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Multivariate saddlepoint approximations in
tail probability and conditional inference
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We extend known saddlepoint tail probability approximations to multivariate cases, including multivariate
conditional cases. Our approximation applies to both continuous and lattice variables, and requires the
existence of a cumulant generating function. The method is applied to some examples, including a real
data set from a case-control study of endometrial cancer. The method contains less terms and is easier to
implement than existing methods, while showing an accuracy comparable to those methods.

Keywords: conditional probability; saddlepoint approximation; tail probability; Watson’s lemma

1. Introduction

Let X1, X5, ..., X, be independent and identically distributed random vectors from a density
fx(-) on R?. We construct an accurate multivariate saddlepoint approximation of the tail prob-
ability of the mean random vector X = (X; + Xo + - -- + X,,)/n. We also develop a similar ap-
proximation for conditional tail probabilities. The approximation has a relative error of O(n~!),
uniformly over a compact set of X, a realization of X, under some general conditions. Our method
utilizes the likelihood ratio statistic, routinely calculated by standard software, which makes the
approximation easy to implement.

The Edgeworth expansion is a natural competitor to the saddlepoint approximation. This ex-
pansion has a uniformly bounded absolute error and works well in the center of the distribution
being approximated. However, the approximation deteriorates at the far tail of the distribution,
where it can sometimes even attain negative values. [1] first applied saddlepoint techniques to the
approximation of a probability density function. Saddlepoint approximation addresses the prob-
lem of degradation outside a region of radius O(n~Y2%) about E(X;) by bounding the relative
error, rather than the absolute error, of the approximation over the admissible range.

[1] discussed approximating the density of X when the dimension d = 1, that is, the uni-
variate case. The approximation achieved a relative error of O(n~!) uniformly over the whole
admissible range of the variable, under some conditions. The method uses the Fourier inversion
formula, which involves moment generating, or characteristic, functions and complex integra-
tion. In this approach, the path of integration is shifted so that it passes through the saddlepoint
of the integrand and follows the steepest descent curve at the neighborhood of the saddlepoint.
The asymptotic property follows from a lemma due to [14].

Extensions of univariate saddlepoint approximation of tail probabilities P(X > X) for the
means of independent random variables have also been studied. This calculation is more dif-
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ficult, in that, unlike the density function case, the integrand of the Fourier inversion integral for
tail probabilities has a pole at zero.

[10] presented a general saddlepoint approximation technique that can be applied to tail proba-
bility approximation, based on Laplace approximation of the integrated saddlepoint density, with
an error of O(n~!). Robinson used an argument involving a conjugate exponentially shifted dis-
tribution family and the Edgeworth expansion. The terms of the expansion can then be integrated
termwise. There is no direct explicit formula for the integration of each term, but the terms may
be computed recursively. This method applies when x > E(X). When x < E(X), Boole’s law
and reflection of the distribution must be used.

[8] provided an alternative approximation. [2] derived this technique, using a transformation
of variables to directly address the local quadratic behavior of the numerator exponent. The
integral is then split into two parts, one which contains a pole, but can be integrated exactly
and explicitly, and the other which only has removable singularities and can be expanded and
approximated accurately. The virtue of this method is that the approximation is compact and can
be computed without recursion, and the formula is valid over the whole range of admissible x.

[9] thoroughly discussed the usefulness of the saddlepoint method in a review of the method
focusing on a variety of applications to statistical inference.

[5] generalized the univariate Robinson approach under the Daniels framework and achieved
an error of size O(n~"). The method uses integral expressions for the tail probability in the
multivariate case and presents a multivariate expansion of the numerator of the integrand and a
termwise multivariate integration using recursion. This approach shares the drawback of Robin-
son’s approach in that it requires a positivity constraint on the ordinate.

[13] generalized Lugannani and Rice’s method to the case of a bivariate probability distribution
function using variable transformations. [5] used a different method of proof and showed that the
error term is of order O(n’l); his method is limited to d = 2. Furthermore, Wang’s development
involves an inversion integral in which the pole of one variable depends on the values of other
variables in a fundamentally nonlinear way.

Wang’s proof of the error rate in the neighborhood of the pole is incomplete. In this paper,
a way of effectively extending Lugannani and Rice’s method to the multivariate case, which uses
a different transformation formula from Wang’s and can be used in the case d > 2, is proposed.
The method uses fewer terms and can be extended to multivariate conditional cases.

Our proposed saddlepoint approximation may be used to test null and alternative hypotheses
concerning a multivariate parameter when the hypotheses are specified by systems of linear in-
equalities. [6] applied the method of [5], in conjunction with the adjusted profile likelihood, in
such a case. For instance, [6] refers to data presented by [12] on 63 case-control pairs of women
with endometrial cancer. The occurrence of endometrial cancer is influenced by explanatory vari-
ables including gall bladder disease, hypertension and non-estrogen drug use. The test of whether
hypertension or non-estrogen drug use is associated with an increase in endometrial cancer will
be performed, conditional on the sufficient statistic value associated with gall bladder disease.

The remainder of the paper is organized as follows. Section 2 provides the unified framework
under which both unconditional and conditional tail probability approximations are considered.
Section 3 derives formulas for multivariate unconditional distributions. Section 4 focuses on
conditional distributions. Section 5 presents five examples and shows the approximation results.
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2. Multivariate extension

The unconditional and conditional tail probability approximation share some common charac-
teristics. We derive them in a unified way. Applying the Fourier inversion theorem and Fubini’s
theorem, as in [5], we find that both the unconditional and conditional tail probability approxi-
mations require evaluation of an integral of the form

pd—do /C‘HK exp(n[K () — TTt*])

G d, @2.1)

. d
c—iK .,‘0:1 p(zj)

where K is the cumulant generating function, which is the natural logarithm of the moment gen-
erating function, and c¢ is any positive d-dimensional vector. This will be discussed in Section 4.
In the unconditional case, for continuous variables, K is a vector of length d, with every entry
infinity, t* =t and p(t) = 7; for unit lattice, K is a vector of length d, with every entry T, t*
is t corrected for continuity, p(t) = 2sinh(r/2) and d = dy. In the conditional case, the setting
is the same, except that dy equals d minus the dimension of the conditioning variables.

[2] recast a great deal of the saddlepoint literature in terms of inversion integrals of the
form (2.1), rescaled so that the exponent is exactly quadratic. This rescaling includes the mul-
tiplier for the linear term in the exponent; this linear term is the signed root of the likelihood
ratio statistic. The idea of using the modified signed likelihood ratio statistic was proposed in
[3]. [4] defines a multivariate version of this reparameterization and also defines the multiplier
for the linear terms; again, these are signed roots of likelihood ratio statistics, but, this time, for
a sequence of nested models:

1
——W'W=min(K (y) — y"t")
2 Y
and
1
—E(w —wWIw-—Ww)=K@x)—1tt"— min(K (y) — yTt*).
y

Further specification of W and w is needed. For any vector v of length d, let v; be the vector
consisting of the first j elements, that is, (vy, v2, ..., vj)T. For instance, y ; = (y1, y2, .- -, yj)T,
T =(11,72,..., rj)T and 0; is the zero vector (0,0, ..., 0)T with dimension Jj.Letv_; be the
vector consisting all but the first j elements of v, that is, (vj11,vj42,..., va)T. [4], Chapter 6
defines w and w using

1
2 y.7ji—1=0j-1 y.v;=0;
—l(w-—ﬁ)-)2— min  (K(y)—p't)— min (K(y)—p't") (2.2b)
7\ =y B Y Yy yuin_ 4 )4 . .
e J V=T

This definition is not invariant with regard to the order of the coordinates. Also, note that w; is
a function of only 7 ;, but not of any element of T_; Vj. The same holds true for 7; as a function
of w.
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We now construct more explicit formulas for w and w. Let
iD= v Vi Tt () T2V ) Ta (¥ )

be the minimizer of (K (y) — yTt*) when the first j variables are fixed. The function 7y (y j)
above is the minimizer for variable k when the first j variables are fixed, for k > j.
Using the above notation, the definitions of w and w can be rewritten as

1
2

D7 =K (F;-100;-1) —F;-10;-)"t" — (K (7,;0,)) —£,;0)"t*),  (2.3a)
1
—wj =)t =K Eji(zjm) = Fj(ry-)' = (K(F(x) = E(x))'¢),  (2.3b)

where 7 ;_1(-) is set to T when j = 1 for succinctness of expression.
By choosing a sign to make w and w increasing functions of T and 7, we can further specify
them as follows:

w; = sign(7;(0;-1)) (2.4a)
4da

X \/—2[K(fj—1(0j—1)) — 70— )Tt — (K(T(0;)) — 7,;(0)Tt*)],

w;=w; +Sigl‘l(‘l,'j —fj(‘tj_l))

(2.4b)
X \/—2[K(fj—1(fj—1)) —Tj1(rj—)Tt — (K (T () — T;(r)Tt¥)].

The derivation of the [8] approximation provided by [2] requires identification of the simple
pole in the inversion integrand. We need to match zeros in the denominator of the multivari-
ate integrand with functions of the variables in the new parameterization; the points at which
this matching occurs will be denoted by a tilde. The quantities above, such as 7, W, 7; (7 j_1)
and functional relationships between T and w, etcetera, can be solved numerically by Newton—
Raphson methods, or even analytically in some cases. Finally, we define a function w;(w;_1)
such that 7;(wy, wa, ..., w;(w;_1)) =0for j > 1.

It can be verified that the following properties hold:

t;=0 ifandonlyif w;=0; (2.5a)
w;(0;-1)=0 for j > 1; (2.5b)

1, =7j(rj—1) ifandonlyif w;=w; for j > 1; (2.5¢)
t;=17; ifandonlyif w;=w;. (2.5d)

Below, the superscript of a function denotes differentiation with respect to the corresponding
argument of the function. We will employ the same use of superscripts in the subsequent text
of the paper, except that when the superscript is a set, it denotes difference, as defined at the
end of this section. Also, a superscripted “T” denotes the transpose of matrix. We can obtain
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w; =w;(W;_1)and uv)ll‘. = J)’;(Wj_l), which will be used in later sections. Substituting w; = w;,
1,=0,7;_1=%;—1and 7; = (31, 2, ..., 7j—1, 0T = (£ j_1, 0)T into (2.4b), we obtain

wj =w; +sign(0 — fj)\/—z[K(f) — 7T — (K@j(3j-1,0) — (T;-1,0Tt5)].  (2.6)

Differentiating (2.3b) with respect to wy and rearranging terms, we obtain

j—1

v - . dt, . .

wlj?: E (Kl(rj(rj—ho))-d—wlk A —f1*>/(wj_wj) 2.7
I=k wi

for k < j. The derivatives ;Tt’k evaluated at the point w; can be obtained by differentiating (2.3b)
with respect to wy once or twice, depending on whether or not w; = ¥}, and solving the resulting
system of equations. In particular, we are interested in

1
\/ 4 . 7= . ifijﬁ)j,
_ Zli}:'j Kl; .(Tj—l(Tj—l))Tl ([Tj—1(zj—D])) (2.8)
wj R
Kj(i'j(fj)) —I;U

drj

du)j . A
ifw; #wj,

for j < dp, where [-]; denotes the first j elements, and

d dt; d 1
[l o =1_[\/d — — : 2.9)
Jj=dp+1 wj (wdo,‘?v,do) Jj=do+1 Zl:j K/ (rdo(rdo))tl ([rdo(rdo)]j)

where, for succinctness of expression, we define rlj () tobe 1 when [ = j. For [ > j, we obtain
rlj () by differentiating both sides of the definition of rlj (), that is, K'(-) = t;* with respect to
VI > j, and solving the system of equations.

Under this transformation of variables from 7 to w, the Jacobian is just the product of the
diagonal terms of the Jacobian matrix and (2.1) can be expressed as

[ explal(1 /2T — 6w

99w
Qa) Jooik T priwy) o dw

pd=do /WHK exp(n[(1/2)w'w — #Tw]) 4 dr; T, () = B(wj-1)

=— dw  (2.10)
@rd? Jomik [T, (wy—dj(wj-0)) o dwi [T p(riow))

o / K expil(1/2wTw =D o

- Qni) Jy—ix 1_[‘/10:1 (wj —w;(w;j_1))
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where

l_[fozl (wj—@j(wj—l))ﬁﬂ' 11[ dz;

G = do dw dw
ITZip@ ) i 0 gt O gy )

and, to simplify notation, we set w;(w;_1) to zero for j = 1. For later convenience, we write
G (7) as a function t instead of w. The relation ~ in the last step indicates exact equality in the
unconditional case, where d = d, but holds with a relative error of O(n") in the conditional
case, which we will discuss in Section 4. Hereafter, we use ~ to denote approximation with a
relative error of O(n~!) of both the left-hand side and the tail probability, and we use ~ (~ with
a dot above it) in the case where the right-hand side is an approximation with a relative error of
O(n~1/2) of the left-hand side.

The last integral in (2.10) will be evaluated by splitting it into rather simple terms involving
poles and more complicated terms involving analytic functions. We can decompose (2.10) into
290 terms. Let U = {1,2,...,do} be the index set of integers from 1 to dy. For set s C U, define
G*®(t) = G(t%), where the vector 7° is defined by

‘L'“YZ ‘L'j, iijS,
J 0, if j&s.

For example, if dy = 3, then G{l’z}(r) = G(11,12,0). Now, for + C U, define H' =
Z‘YQ(—I)V 1G5 (1), where | - | denotes the cardinality, that is, the number of elements of a set.
For example, H{1:2 = G112 () — G (1) — GP(7) + G? (1) = G (11, 2, 0) — G (71,0, 0) —
G(0,12,0) + G(0,0,0), where & denotes the empty set. We conclude that G(t) = ZtCU Ht.
This decomposition holds by induction on dy. Noting that Vs C U and a € s, H® (r{“}) = 0, we
see that

H' (1)

[Tje wj —w;(wj—1)

is analytic. In other words, |#| product terms in the denominator of the integrand in (2.10) are
‘absorbed’ by H'(t), leaving the remaining (dy — |¢|) product terms unabsorbed. As explained
in [5], each term that is absorbed contributes a relative error of O(n’l/ 2). Therefore, if we let I*
be the integral corresponding to H’, then we obtain

d—d WK Tw — wT

Nd .. do ~
Q2ri)4 Ja—iK 1_[/.:1 (wj — wj(W];])) ltl<licU

In the next two sections, we compute the I’, |¢t| < 1, t C U, for distribution and conditional
distribution, respectively.

'More detailed derivations and formulae for bivariate distributions can be found at http://stat.rutgers.edu/resources/
technical_reports10.html.


http://stat.rutgers.edu/resources/technical_reports10.html
http://stat.rutgers.edu/resources/technical_reports10.html

Multivariate saddlepoint approximations 1197
3. Multivariate distribution approximation
In the unconditional continuous case, we have d = d and

19, (wj —j(wj—1) 2 g

G(r)= .
[T52, 7 (w)) ,1:11 dw,
Therefore,
1 WHO exp(n[(1/2)wiw — Wiw])
2z _ Q2 / , 1%, w; — i (w, G(0)dw
w—ico j=1(Wj — w;(wji—1))

3.1)

1 [WOO exp(n[(1/2)wTw — wlw]) q
= - w

(zﬂl)do w—ioco ]_[70:1 (wj — lI)j (ij]))
since G (0) = 0 by properties (2.5a) and (2.5b).

Let u; =w; — w;(W;_1), @ be such that w() =@ and g(u) = %W(U)TW(U) — wlw(u). By
changing variables, with Jacobian equal to 1, we have

u+ioo
IG 1 / exp(n[g(w)]) du.

= T (3.2)

. do .
u—100 j=1 uj

The integration in (3.2) cannot be integrated out exactly in general. However, using the same
argument as in [5], we approximate it by expanding g(u) about @ up to the third degree; after
termwise integration, the resulting approximation to /< has relative error O(n~"). So, I can
be approximated by

o] /ﬁ+i°° exp(nlg + (1/2)87* (uj — i) (ux — )l)
(2mi)do f—ioo H‘;O:] Uj

1kl h ” 1
X <1 + g8 Gy —itj) g — )y —”1)> du

B B0 exp(n[g + (1/2)87% (u; — it ;) (ux — i)]) d 33
= (Zni)do o do u (3.3)
i—ico Hj:l uj
. 1 /ﬁ+i°° exp(nlg + (1/2)87* (u; — itj) (ux — )]
@2mi)4 Ja_ico ;{0:1 uj
n,. N A~ A
x &My — i) o = ) (uy — i) dw,

where, for brevity, we write g" for g” (i). All derivatives of g evaluated at @t can be computed and,
in particular, g/ = 0. Here, we use tensor notation, that is, the use of superscripts and subscripts
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to denote summation over all possible combinations, by which we are able to omit the summation
symbol. The computation of the second integral is addressed in [5]. The details involve partial
derivatives of some functions up to the second or third degree; these are algebraically complicated
and therefore omitted here. For the first integral, rearrange the terms in the numerator in the order
of the degree of u. The first integral is quadratic and can be computed as

| /u+100 exp(nlg + (1/2)87% (u; — it ;) (ug — )

) J§ ino 1_[‘,10 14

_ ! f o exp(nl(@ + (1/2D8M 1) — gy + (/D8 ujuid) (o
Q) Jiioo [Tjs )

=C?dF?,x9),

where C? =exp(n[g + %gjkﬁjﬁk)]), y¥ is a vector whose jth element is ﬁgfkﬁk/@ and ®
is the tail probability of a standard multivariate normal distribution with mean O and covariance
matrix 2 with elements §/¥/,/4/J gk The last of the above equations can be obtained by
changing variables to v, where v; = u;/ \/gT .

For I', t =r, we have

i 1 /WHOO exp(n[(1/2)wiw — wlw]) . G (t) — G(0) q
QD Jyieo [Tj(wj —d(WjmD)  wy — (W)

(3.5)

We perform a similar change of variable from w to u as in computing 79, except that u, = w,.
We then have

P /ﬁ“‘” exp(ng"” (w)])
Qi) J§ s [Tz uj

A7 ) dw
(3.6)
A (u) dw,

1 /“ﬂoo exp(nlely + (1/2)( — ) Tee @ —d) —u@—a)) |
(2751)‘10 i—ico [Tz u;

where g{"}(u) is the exponent as a function of u after the change of variable, h{r} (u) =
G"(0)-GW®) {r}
wy—w(Wy—1) °

vector such that C;

so that

= gl @), cel? is the matrix with elements cc{ ) = [g"1 () and ¢} is the
{r}
jit

ir} = [g"1] (). We can perform a further change of variables v; = /n,/c’

C{r V+ioco 1/2 TE{V} ={r}
7o f exp((1/2)v -V hi,r}(v) dv, 3.7)
{r}

(27i) 0]_[]»# v

Crr

where CV} = exp(n [C({)B} + %A ccl” }ﬁ]) Z{r} is the covariance matrix with elements [Ei,r}]ij =

{r} {r}
,{]r/ r} ¥} and [)_’v]ﬁ-r} — Y8 The function R v is analytic, but " is not

o
Ji U j#r Vj
Ji

analytic, and we cannot use Watson’s lemma directly. We use the following technique. Let
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t, = [Zir}v], andtj =4/1— ([Z‘{,r}],j)zvj for j # r. Perform a change of variables to obtain

1) < ct /‘+‘°° exp(QV (1))
{r

{r}
———=—h; (O dt, 3.8
t—ioco (27[1) 0 ;ér 1 ® 5-8)

where 0} (t) = %thi’}t — yi’}t, here Zir} being the matrix with elements [Zir}],j =0 for
J#T,
{r} {r} {r}
Yy 'lik—[2 [
[zir}]jk _ [Zy ]jk [Zy ]}’j[ v rk for ],k ;ér,
(21512 1k

)_'{r} being the vector with elements

{r} {r}y el
_ _ — [y Iy :
[yir}]r _ [yir}]r and [yir}]j [y ]] [Zy ]r] [YV Ir for j ;é ’

1—(=,))2

For a set s, let t° denote the vector such that [t°]y = 0if k ¢ s and [t']; =1 if kK € s. We have

i C /‘*‘“ exp(Q' (1) _exp(@®) i
{r

{r}
ico (27[1)d0 l_[k;e te (t )dt (3.9)

The argument that the above holds follows similar reasoning as in (2.11), except that we only
need to consider the main term here. Now, because 7 can be separated after the change of variable
and by Watson’s lemma, we have

oo exp(Q () — ((1/2)2 — [3V71,4,)

.
\/_ / {V ./’] —ico (znl)do lnk7&r 173

y /’r+‘°° exp((1/2)e2 — 51,1, i
I

—ico 27

7t

(t) at (3.10)

R,

nc{lrl}

¢([3'],) " =),

where ¥ is y{r} with the rth element removed and X is Eir} with the rth row and column
removed.

Multivariate tail probability approximations for unit lattice variables follow along the same
lines, except that

[T, o) = i) & d
nf‘;l 2sinh(t;/2)(W;) j=1 dw;

G(1) =
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Since lim,_,o (2sinh(x/2)/x) = 1, any analytic property in the continuous case still holds in the
lattice case.

4. Multivariate conditional distribution approximation

Consider a multivariate canonical exponential family. In practice, we are often only interested in
a subset of the parameters in a given statistical model, with the other model parameters usually
treated as nuisance parameters. The distribution of the sufficient statistics associated with the
parameters of interest, conditional on the sufficient statistics associated with the nuisance para-
meters, contains the parameters of interest and not the nuisance parameters. We can therefore
use the conditional distributions instead of the original distribution in the study. For instance, in
testing equality of proportions for a 2 x 2 contingency table, we condition on the row or column
margins. Another example is logistic regression, where inference on some regression parameters
is often performed conditionally on sufficient statistics associated with nuisance parameters.

Hypotheses involving parameters of interest may be tested by computing the tail probabilities
for the conditional distribution P (T4, > t4,|T_4, = t_4,). [11] applies double saddlepoint ap-
proximation to the problem in the case where dyp = 1, d > 1 and T is the mean of independent
and identically distributed random vectors. Here, we propose a method that extends the results
to dp > 1 and d > dy, using the idea from the previous sections.

First, consider T, the mean of independent and identically distributed continuous random vec-
tors. Then

ft::fT(yl’~-"yd()vtd0+17“-7td)dyd0

P(Tgy > t4|T_gy =t_yq) = )
7d0 —do

’

where f1(-) is the joint density and fr_ i ) is the marginal density of T_4,. Again, we use the
Fourier inversion formula to obtain

nd—d() c+ioco eXp(n[K(‘[) _ ‘[Tt])

where K (t) is the cumulant generating function of the random vector T. The numerator is just a
special case of (2.1).

Approximation (2.10) holds because of the following lemma which will allow us to apply
previous unconditional results by substituting components of w for components of w when the
components correspond to variables in the conditioning event.

P(Tdo = td()lT—d() = t—d()) =

Lemma 4.1.

nd=do /WK exp(nl(1/2whw —wiw) (o dry T2 0y =0, 0wj-0)

@ui) Jomik [T oy —ijwi) G AW TR p(ziw)))
4.2)

d—d, w+iK Tw _ wT
nd—do / exp(n[(1/2)w' w —w W])G('r)dw(1+0(n_1)),

- (2mi)? w—iK njl():l (wj — lZ)j (Wj;]))
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where
T (wj — i (wj-1) li[ dr;

G(r)=
M, p(rywp) oy dwj

Proof. By Watson’s lemma, given fixed wy,, we have

W7d0 +iK 1 R dr:
/ exp(n [szdowdo - wzdowdo]) l_[ ﬁ dw_g,
i

W_qy—iK j=do+1

d

vAV,d0+iK 1 R dr;
:/ exp(n[EWTdow_do—wTdow_do}> H =7

i dw;
W—q iK Jj=dop+1 J

E
X <1 + M) dw—d()v

(WdoW—dqy)

n

for some analytic function E(wg,) of O(1). Therefore,

pd=do iy +K exp(n[(1/2)W] wa, — W5 way]) ld_OI dr;

Q@mi)d S, —ik ]—['Jlozl p(Tj(wj)) j1

VAvfdo +iK 1 T T d
X / eXp(n[EWdOW_dO — Wdow_dﬂ])

LHS

Hﬁ

i . dw; R
W—gp K J=do+1 " L(way W _gy)

X (1 + M) dw_g, dwy,

n
—Al—i—lB
o nA)

A nd—do /WK exp(n[(1/2)wTw — wTw])
ENG

where

G(t)dw

ok [T (wj — b (wj1)
and
nd=do PVHK ey n(n[(1/2)wTw — WTw])

~ @i G (1) E(Wgy) dw.

If A and B are expanded according to [5], each integral is approximated by a tilting term times a
normal multivariate tail probability, up to relative order O(1/+/n). The expression for B is also
multiplied by the leading term of E. Hence, A/B = O(1) and, therefore, the left-hand side equals

A1+0@n™h). O
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To deal with the denominator in (4.1), [7] demonstrates that

d—dy VAV,d +ioo d .
n o 1 . dr
(2_751) / . exp(n |:§WTd0W—dO — WTdOW_dO]) l_[ ﬁ dw_g,
Wedo ™10 J=do+1 " 104y W _gq) 43)
= f1_4(t-a) (1 + 007 )).
This development is similar to that of [4], page 147.
With continuous variables, we can decompose A according to (2.11) with
do - d
wi—wj(w;_1) dr; dr;
Go)=|[L+—~L—"~L—-~ —L 4.4
( ) H( ‘[j dwj . 1_[ dwj N ( )
Jj=l1 J=do+1 (W W—dp)

Denote the left-hand side of (4.3) by J_g4,. Note that G(0) = ]_[ =do+1 d r |(odo W_dp)® The main
J
term is then

o /V”“” exp(nl(1/Qw'w — WTW])  n— ﬁ dr; dw
w—ico (ZT[i)dO Hf‘):l(w] - IZ)](W]—I)) (Zni)d_do j=do+1 dw] (OdO»VAV—dO)
_ /W+i°° exp(n[(1/2)wTw — wTW]) dwy T @.5)
Goico @m0 [T, (wy —dy(wjm)
N /W+i°° exp(n[(1/2)wiw — wiw]) dwa - fr (ta)
Goivo mi) [T (wy — dywy)) 0
where
wtioco 1/2)ywTw — wivw
/ X/ 2wl — WD 46)
W—ico  (27i)do ]_[jozl(wj —w;(W;j—_1))

can be obtained by formula (3.4).
Using the same technique as in (3.5)—(3.10), we have

/W+‘°° exp(n[(1/2)wTw — wTw]) GV} (1) — G(0) dw
(an) J#r(w/ - w(wjfl)) wy — W(W,_1)
) 4.7
. cn(t N = e <t
< (3], 2F", =) - 1y,

nc” l_[ J=do+1 9Tj/dwl 0, 54

at O(n~!). The computation involves ]_[ =do+1 dw] |(w1 wy.W_y)» Which can be obtained us-
ing (2.9).

In summary, in the conditional case, P (T4, > tg)|T_q, > t_g,) ~ stl,sgu IS/ f—ay(t—dp),
where U ={1, 2, ..., do}.
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Similarly to the unconditional case, in the case of unit lattice variables, we have
d

d ~
G(1r) = 1‘0[(4“’1' LAY &) I1
il 2sinh(t;/2) dw; 2+l dw;

dz (4.8)

(Wag s W—dpy)

Other analytic properties and formulae still hold.

5. Five examples

We present five examples here. The fourth example is based on real data.

In the first example, we consider the bivariate random vector (Y1, Y»), with Y| = X| + X»
and Y> = X, + X3, where X1, X, and X3 are independent and identically distributed random
variables following the exponential distribution, which has a density function f(x) =e™" for
x > 0. The results for approximating P(I7 1> 1, 172 > y5) when n =5 are listed in Table 1,
where “P. approx.” stands for the saddlepoint approximation proposed in this paper, “K. approx.”
stands for the saddlepoint approximation presented in [5] and “N. approx.” stands for bivariate
normal approximation. The “exact” column shows the exact tail probability values computed
in [15]. The “relative error” column shows the relative error of “P. approx.” The results for the
cases (y1, y2) = (2.5,3.0) and (y1, ¥2) = (3.0, 4.0) are the special cases where w; = 0, which we
have mentioned, but which are omitted here because of the removable singularity. The normal
approximation deteriorates at the far tail, while both saddlepoint approximations show much
better and more stable relative errors. In almost all cases, the new method shows smaller relative
errors than those in [5].

In the second example, we consider the bivariate random vector (Y7, ¥2), with Y1 = X1 + X»
and Y> = X, + X3, where X, X, and X3 are independent and identically distributed random
variables following the binomial distribution, which has a mass function (1;/ ) p (1 — p)N=* for
0 < x < N. The results for approximating P(?l > 1, 172 >3yy)when N=10,p=02andn =38
are displayed in Table 2. We can again see from the table that the normal approximation (with
adjustment for continuity) deteriorates at the far tail, while the saddlepoint approximations show

Table 1. Results of saddlepoint approximation compared with other approximations in the
continuous case

1 y»  P.approx. K. approx. N. approx. Exact Relative error

25 25 9.12x1072 898x1072 9.65x1072 922x1072 —1.08%
25 35 141x1072 141x1072 654x 1073 1.41x1072 0.00%
25 40 391x103 3.99x1073 6.69x 1073 3.93x1073 —051%
30 3.0 220x1072 2.14x1072 146x 1072 222x1072 —0.90%
30 35 897x1073 873x1073 352x1073 8.96x 1073 0.11%
35 35 440x1073 425x1073 1.09x 1073 4.40x 1073 0.00%
35 40 167x1073 1.61x1073 1.78x107* 1.66x1073  0.60%
40 40 7.69x107% 734x107% 3.88x107° 7.58x 107 1.45%
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Table 2. Results of saddlepoint approximation compared with other approximations in the
unit lattice case

1 yo  P.approx. K. approx. N. approx. Exact Relative error

45 45 1.15x107! 1.16x1071 1.16x 107! 1.15x 107! 0.00%
45 50 443x1072 451x1072 428x 1072 444x1072 —0.23%
45 55 1.04x1072 1.05x1072 873x 1073 1.04 x 1072 0.00%
45 60 146x1073 145x1073 950x 1074 1.46x1073 0.00%
50 50 207x1072 212x1072 1.92x1072 208x1072 —0.48%
50 55 589x1073 6.04x1073 485x1073 591x1073 —0.34%
50 6.0 991x107% 1.01x1073 640x107% 994x107% —0.30%
55 55 211x1073 216x1073 157x1073 211x1073 0.00%
55 6.0 445x107% 456x107% 2.69x 107* 447 x107% —0.45%
60 60 121x107% 124x107% 6.14x107° 121x1074 0.00%

much better and more stable relative errors. In most cases, the new approximation shows better
accuracy than that of [5].

The third example involves conditional distribution functions. Let X;, i = 1,2,3, be in-
dependent and identically distributed random variables following the exponential distribution,
as in the first example. Consider the random vector (Y1, Y3, ¥3) with Y1 = X5, ¥» = X3 and
Y3 = X1 4+ X7 + X3. The results for approximating P()_’l >y, Y, > y2|173 = y3) when n =10
are shown below in Table 3. The case where y; = 2.0, y» = 2.5 and y3 = 7.0 is the special case
where both 7(0) = 0 and w, = 0, as discussed in Section 3, and is omitted here. The cases
where y; =2.0, y, =3.0and y3 =7.0, and y; = 2.0, y, = 2.5 and y3 = 6.5, are the cases where
w; = 0; these are also omitted. The exact values are computed in [15].

The fourth example was used in [5] and [6], which refers to data presented in [12]. The data
consist of 63 case-control pairs of women with endometrial cancer. The relationship between

Table 3. Results of saddlepoint approximation compared with bivariate normal
approximation in the conditional continuous case

1 y» y3 P approx. N. approx. Exact Relative error
20 20 70 442x107! 804x1072 438x10"! 0.91%
25 25 70 625x1072 204x1072 632x1072 —1.11%

25 30 7.0 800x1073 4.14x107° 854x1073  —6.32%
30 3.0 7.0 3.02x107% 1.00x1078 346x107* —12.7%
20 20 65 293x107! 116x1071  291x 107! 0.69%
20 3.0 65 1.09%x1072 648x107° 1.14x1072  —439%
25 25 65 149%x1072 696x107% 156x 1072  —4.49%
25 30 65 525x107% 157x1077  6.09x107% —13.8%
30 30 65 963x1077 3.67x10712 1.10x 107 12.5%




Multivariate saddlepoint approximations 1205

Table 4. Differences between cases and controls for endometrial cancer data

Gall bladder disease -1 -1 -1 0 0 0 0 0
Hypertension -1 0 1 -1 -1 0 0 1
Non-estrogen drug use 0 -1 0 -1 0 0 1 0
Number of pairs 1 1 1 2 6 14 10 12
Gall bladder disease 0 1 1 1 1 1 1 1
Hypertension 1 -1 -1 0 0 0 1 1
Non-estrogen drug use 1 0 1 - 0 1 0 1
Number of pairs 4 3 1 4 1 1 1

the occurrence of endometrial cancer and explanatory variables including gall bladder disease,
hypertension and non-estrogen drug use is modeled with logistic regression. [12] noted that the
likelihood for these data is equivalent to that of a logistic regression in which the units of obser-
vation are the matched pairs, the explanatory variables are those of the case member minus those
of the control member and the response variable is 1.

The number of pairs with each configuration of differences of the three variables are shown in

Table 4. Letz;, j =1,2,...,63 denote the differences of covariates between cases and controls,
as given in Table 4. Consider the situation under the null hypothesis, where the linear coefficients
are zero. LetZ;, j =1,2,...,63, be the random vectors that take value z; with a probability of

% and 0 with a probability of % Let Z be matrix whose rows are Z; and where T = Z'1, where 1
is a column vector with dimension 63. We then have K (t) = > jmj [log(HLz(z-m)]. [6] tested
the association of hypertension or non-estrogen drug use with an increase in endometrial cancer,
conditional on the sufficient statistic value associated with gall bladder disease. The test required
evaluating the quantity P(7> > 10 or 73 > 13|71 =9) for T = (71, T», T3). By Boole’s law, this
probability can be computed using

P(T, =10|T, =9)+ P(T3 > 13|T1 =9) — P(T» > 10, T3 > 13|T1 =9).
The results for approximating P (7> > 10, T3 > 13|77 = 9) compared to those listed in [6] are

shown in Table 5, where “N. app.” stands for normal approximation, “E. app.” stands for Edge-
worth approximation, “K. app.” stands for the approximation presented in [6] and “P. app.” is the

Table 5. Endometrial cancer results for some (#,, #3) instances

Method (10, 13) ,12) 8, 11) (7,10) (6,9)

N.app. 3.50x107% 1.78x1073 726x 1073 239x1072 6.39x 1072
E.app. 331x107% 1.72x1073 7.13x1073 237x1072 6.37x 1072
K.app. 151x107% 1.07x1073 537x1073 201x107%2 584 x 1072
Papp. 1.62x107% 1.13x1073 560x 1073 2.08x 1072 6.00 x 1072
Exact  1.52x107% 1.09x 1073 548x1073 205x1072 5.95x 1072
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Table 6. Results of saddlepoint approximation compared with normal approximations for a mul-
tivariate gamma distribution

Yyt y2 y3 P approx. N. approx. Simulation Std. err. Relative error

55 55 55 493x1072 964x 1072 558x1072 142x1073 —11.6%
55 55 65 365x1072 7.17x107%2 416x1072 124x1073 —12.3%
55 65 65 270x1072 534x1072 326x1072 1.10x 1074 —17.2%
65 65 65 198x1072 399x1072 245x1072 958x10~% —19.2%
65 65 75 145x1072 278x1072 1.83x1072 831x107% —20.8%
65 75 75 1.05x1072 194x1072 134x1072 7.11x107% —21.6%
75 75 75 076x107%2 136x 1073 1.04x1073 189x107% —26.9%

proposed approximation. Approximation results of P(T> > 2, T3 > t3|T1 = 9) for other values
of #; and t3 are also listed in the table. We can see that the proposed method achieves better
results than other methods, except for the method of [6], which is far more complicated compu-
tationally.

In the fifth example, we consider a multivariate gamma distribution, which is the diagonal of
a Wishart distribution, formed from a 3-variate normal distribution, with covariance matrix

I 025 025
V= (0.25 1 0.25>
025 025 1

and n = 5. The results are listed in Table 6, where “P. approx.” stands for the saddlepoint ap-
proximation proposed in this paper and “N. approx.” stands for bivariate normal approximation.
The “simulation” and “std. err.” column shows the simulation results and 5% standard error. The
“relative error” column shows the relative error of “P. approx.” compared with the simulation
results. We can see that the proposed approximation performs better than the normal approxima-
tion.
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