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Penalization methods for the Skorokhod
problem and reflecting SDEs with jumps
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We study the problem of approximation of solutions of the Skorokhod problem and reflecting stochastic
differential equations (SDEs) with jumps by sequences of solutions of equations with penalization terms.
Applications to discrete approximation of weak and strong solutions of reflecting SDEs are given. Our
proofs are based on new estimates for solutions of equations with penalization terms and the theory of
convergence in the Jakubowski S-topology.
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1. Introduction

Let D be a convex open set in R?. Consider a d-dimensional reflecting stochastic differential
equation (SDE),

t
X,=Hf+/ f(X,)dZ, + K, teRY, (L1)
0

where Z is a d-dimensional semimartingale with Zp = 0, H is an adapted process with Hy €
D=DUJD,and f:R? - R? @ R? is a continuous function such that

lfeo| <L(1+1x]), xeR? (1.2)

(for the precise definition, see Section 3). Our main purpose is to study the problem of approxi-
mation of weak solution of (1.1) by solutions of nonreflecting SDEs of the form

t

t
xsz,"Jr/ f(X;L)dz;?—n/(xf-n(x;’))ds, teRT neN, (1.3)
0 0

where H" and Z" are perturbations of H and Z, respectively, and I1(x) denotes projection of
x on D. Because for large n € N, the drift term —n fo’(xg? — IT1(X})) ds forces X" to stay close
to D, it is called the penalization term, and the SDE (1.3) is called the SDE with penalization
term.

The foregoing problem was intensively investigated in the case where f is a Lipschitz con-
tinuous function, H = X, and Z is a continuous semimartingale. In particular, Lions et al. [16]
and Menaldi [20] have proven that E sup,_, | X} — X ;|> — 0 for ¢ € RT, provided that Z is
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a d-dimensional standard Wiener process. In the case where Z has jumps, to the best of our
knowledge, such a problem has been considered previously only by Menaldi and Robin [21] and
Laukajtys and Stomiriski [15]. Menaldi and Robin studied the case where Z is a diffusion with
Poissonian jumps and H = X(. However, they imposed a very restrictive condition on the Pois-
sonian measure coefficient, and consequently, K is a process with continuous trajectories. In this
case, earlier methods of approximation remain in force. In earlier work, we considered in detail
the case where H = Xy and Z is a general semimartingale. Because the approximating sequence
{X"} might not be relatively compact in the Skorokhod topology J;, we proved our convergence
results in the S-topology introduced by Jakubowski [10]. It is worth pointing out that in both of
the aforementioned papers, the initial process H is constant (i.e., H = Xy), and f is a Lipschitz
continuous function.

The purpose of the present paper is to investigate the problem of approximation of X by {X"}
in the case of arbitrary initial process H and arbitrary continuous coefficient f satisfying the
linear growth condition (1.2). Our proofs are based on new estimates for solutions of equations
with penalization terms.

The paper is organized as follows. In Section 2 we consider a deterministic problem of ap-
proximating a solution of the Skorokhod problem x; = y; + k;, € R on domain D associated
with a given function y € D(RT, R¥) such that yy € D (for precise definition, see Section 2). The
penalization method involves approximating x by solutions of equations of the form

t
A=y _n/O (& —T())ds.  reRY, (1.4)

where y" — y in the Skorokhod topology J;. Lions and Sznitman [17] and Cépa [5] proved that
{x"} tends to x if y is continuous. We omit the latter assumption and consider arbitrary function
y € D(RT, RY). In this general case, we prove that the variation of the penalization term of the
SDE (1.4) is locally uniformly bounded and for fixed # € R* x”" —> x;, provided that Ay, =0,
which implies in particular that x" tends toward x in the S-topology. It is noteworthy that, similar
to [5], here we do not assume that the domain D satisfies the so-called condition (8) introduced
by Tanaka [29].

In Section 3 we present new estimates on solutions X" of equations with penalization terms
associated with a given process Y such that Yé’ € D, that is, solutions of SDEs,

t
X,”:Y,”—nf (X —1m(Xxy))ds, teR*. (1.5)
0

In particular, we prove that if Y” is a process admitting the decomposition Y" = H" + M" + V",
where H" is an (F]') adapted process, M" is an (F;') adapted local martingale with My =0
and V" is an (F}") adapted processes of bounded variation with V(;l =0, then, for every §,g > 0,
a € D there exist constants C, C> > 0 such that for every n > 0,

P(sup|X}' —a| = n) < P(yn(6.9) = du/2) + P(sup| H}" — a| = Cin)
t<q 1=q

+Con2E([M"], + [V"]?)
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and
q
P(n/ X7 — TI(X")|ds > nz) < P(00(8.) = da/2) + 7P (sup | H}' — a| = C1)
0 1=q
+Can P E(IM], + V7)),

where o’ denotes the usual modulus of continuity and d,, = dist(a, d D).

In Section 4, we use estimates derived in Section 3 to prove our main results on the approx-
imation of X by {X"}. We assume that {Z"} is a sequence of semimartingales satisfying the
so-called condition (UT), and we prove that if (H", Z") converges weakly to (H, Z) in the J;
topology, then {X"} converges weakly in the S topology to X. Moreover, we prove convergence
of finite-dimensional distributions of {X"} to the corresponding finite-dimensional distributions
of X outside the set of discontinuity points of Z and H. Consequently, using discrete approxi-
mations constructed in a manner analogous to Euler’s formula, we prove the existence of a weak
solution of the SDE (1.1), provided that f is continuous and satisfies (1.2). Moreover, if the SDE
(1.1) has the weak uniqueness property, then our approximations computed by simple recurrent
formulas allows us to obtain numerical solution of the SDE (1.1). In the case of reflected diffu-
sion processes, similar approximation schemes have been considered previously (see, e.g., Liu
[18], Pettersson [23], Stominiski [26]). In this section we also present some natural conditions
ensuring convergence of {X"} to X in probability provided that (1.1) has the so-called path-
wise uniqueness property. Related results concerning diffusion processes have been given by, for
instance, Kaneko and Nakao [12], Gyongy and Krylov [6], Bahlali, Mezerdi and Ouknine [3],
Alibert and Bahlali [1] and Stominski [26].

We note that we consider the space DR, R?) equipped with two different topologies,
J1 and S. Definitions and required results for the Skorokhod topology J; have been given by,
for example, Billingsley [4] and Jacod and Shiryayev [8]. For the convenience of the reader, we
have collected basic definitions and properties of the S-topology in the Appendix. More details
have been provided in Jakubowski [10].

In this paper, we use the following notation. Every process X appearing in the sequel is
assumed to have trajectories in the space DR, RY). If X = (X',..., X%) is a semimartin-
gale, then [X]; represents Zf: X 1, and [X'] represents the quadratic variation process of X i
i=1,...,d. Similarly, (X), = Z?: X fy;, and (X') represents the predictable compensator of
(X1,i=1,....,d. IfK =(K1,..., Kd) is the process with locally finite variation, then |K|; =
27:1 |K'|;, where |K'|, is a total variation of K’ on [0, ¢]. In general, we let ? and ? de-

note convergence in law and in probability, respectively. To avoid ambiguity, we write X" ? X
x" ? X)in D(R*, RY) if {X"} converges weakly (in probability) to X in the space D(R™, R4)
equipped with J;. Following [10], we write X" —;> X (x" —;;> X)in D(RT, Rd) when we con-

sider the S topology. For x € D(RT,RY), § > 0, ¢ € R*, we let o/ (8, ¢) and (8, ¢) denote
classical moduli of continuity of x on [0, ¢], that is, &/, (8, ¢) = inf{max; <, @, ([ti—1,#)); 0 =
to<---<tr=gq,infj,(t — t;_1) > 6}, and wg(& q) = sup{min(|x, — xgl, |x; — x,[),0 < s <
u<t=<gq,t—s <38}, where wy(I) = sup ;. |xs — x;|. We also use the modulus a")é’x’y) (8, q) in-
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troduced in Jakubowski [10]. We recall that for x, y € D(R*, R?), § > 0, ¢ e Rt c?)é’x’y) 6,q9)=
sup{min(|x, — x5, |yr — yul), 0<s<u<t<gq,t—s <d}.

2. A deterministic case

Let D be a nonempty convex (possibly unbounded) open set in R, and let Ay denote the set
of inward normal unit vectors at x € 9D (n € Ny if and only if (y — x,n) > 0 for every y € D,
where (-, -) denotes the usual inner product in Rd). The following remark also can be found in
Menaldi [20] or Storm [27].

Remark_Z.l. (i) If dist(x, D) > 0, then there exists a unique I1(x) € aD such that |I1(x) — x| =
dist(x, D). Moreover, (IT(x) —x)/|I1(x) — x| € ./\/n(x).
(ii) For every a € D,

|x—1'[(x)|5d;1<x—a,x—n(x)), xeRd,
where d, = dist(a, dD).
Let y € D(RT, R?) be a function with initial value in D. We recall that a pair of functions

(x, k) e D(RT, R%) is called a solution of the Skorokhod problem associated with y if

° x,:yt—l—kt, IGR+,
e x is D-valued,
e k is a function with locally bounded variation such that kg = 0 and

t t
k= / nodikly, [kl = / Loy dikls,  teRY,
0 0

where n; € Ny, if x; € 9D.

The problem of existence of solutions of the Skorokhod problem and its approximation by so-
lutions of equations with penalization terms has been discussed by many authors. Tanaka [29]
proved existence and uniqueness of solutions in the case of continuous y and domains also satis-
fying the following condition:

(B) there exist constants € > 0 and § > 0 such that for every x € d D, we can find xo € D such
that B(xg, €) C D and |x — xo| <34.

Tanaka also observed that (8) holds true in dimensions 1 and 2 or if D is a bounded set. On the
other hand, in dimension >2, one can construct examples of nonbounded convex domains not
satisfying (). For instance, the cone with the basis {(x, y, 0) € R3; y > xz} and peak at (0, 0, 1),
that is, the set

C={Gx, 2y, 1= eR)x* <y 0=<r<1}, 2.1)

does not satisfy (8). Cépa [5] omitted the assumption () and proved the existence and unique-
ness of the solution to the Skorokhod problem in the case of continuous function y. In addition,
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Cépa proved convergence sup,, |x; — x;| — 0, ¢ € R™ of solutions of equations (1.4) for
every sequence {y"} such that sup,_, |y;' — y:| — 0, q € RT.

The case of functions with jumps was considered for the first time by Anulova and Liptser [2],
who proved the existence and uniqueness of solutions under condition (8). Their result was
generalized to the case of arbitrary convex D by Laukajtys [14]. In an earlier work [15], we
considered the problem of approximating noncontinuous x by solutions of equations with pe-
nalization terms only in this very special case. We now consider the problem of approximating
noncontinuous x by solutions of equations with penalization terms in the general case of arbitrary
sequences {y"} such that y* — y in D(R*, R?). Our main tools are the following estimates on
the solution of (1.4):

Lemma 2.2. Ler y" € D(RT, RY), Yo € D and let X" be a solution of the equation (1.4). Then
forany q,8 > 0 and a € D such that

@y (8,q) <da/2, (2.2)

we have

(i) sup, -, |x/' —al <2v/7(lq/8]1+ 1) sup,, |y} —al,
(i) [k"14 <55(lq/81+ 1)*d, " sup,, |y;' —al?,

where k' = —n f(; (x" —TI(x!")ds, t € R" and [q/8] denotes the largest integer less or equal
toq/s.

Proof. We follow the proof of Theorem 3.2 in [5]. Let 0 <t < g. Because k" is a continuous
function such that k§ =0,

t
|x]! —a|2 =y —a|2+(k;’,k,”)+2/ (! —a,dkl)
0

=|y,"—a’2+2/

t t
A (o —a,dk{;)+2/0 (yi' = yir, dkll).

Therefore, forany 0 <s <t <gq,

t
’xf —a|2— ’x? —a|2 = |yf —a’z— |y§1 —a’2+2/ (xl': —a,dk’,j)
S
t
—2/ (v = oy’ dky )+ 2{k7, y7 = ¥y
N

By Remark 2.1(ii),

t t
2/ (x} —a,dkl}) = —Zn/ (x —a, x} — TI(x}})) du
s N

t
s’

t
< —2dan/ |xif — T1(x}!)| du = —2d, |[K"
N
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and, consequently,
t
o = af? — Jx2 = af* = |52 = af* = |32 = af ~2dulaf; =2 [ (2 - 52 0kl)
N
=20y —a, v —y¢)=2a —xi' v = yy)

<Ssup|y! —a|2+4sup|y," —al - sup|x} —a —2da}k"|2
t<q 1<q 1=q

t
—2 [ - ot ekl
s

By (2.2), there exists a subdivision (sx) of [0,g] such that 0 =59 <s1 <--- <s§ =¢q, § <
Sk —Sk—1,k=1,...,r—1,where r =[q/8]+ 1 and wyn ([sk—1, Sk)) < ds/2. Thus, in particular,

Sk
[brmvians| [ vk
k-1,

Sk—1

< d_0|kn|5k

2 Sk—1"

Therefore,

Sk . d, ' Sk
(= [ bt otk ) <2 TR — i) =i

Sk—1
which implies that

n

2
n
s, —al” = |5,

. (23)

—al? <5sup|y; —a|2+4sup|y;’ —al-sup|x] —a| _da|kn|§]]z71
t<q t<q 1=q

From (2.3), it follows immediately that

n

|xs"k —a|2 - |)cSk_1 —a|2 < 55up|y," —a|2+4sup|yf —a| -sup|x," —a\.
1<q 1<q t<q

Set ko = max{k, sy <t}. Then

ko

[y —al* = 3 (g, —al” — |, —af”)

k=1

| —al’ = |xi —al” + |xg —af’

< r(Ssup]y;’ —a|2 +4sup]yt” —a| -sup!xt” —a’) —i—sup]y;1 —al?,
t<q t<q t<q t<q
which implies that

sup |x," — a|2 <14r2 sup}y,” —a|2 + sup |xt” —a|2/2.
t<q t<q 1=q
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Thus, sup, -, |x/ — —al* <28r2 sup, <, Iy — al?, and the proof of (i) is complete.
(i1) Using (2.3) and (i) gives

dal"[3_, = 5sup|y7 —af* +4sup |37 —a -sup |+ —a
<q <q <q

S e A

< 13sup|y; —a|2+§SUP|xzn —a|2 < 55r%sup |y —a|2
i<q 21<q t<q

fork=1,...,r. Thus, [k"|, <Y p_; [K"5f_, <55r°d; " sup,, |y} — al?, which completes the
proof. ]

Theorem 2.3. Assume that {y"} C D(RT, R%), Yo € D, and let x" denote the solution of the
equation (1.4), n e N. If y* — y in D(R*, R?), then

(i) sup,en sup, <, 1x/'| < +00,q € R* and sup,cy |k"|; < +00, g € RT,

(ii) x}' —> x;, provided that |Ay;| =0,

(iii) x"—>x,
N
where x denotes the solution of the Skorokhod problem associated with y.

Proof. (i) Because {y"} is relatively compact in DR, RY), sup,, sup; <, ly/'| < oo for any
g € RT, and for any a € D, g > 0, there exists § > 0 such that sup, w’yn (8,q) <d,/2. There-
fore, the first conclusion follows from Lemma 2.2.

(i) Let {8} be a sequence of constants such that 8’ | 0 and |Ay/| # 8t e RT. Set
t,’l 0=0, tn il = mln(t” x +5k, inf{t > t’ oo 1Ay > 8, to =0, tk+l = mm(tk —I—Sk, inf{t > tk,
|Ay;| > 8'}), where {{5’ }} is an array of constants satisfying &' /2 < 8’ <& and |Aytk+6]l(| =

Now,foreveryieN,setyf’( —yl ,te[tnk, kH),y,(i):ytli,te[t,i,t,iH),n,keNU{O}.

Observe that for every g € R,

lim sup |y —»|=0 and lim limsupsup |y @)

i— 00 i—>00 p—soo 1<q

—y'[=0
Let x™@ be a solution of an equation with a penalization term of the form

. . t . . . .
0y _ n/ (O T )) ds =y 4 1O e R,
0

Fix t € RT and consider the decomposition x}' — x; = x —x;' 0 +x;" @ x(l) + x(l) —X;, where
xD denotes a solution of the Skorokhod problem associated with y(’) .Dueto[15], Lemma 2.2(i),

n,(i)|
t

n
X; —X |yt

O +asup |57 = 52O, + 0
s<t
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where variations |k"|;, |k |, are bounded uniformly by Lemma 2.2(ii). Therefore,

lim limsup |x x?’(i)i =0.

=00 p—o00

i)|—0 Because, by [15], Lemma 3.3,
m(i) _ 0] <

Moreover, if |[Ay;] = 0, then lim;— |AY;

@ _ xD) <Ay, i €N, it follows that hm,_wohmsupn_)oo |x;

lim; o0 | Ay, @] = 0. On the other hand, by [29], Lemma 2.2, sup, <, Ixt — x| — 0,q eRT,
and (ii) follows.

(iii) The sequence {y"} is relatively compact in Ji, and consequently it is relatively S com-
pact. Because by part (i), sup,cy |k"|; < +00, ¢ € RT, the sequence {k"} is also relatively S
compact, and thus {x"} is relatively S compact as well. In view of Corollary A.2 (Appendix),
this proves (iii). O

limsup,,_, o |x;

Recall that if y* — y in D(R™, R9), then for every t € Rt there exists a sequence t, —> t
such that

Yo —> Vi, V- —> yi— and Ay, —> Ay;. 2.4)

Moreover, for arbitrary sequences {t,}, {z/'} such that ¢, <, <t, n € N, and lim,_ 1, =
lim,_ o0 1, =, We have

ytrz — y;— and ytn;l/ —> Yt (2.5)
(see, e.g., [8], Chapter VI, Proposition 2.1).
Corollary 2.4. Under the assumptions of Theorem 2.3,
(i) for everyt e R, ift, —> t is a sequence satisfying (2.4), then
Xp —> Xp— + Ay,

and for arbitrary sequences {1}, {t]} such that t, <t, <1t/, n € N and lim,_ 1, =
lim,— o0t =1t, we have

x; —> X~ and xt,/ — X,
(i) (@), y") —> (x,y) in DRT, R?),
(iii) moreover, if y is continuous, then

sup |x! —x;| — 0, g eRT.

t<q

Proof. (i) If y, y" are step functions, then the result follows from [15], Lemma 3.3. In the general
case, it is sufficient to use (2.4), (2.5) and repeat the approximation procedure from the proof of
Theorem 2.3.
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(ii) By Theorem 2.3(ii), IT(x;') —> x;, provided that Ay, = 0. Therefore, it suffices to prove
that {(IT(x"), y")} is relatively compact in D(R*, R?¢). Because SUP, e SUP; <4 TT(x/)] < 400,
SUP,, N SUP; <, |7 | < +00, g € R*, it is sufficient to show that

lim lim sup W (x),y") ([0, 5]) =0 (2.6)
310 n—oo
and
%ifolli’?lsolép @ (r1(eny.ym) 8, 4) =0, g eRT. 2.7

To prove (2.6), first observe that x5 — x¢ and y; —> 0, which implies that (2.6) is equivalent
to the following:

e for every sequence {s(j} such that 0 <s; — 0,
H(xg’g) — X0, y;’g — 0. (2.8)

Next, note that (2.8) is implied by (i) (it is sufficient to put # = 0 and observe that in this case,
t, =0).
Similarly, (2.7) is equivalent to the condition

e for every ¢ < ¢ and every sequence {s!'}, i = 1,2,3 such that s{ <sy <s%, n €N, if
lim, o0 s; =1, IN(x{s) — aj, yiu — bi, i =1,2,3, then

ai=ap and by=by or ay=a3 and by =bs. 2.9)

Because IT is continuous and x; = IT(x;— + Ay,), it follows from (i) that for arbitrary se-
quences {1}, {t,/} such that #;, < t, <1, and lim,_, o 1, =lim,, oo t; =, we have

N(x)) — x,— and T(x],) — x;. (2.10)

Combining (2.5) with (2.10), we see that there are only four possibilities:
ai=ay=a3=x;— and by =br=b3=y;_,
ay =az =Xy, a3=x; and by =by=y,, b3 =y,
ap = x;—, a=a=x and by=y._, by =b3 =y,
ai=ay=a3=x; and by =by=>b3=y;.

Thus, in each case (2.9) is satisfied.
(iii) In this case, x is continuous as well. Moreover, (2.4) is satisfied for every t € R* and every
sequence t, —> t. Consequently, by part (i), for every ¢ € RT and every sequence t, —> ¢,

n
X, —> X— + Ay =Xy,

which is equivalent to (iii). ]
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Corollary 2.5. Let {(y", z")} be relatively compact in D(RT, R*?), ¥o € D,n e N. Ifx" denotes
the solution of (1.4), n € N, then, for every g € RT,

limlim sup &(n _ny (8, ) =0,
310 n—oo ’

Proof. Without loss of generality, we may and will assume that (y",z") — (y,z) in
DR, R ). Then, for every t € RT, there is a sequence t, —> ¢ such that

Yo —> Y-y ——>zu- and yi,—y, L 2.11)
n n n n

for arbitrary sequences f, < t, <t such that lim, . f, = lim, .t = t. Because
SUP,, e SUP; <, |X7'| < +00 and sup, cnsup,—, || < +00, g € R*, the proof is completed by
showing that

e for every t < ¢ and every sequence {sf} such that lim,,_woslf1 =t,i=1,2,3 and sil <
sy < sgl, n € N, if there exists limits x:’n —ai, x?,, — ap, and z?n — by, z?,, — by, then
21 22 °2 °3
ai=a; or b;=b;. (2.12)
From (2.5), (2.11), and Theorem 2.4(i), we conclude that there are only the following cases:
ai=ay=x;,— and by=bry=z_ or by=2z;— and by =z,
ay = x;—, a=x-+Ay, and by =by=z,
ay = Xx;—, a=x and b =by=z,
ai=ay=x_+ Ay, and by =by =z,
ay = x;— + Ay, a=x and b =by=z,
ai=ay)=x; and by =by=7z;

that is, (2.12) is satisfied. [l

3. Applications to stochastic processes

Let Y" be an (F') adapted process with Y € D and let X" be a solution of the equation (1.5).
We will consider processes Y admitting the decomposition

Y!'=H!+ M+ V], t eRY, (3.1)

where H" is an (F]') adapted process, M" is an (F}") adapted local martingale with M} =0,
and V" is an (F]') adapted processes of bounded variation with V' = 0.

Ig\emarlf\ 3.1 ([15]);\ Let Y" be another (ffl adapted processes of the form Y" = H" +
M"™ + V", where M" is a local martingale, V" is a process with locally bounded variation,
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and 1\76’ = ‘70” = 0. Assume that Y(’} € D, and let X" be a solution of the equation
t
X =Y - nfo (Xy —1(Xy))ds, teR*. (3.2
For every p € N, there exists C(p) such that
Esup|X] — X!’ <C(pE([M" — M"]" +|v" = V") (3.3)
1<t

and

Esup|X! — X! <CE(M" =MW"+ |V =V'[ZX 4 (M" = M")) (34

1<t

for every stopping time t.

Theorem 3.2. Let Y" be a process of the form (3.1), and let X" denote the solution of (1.5). For
every §,q, a € D, there exist constants C1, Co > 0 such that for every n > 0,

P(sup |X[" —a| > n) < P(a)},n(é,q) > da/2) + P(sup |H," —a| > Cm)
1=q 1=q (35)
+Con2E([M"], + |V"]7)

and

q
P(n/ Xy - T(XY)|ds > n2> < P(wpn(8.9) = da/2) +7P(sup |H —a| = Cm)

<,
0 i = (3.6)
+C2n’2E([M”]q + |V”|q).

Proof. Let C’' =2+/7([T /8] + 1) be a constant from Lemma 2.2(i), and let X" be a solution of
equation with penalization term (3.2) associated with Y = H". Then

P(sup}f(\;’ —al| > n/2) = P(sup|5(\f’ —a|=n/2, &y (8. q) <da/2)
1=q 1=q

+ P((X)/I_[n((sy CI) Z da/Z)

< P(sup|H}' —a| = C'"'n/2) + (042 6. 9) = du/2).

t<q

By the foregoing and by (3.3),

P(sup|X;1 —al> n) < P(fgg\)?? —al|> n/z) +P<§25|X;1 —XI| = ,,/2)

=q

< P(sup|H}' —a| zn(2C") ") + P(0}yn 6. 9) = du/2)

1=q

+acn2E([M"], +[v"[2),
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which completes the proof of (3.5) with C; =2C’ and C; = 4C(1).

Now, for simplicity of notation, set K;' = —n fé (X — I1(X{)) ds. Our proof of (3.6) starts
with the observation that the estimates similar to (3.5) is true for sup,; <, |K /'] as well. Indeed,
there exist constants C1, C2 > 0 such that for every n > 0,

P(sup|Kt”| > '7) < P(sup‘X{' —al|= n/3> + P(sup}H,” —al|= n/3>
t=q 1=q 1=q

+ P(sup |Mtn + V,"| > n/3)
1<q
3.7)
<2P(sup|H}' —a| > Cin) + P (s (6, 9) = du/2)
1<q

F e (], + VD)

On the other hand, by Remark 2.1(ii),

g =

Z_i(fo (H' —a,dK!)+ /Oq(z;',dK;‘)+foq(Kg,dKf)>,

where Z" = M" 4+ V". Because K" has continuous trajectories, it follows by the integration by
parts formula that [¢f (Z7', dK?) = (Z2, K!') — [ (K?'.dZ!), and [ (KZ,dK") = 3|K,4[* > 0.
Therefore,

K" < -+ q(X"—adK”)
da N ? N

1 q
iKn|q§_Z</o (H! —a,dK)+ (zg,Kg)—/o (Kf,dzg)). (3.8)
Fixw e {w}{n (8,q) < dg,/2}. There exists a subdivision (si) of [0, g] such that § < sy —sx—1,k =

1,2,...,r—1,wherer =[q/8]+ 1 and wgn (o) ([Sk—1, Sk)) < da/2. Set H" (w) = H;}{ 1(a)), for
1 € [sk—1., sk). Then sup, _, |H"(w) — H"(w)| < d;/2 and, consequently,

'/q(Hf(w) —a,dKf(w)) <
0

q
A (H] (w) — H™ (), dK] (w))‘

+

q
/ (H(®) —a,dK} (a)))‘
0
da | .n n n
< = |K"| (w)+2rsup |H' (®) — a||K]' (®)].
2 4 1<q
Combining this inequality with (3.8), we see that on the set {a)/H,, (8,q) <d,/2}, we have

)

q
e, <24 (2rsupl | +sup 27K+ | [z
t=q t=q 0
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Thus, there is a constant C > 0 such that
P(IK"|, = %) < P(|k"|, = %, @yn (8, q) < da/2) + P(yn (8, q) > da/2)

< P(sup |1 — al[K}| = Co*) + P(sup |27 ||| = Cn?)  39)
t<q 1=q
+p(

P(sup|Hy — a||K?| = Cn?) = P(sup |K}'| = n) + P(sup | H}' —a| = Cn)
t<q 1<q 1=q

q
[z 0z

> cnz) + P (8. 9) = du)2).

Clearly,

and

P(sup‘ZfHKt”] > Cn2> < P(sup!K,"‘ > n) + P(sup‘Zf} > Cn)
1<q t<q 1=<q
= P(sup K7 |z n) + Con2E([M"], + |[V"[2).
=

Moreover, if we set t" = inf{z, |K['| > n} A g, then, obviously, sup, ..« |K['| <7 and

q T
p(| [ tkz.az [ tkzaz = o)
i 2
< P(sup |K}'| > n) + C2n4E</ (K}, dz;’))
1=q 0

< P(sup K| = n) + Con 2 E([M"], + |V"[2).
1<q

zCn2> <P(g> r")+P<

Combining the last three inequalities with (3.7) and (3.9) yields (3.6). O
Now, for n € N, let Z" be a semimartingale adapted to some filtration (F}'). We assume that
{Z"} satisfies the following condition (UT) introduced by Stricker [28]:

(UT) For every g € RT, the family of random variables

{/ U dZin €N, U eug}
[0.9]

is bounded in probability. Here Ug is the class of discrete predictable processes of the
form U = Uy + Zf:o U <5<t} Wwhere 0 =19 <t; <--- <ty =q and U}" is F,
measurable, |U/"| < 1fori €{0,...,k},n,keN.

The condition (UT) proved to be very useful in the theory of limit theorems for stochastic inte-
grals and for solutions of SDE:s (see, e.g., [11,13,19,24,25]).



Penalization methods 1763

Corollary 3.3. Let {Y"} be a sequence of (F}') adapted processes, and let {X"} be a sequence
of solutions of equations with penalization terms (1.5). Assume that every Y" is of the form
Y"=H" + Z" with Hj € D, Zy =0, where {H"} is tight in the DR*, RY) sequence of (FH
adapted processes and {Z"} is a sequence of (F}')-adapted semimartingales satisfying (UT).
Then, for every q € RT, the sequence {n foq | X? — I1(X?)|ds} is bounded in probability.

Proof. Define 7' =inf{s; |[H'| v |Z}'| > k}, k, n € N. Because (UT) implies that {sup, <, |Z'1}
is bounded in probability and {sup,, |H,'[} is bounded in probability by the tightness of {H"}
in D(R*, R?), we have

lim limsup P (7} <gq) =0, g eRT. (3.10)

k=00 p—soo

Furthermore, by simple calculations for every § > 0 and ¢ € RT o’ nel (8,q) < Wyn ©.9) and
H" :

sup; -, |H,n'tk < sup; <, |H'|, and thus the sequence {H”’T/:'_} also is tight in D(R™, R%). On
the other hand, from the definition of (UT), we see that {Z””/?} satisfies (UT) as well. Moreover,

n,r{,’

because Z."* " = Z""" — AZ"1{~o and |AZ"| < 22", it follows from the definition of
1>

(UT) that {Z”’Tkn ~} satisfies (UT) as well. Therefore, in view of (3.10), without loss of gener-
ality, we can and will assume that H" = H™%~ and Z" = Z"%~ for some k € R*. Then Z"
admits the decomposition Z" = M" + V" with |[AM"|, |AV"| < 4k, where {[M"];}, {|V"|4}
are bounded in probability for each ¢ € R (see, e.g., [19]). Set vy =inf{t; [H"|, v [M"]; v
|V"|; > b} forn e N, b € RT. Then

lim limsup P(ylf < q) =0, g eRT, 3.11)

b—>00 psoo

so as before, we can assume that H" = H”’Vl?, M" = M""’lf, V" = V™% for some b € RT, and
thus that [M"]o < b+ 16k2, |V" |2 < b? + 16k>.

To complete the proof, it suffices to use Theorem 3.2. Fix ¢ > 0, ¢ € R*, and a € D, and
let § > 0, ng € N be such that P(a)/H,,((S,q) >d,/2) < e/2 for every n > ng. If we put n =

max((k + |a| + 1)/C1, /2C2(b% + b + 32k2)/¢) in (3.6) then

q
P(n/ |X§‘ —H(X;l)|ds 2772> <eg
0

for any n > ng, which completes the proof. (|

Corollary 3.4. For n € N, let Y" and Y" be processes adapted 1o filtrations (F;') and (ﬁ"),
respectively, and let X" be a solution of (1.5) and X" be a solution of (3.2). If {(Y" = H" + Z"},
{(Y" = H" + Z"} with H!, H} € D and Z} = Z{ =0, and {H"}, {H"} are tight in D(R*,R?),
{Z"}, {Z"} satisfy (UT) and

sup |[Y! —Y"| — 0, g eRT
1=q P
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then

sup|X;1—)?,"|—>O, g eRT.
1<q P

Proof. The proof follows immediately from [15], Lemma 2.2(i), and Corollary 3.3. (|

Corollary 3.5. Let {Y"} be a given sequence of processes, Y € D, n €N, and let {X"} be a
sequence of solutions of equations with penalization terms (1.5):

(1) For any sequence of processes {Z"}, if
{(Y",z")}  istight in D(RT, R*)
then for every e > 0, g e RT

limlimsup P" (&(xn zn)(8,q) > &) =0. (3.12)

310 n—oo
(ii) For any sequences of processes {Z"}, {H"}, if
(Y", H", Z") — (Y, H, Z) in D(RT, R3)

then
(A(X"), H", 2") —>(X, H,2)  inD(RY, R3)
and

1

(xr ...,X;;,H”,Z")?(th,...,X,m,H, Z) inR™ x D(R*,R*)

foranym e N,anyt|, ..., t, € RT suchthat P(|AY;|=0)=1,i=1,...,m,where X =Y +K
is a solution of the Skorokhod problem associated with a process Y .

Proof. In the proof, it suffices to make the observation that (3.12) is equivalent to the fact that

‘bé/xn,zn)((snv ) ? 0 for every sequence {§,} such that §, | 0 and to combine the deterministic

results given in Theorem 2.3, Corollary 2.4 and Corollary 2.5 with the Skorokhod representation
theorem. 0

4. Penalization methods for reflecting SDEs

Let (2, F, (F;), P) be a filtered probability space, let H be an (F;)-adapted process, and let Z
be an (F;) adapted semimartingale such that Hy € D, Zo = 0. Now recall that a pair (X, K) of
(F;)-adapted processes is called a solution of the reflecting SDE (1.1) if (X, K) is a solution of
the Skorokhod problem associated with Y defined by

t
Y,:H,+/ f(Xs-)dZs, teR™T.
0
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We say that the SDE (1.1) has a weak solutlon if there exists a probablhty space (@ j-: (.7?,) ﬁ)
and (.7-',) -adapted processes H 7 and (X K) such that £(H Z) ,C(H Z) and (X K) is a
solution of the Skorokhod problem associated with Yl H, + fo f (X )dZ 5, t € Rt If any two
weak solutions (X K ), (X X' K ) of the SDE (1.1), possibly defined on two different probability
spaces, are such that ﬁ(X K ) = L(X 'K ), we say that the weak uniqueness for the SDE (1.1)
holds.

In this section we prove general results on weak and strong approximations of X. We begin
with two technical lemma. In the first lemma, which is a simple consequence of Corollary A.7
(Appendix), the sequence {X"} need not consist of solutions of penalized equations, and the
process X need not be a solution of (1.1).

Lemma 4.1. Let {X"} be a sequence of (F}') adapted processes, and let {Z"} be a sequence of
(F")-adapted semimartingales satisfying (UT) such that Z; =0, n € N, {H"} be a sequence of
processes. If {X"} is S-tight and there exist processes X, H, and Z such that

(Xhoooo X HY 20— Xy, Xy, H, Z) in R™ x D(RT, R*)

foranym e Nand any t|,ta, ..., t,, from a dense subset Q of R™ and
limlimsup P (&(xn 71y (8, ) > &) =0, £>0,qgeRT, @.1)
310 p—oo

then for every continuous function g :R¢ — R? @ R?

(XZ,...,XZn,H”’Zn’/(;(g(X;’_),dzg))?<X,l,...,X,m,H,Z,/O(g(Xs_),dZS))
in R™ x DR, R3) foranym e Nand t1, 12, ..., ty € Q.

Proof. Clearly,

(e(X7). - &(X,). X5, . X H", Z2") 4.2)
— (8K 8(Xy) X Xy HZ) B DRVEM)

for any m € N and any t1,1,...,t, € Q. Because {X"} is S-tight, it follows that {g(X")} is

S-tight. Similarly, (4.1) implies that

lalln(}h’?lsup P (&g, 7zm (8, T) > ) =0, e > 0. 4.3)

Combining (4.2), (4.3) and putting Y" = g(X"),l =m, K' = Xj;,i =1, ..., m, in Corollary A.7
(Appendix) we complete the proof. (]

Lemma 4.2. Let {H"} be a sequence of (F|') adapted processes, Hy € D,n €N, and let {Z"}
be a sequence of (F[')-adapted semimartingales satisfying (UT), Z =0, n € N. Let {X"} be a
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sequence of solutions of the SDE (1.3). If f:R? — R? @ R? satisfies (1.2) and {H"} is tight in
D(Rt, RY), then {Y" = X" — H"} satisfies (UT).

Proof. First, we show that for every g € RT,

{sup IX v | } is bounded in probability. 4.4)

1=q

Let X" denote the solution of the equation with penalization term (3.2) with Y"=H" neN.
Because {H"} is tight in D(RT,RY), it follows by Corollary 3.3 that for every g € RY,
{sup, < q |5(\ 71} is bounded in probability. On the other hand, {Z"} satisfies (UT), and thus we may
and will assume that Z' = M}’ + V" and My = Vi =0, where {{M"],}, {IV"|,} are bounded
in probability and [AM"| < ¢ for some ¢ > 0. In this case, {(M")4} is bounded in probability as
well. Define 7! = inf{z; | X}| v [V"|, vV [M"], v (M"); > k} Ak, n, k € N. Itis clear that

lim limsup P(z} <g¢) =0, g eR*. 4.5)

k—+00 400
By (3.4) with p =1 and by (1.2) for every stopping time o”,
E sup |X]-— X" |2

n n
I<o" ATy

(o"AT)—
scafe [T e Paper, v

( k)_
e [T e Pay, )

(0" AT~

£ (x2) afoa),

(@" ATl —

cwnfiee [T sl Ky Pavi|+ ]+ o), |
0 u=<s

Therefore, for every stopping time ¢,
n,t'— ~n,t"'— 2
Esup |X, % =X, " |
t<o”
n

o — n ~ n__ n n n
< C(k, L){l + E/ sup | X, T — X P a(| v+ [ ] (e >)s}-
0

u—
u<s

Thus, by Gronwall’s lemma (see, e.g., [24], Lemma 3),

Esup |X! — X!'°

n
<7

< C(k, L)exp{3kC(k, L)},

and using (4.5) gives (4.4). Combining (4.4) with (1.2) shows that {sup, <, I (X7} is also

bounded in probability, ¢ € R*. Thus, the sequence of stochastic integrals { fo'( f(XY),dzZ})
satisfies (UT). Because of Corollary 3.3, the proof is complete. ]
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‘We can now formulate our main theorem.

Theorem 4.3. Let {H"} be a sequence of (F|') adapted processes, Hj € D,n €N, and let {Z"}
be a sequence of (F}') adapted semimartingales satisfying (UT), Z =0, n € N. Let {X"} be a
sequence of solutions of the SDE (1.3). If f:R? — R¢ ® R? is continuous, satisfies (1.2), and
(H",Z") ?(H, 7Z) in D(RT, R2d), then, for every continuous function g : RIS RIQRY,

() (X7, ... X2 H", Z", [o(g(X1_),dZ!)} is tight in R™ x D(RT, R3) and its every
limit point has the form

(X,],...,Xtm,H,Z,/O(g(XS_),dZS)>

for any m e N and any t, ..., t, € R" such that P(|AZ;|=0)=P(|AH;| =0)=1,i =
1,...,m,where X is weak solution of the SDE (1.1),
(i1) if (1.1) has a unique weak solution X, then

(X;;,...,XZ”,H”,Z",fO(g(x;’),dz;’)) ?<X,l,...,Xtm,H,Z,/OA(g(XS_),dZS))

in R" x DR, R3), for any m € N and any t1,...,t, € RT such that P(|AZ,| =0) =
P(AH,|=0)=1,i=1,....m,

(iii) if X has a unique weak solution, then X" —;> X.

Proof. (i) First, note that by Lemma 4.2, X" has the form
X'=H'+W!  teR", (4.6)

where {W"} is a sequence of semimartingales satisfying (UT). We set yé =0, y,i = min(y,f +
8, inf{r > y s |AH | > &'} and yy' =0, y{ | = min(y"" + &, inf{zr > y""; |[AH["| > §'}),
where {6'}, {{6;}} are families of positive constants such that §' | 0, §'/2 < §; < &' P(|AH| =
si,teRt)=0, P(AH yi+ol | =0) = 1. For every i € N, define a new sequence, { H"}, of pro-

cesses by putting H" = H”m Jte [y, yk+]) k € NU {0}, n € N. Then, using the continuous
mapping theorem, we have (H "nH '“) ?(H , H' ) inD(RT, R4 ), which implies that

lim limsup P(sup |H’” H!'|> s) =0, e>0,qgeRT. 4.7

i—>00 n—o00

If X™ denotes the solution of the equation

t

Xgi:Hl"f+/ (F(XP).,dzl)+ K,  teR" nieN,
0



1768 W. Laukajtys and L. Stomiriski

then, by (4.7) and Corollary 3.4, lim;_, o limsup,,_, o, P(suptSq |X,”i — X! >¢)=0,¢>0,
q € R*. Furthermore, it is well known that for continuous f : RY — RY®RY, one can construct
a sequence { £} of functions such that f’ € C2,i € Nand sup,x || f'(x) — f(x)|| —> O for any
compact subset K C R?. If we set

t

y,"fzﬂlu/ (fi(X").dz),  teR*.neN.
0
t
yi = th+/ (F(X7).dz),  reR*.neN,
0

then Tim; , oo limsup,, _, o, P(sup,, |Y;" = ¥'| =€) =0, ¢ > 0, g € RT. Because f' € C? and
(X"} satisfies (UT), {f1(X")} satisfies (UT) as well. By [25], Lemma 4.3, the sequences
(Y™} and {Y"} are tight in D(R*", R¢). Moreover, we can see that {(Y", H", Z")} is tight in
D(RT, R39). Because X" is a solution of the equation with a penalization term of the form (1.5),
it follows by Corollary 3.3, Proposition A.4 (Appendix), and Corollary 3.5(i) that

{X"} is S-tight (4.8)

and

gimlimsup P(d)z’xn,zn)(& q)>¢)=0, e>0,qgeR". 4.9)
10 n>oo

Assume that there exists a subsequence {n'} C {n} such that (Y”/, H", Z”/) ?(?, ﬁ, 2) in

D(R*, R3), where £(H, Z) = L(H, Z). Then, by Corollary 3.5(ii),

(X, X0 H", Z") ?(f(,}, o X H,Z)  inR x D(RT,R¥) (4.10)

forany m e Nand any 11, ..., t, € RT such that I”\(LA?M =0)=1,i=1,...,m, where X is a
solution of the Skorokhod problem associated with Y. Combining (4.8)—(4.10) with Lemma 4.1
yields

(oo 2 [ o). 028)) o (R R B2 [ leR.02,))
0 0

in R™ x D(R*, R3) for any m € N and any 11, ...,1, € Rt such that ﬁ(|A?,,.| =0)=1,
i =1,...,m. Thus, in particular, putting g = f, we obtain that Y=H + fo f(f(\s_)d’Z\S,
which implies that X is a weak solution of the SDE (1.1). Because {t; ﬁ(|Ai’\t| =0)=1}C
{t; P(IAH,| =0) =1 and P(|AZ,| = 0) = 1}, the proof of (i) is complete. (ii) Follows immedi-
ately from (i).

(iii) Because {X"} is S-tight, the desired result follows from the convergence of finite-
dimensional distributions of X" to these of X proven in part (ii) and from Corollary A.5 (Ap-
pendix). ]
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We now consider an array {{#, x}} of nonnegative numbers such that the nth row T,, = {t, «}
forms a partition of R™ such that 0 = Ino <ty1 <, liMgooty k = 400 and maxg (¢, x —
thk—1) — Oasn — +oo. For the array {{#, «}}, we define a sequence of summation rules
{p"}, p" :RT — R by p}' = max{t,, k: In.x <1}, and then for a fixed adapted process H and a
semimartingale Z, we define H P" — Hon o zZr =z on» that s,

H' =H,, Z/'=27,,  fort el tors1), ke NU{0},neN.

Let {X"} be a sequence of solutions to equations with penalization terms driven by {Z#"}, that
is,

n t _ n [ _
X"=H/ +/ f(Xxp_)azy —n/ (X§ —m(Xy))ds, teR" neN. (4.11)
0 0

The special form of Z?" implies that

Hy, t=0,
n(Xp )+ (X2, —T(X],))e ™m0, 1€ (ta ks tag+1), k € NU{O},

X'=1 on
(tn k1) — + (Hy, oy — Hi, )
K io0-) Zinser = Zuni), 1=ty p+1,k € NU{O}.

Corollary 4.4. Let {X"} be a sequence of solutions of (4.11). If f is continuous and satisfies
(1.2), then

i) {X"}is S-tight, and its every limit point X is a weak solution of the SDE (1.1),
(ii) if the SDE (1.1) has a unique weak solution, then X" —;> X.

Proof. It is easily seen that (H P 7Py > (H, Z) almost surely in D(R*, R?). On the other
hand, based on the theorem of Bichteler, Dellacherie and Mokobodzki, the sequence {Zp"} of
discrete semimartingales satisfies (UT). Therefore, the assumptions of Theorem 4.3 are satisfied.
Thus, (i) follows from (4.8), whereas (ii) follows from Theorem 4.3(iii). [l

We note that Corollary 4.4(i) implies the existence of a weak solution of the SDE (1.1).

In the sequel, we consider convergence in probability of solutions of equations with penaliza-
tion terms. We assume that the SDE (1.1) has the pathwise uniqueness property; t that is, for any
two solutions X, X’ of the SDE (1.1) corresponding to processes (H 2), (H', H',Z') and defined
on a probability space (Q f (f,) P) with filtration (]—",) the following implication holds:

P((H,Zy=(H.Z):;teR")=1 = P(X,=X;teR")=1

It is well known that the existence of weak solutions and the pathwise uniqueness property im-
plies the existence of a unique strong solution on arbitrary probability space (2, F, (F;), P) with
given adapted process H and the semimartingale Z (see, e.g., Yamada and Watanabe [31] and
Jacod and Mémin [7] for the case of general semimartingales). The classical example of equation
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with the pathwise uniqueness property and non-Lipschitz coefficient f was given by Yamada and
Watanabe [31] in the case of diffusion equations. Tudor [30] proved that this example works for
SDEs driven by general semimartingales. Using, for example, [25], Lemma C.3, we can give the
following version of his result:

Example 4.5. Assume that f is continuous, satisfies (1.2) and

lfe)—f|><p(x—yP), x.yeD,

where p:R* — R is strictly increasing and concave, p(0) =0 and [, = +400. Then the

SDE (1.1) has the pathwise uniqueness property.

du_
p(u)

Corollary 4.6. Moreover, under the assumptions of Theorem 4.3, if (H",Z") ?(H ,Z) in

D(R*, R%?) and the SDE (1.1) has the pathwise uniqueness property, then for any continuous
function g:RY — R4 @R,

®
(X;“],...,X;jn,Hn,zn’/'(g(xf;_),dzf;))?<X,,,...,Xtm,H,Z,f(g(xx_),dzs))
0 0

in R x DR*,R3), for any m € N and any ty,...,t, € RT such that P(|AZ,| =0) =
P(AH,|=0)=1,i=1,....m,

i) X" > X,

(ii) p

where X is a unique strong solution of the SDE (1.1).

Proof. In the proof, it suffices to use Theorem 4.3 and repeat arguments from the proof of The-
orem 1(ii) in [24]. Fix B € F, P(B) > 0 and define Qp = P(A|B) for every A € F. Obviously,
Op < P and (%) = %. Let {H"}, {Z"} be sequences of processes satisfying the assump-
tions of Corollary 4.6. Then {Z"} is a sequence of semimartingales on (2, F, Qp) satisfying
(UT) (see, e.g., [24], Lemma 4) and (H", Z") —>p(Q;)(H, Z) in D(R*, R2), Moreover, the
stochastic integral f f(X?_)dZ!, calculated with respect to P is, for Qp, almost all w € Q equal
to the integral calculated with respect to Qp and

t 13
X' =H" +/ f(xp_)dzy - n/ (X7 —11(X7))ds, teR", Qp-ae.,neN.
0 0
Consequently, by Theorem 4.3(ii), (X:’, e, X;’m, H", Z",Y") —poyn X, H,Z,Y),in R" x
D(RT, R3?), where Y" = [; g(X?_)dZ", Y = [, g(X,—)dZ,. Thus, for all bounded and contin-
uous mappings ®, & :R” x D(RT, R*) — R,

lim @(X;“],...,X;;,H",Z”,Y")dQB=f (Xyy,..., Xy, H,Z,Y)dQp,
Q

n——+00 Q
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or, equivalently,

lim CI>(X{’1,...,XZ”,H",Z”,Y”)dP:/CD(X,I,...,X[m,H,Z,Y)dP. 4.12)
B

n——+00 B

Because (4.12) holds for all B € 7, P(B) > 0 and all bounded continuous mappings & : R” x
DR, R3) — R, the proof of (i) is complete. Using (i), the claim (ii) follows readily. (I

Corollary 4.7. Assume that f is continuous and satisfies (1.2), and that (1.1) has the pathwise
uniqueness property. Let X be a strong solution of (1.1), and let {X™} be a sequence of solutions
of (4.11). Then

@) }_(? ? X, for everyt € RY such that P(AH; =0) = P(AZ; =0)=1,

(i) for any continuous g:R? — R? @ R4,

t t
/Og(X?_)de —/0 g§(Xs-)dZ,

sup
t<q,teTy,

— 0, qeR+,
P

(i) X" —7’;> X inD@R*,RY),
(iv) if, moreover, H, Z are processes with continuous trajectories, then
sup | X} — X;| — 0, g eRT.
t=<q P
Proof. We can see that (H "z p") — (H, Z) almost surely in D(R™, R24Y, and, given the theo-
rem of Bichteler, Dellacherie, and Mokobodzki, the sequence {Z p"} of discrete semimartingales

satisfies (UT). Therefore, by Corollary 4.6, the conclusions (i) and (iii) follow. Moreover, by
Corollary 4.6(i), for every continuous g,

(/ g(X"_)dz"", zp"> ?(/ g(X,-)dZ;, z), inR™ x D(RT, R¥).
0 0

Using this and arguing as in the proof of Theorem 3 in [24], the conclusion (ii) also follows.
To prove (iv), we first observe that by Corollary 4.6(i),

yr = H 4 /O PRy Az — /0 f(X,)dZ,=Y  inD(R*,RY),

where Y is a process with continuous trajectories. From this, and by Corollary 2.4(iii), the result
follows readily. U

Appendix: The topology S

The S topology on the space D(R*, RY) of R?-valued functions that are right-continuous and
have left-hand limits was introduced by Jakubowski [10]. It is weaker than the Skorokhod topol-
ogy Ji but stronger than the Meyer—Zheng topology considered in [22]. We collect here only
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basic definitions and properties of the S topology; more details can be found in Jakubowski
[9,10].

Proposition A.1. (i) K ¢ D(RT, RY) is relatively S-compact if and only if

sup sup |x;| < +o00, g eR* (A.1)
xeK t<q
and foralla <b,a,beR
sup N%l(x,q) < 400, g eRT, (A.2)
xekK

where N%" is the usual number of up-crossings given levels a < b, that is, N“"(x, q) > k if
one can find numbers 0 <t <ty < --- < tox—1 < ik < q such that x,, , < a and X, > b,
i=1,2,...,k.

(ii) x" converges to x in the S-topology if and only if {x"} satisfies (A.1), (A.2) and in every
subsequence {ny}, one can find a further subsequence {ny,} and a dense subset Q C R such
that x,nkl —x,1€Q.

Corollary A.2. If {x"} is relatively S-compact and there exists a dense subset QQ such that for
every t € Q, x! — x;, then {x"} converges to x.

Recall that the sequence of processes {X"} converges weakly to X in the S topology
(X" —;> X) if in every subsequence {X"*}, we can find a further subsequence {X"% } and stochas-

tic processes {¥;} defined on ([0, 1], Bjo,13, £), such that the laws of ¥; and X"% are the same,
I e N, for each w € [0, 1] ¥;(w) converges to Y (w) in the S topology, and for each ¢ > 0, there
exists an S-compact subset K, C D(R™T, R?) such that

P({wel0,1]: Yi(w) €K, 1=1,2,...}) > 1 —=¢.

Proposition A.3. The following two conditions are equivalent:

(1) {X"}is S-tight.
(i) {X"} is relatively compact with respect to the convergence “—;>

Proposition A.4. Let {X"} be a sequence of processes of the form X" = H" + Z", n € N, where
{H"} is tight in D(R™, RYY) and {Z"} is a sequence of semimartingales satisfying (UT). Then
{X"} is S-tight.

Corollary A.5. If {X"} is S-tight and there exists a dense subset Q C Rt such that for every
m € Nand every t,ta, ..., t, €Q

(Xho Xipo o0 X5,) — (X0, X, X ) in R

[ 2

then X" — X.
D
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Theorem A.6. Suppose {Z"} satisfies (UT) and is tight in D(RY, R?) and {Y"} is S-tight. If
there exists a dense subset Q C R such that foranym e N, any ty, ..., tn, tieQj=1,....,m,

(Y,’f,zg,...,Y;jn,zgn)?(y,l,z,l,...,Y,m,ztm) in R2md,

where both processes Y and Z have trajectories in D(RT, R?) and there are no oscillations of
Y" preceding oscillations of Z" i.e.

élim limsup P (@(yn zn)(8,¢q) > €) =0, £>0,geRt (A.3)

-0 n—>oo

then we have (o Y] dZ}, Z") ?(fo' Ys—dZy, Z) in D(RT, R4,

Corollary A.7. Suppose {Z"} satisfies (UT) and is tight in J| and {Y"} is S-tight. If there exist

sequences of random vectors {K1},...,{K]'} and a dense subset Q C RY such that for any
meN,anyty,....ty,t;€Q, j=1,...,m,
(Yi.....y, {’,...,Kl”,H",Z")?(Y,I,...,Y,,”,K],...,KI,H,Z)

in RO 5 DR, R?), where both processes Y and Z have trajectories in D(RY, R?) and
(A.3) holds true then

( ?,...,K}’,H",Z”,/(Y;’_,dzg’))?(Kl,...,Kl,H,Z,/ (YS_,dZS)>
0 0

in R4 x D(RT, R¥+1),
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