]
,

where the potential is given for every x ∈ N by

Vu(x) := ν − ux−1

ux

ν1{x �=0} + λ − ux+1

ux

λ.

Following Robert [26], the process (X
y
t )t≥0 is the solution of the stochastic differential equation

X
y

0 = y and dX
y
t = dN

(λ)
t − 1{Xy

t−>0} dN
(ν)
t , t > 0, (3.14)

where (N
(λ)
t )t≥0 and (N

(ν)
t )t≥0 are two independent Poisson processes with parameter λ and ν,

respectively. Since the process is assumed to be positive recurrent, the hitting time of 0,

T
y

0 := inf{t > 0: X
y
t = 0}

is finite almost surely. We have the following corollary of Theorem 2.1.

Corollary 3.12 (Hitting time of the origin for the ergodic M/M/1 process). Given x ∈ N,
consider a positive recurrent M/M/1 process (Xx+1

t )t≥0 starting at point x + 1, and denote
(Xx

u,t )t≥0 its u-modification process starting at point x, where

ux :=
(

ν

λ

)x/2

≥ 1.

Then we have the following tail estimate: for any t ≥ 0,

P(T x+1
0 > t) = uxe−t (

√
λ−√

ν)2
E

[
1

u(Xx
u,t )

exp

(
−√

λν

∫ t

0
1{0}(Xx

u,s)ds

)]

≤ uxe−t (
√

λ−√
ν)2

.

Proof. Let us use a coupling argument. Let (Xx
t )t≥0 be a copy of (Xx+1

t )t≥0, starting at point x.

We assume that it constructed with respect to the same driving Poisson processes (N
(λ)
t )t≥0 and

(N
(ν)
t )t≥0 as the process (Xx+1

t )t≥0. Hence, the stochastic differential equation (3.14) satisfied by
the two coupling processes entails that the difference between (Xx+1

t )t≥0 and (Xx
t )t≥0 remains
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constant, equal to 1, until time T x+1
0 , the first hitting time of the origin by (Xx+1

t )t≥0. After time
T x+1

0 , the processes are identically the same, so that the following identity holds:

Xx+1
t = Xx

t + 1{T x+1
0 >t}, t ≥ 0.

Since the original process is assumed to be positive recurrent, the coupling is successful, that is,
the coupling time is finite almost surely. Therefore, we have for any function f ∈ Lip(d1), where
d1 is the distance d1(x, y) = |x − y|,

∂Ptf (x) = Ptf (x + 1) − Ptf (x) = E[f (Xx+1
t ) − f (Xx

t )] = E
[
∂f (Xx

t )1{T x+1
0 >t}

]
so that if we denote the function ρ(x) = x, we obtain

P(T x+1
0 > t) = ∂Ptρ(x) = ux ∂uPtρ(x).

Using now (2.2) with the function u, we get

P(T x+1
0 > t) = uxE

[
1

u(Xx
u,t )

exp

(
−

∫ t

0
Vu(X

x
u,s)ds

)]
,

where Vu := (
√

λ − √
ν)2 + √

λν1{0}. �

Remark 3.13 (Sharpness). Using a completely different approach, Van Doorn established in
[29], through his Theorem 4.2 together with his Example 5, the following asymptotics

lim
t→∞

1

t
logP(T x+1

0 > t) = −(√
λ − √

ν
)2

, x ∈ N.

Hence, one deduces that the exponential decay in the result of Corollary 3.12 is sharp. On the
other hand, Proposition 5.4 in [26] states that T x+1

0 has exponential moment bounded as fol-
lows:

E
[
e(

√
λ−√

ν)2T x+1
0

] ≤
(

ν

λ

)(x+1)/2

,

so that Chebyshev’s inequality yields a tail estimate somewhat similar to ours – although with a
worst constant depending on the initial point x + 1.

Remark 3.14 (Other approach). The proof of Corollary 3.12 suggests also a martingale ap-
proach. First, note that we have the identity

−ν1{0} = − Lu

u
− Vu
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which entails as in the previous proof and since u ≥ 1, the following computations:

P(T x+1
0 > t) = ∂Ptρ(x)

= E

[
exp

(
−

∫ t

0
ν1{0}(Xx

s )ds

)]

≤ E

[
u(Xx

t ) exp

(
−

∫ t

0

( Lu

u
+ Vu

)
(Xx

s )ds

)]

≤ uxe−t (
√

λ−√
ν)2

,

since the process (Mu
t )t≥0 given by

Mu
t := u(Xx

t ) exp

(
−

∫ t

0

Lu

u
(Xx

s )ds

)
, t ≥ 0,

is a supermartingale. Indeed, denoting

Zu
t := exp

(
−

∫ t

0

Lu

u
(Xx

s )ds

)
,

we have by Ito’s formula:

dMu
t = Zu

t du(Xx
t ) + u(Xx

t )dZu
t

= Zu
t

(
dMt + Lu(Xx

t )dt
) − u(Xx

t )
Lu

u
(Xx

t )Zu
t dt

= Zu
t dMt,

where (Mt)t≥0 is a local martingale. Therefore, the process (Mu
t )t≥0 is a positive local martingale

and thus a supermartingale.

3.4. Convex domination of birth–death processes

Let (Xx
t )t≥0 be the M/M/∞ process starting from x ∈ N. The Mehler-type formula (1.2) states

that the random variable Xx
t has the same distribution as the independent sum of the variable X0

t ,
which follows the Poisson distribution of parameter (λ/ν)(1 − e−νt ), and a binomial random
variable B

(x)
t of parameters (x, e−νt ). By convention, B

(0)
t is assumed to be 0. Hence, we have

for any nonnegative function f and any x ∈ N,

E[f (Xx
t )] = E

[
f

(
X0

t + B
(x)
t

)]
, t ≥ 0. (3.15)

Such an identity can be provided by using the commutation relation (1.4). Indeed we have

E[f (Xx+1
t )] = (1 − e−νt )E[f (Xx

t )] + e−νt
E[f (Xx

t + 1)],
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so that a recursive argument on the initial state provides the required result. An interesting con-
sequence of (3.15) appears in terms of concentration properties. For instance, a straightforward
computation entails that for any θ ≥ 0, we get the following inequality on the Laplace transforms

E[eθXx
t ] ≤ E[eθNx

t ],
where Nx

t is a Poisson random variable with the same mean as Xx
t . Therefore, using the expo-

nential Chebyshev inequality entails an upper bound on the tail of the centered random variable
Xx

t − E[Xx
t ], which is sharp as t → ∞ (recall that the stationary distribution is Poisson with

parameter λ/ν).
Actually, one may ask if for a more general birth–death process, the intertwining relation of

type (2.2) may imply a relation similar to (3.15). This leads to the notion of stochastic ordering.
Following the presentation enlighten by Stoyan in [28], let us start with the classical notion of

stochastic ordering for integer-valued random variables. We say that X is stochastically smaller
than Y , and we note X ≤d Y , if for any function f ∈ Fd ,

E[f (X)] ≤ E[f (Y )].
Such a relation, as the convex domination introduced below, is a partial ordering on the set of
distribution functions. The interesting feature of this stochastic ordering resides in its character-
ization in terms of coupling: we have X ≤d Y if and only if there exist random variables X1
and Y1, both defined on the same probability space and with the same distribution as X and Y ,
respectively, such that P(X1 ≤ X2) = 1. Moreover, it is equivalent to the following comparison
between tails: we have X ≤d Y if and only P(X ≥ x) ≤ P(Y ≥ x) for any x ∈ R. In other words,
the random variable X takes small values with a higher probability than Y does.

Another stochastic ordering of interest is the convex ordering, or convex domination. Denote
Fc the subset of Fd consisting of nonnegative nondecreasing convex functions, where in our
discrete setting the convexity of a function f : N → R is understood as ∂2f ≥ 0. We say that X

is convex dominated by Y , and we note X ≤c Y , if for any function f ∈ Fc,

E[f (X)] ≤ E[f (Y )].
It is known to be equivalent to the inequality

E[(X − x)+] ≤ E[(Y − x)+], x ∈ R,

where a+ := max{a,0}. Typically, one may deduce from the convex domination concentration
properties like a comparison of moments or Laplace transforms as in the M/M/∞ case above.
Moreover, this refined ordering might appear for instance when using de-la-Vallée-Poussin’s
lemma about uniform integrability of a family of random variables. However, in contrast to the
≤d ordering, the authors ignore if there exists a genuine interpretation of the convex domination
in terms of coupling.

Coming back to our birth–death framework, we observe that if we want to use the intertwining
relation (2.2) of Theorem 2.1 in order to obtain stochastic domination, then a first difficulty
arises. Indeed, another birth–death process appears in the right-hand-side of (2.2), namely the
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u-modification of the original process. Therefore, let us provide first a lemma which allows us to
compare two birth–death processes with respect to the ≤d ordering. Although the result below is
somewhat obvious from the point of view of coupling, we give an alternative proof based on the
interpolation method emphasized in the proof of Theorem 2.1. See also [28], Proposition 4.2.10.

Lemma 3.15 (Stochastic comparison of birth–death processes). Let (Xx
t )t≥0 and (X̃x

t )t≥0

be two birth–death processes both starting from x ∈ N. Denoting respectively λ, ν and λ̃, ν̃ the
transition rates of the associated generators L and L̃, we assume that they satisfy the following
assumption:

λ̃ ≤ λ and ν̃ ≥ ν.

Then for every t ≥ 0, the random variable X̃x
t is stochastically smaller than Xx

t . In other words,
we have X̃x

t ≤d Xx
t .

Proof. Let g ∈ Fd and define the function s ∈ [0, t] �→ J (s) := P̃sPt−sg where (Pt )t≥0 and
(P̃t )t≥0 are the semigroups of (Xx

t )t≥0 and (X̃x
t )t≥0, respectively. By differentiation, we have

J ′(s) = P̃s(L̃Pt−sg − LPt−sg) = P̃s

(
(λ̃ − λ) ∂Pt−sg + (ν̃ − ν) ∂∗Pt−sg

)
,

which is nonpositive since the semigroup (Pt )t≥0 satisfies the propagation of monotonicity, cf.
Remark 2.4. Hence, the function J is nonincreasing and the desired result holds. �

Now we are able to state the following corollary of Theorem 2.1, which states a new convex
domination involving decoupled random variables in the right-hand side. However, despite some
particular cases like the M/M/1 case for which the convenient coupling appearing in the proof
of Corollary 3.12 allows us to extend the next result to the ≤d ordering, we ignore if it can be
done in full generality.

Corollary 3.16 (Convex domination). Denote (X
y
t )t≥0 a birth–death process starting at some

point y ∈ N. We assume that the birth rate λ is nonincreasing and that there exists κ ≥ 0 such
that

∂(ν − λ) ≥ κ.

Then for any t ≥ 0 and any x ∈ N, the random variable Xx+1
t is convex dominated by the in-

dependent sum of Xx
t and a Bernoulli random variable Yt of parameter e−κt ∈ (0,1]. In other

words, we have

Xx+1
t ≤c Xx

t + Yt .

Proof. We have to show that for any function f ∈ Fc,

E[f (Xx+1
t )] ≤ E[f (Xx

t + Yt )]. (3.16)



Intertwining and commutation for birth–death processes 1877

Using the intertwining relation (2.2) of Theorem 2.1, we have since f is nondecreasing:

E[f (Xx+1
t )] ≤ E[f (Xx

t )] + e−κt
E[∂f (Xx

1,t )]
≤ E[f (Xx

t )] + e−κt
E[∂f (Xx

t )]
= (1 − e−κt )E[f (Xx

t )] + e−κt
E[f (Xx

t + 1)]
= E[f (Xx

t + Yt )],
where to obtain the second inequality we used Lemma 3.15 with the 1-modification process
(Xx

1,t )t≥0 playing the role of (X̃x
t )t≥0 since ∂f is nondecreasing (recall that f ∈ Fc). �

Remark 3.17 (More on convex domination). By an easy recursive argument one obtains from
the latter result the following convex domination:

Xx
t ≤c X0

t + B
(x)
t ,

where B
(x)
t is a binomial random variable of parameters (x, e−κt ), independent from X0

t , as in
the case of the M/M/∞ queuing process.

Acknowledgements

The authors are grateful to Arnaud Guillin and Laurent Miclo for their remarks during the ANR
EVOL meeting held in Hammamet (2010). They also thank the anonymous referees for their
helpful suggestions and comments. This work was partially supported by the French ANR Project
EVOL.

References

[1] Ané, C. (2001). Clark–Ocone formulas and Poincaré inequalities on the discrete cube. Ann. Inst. Henri
Poincaré Probab. Stat. 37 101–137. MR1815775

[2] Bakry, D. (1997). On Sobolev and logarithmic Sobolev inequalities for Markov semigroups. In
New Trends in Stochastic Analysis (Charingworth, 1994) 43–75. River Edge, NJ: World Sci. Publ.
MR1654503

[3] Bakry, D. and Émery, M. (1985). Diffusions hypercontractives. In Séminaire de Probabilités, XIX,
1983/84. Lecture Notes in Math. 1123 177–206. Berlin: Springer. MR0889476

[4] Barbour, A.D., Holst, L. and Janson, S. (1992). Poisson Approximation. Oxford Studies in Probabil-
ity 2. New York: The Clarendon Press/Oxford Univ. Press. MR1163825

[5] Barbour, A.D. and Xia, A. (2006). On Stein’s factors for Poisson approximation in Wasserstein dis-
tance. Bernoulli 12 943–954. MR2274850

[6] Bobkov, S.G. and Ledoux, M. (1998). On modified logarithmic Sobolev inequalities for Bernoulli and
Poisson measures. J. Funct. Anal. 156 347–365. MR1636948

[7] Bobkov, S.G. and Tetali, P. (2006). Modified logarithmic Sobolev inequalities in discrete settings.
J. Theoret. Probab. 19 289–336. MR2283379

http://www.ams.org/mathscinet-getitem?mr=1815775
http://www.ams.org/mathscinet-getitem?mr=1654503
http://www.ams.org/mathscinet-getitem?mr=0889476
http://www.ams.org/mathscinet-getitem?mr=1163825
http://www.ams.org/mathscinet-getitem?mr=2274850
http://www.ams.org/mathscinet-getitem?mr=1636948
http://www.ams.org/mathscinet-getitem?mr=2283379


1878 D. Chafaï and A. Joulin

[8] Brègman, L.M. (1967). The relaxation method of finding the common point of convex sets and its
application to the solution of problems in convex programming. USSR Computational Mathematics
and Mathematical Physics 7 200–217.

[9] Brown, T.C. and Xia, A. (2001). Stein’s method and birth–death processes. Ann. Probab. 29 1373–
1403. MR1872746

[10] Caputo, P., Dai Pra, P. and Posta, G. (2009). Convex entropy decay via the Bochner–Bakry–Emery
approach. Ann. Inst. Henri Poincaré Probab. Stat. 45 734–753. MR2548501

[11] Chafaï, D. (2004). Entropies, convexity, and functional inequalities: On �-entropies and �-Sobolev
inequalities. J. Math. Kyoto Univ. 44 325–363. MR2081075

[12] Chafaï, D. (2006). Binomial-Poisson entropic inequalities and the M/M/∞ queue. ESAIM Probab.
Stat. 10 317–339 (electronic). MR2247924

[13] Chen, M. (1996). Estimation of spectral gap for Markov chains. Acta Math. Sinica (N.S.) 12 337–360.
MR1457859

[14] Chen, M.F. (2004). From Markov Chains to Non-equilibrium Particle Systems, 2nd ed. River Edge,
NJ: World Scientific. MR2091955

[15] Chen, M.F. (2010). Speed of stability for birth–death processes. Front. Math. China 5 379–515.
MR2660525

[16] Chen, M.F. and Wang, F.Y. (1997). Estimation of spectral gap for elliptic operators. Trans. Amer.
Math. Soc. 349 1239–1267. MR1401516

[17] Gao, F., Guillin, A. and Wu, L. (2010). Bernstein type’s concentration inequalities for symmetric
Markov processes. Preprint.

[18] Guillin, A., Léonard, C., Wu, L. and Yao, N. (2009). Transportation-information inequalities for
Markov processes. Probab. Theory Related Fields 144 669–695. MR2496446

[19] Helffer, B. (2002). Semiclassical Analysis, Witten Laplacians, and Statistical Mechanics. Series in
Partial Differential Equations and Applications 1. River Edge, NJ: World Scientific. MR1936110

[20] Joulin, A. (2009). A new Poisson-type deviation inequality for Markov jump processes with positive
Wasserstein curvature. Bernoulli 15 532–549. MR2543873

[21] Joulin, A. and Privault, N. (2004). Functional inequalities for discrete gradients and application to the
geometric distribution. ESAIM Probab. Stat. 8 87–101. MR2085608

[22] Ledoux, M. (2000). The geometry of Markov diffusion generators. Ann. Fac. Sci. Toulouse Math. (6)
9 305–366. MR1813804

[23] Liu, W. and Ma, Y. (2009). Spectral gap and convex concentration inequalities for birth–death pro-
cesses. Ann. Inst. Henri Poincaré Probab. Stat. 45 58–69. MR2500228

[24] Ma, Y., Wang, R. and Wu, L. (2011). Transportation-information inequalities for continuum Gibbs
measures. Electron. Commun. Probab. 16 600–613. MR2846653

[25] Malrieu, F. and Talay, D. (2006). Concentration inequalities for Euler schemes. In Monte Carlo and
Quasi-Monte Carlo Methods 2004 355–371. Berlin: Springer. MR2208718

[26] Robert, P. (2003). Stochastic Networks and Queues, french ed. Applications of Mathematics (New
York) 52. Berlin: Springer. MR1996883

[27] Schuhmacher, D. (2009). Stein’s method and Poisson process approximation for a class of Wasserstein
metrics. Bernoulli 15 550–568. MR2543874

[28] Stoyan, D. (1983). Comparison Methods for Queues and Other Stochastic Models. Wiley Series
in Probability and Mathematical Statistics: Applied Probability and Statistics. Chichester: Wiley.
MR0754339

[29] van Doorn, E.A. (2003). On associated polynomials and decay rates for birth–death processes. J. Math.
Anal. Appl. 278 500–511. MR1974021

[30] Villani, C. (2009). Optimal Transport: Old and New. Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences] 338. Berlin: Springer. MR2459454

http://www.ams.org/mathscinet-getitem?mr=1872746
http://www.ams.org/mathscinet-getitem?mr=2548501
http://www.ams.org/mathscinet-getitem?mr=2081075
http://www.ams.org/mathscinet-getitem?mr=2247924
http://www.ams.org/mathscinet-getitem?mr=1457859
http://www.ams.org/mathscinet-getitem?mr=2091955
http://www.ams.org/mathscinet-getitem?mr=2660525
http://www.ams.org/mathscinet-getitem?mr=1401516
http://www.ams.org/mathscinet-getitem?mr=2496446
http://www.ams.org/mathscinet-getitem?mr=1936110
http://www.ams.org/mathscinet-getitem?mr=2543873
http://www.ams.org/mathscinet-getitem?mr=2085608
http://www.ams.org/mathscinet-getitem?mr=1813804
http://www.ams.org/mathscinet-getitem?mr=2500228
http://www.ams.org/mathscinet-getitem?mr=2846653
http://www.ams.org/mathscinet-getitem?mr=2208718
http://www.ams.org/mathscinet-getitem?mr=1996883
http://www.ams.org/mathscinet-getitem?mr=2543874
http://www.ams.org/mathscinet-getitem?mr=0754339
http://www.ams.org/mathscinet-getitem?mr=1974021
http://www.ams.org/mathscinet-getitem?mr=2459454


Intertwining and commutation for birth–death processes 1879

[31] Wu, L. (2006). Poincaré and transportation inequalities for Gibbs measures under the Dobrushin
uniqueness condition. Ann. Probab. 34 1960–1989. MR2271488

Received August 2011 and revised March 2012

http://www.ams.org/mathscinet-getitem?mr=2271488

	Introduction
	Intertwining relations and sub-commutations
	Applications
	Lipschitz contraction and Wasserstein curvature
	Functional inequalities
	Hitting time of the origin by the M/M/1 process
	Convex domination of birth-death processes

	Acknowledgements
	References

