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The distributions of the largest and the smallest eigenvalues of a p-variate sample covariance matrix S are of
great importance in statistics. Focusing on the null case where nS follows the standard Wishart distribution
Wy (I, n), we study the accuracy of their scaling limits under the setting: n/p — y € (0, 00) as n — oo.
The limits here are the orthogonal Tracy—Widom law and its reflection about the origin.

With carefully chosen rescaling constants, the approximation to the rescaled largest eigenvalue distri-
bution by the limit attains accuracy of order O(min(n, p)72/ 3). If y > 1, the same order of accuracy is
obtained for the smallest eigenvalue after incorporating an additional log transform. Numerical results
show that the relative error of approximation at conventional significance levels is reduced by over 50%
in rectangular and over 75% in ‘thin’ data matrix settings, even with min(n, p) as small as 2.

Keywords: eigenvalues of random matrices; Laguerre orthogonal ensemble; principal component analysis;
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1. Introduction

Understanding the behavior of the extreme eigenvalues of a sample covariance matrix S is im-
portant in a large number of multivariate statistical problems. As an example, consider one of
the most common inference problems: testing the null hypothesis that the population covariance
is identity. Roy’s union intersection principle [29] suggests that we reject the null hypothesis
for large values of the largest eigenvalue of S (or for small values of the smallest eigenvalue).
Naturally, the next question is: How should the p-value be calculated?

To address this issue, and many others, it is necessary to examine the null distributions of
the extreme sample eigenvalues. In this paper, we restrict ourselves to the Gaussian frame-
work. In particular, let X be an n x p data matrix whose row vectors are i.i.d. samples from
the N, (0, I) distribution. The p x p matrix A = XX then follows a standard Wishart distribu-
tion: A~ W, (I, n), and is called a (real) white Wishart matrix. The ordered eigenvalues of A are
denoted by A1 > --- > A,. Our interest lies in A1 and A, as A =nS.

The exact evaluation of the marginal distributions of these eigenvalues is difficult, even in the
null case considered here. See, for example, Muirhead [24], Section 9.7. An alternative approach
is to approximate them by their asymptotic limits. For the problem we are concerned with, Ander-
son [2], Chapter 13, summarized the classical results under the conventional asymptotic regime:
p holds fixed and n tends to infinity.
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However, for a wide range of modern data sets (microarray data, stock prices, weather fore-
casting, etc.), the number of features p is very large while the number of observations n is much
smaller than or just comparable to p. For these situations, the classical asymptotics is not always
appropriate and different asymptotic theories are needed. Borrowing tools from random matrix
theory, especially those established by Tracy and Widom [32-34], Johnstone [15] showed that
under the asymptotic regime

p — 00, n=n(p)—oo and n/p—y € (0,00), 1)
the largest eigenvalue A1 in A has the weak limit
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where the centering and scaling constants are defined as
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Here F; denotes the orthogonal-Tracy—Widom law [33], the scaling limit of the largest eigen-
value in real Gaussian Wigner matrices. Slightly prior to [15], as a by-product of his analysis on
the random growth model, Johansson [14] proved that the scaling limit for the largest eigenvalue
in the complex white Wishart matrix is the unitary Tracy—Widom law F>. Recently, El Karoui [9]
extended the asymptotic regime (1) to include the cases where n/p — 0 or co. For the smallest
eigenvalue, when y > 1, Baker et al. [3] showed that the reflection of F; about the origin is the
scaling limit for complex Wishart matrices, and Paul [28] gave the Tracy—Widom limits in the
case where n/p — oo for both complex and real Wishart matrices.

Although this type of asymptotic result has emerged only recently in the statistics literature,
it has already found its relevance to applications with modern data. For instance, based on (2),
Patterson et al. [27] developed a formal procedure for testing the presence of population hetero-
geneity with SNP (single nucleotide polymorphism) data.

From a statistical point of view, to inform the use of any asymptotic result in practice, we need
to understand how closely the asymptotic limit approximates the finite sample distributions. In
the motivating example, this dictates the accuracy of the nominal p-value.

In this paper, we first establish a rate of convergence result for the Tracy—Widom approxima-
tion to the distribution of the rescaled largest eigenvalue, but with more carefully chosen con-
stants than (3). Set a A b =min(a, b) and mq4 =m + % We show that modifying the centering
and scaling constants to

B ) 1 1/3
iy = (V) o= (Vi) =+ =) @

results in better approximation. The difference between the distribution of (A1 — fy, p)/0n,p
and F; reduces to the ‘second order’, being O((n A p)~2/3) rather than O((n A p)~1/3), that
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would apply by using (3). See Theorem 1. Numerical work in Section 2.2.1 suggests that the
improvement is substantial.

Further assuming y > 1in (1), we find that, with a log transform, the scaling limit of log A, is
the reflected Tracy—Widom law G (defined by G1(s) = 1 — F1(—s)) [28]. Moreover, with ap-
propriate rescaling constants, the accuracy of the limit also reaches the second order: O(p~2/3).
See Theorem 2 and Section 2.2.2.

In the literature, El Karoui [10] established a parallel result for Johansson’s theorem for the
largest eigenvalue on the complex domain and Choup [6] studied the same problem via an Edge-
worth expansion approach. Recently, Johnstone [16] obtained both scaling limit and convergence
rates for the extreme eigenvalues of an F-matrix, on both complex and real domains. As is usual
in the Random Matrix Theory literature, results on the real domain are founded in part on those
for complex data but require significant additional constructs and arguments. This is explained
for our setting in Sections 3 and 4.

The rest of the paper is organized as follows. In Section 2, we present theorems for both the
largest and the smallest eigenvalues, together with supporting numerical results, related statistical
settings, a real data example and a brief discussion. Section 3 proves the theorem on the largest
eigenvalue and Section 4 sketches the proof of the one on the smallest eigenvalue. Finally, Sec-
tion 5 establishes necessary Laguerre polynomial asymptotics, which is first used without proof
in Section 3. Technical details are collected in the Appendix.

2. Main results and their applications

In this section, we first state two main theorems of this paper, which are concerned with the
convergence rates of the largest and the smallest eigenvalues in finite Wishart matrices to their
Tracy—Widom limits. The theorems are then complemented and further justified by a series of
numerical experiments, in which the Tracy—Widom approximation is reasonably good even when
n and/or p are as small as 2. After that, we review several related statistical settings and consider
areal data example. Finally, we end the section with a brief discussion.

2.1. Main theorems
We begin with the largest eigenvalue, for which we have the following rate of convergence result.

Theorem 1. Let A ~ W, (I, n) withn # p and A its largest eigenvalue. Define (i, p, 0n,p) as
in (4). Under condition (1), for any given sq, there exists an integer Ny(so, y), such that when
n A p > No(so, y) and is even, for all s > s,

|P{M <t p +0nps) = Fi(9)] < Cls0)(n A p) ™ exp(=s/2),
where C(-) is continuous and non-increasing.
We also obtain an analogous result for the smallest eigenvalue. Refine condition (1) to

p — 00, p+l<n=n(p)—>oo and n/p—ye(l,00). ®))
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Define 1, , = (yn— — /P-)% 0, , = (Jn_ — /P)(1//P=—1//n)"/3, and let

- Gll,p
—’

T - p—
Mn,p

n,p

- - I
Vap =081y ) + (5, ,)° (6)
Then we have the following theorem.

Theorem 2. Let A ~ W,(I,n) with n — 1> p and A, as its smallest eigenvalue. Define
(Vg p+ Ty, p) as in (6). Under condition (5), we have

logkp—vrzpﬂ)Gl

Tn,p
with G1(s) = 1 — F1(—s), the reflected Tracy—Widom law.

In addition, for any given sy, there exists an integer No(so, ), such that when p > No(so, )
and is even, for all s > sy,

|P{loghp < v, , =T, 5} = G1(=$)| = C(s0)p ™~/ exp(—s/2),
where C(-) is continuous and non-increasing.

While we only prove rigorous bounds for even p, numerical experiments show that the ap-
proximation works just as well in the odd case, and for the largest eigenvalue, also in the square
case. See Tables 1 and 2.

2.2. Numerical performance

An important motivation for the current study is to promote practical use of the Tracy—Widom
approximation. To this end, we conduct here a set of experiments to investigate its numerical
quality.

2.2.1. The largest eigenvalue

Distributional approximation. We first computed the empirical cumulative probabilities of A
(after rescaling), at a collection of F; percentiles, using R = 40000 replications. This is done
for three different categories of (n, p) combinations: (1) the square case, where n = p =2, 5, 25
and 100; (2) the rectangular case, where p = 2, 5, 25 and 100 and n/p is fixed at 4:1; (3) the
‘thin’ case, where p =5 and 10 but n/p could be as high as 100:1 and 1000:1. In some sense,
this category could also be thought of as in the situation where n/p — oo as discussed in [9].
For comparison purpose, we rescaled A using both the new constants (4) and the old ones (3).
The results are summarized in Table 1.

Numerical accuracy with the new constants could be viewed from two aspects. First, for the
conventional significance levels of 10%, 5% and 1% that correspond to right tails of the distri-
butions, the approximation looks good even when p is as small as 2! In addition, it improves as
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Table 1. Simulations for finite n X p vs. Tracy—Widom limit: the largest eigenvalue. For each (n, p) com-
bination, we show in the first row empirical cumulative probabilities for A1, rescaled by (4), and the second
row, with parentheses, rescaled by (3), both computed from R = 40000 repeated draws from Wy (n, I)
using the method in [7]. Conventional significance levels are highlighted in bold font and the last row gives
approximate standard errors based on binomial sampling. | was computed by the method in [8] with
percentiles obtained via inverse interpolation

Percentiles —3.8954 —3.1804 —2.7824 —1.9104 —-1.2686 —0.5923 0.4501 0.9793 2.0234

™™ 0.01 0.05 0.10 0.30 0.50 0.70 0.90 0.95 0.99
2x2 0.000 0.000 0.000 0.034 0.379 0.690 0.908  0.953  0.988
(0.000)  (0.000) (0.000) (0.015) (0.345) (0.669) (0.902) (0.950) (0.987)
5x5 0.000 0.002 0.021 0.218 0.465 0.702 0.908  0.954 0.989
(0.000) (0.002) (0.020) (0.213) (0.460) (0.698) (0.907) (0.953) (0.989)
25 x 25 0.003 0.031 0.075 0.280 0.492 0.700 0.902 0951  0.990

(0.003) (0.030) (0.075) (0.280) (0.491) (0.699) (0.902) (0.951) (0.990)
100 x 100 0.007 0.041 0.091 0.294 0.501 0.704 0.902 0951  0.990
(0.007) (0.041) (0.091) (0.294) (0.501) (0.704) (0.902) (0.951) (0.990)

8x2 0.000 0.001 0.012 0.196 0.456 0.702 0.909 0955 0.990
(0.000) (0.004) (0.031) (0.270) (0.532) (0.754) (0.928) (0.964) (0.992)
20 x5 0.001 0.018 0.054 0.259 0.483 0.704 0.906 0.954 0.990

0.002)  (0.028) (0.073) (0.303) (0.531) (0.737) (0.921) (0.962) (0.992)
100 x 25 0.006  0.040  0.088 0292 0498 0701 0901  0.950 0.989
(0.008) (0.047) (0.100) (0.314) (0.523) (0.721) (0.910) (0.955) (0.991)
400x 100 0.009  0.048  0.096 0299 0502  0.702 0902 0951 0.990
(0.010)  (0.053) (0.104) (0.312) (0.516) (0.714) (0.908) (0.954) (0.991)

500 x 5 0.010  0.049  0.098 029 0502 0705 0906 0.955 0.990
(0.020)  (0.083) (0.150) (0.385) (0.589) (0.772) (0.933) (0.969) (0.994)
1000 x 10 0.010  0.051  0.101 0300  0.504 0707 0902 0952 0.991
0.017)  (0.077) (0.138) (0.366) (0.571) (0.757) (0.923) (0.963) (0.994)
5000 x 5 0012 0056 0.107 0307 0509 0707 0905 0.953  0.992
0.027)  (0.097) (0.169) (0.402) (0.602) (0.779) (0.933) (0.969) (0.994)
10000 x 10 0.012  0.055  0.108 0308  0.504  0.706  0.905  0.954 0.991
0.021)  (0.084) (0.150) (0.378) (0.580) (0.763) (0.929) (0.967) (0.994)

2xSE 0.001 0.002 0.003 0.005 0.005 0.005 0.003 0.002  0.001

p becomes larger and starts to match the finite distributions almost exactly when p is no greater
than 25. See the last three columns of Table 1. Second, when p is large, for instance, in the
100 x 100 and 400 x 100 cases, F provides reasonable approximation over the whole range of
interest.

As regards the comparison between different rescaling constants, neither choice seems supe-
rior to the other in the square cases (see the first block of Table 1). However, when the ratio n/p
is changed to 4:1 or higher (see the second and the third blocks), the improvement by using new
constants (4) is self-evident.
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Table 2. Simulations for finite n x p vs. Tracy—Widom limit: the smallest eigenvalue. For each (n, p)
combination, empirical cumulative probabilities are computed for (logAp — vy ;) /T4, p using R = 40000
draws from Wy (I, n). Methods for sampling, computing F; and obtaining percentiles are the same as in
Table 1. Conventional significance levels are highlighted in bold font and the last line gives approximate
standard errors based on binomial sampling

Percentiles  3.8954 3.1804 2.7824 19104 1.2686 0.5923 —-0.4501 —-0.9793 —2.0234

RTW 0.99 0.95 0.90 0.70 0.50 0.30 0.10 0.05 0.01
4x2 1.000  1.000 0.998 0.893 0.625 0.326  0.087 0.041 0.009
10 x5 0.999 0995 0976 0.798 0.555 0310  0.095 0.047 0.011

50 x 25 0.997 0973 0931 0.728 0515 0302  0.097 0.048 0.010
200 x 100 0.993 0960 0913 0.713 0509 0306  0.103 0.050 0.010

8x2 1.000 0992 0969 0.792 0554 0314  0.095 0.046 0.010
20x 5 0.999 0977 0939 0.740 0522 0301  0.096 0.047 0.009
100 x 25 0.993 0960 0915 0.713 0505 0.298  0.098 0.048 0.009
400 x 100 0992 0954 0904 0.701 0500 0.298  0.100 0.049 0.010

2x SE 0.001  0.002 0.003 0.005 0.005 0.005 0.003 0.002 0.001

As a remark, better performance on right tails and improvement by using the new constants,
as reflected in this simulation study, agree well with the mathematical statement in Theorem 1.

Approximate percentiles. We can also use Fj to calculate approximate percentiles for the finite
distributions, whose accuracy can be measured by the relative error r, = QQT W /6, — 1. Here, 6,
is the exact 100«th percentile of the rescaled largest eigenvalue in the finite n x p model and
6I'W is its counterpart from Fj.

In Figure 1, we plot ry for @ = 0.95 and 0.99, with p ranging from 2 to 5 and n from 2 to 50.
Although n A p is no greater than 5, the approximation is reasonably satisfactory. For the 95th
percentile, |rp.95| ranges from 5% to 10% for most cases and slightly exceeds 10% only when
p =2 and the n/p ratio is high. The approximation works even better for the 99th percentile,
with |rg.99| < 5% for most cases. Due to computational limitation [20], we could not obtain
exact percentiles when n and p are large. We expect the approximate percentiles to become
more accurate as a consequence of better distributional approximation.

2.2.2. The smallest eigenvalue

For the smallest eigenvalue, we perform a simulation study to investigate the distributional ap-
proximation. We chose two n/p ratios: 2:1 and 4:1, both with p =2, 5, 25 and 100. For each
(n, p) combination, we used R = 40000 replications. The simulation results shown in Table 2
demonstrate similar performance as in the case of the largest eigenvalue and agree well with
Theorem 2.
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Figure 1. Plots of relative errors ry for approximate percentiles using Fy: (a) 95th percentile; (b) 99th
percentile. Exact finite n x p distributions are computed in MATLAB using Koev’s implementation [20]
and F is computed using the method in [8]. The percentiles are obtained from inverse interpolation.

2.3. Related statistical settings

Here, we review several settings in multivariate statistics to which our results are applicable.
Throughout the subsection, we only use the largest eigenvalue to illustrate.

Principal component analysis

Suppose that X = [X1, ..., X,,]’ is a Gaussian data matrix. Write the sample covariance matrix
S=(n—1)"'X"HX, where H = I —n~'11’ is the centering matrix and principal component
analysis (PCA) looks for a sequence of standardized vectors ay, ..., a, in R”, such that a; suc-
cessively solves the following optimization problem:

max{a'Sa:a'aj =0, j <i},

where ag is the zero vector. Then, successive sample eigenvalues 0 > > 0 p satisfy Zi =
a;Sa;.

One basic question in PCA application is testing the hypothesis of isotropic variation, that is,
the population covariance matrix ¥ = t2/. For simplicity, assume that 7> = 1 (otherwise we
divide S by 72). Then (n — 1)S ~ Wy,(I,n — 1). The largest eigenvalue 571 of § is a natural test
statistic under the union intersection principle. Our result applies to (n — 1)¢1. If 72 is unknown,
we could estimate it by tr §/p. See [25].

Testing that a covariance matrix equals a specified matrix

Suppose that X = [X{, ..., X,,]’ has as its row vectors i.i.d. samples from the Np(u, X) distri-
bution. We want to test the hypothesis Hy: X = X, where X is a specified positive definite
matrix.
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Suppose s is unknown, and let S = (n — 1)"'X’HX be the sample covariance matrix.
The union intersection test uses the largest eigenvalue of % IS, denoted by £1(%y Ls), as

the test statistic [23], page 130. Observe that 51(2515) = 51(20_1/2S20_1/2). Under Hy,

(n— 1)20_1/2520_1/2 ~ Wy,(I,n — 1). So, our result is available for (n — 1)@1(20_1S).

Singular value decomposition

For X areal n x p matrix, there exist orthogonal matrices U (n x n) and V(p x p), such that
X=UDVT,

where D = diag(di, ...,durp) € R™P and di > --- > dyap > 0. This representation is called
the singular value decomposition of X [13], Theorem 7.3.5, with d; the ith singular value of X.
Theorem 1 then provides an accurate distributional approximation for d12 when the entries of X
are independent standard normal random variables.

2.4. The score data example

We consider now the score data example extracted from [23]. The data set consists of the scores
of 88 students on 5 subjects (mechanics, vectors, algebra, analysis and statistics). Taking account
of centering, we have n =87 and p =5.

One might expect that there are several common factors that determine the students’ per-
formance on the tests. Moreover, one might assume that the joint effects of the common fac-
tors are observed in isotropic noises, in which case the covariance structure of the scores
(after proper diagonalization) follows a spiked model ¥ = t2%,,, where 2 > 0, %,, =
diag(€1,...,€m, 1,...,1)and 0 <m < 4. (Note that the model ¥ = 723, is the saturated model
and is indistinguishable from ¥ = t2%5.) To determine m, we are led to test a nested sequence
of hypotheses Hy: X = 2%, with some m <k, for 0 <k < 3.

To compute the p-value of testing Hy, we could (i) estimate 72 by f;%—k as the mean of
the p — k smallest sample eigenvalues; (ii) construct the test statistic as Ty = (nfk+1 /6}274C —
M, p—k)/On, p—k; (iii) report Fi(Ty) as the approximate conservative p-value. Step (iii) is jus-
tified as follows. Let L(A|n, p, X) denote the law of the jth largest sample eigenvalue of a
Wp(n, ¥) matrix. By the interlacing properties of the eigenvalues [13], Theorem 7.3.9 (see also
[15], Proposition 1.2), L(A1|n, p —m, I, ;) could be used to compute the conservative p-value
for the null distribution L(Ax11|n, p, X;,) for all k > m, which is further approximated by Fj.
We summarize the values of 7 and the corresponding p-values in Table 3.

From Table 3, we could see a noticeable difference between the values of 7} and the corre-
sponding p-values by using different rescaling constants. The p-values obtained from the new
constants are typically smaller than those from the old constants. Noting that the p-values are
already conservative, the new constants (4) prevent further unnecessary conservativeness that
would otherwise be caused by the old constants in this example.
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Table 3. The test statistics 7y and the corresponding p-values F (T} ) calculated using
new centering and scaling constants (4) and old constants (3) for the score data

Hy Hy Hy H3
T; (new) 14.5934 4.3162 0.4535 1.4949
p-value (new) <1070 1.1 x 1074 0.0996 0.0235
Ty (old) 14.4740 4.1155 0.1803 1.1897
p-value (old) <1070 1.7x 1074 0.1376 0.0371

2.5. Discussion
We discuss below two issues related to our results.

Log transform

One notable difference between Theorems 1 and 2 is the logarithmic transformation of the small-
est eigenvalue before scaling.

Indeed, for the largest eigenvalue, a similar O(N —2/3y convergence rate can be obtained for the
distribution of (log A1 — vy, p)/Tn,p, With v, , =log(un,p) and 1, p = oy, p/ tn, p- However, when
n or p is small, its numerical results are not as good as those obtained from direct scaling. In
comparison, for the smallest eigenvalue, the transform yields substantial numerical improvement.
Therefore, we recommend the log transform for the smallest eigenvalue.

As no theoretical analysis justifying the choice of the transform is currently available, we at-
tempt some heuristics in the following. First, observe that sample covariance matrices are positive
semidefinite. So, for A, the hard lower bound at O truncates the left tail of its density function on
any linear scale, and hence obstructs the asymptotic approximation by G that is supported on
the whole real line. However, by a map x — logx, we map the support to the whole real line and
avoid the ‘hard edge’ effect. The largest eigenvalue does not necessarily benefit from this trans-
form, for it is on the ‘soft edge’, that is, the right edge of the covariance matrix spectrum, which
does not have a deterministic upper bound. Such heuristics are supported by related studies on
Gaussian Wigner matrices [17] and F-matrices [16].

Software

There have been works on the numerical evaluation of the Tracy—Widom distributions [4,5,8] and
the exact finite n x p distributions of the extreme eigenvalues [19,20]. In addition, the author and
colleagues have developed an R package RMTstat [18] that is intended to provide an interface
for using the Tracy—Widom approximation in multivariate statistical analysis.

3. The largest eigenvalue

This section is devoted to the proof of Theorem 1. We use the operator norm convergence frame-
work developed in [35], for the joint eigenvalue distribution of white Wishart matrices is essen-
tially the same as the Laguerre orthogonal ensemble in random matrix theory (RMT).
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In the proof, we first give the determinantal representations for the finite and limiting distribu-
tion functions and work out explicit formulas for related kernels, in which Widom’s formula (12)
plays the central role. Then, a Lipschitz-type inequality shows that the difference in determinants
is bounded by the difference in kernels. The representation of the finite sample kernel involves
weighted generalized Laguerre polynomials, while that of the limiting kernel uses Airy function.
A decomposition of the kernel difference then enables us to transfer bounds on the convergence
of Laguerre polynomials to Airy function to bounds on the kernel difference and eventually to
bounds on the difference of the probabilities.

3.1. Determinantal laws

Following RMT notational convention, we replace the dimension parameter p of a white Wishart
matrix A by N, and use x; instead of }; to denote its eigenvalues. Henceforth, we assume that N
iseven,n =n(N)> N+ 1landn/N — y €[1,00) as N — oo. The cases y € (0, 1] are easily
obtained by interchanging n and N.

In the RMT literature, for an integer N > 2 and any « > —1, the Laguerre orthogonal ensemble
with parameters N and «, denoted by LOE(N, «), refer to joint eigenvalue density

N

- 1 .

prercoan) = 2— [T Gy []afem”, (7)
¥ 1<j<k<N j=1

where x1 > --- > xy > 0. If further « is a non-negative integer, (7) matches the density function
of ordered eigenvalues x; > --- > xy > 0 from a white Wishart matrix A ~ Wy (I, n), with

a=n—N—1. (8)

Henceforth, we identify the LOE(N, o) model with eigenvalues of A ~ Wy (I, n) by (8). Think-
ing of @ and n as functions of N, in what follows we sometimes drop explicit dependence of
certain quantities on them.

For LOE(N, «), [34], Section 9, features the following determinantal formula

Fy1(x') = Plxi < x'} = /det — Ky ). ©)
Here x =1,., and Ky is an operator with 2 x 2 matrix kernel

Kn(x,y) = (LSN,1)(x, y) + K*(x, y), (10

(1 - . 0 0
L_<81 T)’ K _(—s(x—y) 0>'

In L, 9; is the differential operator with respect to the second argument, ¢; is the convolution
operator acting on the first argument with the kernel e(x — y) = % sgn(x —y) and TK(x,y) =
K (y, x) for any kernel K.

where
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To give an explicit formula for Sy 1, introduce the generalized Laguerre polynomials {L{}}2
([31], Chapter V), which are orthogonal on [0, co) with weight function x*e™. The normalized
and weighted versions of them become

b (@) = hy P21 (x),  k=0,..., (11)

with Ay = fooo LY (x)2x%e ™" dx = (k + a)!/k!. Widom [36] derived a formula for Sy 1, which
can be rewritten in a form more convenient to us [1], equation (4.3), as

N! _ d
SN, y) = Sy a0, y) + ——x%%e "”[aL‘}‘v(x)]

4T(N + )
N (12)
X / sgn(y — 02777 L () — LY (2)1dz,
0
where Sy 7 is the unitary correlation kernel
N—1
SN2, y) =) g (x a)pr(y; ).
k=0
Letay = +/N(N + «), and define as in [10], Section 2, functions
P ) = (— 1>N,/ o (x; @ — Dx 21z,
(13)

Yixio) = (—1>N—1,/“7N¢N71(x; o+ Dx~ 1.

Write a ¢ b for the operator with kernel (a © b)(x, y) = fooo a(x +z2)b(y 4+ z)dz. Then Sy 2 has
the integral representation [10,15]

SN,z(x,y)=/0 P +)V O+ +Yx+0(+)dz=(@ oY+ od)(x,y). (14)

By [31], equations (5.1.13) and (5.1.14), the second term on the right-hand side of (12) equals

N! 00
“iravaa e N (x)/o sgn(y — 9227 LYT @ dz = Y (D (ed) ()

Hence, we obtain

Sna(x, y) =Sn20x, y) + ¥ (x)(eh)(y) 15)

with Sy 2(x, y) given in (14). Together with (9) and (10), this gives the determinantal represen-
tation of the finite sample distribution on the original scale.
The Tracy—Widom limit has a corresponding determinantal representation [35]

Fi(s') = y/det(I — Kok f), (16)
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where f = 1. and the operator Kgog has the matrix kernel

S(s,t)  SD(s,1)

KGog(s, 1) = (15(&;) S(t,s)

) + K°%(s,1).

Introduce the right tail integration operator & as in [16], where (£g)(s) = L o° g(u)du and for
kernel K (s, 1), (€1K)(s,t) = fsoo K(u,t)du. Also write a ® b for the rank one operator with
kernel (a ® b)(s,t) = a(s)b(t). Then the entries of Kgog are

S(s,1) = (Sa — SAI @ EAQ) (s, 1) + FAi(s),
SD(s, 1) = = (Sa(s. 1) — LAI ® BAQ) (s, 1), 17)
IS(s,1) = —&1(Sa — AL @A) (s, 1) — $(EAD () + 3 EAD (D).

Here Sa(s, 1) = (Ai o Ai)(s, t) is the Airy kernel, and Ai(-) is the Airy function ([26], page 53,
equation (8.01)).
Let G = —-Ai, and define matrix operators

V2

A B (1 0 (0 0
L_(—51 T)’ L1_<—51 0)’ Lz_(??z 1)'

We can write Kgog in a compact form as

Kooe=L(Sa— G ®EG) + L1(G® J5) + Lao( 75 ® G) + K*. (18)

3.2. Rescaling the finite sample kernel

Under the current RMT notation, the rescaling constants (4) are translated to

13
oy = (V= + YNO) an,N=(¢n—_+m)<J%+J%). (19)

Introduce the linear transformation 7(s) = p, v + son,n and let Fy 1(-) = I:“N,l(r(-)) be the
distribution function of 7~ (x}), that is, the largest eigenvalue of A ~ Wy (I, n), rescaled by
(19).

Define the rescaled kernel K; as

K (s,1) =T/ ()T (1)K N (T(5), T(1)) = 00 N KN (T(5), T(D)). (20)

Since Ky and K share the spectrum, Fy (s") =+/det(] — K. ).
To work out a representation for K, apply the r-scaling to ¢, ¥ and Sy > to define

P (s) = Un,N¢(Mn,N +S0‘n,N), Ye(s) = Gn,NW(Mn,N +SUn,N) 21
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and

Sz(s, 1) :Un,NSN,Z(/an,N + S0u,N, Un,N + tan,N) = (¢pr O Y + Y7 0 Pr)(s,0). (22)

Then we obtain from (15) that

SEGs. ) = VT )T OSN1(T($), T()) = St (5, 1) + Y (5) (60 ) (1), (23)
This, together with (10) and (20), leads to

1 —o N0
Op,N - €1 T

kr(s,t)z( >sf(s,z)+an,NK€(s,z).

Observe that det(/ — K, f) remains unchanged if we divide the lower left entry by o, y and
multiply the upper right entry by o, . Thus, we obtain

Fy,1(s") =/det( — K¢ f) (24)
with
Kf(s,t)z(LSf)(s,t)vLKg(s,t). (25)

To match the representation (18) of Kgog, and to facilitate later arguments, it is helpful to
rewrite LSf, and hence K, using £. To this end, observe that f Y =0 and let

1 o0
Bn = 5/ ¢r(s)ds. (26)

By the identity (eg)(s) = %fg — (2g)(s), we obtain e¢p; = By — ¢, and ey, = —&Y;, and so

LSF=L(S: — ¥ ®E¢pr) + BN LY ® 1).

Now L =1L+ E with £=(,, %

argument and [ ¢, =0, we obtain

8). Since 2(e; + &) equals integration over R in the first

LSRR = L(S; — ¥ ®Epr) + ES: + BNL(Yr ® 1)
=L(S; — Y ®Ep:) + ByL1(¥r @ 1) + ByL2(1 ® 7).

The second equality holds, for (ES;)2 = %ffooo Se(u,t)dt = By fooo Y (t + 2)dz =
Bn (Eyr;)(t). Finally, this gives K, a similar decomposition to that of Kgog

K =L(S; — Y ®E¢r) + L1 (¥ @ B) + La(Bn @ ¥e) + K*. Q27)



Extreme eigenvalues in white Wishart matrices 335
3.3. Generalized Fredholm determinants

For any fixed so € R, we are interested in the convergence rate of Fy (s’) to Fi(s") for all
s' > so. In what follows, we show that this relies on the operator convergence of K; to KGoEg.

First, we note that the determinants in (9), (16) and (24) are not the usual Fredholm deter-
minants (see, e.g., [21] for an introduction to the Fredholm determinant), as the & term on the
lower-left position of the matrix kernels is not of trace class. Tracy and Widom [35] first observed
the problem and proposed a solution by introducing weighted Hilbert spaces and regularized
2-determinants, which we adopt here.

Consider the determinant in (9). Let p be a weight function such that (1) its reciprocal
51 e L0, 00); and (2) Sy.1 € L*((x', 00); 5) N L*((x’, 00); 5~ 1). Then &: L?((x', o0); p) —
L?((x', 00): ,5_1) is Hilbert—Schmidt and Ky can be regarded as a 2 x 2 matrix kernel on the
space L2((x’, 00); p)® L*((x’, 00); p~1). In addition, by the second condition on j, the diagonal
elements of K are trace class on LZ((x’, 00); 0) and L2((x’, 00); ,5_1), respectively.

For a Hilbert—Schmidt operator 7" with eigenvalues g, its regularized 2-determinant [12] is
defined as dety(/ — T') =[], (1 — ux)et*. If the diagonal elements of T are trace class, then we
define the generalized Fredholm determinant for 7' as

det(l —T)=deto(I —T)exp(—trT). (28)

As remarked in [35], the definition (28) is independent of the choice of o and allows the deriva-
tion in [34] that yields (9), (10) and eventually (15).

Change the domain to (s’, 00) with s’ = v~ (x’) and the weight function to p =/ o 7, and
abbreviate L%((s, 00); Q) as LZ(Q) for any suitable o. Then, K; and Kgog are members of the
operator class A of 2 x 2 Hilbert-Schmidt operator matrices on Lz(,o) ® Lz(,o_l) with trace
class diagonal entries. Definition (28) and previous derivations in Section 3.2 remain valid.

In order to make the latter argument more explicit, it is convenient to make a specific choice
of the weight function p. In particular, on the s-scale, we choose

p(s) =1 +exp(|s]). (29)

This implies that on the x-scale, we specify the weight function g = p o (1) as

p(x) =1+ exp(|x — pn,N|/On,N)-

It is straightforward to verify that the required conditions are all satisfied.
With rigorous definition of the determinants, we now relate the convergence of Fy 1 to Fj to
that of K; to Kgog. First of all, simple manipulation leads to

[Fy ) = FEG6Hl 1

|Fn,i(s) — Fi(s)] = Fi(s0) = Fro0)

|det(] — K;) — det(I — Kgog)|.  (30)

To bound the difference between the determinants, we have the following Lipschitz-type in-
equality. Here and after, || - ||; and || - ||2 denote the trace class norm and Hilbert—Schmidt norm,
respectively.
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Proposition 1. Let A, B € A, and det(I — A), det(I — B) defined as in (28). Ifziz=1 |A;; —
Biilli + 32 |1 Aij — Bijlla < 1/2, then

2
|det(7 — A) — det(I — B)| < M(B)(Z lAii = Bil + Y 1 Aij Bijnz), (31)

i=1 i#j
where M(B) = 2|det(I — B)| + 2exp[2(1 + || B[2)* + > i IBiill1].

Proof. [16], Proposition 3, established a similar bound to (31), but with M (B) replaced by
oA 1 5 |e—trA_e—trB|
C(A,B)=1e " —(1 A B detry(I — B)|——————.

( )=le I€XP[2( + [|All2 + |l ||2)]+I eta( )| A uwB|

We now bound C(A, B) by the above claimed constant M (B).

Observe that for |x| < 1/2, |e* — 1| < 2|x|. Therefore, when Zi2=1 |A;; — Bii ||1+Zi¢j lAi; —
Bijjll < 1/2, we have |[rA — trB| < Zl-zzl lA;; — Biill1 < 1/2, which in turn implies
le~"4 —e~"B| <2|trA — tr B|le” " B|. Hence, for the terms in C(A, B), we have

le™T A <le”"B —e " L7 B < e "B|2r A —tr B| + 1)

< |e—“3|<22||A,~i - Biil1 + 1) <2exp(|Bulli + [|B22llh)
i

and

|e—trA _ e—trB|
|deto (I — B)|m <2|dety(I — B)|le”"B| =2|det( — B)|.

Moreover, we observe that
L+1All2 +1Bll2 < 1+2||Bll2+ 1A — Bll2
2
<1420Bl2+ Y 1A — Biili + Y _ IlAij — Bijl2

i=1 i#]
<2+2|Bl>.

Plugging all these bounds into C (A, B), we obtain the claimed form of M (B). O

Remark 1. Proposition 1 refines [16], Proposition 3, by having the leading constant M (B) of the
bound depend only on B, which is important for deriving properties of the C(sp) function later.

3.4. Decomposition of K; — Kgog

By Proposition 1, to prove Theorem 1 is essentially to control the entrywise convergence rate of
K to Kgog. To this end, we construct a telescopic decomposition of K; — Kgog into sums of
simpler matrix kernels whose entries are more tractable.
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To explain the intuition behind the decomposition, we introduce constants fi, y and 6, y as

- . o | L\
fin,v = (Vs +v/Ni), on,N—(JrH+vN+)<ﬁ+ m) - (32

In [10], it was shown that (i1, N, 0n,N) = (flu—1,N—1, On—1,N—1) is ‘optimal’ for ¥, in the sense
that [, — G| = O(N~2/3), but suboptimal for ¢, as |¢. — G| = O(N~'/3). However, later in
Proposition 2, we will show that |p; — G — AyG’| = O(N~%/3) for

_ llnfl,Nfl - lln72,N

AN =0O(N"1/3). (33)

On—2,N

(For a proof, see Section A.5.) These bounds suggest that, in the decomposition, we align v,
with G, and ¢; with G + AyG’.
Let Gy =G + AyG’ and Sa, =G o Gy + Gy © G. We obtain

Say —GREGN=S4—GREG

for

o0

/ G(S+Z)G’(t+z)+G’(s+z)G(t+z)dz=/ diZ[G(s+z)G(t+z)]dz=—G(S)G(t)~
0 0

This, together with (18) and (27), leads to the decomposition
K: — KGog = L(S; — Say) + L(G®EGN — Y ® E¢y)

(34)
+L1(wr®ﬂN—G®%)+L2(,3N®% - %@G).

3.5. Laguerre asymptotics and operator bounds

Here we collect a set of intermediate results to be used repeatedly in the proof of Theorem 1.
To start with, we consider the asymptotics of ¢, and 1/, and their derivatives. Recalling that
G= %Ai and Gy = G + Ay G/, we have the following.

Proposition 2. Let ¢, ¥ and Ay be defined as in (21) and (33). Assume that (8) holds, and
that as N — oo, n =n(N) — oo withn/N — y € [1, 00). Then, for any given s, there exists
an integer No(so, y) such that when N > No(sg, v ), for all s > s,

W ()], [ ()] < C(s0) exp(—s), (35)

| (51, 10 (5)] < C(s0) exp(—s), (36)

e () — G(s)]. [¥,(s) — G'(9)] < C(s0)N > exp(—s), 37
e (s) — Gn (). 167 () — Gy ()| < C(s0) N~ exp(—s), (38)

where C(-) is continuous and non-increasing.
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Integrating these bounds over [s, 00), we know that they remain valid if we replace ¥, ¢, G
and G y with ¢;, ¢, G and €G y on the left-hand sides. The proof of Proposition 2 involves
careful Liouville-Green analysis on the solution of certain differential equations and will be
discussed in detail later in Section 5.

On the other hand, for G and Gy, we have the following bounds from [26], page 394. Note
that the bounds for Gy and G/, do not depend on N, for A is uniformly bounded.

Lemma 1. Fix 8 > 0 and k > 0. Then, for all s > sy,
s*G ()1, Is* G N (9)], 1s* G (9)], Is* Gy ()] < C(s0) exp(—Bs),
where C(sq) is continuous and non-increasing.

For a proof of the lemma, see [22]. Integrating the bounds for |G| and |G y| over [s, 00), we
obtain that |§G| and |G y| are also bounded by C(sg)e™?*.

For a later operator convergence argument, we will need simple bounds for certain norms of
operator D : L*(p) — L?*(py) with kernel D(u, v) = a(u)B(v)(a ¢ b)(u, v), where {p1, p2} C
{p, p~ 1} with p given in (29). In particular, we have

Lemma 2 ([16]). Let D: L2(,01) — Lz(pz) have kernel D(u,v) = a(u)B(v)(a ¢ b)(u, v). Sup-
pose that {p1, p2} C {p, p~'} and that, for u > s’,

loe ()| < cxpe™'”, 1B )| < BoeP', la(u)| < ape™ ", Ib(u)| < boe™ P, (39)
with ay — a1, by — B1 > 1. Then the Hilbert—Schmidt norm satisfies

aoBoaobo
[Dll2 < C————expl—(a1 + b1 — a1 — B1)s" + 15|, (40)
ar + by

where C = C(ay, a1, b1, B1). If p1 = p2, the trace norm || D||1 satisfies the same bound.

3.6. Operator convergence: Proof of Theorem 1

Abbreviate the terms in the decomposition (34) as
K: — Kcog = 8% + 88 + 8 +5F.

We work out below entrywise bounds for each of these § terms and then apply Proposition 1 to
complete the proof of Theorem 1. In what follows, we use the abbreviation D® f,k=—-1,0,1
to denote & f, f and f’, respectively. Moreover, the unspecified norm | - || denotes the Hilbert—
Schmidt norm || - ||2 for off-diagonal entries and trace class norm || - ||{ for diagonal ones.
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5% term
Recall that §% = Z(Sr — Say) with S; = ¢ o Yr + Y 0 ¢y and S4, =Gy 0 G + G o Gy.

Regardless of the signs, we have the following unified expression for the entries of §¥:

6%);; = D® (¢, — Gn) o DOy, + DX Gy o DO (Y, — G) )
+ DY, —G)o DD, + DPG o DV(p, — Gy),

fori, j € {1,2}, k e {—1,0} and [ € {0, 1}. By Proposition 2 and Lemma 1, we find that for any
of the four terms in (41), condition (39) is satisfied with g =Bp=1, 01 =p1 =0,a1 =b; =1
and {ag, bo} = {C(s0), C(so)N~2/3}. So Lemma 2 implies

1R)ij1l < C(s0)N 23 exp(—=2s" + |s]). (42)

By a simple triangle inequality, we can choose C (sg) in the last display as the sum of products of
continuous and non-increasing functions, which can be seen from the term («Boaobo) /(a1 + b1)
in (40). Moreover, the term C in (40) is a universal constant for fixed ap, &1, b1 and B; here.
Hence, the final C(so) function remains continuous and non-increasing.

Finite rank terms

For a rank one operatora ® b: L2(p1) — L%(py) with kernel a(s)b(t), its norm is
la®bl = ”a”Z,pz”b”z’pl—l-

Here, the norm can be either trace class or Hilbert—Schmidt, since the two agree for rank one
operators. In addition, for any p, ||a||% 0= fﬁo la(s)|>0(s)ds. Now consider matrices of rank

one operators on L*(p) @ L*>(p~"). Write || - ||+ and || - || for || - ll2,p and || - |l ,-1, respectively.
[16], equation (213) gives the following bound
<|Ia11 ®biillr Nlanx® b12||2> - <|Ia11||+||b11 - ||a12||+||b12||+> 43)
lazi ® baillz  llaz ® ba2ll1 ) — \Mlaz2ill-lb21ll-  llazz2 [l 1b22ll+

First consider 85 . We reorganize it as
58 =—L(Y: ® 8¢y — G QEGY)
=LY ®&(¢pe — GN) + (W — G) ®EGN] =385 +85 .

The entries of 8g’i, i = 1,2, are all of the form a ® b, with a and b chosen from D® Ve,
DX (¢, — Gn), DO (Y, — G) and DX Gy, for k € {—1,0, 1}.
Observe that for n > 2 we have

o0
8
f exp(—ns)p*! (s)ds < eXp(—ns/iIS’l)S;eXp(—nsUrIS’l). (44)
S,

n—1
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Together with Proposition 2 and Lemma 1, this implies
ID®y |2, | DPGy | < Clso)exp(=25" +Is']),
ID® @ — &) |2, |DP (e — G| < Clso)N 3 exp(=25" + Is')).
These bounds, together with the triangle inequality and (43), yield

1GEH1II < ¥ ® & — GVl + (¥ — G) ®EGN 11
Sl +lE@: —GMII- + I — Gll+IEGN -
< C(so)N~3exp(=2s" + Is')).
Similarly, we obtain the bounds for the other entries. In summary, we have

1651 < Cso) N3 exp(—2s' +|s']). 45)

Switch to 8{7 and 35. Recall that (Sf =Li1(y; BN —G® %) and 85 = Lo(Bn @ Yrr — % ®

G). Due to their similarity, we take Sf as an example and the same analysis applies to 6{ with
obvious modification. We further decompose 8f as

5 =Li[(y: =G @By +G @ (By — )]

By (43), the essential elements we need to bound are I1D® (Y — G|+, ID®G|+ and ||1]|—
for k = —1 and 0. The bounds related to D® (, — G) have already been obtained. For the other
two terms, (44) and Lemma 1 give

|DPG|2 < Clso)exp(=25" +1s'))
and

o0 o0
||1||2_=/ [1+exp(|s|>]—1dss/ exp(—|s))ds <2.
S/

—00

Since By — % =0O(N~!) (fora proof, see Section A.5), we have
16Dl < 1(W — G @ Byl + |G ® (By — 1/V2) ]
< W = Ol IBN -+ G+ | By — 1/32]

< C(s0)N"*3exp(—s" +Is1/2) + C(s0) N~ exp(—s' +15'] /2)
< C(so)N "3 exp(—s'/2).

In a similar vein, the same bound can be obtained for || (Sf: )12/l2 and entries of 85 . Therefore, we
conclude that

111, 116511 < Clso) N~ exp(—s'/2). (46)
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Now we prove Theorem 1.

Proof of Theorem 1. By the decomposition (34) and bounds (42), (45) and (46), the triangle
inequality gives the following bound for the norm of each entry in K; — KgoE:

I(Kz — KGor)ijll < C(so)) N~ exp(—s'/2).
We then apply Proposition 1 with A = K; and B = KgoE to get
|det(/ — K;) — det(I — Kgor)| < M (Kcor)C(so) N~ exp(—s'/2), (47)

where M (Kog) = 2det(I — Kgog) +2exp{2(1 + | Kcoell2)?> + 3, | KGok.iill1}-
For the first term in M (Kgog), we have det(/ — Kgog) = F12 (s") < 1. On the other hand, we
have

IKGoEll2 < D I(Kaor)ijlla < > I(Kaoriilli + Y _ (Kaor)ij 2.
ij i i#j
In principle, one can show that, for each (i, j), [|(Kgog)ijll < C(so), with C(so) continuous and
non-increasing. Take ||(Kgog)11]l1 as an example. Let H; and G, be Hilbert—Schmidt operators
with kernels ¢, (x + y) and ¥, (x + y), respectively, then as an operator

(KGoe)11 = H;G; + G H; + G ® % - G®EG.
Since |AB||1 < [|All2||Bll2, we have
I(Kgor)11ll1 <21 H- 121G ll2 + %IIGllz,plllllz,p—l +1Gll2,51EGl, p-1-

Each norm on the right-hand side of the last inequality is the square root of an integral of a pos-
itive function on (s’, 00) or (s’, 00)? that is bounded by the corresponding integral over (s, 00)
or (sg, 00)2, which in turn is continuous and non-increasing in so. Hence, || (Kgor)11ll1 < C(s0).
A similar argument applies to other entries. So, we can control M (Kgog) by a continuous and
non-increasing C(sg). Finally, we complete the proof by noting (30) and the fact that 1/ Fj (sp) is
continuous and non-increasing. (]

4. The smallest eigenvalue

This section is dedicated to the proof of Theorem 2.

Recall that two key components in the proof of Theorem 1 were: (1) determinantal represen-
tations for both the finite and the limiting distributions; (2) a closed-form formula for the finite
sample kernel that yields a convenient decomposition of its difference from the limiting kernel.

In what follows, we first establish the rate of convergence for matrices with even dimensions.
This is achieved by working out the above two components in the case of the smallest eigen-
value. Then, we prove weak convergence for matrices with odd dimensions using an interlacing
property of the singular values.
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4.1. Determinantal formula

As before, we follow RMT notation to replace p with N, and identify LOE(N, «) with eigenval-
ues of A ~ Wy (I, n) by (8).
Assume that N is even. For the smallest eigenvalue xy, for any x’ > 0, [34] gives

1— Fyy(&x)=Plxy > x'} =/det(I — Ky x), (48)

where x = 1p<y<y and K is given in (10).

Due to a nonlinear transformation to be introduced, the formula (12) that we previously used
to represent Sy, 1, the key component in K, is not most appropriate here. Instead, we find an
alternative (yet equivalent) formula given in [1], Proposition 4.2, more convenient. Indeed, let

Fr(x; @) = (=) / “7N¢k<x; a)x 1,2, (49)

with ay = /N (N + «). Then [1], Proposition 4.2, asserts that

N-—1- _
SN,I(X,)’;(X)Z\/gsN—l,z(xv%a‘Fl)“‘\/ N on—1(x; o+ D(epy-2)(y;a+1). (50)

We write out the explicit dependence of these kernels on the parameter « as they are different
on the two sides of the equation. As a comparison, the previous representation (15) could be
rewritten as

Sn1(x, y;a)=Sna(x,y; @) +dn_1(x; @+ D(epn) (y; o — 1).

Its equivalence to (50) is given in the Appendix of [1].
Now, introduce the nonlinear transformation

w(s) = exp(vr:N — ST';N), (&2))

where v, and 7, are the rescaling constants in (6), with p replaced by N. Incorporating the
transformation into Ky, we define

Ky (s, 1) = ' ()" (VKN (7 (s5), (1)) (52)

Let Fyn be the distribution of (logxy — v, y)/7, y. Fix so, for any s =n () >
so and f = 135y, since det(/ — Kyyx) = det(I — IE,,f), we obtain 1 — Fy y(—s') =
Vdet(I — K f). Thinking of K, as a Hilbert-Schmidt operator with trace class diagonal entries
on L2([s’, 00); p) D Lz([s’, 00); p’l) f_or proper weight function p, we can drop f.

Now consider the representation of K. For by = /(N — 1)/N, let

Gz (5) = =Dy (o2 (n(); e+ 1),  Yr(s) = by ()py_1(n(s);a +1). (53)
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Using [11], Proposition 5.4.2, we obtain

Sn—12(m (), w(@);a + 1) = (@' ()7 ()" (@ © Y + V¥ © P2 (5, 1).

On the other hand, simple manipulation yields that the second term in (50), with x = 7 (s) and
y =m(1), equals (—7'(s)) "' ¥x (s) (e ) (1). Thus, Sy, 1 (T (s), 7 (1)) = (—7/(s)) ' SX (s, 1) with

SK(s,1) = (br © Y + Vx © b)) (5, 1) + (Y @ £h) (s, ). (54

In addition, we have

—0iSna@(s), (@) -1

(S0SN(E(), m(0) = —=2 S =
t

(=82SR (s, 1)1,
(e1Sn.1) (T (s), (1)) = /0 e(m(s) — 2)Sn.1(z, 7 (1)) dz

= /OO e(s —u)Sn.1(m(u), ()’ (u)du = —(slef)(s, 1).

—0o0

Supplying these equations to (10), we obtain that

Kx(m(s), m(t)) = U(s)(LSX + K*)(s, ) U™ ()

with U (s) = (_iiag(l/\/—n/(s), —+/—7(s)). Observe that det( — K ;) remains unchanged if we
premultiply K, with U~ (sp) and postmultiply it with U (sg). Denoting the resulting kernel by
K, we obtain that

Kn(s,0) = On(s)(LSE + K¥)(s,1) 03 (1) (55)

with Qn (s) = U~ (s0)U (s) = diag(y/7/ (s0) /7' (5), /7' (s) /7' (50)) and that 1 — Fy n(—s') =
Jdet(I — K5).

Recall that G1(—s") =1 — F1(s'). So, Fy n(—s") — G1(—=5") = Fi(—s") — [1 — Fy n(—=5")].
Similar to (30), we obtain

|Fy.n(—s) = Gi(—s")| <

< |det(I — Ky) — det(I — KGop)|-
Fi(s0) "

Thus, as in the case of the largest eigenvalue, by Proposition 1, to prove Theorem 2 is to control
the entrywise norm of K, — Kgog. For this purpose, a convenient decomposition of K, — KGog
is crucial, to which we now turn.

4.2. Kernel difference decomposition

We derive below a decomposition of K, — Kgog. Despite the differences in actual formulas, the
general guideline of the decomposition is the same as that in Section 3.4.
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To start with, we rewrite (55) using the right tail integration operator £. To this end, observe
that [ ¥, =0 and that

=—+O0ONh.
ﬁ+( )

(N =DYV4n = DY*T(N +1)/2) [ I'(n—1) }1/2

- 1 00
Pv=3 /,oo O = AN 1) Tw2 |TW-1

By the same argument that leads to (27), we obtain
Kn(s.)=On)KE+KE +KE,+ K (5.0 03 (1),
with the unspecified components given by
KR =L(Sy —v2®8¢r). KE =Li(Wx®Bn),  KI,=LBy®vn).

Define Ay = (v, y = Vo_i v_1)/Ti 1 y_1 =ON"13) and Gy = G + AyG'. For S, =
Go GN + GN ¢ G, we have S'AN -G® ééN =S4 — G ® £¢G. Abbreviate the terms in (18) as

Kcor = KR+ KF + K¥ + K°.
Then,
KX — KR =L(Sy — 5S4 — ¥ ®Epr + G ®EG)
= L(Sz — Say) — LYz @3y — GREGY) =R +68F.
Further define
80P (s, 1) = ON)K K (s, 0N (1) — KX (s, 1),
55 (.= ONOKE (.00 ) — K[ (s.0),  i=1.2,
8°(s,1) = QN(S)KS(s,t)Qﬁ(t) —K*®(s,1).
Our final decomposition of K; — KGoE i
Kr — Kgog = 880 4 681 1 5b 187 467 1 5%, (56)

We remark that Proposition 2 remains valid if we replace ¢, and v, with ¢, and V., re-
spectively. The proof is similar to that to be presented in Section 5 for Proposition 2. With these
estimates, for each term in (56), we apply Lemma 2 to bound their entrywise norms as in Sec-
tion 3.6. This completes the proof of the rate of convergence part in Theorem 2.

4.3. Weak convergence in the odd N case

We now establish weak convergence to the reflected Tracy—Widom law in the odd N case. This is
achieved by employing an interlacing property of the singular values. The strategy follows from
[30], Remark 5.
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Assume that N isodd and n — 1 > N. Let Xy4+1 be an (n 4+ 1) x (N + 1) matrix with i.i.d.
N (0, 1) entries and X the n x N matrix obtained by deleting the last row and the last column
of Xn41. Denote the smallest singular values of Xy4+1 and Xx by ty4+1 and ¢y, respectively.
We apply [13], Theorem 7.3.9, twice to obtain that (; < (y41. Repeat the deletion operation on
X n to obtain the (n — 1) x (N — 1) matrix X y—_1 and denote its smallest singular value by ty_1.
Then we obtain the ‘sandwich’ relation: (y—1 <ty < (n41-

Observe thatfork=N—1,Nand N+ 1, X ,/(X « are white Wishart matrices with the smallest
eigenvalues x; = L]%. In addition, as N - oo and n/N — y > 1,

Wpv = Voo N T vt = OWN~'?) and LN/ T o1 =1+ ON"h.

They together imply that the weak limits for the odd N and the even N sequences must be the
same. This completes the proof of Theorem 2.

5. Laguerre polynomial asymptotics

In this section, we complete the proof of Proposition 2. The proof has the following components.
First, we take the Liouville-Green approach to analyze an intermediate function that is connected
to both ¢, and y;. After recollecting some previous results in [10,15] for v, we give a detailed
analysis of ¥/, ¥/ — G’ and also strengthen a previous bound on ¥, — G. Finally, we transfer
the bounds on quantities related to ¥, to those related to ¢, by a change of variable argument.

5.1. Liouville-Green approach

Recall (fin, N, 6p,n) in (32) and « in (8). We introduce the intermediate function

Fan(0) = (=D)V6, Y Nnix®> e /2 L5 (x) (57)

as in [15], equation (5.1), and [10], Section 2.2.2. (Note: @« = ay — 1 for the constant oy used in
[15] and [10].) Then ¢, is related to F, y as

4 4~1/2 ~
Yr(s) = L(Nl/ (n—1 Unl,NIU”’N)F LN-1(tn,N + 50, zv)<—ﬂn_l’lv_1 )
i V2 An—1,N—1 S "\ oy +soun )

Replacing the subscripts (n — 1, N — 1) by (n — 2, N) in fi,—1 N—1,6n—1,n—1 and F,_1 y_1 on
the right-hand side, we also obtain the expression for ¢ (s).

Due to the close connection of ¥, and ¢, to F;, n, the key element in the proof of Proposition 2
becomes asymptotic analysis of F}, y and its derivative. To this end, the Liouville-Green (LG)
theory set out in Olver [26], Chapter 11, is useful, for it comes with ready-made bounds on
the difference between F, y and the Airy function, and also on the difference between their
derivatives.
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To start with, we observe that F, y satisfies a second-order differential equation,

1 ky AL —1/4
F,ZN()C):{__—‘F1\]42

1 Fu N (), (58)

with ky = %(n +N—+1)and Ay = %(n — N). By rescaling x = «kn§, setting wy (§) = F,, v (x),
the equation becomes

Wi (&) = {kk (&) + g(E)wn (),
where

—E)(E— 1
(& §4);2§ E+)’ 2(E) = ——

f&) = et

The zeros of f are given by &+ =2+ ,/4 — a)ZZV for oy =2\ /kn. They are called the turn-

ing points of the differential equation, for each separates an interval in which the solutions are
oscillating from one in which they are of exponential type. The LG approach introduces a new
independent variable, ¢, and dependent variable, W, as

d 2_ e 12
;@) — 1), W‘(E) w.

Then the differential equation takes the form W”(¢) = {3 ¢ + v(on, £)}W(¢). Without the per-
turbation term v(wy, ¢), this is the Airy equation having linearly independent solutions in terms
of Airy functions Ai(K]%,/ 3;) and Bi(fc]2\,/ 3;). We focus on approximating the recessive solution
.23
Aie?0).
Let f = f/¢. [26], Theorem 11.3.1, gives that

wy (€) oc fAENAIGR0) + o2y, E)),

where, uniformly for & € [2, 00), the error term &; satisfies

A
lea(icn, €)] < (M/(f)(xi“;)[exp{ iF(wN)} - 1}, (59)
n A
|0z £2 (e, )] < K]i”fl/Z(s)(N/s)(x?v”c)[exp{inwm} - 1}. (60)

In the bounds, M, £ are the modulus and weight functions for the Airy function and N the
phase function for its derivative ([26], pages 394-396). On the real line, £ > 1 and is increasing,
0<M <1 and N > 0. Moreover, for all x,

[AI(x)| = (M/E)(x), |AT'(x)| < W/E) (). (61)
As x — 00, their asymptotics are given by

EG)~ V2@ M)~ T N ) ~ 2 A (62)
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In addition, in the bounds (59) and (60), Ao = 1.04 and the analysis in [10], A.3, shows that,
uniformly for & € [2, 00), for large enough N,

A
exp{iF(a)N)} _ 1< N3, (63)

Come back to F; . The alignment in [10], equation (5) and A.1, shows that

Fan @) =iy 06,5 FV4E ALY ) + ea(kn. ),

with ry = 1+O(N ™). Let Ry (€) = (¢'(6)/¢4) ™1/ with £y = £/(61). As (¢3) ™' =y Gnn
and f(é) = ;’(2;‘)2, we can rewrite F,, y as

Fun () =ry Ry EAI ) + e2(kn, £)}. (64)

This representation serves as the starting point for all the subsequent asymptotic analysis on ¢,
Y, and their derivatives.
From now on, without notice, all the inequalities are understood to hold uniformly for N >

No(so, ¥).

5.2. Summary of previous analysis: Bound for |y, (s)]|

Here, we summarize the previous analysis of F;, x in [10,15], which gives the desired bound for
[¥r¢ (s)] in (35) and a crude estimate for |, — G|.
Let x, n(s) = fin, N + 505, v and define

9n,N(xn,N(S))=Fn,N(xn,N(S))< Hn N ) (65)

xn,N(S)

As 6’;,1\,/2N1/6 < 1, we obtain that, for all s > 0,

| Fn v Con, v )] < | F v (e, ()8, y N7V < Cexp(—s),

where the latter inequality was obtained in [15], A.8. If so < O, then & = x, n(s)/kn > 2 uni-
formly for all s > s9. In addition, Lemma 3 later shows that |Ry(§)] <1+ CN —2/35] for
s € [so0, 0]. Therefore, we apply (59), (63) and (64) to obtain that

| Fo N (o, v ()] < 2rv | RN () (M/E) 1)) < 4,

uniformly for s € [so, 0]. Hence, |F,; v (x,,n(s))| < Cexp(—s) for all s > s9. Moreover, we note
that 6, N /fin.N = O(N_2/3). So, when N > Ny(sg), for all s > s,

fin N /XN (8) < (14 5060 N/ fin.N) " < 2.
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Hence, uniformly for s > s,
6n, N (xn, N ()] < C(s0) exp(—s). (66)
Finally, for any oy =1+ O(N _1), El Karoui [10], Section 3.2, showed that, for all s > s,
|oN O, N (XN (5)) — Ai(9)] < C(s0)N ™ exp(—s/2).

For v, (s), observe that (i, N, 0n,N) = (fln—1,N—1,0n—1,N—1). Using Sterling’s formula, we
obtain that ¥, (s) = %pNé?n,l,N,l(xn,l‘N,l(s)) for some py =1+ O(N~1). Then, we apply
the last two displays to obtain

[Ye(s)] < C(so)exp(—s),  |¥r(s) — G(s)| < C(s0) N2/ exp(—s/2), (67)

uniformly for s > sp.

Here, the first inequality gives the bound for |, |, while the bound on |, (s) — G(s)| could
be further improved; see (75). Note that we cannot apply these results directly to ¢, since the
‘optimal’ rescaling constants ({i;—2 N, 0n—2 n) for F,_2 y do not agree with the global constants

(,Uvn,Na Un,N)-

5.3. Asymptotics of |¢, (s)|, |¥.(s) — G'(s)| and ¢, (s) — G(s)|
Here, we derive bounds on |y, | and |/, — G| and refine the bound on |/ (s) — G(s)].

5.3.1. Bound for |y (s)|
To obtain bounds for [y, |, we study |56, n (xn, N (s))]. By the triangle inequality,

n,N
Un NFy, N(xn N(s)) 2n

nN()

1956, 8 (Xn, N (5D < |Gu N Fy y (X, ()=

Xn, N( ) )
(68)
=Tn,1(s) + Tn 2(s).
In what follows, we deal with the two terms in order.
The Ty 1 term. Recall that i, y/x, n(s) <2 for large N. So, we focus on 6,,,NF,;’N, which

~ r 4 i :
can be decomposed as 6,y Fy; = > ;_; D, y, with

DlN—rNanNKN Ry©{AIRE) +e2(en,§)), D2y =rnlRy (€)= 1A (x>

D}y =rvAT (), DYy =rnGanky Ry (§)dsea(kn, §).

£),

Due to different strategies used for the asymptotics on the s-scale, we divide [sg, 00) into
Iy Uy, with I x =[50, siN/6y and hLy= [s1N /¢ 00). The choice of s1 is worked out in
Section A.6. Here, we note that s; > 1 and that, for s > s1,

(K ;) < Cexp(—3s/2) < Cexp(—s). (69)
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In addition, we will repeatedly use the following facts.

Lemma 3. Under the conditions of Proposition 2, when N > No(so, y), forall s € I v,

IRy <Cy Y21 +y),  |RyE) -1 <CN2s),

icr ¢ =51 < CN2Ps?) A Lis AL

Proof of Lemma 3 is given in [22].
Case s € I1 y. Consider D}LN first. Recall that ry = 1 + O(N D). Together with Lemma 3,
this implies

rnGanky' Ry (E) < CN722, (70)
On the other hand, as 0 < M <1, (5§9), (61) and (63) together imply

Ay 0) + ealken . ) < CM/E)wy ) = CET (0.

For s > 0, Lemma 3 implies KZZV/ 3; > s /2. Since £ is monotone increasing, by (62),

A2 0) + eaien, &) < CEV(5/2) < Ce= BV < Cexp(—s).

If 5o < 0, we can replace the C on the rightmost side with C(sp) = max{C, max[3s,,2,01 £ ()},
which is continuous and non-increasing in sg. Together with (70), we obtain that

ID} 1 < C(s0)N ™23 exp(—s).

(Here and after, we derive more stringent bounds with the N~%/3 term whenever possible.
Although they are not necessary for bounding |/ |, they are useful in the later study of |y (s) —

G'(s).)

For Dﬁ’N, we first have |rNR;,1(.§) -1 < rN|R;,1($) — 1| 4 |ry — 1|. Lemma 3 implies that
IRy (€) — 1] < CN~2/3|s|. Observing that |ry — 1] = O(N ™), we obtain

Irv Ry () — 1] < CN72s).

For |Ai’(/<]2v/3§) |, when s > 0, Lemma 3 gives /c]%,/3;“ € [s/2,3s/2]. This, together with Lemma 1,
implies that
AT (0] < Cexp(—3s5/2). (1)

If so < 0, we can replace the C on the right-hand side with C(so) = max{C, max(3, /2,07 |Ai’(s)|},
which is continuous and non-increasing. Then the last two displays give

ID} | < C(s0)N~2|s|exp(—35/2) < C(s0)N~ > exp(—s).
For Dfl’ n» werecall that ry =1+ O(N -1, Together with (71), this implies that

|D} y| < C(s0) exp(—s).
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For D} . since ry = 1+O(N 1), £/(&) = £1/2(¢) and ¢}y = k)" /Gy v (60) and (63) imply

1Dy y| = IrnGnnky' Ry (E)dser(kn, )]
< CN"236, iy PRGN/ i 0)
= CN PR OW/E) ey

Lemma 3 implies that Ry' (§) < C and x+/°¢ € [5/2,3s/2], uniformly on I; y. So, (62) gives

32

W/E) 3ty < Cs e WOV < Cexp(—s)

for all s > 0. And if 5o < 0, we can replace the C on the rightmost side with C(sg) =
max{C, maxe[3sy/2,0] (NM/E)(s)}, which is continuous and non-increasing in sg. All these ele-
ments together lead to

1Dy y| < C(s0)N "> exp(—s).

Combining all the bounds on the Di  terms, we obtain that Ty 1 < C(so) exp(—s) on Iy y.
Case s € I y. In this case, we deﬁne Dl N= =D)] v and D2 N= =D? Nt D3 Nt D
Consider 5,11  first. By (59), (61) and (63), we obtain that for N > No(so, ),

1D} y1 < Can iy IRy /RNIE) Ry () (M/E) 1] C).
Observe that, uniformly on /> ,

Gunky IRy/RNIE)<C,  RyEM

For a proof of (72), see [22]. On the other hand, (69) holds on 1> y. Thus,

§) = Cs. (72)

|D, y| < Csexp(—3s5/2) < Cs*exp(—s) < CN ™3 exp(—s).

For D2, we can write itas D2 = rNRN(“g‘)[Al (2 OV RV (E) + 6 nicy B2 (i, €)]. By
(60), (61) and (63) and the identity R, - 1/2 1/6]“/4, we get the bound

D2 v < CRY' EN/E (¢

2/3 ~1/2 ~1/2

(62) suggests that Ry (E)N (k3 °¢) < CRy €)1+ = Crl/48)5) . The last
inequality holds as f <4 fors e I y. On the other hand, 6, y < C()/)Nl/3 < Cs for large N.
Assembling all the pieces, we obtain R (& W (I{z/ 3 7)< Cs2. Together with (69), this implies

D2 | < Cs?exp(—3s/2) < Cs ™ exp(—s) < CN~23 exp(—s).

Therefore, Ty 1 < CN—2/3 exp(—s) on I .
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The Ty 2 term. This term is relatively easy to bound. Note that 6, y/ftn,. v = O(N —2/3y and
that Ty 2(s) = [0n, N (Xn,N (5))0u,N /Xn,N (5)]. So, for all s > 59, N > No(s0),

16N /2, N ()] = |5+ [N /Gn,n] ! < Cs0)N T2,
Together with (66), this implies that for all s > sg, Ty 2(s) < C(so)N~2/3 exp(—s).
Summing up. By (68), the bounds on T | and T 2 transfer to
1050n, 8 (Xn,N ()| < C(50) exp(—s) (73)
uniformly for s > s9. On the other hand, we note that
V() = 75PN sOn—1,N -1 (tn—1,§-1(5)),

with py =14+ O(N ). Thus, (73) implies the desired bound on ly1]in (35).
5.3.2. Bound for |yL(s) — G'(s)|
By the triangle inequality, we bound |/ (s) — G'(s)| as

¥7($) = G' )] = J5low — 110018 -1 (n-1.8-1())] o

+ 51050018 -1 (1, n-1(5)) — AL(5)].

As py =14+ O(N~1), by (73), we bound the first term by C(so) N ~! exp(—s). In what follows,
to bound the second term in (74), we focus on |9;6,, y (X, n (5)) — Ai’(s)|, which can first be split
into two parts as:

|as0n,N(xn,N(s)) - Ai/(s)|

- P, N . N fn,N
< |0 Ey  Gon ¥ () 2 = AV (S) | {0 o (on N () 5
n, n,N

=Tn,1(8) + Ty 2(5).

The Ty .1(s) term. For this term, we separate the arguments on I,y = [so, s1 N1/ and hy=
[s1N/%, 00). _ _

Case s € I1 . On Iy, we decompose Ty 1(s) as Ty 1(s) = Zle D, y» With D) =
DL!Nﬂn,N/xn’N(s) fori =1,2 and 4, and

lln,N
xn,N(s)

lln,N
xn,N(S)

2/3

D} y=ry ATy 0) — Al ()], D)y = [rzv

- I]Ai’(s).

Observe that |, N /xn. N (s)| <2 on I y. Thus, by previous bounds on Dl’;’ > We obtain that, for
i=1,2and4,|D, y| < C(so)N >3 exp(—s).
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Consider DS’ - By the Taylor expansion, for some s* between KIZV/ 3( and s,

. 2/3 . . 2/3 . 2/3
AT () — AT ()] < |AT (5% lkx ¢ — 5| = [s*Ai(s*) | lkx ¢ — s,

where the equality comes from the identity Ai”(s) = sAi(s). By Lemma 3, we have that |/c12\,/ 3; -

s|<CN =2/352 and that s* lies between %s and %s. The latter, together with Lemma 1, implies
that, for s > 0,

Is*Ai(s*)| < Cexp(—3s/2).

If sop <0, we then have s* ¢ [%S,O], and hence we can replace C on the right-hand
side with C(so) = max{C, max,e[3s,/2,0] [SAi(s)[}. Observe that ry =1 + O(N~") and that
[N /%n,n ()] < 2. We thus conclude that

ID; y| < Clso)N s exp(—35/2) < C(s)) N~ exp(—s).

Switch to Dg ~- We first note that

'rN Mn,N _I‘SrN Mn,N _1’+|I’N_1|
xn,N(s) xn,N(s)
.-l
=rylslls + 22N 4y — 1] < N5+ N7
On,N

The last inequality holds as 6, v /fin.N = O(N~23), ry =14+ O(N™"), and for large N, |s +
Pn.N/On.N| > %[Ln,N/&n,N uniformly for s € /1 5. On the other hand, Lemma 1 implies that
|Ai’(s)| < C(so) exp(—3s/2). Putting the two parts together, we obtain

D3 v < Cs)N 23 (Is| + CN 73 exp(—3s/2) < C(s0) N~/ exp(—s).
Assembling all the bounds on the Dil ~ S, we obtain that, on I v,

Tn1(5) < C(s0)N ™ exp(—s).
Case s € I y. In this case, we could act more heavy-handedly. In particular, by the asymp-

totics of Ty ,1(s) on I y and Lemma 1, we have

Mn,N
Xn, N (8)

< CN 2P exp(—s) + CN~?s* exp(=3s/2) < CN 3 exp(—s).

+ |Ai'(s)| < CN 7?3 exp(—s) + C exp(—3s/2)

Tn1(8) < |Gu.n Fy y(n v (5))

The Ty 2(s) term. The Ty 2(s) term is the same as Tx 2(s) defined previously in the study of
956, v (xn, N (s)) and hence we quote the bound derived there directly as

In2(s) < C(sq)N~2/3 exp(—s) for all s > s¢.
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Summing up. Combining the bounds on 7y 1 and 7y 2, we have, uniformly for s > s,
18560, v Con, v () — A’ ()] < C(s50)N >/ exp(—s).

By the discussion following (74), we obtain the desired bound on | (s) — G'(s)| in (37).

5.3.3. Improved bound for |y, — G|

The bound on |y/] (s) — G'(s)|, together with (67), can lead to a tighter bound for |7 (s) — G (s)|
as the following:

2s
[Y; (1) = G'(1)]1dr — [ (25) — G(25)]

N

Ve (s) = G(s)| =

2s
S/ [ (1) — G’ ()] dr + [ (25) — G(25)] (75)

2s
< / C(so)N~*3e " dt + C(s9)N~*/3 exp(—s) < C(so) N> exp(—s).
S

This is exactly what we claimed in Proposition 2.

5.4. Asymptotics for quantities related to ¢ (s)

In this part, we employ a trick in [15] to transfer the bounds on the quantities related to ¥, to
those related to ¢ .
Recall that, for gy = 1 + O(N 1) (see Section A.5 for its proof),

lln—Z,N

1
(8) = —pN Fy— n—1,N— X1 N_1(5)"
#e(5) = =Py Faan (ono N1 () -2

If the x,—1, ny—1(s) term on the right-hand side were x,_» x(s), then all the bounds we have
proved for ¥, would also be valid for ¢, . As this is not the case, we introduce a new independent
variable s’ as:

Xn—1,N—1(8) = xp_2, N (s"), (76)

thatis, s’ = (fly—1. N—1 — in—2.N)/6n—2.N + $6n—1.N—1/6n—2.N. (The readers are expected not
to confuse it with the s’ that previously appeared in Section 3.1.) Then ¢, can be rewritten as

,an72N 1 /
e = pNOua N (X2 ().
Tia(s) NNy

1
@ (s) = ﬁﬁNanlN(xan,N(s/))

Recalling the definition of Ay in (33), we have s’ —s = Ay + [6n,1,N,16n7_12,N]s, with

Ay=0N"'7),  1<6,1n16, 1 y=1+0WN". (77)



354 Z. Ma

Bounds for |¢.(s)| and |¢.(s)|

Recall previous bounds on |6, v (x,, n (s))] and |96, n (xn N (s))|. Together with (77), they imply
that, for all s > s,

|2 ()] < C(s0) exp(—s") < C(s0) exp(—s)

and

1
lpy ()| = Eﬁzv |056n—2, N (Xn—2,n (s))]

L 13O ( .
= —_— ’ _ Xy— S —_—
ﬁpN s'On—2, N (Xn—2 N s
< C(so) exp(—s") Z=LV=L  C(50) exp(—s).
On—2,N

Bounds for |¢.(s) — Gn(s)| and |¢; (s) — G;\,(s)|

We consider |¢:(s) — G (s)| in detail and the derivation for the bound on |¢. (s) — G;V(s)l is
essentially the same.
By the definition of s’ and the identity Ai”(s) = sAi(s), we obtain the Taylor expansion

1
GisN)=GG)+ (s —5)G'(s) + E(S/ —$)%G"(s")

= Gn(s)+ L[M _ l]sAi’(s) + L(s/ — 5)25*Ai(sY)
N \/z 2ﬁ )

with s* lying in between s and s’. By the previous discussion on |y (s) — G(s)|, this leads to

On-2,N

¢ (s) — Gn(s)| < C(s0)N ™ exp(—s') + CNTsAT' (5)| + C(s" — 5)%[s*Ai(s")]|
< C(so)N "3 exp(—s) + C(s' — 5)%|s*Ai(s¥)].

To further bound the last term, we split [sg, 00) into I} y U I y. For s € I y,

~ 2
(s —s)2 = [AN + <w - 1>si| <[CN"B NP <(CN2By Al
Op—2,N

So |s*| <|s] 4+ 1, and Lemma 1 implies that
C(s —5")2|s*Ai(s¥)| < C(so) N ~2/3 exp(—s).
On I, y, (77) implies that s’ > s /2, and hence s* > s/2. Together with Lemma 1, this implies
C(s' — 5)2Is*Ai(s™)| < Cs™ - |(s") Ai(s™)| < CN~?3 exp(—s).

Therefore, we have shown that, for all s > 59, the last term in (78) is further controlled by
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C(sg)N~2/3 exp(—s), which in turn gives the desired bound for ¢, — G|. It is not hard to
check that all the C(sp) functions in the above analysis could be continuous and non-increasing.

Appendix
In the Appendix, we collect technical details that led to some of the claims previously made
in the main text. Section A.5 gives proofs to properties of a number of constants. Section A.6

works out the details on the choice of 51, which was used to decompose the interval [sg, 00) in
Section 5.

A.5. Properties of Bn, pn, pn, Ay and 6,—1,N—1/0n—2,N

Property of BN
We are to show that Sy = % + O(N -1, By definition, we know

BN = %/_Zaﬁf(S)ds: %/Ooowx;a)dx

N -DATV2(N+ D ® @=Dj2—x2 1

= 2\/51"1/2(71) ><'/0 X e Ly (x)dx
_27ANVA( — DATV2 ()T ((1/2)(N +3))

T (N DUIZN+ DO/ +1)

Applying Sterling’s formula I'(z) = (Zn/z)l/z(z/e)z(l + 0(z7 1)), we obtain that

- Q7 /)4 (m/e) 2[4 /(N + 3)]V2[(N +3)/(2e)|V+3)/2
120/ (N + DIV + D/l VD2 47/ (n 4+ D[ + 1)/ (2010 D72
2701/2N1/4(n _ 1)1/4

BN

—1
T (1+ow™h)

1 1 n/2 ) (N+1)/2+3/4 |
=—(1- 1+ —— 1 -
ﬁ( n+1) (+N+1) (1+0()
1
=—+4+O0ONh.

ﬁ+( )

Properties py and py
We want to show that py, oy =1+ O(N~1). Consider pn first. By definition, we have
~1/2 ~3/2
N4 =16,y jonn NV - D4 v

PN = = o
Mn,N Mn—1,N—1
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Plugging in the definition of 6,,—1 y—1 and fi,—1, n—1, We obtain that

NI 1)1/4<\/N—1+\/ _1)_1/2< Lo, )1/2
pN =N 2 TV IN=12  Jn=172

N V4, 1\ 4 .
=<N_1/2) <n_1/2) =14+0WNh.

For py, we have

1/2 3/2
NYA(n — )1/40 /2N0n N Unfl,Nfl NYA(n — 1)1/40”12’1\/

PN = = =
fin—2,N On-2.N Mn—2,N

On—1,N-1 1/4 1/4 \/ 1 \/ 3\ 1?2 1 1 172
=——"N —1 N+-+ - = +
On—2,N (=0 ( 2 2) (JN+1/2 Jn—3/2>

1/4 1/4
On—1,N—1 N n—1 —1
P (N+ 1/2) (n—3/2> oW

The last equality holds since 6,1 y—1/0n—2. 8y =1+ O(N 1) as claimed in (33), which is to be
shown below.

Property of An

Recall the definition Ay = (fip—1.N—1 — fn—2,N)/0n—2~n. By [10], A.1.2, the numerator
An—1,N—1 — fln—2,~ = O(1). For the denominator, let y, y = (n — %)/(N + %). We then have

1 \/N 1 \/ 3\ ! 1 1 ~1/3
&n_z,N_( 2T "_5) (¢N+1/2+¢n—3/2>

1 1/2 A -1/3
1/2(1+ynN )(N+§> =0O(N"7).

1+

The last equality holds since y,, y is bounded below for all n > N. Combining the two parts, we
establish that Ay = O(N~!/3).

Property of 6u—1,N~1/0n-2,N
We now switch to prove that
1 <G 1,nv-1/6n-2n=1+OWN").

[10], A.1.3, showed that 6,,—1 y—1/0n—2.n =1+ O(N~1). On the other hand, we have from the
second-to-last display of [10], A.1.3, that

(M)3=[ \/n/—N ‘/—+O(‘2)M ;(%4—%)%—0(11_2)]

Opn—2,N
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Both terms become greater than 1 when N > Ny(y), and hence 6,—1 ny—1/6n—2.n > 1 for
large N. Actually, the inequality holds for any n > N > 2. However, what we have proved here
is sufficient for our argument in Section 5.4.

A.6. Choice of s1 and its consequences
The key point in our choice of sy is to ensure that when s > s1, we have
2
SN = 3s. (79)

To this end, recall that in [15], A.8, one could choose §;(y) = C(y)(1 4+ §) with some § > 0,
such that when s > §1(y), we have v/ f (§) > 2/6, v and hence if s > 451 (y),

2 §
—KN§'3/2=KN/S VIi@R)dz>«ky
+

- O _ 3
3 (s =5100) 7 =2(s = 51) = 5.

5nN

s

Moreover, by the analysis in [10], A.6.4, 51(y) could be chosen independently of y and hence
we could define our 51 to be

S1 =4§],

which is independent of ¢ and such that (79) holds. Moreover, we also require that s; > 1.
After specifying our choice of s1, we spell out two of its consequences. The first of them is
that when s > s1 > 1,

7 ) < Cexp(—3s/2) < Cexp(—s). (80)

This is from the observation that £(x) > C exp(2x3/ 2 /3) and hence
2
£y o) = Cexp(—ngw) < Cexp(~3s/2).

The other consequence is about the behavior of s defined in (76) when s > s1. Remembering
that s; > 1, we then have that when s > s1 and N > Ny(y),

, s On—1,N-1 1 51 1
—Z=A 2T s> A —>A —>0. 81
$=3 N-i-(~ Z)S_ N+2_ N+2_ (81

The last inequality holds when N > Ny(y), for Ay = ON—1/3y,
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