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Two transformations .4; and A of Lévy measures on R¥ based on the arcsine density are studied and
their relation to general Upsilon transformations is considered. The domains of definition of .A; and A, are
determined and it is shown that they have the same range. The class of infinitely divisible distributions on
R4 with Lévy measures being in the common range is called the class A and any distribution in the class
A is expressed as the law of a stochastic integral f()] cos(2~ 1 nr) dX; with respect to a Lévy process {X;}.
This new class includes as a proper subclass the Jurek class of distributions. It is shown that generalized
type G distributions are the image of distributions in the class A under a mapping defined by an appropriate
stochastic integral. A, is identified as an Upsilon transformation, while .4 is shown not to be.
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1. Introduction

Let I (R?) denote the class of all infinitely divisible distributions on R?. For i € I (R?), we use
the Lévy—Khintchine representation of its characteristic function 1t(z) given by

1
() = eXp{—§<Ez, z) +i(y, 2)

it _ 09 g e R4
+/Rd(e Trpp) 0 eek

where ¥ is a symmetric non-negative-definite d x d matrix, y € R? and v is a measure on
R4 (called the Lévy measure) satisfying v({0}) = 0 and fRd(l A |x|2)v(dx) < oo. The triplet
(2,v, y) is called the Lévy—Khintchine triplet of u € I (RY). Let My (RY) denote the class of
Lévy measures of u € I(R?). The class of v € My (RY) satisfying f]Rd(l A xPDv(dx) < oo is
denoted by M} (RY).

Let

ax; ) =7 s —x) V2 a0, (1.1)
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which is the density of the symmetric arcsine law with parameter s > 0. Here 1(_;1/2 51/2)(x)
is the indicator of the interval (—s'/2,s1/2). In [1], a symmetric distribution such that its Lévy

measure has a density ¢ of the form
IZ(X)=/ a(x; s)p(ds), x eR,
R4

with a measure p on (0, co) satisfying f(O,oo)(l Ax)p(dx) < ocois called a type A distribution on
R. Let Z be a standard normal random variable and V be a positive infinitely divisible random
variable independent of Z. The distribution of the one-dimensional random variable V1/2Z is
infinitely divisible and is called type G. It is shown in [1] that an infinitely divisible distribution
2 on R is of type G if and only if there exists a type A distribution x on R that gives a stochastic
integral mapping representation

1
ﬁ:c(fo (—1ogt)1/2dx,(“)>. (1.2)

Here and in what follows, £ means “the law of”” and {X ,(“ )} means a Lévy process on R¢ whose
distribution at time 1 is u € I(Rd) (d=11in (1.2)).

In this paper, we define and study a class of infinitely divisible distributions on R?, called
the class A and denoted by ARY). A distribution in A(RY) is called a distribution of class A
in this paper. When d =1 and p € A(R) is symmetric, p is a type A distribution in [1]. The
organization of the paper is the following.

Section 2 introduces the arcsine transformation .A; of Lévy measures on R¢ based on (1.1) and
considers its domain and range. It is shown that the domain of A; is smlL (R%). We prove that A;
is a one-to-one mapping. It is shown that the range 93(.A4;) contains as a proper subclass the class
of Lévy measures of distributions in the Jurek class U (R?) studied in [6,9]. The class U (R?) in-
cludes several known classes of multivariate distributions characterized by the radial part of their
Lévy measures, such as the Goldie—Steutel-Bondesson class B(R?), the class of selfdecompos-
able distributions L(R?) and the Thorin class 7 (R%); see [3]. Recently, other bigger classes than
the Jurek class have been discussed in the study of the extension of selfdecomposability; see
[7,13].

Section 3 deals with the class A(R?) whose elements are defined as infinitely divisible distri-
butions on R? with Lévy measures € SR(A1). Some probabilistic interpretations of A(RY) are
given and the relation to the class G(R?) of generalized type G distributions on R? introduced
in [9] is studied. It is shown that A(Rd) = Oos(1 (]Rd)), where @ is the stochastic integral

mapping
1
Beos(1) = c(/ cos(2_1m)dXt(“)>, we I[(RY. (1.3)
0

It is also shown that the class 9)?? (R?) is the image of the class sm,{? RH N smlL (R?) under Aj,
where zm‘g (R and E)ﬁlz (R9)Y are the classes of Lévy measures of distributions in G(RY) and
B(RY), respectively. In addition, the class G (RY) is described as the image of A(R?) under the
stochastic integral mapping (1.2), d > 1, including the multivariate and non-symmetric cases. In
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order to prove these facts, a modification .4 of the transformation .A; with the property PR(Ay) =
M (A1) is introduced and utilized effectively. It is shown that 4, is an Upsilon transformation
in the sense of [4]. This is in contrast to the fact that A; is not an Upsilon transformation as
it is not commuting with a specific Upsilon transformation, which is different from other cases
considered so far. Finally, Section 4 contains examples of 4; and A, transformations of Lévy
measures where the modified Bessel function K¢ plays an important role.

2. Arcsine transformation .4; on R¢

2.1. Definition and domain

Besides the arcsine density (1.1), we consider the one-sided arcsine density
ay(r;s) =217 s —rH7 V21 0y ()

with parameter s > 0. Then we consider the following arcsine transformation .4; of measures on
R

Definition 2.1. Let v be a measure on R%. Define the arcsine transformation Ay of v by

X

Ai1(v)(B) :/ v(dx)/ooal(r; lxD1p (r—) dr, B e B(Rd), 2.1)
R4\ {0} 0

|x|

for v e D(Ay), where the domain ©(Ay) is the class of measures v on R? such that v({0}) = 0
and the right-hand side of (2.1) belongs to 9, (R?) as B runs in B(R?). The range is R(A;) =
{A1(v): veD(AD}

Proposition 2.2. D(A;) = S)JTIL (RY).

Proof. Suppose that v € D(A1). Write V = A;(v). Then

172

x|
/(1/\|x|2)v(dx)=c/ v(dx)[ (x| =72 Ar?)dr (2.2)
R4 R4 0

172 1/2

with ¢ = 2n'/<. Changing variables r = |x|"/“u and using f(l A x2)V(dx) < oo, we see that

1
c/ an |x|)v(dx)/ A —u>) 2% du < 0.
R4 0
Hence v € M} (R?). This shows D(A;) C M} (RY).
Next suppose that v € E)JTIL (RY). Let V(B) denote the right-hand side of (2.1). Then V is a
measure on R with Y({0}) =0 and (2.2) holds. Hence

f (IA |x|2)T)'(dx) < const.f (I AlxPv(dx) < oo.
R4 R4
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This shows that v € D(A;). Thus M} (RY) C D(A)). O

2.2. One-to-one property
We next show that the arcsine transformation .4, is one-to-one. Our proof is different from usual

proofs of the one-to-one property by the use of Laplace transform.
Let us prepare a lemma. For a measure p on (0, 00), define a measure o(,) on (0, c0) by

0(p)(du) = (/ 12 (s — u)_l/z,o(ds)) du. (2.3)
(u,00)
This is a fractional integral of order 1/2.

Lemma 2.3. Let p be a measure on (0, 00) satisfying
p((b, 00)) < o0 forall b > 0. 2.4)

Then

(o) (A1) = p((u, 00)) du, 2.5)

which implies that p is determined by o,y under condition (2.4).

Proof. Using Fubini’s theorem, notice that
* _ip 1/2
/ xV (s —u)~ / o(p)(ds)
u
o0
=n71/ (s—u)fl/zds/ (v—s)fl/zp(dv)
u (s,00)

v
=n71/ ,o(dv)/ (s—u)fl/z(v—s)fl/zds
(u,00) u

= p((u, 00)),
because
v 1
/ (s — u)_l/z(v — s)_l/2 ds = / s_l/z(l — s)_l/2 ds
u 0
=B(1/2,1/2) =,
where B(-, -) is the beta function. Hence (2.5) is true. O

Theorem 2.4. The transformation A is one-to-one.
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Proof. Suppose that v,V € SDTIL(R") and A;(v) = A(v). Let (&, vg) and (A, vé) be polar
decompositions (radial decompositions) of v and V', respectively, as in Proposition 3.1 of [13].
That is, A is a measure on the unit sphere S = {€ € R¢: |£] = 1} with 0 < A(S) < oo and Ve,

& €S, are measures on (0, 00) such that vg(E) is measurable in & for each E € B((0, 00)),
0 < v£((0, 00)) < 00 and

v(B>=fA<d§>/ pWEve(du), B e BRY);
S (0,00)

A and vé have similar properties with respect to v'. It follows from Definition 2.1 that

x|
A ()(B) = / v(dx) f
R\ (0) 0

ul/2
=/x(dg) Vg(du)/ 20 V=) V21g0rE)dr
S (0,00) 0

12

2 (x| — )21 <r|x—|) dr
X

:/k(dé)/oolg(ré)dr/ 21w — r?) V20 (du)
S 0 (r2,00)
and
.Al(v’)(B):/A’(dé)/wlg(ré)dr/ 20— )70 (dw).
S 0 (r2,00) )

These give polar decompositions of A4;(v) = .A4;(v'). Hence, by Proposition 3.1 of [13], there
is a measurable function c(¢) satisfying 0 < ¢(§) < oo such that A'(d§) = ¢(§)A(d€) and, for

Aae. &,
(/(,2 o ™ g (d“>> dr = <c(€)‘1 /(rz G r3)~ 2, (du)) dr.

2

Using a new variable v = r*, we see that

</ (u— v)fl/zvé (du)) dv= (c(‘;“)] / (u — v)71/2v§ (du)) dv.
(v,00) (v,00)

Since v¢ and vé satisfy (2.4) for A-a.e. &, we obtain vg = c(&)! vé for A-a.e. £ from Lemma 2.3.
It follows that v = v/, O

2.3. Range
Let us show some necessary conditions for ¥ to belong to the range of Aj;.

Proposition 2.5. If V is in R(A|) and not zero measure, then vV has a radial decomposition
(A, £z (r) dr) having the following properties:
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(1) Le(r) is measurable in (§, 1) and lower semicontinuous in r € (0, 00);

(2) there is bg € (0, 00] such that Lg(r) > 0 for r < bg and, if bg < oo, then g (r) =0 for
r= bg;

(3) liminf, o £ (r) > 0.

Proof. Let vV = A;(v) with v € DJT]L (R%) and (1, vg) be a polar decomposition of v. Then the
proof of Theorem 2.4 shows that v € My, (]Rd ) with radial decomposition (A, £(r) dr) where

E(r):Zn_I/(Z )(u—rz)_lﬂvs(du).
1,00

Then our assertion is proved in the same way as Proposition 2.13 of [13]. ([

2.4. How big is 2R (A1)?

Several well-known and well-studied classes of multivariate infinitely divisible distributions are
the following. The Jurek class, the class of selfdecomposable distributions, the Goldie—Steutel—
Bondesson class, the Thorin class and the class of generalized type G distributions. They are
characterized only by the radial component of their Lévy measures and ¥ and y in the Lévy—
Khintchine triplet are irrelevant. Among them, the Jurek class is the biggest. Recently, some
classes bigger than the Jurek class have been discussed in the study of extension of selfdecom-
posability (see [7,13]). Then a natural question is how big PR(A4)) is. Let S))TIL] (R?) be the class
of Lévy measures of distributions in the Jurek class. The radial component v of v € S)ﬁg (R%)
is characterized as vg (dr) = £¢ (r) dr with £¢ () being measurable in (£, r) and decreasing and
right-continuous in r > 0. We will show below that PR(A;) is strictly bigger than E)JTKL] RY).

Theorem 2.6. M (RY) S R(A)).

Lemma 2.7. Let p be a o-finite measure on (0, 00). Then, for « > —1 and b > 0, the measure
0(p) in (2.3) satisfies

/ u“a(p)(du)fclf s@T12 p(ds) (2.6)
(b,00) (b,00)
and
/ u"‘o<p>(du>scz(/ s*12p(ds) + / s‘”%(ds)), 2.7)
(0,b] (0,b] (b,00)

where C| and C, are constants independent of p.

Proof. Let ¢ = 7~ /2. We have

S
/ u®o(py(du) = c/ ,o(ds)/ u®(s —u)"V* du
(b,00) (b,00) b
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by Fubini’s theorem, and
s 1
f u(s —u) V?du= s“+‘/2/ V(1 —v) 2 du~s*T12Ba +1,1/2), 5 — 00.
b b/s
Hence (2.6) holds. We have

s b
f u"‘o(p)(du)zc/ ;O(ds)/ u“(s—u)fl/zdu—i-c/ p(ds)/ u®(s —u)~ % du.
(0.6] (0,b] 0 (b,00) 0

Notice that

N
/ u (s —u) 2 du=s"""2Ba+1,1/2)
0

and
b b
/ u(s —u) V2 du = s_1/2/ u*(1—u/s)"V*du
0 0
b
< s71/2/ u*(1—u/b)~""?du
0
=s12p* 1 B(a +1,1/2), s> b.
Thus (2.7) holds. O

Proof of Theorem 2.6. LetV € zmg (R%) and ¢ = Jra (1A Lx |*)¥(dx). Then ¥ has a polar decom-
position (A, £¢ (r) dr) mentioned above. Further, we assume that A is a probability measure and
fooo(l /\rz)ﬂg (r)dr = c for all £ (see the proof of Proposition 3.1 of [13], letting f(x) = 1A|x 12).
Let ps be a measure on (0, oo) such that ,og((rz, 00)) = £ (r) for r > 0 and let nz = o0(y,). The
proof of Lemma 2.3 shows that

pe (1, 00)) = / 7 V2(s — )~V (ds).

(u,00)

Hence we have, for B € B(R?),

i(B):/x(dg)/oolg(rg)dr/ w12 (s — 27206 (ds).
S 0 (r2,00)
We claim that

/k(dé) /Oo(l A u)ng (du) < oo. (2.8)
S 0
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This will ensure that ¥ = A; (v) for v € ®(A;) that has polar decomposition (1,2~ 'x!/2 ne(dr)).
First, notice that

1 ! 1 [
c=§/0 ul/ng((u,OO))dquE/l w2 pe ((u, 00)) du

1 1 [ ~12
ngg((l,oo))+§fl w2 pi (1, 00)) dut.

Then, use (2.6) with @ = 0 to obtain

f ne(du) < €y / $12 0 (ds)
(1,00)

(1,00)
Ci Oo—1/2
=Cipe((1,00) + = | 57 2pe((s,00)) ds <3cC.
1

Similarly, using (2.7) with ¢ = 1,

/ M’?&(du)icz(/ 572 pg (ds) + / s—l/ng(dw)
(0,1] (0,1] (1,00)

3 1
§C2<—/ sl/ng((s,l])ds+/ sl/ng(ds)> <5¢C.
2 0 (1,00)

Hence (2.8) is true. It follows that Sﬁg RY) C R(A}).
To see that the inclusion is strict, consider € PR(.A;) defined by

1
77(B)=/A(d§)/ 13(”5)21‘[71(1 —Vz)il/zdr.
S 0

Then n ¢ smg (]Rd), since (1 —r2)~1/2 ig strictly increasing on (0, 1). U

3. Distributions of class A

3.1. Definition and representation by another arcsine transformation .A;

Definition 3.1. A probability distribution in I (R?) is said to be a distribution of class A on R? if
its Lévy measure v belongs to R(A). There is no restriction on % and y in its Lévy—Khintchine
triplet. We denote by A(R?) the totality of such distributions on R?.

Let, for s > 0,

ax(r;s) = ay(r; %) =21 (5% — rH) 72105 ().
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Definition 3.2. Let v be a measure on R%. Define the arcsine transformation As of v by

X

A>(v)(B) =/ v(dx)/ooaz(r; |x|)13<r—> dr, B e B(Rd). 3.1)
R\ {0} 0

|x|

The domain D (Ap) is defined to be the class of v such that v({0}) = 0 and the right-hand side of
(3.1) belongs to My (RY).

For any measure v on R? with v({0}) = 0, define a measure v® on R by
u<2>(3)=/ 1B<|x|zi)v(dx), B € BRY).
R4\ {0} X

The transformation v > v is one-to-one, since we have v = (v?)1/2) defining p!/? for p
with p({0}) = 0 as

X
p2(B) = f Ig <|x|‘/2—)p(dx).
R4\ {0} x|
The following propositions give the connections between A1 and Aj.
Proposition 3.3. ©(A>) = My (RY).
Proposition 3.4. v € M, (RY) if and only if v® € M} (RY), and in this case
A (v) = A (v?).
Proposition 3.5. SR(A;) =R(Ay).
Proof of Propositions 3.3-3.5. Since [pq f(x)v®(dx) = [ga f(|x]x)v(dx) for any non-
negative measurable function f, we have [pa(1 A [x)v@(dx) = [pa(1 A |x[*)v(dx) and the
first two propositions follow. Proposition 3.5 is a direct consequence of them. ]
We will also use the following fact.
Proposition 3.6. A; is a one-to-one transformation.

Proof. This follows from Theorem 2.4 and Proposition 3.4. (|

The usefulness of the introduction of A, is based on the next property.

3.2. Transformation .A; as an Upsilon transformation

Barndorft-Nielsen, Rosinski and Thorbjgrnsen [4] considered general Upsilon transformations
(see [2,12]). Given a measure T on (0, c0), a transformation Y; from measures on R4 into
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M (RY) is called an Upsilon transformation associated to t (or with dilation measure t) when
o
T:(v)(B) :/ v(u'B)t(du), B € B(RY). (3.2)
0

The domain of Y is the class of o-finite measures v such that the right-hand side of (3.2) is a
measure in Ny (RY).

Theorem 3.7. A; is an Upsilon transformation given by
1
A>(v)(B) :/ v ' B2 (1 = u®) " du, B € B(RY) (3.3)
0
forv e My (RY).
Proof. Let (1, v¢) be a polar decomposition of v € My, (R?). Then, with ¢ =21,
o0
A)(B) = ¢ / A(d8) f 1p(rE) dr / (57 = )" 2 (ds)
S 0 (r,00)
o0 S
= c/ A(dé)/ Vg (ds)/ 1g(ré) (s> —r2)~ V2 dr
S 0 0
00 1
- c/ x(dg)/ Vg(ds)/ 1us&)(1 —u®)"12du
S 0 0

1 00
:c/ a —uz)—l/zdu/udg)/ 1 (us&)ve (ds)
0 S 0

1
=c/ (1—u2)*1/2du/ 15 (ux)v(dx),
0 R4

which shows (3.3).

Conversely, let v be a o-finite measure on R4, define T(B) by the right-hand side of (3.3),
and suppose that v € 9y (Rd). Then 0 =V({0}) = v({0}) and the calculation above shows that
v €D (A) and A>(v) =7. Hence A, = Y; of the form (3.3). O

The mapping .A; is not an Upsilon transformation for any dilation measure t. This remarkable
result will be proved in Section 3.8, as a byproduct of Theorem 3.13 shown in Section 3.7.

3.3. Stochastic integral representation of A (R%)

We study a probabilistic interpretation of distributions of class A, representing them by stochastic
integrals with respect to Lévy processes.
Let T € (0, 00) and let f(¢) be a square-integrable function on [0, T']. Then the stochastic inte-

gral fOT f@)dXx ,(“) is defined for any u € I (R?) and is infinitely divisible. Define the stochastic
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integral mapping @ r based on f as ® r () = E(fOT f@) dX,(”)) for € I (R?).If u € I (R?) has
the Lévy—Khintchine triplet (2, v, y), then, as in [10,11,13], it = ® ; () has the triplet (2,7, )
expressed as

T
i:f fH)*dt, (3.4)
0
T
3(B)=/ dt/dlg(f(t)x)v(dx), B e BRY), (3.5)
0 R
~—[Tfmdr( + ( L )(dx)) (3.6)
"= T e\ rox T 1+ w2 )V '

Let us characterize the class A(RY) as the range of a stochastic integral mapping.
Theorem 3.8. Define @5 by (1.3). Then Ocos is a one-to-one mapping and
AR?) = Deos(I(RY)). (3.7
Proof. Let /i € A(R?) with triplet .7, 7). Then ¥ € R(A;) by Proposition 3.5 and hence we

have (3.3) with some v € 9 (R?) by Theorem 3.7. Let t = g(u) = ful 211 — 0?12 du =
27~ larccos(u) for 0 < u < 1. Then u = cos(2~'ntt) for 0 < 7 < 1. Thus

1 1
'J(B)z—/ dg(u)/ IB(ux)v(dx)=/ dt/ IB(xcos(Zflm))v(dx).
0 R4 0 R4

That is, (3.5) is satisfied with T =1 and f(¢) = cos(2~'ntt). Using v, ¥ and ¥, we can find X
and y satisfying (3.4) and (3.6). Let x be the distribution in / (R?) with triplet (2, v, y). Then
Ji = @cos(w). Hence A(RY) C Peos (1 (RY)).

Conversely, suppose that [ € ®cos(1 (R?)). Then I = Peos (1) for some p € I (R?) by a sim-
ilar argument, we can show that ®¢qs(/ (R%)) c A(RY).

The mapping @, is one-to-one, since v is determined by vV (Proposition 3.6) and ¥ and y
are determined by ¥, 7 and v. O

3.4. Y? transformation

We use Y and Y defined by

1
T(m=£( / (—1ogr>dX§’”>, pel®Y,
0

T%)(B):/ v(u 'Be " du, B € B(RY).
0
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Let smf (R?) be the class of Lévy measures of the Goldie—Steutel-Bondesson class B(R%). In
[3], it is shown that Y(/ (R?)) = B(R?) and Y09, (RY)) = MEZ(RY). Both T and T are
one-to-one.

Proposition 3.9. Let v € My (R?). Then YO(v) € ML (RY) if and only if v € M} (RY).

Proof. Notice that

/x|
f |x|T0(v)(dx) =f |x|v(dx)/ ue " du,
lx|<1 R4 0
[ TO()(dx) = f e /Fly(dy),
[x]>1 R4

to see the equivalence. (]

3.5. A representation of completely monotone functions

In [9], the class of generalized type G distributions on R, denoted by G(R?), is defined as
follows: 1 € G(R?) if and only if the radial component ve of the Lévy measure of p satisfies
ve(dr) = ge (r2) dr, where gg(u) is measurable in (§,u) and completely monotone in u > 0.
sz (R?) denotes the class of all Lévy measures of p € G(RY). We use the following result
when dealing with G (R?). It is a result on the arcsine transformation representation of a function
g(r?) when g is completely monotone on (0, 00).

Proposition 3.10. Ler g(u) be a function on (0, 00). Then the following three conditions are
equivalent.

(a) The function g(u) is completely monotone on (0, 00) and satisfies

o
/ A Arg(r?) dr < oo. (3.8)
0
(b) There exists a completely monotone function h(s) on (0, 00) satisfying
o
/ (I As)h(s)ds < o0 3.9)
0
such that

g(r2) = /ooal(r; s)h(s)ds, r>0. (3.10)
0

(c) There exists a measure p on (0, 00) satisfying

/00(1 A$)p(ds) < oo
0
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such that

grhH) = f a1 (r; )Y (p)(ds),  r>0. (3.11)
(0,00)
Proof. (a) = (b): From Bernstein’s theorem, there exists a measure Q on [0, co) such that
gu) = / e " Q(dv), u>0. (3.12)
[0,00)

It follows from (3.8) that Q({0}) = 0, since Q({0}) = lim,_ o g(u). We need the fact that the
one-dimensional Gaussian density ¢(x;¢) of mean O and variance ¢ is the arcsine transform of
the exponential distribution with mean ¢ > 0. More precisely,

o0
go(x;t):(Znt)_l/ze_xz/(2’)=t_1f e~ a(x; 2s)ds, t>0,x€eR. (3.13)
0

This is the well-known Box—Muller method to generate normal random variables. Its proof can
be given by change of variables s = ru + x> /2. Using (3.13), we have

oo
g(r2)=/ e_rQO(dv)zf v!/2Q(dv) i e 2V V225 — r3) 712 ds
(0,00) (0,00) r2/2

o0 o0
:/ Jfl/z(s—rz)*l/zds/‘ eﬂ'vvl/zQ(dv):/ a(r; s)h(s)ds,
r2 (0,00) 0

where

h(s) = 2*‘n1/2f e V2 0(dv). (3.14)
(0,00)
Applying Proposition 2.2 for d = 1, we see (3.9) from (3.8).

(b) = (c): There is p € M (R) such that A(s)ds = Y(p) (see Theorem A of [3]). Since
YO(p) is concentrated on (0, 00), p is concentrated on (0, o). Using Proposition 3.9, we see
that f(o’l]s,o(ds) < 00.

(c) = (a): It follows from Proposition 3.9 that f((), oo)(1 A s)TO(,o)(ds) < oo. Hence it follows

from (3.11) that g(r?) satisfies (3.8) (use Proposition 2.2 for d = 1). Finally let us prove that g (u)
is completely monotone. There is a completely monotone function /(s) such that To(p)(ds) =
h(s)ds (see Theorem A of [3] again). Hence we can find a measure R on [0, co) such that
h(s) = f[o,oo) e *YR(dv), s > 0. We have R({0}) = 0. Thus

o
g(r2)=/2 2n—1(s—r2)—1/2ds/ e—S”R(dv)=/ e V2 12y~ 12 R(dv),
r (0,00) (0,00)

where the last equality is from the same calculus as in the proof that (a) = (b). Now we see that
g(u) is completely monotone. ]



A class of multivariate infinitely divisible distributions 489

3.6. A representation of G (RY) in terms of .4,
We now give an alternative representation for Lévy measures of distributions in G (R%).

Theorem 3.11. Let I be an infinitely divisible distribution on R? with the Lévy—Khintchine
triplet (3,7, ¥). Then the following three conditions are equivalent.

(a) L e GRY).
(b) V= A (v) with some v € ME (R?) N M} (RY).
(©) V=A1(T%p)) with some p € M} (RY).

In condition (b) or (c), the representation of V by v or p is unique.

Proof. (a) = (b): By definition of G(R?) and Proposition 3.10, the Lévy measure ¥ of I has
polar decomposition (X, g¢ (r2) dr) where gg(u) is measurable in (§, ) and satisfies (3.9) and
(3.10) with g (r?) and he (s) in place of g(r?) and h(s). The measure Q¢ in the representation
(3.12) of g¢(u) has the property that Qg (E) is measurable in & for every Borel set E in [0, 00)
(see Remark 3.2 of [3]). Hence the function &g (s) given as in (3.14) is measurable in (£, s). Thus
we have V= A;(v), letting v denote the Lévy measure with polar decomposition (A, kg (s) ds).
Notice that v € sz (R?) and show that v € Dﬁi (R9) by an argument similar to the proof of
Proposition 2.2.

(b) = (c): Use Proposition 3.9 and the representation of smf R4 by YO,

(c) = (a): Use Proposition 3.9 again together with Proposition 3.10.

Uniqueness of the representations comes from Theorem 2.4 and that of Y°. (]

3.7. G(RY) as image of A(R?) under a stochastic integral mapping

Following [8], we define the transformation Yy g(v) for —co <a <2 and 0 < 8 < 2. For a
measure v on R with v({0}) = 0 define

Ta,ﬂ(v)(B)=foov(s—13)ﬁs—“—le—f" ds, B € B(RY),
0

whenever the right-hand side gives a measure in 9t (R?). This definition is different from that
of [8] in the constant factor §. A special case with 8 = 1 coincides with the transformation of
Lévy measures in the stochastic integral mapping W, studied by Sato [11]. Of particular interest
in this work is the mapping T_» 2. Notice that Y_; | = YO0,

Proposition 3.12. ©(Y_2) =9, (Rd). The mapping Y_3 » is one-to-one.

Proof. Let 7(B) = [;° v(s~'B)2se™*" ds. Then

/ (1/\|x|2)3(dx)=/002se—52ds/ (1 A |sx|?)v(dx)
R4 0 R4

1/1x| 5 00 B
:/ |x|2v(dx)/ 253" ds—}—/ v(dx) 2se” " ds.
Rd 0 Rd 1/]x]
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Observe that fol/‘xl 253e5" ds is convergent as |x| | 0 and ~ 271 x|™* as |x| > oo and
f10/7x| 2se= ds is ~ e~ /P a5 |x] | 0 and convergent as |x| — oco. Then we see that fRd(l A
|x|2)?7(dx) is finite if and only if fRd(l A |x|2)v(dx) is finite. To prove that Y_5 » is one-to-one,
make an argument similar to the proof of Proposition 4.1 of [11]. O

The following result is needed in giving the characterization of G (R?) in terms of distributions
of class A. It shows that 4; and Y9 are not commutative. However, A, and Y9 are commutative,
both being Upsilon transformations with domain 9ty (RY).

Theorem 3.13. It holds that
To22(A1(0) = A1 (Y%(p)  for p € My (RY).
Proof. Let p € imi(Rd), v =Ai(p) and ¥V = YT_5»(v) with polar decompositions (%, pg),

(A, ve) and (A, 7Vg), respectively. From Lemma 2.5 of [8] we have Vg (dr) = rge (r%)dr with
rge(r?) =2r ;7 s2e=r7 /s vg (ds). Hence

2 % s -2
rge(r ):2}’] e /s ds/ a1 (s; u)pg (du)
0

(0,00)

o
=/ e_lt_l/zdt/ ar(t7Y%r; u) pg (du)
0 (0,00)

o0 o
:/ e’ dt/ ai (r; tu) pg (du)
0 0

- fo a1 3 )0 g ().
It follows that ¥ = A, (Y%(p)). O

The following result shows that G (R?) is the class of distributions of stochastic integrals with
respect Lévy processes with distribution of class A at time 1. This is a multivariate and not
necessarily symmetric generalization of (1.2).

Theorem 3.14. Let

1
W_pa(p) = z( / (—logn)'/? de‘”), e l(RY.
0

Then W_; 5 is one-to-one and

G(RY) = W_55(ARY)) = W_5 (Peos (I (RD))). (3.15)
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Proof. Suppose that i € G(R?) with triplet (2,7, 7). Then it follows from Theorems 3.11 and
3.13 that

V= A1(T%(0)) = Y-22(Ai1(p))
for some p € E)JTIL (R?). Let v = A;(p). Since ¥ =Y _55(v) and since u = f(t) = (—logr)'/?
is the inverse function of t = fuoo 2ve= dv = e‘"z, we have (3.5) for this f(¢) and T = 1.
Choose ¥ and y satisfying (3.4) and (3.6). Let u € I(Rd) having triplet (X, v, y). Then u €
A(R?) and i = W_5(1). Notice that D(WV_p2) =1 (RY), as f(t) is square-integrable on (0, 1).
Conversely, we can see that if u € A(R?), then W_oo(n) € G (R%). Thus the first equality in

(3.15) is proved. The second equality follows from (3.7) of Theorem 3.8. The one-to-one property
of W_, » follows from that of T_ > in Proposition 3.12. O

Remark 3.15. (a) The two representations of [t € G (R?) in Theorems 3.11 and 3.14 are related
in the following way. Theorem 3.14 shows that i € G(R?) if and only if I = Y_5.5(Peos(1t)) for
some p € I (R?). This p has Lévy measure pU/2) if p is the Lévy measure in the representation
of & in Theorem 3.11(c). For the proof, use Proposition 3.4, Theorems 3.8 and 3.13.

(b) We have another representation of the class G@RY). Let h(u) = f uoo e’ dv, u > 0, and
denote its inverse function by h2*(¢). For u € I (Rd ), we define

VT2
Gy = ﬁ( f W @) dx,“">.
0

It is known that G (RY) = G(I (R?)), see Theorem 2.4 (5) in [9]. This suggests that G is decom-
posed into

G=W_220Peos = Peos 0 V22

with the same domain 7 (R?), where o means composition of mappings. The proof is easy to
obtain.

3.8. A; is not an Upsilon transformation
From Theorem 3.13 we obtain the following result.

Theorem 3.16. The transformation Ay is not an Upsilon transformation Y. for any dilation
measure T.

Proof. Suppose that there is a measure 7 on (0, co) such that A;(p)(B) = Y;(p)(B) for B €
B(R?). Then, we can show that A;(Y%(p)) = YO(A4(p)) for p € M} (RY), using the Fubini
theorem. Then, it follows from Theorem 3.13 that Y_5 5 (A;(0)) = Y(A;(p)) for p € EJJTIL (RY).
Let 5= Aj(p). If [pq |x]p(dx) < oo, then

/ xTO(ﬁ)(dx)zf e du/ uxﬁ(dx):/ xp(dx),
R4 0 R4 R4
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while
o0 2
/ xT,z,z(,B)(dx)=/ Que ™" du/ ux’p“(dx)=2—1n1/2/ xp(dx).
R4 0 R4 R4

Hence Y_52(p) # Y°(5) whenever Jga xP(dx) # 0 (e.g., choose p = 8,,e; = (1,0,...,0)).
This is a contradiction. Hence the measure T does not exist. O

4. Examples

We conclude this paper with examples for Theorems 3.11 and 3.13, where the modified Bessel
function K plays a role. We only consider the one-dimensional case of Lévy measures concen-
trated on (0, oo). Multivariate extensions are possible by using polar decomposition.

By the well-known formula for the modified Bessel functions we have

L[ 2/(41) ,—1
Koo =3 [ e lan a0
2 Jo
An alternative expression is
o
Ko(x)=/ =12, x>0 A.1)
1

see (3.387.3) in [5], page 350. It follows that Ko(x) is completely monotone on (0, o) and that
Jo° Ko(x) dx = mt/2. The Laplace transform of Ko in x > 0 is

S (11— sz)_l/zarccos(s), 0<s <1,
@K, (5) :=/ e S Ko(x)dx =11, s=1, (4.2)
0 (1 =572 1og(s + (s = D'?), s> 1,

see (6.611.9) in [5], page 695.
The following is an example of v and V in Theorem 3.11(b).
Example 4.1. Let
P(dx) = Ko(x)1(0,00) (x) dx
and
v(dx) =4 T2 oo () dix. (4.3)
Then v € MER) N ML (R) and T = A (v) € ME R).

The proof is as follows. Since the function x~!/ 2e=x'"2 g completely monotone on (0, co) and

fol xv(dx) < 0o, we have v € B (R) N M} (R). We can show

1
Al(v)(B)z/ v @ B2 (1 — w2 du, B € B(R), (4.4)
0
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like (3.3). Hence

1

A ()(B) = /

-1 20—1/2 © 128 —1/2 —sl/2
271 —u) /du/ 1g(us'/?)s™ 12" ds
0

0

1 o]
:/ (1—u2)—1/2du/ 1g(r)e " dr
0 0
o o0
=/ 1B<r)dr/ O =1~ 2edy
0 1

= /00 1p(r)Ko(r)dr =V(B).
0

The fact that V € E)ﬁf (R) can also be shown directly, since Ko(x!/ 2y is again completely mono-
tone in x € (0, 00).

It follows from v € ‘)LTI(L; (R) that v is the Lévy measure of a generalized type G distribution
i on R. Using (4.2), we find that this [t is supported on [0, co) if and only if it has Laplace
transform

/ e " Fi(dx) = exp{—yos + @k, (s) — 27 ' m} (4.5)
[0,00)
for some yg > 0.
Remark 4.2. A)(v) in Example 4.1 actually belongs to a smaller class E)ﬁf (R). Therefore, in
connection to Theorem 3.11, it might be interesting to find a necessary and sufficient condi-
tion on v in order that I € B(R?). The v in Example 4.1 also belongs to a smaller class than
sz ®)N DJTIL (R). It belongs to the class of Lévy measures of distributions in R(¥_12) studied
in Theorem 4.2 of [11].
We now give an example of p in Theorem 3.11(c).

Example 4.3. Consider the following Lévy measure in sz R):

p(dx) =471 w!2x 712675/ (o) (x) dix. (4.6)
Then v in (4.3) satisfies v = T9(p).

To prove this, we write YO(p) as

o0 o0
TO(,O)(dx)z/O p(u tdx)e™ du=471n1/2x71/2dx/0 u~V2emu=x/Gu) qy

on (0, o). By formula (3.475.15) in [5], page 369, we have

/oo —1/2 . —u—x/(4u) 1/2,.—x!/?
u e du=m""e .
0
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Hence, Y(p) = v from (4.3).
Since A1 (v) = A (Y0(p)) = Y_22(A1(p)) by Theorem 3.13, A;(p) is also of interest.

Example 4.4. Let p be as in (4.6). Then
Ai(p)(dx) = 2—1n—l/ze—xz/SKo(xz/S)1(0,00) (x) dx. 4.7
The proof is as follows. We have, from (4.4),
00
0

1
Ai(p)(B) =2_IT‘_1/2/ (1 —Mz)_l/zdu/ 1,-15(s"/2)s™12e™5/4 ds
0
1
=n*‘/2/0013(r)dr/ W (1= a2y 2e @) gy,
0 0

o o 5
=2_1n_1/2/ IB(r)dr/ vy =T ey,
0 1
Use (3.383.3) in [5], page 347, to obtain
* —1/2 —1/2,—r%y/4 —r2/8 2
oY (y—D"""e dy=e Ko(r=/8).
Thus we obtain (4.7).

Remark 4.5. The p in (4.6) also belongs to Uﬁf RN E)ZRIL (R). Therefore, A (p) itself is another
example of a measure in 93”(? (R).
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