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The estimation of the Lévy density, the infinite-dimensional parameter controlling the jump dynamics of
a Lévy process, is considered here under a discrete-sampling scheme. In this setting, the jumps are latent
variables, the statistical properties of which can be assessed when the frequency and time horizon of ob-
servations increase to infinity at suitable rates. Nonparametric estimators for the Lévy density based on
Grenander’s method of sieves was proposed in Figueroa-Lopez [IMS Lecture Notes 57 (2009) 117-146]. In
this paper, central limit theorems for these sieve estimators, both pointwise and uniform on an interval away
from the origin, are obtained, leading to pointwise confidence intervals and bands for the Lévy density.
In the pointwise case, our estimators converge to the Lévy density at a rate that is arbitrarily close to the
rate of the minimax risk of estimation on smooth Lévy densities. In the case of uniform bands and discrete
regular sampling, our results are consistent with the case of density estimation, achieving a rate of order
arbitrarily close to logfl/ 2(n) -n~1/3, where n is the number of observations. The convergence rates are
valid, provided that s is smooth enough and that the time horizon 7}, and the dimension of the sieve are
appropriately chosen in terms of 7.

Keywords: confidence bands; confidence intervals; Lévy processes; nonparametric estimation; sieve
estimators

1. Introduction

1.1. Motivation and preliminary background

In the past decade, Lévy processes have received a great deal of attention, fueled by numerous
applications in the area of mathematical finance, to the extent that Lévy processes have become
a fundamental building block in the modeling of asset prices with jumps (see, e.g., [9] and [13]
for further information about this field). The simplest of these models postulates that the price
of a commodity (say a stock) at time ¢ is given as an exponential function of a Lévy process
X := {X;};>0. Even this simple extension of the classical Black—Scholes model, in which X
is simply a Brownian motion with drift, is able to account for several fundamental empirical
features commonly observed in time series of asset returns, such as heavy tails, high kurtosis
and asymmetry. Lévy processes, as models capturing some of the most important features of
returns and as “first-order approximations” to other more accurate models, are fundamental for
developing and testing successful statistical methodologies. However, even in such parsimonious
models, there are several issues concerning the performing of statistical inference by standard
likelihood-based methods.

A Lévy process is the “discontinuous sibling” of a Brownian motion. Concretely, X = {X;};>0
is a Lévy process if X has independent and stationary increments, its paths are right-continuous
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with left limits and it has no fixed jump times. The later condition means that, for any 7 >
0, PIAX; # 0] =0, where AX; := X(t) — limy », X, is the magnitude of the “jump” of X
at time . Any Lévy process can be constructed from the superposition of a Brownian motion
with drift, o W; 4+ bt, a compound Poisson process and the limit process resulting from making
the jump intensity of a compensated compound Poisson process, Y; — [EY;, go to infinity while
simultaneously allowing jumps of smaller sizes. Formally, X admits a decomposition of the form

' t
X,:bt—i—aBl—i—lim// x(u—/l)(dx,ds)+// xu(dx, ds), (1.1)
eNO0 Jo Je<|x|<1 0 Jx|>1

where B is a standard Brownian motion and w is an independent Poisson measure on R} x
R\{0} with mean measure fi(dx, dr) := v(dx) dr. Thus, Lévy processes are determined by three
parameters: a nonnegative real o2, areal b and a measure v on R\ {0} such that f (x2Av(dx) <
0o. The measure v controls the jump dynamics of the process X, in that v(A) gives the average
number of jumps (per unit time) whose magnitudes fall in a given set A € B(R). A common
assumption in Lévy-based financial models is that v is determined by a function s : R\{0} —
[0, 00), called the Lévy density, as follows:

v(A):f s(x)dx VA e BR\{0}).
A

Intuitively, the value of s at xo provides information on the frequency of jumps with sizes “close”
to xp.

1.2. The statistical problem and methodology

We are interested in estimating, in a nonparametric fashion, the Lévy density s over a window of
estimation D := [a, b] C R\{0}, based on discrete observations of the process on a finite interval
[0, T]. In general, s can blow up around the origin and, hence, we consider only domains D
that are “separated” from the origin, in the sense that D N (—e¢, &) = & for some ¢ > 0. If the
whole path of the process were available (and, hence, the jumps of the process would be observ-
able), the problem would be identical to the estimation of the intensity of a nonhomogeneous
Poisson process on a fixed time interval, say [0, 1], based on [T'] independent copies of the
process. Unfortunately, under discrete-sampling, the times and magnitudes of jumps are latent
(unobservable) variables. Nevertheless, it is expected that the statistical property of the jumps
can be inferred when the frequency and time horizon of observations increase to infinity, which
is precisely the sampling scheme we adopt in this paper.

Nonparametric estimators for the Lévy density were proposed in [14], under continuous sam-
pling of the process, and in [11], under discrete sampling, using the method of sieves. The method
of sieves was originally proposed by Grenander [17] and has been applied more recently by
Birgé, Massart and others (see, e.g., [1,4]) to several classical nonparametric problems, such as
density estimation and regression. This approach consists of the following general steps. First,
choose a family of finite-dimensional linear models of functions, called sieves, with good ap-
proximation properties. Common sieves are splines, trigonometric polynomials and wavelets.
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Second, specify a “distance” metric d between functions, relative to which the best approxima-
tion of s in a given linear model S will be characterized. That is, the best approximation s of s
on S is given by d(s, sT) = inf pesd(s, p). Finally, devise an estimator §, called the projection
estimator, for the best approximation s of s in S.

The sieves considered here are of the general form

S:={p1o1+ -+ Bava:P1,....Bs €R}, (1.2)

where ¢, ..., are orthonormal functions with respect to the inner product (p,q)p :=
fD p(x)g(x)dx. Inthe sequel, || - || := || - || p stands for the associated norm (-, -)2/2 onL%(D, dx).
We recall that, relative to the distance induced by || - ||, the element of S closest to s, that is, the

orthogonal projection of s on S, is given by

d
st =) Blo))e; (), (13)

Jj=1

where B(¢;) := (¢j,s)p = fD @;j(x)s(x)dx. Thus, under this setting, the method of sieves re-
duces to the estimation of the functional

ﬂw=ﬁyamwm

for certain functions ¢. In Section 3, we propose estimators for S(¢) and, as a by-product, we
develop projection estimators § on S.

Following [11], we further specialize our approach and take regular piecewise polynomials
as sieves, although similar results will hold true if we take other typical classes of sieves, such
as smooth splines, trigonometric polynomials or wavelets. For future reference, let us formally
define the sieves.

Definition 1.1. Sk, stands for the class of functions ¢ such that for eachi =0, ...,m — 1, there
exists a polynomial q; . of degree at most k such that ¢ (x) = q; n (x) for all x in (x;—1, x;], where
xi=a+i(b—a)/m.

It is easy to build an orthonormal basis for Sk, using the orthonormal Legendre polynomials
{Q;}j>0 on L2([—1, 1], dx). Indeed, the functions

. 2j+1 2x — (x; +xi—-1)
i j(x) =] @( T M (), (1.4)
Xi — Xj—1 Xi — Xj—1

withi=1,...,mand j =0, ..., k, form an orthonormal basis for S ;,. For future reference, let
us recall that

JU+1D

|Qj() <1 and [Q;(x)|=Q)()= 5

(1.5)
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We now review a few points of [11] in order to motivate the results in this paper. It is proved
in [11] that by appropriately choosing the number of classes m and the sampling frequency high
enough (both choices determined as a function of the time horizon T'), the resulting projection
estimator on S, x attains the same rate of convergence in 7' as the minimax risk on a certain
class ® of smooth functions. Specifically, the referred minimax risk, defined by

b

inf sup [/ (5r(x) — s(x))zdx:|, (1.6)
ST s€@® a

where the infimum is over all estimators St based on {X;};<r, converges to O at a rate

O(T ~2¢/Ce+Dy a5 T — o0 (see [11], Theorem 4.2). The parameter o characterizes the smooth-

ness of the Lévy densities s € ©® on the interval [a, b], in that if s is r-times differentiable on

(a,b) (r=0,...)and

|s@(x) = s (»)] < Lix — y|* (1.7)

for all x,y € (a,b) and some L < oo and k € (0, 1], then the smoothness parameter of s is
o :=r +k.In [11], Proposition 3.5, we show that there exists a critical mesh 67 > 0 such that if
the time span between consecutive sampling observations is at most 87 and m7 := [T1/Ze+D],
then the resulting projection estimator, denoted by 57, is such that

limsup 72%/2+D qup E|ls — 57 1% < o0. (1.8)
T—o0 SEO

Of course, an “explicit” estimate of §7 is necessary for practical reasons. In Section 2, we show
that it is sufficient that 87 = O(T 1), improving a former result in [11] (see Proposition 3.7
therein).

Note that the convergence in (1.8) is in the integrated mean square sense. A natural question,
one which we consider in this paper, is whether or not projection estimators §7 on Sk, can be
devised such that

T/ (31 (x) — 5(x)) —> 5(x)Z (1.9)

holds for a standard normal random variable Z, for each fixed x € D. We were unable to

obtain (1.9) due to the fact that the bias of the estimator §7, namely ESy(x) — s(x), is just

O(T ~%/e+D)y However, for any g < ﬁ, we can devise a projection estimator 5? such that
TEEE (x) — s(x) > 6 (1) Z. (1.10)

The idea is to use “undersmoothing” to make the effect of bias negligible. Our results are in
keeping with those obtained in other standard nonparametric problems, such as density estima-
tion and functional regression, using local nonparametric methods such as kernel estimation (see,
e.g., [18]). We were unable to find a reference where undersmoothing is used in a global non-
parametric method such as the sieves method and, hence, this could be an additional contribution
of the results presented here.
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An important extension of the pointwise central limit theorems is the development of global
measures of deviation or asymptotic confidence bands for the Lévy density. In this paper, we es-
tablish these methods for piecewise constant and piecewise linear regular polynomials (although
we believe the result holds true for a general degree), following ideas of the seminal work of
Bickel and Rosenblatt [3]. There are some important differences, however, starting from the fact
that Bickel and Rosenblatt considered kernel estimators for probability densities, while, here, we
consider a global nonparametric method. In spite of these differences, our results are consistent
with the case of density estimation, achieving a convergence rate of order arbitrarily close to
log='2(n) - n='/3, where n is the number of observations. Again, the rate is valid provided that
the time horizon 7,, and the dimension of the sieves is appropriately chosen.

The paper is structured as follows. In Section 2, we derive a short-term ergodic property of
a Lévy process, which plays a fundamental role in our results. In Section 3, we introduce the
projection estimators for the Lévy densities and show pointwise central limit theorems for them.
The uniform case and the resulting confidence bands are developed in Section 4. Section 5 il-
lustrates the performance of the projection estimators and confidence bands using a simulation
experiment in the case of a variance gamma Lévy model. Finally, two appendices collect the
technical details of our results.

2. An useful small-time asymptotic result

The critical time span §7 required for the validity of (1.8) was characterized in [11] by the
property that

1 1
sup | —P[Xa = y] —v([y,00))| <k— 2.1
yeD A T
for all 0 < A < §7, where k is a constant (independent of 7 and A). For practical reasons, an
“explicit” estimate of this critical mesh is necessary. The following proposition shows that §7 =
T~! suffices and serves as the fundamental property of Lévy processes used for the asymptotic
theory developed in this paper. The proof of the proposition is provided in Appendix A; also,
see [15] for related higher order polynomial expansions for P(X; > y).

Proposition 2.1. Suppose that the Lévy density s of X is Lipschitz in an open set Dy containing

D =[a, b] C R\{0} and that s(x) is uniformly bounded on |x| > § for any § > 0. Then, there
exista k > 0 and a ty > 0 such that, for all 0 <t < to,

sup lIP’[Xt >yl = v([y, 00))| <ki. (2.2)
yeD t

3. Pointwise central limit theorem

Throughout this paper, we assume that the Lévy process {X;};>0 is being sampled over a time
horizon [0, T] at discrete times 0 = £2 < --- < 77 = T. We also use the notation 77 := {’§}220
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and 77 1= maxk{téi — t?‘l }, where we will sometimes drop the subscript 7. The following sta-
tistics are the main building blocks for our estimation:

”T(go) = Z(p(XtA Xt?’l)' (3.1)

In the case of a quadratic function ¢(x) = x2, ZZZI ‘p(Xt§ - X tkfl) is the so-called realized
- T

quadratic variation of the process. Thus, the statistics (3.1) can be interpreted as the realized
@-variation of the process per unit time based on the observations X 905 , X (T The estima-

tors (3.1) were proposed independently by Woerner [25] and Figueroa- Lopez [10]

The main virtue of the statistics (3.1) lies in its application to recover B(¢) := f o(x)s(x)dx
as T — oo and w7 — 0 for bounded v-continuous functions ¢ such that ¢ (x) — O fast enough
as x — 0. This result was obtained in [25] (Theorem 5.1 therein) for regular sampling schemes
and in [12] (Proposition 2.2 therein) for general sampling schemes and a more general class of
functions ¢ (see also [11], Theorem 2.3, for related central limit theorems). The consistency of
,é” () for B(¢) leads us to propose

d
F ()= B (pp)pj(x) (32)

j=1

as a natural estimator for the orthogonal projection s defined in (1.3). The nonparametric es-
timator (3.2) was proposed in [10], where the problem of model selection was also considered
under continuous-time sampling.

As was discussed in the Introduction, one can construct a projection estimator 57 on the regular
piecewise polynomials S = S, of Definition 1.1 that converges to s, under the integrated mean
square distance, at a rate at least as good as T~2%/ 22+ Sych a rate can be ensured by “tuning”
the number of classes m in the sieve, as well as the sampling frequency 7, to both the degree
of smoothness « of s and the time horizon 7. It is natural to wonder whether it is possible to
construct a projection estimator §7 such that

T/ Catl) (ST(x) — s(x)) 2, oZ

as T — oo, for Z ~ N(0, 1) and a constant 6. We are unable to obtain this result due to the fact
that the bias ES7 (x) — s(x) of any projection estimator §7 is, at best, O(T~%/e+D)y However,
iE this section, we show that for any 0 < 8 < %H there exists a projection estimator §’; such
that

G —s() D6z

for a normalizing constant c’T =T# (ie., kTﬁ < c’T < kTP for some constants k, k € (0, 00)
independent of T). As it is often the case, our approach consists of first obtaining a central
limit theorem for §(x) centered at [E§(x) with normalizing constants c’T = T# and, subsequently,
making the bias ES(x) — s(x) to be o(c;l). The central limit theorem for §(x) follows from a
classical central limit theorem for row-wise independent arrays.
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Below, Legendre polynomials {Q} >0 on L2([—1, 1], dx) are used to devise an orthonormal
basis for the sieve Si ,, of Definition 1.1. Also, we consider Lévy densities s whose restrictions
to D := [a, b] belong to the Besov class BY (L™ ([a, b])) (i.e., functions satisfying (1.7) with
r € Nand « € (0, 1] such that @ = r + «). The following is the main theorem of this section. Its
proof is deferred to Appendix B.

Theorem 3.1. Suppose that the Lévy density s of X satisfies the conditions of Proposition 2.1
and belongs to B, (L*°([a, b])) for some o > 1. Let ¢t be a normalizing constant and let ST be
the projection estimator on Sy based on sampling times wr such that the following conditions
are satisfied:

Q) or =P (i) Ty 700 1. Gi) ermpar =300
iv) crmz”® Toe 0; V) k>a-—1.
Then, for any fixed x € (a, b) for which s(x) > 0,
ﬁ:m(mx) —5(0) > 5(0)Z, (3.3)

where

Z ~ N, 1), 52(x) =0 —a) ls),

k m
2x — (xi +xi—
b, =Y 2j+ DY 0 (M)lm_],mm-

Xi — Xj—
=0 =1 i i—1

Also, for any fixed 0 < B < 5%, the resulting projection estimator St with my = [T'=28] is
such that
T8
bi,my (x)
provided that ir =T~V withy > 1 — B.

(Br(n) —s(x0) > (02,

Remark 3.2.

(1) In view of (1.5), I < by, < Z];:()(Zj + 1) and, hence, the normalizing constant ¢’ :=
¢t /bi my < cr. Also, note that by ,, = 1 in the piecewise constant case (k = 0).

(2) Theorem 3.1 will allow us to construct approximate confidence intervals for s(x). Con-
cretely, the 100(1 — )% interval for s(x) is approximately given by

. biemr (X) 172
sT(x) £ msr (*¥)za 2,

where z4/2 is the «/2 normal quantile.
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4. Confidence bands for Lévy densities

In this section, we address the problem of constructing confidence bands for the Lévy density s of
a Lévy process using pI'O]CCthH estimators §7. on S, based on n evenly-spaced observations of
the process at (o =0 < --- <, =T on [0, T]. Confidence bands entail the limit in distribution
of the uniform norm

187 = $llfa.p1 := sup [$7(x) —s(x)],
x€la,b]

but, as before, we will first work with the uniform norm of
Y7(x) =587 (x) — Es7(x), x €la,b], 4.1)

and then estimate the uniform norm of the bias E§7 (x) — s(x). We follow ideas from the sem-
inal paper of Bickel and Rosenblatt [3], wherein confidence bands for probability densities are
constructed based on kernel estimators. There are two fundamental general directions in Bickel
and Rosenblatt’s approach:

(1) the statistics of interest are expressed in terms of the so-called uniform standardized em-
pirical process

Z%(x) :==n'"?{F¥(x) — x}, x €0, 1], 4.2)

where, denoting by F; the distribution of X; and by §" :=f; — t;_| the time span between
observations, F, (-) is the empirical distribution of {F5: (X;, — Xy,_,)}i<n;

(2) the empirical process Zg is approximated by a Brownian bridge Z° and the error is esti-
mated using Brillinger’s result [5] or the Komlés, Major and Tusnddy construction [19].

Once the statistic of interest is related to the Brownian bridge Z°, we will carry over several
successive approximations (see Appendix C for the details), which will allow the distribution of
1Y7 ll{a,p) to be connected with the limiting distribution of the extreme value

of independent copies {{}k)} ;j of the random variable

(W= sup
xe[- 11]

Zﬂj +10,(0)Z;

, (4.3)

where Z; are i.i.d. standard normal random variables. The problem is then reduced to finding
the extreme value distribution of a random sample from (4.3). For instance, in the case k = 0,

d
{ 0% ~"|Zp|, which is known to satisfy

lim IP’( max |§(0)| < = +b ) e 2’ (4.4)
n—o0o 1<]<m
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for any y > 0, where

am = 2logm)'/?, 4.5)

b = 2logm)'/? — L(21ogm) ™% (loglogm + log 41). (4.6)
We are also able to tackle the case k = 1, where ¢V = |Zy| + /3| Z1|, but the general case is
still under investigation. Our assumptions are as follows.

Assumption 1.

(1) s is positive and continuous on [a, b].
(2) s is differentiable in (a, b) and, moreover, the derivative of s
value on (a, b).

12 is bounded in absolute

We are ready to present the main result of this section. We defer its proof to Appendix C.

Theorem 4.1. Suppose that v(R) = oo or o # 0. Also, suppose that the Lévy density s satisfies
the conditions of Proposition 2.1 and the Assumption 1. Let T,, — 0o and m, — o0 be such that

log’n

n

(i) 8"logé™ - m,logm, e 0, (i1) -my logm, = 0,

where 8, == T, /n. Then, for k € {0, 1}, the deviation process Y7"~n of (4.1) satisfies

lim ]P’(amn {KT,}/Z sup |s V207 (x)] — bmn] < y) —e e @.7)

n—00 x€la,b]

where Ty, := T,/ my, am and by, are defined as in (4.5)—(4.6) and (k, k') = ((b—a)'/?,2) ifk =0
or (k, k") = ((b—a)'?271 4) ifk = 1.

The previous result shows that

am, {KT,}” sup s™V2(x) (8 (x) — E§ ()] — bmn}

x€la,b]

converges to a Gumbel distribution. The final step in constructing our confidence bands consists
of finding conditions for replacing [Es7. with s. The following result shows this step. Its proof is
presented in Appendix C.

Corollary 4.2. Suppose that the conditions of Theorem 4.1 hold true, that the restriction of s to
[a, b] is a member of BS, (L™ ([a, b])) and also that

(i) T,m!™2*1og?>m, =5 0. (4.8)
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Then,

- 1 ;o
lim P(amn{xTn“z sup T@)lfﬁ(x)—s(xn—bmn}5y>=e—“ @9

n—00 x€la,b] S
where we have used the same notation for k and k" as in Theorem 4.1.

The previous corollary allows us to construct confidence bands for s on [a, b] based on the
projection estimators § on regular piecewise linear (or constant) polynomials. Indeed, suppose
. K
that y? is such that exp{—k’e Y2} =1 — o and let

dyim—— (22 b, )T
n - \/EK. amn mpy n M

Then, as n — oo,

s00 € (3 00+ {d2 £ (3 00 +a2)* = @ (012)), (4.10)

with 100(1 — a)% confidence. The above interval is asymptotically equivalent to the following,
simpler, interval:

s(x) e <§¥n (x) £ %(y_"‘ + bmn>7_"n_l/2(§n (x))1/2>, (4.11)

am

‘We conclude this section with some final remarks.
Remark 4.3. In the case where T,, := ¢, - n*! and m,, = [d, - n®?], for some «a,ay >0, ¢, <1

and d, =< 1, the conditions (i)—(ii) of Theorem 4.1 are satisfied if 0 <o) <1 and 0 < ap <
(1 — 1) A ag. Also, it can be checked that condition (iii) of Corollary 4.2 is met if

+1 oy
and
3a+2 14+ 2a

O<ap < <ay < (2—3a1) ANaj. 4.12)
Note that (o — v1)/2 can be made arbitrarily close to —«//(3a + 1) on the range of values (4.12)
and, thus, a,,, 7_",,_1/2 can be made to vanish at a rate arbitrarily close to (log n)~1/2p—a/Gatl)
provided that « is large enough. In particular, if 0 < ¢ < 1 and s is smooth enough, then m,, and
T, can be chosen such that

157 = slla.6) = OClog™ /2 (m)n=1/3%¢).

5. A numerical example

Variance gamma processes (VG) were proposed in [20] and [7] as substitutes for Brownian mo-
tion in the Black—Scholes model. Since their introduction, VG processes have received a great
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dealt of attention, even in the financial industry. A variance gamma process X = {X (¢)};>0 is a
time-changed Brownian motion with drift of the form

Xt)=0U(@)+oWU (1)), 5.1

where {W(#)};>¢ is a standard Brownian motion, 8 € R, 0 > 0 and U = {U(¢)};>0 is an inde-
pendent gamma Lévy process such that E[U (¢)] = ¢ and Var[U (¢)] = v¢. Since gamma processes
are subordinators, the process X is itself a Lévy process (see [23], Theorem 30.1) and its Lévy
density takes the form

ic:‘,xp(—@), ifx <O,
x| B (5.2)

%exp(—ﬁx—+>, ifx >0,

where & > 0, B~ > 0 and A% > 0 with |87 + |87| > O (see, e.g., [9] for expressions for B+,
in terms of #, o and v). In that case, o controls the overall jump activity, while = and 8~
take charge of the intensity of large positive and negative jumps, respectively. In particular, the
difference between 1/8% and 1/8~ determines the frequency of drops relative to rises, while
their sum measures the frequency of large moves relative to small ones.

The performance of projection estimation for the variance gamma Lévy process was illustrated
in [11] via simulation experiments. In this section, we want to further extend this analysis to show
the performance of confidence bands. As in [11], we take as sieve the class Sp ,,, namely, the
span of the indicator functions X[x,x;]» - - - X(x,,_1.x.]» Where xo < --- < x,, is a regular partition
of an interval D = [a, b], with 0 < a or b < (0. We take parameter values which are partially
motivated by the empirical findings of [7] based on daily returns of the S&P500 index from
January 1992 to September 1994 (see their Table I). Using maximum likelihood methods, the
annualized estimates of the parameters for the variance gamma model were reported to be Oy =
—0.00056256, 67, = 0.01373584 and Dy, = 0.002, from which it can easily be found that

s(x) =

& = 500, B+ =0.0037056 and B~ = 0.0037067. (5.3)

These parameter values seem to be consistent with other empirical studies (see, e.g., [24]), al-
though we admit that parameter values fitted to intraday high-frequency data would have been
preferable.

We simulate 100 samples of the VG process with a maximal time horizon of 7 = 10 years
and a sampling span between observations of § = 1/(252 x 6.5 x 60 x 12). Assuming a business
calendar year of 252 days and a trading day of 6.5 hours, the time span between observations
corresponds to 5 seconds. Intraday data of such characteristics is available via financial databases
such as NASDAQ TAQ.

We estimate the sample coverage probabilities

Cq 1= IP’(S(-) € the 100(1 — «)% confidence band on [a, b]),

based on the 100 simulations for two sampling frequencies § = 1/(252 x 6.5 x 60 x 12) (5 sec-
onds) and § = 1/(252 x 6.5 x 60) (1 minute), and maturities of 7 =1, 3,5 and 10 years. We
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Table 1. Empirical coverage probabilities of 95% confidence bands on the interval [0.001, 0.1] based on
a piece-wise projection estimator with m classes

S\T 1 year 3 years 5 years 10 years

5s 0.97 (m = 40) 0.99 (m = 40) 0.97 (m = 40) 0.97 (m = 40)
0.98 (m =35) 0.95 (m =25) 0.80 (m =25)

1 min 0.93 (m =40) 0.94 (m = 40) 0.98 (m =40) 0.87 (m =40)
0.97 (m = 35) 0.75 (m =25) 0.60 (m = 25) 0.94 (m = 50)

use two possible numbers of classes: m = 40 and the data-driven selected m proposed in [11].
Concretely, the selection criterion is given by

i := argmin{— |57 ||> + pen™ (Sg.m)}, (5.4)
m

where §7 is given according to (3.2) and pen” is given by

2 n )
pen” (Skm) = 3 ) D 97 (Xu — Xii ). (5.5)
i=1 i,j

The quantity to be minimized in (5.4) is a discrete-time version of an unbiased estimator of the
shifted risk E||s — §7 12 = lIslI% (see [11], Section 5, for more details).

The Table 1 shows the coverage probabilities for the interval [a, b] = [0.001, 0.1] (based on
100 simulations). Overall, the coverage probabilities of the confidence bands for m = 40 are
good. In the case of the data-driven selected m, there are some values of m for which probabilities
are quite low. Such cases occur (only) when the band does not contain the density very near
a = 0.001. It seems more reasonable to take an average between different classes with values
of m which are reasonably close in terms of the quantity in (5.5).

To illustrate how close the estimated Lévy density is to the true Lévy density and the over-
all width of the confidence bands, Figure 1 shows the actual Lévy density (solid blue line), the
mean of the penalized projection estimator (solid red line) and the means of the lower and up-
per 95%-confidence bands (dashed lines). All the means are computed using 100 confidence
bands based on 6 =5 seconds and time horizons of 7 = 3 and T = 10 years. The analogous
figures with a sampling time span of § = 1 minute are shown in Figure 2. In our empirical re-
sults (not shown here for the sake of space), we found that high-frequency data is crucial to
estimate the Lévy density near the origin. For instance, the confidence bands near the origin
do not perform well when taking 30-minute observations in a time period of 10 years. The Ta-
ble 2 gives the estimated coverage probabilities on the interval [0.005, 0.2] based on 30-minute
returns.

Let us finish with two remarks. First, from an algorithmic point of view, the estimation for
the variance gamma model using penalized projection is not different from the estimation of
the gamma Lévy process. We can simply estimate both tails of the variance gamma process
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Figure 1. Means of projection estimators and corresponding confidence bands for the VG model based on
100 simulations with a sampling time span of 1/(252 x 6.5 x 60 x 12) (about 5 seconds) during 3 years
(left panel) and 10 years (right panel).

separately. However, from the point of view of maximum likelihood estimation (MLE), the prob-
lem is numerically challenging. Even though the marginal density functions have “closed” form
expressions (see [7]), there are well-documented issues with MLE (see, e.g., [21]). Finally, it
worth pointing out that applying an efficient estimation method to a misspecified model could
lead to quite undesirable results, as was illustrated in [11], where MLE was applied to a CGMY
model (see [6]) with parameter values quite close to those of a gamma process. The numerical
experiments in [11] show that a modestly efficient robust nonparametric method is sometimes
preferable to a very efficient estimation method.

Appendix A: Proof of Proposition 2.1

Without loss of generality, we assume that a > 0. Consider the process

t
X7 :://l‘%xlﬂﬂzg},u(dx,ds) (A.1)
0

for 0 < ¢ < 1, which is well known to be a compound Poisson process with intensity of
jumps Ag :=v({|x| > ¢}) and jump distribution il{‘xgg}v(dx). The remainder process, X :=
X — X¢, is then a Lévy process with jumps bounded by e. Concretely, X¢ has Lévy triplet
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Figure 2. Means of projection estimators and corresponding confidence bands for the VG model based on
100 simulations with a sampling time span of 1/(252 x 6.5 x 60) (about 1 minute) during 3 years (left
panel) and 10 years (right panel).

Table 2. Empirical coverage probabilities of 95% confidence bands on the interval [0.005, 0.2] based on
a piece-wise projection estimator with m classes

S\T 1 year 3 years 5 years 10 years
30 min 0.34 (m = 40) 0.73 (m = 40) 0.87 (m = 40) 0.97 (m = 40)
0.43 (m = 10) 0.71 (m =35) 0.85 (m =35) 0.97 (m =25)

(62, b, 1x|<eyv(dx)), where b, =b — fs<|x|<1 xv(dx). The following tail estimate will play an
important role in the sequel: B

P(1X;| > z) <expfazologzo} exp{az — azlogz}t™*, (A.2)

valid for an arbitrary, but fixed, positive real o € (0, 8’1) and for any ¢, z > O such that t < 7y lz,
where zg depends only on « (see [22], Lemma 3.2, or [23], Section 26, for a proof).

Define

11
Ay(1) = ;{;P[Xt =yl —v(ly, OO))},
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which, for ¢ < % A 1 and after conditioning on the number of jumps, can be written as

1 1
Ay(t) = t—zEfy(Xf)e*W +eHe! / HESXT +x) = fx)}v(dx)

lx|>e

— 7)"5 nen—
Qe / f i) 4 Z(M ' Efy(Xg-i-Zéz)

n=2 i=1

where fy(x) = 1;>,. The first term on the right-hand side of the above expression is bounded
uniformly for y € [a, b] and ¢ < tg, for certain 7y(«) > 0, because of (A.2) taking z =a and « €
(2a~', &~1). The last two terms in the same expression are uniformly bounded in absolute value
by v(x > a) and v(|x| > )2, respectively. We need to show that the second term is uniformly
bounded. Define By(¢) := f {Efy (X7 +x) — fy(x)}v(dx). Clearly,

|x|>e

+¢
By(t) == /y P{X{ >y —x}s(x)dx — /y P{X; <y —x}s(x)dx
y—e y

0]

—I—/ P{X’ >y —x}s(x)dx —/ P{X? <y —x}s(x)dx.
{x<y—g,|x|>¢e} y+e

Since s is bounded and integrable away from the origin, the last two terms in the expression for
By (t) can be bounded in absolute value by v{|x| > &}IP{| X} | > £}. Dividing by ¢, this converges
to 0 in light of the well-known limit

1
lim -P(Z; > z) = v([z, 00)), (A.3)
t—0t
valid for any Lévy process Z with Lévy measure v and any point z of continuity of v (see, e.g.,
Bertoin [2], Chapter 1). The other two terms can be bounded as follows:
e

/y P{szy—x}s(x)dx—/ P{X; <y —x}s(x)dx
y—¢ y

e
< Kl/ P{X?| > uludu + Ko
0

&€ &
/ P{X? > u}du —/ P{X{ < —u}du|,
0 0

where K is the Lipschitz constant of s in Do and Ko := sup,¢p, |s(x)|. Next, applying Fubini’s
theorem, we can write the expression in the last line above as follows:

K1 SE{(1XE] A &)%) + KolER(XE)],

where h(x) = x1xj<¢ — €ly,<_¢ + €l~,. Using the formulas for the variance and mean of a
Lévy process, we obtain that

1
sup ;E{(|Xf| ne)) <o? +[ | x2v(dx) + b, < 00.
x| <&

0<r<l1
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Also,

1 1 1

1
+ ‘;Engl{lebe}

The last term above converges to 0 by (A.2). The second term also vanishes since

! 1 124 s 1/2

as t — 0. Finally, using the formula for the mean of X/, we have
! !
lim —Eh(X}) < lim —|[EX]| = |be|.
t—0t t—>01

We conclude that there exists a o and K > 0 such that for # < 1y, SUpyep |By(t)|/t < K. This
completes the proof since all other terms in Ay (r) can be easily bounded uniformly in D.

Appendix B: Proofs of the pointwise central limit theorem

Throughout this section, we shall use the orthonormal basis {@; j}1<i<m,0<j<k of (1.4). We start
our proof with following easy lemma.

Lemma B.1. Suppose that ¢ has support [c,d] C Ry \{0}, where ¢ is continuous with continu-
ous derivative. Then,

‘—E‘”(XA) ~B(p)

d
A < <|§0(0)|+/ Iw/(u)ldu>MA([C,d]),

where B(¢) := [ @(x)s (x) dx and Ma([c, 1) :=Sup,cfo.q) | A PIXa = y] = v([y, 00))].

Proof. The result is clear from the identities

Ep(Xa) = p(@)P[Xa = c] + / o' WP[X4 > uldu,

c

/fp(X)V(dX) = @)v([c, OO))+[ ¢ wyv([u, 00)) du,

c
which are standard consequences of Fubini’s theorem. ([
Our first result shows a central limit theorem for §(x) centered at ES(x). Let us remark that

the fact that the Legendre polynomial Q; is not constant for j > 0 poses some difficulty since
the relative position of x inside its class changes greatly with m.
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Lemma B.2. Under the notation and assumptions of Theorem 3.1, it follows that

cT

m(fT(.x) —E§T(X)) 3) 0 Z.

Proof. We apply a central limit theorem version for row-wise independent arrays of random
variables (see, e.g., the corollary following [8], Theorem 7.1.2). Note that

St = o (5 (1) — Bdr(x)

mr

k

cr ~ ~ ~

=7 E E ¢j,T(X){¢j,T(X,; —X,;—l)—ij,T(XAiT)},
mr 0

o J=

where ¢ 7(-) is of the form

[2j41 _ (2 -—(ar +br)
bT —ar QJ( bT —ar ) [ﬂT‘bT)()

with ar, by such that x € [ar, br) and by — ar = (b — a)/m7. In that case, 6% := Var Sy is
given by

2 k

- c ~ ~ ~ ~

Gf =0 D D T (OFp, 1 (0 Covy 1 (X p), @t (X gD, (BL1)
MT i ji,ja=0

where we have used AiT = t; - t?l. Let us analyze the above covariances, scaled by AiT.
First, applying Lemma B.1, (1.5) and Proposition 2.1, there exists a o > 0 and K > 0 such that
whenever A < 1g,

< .
br —ar

1_ -~ ~ ~
‘ZE%l,T(XA)wjz,T(XA)—/wjl,r(y)wjz,r(y)S(Y)dy

Similarly, using the additional fact that | [ @; 7(y)s(y)dy| < |Is]|, there existsa7p > 0 and K > 0
such that whenever A < ¢,

<KA.

1 ~
‘ZE%’] TXAEQ), 7(Xa)
Thus, using assumption (iii) of Theorem 3.1, we have

1 - ~ ~ ~
A_iCOV((pjl,T(XAiT),€0j2,T(XAiT)) =0T(1)+/ﬁojl,r(x)wjz,T(y)S(y)dy,
T
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where o7 (1) — 0 uniformly in i as T — oo. Thus, in view of the fact that b,,, > 1, (1.5) and
assumption (ii) of Theorem 3.1, we have 6% — o% T1> 0, where

2

6f 1= Z Gir.1 ()1 (X) / P51 P, (0)s () dy.

MT jy,j2=0

Next, the continuity of s at x, assumption (ii) of Theorem 3.1 and the fact that the support of
@7 contains x and shrinks to 0 collectively yield that

2
Tlgnoo Tbl%” ] ;Own 1)@, r(x)/%, TN 7 (M (s(y) — s(x)) dy =0.
1,J2=

This implies that lim7_, o 67 = lim7_, o 57 = s(x)/(b — a), in view of condition (ii) and the
definition of by. Finally, we consider the “standardized” sum Z7 := S7/or. By the corollary
following [8], Theorem 7.1.2, Zr will converge to A/(0, 1) because

sup

e me Zm TP (X = X,

crmr

<———0
Torbu, (b—a)

as T — oo, in view of assumptions (i)—(ii) and the fact that b,, > 1. This implies the proposition

since 2 — s(x)(b —a)~!. O

The last step is to estimate the rate of convergence of the bias term.

Lemma B.3. Under the notation and assumptions of Theorem 3.1, Es7 (x) — s(x) = 0(bp, /cT)
as T — oo for any fixed x € (a, b) such that s(x) > 0.

Proof. We use the same notation as in the proof of Lemma B.2. Obviously,

me BT (x) — ()] < — Z A Ar(AD),

where

Ar(A):= b Zw, T (OEG) 7(Xa) — s(x)].
mr
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It then suffices to show that max; AT(A ) — 0 as T — oo. Note that

k
N 1 -
Ar(A) < b%T ;)gomx){gm,-,r(xm - /(pj,r(y)s(y)dy}
k
+ L / 3 G0 0710 (s(0) — s dy |,
mr =0

where we have used the fact that [ @; 7(y) dy = 8o(j). We shall show that each of the two terms
on the right-hand side of the above inequality, which we denote AIT(A) and AZ., respectively,
vanish as T — oo. Using (1.5), Lemma B.1 and Proposition 2.1, there exista K > 0 and 7Ty > 0
such that, for T > T,

Ai
T(A )<KCT7T
by (br —ar)
< w_)()

- -

as T — oo, due to (i)—(iii). To deal with the term AZT, we treat the two cases « = 1 and o > 1
separately. Suppose that o« = 1. Using the Cauchy—Schwarz inequality twice (for summation and
for the integral) and the fact that Zl;:() ‘7’/]2‘] (x)= bi , (X)/(br —ar), we have

1/2
A2T < [Z/ s(y)—s(x))zdy} < Kcr(br —ar)

bT—aT

for some constant K < co. In light of assumption (iv) of Theorem 3.1, A2 Toge 0. Let us now

assume that o > 1. We first note that
k
f D G @@ (& —x)) dy=0
j=0

for j'=1,..., k. This is because the left-hand side is p*(x), where p=(y) is the orthogonal
projection of the function p(y) := (y — x)j, on Sk, and, clearly, pJ- (x) = p(x) =0. Also, by
Taylor’s theorem,

TG y y — ) !
s() —s()= ) : j,fx) (v —x)/ +/ (s(”(v)—s(’)(x))i(y(r _v)l). dv,

j'=1
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where r := |« ], the largest integer that is (strictly) smaller than «. Since k > o — 1, we have that
k>r and

k
/Z‘Zj,r(x)aj,r(y)(s()’) —s(x))dy

j=0

s o [ G-
= f Y P r @) f (s ) = s () =———— dv dy.

= r—1)!

Again applying the Cauchy—Schwarz inequality twice (for summation and for the integral), we
have

2
A7 <

k y _ =1
o D@-,T(xn‘ f 50 / (D) — s () LW dvdy‘
mr ,/'20 X

(r—1)!
k br y _anyr—1 2 172

cr r) e y—v) }
s—T_aT:Z/aT {[ (W =" 0) = 5 do dy} .

j=0

Finally, by the Holder condition (1.7), AZT <K ch;"‘ Tiio 0. O

Appendix C: Proofs of the uniform central limit theorem

In this section, we show the results of Section 4. We recall that the estimators §¥ are based on
observation of the process at evenly-spaced times 77 :f) =0 < --- < t, = T. The time span
between observations is §" := 87 :=T/n.

Let us first remark that under the assumption that o 7% 0 or v(R) = oo, the distribution F;(x)
is continuous for all # > 0 (see [23], Theorem 27.4). In particular, {Fs» (X;; — Xy, _,)}i<n 1S nec-
essarily a random sample of uniform random variables and, hence, 22 of (4.2) is indeed the
standardized empirical process of a uniform random sample. Also, note that

Z0(Fon(x)) =n'?{F"(x) — Fyn(x)}  VxeR,

where F" := Fy is the empirical process of {X;, — X;,_, :i =0, ..., n}. The following transfor-
mation will be useful in the sequel:

m k
L(xim,k H) =k ZZ@,;(x){gai,j(xi)(H(xi) — H(xi-1))

i=1j=0

—/' @;,,-(w(H(u)—H(x,-_l))du},
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where ¢; ; is the basis element in (1.4) and H : R — R is a locally integrable function. Note that
if H is a function of bounded variation, then

m k xi
Loimoc HY=x 30 Y 6,00 [ iy dHw.
Xi1

i=1j=0

The following estimate follows easily from (1.5):

b_
sup IC(x;m,K,H)ISK-K-m-w<H;[a,b], a>, (C.D
m

xéela,b]
where K is a constant (depending only on k) and w is the modulus of continuity of H defined by
w(H;la,b],§) =sup{|Hu) — H()|:u,v €la, b], |u —v| < d}.
Let us write the estimator (3.2) in terms of Fy as follows:
m k ) n
S =D ) BT @gii () = z:(x; m . F%(-)). (C2)
i=1 j=0
Note that E57.(x) admits a similar expression with F7' replaced by Fin. Thus, it follows that a.s.
YR(x) =50 (x) — E§%(x) = Ly m,n' 2T, Z0(Fsn () (C3)

for all x. As was explained in Section 4, one of the key ideas of the approach of Bickel and
Rosenblatt [3] consists of approximating 29, by a Brownian bridge Z°. To this end, we use the
following result, which follows from the Koml6s, Major and Tusnady construction [19].

Theorem C.1. There exists a probability space (§~2, F , ﬁ), equipped with a standard Brownian
motion Z, on which one can construct a version Z° of Z° such that

1Z0 — Z%llj0,11 = O, (n " logn),
where Z°(x) := Z(x) — xZ(1) is the corresponding Brownian bridge.

Since we are looking for the asymptotic distribution of sup, |Y7 (x)|, properly scaled and cen-
tered, we can work with the process 22 instead of Z¥. Thus, with some abuse of notation, we
drop the tilde in all of the processes of Theorem C.1. The following is an easy estimate. Again
abusing notation, the process Y7 in the following lemma is actually the process resulting from
replacing Z0(Fy (-)) in (C.3) by Z0(Fyn (-)).

Lemma C.2. Let oY} (x) = Lo;m,n'2T=1 ZO(Fsu (). It then follows that ||oY) —
Y7 llia,p) =Op(mlogn/T) as n — oo.
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Proof. Clearly, w(H;[a,b],8) < 2||Hl||[a,5) for any process H. Thus, we get the result
from (C.1) and Theorem C.1. O

As in [3], our approach is to devise successive approximations of (Y7 (x), denoted by
1Y7, ...~ Y7, such that the asymptotic distribution of the supremum sup, c(, 5 In Y7 (x)], prop-
erly centered and scaled by certain constants b and a7, is easy to determine and such that the
error of the successive approximations is negligible when multiplied by a;.. We proceed to carry
out this program.

First, note that since a Brownian bridge satisfies {Zo(x)}x§1 2 {(z°1 - X)}x<1, we have

3
{0Y7n"(x)}x€[u,b] = {1Y¥ (x)}xela,b]a

where 1 Y7 (x) := L(x;m,n'/?T~1, Z%(Fs () and F := 1 — F. The following is our first esti-
mate.

Lemma C.3. Suppose that the assumptions of Proposition 2.1 are satisfied. There exist constants
K and to > 0 such that if T /n < to, then

2YF () = L& mon! PT™ Z(Fyn ()
is such that
Y7 = 2Y7lla,n) < Kn‘1/2<";—T v 1>|Z(1)|
for a constant K < oo.

Proof. Clearly,
2YR(x) — 1Y) = Lxsn, Tym,n' 2T Z(1) Fon ().

Thus, by (C.1),

mn]/Z

1Y} — 2 ey < K w(Fsn; [a, bl, dw)|Z(1)],

where d,, = (b — a)/m. In view of Proposition 2.1, for n and T such that T'/n < fg, there are
constants k and k” such that

| Fsn(u) — Fsn (v)| < 2k(8™)> +2k'8"m ™",
provided that u, v € [a, b] and |v — u| < d,,. O

Let us now work with ;Y7. Because of the self-similarity of the Brownian motion, we have
that

) o)
Y7 ()} xea,p) = (3Y7 (0) bxefab]s
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where
_ 1 -
3Yr(x) = L‘(x; m, T2, Z((S—” Fsn (-))).
The following estimate results from Lévy’s modulus of continuity theorem.

Lemma Cd. Let 4V} (x) = LOc;m, T™V2, Z([*° su)du)). If T, is such that 8" := 1o — 0,
then, for n large enough,

_ n
13Y7 = 4¥} lliap) <m - O, (n 210g'/? ;)

n

for a constant K < oo.

Proof. It is not hard to see that there exists a constant K such that

Z<8inl:"5n(x)) — Z</Oos(u)du)‘.

By Proposition 2.1, there exist constants k > 0 and 79 > 0 such that for all 0 < § < 1y,

I3Y7 — Y2 < KT~"?m sup
x€la,b]

sup < ké. (C4)

1
EIP’[Xa >yl =v(ly,o0))
yeD

Thus, there exists a constant K > 0 such that, for large enough n,

_ n
I3Y5 —4Y2| < Kn~?mlog"/? o a.s. 0

n

‘We now note that

{Z(/oos(u)du>} 2{/oosl/2(u)d2(u)}
X x€la,b] X x€la,b]

)
{4Y7 ()} xeqa,p) = {5V () }xela,b]»

and, hence,

where
[ee]
sYr(x):= E(x; m, Tfl/z,/ 172 w) dZ(u)).
Using integration by parts, one can simplify sY7(x) as follows:
m k xi
ST =T33 500 [ Mg ) dza,
i=0 j=0 Yi-1

The following is the last estimate.
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Lemma C.5. Suppose that the Assumptions 1 in Section 4 hold true. Let

m k xi
Y = b= T YS G 00 [ gz,
X1

i=0 j=0
There then exists a random variable M such that

l6Yi() — (b —a)!2s™V2()s YR < MT™/2.

Proof.
Let g(x) =s'/2(x) and ¢ = (b — a)'/2. Using integration by parts, we have

H; j(x):= s712(x) /Xi sl/Z(M)gﬁi,j(u)dZ(u) — /Xi @i, j(w)dZ )
Xi—1 Xi—1
= ¢ @1 ) (g(x) — g(0)) Z(xi) — @i j (i~ (q (xi—1) — (%)) Z (xi—1) }

—q7' @) f {61, 0(a) — 9)) — ¢1. g @)} Z ) du.
Xi—1

Since ¢~ !(-) and ¢’(-) are bounded on [a, b], there exists a constant K such that

sup  |H; j(x)| < Km™? sup |Z(u)|.

xelxi—1,xil u€lxi—y,xil
Thus,

k

T o\l
||6Y;f(~>—cs—1/2<->5Y;(-)||5(Ta) YN sup |Hi ()i ()l

b i=0 j=OX€[xi—|,x[]

<KT7 Y2 sup |Zw)|.
uela,bl 0

The latter approximation, ¢Y7, is simple enough to try determining its asymptotic distribution
(appropriately centered and scaled). Indeed,

M(T,n,m):= sup |6Y¥()c)|2T_1/2m1/2 max {;,flk)}, (C.5)

xela,b] I<j=m

where {{}k) }i

the asymptotic distributions of M, = maxj< jgm{i;k)} for the cases k =0 and k = 1.

are independent copies of the r.v. ¢ ¥ defined in (4.3). The following result obtains

Lemma C.6. Let a, and b, be as in (4.5)—(4.6). The following limits then hold:

lim IP( max {0} <2 +bmn) o2 (C.6)
m—o" \1=j<m am,
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lim P<2—1 max {¢(V) < 2 +bmn> =e i (C.7)

m—00 1<j<m am,
forall y e R;.
Proof. The limit (C.6) follows from the well-known identity
mli_)moom(l — ¢>(um(y))) =e 7, (C.8)

where @ is the normal distribution and u,,(y) = y/a,, + by,. Indeed, for large enough m, the
probability in (C.6) can be written as follows:

(ZQ(Mm(_Y)) — l)m — (1 . 2m(1 — @(Mm(}’)))) N 67267-".

m

To handle the case k = 1, we embed the problem into the theory of multivariate extreme values
(see, e.g., [16]). Consider independent copies {Vj}; of the following vector of jointly standard
Gaussian variables:

~Zo+—2721, 520 — 27

V::(1 V3 ! V3 ) . (C.9)
2 2 2 2

Since ¢V = |Zo| + +/3|Z; |, we can see that

{2_1 max {;’,5,1)} < Y +bm}

1<j<m am

- [maxv,- <a-ly+ b, minV; > —aly— bm},
i<m i<m

where y := (v, y)/, b := (b, b))’y Am = (am, ay)’ and all operations are pointwise. Then,
(C.7) will follow from the following identity:

. A1 ° . o | o
lim IP( max V;<a, ' y+b,, mnV;,>-a 'z— bm)
m— o0 1<i<m 1<i<m

= e*e’-"l —e 2 —e7 % —e 7% (C.10)

for any y = (y1, y2)’ and z = (z1, z2)'. To show (C.10), first note that the probability therein can
be written as

Ap = {P(=un(z) < Vi Sun 1), —un(22) < V2 <un(y2))}",
where V := (V, V3)' is defined in (C.9) and u,, (x) := x/a, + b, Let

F,(0. 2 X, Y)=P(X > u,(»).Y Zua ().  Fo(y: X) :=P(X = un(y)),
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where X and Y represent random variables. We recall the following results valid for any jointly
normal variables X and Y and arbitrary y and z (see [16], Example 5.3.1):

lim nF,(y,z; X,Y) =0, lim nF,(y; X)=e.
n—o00 n—0oo
Then, (C.10) follows once we note that A,l,/ " can be written as follows:

1 | - - - -
A =1 r_l{nFn(Zl; V1) +nF,(z2; Vo) +nF,(y1; = V1) +nF,(y2; —V2)
—nF,(z1,22; V1, Va) — nF, (1, 22; = V1, Vo) — nFy (21, y2; Vi, = Vo)), O

In view of (C.5), the following are easy consequences of the above lemma:

lim IP’( T%my ' sup |6Y2 ()] < —— —|—bmn> —e 27 (C.11)
n—0o0 x€la,b] My
lim P<2—1T,}/2m;‘/2 sup [6¥2 ()] < = +bm,,> —e (C.12)
n—00 x€la,b] " Aam,,

valid for all y € R4, T,, > 0 and m,, such that m,, — co. We are now ready to prove the main
theorem of Section 4:

Proof of Theorem 4.1. The idea is to use the following simple observations. Let £,, be a func-
tional on D[a, b] such that

|Ln(w1) — Ly(w2)| < My llo) — w2l (C.13)
and let A,, B, be processes with values on D[a, b] such that || A, — B, || = 0,(1/My). Then, if

L, (Ay) converges in distribution to F, £, (B,) will also converge to F. Throughout this proof,

1/2
C _
L (@) :=am,,{x-—~’+/2~ sup |s ‘”(x)w(xn—bmn},
d m,

x€la,b]

which satisfies the Lipschitz condition (C.13) with M, = "7 apm, Tl/ 2 / ml/ 2 From Lemma C.5,
in order for (C.12) to hold with 6Y”n replaced by 5Y"n, it sufﬁces that

1, 12 (21Ogmn)l/2_0

lim an T, = lim
n— 00 m1/2 M 21 n—o00 my,

which is obvious since m, — o0. Since 4Y” has the same law as 5Y. n, (C.12) also holds for

4Y” In the light of Lemma C.4, (C.12) will hold for 3Y” (and, hence, for 2Y}‘n as well) since

1/2 n T n\ /2
lim nT/zamnm,,n_l/z logl/2 T =c lim <m,, logm,, - flog—) =0,

n— 00 mp n n—o00 Tn
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which follows from condition (ii) in the statement of Theorem 4.1. Similarly, in view of
Lemma C.3, (C.12) will hold for 1Y7'5n (and hence, for (Y. #n as well) since

1/2 _
lim T e 1/2<mnTn v1> —o.

1/2
n—o00o mn/ n

Indeed,the above expression is upper bounded by (T"m n)l/2 log 7 which converges to 0 be-

cause of assumption (i) and the fact that m,, — oo. Fmally, in the light of Lemma C.2, in order
for (C.12) to hold for Y”n, it suffices that

i Tl/z mpy 1 0.
i, 7, logn =
which follows from assumption (ii) in the statement of Theorem 4.1. O

Proof of Corollary 4.2. Using the same reasoning as in the proof of Theorem 3.1, it turns out

that
_a>
n

for an absolute constant K. As in the proof of Theorem 4.1, to show (4.9), it suffices that

1/2
. T, / my Ty —a
lim Tamn —Vm, =0,
n—00 ,,1/ n
mpy

which holds in light of assumption (iii) in the statement of Corollary 4.2. U

sup |]EsT x)—sx)| < K<

x€la,b]
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