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Motivated by applications to goodness of fit testing, the empirical likelihood approach is generalized to
allow for the number of constraints to grow with the sample size and for the constraints to use estimated
criteria functions. The latter is needed to deal with nuisance parameters. The proposed empirical likelihood
based goodness of fit tests are asymptotically distribution free. For univariate observations, tests for a spec-
ified distribution, for a distribution of parametric form, and for a symmetric distribution are presented. For
bivariate observations, tests for independence are developed.
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1. Introduction

The empirical likelihood approach was introduced by Owen [13,16] to construct confidence in-
tervals in a nonparametric setting, see also Owen [15]. As a likelihood approach possessing
nonparametric properties, it does not require us to specify a distribution for the data and often
yields more efficient estimates of the parameters. It allows data to decide the shape of confi-
dence regions and is Bartlett correctable (DiCiccio, Hall and Romano [4]). The approach has
been developed to various situations, for example, to generalized linear models (Kolaczyk [9]),
local linear smoother (Chen and Qin [2]), partially linear models (Shi and Lau [21], Wang and
Jing [24]), parametric and semiparametric models in multiresponse regression (Chen and Van
Keilegom [3]), linear regression with censored data (Zhou and Li [25]), and plug-in estimates
of nuisance parameters in estimating equations in the context of survival analysis (Qin and Jing
[19], Wang and Jing [23], Li and Wang [10]). Algorithms, calibration and higher-order precision
of the approach can be found in Hall and La Scala [6], Emerson and Owen [5] and Liu and Chen
[11] among others. It is especially convenient to incorporate side information expressed through
equality constraints. Qin and Lawless [20] linked empirical likelihood with finitely many esti-
mating equations. These estimating equations serve as finitely many equality constraints.

In semiparametric settings, information on the model can often be expressed by means of in-
finitely many constraints which may also depend on parameters of the model. In goodness of fit
testing, the null hypothesis can typically be expressed by infinitely many such constraints. This
is the case when testing for a fixed distribution (see Example 1 below), when testing for a given
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parametric model (Example 2), when testing for symmetry about a fixed point (Example 3), and
when testing for independence (Example 4). Modeling conditional expectations can also be done
by means of infinitely many constraints. This has applications to heteroscedastic regression mod-
els (Section 3) and to conditional moment restriction models treated by Tripathi and Kitamura
[22] using a smoothed empirical likelihood approach.

Recently Hjort, McKeague and Van Keilegom [7] extended the scope of the empirical method.
In particular, they developed a general theory for constraints with nuisance parameters and con-
sidered the case with infinitely many constraints. Their results for infinitely many constraints,
however, do not allow for nuisance parameters. In this paper we will fill this gap and in the pro-
cess improve on their results. Let us now discuss some of our results in the following special case.

Let Zy, ..., Z, be independent copies of a random vector Z with distribution Q. Letuy, us, ...
be orthonormal elements of

L20(0) = {u € L>(0): /udQ =0}.

Then the random variables u1(Z), u(Z), ... have mean zero, variance one and are uncorrelated.
Now consider the empirical likelihood based on the first m of these functions,

n n

R :sup:l_[nnj: T e ?n,anuk(Zj)zo,kz 1,...,m},
j=1 j=1

where £, = {7 = (71,...,7,) " €[0,11": 7 + --- + 7, = 1} denotes the closed probability

simplex in dimension n. For fixed m, it follows from Owen’s work that —21log R, has asymptot-
ically a chi-square distribution with m degrees of freedom. In other words,

P(=2log R, > xi_,(m)) = «a, O<a<l, (1.1)

where Xf, (m) denotes the S-quantile of the chi-square distribution with m degrees of freedom.
Hjort et al. [7] have shown that (1.1) holds under some additional assumptions even if m tends
to infinity with n by proving the asymptotic normality result

(=2log R, —m)/~2m =— N(O,1). (1.2)
This result requires higher moment assumptions on the functions u1, u3, ... and restrictions on

the rate at which m can tend to infinity. For example, if the functions u1, u», ... are uniformly
bounded, then the rate m> = o(n) suffices for (1.2). They also state in their Theorem 4.1, that if
supy [ lux|? dQ is finite for some g > 2, then m3+%/(4=2) = o(n) suffices for (1.2). A gap in their
argument was fixed by Peng and Schick [18]. We shall show that larger m are allowed in some
cases. In particular, for g = 4, it suffices that m* = o(n) holds (instead of their m® = o(n)) and
if g = 3, then mS = o(n) is enough (instead of their mg =o(n)), see our Theorems 7.2 and 7.3
below.

Our rate m* = o(n) for ¢ = 4 matches the rate given in Theorem 2 of Chen, Peng and Qin [1].
These authors obtain asymptotic normality for m larger than in Hjort er al. [7] by imposing
additional structural assumptions. These assumptions, however, are typically not met in the ap-
plications we have in mind.
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One of the key points in our proof is a simple condition for the convex hull of some vectors
X1, ..., X, to have the origin as an interior point. Our condition is that the smallest eigenvalue
of Z?:l x,'xl.T exceeds 5| Z?:l X;j|max;<j<y |xj|. Here, |x| denotes the euclidean norm of a
vector x. This sufficient condition ties in nicely with the other requirements used to establish the
asymptotic behavior of the empirical likelihood and is typically implied by these. For example,
conditions (A1)-(A3) in Theorem 2.1 of Hjort et al. [7] already imply their (AO). Thus, the
conclusion of their theorem is valid under (A1)—(A3) only, see our Theorem 6.1.

Let us now look at the case when the functions u, u, ... are unknown. Then we can work
with the empirical likelihood

n n
ﬁnzsup{nnnj: FL4 E?H,anﬁk(zj)zo,kz1,...,m ,
j=1 j=1
where ii; is an estimator of u; such that

1 n
;Z(ﬁk(zj)—uk(z,))zzo,,(m—l). (1.3)
=1

1

NE

k

Now, we have the conclusion (—2log ﬁn —m)/+/2m => N (0, 1) under the condition

m n 2
Z(n—l/ZZ(ﬁk(Z,») - uk<zj>)> =o0,(1) (1.4)

k=1 j=1
and mild additional conditions such as

(i) |dx| + |ug| < B for some constant B and all k and m> = o(n), or
(i) Y p; [u{dQ =0(@m?) and m} = o(n).

Our results, however, go beyond this simple result. If (1.4) is replaced by

m n 2
Z(,,—l/zz(ak(zj) —up(Z)) + E[uk<Z>wT<Z)]vf<Zj>)> =op(H) (5

k=1 j=1

with i a measurable function into R? which is standardized under Q in the sense that
E[Y¥(Z)] =0 and E[Y(Z2)¢¥ " (Z)] = I,, the g x ¢ identity matrix, then the conclusion
(—2log ﬁn —(m —q))//2(m —q) = N(O, 1) holds under (i) or (ii).

Our paper is organized as follows. In Section 2, we give four examples that motivate our re-
search. The emphasis in these examples is on goodness of fit testing. The proposed empirical
likelihood based goodness of fit tests are asymptotically distribution free. For univariate obser-
vations, tests for a specified distribution, for a distribution of parametric form, and for a symmet-
ric distribution are presented. For bivariate observations, tests for independence are discussed.
Another example is given in Section 3 with a small simulation study. This example considers
tests for the regression parameters in simple linear heteroscedastic regression. The simulations
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compare our new procedure based on infinitely many constraints with the classical empirical
likelihood procedure and illustrate improvements by the new procedures. In Section 4, we intro-
duce notation and recall some results on the spectral norm of matrices. In Section 5, we derive
a lemma that extracts the essence from the proofs of Owen ([15], Chapter 11) and also obtains
the aforementioned sufficient condition for a convex hull of vectors to contain the origin as inte-
rior point. The results are derived for non-stochastic vectors and formulated as inequalities. The
inequalities are used in Section 6 to obtain the behavior of the empirical likelihood with random
vectors whose dimension may increase. The results are formulated abstractly and do not require
independence. In Section 7, we specialize our results to the case of independent observations
with infinitely many constraints, both known and unknown. We also briefly discuss the behavior
under contiguous alternatives. The details for our examples are given in Section 8.

2. Motivating examples
In this section, we give examples that motivated the research in this paper.

Example 1 (Testing for a fixed distribution). Let X1, ..., X, be independent copies of a random
variable X. Suppose we want to test whether their common distribution function F equals a
known continuous distribution function Fp. Under the null hypothesis, we have E[h(X)] = 0 for
every h € L o(Fp), and Fp(X) has a uniform distribution. An orthonormal basis of L, o(Fp) is
thus given by vq o Fp, vp 0 Fy, ... for any orthonormal basis vy, v2, ... of L o(U), where U is the
uniform distribution on (0, 1). We shall work with the trigonometric basis ¢1, ¢, ... defined by

G (x) = V2 cos(kmx), xel0,1,k=1,2,..., 2.1)

as these basis functions are uniformly bounded by /2. As test statistic, we take

n n
Ru(Fo) =sup] [ [nmj: m e 20, mjdn(Fo(X))) =0.k=1,....m
j=1 j=1

which uses the first m of the trigonometric functions. Under the null hypothesis, we have
P(—2log R, (Fp) > Xlz—a(m)) — « for every 0 < o < 1 as both m and n tend to infinity and
m3/n tends to zero. Thus, the test 1[—21log R, (Fp) > Xlz—oz (m)] has asymptotic size «. Here, we
are still in the framework of Hjort et al. [7] with infinitely many known constraints.

Example 2 (Testing for a parametric model). Let X1, ..., X, be again independent and iden-
tically distributed random variables. But now suppose we want to test whether their com-
mon distribution function F belongs to a model ¥ = {Fy: ¥ € ®} indexed by an open sub-
set ® of RY. Suppose that the distribution functions Fy have densities fy such that the map
¥ — sp = «/fp is continuously differentiable in L, with derivative ¢ — §y and the matrix
J(@) = 4f§,9 (x)$9 (x) T dx is invertible for each ¢ € ©. In this case we set £y = 28y /sy . Let
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now @ be an estimator of the parameter in the model. We require it to satisfy the stochastic
expansion

n
6=06+ %ZJ(G)’%;(X,)+0p9(n’1/2) (2.2)
j=1

for each 6 € ®, where Py is the measure for which F = Fy. Such estimators are efficient in
the parametric model. Candidates are maximum likelihood estimators. As test statistic we take
Rn(Fy), the test statistic from the previous example with Fy replaced by Fj. Here, we are no
longer in the framework of Hjort et al. [7] as we now have infinitely many unknown constraints.
We shall show that under the null hypothesis P(—2log R, (Fj) > xlz_a (m — q)) — « for every
0 <a < 1 as both m and n tend to infinity and lognm?/n tends to zero. In view of this result,
the test 1[—21og R (Fy) > Xlz—a (m — g)] has asymptotic size «. It is crucial for our result that

we have chosen an estimator 6 satisfying (2.2).

Example 3 (Testing for symmetry). Let X, ..., X, be independent copies of a random variable
X with a continuous distribution function F. We want to test whether F is symmetric about
zero in the sense that F'(t) =1 — F(—t) for all real . Under the null hypothesis of symmetry,
the random variables sign(X) and | X| are independent, and sign(X) takes values —1 and 1 with
probability one half. This is equivalent to E[sign(X)v(]X|)] =0 for every v € L,(H), where H
is the distribution function of | X|. Since H is continuous, an orthonormal system of Lo (H) is
given by ¢g o H, ¢1 o H, ... where ¢g = 1 and ¢y, ¢, ... are given in (2.1). This suggests the
test statistic

n n
R =sup{nnnj: e {P,,,erj sign(Xj)¢r(Rj)=0,k=0,...,m¢,
j=1 j=1

where R; = H(|X;|) and H is the empirical distribution function based on |Xi|,..., [X}].
We shall show that under symmetry one has P(—2log R, > X12_ o(m + 1)) — o for every
0 <a <1 as m and n tend to infinity and m3 /n tends to zero. From this, we derive that the
test 1[—2log R, > X]z,a (m + 1)] has asymptotic size o.

Example 4 (Testing for independence). Let (X1,Y1),...,(X,,Y,) be independent copies
of a bivariate random vector (X, Y). We assume that the marginal distribution functions F
and G are continuous. We want to test whether X and Y are independent. Independence is
equivalent to E[a(X)b(Y)] =0 for all a € L2 o(F) and b € L ¢(G) and thus equivalent to
El¢r(F(X))¢1(G(Y))] = 0 for all positive integers k and /.

(a) Assume first that F and G are known. This is for example the case in an actuarial setting
where X and Y denote residual lifetimes and their distribution functions are available from life
tables. Motivated by the above, we take as test statistics

Rn(F,G) :sup{l_[nn'j: TePn. Y migk(F(X))p(G(Y))=0.kI=1,...r¢.
j=I j=1
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Under the null hypothesis, one has P(—2log R,(F,G) > Xlzfo( (r?)) — « for every 0 <a <1
as r and n tend to infinity and ro /n tends to zero. Here, we are in the framework of Hjort,
McKeague and Van Keilegom [7]. The above shows that the test 1[—21og R, (F, G) > Xlz, o (r2)]
has asymptotic size «.

(b) Now assume that F and G are unknown. In this case, we replace both marginal distribution
functions by their empirical distribution functions. The resulting test statistic is R, (F, G), where
F denotes the empirical distribution based on X1, ..., X, and G the one based on Yy,...,Y,.
We shall show that under the null hypothesis P(—2log R, (F,G) > X12—oz (r?)) > « for every
0 <a < 1asr and n tend to infinity and r®/n tends to zero. Thus the test 1[—2log R, (F, G) >
X12_ o (rH)] has asymptotic size «.

Remark 2.1. Suppose that (X, Y) form a simple linear homoscedastic regression model, ¥ =
B1 + B2 X + ¢, with X and ¢ independent. We can use the test statistic from case (b) to test the
hypothesis whether the slope parameter B, is zero. Indeed, B> = 0 is equivalent to the indepen-
dence of X and Y.

Remark 2.2. The asymptotic distributions of the above tests under contiguous alternatives are
linked to non-central chi-square distributions; see Remark 7.3 for details. As the non-centrality
parameters are bounded, the local asymptotic power along such a contiguous alternative coin-
cides with the level. Our tests are asymptotically equivalent to Neyman’s smooth tests [12] with
increasing dimensions. In view of the optimality results of Inglot and Ledwina [8], for those tests
under moderate deviations, we expect similar results for our tests. Of course, this needs to be
explored more carefully.

3. Another example and simulations

Let (X1, Y1),...,(Xn, Y,) be independent copies of (X, Y), where ¥ = ;1 + B2 X + ¢, with
E[e|X]1=0, 0%(X) = E[¢?|X] bounded and bounded away from zero, and E[¢*] < co. Assume
that X has a finite variance and a continuous distribution function G. We are interested in testing
whether the regression parameter 8 = (81, f2) | equals some specific value 8. We could pro-
ceed as in Owen [14] and use the test §o = 1[—21log R,,0(6) > Xlz, «(2)] based on the empirical
likelihood

n n
1
R0 (0) =sup{l_[n7'rj: TEP,, an (X> (Y; — 61 — 02X ) :0}.
j=1 /

j=1

But this empirical likelihood does not use all the information of the model. Here we have
Ela(X)e] =0 for every a € L>(G). Since G is continuous (but unknown), we work with the
empirical likelihood

n n
Rn1(0) = sup{ [[nmj: meP0d mju (GX )Y — 61 — X)) = 0},
j=1 j=l
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Table 1. Simulated powers of the tests 5y and &

1(3) Ex(5)
B B O 2 3 4 5 0 2 3 4 5

N(0,1) 06 23 071 08 08 085 084 038 037 039 040 041
08 15 068 08 084 083 08 095 09 099 099 099
10 20 013 009 010 012 013 012 0.07 009 012 0.14
12 22 037 042 043 043 044 051 054 052 050 052
14 17 071 088 087 08 08 037 034 037 040 044

L0,05 06 23 08 098 099 098 098 061 064 068 071 0.74
08 15 084 09 098 098 098 093 1.00 1.00 1.00 1.00
10 20 014 010 014 017 021 013 010 0.11 0.14 0.17
12 22 057 070 070 070 074 068 0.84 084 082 0.83
14 1.7 08 09 099 099 099 062 067 072 073 0.76

where u, = (1, ¢1, ..., ¢r)T and G is the empirical distribution function based on the co-
variate observations Xy, ..., X,. It follows from Corollary 7.6 and Lemma 8.1 below that
P(—2log R ) > X127a(1 +r)) > aif r* = o(n). The resulting testis §; = 1[—21log Rl ) >
Xlz—oz (r 4+ 1)]. Both tests have asymptotic size .

We performed a small simulation study to compare the procedures. For our simulation, we
chose @ = 0.05 and n = 100 and took 8 = (1, 2) . We modeled the error ¢ as s(X)n, with s(X) =
min(+/1 + X2, 100) and 7 independent of X. As distributions for X, we chose the exponential
distribution with mean 5 (Ex(5)) and the ¢-distribution with three degrees of freedom (#(3)), while
for n we chose the standard normal distribution (N (0, 1)) and the double exponential distribution
with location 0 and scale 0.5 (L(0, 0.5)).

Table 1 reports simulated powers of the tests §g and §; (with several choices of ) and for some
values of 6. The reported values are based on 1000 repetitions. The column labeled 0 corresponds
to Owen’s test §p, while the columns labeled 2, 3, 4, 5 correspond to our tests §; with r =
2,3,4,5, respectively. Clearly our new test is more powerful than the traditional test. The values
in the rows corresponding to the parameter values (1.0, 2.0) are the observed significance levels
of the nominal significance level 0.05. Our new test overall has closer observed significance
levels than the traditional one except for r = 5.

4. Notation

In this section, we introduce some of the notation we use throughout. We write |A| for the eu-
clidean norm and |A|, for the operator (or spectral) norm of a matrix A which are defined by

1/2

|A* =trace(ATA) =) A7, and |Al,= sup |Au|= sup (u' AT Au)
. lul=1 lul=1
l’.]
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In other words, the squared euclidean norm |A|?> equals the sum of the eigenvalues of AT A,
while the squared operator norm |A|5 equals the largest eigenvalue of AT A. Consequently, the
inequality |A|, < |A| holds. Thus, we have

|Ax| < |Alolx| < |Allx|
for compatible vectors x. We should also point out the identity

|Al, = sup sup u' Av.
lul=1|v|=1

If A is a nonnegative definite symmetric matrix, this simplifies to

|Al, = sup u' Au.

lul=1

Using this and the Cauchy—Schwarz inequality, we obtain

'/ngdM /fde/L /ggTdu

‘/fdeM Usflflzdu, 4.2)

, “.1)

2
=<
o 0

o

whenever p is a measure and f and g are measurable functions into R® and R’ such that
f | £1?du and f |g|*>dp are finite. As a special case, we derive the inequality

1/2 1/2
Sety = Selo < 1Sylo +21Sc1s/*1Sy 1o

and therefore

172
1 n '\ 1 n
|Suty = Selo < ;Z|yl-|2+2|sx|o/ ;ZW (4.3)
j=1 j=1
with
l n 1 n 1 n
Sety =3 2 i HIDG DT Se=2 ) i Sy=a ) viy]
j=1 j=1 j=1
for vectors x1, y1, ..., Xu, yn of the same dimension.

5. A maximization problem

Let x1, ..., x, be m-dimensional vectors. Set x, = maxi<;<, X}/,

1 o e 7
X=- Xi, S=— Xix;, x™ = su
I’l; J n;/j p

n

%Z(“TX./)V

j=1

, v=3,4,

lul=1
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and let A and A denote the smallest and largest eigenvalue of the matrix S,

A= inf u'Su and A= sup u' Su.
|ul=1 lul=1

Using Lagrange multipliers, Owen [15,16] obtained the identity

n n n
R =sup l_[nnj:rre?n,anxj:O =1_[
j=1 j=1 j=1

1
1+§ij'

if there exists a ¢ in R™ such that 1 +§ij >0,j=1,...,n,and

n

Yo (5.1)
1+§ij-

j=1

He also showed that such a vector ¢ exists and is unique if (i) the origin is an interior point of the
convex hull of x1, ..., x, and (ii) the matrix S is invertible. Let us now show that the inequality
A > 5x,|x| implies these two conditions. Indeed, the matrix S is then positive definite and hence
invertible as its smallest eigenvalue X is positive. To show (i), we will rely on the following
lemma.

Lemma 5.1. A random variable Y with E[Y] =0 and P(|Y| < K) = 1 for some positive K
obeys the inequality

E[Y?]-2Ka

P(Y >a)>
>0z

0<a<K.

Proof. Fix a in [0, K). By the properties of Y, we obtain 2K2P(Y >a)>2KE[Y1[Y > a]] >
2KE[Y1[Y > 0]] —2Ka and 2K E[Y1[Y > 0]] = KE[|Y|] > E[Y?]. O

The origin is an interior point of the convex hull of x1, ..., x, if for every unit vector u € R™
there is at least one j € {1, ..., n} such that uij > 0. This latter condition is equivalent to

n

N=inf Y 1u'x;>0]>1.

For a unit vector u, we have —u ' x < |x| and thus
n n
Zl[ﬂxj >0] > Zl[uT(xj —%) > %] = Nw).
j=1 j=1
It follows from the triangle inequality that |x; — X| < |x;| + [X| < 2x4 for j =1,...,n. Note

that x, is positive if S is positive definite. Thus, Lemma 5.1 yields the lower bound N (u)/n >
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(0% (u) — 4x4|x])/(8x2) with

1 n
o2(u) = - ST =) =ulSu— (%)’ = A~ |7 = A — xili].

j=1

Thus, we have N > n(A — 5|i|x*)/(8xf). This shows that the inequality A > 5|x|x, implies
N > 1 and hence the desired condition (i).

Assume now that the inequality A > 5x.|x| holds. We proceed as on page 220 of Owen [15].
Let u be a unit vector such that ¢ = |¢|u. Then we have the identity

I X+ T =Ty I & (u'x))?
0=->" =u x—|§|;Z—

n = 1+¢Tx; 1+¢Tx;

j=1
and the inequality
n

1 I (T x)2(1 + [ ]x4)
T _ T, . J
A<u Su_—n E (u x]) < p E 1 {Tx]- .

j=1 j=1

Consequently, we find A|¢| < (1 + |¢|xs)u % < (1 4 |¢|x4)|X| and obtain the bound

x|
<—- 5.2
€= e (5.2)
From this, one immediately derives
Ty < —e (53)
X < -, .
3 T A—|xlxe 4
1 1 4
max < < =, 64
l<jsn 14+¢Tx; = 1—|¢lxe 3
¢ T. \2 T 2 A|’E|2
- ¢ xj) =¢ SC=AlfI S ————- (5.5
n;( /) (= |¥]x)?
The identity 1/(1 +d) — 1 +d =d?> —d?/(1 +d) and (5.4) yield
1 & r - 1 & T o2l 41 T3
;Z(m—rﬂrrm C) =< ;Z’j(ﬁ X)) +§;Z|rj||§ X
j=1 j=l1 j=l1
for vectors rq, ..., r, of the same dimension. Taking r; = S_lxj, we derive with the help of (5.1)

+§;Z|S xpl[e ]
j=1

[N =

1 & 2
- > 8¢ Txy)
=1
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Using |x| = supy,—; v'x, the Cauchy—-Schwarz inequality, (5.3) and (5.5) we bound the square
of the first summand of the right-hand side by

—Z{ x] suvaS v< — |§|4x(4)

=1 lv]=1
and the square of the second summand by
4@
%2 x2cTs X_: ¢"x;)) s%zm
Combining the above, we obtain
! 4 @)
lc—8~ x| <2 Tt oz %2 l¢|%x (5.6)

Using the inequality [2log(1 + 1) — 2r 4+ 12 — 263 /3| < |t|*/(2(1 — |¢])*) valid for |¢| < 1, and

then (5.4) we derive
1A\ & 1 4
+§<§) Zl|€ x|
j:

With A=¢—S"'x,wecanwrite 7 'S¢ =¢ "x+¢"SAand ¢ "x =x 'S~ 'x+ A Tx, and obtain
the identity 2¢ 'x — ¢ T S¢ = xS~ 'x — AT SA. Using this and (5.6), we arrive at the bound

16 2A 2A%
<n|§|3 (3)+ <9 +T+—9A2)|C|4X(4).

2 n
=3 Z(;“ij)3

j=1

2> log(1+¢ "xj) —2ns Tx +ng T S¢
j=1

2210g1+§ xj)—nxTS X
j=1

In view of (5.2) and A > A, this becomes

L n|)€|3x(3) A2 4n|x)*x®
2y log( 1+¢"x))—nx"s 5| < —— 4+ — —— — (5.7)
]Z, (144 7x) =G E e TR G (e
If we bound x® by x, A and x® by fo and use (5.3), we obtain the bound
n 3 <13
Tl - A nxy|Xx|
2) log(1 T»—TS1<A—7. 5.8
2 tosl146%) —ni ST = (M4 57 )G Sy 9

Thus, we have proved the following result.

Lemma 5.2. The inequality A > 5|x|x, implies that there is a unique ¢ in R™ satisfying 1 +
CTXj >0,j=1,...,n,and (5.1) to (5.8).
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6. Applications with random vectors

We shall now discuss implications of Lemma 5.2 to the case when the vectors x; are replaced
by random vectors. We are interested in the case when the dimension of the random vectors
increases with 7.

Let 7,1, ..., T, be m,-dimensional random vectors. With these random vectors we associate
the empirical likelihood

JR,,_sup{l_[nn] T eJn,ZnJ nj _0}

j=1
To study the asymptotic behavior of RR,, we introduce

n

nZu Tnj

Jj=1

I
T, = max |Ty;l, T, = —ZTnj, Tn(") = sup

n 5 1)23,4
1<j<n n A lul=1

and the matrix
1
T
= Z T T,y
J:

and let A, and A, denote the smallest and largest eigenvalues of S,,,

An= inf u' S,u and A, = sup u' Spu.
|ul=1 lul=1

We say a sequence W, of m, x m, dispersion matrices is regular if the following condition
holds,

0 <inf inf u' W,u <sup sup u' W,u < oco.
n |ul=1 n o |ul=1

We impose the following conditions.

(A1) my/*T* =0,(n'/?).

(A2) n|T,|* =0, (my).

(A3) There is a regular sequence of dispersion matrices W, such that |S, — W,|, =
0p(my %)

(A4) m, T, =0,(n'/?) and my* T =0, (n).

The first two conditions imply Tn*|T,,| = 0p(1), the third condition implies that there are pos-
itive numbers a < b such that P(a < A, < A, <b) — 1. Thus, all three conditions imply that
the probability of the event {A, > STn*lf‘,1|} tends to one. Consequently, by Lemma 5.2, there
exists an m,-dimensional random vector £, which is uniquely determined on this event by the
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properties 1 + g:,;rTnj >0,j=1,...,n,and

- Z 0. (6.1)

l+§n nj

On this event, we have —2log R, = 22’1;1 log(1 + ;A’,;rTnj). It follows from (A3) that S, is
invertible except on an event whose probability tends to zero. It follows from (A2) and (A4) that

nTPT® =o0,(my?) and n|T,*T® =0, (m,?).
Thus, under (A1)-(A4), the following expansion follows from (5.7)
—2log Ry = nT, Sy Ty + 0, (my'?). (6.2)

From (A3), we can also derive the rate |Sn_1 - Wn_llo = op(m;l/z). Thus, if (A1)-(A4) hold,
then (6.2) holds with S, replaced by W,,,

—2log Ry =nT,] W' T, + 0, (my?). (6.3)

In view of the inequalities Tn(3) <A,T; and Tn(4) <A, (Tn*)z, a sufficient condition for (A1) and
(A4) is given by
ma T, =o0,(n'/?). (B1)

In view of the bound (T,,(3))2 <A, Tn(4), which is a consequence of the Cauchy—Schwarz inequal-
ity, a sufficient condition for (A4) is given by

m2T® =o0,n). (B2)

We first treat the case when the dimension m,, does not increase with n. In this case, (B1) and
(A2) are implied by T} = 0,(n!/?) and T,, = O, (n~'/?), and (A3) is implied by the condition:
Sy = W + 0, (1) for some positive definite matrix W. Thus, we have the following result.

Theorem 6.1. Let m,, = m for all n. Suppose
T =o0,(n'?),  n'’T,= N©,V) and S,=W +o0,(1)

for dispersion matrices V and W, with W positive definite. Then —21og R, converges in distri-
bution to Z' VI2W=1v V27 \where the m-dimensional random vector Z is standard normal.
For V.= W, the limiting distribution is a chi-square distribution with m degrees of freedom.

If we replace n'/2T,, = N(0, V) by n'/?>T,, = U for some random variable U, then the
conclusion becomes —21log R,, converges in distribution to U T WU This version of the theo-
rem yields Theorem 2.1 of Hjort er al. [7] without their (A0).
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Theorem 6.1 does not require the independence of the random vectors 7, 1, ..., T . This is
important when dealing with estimated constraint functions as we shall see below.

Suppose the condition in the theorem hold with V = W. Under a contiguous alternative, one
typically has n'2T, = N(u, V) for some p different from zero, but retains the other condi-
tions. In this case, —21log R, has a limiting chi-square distribution with m degrees of freedom
and non-centrality parameter V=12,

Let us address some applications of Theorem 6.1. For this discussion, we let Zy, ..., Z, be
independent copies of a k-dimensional random vector Z with distribution Q and let w be a mea-
surable function from R¥ into R” such that Elw(Z)] = f wdQ =0and W = E[w(Z)w' (Z2)] =
f ww ' dQ is positive definite. Let us first look at the empirical likelihood

n

n
Rl =sup{1_[n7'rj: b4 efn,zﬂjw(zj) =0}-

Jj=1 j=1

It follows from Owen that —2log R, has a limiting chi-square distribution with m degrees
of freedom. This also follows from Theorem 6.1 applied with T;;; = w(Z;). Indeed, the first
condition follows from the inequality

1
P(I?f§n|w(zj)| >en'l?) < SE[w@[1[[w@)] > en'/?]] (6.4)

and the Lebesgue dominated convergence theorem; the central limit theorem yields the second
condition with V = W; the third condition

1 n
;Zw(zj)wT(zj)zijo,,(l) 6.5)
j=1

follows from the weak law of large numbers. This shows that Owen’s result is a special case of
our result.
Now consider the empirical likelihood

n n
Rl = sup l_[nnj: T E Py, Jlef)(Zj)=0}»
j=1 j=1

where  is an estimator of w based on the observations Z1, ..., Z, which is consistent in the
following sense,
)
;Zyw(zj)—w(zm =0,(1). (6.6)
j=1

Then —21log R, has a limiting chi-square distribution with m degrees of freedom if also

n'2Y Bz =n"12Y w(Z)) +op(l) 6.7)

j=1 j=1
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holds. To see this, we verify the assumptions of Theorem 6.1 with T,,; = W(Z). The first condi-
tion follows from (6.4), (6.6) and the inequality

n

1/2
TF < lrgffn|w(zj)| + (Zm(zj) — w(zj)|2> )

j=1

The central limit theorem, Slutsky’s theorem and (6.7) yield the second condition with V = W.
The third condition follows from (6.5), (6.6) and the inequality (4.3).
The requirement (6.7) is rather strong. One often only derives

n2y iz =0 T u(Z)) +op() (6.8)

J=1 j=1

for some function v satisfying E[v(Z)] = 0 and E[|v(Z)|*] < oo. Under (6.6) and (6.8),
—2log R has limiting distribution as given in Theorem 6.1 with V the dispersion matrix of
v(Z). This follows from Theorem 6.1 whose assumptions are now verified as above.

In situations when w(Z) = u(Z, n) for some g-dimensional nuisance parameter n and w(Z) =
u(Z, n) for some estimator 7 of n, one typically has v(Z) = w(Z) + Dy (Z), where the m x g
matrix D is the derivative of the map ¢ +— E[u(Z,n+1t)] att =0, and ¢ is the influence function
of 7.

We now address the case when m,, increases with the sample size.

Theorem 6.2. Let (A1)-(A4) hold. Suppose that my,, increases with n to infinity and that there
are m, x my, dispersion matrices V, such that mn/trace(Vnz) =0(1) and

(nT,! W, 'T,, — trace(Vy,))/,/2 trace(V2) = N (0, 1). (6.9)
Then we have

(—210g Ry — trace(V”))/ 2trace(Vn2) = N(0,1). (6.10)

Proof. We have already seen that (A1)—(A4) imply (6.3). It follows from (6.3) and m,, / trace(Vnz)
= O(1) that the difference of the left-hand sides of (6.9) and (6.10) converge to zero in probabil-
ity. Thus, the desired (6.10) follows from (6.9) and Slutsky’s theorem. O

Of special interest is the case when V,, is the m,, x m,, identity matrix I, . Then trace(V,) =

trace(Vnz) = m,, and (6.10) simplifies to (1.2). Sufficient conditions for (6.9) are given by Peng
and Schick [18].

7. Main results

In this section, we assume that (Z, §) is a measurable space, that Zy, ..., Z,, are independent
copies of the Z-valued random variable Z with distribution Q, and that m, is a positive integer
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that tends to infinity with n. We let w,, denote a measurable function from Z to R” such that
fw,dQ =0and [ |w,|*dQ is finite.
We first study

n n
R, = sup Hnnj: TE P, anwn(Zj) =O}.
j=1 j=1

Our goal is to show (1.2). To this end, we set

_ 1 & _ 1 . .

U)nzgzwn(zj)’ Wn:;ZU)n(Z])wn (Zj), Wn:/wnwn dQ
Jj=1 j=1

and introduce the following condition.

(C1) The sequence W, is regular.

Motivated by the results in Peng and Schick [18], we call a sequence v, of measurable func-
tions from Z to R Lindeberg if

/|vn|21[|vn|>eﬁ]dQ—>o, €>0. (7.1)

The following are easy to check. If the sequences u, and v, are Lindeberg, so are the sequences
max{|uy|, |[v,|} and u, + v,. If the sequence v,, is Lindeberg and |u,| < |v,|, then the sequence
u, is also Lindeberg. We also need the following properties.

(L1) If v, is Lindeberg, then one has the rate max <<, [v,(Z;)| = op(n]/z).
(L2) If [ |v,|"dQ = o(n"/>~1) for some r > 2, then v, is Lindeberg.

The first statement follows from an inequality similar to (6.4), the second from Remark 1 in Peng
and Schick [18].

To show (1.2), we apply Theorem 6.2 with T;;; = w,(Z}). In the presence of (C1), the condi-
tions (6.9) and (A1)—(A4) of this theorem are implied by

(n,] Wy iy — my)//2m, = N(O, 1), (DO)
max my/*|wa(Z))] = op(n'’?). (1)

I<j=n
nlw, > = 0p(my), (D2)
Wy = Walo = op(mn "), (D3)
su m_,% ; Twn(ZH|* = D4
p =t ulwn(Zp]" = op(n). (D4)

|lul=1

j=1

By part (c) of Corollary 3 in Peng and Schick [18], (DO) follows if the function |W, /*w,]| is
Lindeberg. In the presence of (C1), the latter condition is equivalent to |w,| being Lindeberg.
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By (L1), a sufficient condition for (D1) is that m,]l/ 2|w,,| is Lindeberg. It follows from (C1) that
trace(W,,) < Bm,, for some constant B. Thus (C1) implies E[n|u")n|2] = trace(W,) = O(m,,) and
hence (D2). In view of (C1), a sufficient condition for (D3) is that m,|w,| is Lindeberg. To see
this, fix € > 0 and let W,,,l and Wn,z be the matrices obtained by replacing in the definition of W,
the function w, by v, = w,1[|m,w,| < ex/n] and w, — v, = w,1[|m,w,| > €/n], respectively.
Then we find

_ _ 2 2 B
nE[|War — EWW 11" < E[lnal*(2)] = S5 E[JwnP(2)] =« 522,
mi‘l mn

PWo2#0) < P(max mywn(Z))| > evn) >0
=j=n
and using (4.2)
|EMW, 21, < E[lwaP(D1[|mawn(2)] > e/n]] = o(m;,?).

The above inequalities show that (C1) and m,,|w,| is Lindeberg imply statement (D3). The latter
condition also implies (B1) and hence (D1) and (D4), the latter in the presence of (C1). Thus, we
have the following result.

Theorem 7.1. Suppose (C1) holds and the sequence my|w,| is Lindeberg. Then (1.2) holds as
my, tends to infinity with n.

From this, simple calculations and the property (L2) we immediately derive the following
corollaries.

Corollary 7.1. Suppose (C1) holds and |w, | < /my B for some constant B. Then (1.2) holds if
3
m;, =o(n).

Corollary 7.2. Suppose (C1) holds and f |lw,|"dQ = O(mf,ﬂ)for some r > 2. Then (1.2) holds

ifm;zr/(r_z) =o(n).

These two corollaries give the conclusions in Theorem 4.1 in Hjort ef al. [7] under slightly
weaker conditions in the case of Corollary 7.2. We now present some additional results that al-
low for larger m,, if r is small. For example, if » = 4, Corollary 7.2 requires mg = o(n), while
Theorem 7.2 below allows mi =o(n). For r = 3, Corollary 7.2 requires mg = 0o(n), while The-
orem 7.3 below allows mg =o(n).

Theorem 7.2. Suppose (C1) holds and [ |w,|*dQ = O(m2). Then (1.2) holds if ms = o(n).

Proof. Using (L.2) and mﬁ = o(n) we derive that m,l,/ 2|wn| is Lindeberg. This latter condition
and (C1) imply (D1)—(D2) as shown prior to Theorem 7.1. Next we calculate n E[|W,, — W, 1’1 <
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E[|lw,|*(Z)] = O(m?2). This yields (D3) in view of |W,, — Wy, < |W,, — W,| = O, (m,//n)
and mﬁ = o(n). Finally, we have (D4) as the left-hand side of (D4) is bounded by

2 n
LY fw@p =0, (mh) = op(m).
j=1

Thus, (D0)—(D4) hold and we obtain the desired result from Theorem 6.2. Il

Theorem 7.3. Suppose (C1) holds and [ |w,|” dQ = O(m)/*) for some 2 < r < 4. Then (1.2)
. 2r/(r—2)
holds if my =o(n).

Proof. There is a constant B such that f |lw,|"dQ < Bmz/ 2. In view of (L2) and the properties of

m,, we derive that m,l,/ 2|w,,| is Lindeberg. This condition and (C1) imply (D0)—(D2). It follows
from (D1), the moment condition on w,, and the properties of m,, that

m2 < 4 m? < 4
7"]2:;|w(Zj)| S7";|w(2j)|rlr£/a§n|wn(zj)| g

2 _ _
=0p(mﬁmf,/ (n/my)* r)/z):op(m:Ln(4 r)/z):op(n).

This establishes (D4). Finally, (D3) follows as we have |W,, — W, |, = 0p (m;l). To prove the
latter, we mimic the argument prior to Theorem 7.1 used to verify (D3) if m,|w,| is Lindeberg.
But now |wn|1[m,ll/ 2|wn| < /n] plays the role of v,. For the corresponding matrices W, and
W2, we have

2 4-r)/2 .
2 T = 2 m n 2 Bm
mnEHWn] — E[Wn1]| ] =< 7n<m_n) Bm,/” < nr/Z:ll -0,
P Wiy #0) < P(lgll?liﬁnmrlz/2|wn(zj')| > n]/z) — 0,

2
B, < [ g o B
ma| E[Wn 2], < (=22 Q= -1

Consequently, (D0)—(D4) hold and the desired result follows. [l
Now, we study
R n 1
— L. P _ ™ ) —
Ry = sup{jlj[lnn]. T e Py, o ]Z_Enjwn(zj) = 0},
where w,, is an estimator of w,,. Let us set

N LA )
anzzwn(zj)w,f(zj).
j=l
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Theorem 7.4. Suppose (C1) holds and assume we have the expansions

i 1??;’@*1(21'” =0,(n'?), (7.2)
(Wi — Walo = 0, (my, %), (7.3)
1 & in
;an(zj) = ;Zvn(z/) +o0,(n71?) (7.4)
j=1 j=I

for some measurable function v, from S into R™" such that [ v, dQ =0 and |v,| is Lindeberg.
Furthermore, assume that the dispersion matrix

U, =W,;]/2fv,,v,deW,j‘/2

of W{l/zvn(Z) satisfies Uy, = O(1) and m,,/trace(U,%) is bounded. Then, as m, tends to
infinity with n, (—2log Ry — trace(Uy))/+/2 trace(U?) is asymptotically standard normal.

Proof. Set &,; = W,,_l/zvn(Zj), and introduce the averages v, = %Z?:l v(Z;) and T, =
LS ,(Z;). 1t follows from (C1) that [W,’?|, + W, "/?|, = O(1). Using this and the Lin-

deberg property of |v,|, we derive
Ly(€) = E[l&n1P1[l5n1] > ev/n]] =0, €>0. (7.5)

We have trace(Un)/trace(U,g) < |Un|0m,1/trace(U,12) = O(1). From mn/trace(U,%) =0(1) we
conclude trace(U,%) — 00. Thus, Theorem 2 in Peng and Schick [18] yields that (nv, W, 15, —
trace(Uy))/+/2 trace(U?) is asymptotically standard normal. From this, (C1), trace(U,) = O(m,,)
and trace(U,%) < |Un|%mn we conclude n|9,|> = Op(my,). With the help of (7.4) and the as-
sumption mn/trace(U,%) = 0O(1), we then derive n|T,|*> = Op(my) and that (nT_},Wn’]T_‘n —
trace(Uy))/+/2 trace(U?) is asymptotically standard normal. Thus in view of (B1), conditions
(A1)—(A4) hold with T,,; = wy(Z i), and the desired result follows from Theorem 6.2. O

Let us first mention the special case when v, = w,. In this case, U, equals I,,, and trace(U,) =
trace(U,f) =my.

Corollary 7.3. Suppose (C1), (7.2) and (7.3) hold, |wy| is Lindeberg, and the following expan-
sion is valid,

l ~ ) _l - ) —-1/2
n;wn(zj)_n;wn(z]”op(n ). (7.6)

Then (—21log JAQ" — my) [/ 2my, is asymptotically standard normal.

Next, we treat v, = w, — A, with A, and v as in the next condition.
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(C2) There is a measurable function v from Z into RY satisfying f YdQ = 0 and
S ¥¥TdQ = I, such that, with A, = [ w, ¥ T dQ, the expansion,

NS oz = - S w2z . -1
S 0n(Z)) ==Y wn(Z)) = A (Z)) +0p(n ).

j=1 j=1
and the convergence, trace(A,] W, ' A,) — ¢, hold.

Corollary 7.4. Suppose (Cl), (C2), (7.2) and (7.3) hold, and |w,| is Lindeberg. Then
(—2log Ry — mp + q)/A/2(my,, — q) is asymptotically standard normal.

Remark 7.1. Suppose that w,, is the vector formed by the first m, elements of an orthonormal
basis u1, uz, ... for Ly o(Q). Then the vth column of the matrix A, is formed by the first m,
Fourier coefficients of the vth component of i with respect to this basis. In this case, we have
the identity

mp

q 2
trace(A,TWn_IAn) = trace(A,TAn) = Z Z(/ Yrolg dQ)

v=1 k=1

and obtain under the assumptions f Y dQ =0 and f Yy TdQ = I, the convergence
trace(A,TWn_lAn) — f |1p|2dQ =gq.

In our goodness-of-fit examples, the following condition holds.
(C3) There is a constant B such that |w, | < B./m, and |Ww,| < B./m,.

Under this condition, the rate mf’l /n — 0 implies (7.2), the Lindeberg property of m,|w,|, and
(D3). Sufficient conditions for (7.3) can now be given directly or by verifying

Wa = Walo = 0p (s /). (7.7)
In view of the inequality (4.3), a sufficient condition for the latter is
Dn=li‘ﬁ)n(zj)—w,,(Zj)’2=0p(m;1). (7.8)
i
Thus, we have the following results.

Corollary 7.5. Suppose (C1), (C3), m,31 =o(n), and one of (1.3), (1.7), (7.8) hold. Then (i) (7.6)
implies that (—2log Ry — my) /~/2my, is asymptotically standard normal, while (ii) (C2) implies
that (—2log R, — m, + q)//2(m, — q) is asymptotically standard normal.
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Remark 7.2. The conditions in Theorem 7.4 are based on the sufficient condition (B1) for (A1)
and (A4). Working with (A1) and (B2) instead, we see that (7.2) can be replaced by the condi-
tions,

2 n
A m N
myl? max [0,(Z))| =0p(n'?) and =23 [0, (Zp)|* = 0,p(n).

1<j<
=J j=1

With D,, as in (7.8), we derive the bounds

max [d,(Z))| < max |w,(Z))| + (nDy)'/?,
I<j<n

1<j<n
HL%XH]@ zp|* < S Xn]w Zp)|* + 8m2nD?
n 4 1 n\<j - n 4 1 ni\<j n n:
J= J=

Here we used that (a +b)* < 8(a* +b*) for nonnegative a and b. Assume now that f lw,*dO =
O(m%) and that mﬁ /n — 0. Then we have (D1) and (D3) as shown in the proof of Theorem 7.2
and obtain the above two conditions and (7.3) from (7.8).

Corollary 7.6. Suppose (C1), (7.8), f |wn|4dQ = O(mﬁ) and mﬁ = o(n) hold. Then (i) (7.6)
implies that (—21og Ry — my) [/~ 2my, is asymptotically standard normal, while (ii) (C2) implies
that (—2log R, — my, + q)//2(m, — q) is asymptotically standard normal.

Remark 7.3. Let us now describe the behavior of —2log R, under a local alternative. For this,
we follow Remarks 6 and 7 in Peng and Schick [18]. As there let & be a measurable function
satisfying [2dQ =0 and [ h?>dQ < oo and let Q,,  be a distribution satisfying

[ In'(/385 - V30 - 1/ dQf o, .9

Then the product measures Q% , and Q" are mutually contiguous. All results in this section
obtain the expansion

2
1/2

n 2y un(Z))| = op(ma’) (7.10)

j=1

—2log R —

for some measurable function u, from Z into R™” with the properties f u,dQ =0, f lu,|2dQ =
O(my), |un| is Lindeberg, and the matrix U, = funu,TdQ satisfies |U,|, = O(1) and
mn/trace(U,%) = O(1). For example, in Theorem 7.4 one has u, = W,;l/zvn. By contiguity,
one has the expansion (7.10) even if Zy, ..., Z, are independent with distribution Q, ,. Under
this distributional assumption, one has

0 2
( n-12 Z””(Z/) — |Mn(h)|2 — trace(Un)> /\/m:> N, 1)
j=I
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with u, (h) = f unhdQ. Thus, under the local alternative Qj » one has

(—2log Ry — | n (h)|2 — trace(Uy)) /,/2 trace(U2) => N (0, 1).

If U, = I, this simplifies to (—2log Ry — |t (M)? — my) //2m, = N(0,1) and may be
interpreted as —21og R, being approximately a non-central chi-square random variable with m,,
degrees of freedom and non-centrality parameter |u,(h)|.

8. Details for the examples

In this section, we use the results of the previous section to provide the details for the examples
of Sections 2. In all examples, the components of w,, are orthonormal and uniformly bounded,
so that (C1) and (C3) hold with W, = I,,,,. We begin with a technical lemma.

Lemma 8.1. Let (S1,T1),...,(Sy, T,) be independent copies of the bivariate random vector
(S, T),where T has a continuous distribution function H and E[S|T] =0 and o(T) = E[Sle]
is bounded (by say B) and bounded away from zero (by say b), Let H denote the empirical distri-
bution function based on Ty, ..., T,. Set uy = (1, 1, ..., ¢) ", Dj =u,(M(T})) — u,(H(T})),
and M = E[Szur(H(T))u;r(H(T)]. Then we have the following inequalities

b<v' Mv<B, veRY v =1, (8.1)
1 & ? 1672r2(1 4 r)?
—Zu, (H(T)))u, (H(T) = Lyr| < ———5——  as., (8.2)
n o n
1 ¢ ) _ B’
~ Y E[Is;D;*] < —ZBE ID;I?] (8.3)
n o
" ? 2Bm?r3
E|n7'2Y s;D;| | < ) 8.4
|:” jZl it =7, (8.4)

Moreover, if E [S4] is finite, then we have the bound
E[S*u(H(D)|") < (1 +202E[s%].

Proof. The last inequality follows from the bound |u,|> < 1 4 2r. The inequality (8.1) is an
easy consequence of b < O'Z(T) < B. Conditioning on T, ..., T, shows that the left-hand side
of (8.4) is bounded by the left-hand side of (8.3) and yields the first inequality in (8.3). Since
¢, | < v/2mk, we obtain |D;|> < 2mr3(H(T;) — H(T;))*. It is easy to check that E[(H(T}) —
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H(Tj))z] < 1/n. This proves (8.3) and (8.4). Next, we have almost surely,

: ;ur(H@)u? (HCTp) = Y i/ mu] /)

j=1
For a function % defined on [0, 1] with Lipschitz constant L, we have
n

1 .
5;2 sup  |h(j/n) —h(u)| < L/n.

j=1/—l=nus<j

n 1
‘1 > h(j/n) —/ h(u)du
}’lj:1 0

Since the function ¢y¢; is Lipschitz with Lipschitz constant 2n(k + ), we derive the desired
bound (8.2). O

Details for Example 2. Let X1, ..., X, be independent copies of a random variable X that has
distribution function Fy and density fp for some 6 in the open subset ® of R?. Recall we assumed
in Example 2 that the map & — sy = +/fs is continuously differentiable in L, with derivative
¥ + sy and that the information matrix J (1) = 4 f $9(x)$y (x) T dx is invertible for each ¥ in ©.
Thus, we have

p(r) = / (5947 () = s9(x) — 7 Tdp (1)) > dx = 0|7 ). 8.5)

Recall also that £y = 25¢/s¢ denotes the score function. By the properties of the densities, there
isa é > 0 and a constant K such that

/Ifﬂl(X)—fﬁz(x)ldXSKlﬂl—ﬂzl, |0 — 0] <38, |02 — 0] <4. (8.6)
As a consequence, we have

sup| Fy, (x) — Fy,(x)| < K[91 — D], |91 — 0| <8, | —6] <38. (8.7)
xeR

Let m =m, — oo and log(n)mg = o(n). It suffices to show

(—2log Ry (Fy) = my +q)/v/2(my —q) => N (0, 1).
For this, we take w,, = ¢, o Fy and W, = ¢, o Fy with g, = (91, .. -, ¢mn)T and verify (7.7) and

(C2) with ¥ = J(8)~1/2¢,. The desired result then follows from (ii) of Corollary 7.5.
We have W, = I, = [ 0,0, dF and obtain

'/wanng — W,

szmnf|fé(x>—fe(x>|dx=op(m;‘/2)
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in view of (8.6) and (2.2). Thus, (7.7) follows if we verify

2
=0,(m, ). (8.8)

Wy — Wy —/zbnusdengWn

Note that ¢ has mean O and identity dispersion matrix under Fyp and that A,y equals
D, J ()~ "4p, with D, = [ w,€, dFy. Thus, (C2) follows from Remark 7.1,

%an(xj)—wn(xj)+Dn(é—9)=o,,(n—1/2), (8.9)
j=I

the stochastic expansion (2.2), and the fact that | D,,|, is bounded.
We are left to verify (8.8) and (8.9). For this, we set

1 n
Unk () = =[x (Fgn-12 (X)) = e (Fo (X ))],
j=1
1 n
Vit (1) = — 3 [@k90) (Forpm172 (X ) = (Gutn) (Fo (X )]

j=1

and note that D,T =(d,...,dn,) with dy = fd:k(Fg)ég dFy. The statements (8.8) and (8.9)
follow if we show that, for each finite C,

My My

T (C) = sup > 3 (Varr () = E[Varr(0])* = 0, (my, 1),

111=C =1 =1

T,2(C) = supZ Uni(t) = E[Unc(0)])* =0, (n "),

l11=C =4

T:3(C) = sup Z U,,k(t) —i—n_l/zafT ) o(n_l).
|t|<Ck 1

The first two statements can be verified using the exponential inequality given in Lemma 5.2 in
Peng and Schick [17]. This requires the fact that (log n)mf’l /n— 0.

The identity fo+r — fo — £) Tfo = 250(so+7 — S — § T) + (So-+ — 5¢)° and the definition of
dy yield the formula

/¢k(F6 ) (fore () = fo())dx =d T+ / 1 (Fo (1)) (502 (x) — s9(x))* dx

+ 2/¢k(F9 (x)) 56 (X) (S5.4 (x) — 59.(x) — 4 (X)7) dx
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In view of this and the fact that [ ¢ (Fy)dFy =0 for all &, we have the identity
E[Un (0] +d iV = f (66 (Fo ) = $a(Fysn1200)) (foomotoa () — fir(x)) dx
_/¢k(F9(x))(s0+n—l/2t(-x) —s59(0))” dx
- 2/¢k(F9 ()56 () (Sgn-172, (x) — 59.(x) — /21 T 55 (x)) dx.

Using (8.6), (8.7) and the orthonormality of the the functions sg¢y o Fyp, k =1,2,..., in Lo,
T,3(C) can be bounded by

6n2m3K*Ct 2
”42 + 6m, </(s9+n_1/zt(x) - se(x))zdx> + 12 sup ,o(rf]/zt).
l1|I=C

n
The desired statement 7},3(C) = o(n~!) now follows from (8.5) and mz = o(n). This completes
the proof of (7.4).

Details for Example 3. Assume that the distribution function of X is symmetric and continuous.
Then S =sign(X) and T = | X| are independent, S has mean zero and variance 1, and T has a
continuous distribution function H. Let R, be defined as in Example 3 with as r = r,, — oo and
r,? = o(n). It suffices to show that (—2log R,, — (1 +r,))/+/2(1 + r,) is asymptotically standard
normal. This follows from Corollary 7.5 if we verify (7.3) and (7.6). These conditions follow
from Lemma 8.1 applied with S; =sign(X;) and T; = | X ;|. Indeed, in view of the properties of
rn, (7.3) is a consequence of (8.2) and (7.6) of (8.4).

Details for Example 4. Assume that X and Y are independent. Part (a) is an immediate conse-
quence of Corollary 7.1. Part (b) follows if we show (—2log R, (F, G) — rnz)/ﬁrn is asymptot-
ically standard normal. We shall use Corollary 7.5 to conclude this. Here m,, equals r,f and thus
satisfies mi = o(n). We shall now verify (7.8) and (7.6). Let us set

Duj = ¢ (F(X))i(GY))) — e (F (X)) (G(Y))),
O =k (F(X)) — ¢ (F(X))) and Ty =¢(G(Y)) — ¢ (G(Y))).
In view of the inequality | Dy;j| < ~/2|®y;| + +/2|T; |, we obtain with the help of (8.3) the bound

>y

k=l1=1 " j=

2.4
&n-r,

E[|Dwjl*] <
1

From this and r,? = o(n), we conclude (7.8).
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In view of the identity Dy;; = ¢x(F(X ;)T + ¢i(G(Y;)Prj + Pl 1, (7.6) follows if we
verify

'n TI'n

ZZ( 71/22@ F(X})) 1"1]) =o0,(1),

k=1[=1

'n Tn

n2—22< —12 Zcbk,«m G(Y)) =op(1),

k=1 1=1

'n TI'n

Tys = ZZ(n‘/ZZcbkjr,j) =0,(1).
j=1

k=1I=1

Applications of (8.4) with §; = ¢ (F (X)) yield the bound E[T1] < nzr,‘l‘ /n, and this proves
Ty1 = 0p(1). The proof of Ty;» = 0,(1) is similar. To deal with T3, we set

n n n
- 1 - 1
Hk, )= E D Ty, q>k:; E ®;;  and F1=; E Iy
j=l1

j=1 j=1

Note that R; = nlF(X ;) is the rank of X ;. Given Y1, ..., ¥, and the order statistics X(y), ..., X(n),
the sum H (k, 1) is a simple linear rank statistic with scores a(j) = ¢x(j/n) — ¢x (F(X(;)) and
coefficients G;; and consequently has (conditional) mean n®I'; and (conditional) variance

| — Pp) Z(Fz —F1)2<L— of; Zrzj

In view of this bound, we derive the inequality

n n 1 n n 1 n Yn _ 'n B
E[Tn3]§m;E[;géiJ}EE[;;Ffj}—l—nkZ:;E[d),%]ZE[FIZ].

=1

We have

n

2
_ - 1 1 & 1 2n2k?
E[T) = E[®7] = _+ (; quk(j/n)) ST
j=1
Using this and (8.3), we obtain E[T,3] = O(rén=2) = o(1) and thus T,,3 = 0,(1).
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