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Invariance principles are obtained for a Markov process on a half-line with continuous paths on the interior.
The domains of attraction of the two different types of self-similar processes are investigated. Our approach
is to establish convergence of excursion point processes, which is based on It6’s excursion theory and a
recent result on convergence of excursion measures by Fitzsimmons and the present author.
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1. Introduction

A strong Markov process on [0, o) with continuous paths on the interior (0, 0o) is characterized
as follows. Its generator £ is an extension of £,, = % % on (0, co) for a speed measure dm on
(0, 00) under Feller’s boundary condition ([5]), which is given by

rLu(0) = / {u(x) —u(0)}j(dx) + cu’(0) (1.1)
(0,00)

for constants ¢, r > 0 and a jumping-in measure j on (0, 00). Ité6 and McKean [9] and It6 [8] have
constructed a sample path of the strong Markov process characterized as above for a possible
triplet (m, j, ¢, r). Such a process which starts from the origin will be denoted by X, j . r.

Lamperti [18] has characterized the totality of strong Markov processes X = X, j ., with
law

the self-similar property, A" *X(At):t > 0) = (X (t):t > 0) for some o > 0. Such a process
behaves as a Bessel diffusion on the interior (0, o0) and its behavior when it starts from the
origin has the following two possibilities:

(a) it enters the interior continuously, that is, it is a reflecting Bessel process,

(b) it jumps into the interior according to the jumping-in measure j = j®), where j® is
given by j(ﬁ)((x, 00)) =x "B,

The purpose of the present paper is to establish invariance principles for the process Xy, j ¢,
The domain of attraction for the possible limit process (a) or (b) varies according to whether the

integral [~ xj(dx) converges or diverges. The result is a generalization in our class of strong
Markov processes of that of Stone [23], who has characterized the domain of attraction of the
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case (a) in the class of diffusion processes (without jumps at the origin). For this purpose, we ap-
peal to the method of convergence of excursion point processes explained below, which enables
us to understand clearly what happens in the excursion level. In the proof of our results, a crucial
role is played by one of the main results of Fitzsimmons and Yano [6], who dealt with conver-
gence of excursion measures for diffusion processes on (0, co) via time-change of the Brownian
excursion.

Let us give an example to illustrate the main theorems. Consider

X d?
© 2x+41dx2

m on (0, 00), (1.2)
that is, dm(x) = Z’CX—H dx. The origin for L, is exit but non-entrance and hence the contin-
uous entrance is not allowed, namely, the constant ¢ must be 0. In particular, a reflecting
Ly-diffusion process does not exist. In addition, the process X j o, exists if and only if
f0+x log(1/x)j(dx) + j([1, 00)) < oo and either » > 0 or j((0, 1)) = oo holds. Then, by Theo-
rems 2.5 and 2.6, we obtain the following:

() if Xom,j,0,r is non-trivial and foo xj(dx) < oo, then the process %mej,o)r()\.') converges
in law to a reflecting Brownian motion;

(i) if j((x,00)) ~xPL(x) as x = oo for B € (0, 1) and some slowly varying function L
at infinity (with foo xj(dx) = oo holding true in this case), then the process %Xm’j,o’r(k-)
converges in law to the process X, i 0,0()-

The method of the time-change of Brownian motion is quite useful to functional limit theo-
rems of diffusion processes. For example, see [17,19,23,24]. Recently, Fitzsimmons and Yano [6]
have obtained limit theorems where the method of the time-change of the Brownian excursion is
fully exploited. In the present paper, based on Itd’s excursion theory ([7,8]) and the method of the
time-change of the Brownian excursion, we construct sample paths of the processes X, j ¢, si-
multaneously for all possible characteristics (m, j, ¢, r) from a common excursion point process.
Our limit theorems are then reduced to certain continuity lemmas of X, j ., and its inverse local
time process 7, j.c,» With respect to (m, j, c,r).

The key to our limit theorems is convergence of excursion point processes, which is stated
in Propositions 4.2 and 4.3. Vague or other convergences of Poisson point processes on finite-
dimensional spaces have been studied by many authors; see, for example, [3,4,10-12,14—16]. For
our purposes, we need a certain stronger convergence of Poisson point processes on the space of
excursions. Let us roughly explain the idea. The excursion point process N, ; . of the process
Xom, j.c,r 18 realized as the image measure of a certain time-changed path e, ; . under the ex-
cursion point process N of a Brownian motion (see Lemma 3.3). The propositions then assert
that if (my, ji, cy) converges to (m, j,c) in a certain sense, then e, j,.c, converges to ey ;.
in a certain sense for all points in the support of the excursion point process N almost surely.
The convergence ey, j, ¢, = €m.j.c under N implies convergence of excursion point processes
Ny, jrc; = N, j,c. This may be regarded as an analogue of Skorokhod representation, which
asserts that weak convergence of probability measures can be realized as almost-sure conver-
gence of random variables on a certain probability space. We point out that our convergence of
excursion point processes in the above sense is stronger than the vague convergence of those.
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The present paper is organized as follows. In Section 2, we state the main theorems. In Sec-
tion 3, we follow Itd [8] to construct a sample path of the process from an excursion point process.
Continuity lemmas of excursion point processes which play important roles in proving our main
theorems are stated in Section 4 and proved in Section 5. Under certain extra assumptions, we
prove almost-sure continuity lemmas for the inverse local time processes in Section 6 and for the
strong Markov processes considered in Section 7. In Section 8, we remove the extra assumptions
and obtain in-probability continuity lemmas. We then conclude by completing the proof of our
invariance principles.

2. Main theorems

Let m: (0, 00) — (—00, 00) be a right-continuous and strictly increasing function. For such m,
we denote L,,, = % %. We always assume that f0+ xdm(x) < oo, that is, that the origin for L,
is an exit boundary. There then exists an absorbing L,,-diffusion process starting from x > 0,
whose law will be denoted by Q3. If m(0+) is finite, that is, the origin for £, is exit and
entrance, we denote by n,, the excursion measure away from the origin for the reflecting £,,-
diffusion process. For a Radon measure j on (0, co) and for non-negative constants ¢ and r, we
denote by X, ;. r, if it exists, a strong Markov process starting from the origin whose generator
is an extension of £,, on (0, oo) and which is subject to Feller’s boundary condition (1.1). The
following theorem is due to Feller [5] and Itd [8].

Theorem 2.1. Let j be a Radon measure on (0, 00) and let ¢ and r be non-negative constants.
Then the process Xy, j ¢,r exists if and only if the following conditions (C) and (C+) hold:

(C) the pair (m, j) satisfies

X
J((x0. 00)) + / Jj(dx) / m((y, x0)) dy < 00 @1
(0,x0) 0
for some xo > 0, and
c=0 in the case where m(0+) = —o0; 2.2)

(C+) r > 0 in the case where ¢ =0 and j((0, xg)) < 00.

If the process exists, then its excursion measure away from the origin is described as
D)= [ @0 Q50) + (D) @3)
(0,00)

We will denote by L,y j . »(t) a version of the local time at the origin, chosen so that

© 1
P|:/ e’ dLm,j,c,r(t)i| = , 24
0 Cm,j,c,r
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where
Cm,jer=r +/ (1- e_l)nm’j,c(g(e) € dt), (2.5)
(0,00)

¢ (e) being the lifetime of an excursion path e. We will denote the right-continuous inverse of
L, j.cr BY Tm,j.cr-

Remark 2.2. Theorem 2.1 has been obtained by Feller [5] in the case where ¢ is general but
m(0+) is finite, and by Itd [8] in the case where m is general but ¢ = 0. We can prove Theorem 2.1

in full generality in the same way as It6 [8], so we omit the proof.

Remark 2.3. The condition (2.1) always implies that fo X (dx) < oo. The converse also holds
if m(0+) is finite.

Example 2.4. Let us give typical examples of m and j. For « > 0, we define

(l—ot)flxl/“’], if0<a <,
m@(x) = { logx, ifa=1, (2.6)
—(a — 1) Iyl ifa > 1.

For B > 0, we define a Radon measure j# on (0, co) by
i B (dx) = px~Pldx. (2.7)

According to Lamperti [18], Theorem 5.2, the totality of self-similar processes in the class of our
strong Markov processes X = X, ;j ., consists of the following two classes:

(@ X =X, 0 forsome 0 <a <1 and ¢ > 0. The process X is then a reflecting Bessel
process of dimension 2 — 2« € (0, 2). The process X has the «-self-similar property

law

(AX ()t =0) = (X(@):1=0). (2.8)

In addition, its inverse local time process 1 = 1,,@ .o is an «-stable subordinator which has
the 1/«-self-similar property.

(b) X = Xm(a),j(,gmyo for some @ > 0 and B € (0, 1 /). The process X also has the «-self-
similar property. In addition, its inverse local time process 1 = 1,,@ _;® 0,0 is an f-stable sub-
ordinator which has the 1/(«f)-self-similar property.

We equip the set of cadlag paths with Skorokhod’s Ji-topology, following Lindvall [20]; see
also [11] and [12]. For cadlag paths w; and w, we say that w) — w (J}) if there exists a family
of homeomorphisms of [0, o) denoted by {A, : A > 0} such that

lim sup [Ax(t) —t]=0 forall T >0 2.9)
A—>00 1€[0,T]
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and

lim sup |wy(A(r)) —w(r)|=0 forall T > 0. (2.10)
A=>004€[0,T]
Note that compact uniform convergence always implies convergence (J1) and that the converse
holds if the limit is a continuous path on [0, 00).
Generally speaking, invariance principles require one of the following conditions to hold:

MDD mx) ~ 1 —a) xl/e-lg(x) as x — oo for some « € (0, 1);

M2) m(Ax) —m(x) ~ (logx)K()\) as A — oo for all x > 0;

(M3) m(oc0) < 0o and m(00) — m(x) ~ (& — 1)~ 'x/2=1K (x) as x — oo for some « €
(1, 00).

Here, K (x) denotes a slowly varying function at infinity. For the conditions (M2) and (M3), see,
for example, [17] and also [6]. For a certain technical reason, we need the following assumption,
stronger than (M1)—(M3):

(M) dm(x) = m’(x)dx on (xg, 00) for some xg > 0, where m’(x) is a non-negative locally
bounded measurable function such that

m'(x) ~a 'xV2K(x) asx — 00 (2.11)

and m satisfies an integrability condition fo , xloglog(1/x)dm(x) < oc.

We say that X = X, j ¢, is trivial if j =0 and ¢ = 0, which is equivalent to saying that X () = 0;
in fact, the process X, j ¢, starts from the origin and does not jump in (0, co) nor enter (0, c0)
continuously. We now state the main theorems of the present paper.

Theorem 2.5 (The convergent case). Assume that the process X, j ¢ r exists and is not trivial
and that the condition (M) holds for o € (0, 1) and for some slowly varying function K (x) at
infinity. Assume, in addition, that the following holds:

a1 [ xj(dx) < oo.
Let u()) = A2 K (). It then holds that

1
X jer@()) = Y®o ) inlaw (2.12)
as A — oo, where Y@ stands for a reflecting Bessel process of dimension 2 — 2a.

Theorem 2.6 (The divergent case). Assume that the process Xy, j c r exists and that the condi-
tion (M) holds for 0 < a < oo and for some slowly varying function K (x) at infinity. Assume, in
addition, that the following holds:

J2) j((x,00)) ~ xPL(x) as x —> oo for some 0 < B < min{l, 1/a} and for some slowly
varying function L(x) at infinity.
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Let u()) = A2 K (). It then holds that

1 .
XXm,j,c,r(u(/\)-) = X j#,0,0() J1) in law (2.13)

as A — oQ.

3. Construction of a sample path

Based on the method of It6 [8] for constructing a sample path of the process X, j . under
Feller’s boundary condition (1.1), we shall give a realization of the processes on a common
probability space. For the general excursion theory, see [7,21] and also [2].

Let E denote the set of continuous paths e: [0, o0) — [0, 00) such that if e(#p) = O for some
to > 0, then e(r) =0 for all > 7y. We call { = ¢(e) = inf{r > 0:e(z) = 0} the lifetime of a path
e € E. Here, we follow the usual convention that inf @ = co. We equip E with a compact uniform
topology and denote by B(E) its Borel o-field. For e € E, we denote the first hitting time to a > 0
by t, = 14(e) = inf{r > 0:e(¢) = a}. In particular, tg(e) = 0 if e(0) = 0. The supremum value is
denoted by M = M (e) = sup,~¢ e(¢). Under our notation, we note that {t, < oo} ={M >a} on
{¢ < o0}.

We recall the Brownian excursion measure. Let ngg denote the excursion measure away from
the origin of a reflecting Brownian motion. That is, ngg is a o -finite measure on E such that

nBE(e(t +)e F) :/

(0.00) QD) P3g(e() €dx)  forr>0and T €B(E),  (.1)
,00

where Qg stands for the law on E of an absorbing Brownian motion starting from x > 0 and

. . . . 2
PgB for.that of a 3-dimensional Bessel process starting from 0 with the generator %% + %%
It is obvious that ngg(E \ E1) =0, where

Ei={e€ E:e(0)=0,0<¢(e) <00} (3.2)

Just as an almost everywhere Brownian path does, an almost everywhere excursion path with
respect to the Brownian excursion measure has local times, which is precisely stated as follows.

Theorem 3.1 (See, e.g., [2]). There exist a measurable functional £ :[0, o00) x [0,00) x E —
[0, 00) and a set Ey € B(E) with ngg(E \ E») = 0 such that, for every fixed e € E3, the function
£(t,x) = L(t, x, e) satisfies the following:

(1) the function [0, 00) x [0, 00) 2 (¢, x) — £(t, x) is jointly continuous,
>ii) for any x > 0, the function t — £(t, x) is non-decreasing;
(ii1) fot la(e(s))ds = ZfA £(t, x)dx holds for all t > 0 and A € B([0, 00)).

We remark that it follows from the occupation formula (iii) and the bi-continuity (i) that

1 t
L(t,x)= lim — / Lix,x+e)(e(s))ds fore € E>. (3.3)
e—0+2¢ Jo
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Moreover, we remark that £(¢, 0) = 0 holds for ngg-almost everywhere excursion path, whereas
£(t,0) > 0 for almost everywhere Brownian path.

Following [6], we introduce the time-change of the Brownian excursion. For a right-
continuous strictly increasing function m : (0, 00) — (—00, 00) such that fo +xdm(x) < 00,
we define a clock A, (1) = A, le](t) by A, (¢) = f(o,oo) £(t,x)dm(x). Lemma 2.4 of [6], which
we may call a version of Jeulin’s lemma (see also [13] and [22]), says that A,,(t) < oo for
npg-almost every excursion path. We now define a time-changed excursion path by e, () =
e(A,;1 (t)) for t > 0. For x > 0, we define a shifted path 6, (e¢) by

yoe(m@+), i M) >x,
Ox(e)(-) = { 00, it M(e) <x, G

where 0 € E is defined by 0(¢) = 0. We define ¢, x by the time-changed excursion path of 6, (e),
which coincides with the shifted path of e,,, namely,

€m,x = 6y (€))m = bx(em). (3.5)

Then, fundamental to our method are the following identities (see the equalities (2.13) and (2.17)
and Theorem 2.5 of [6]). For any I' € B(E) such that 0 ¢ T,

Q,,(I') =xnpg(en.x €T) (3.6)
and

n, (I') =nge(e, €T). 3.7

Remark 3.2. If m(0+) is finite, then the measure n,, is the excursion measure of the reflecting
L,,-diffusion process in the usual sense. Otherwise, n,, is never an excursion measure for any
strong Markov process since fo Linp(g(e) € dr) = co. Nevertheless, the measure n,,,, which we
call the generalized excursion measure, gives a useful tool to consider limit theorems involving
the case where the origin for £,, is exit but non-entrance. See [25] and [6] for details.

Let j be a Radon measure j on (0, oo) such that f0+ xj(dx) < oo and let ¢ > 0 be a constant.
For a such pair (j, ¢), we define a function J(z) on (0, co) by

J(z):inf{x>0:c+/
(

yj(dy) >z}. (3.8)
0,x]

Let J:(0,00) — [0, oc] be a right-continuous non-decreasing function such that J(oo0) = oo.
Conversely, if such a function J is given, then we recover a pair (j, ¢) by setting

-1
jdx) = w and c=c(J)=inf{z > 0:J(z) > 0}, (3.9

where J~! is the right-continuous inverse of J: J~!(x) =inf{z > 0:J(z) > x}. We always
identify (j, c) with J in this way. Set d(J) = sup{z > 0:J(z) < oo}. Then, d(J) =c(J) +

f(O,oo) yj(dy).
Based on the identities (3.6) and (3.7), we obtain the following.
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Lemma 3.3. Let m: (0, 00) — (—00, 00) be a right-continuous strictly increasing function and
J :(0,00) — [0, o0] be a right-continuous non-decreasing function such that J(co) = oco. Then,
for any non-negative measurable functional F on E such that F (0) = 0, the identity

/ F(em,0) dz ® npg(de) = / F(&)ny, j.c(de) (3.10)
(0,d(J))xE E
holds, where j and c are given by (3.9) and

npy,j.c(l') = /(0 )j(dx) Q2 () +cny (). (3.11)

Proof. We divide the domain of the integral into the two disjoint intervals as (0, d(J)) = (0, c]U
(c,d(J)) and in the integral on (c,d(J)), we change the variables by x = J(z). The left-hand
side of (3.10) then becomes

/ F(em x)xj(dx) ® npg(de) + C[ F(em)npe(de). (3.12)
(0,00)x E E

Using the identities (3.6) and (3.7), we rewrite the above expression as

| rejeoe gue e [ Fem e (3.13)
(0,00)xE E
which is exactly the right-hand side of (3.10). ]

Let N be a Poisson point process on (0, 0c0) x (0 oo) x E with its characteristic measure
ds ® dz ® npg(de) defined on a probability space (Q ]-" P) Lemma 3.3 then asserts that the
excursion point process corresponding to the excursion measure n,;, j . can be realized by the

law of ey, j(;) under N(ds x dz x de). We define a process . j.r = (m.7.r(s)) as

Am..r(s) =rs +/ ¢ (em, 1)) N ((0, 51 x dz x de). (3.14)
0,d(J))xE

Here, we note that

_ Ap(C) — Ay (TJ(z))v on {M(e) > J(2)},
t(emy) = {o, on (M) < SO, (3.15)

Under the identifications (3.8) and (3.9) between (j, ¢) and J, the conditions (C) and (C+) of
Theorem 2.1 stated in terms of (m, j, ¢) are translated into those in terms of (m, J) as follows:
(C) the pair (m, J) satisfies

dz / dz (/@
— + — m((y, J(z0)))dy < o0 (3.16)
/<zo,d<1>) J@ Sz J@ Jew)
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for some zg € (c(J),d(J)) and
c(J)=0 in the case where m (04) = —o0; (3.17)
(C+) r > 0in the case where [, % < 00.

‘We then obtain

Lemma 3.4. Let m: (0, 00) — (—00, 00) be a right-continuous strictly increasing function and
J:(0,00) — [0, 0] a right-continuous non-decreasing function such that J(co) = oo. The
process N, 1. is then a non-decreasing Lévy process if and only if the condition (C) holds. In this
case, the Lévy measure is given by ny, j (¢ (e) € -). Moreover, the process . . is increasing if

and only if the condition (C+) holds.

Proof. It is immediate by construction that 7, s, = (fim.7.r(s):s > 0) is a Lévy process. The
Laplace transform P[e§7m.7r()] is given by

exp{ —Ers —s / (1 _ e*é((c)m.uz))l(M(e)>/(z))) dz ® nBE(de)}- (3.18)
(0,00)xE

Using Lemma 3.3, we rewrite the expression (3.18) as

exp{—grs — sf (1—e Yy jc(¢(e) € dt)}. (3.19)
(0,00)
It is well known that the integral
/ j(dx) (1—e5) 0% (¢(e) e dr) (3.20)
(0,00) (0,00)
is finite for all £ > 0 if and only if (2.1) (or (3.16)) of the condition (C) holds and that the integral
/ (1 —e™m, (¢(e) € dr) (3.21)
(0,00)

is finite for all £ > 0 if and only if (2.2) (or (3.17)) of the condition (C) holds. Hence, we conclude
that the condition (C) is the necessary and sufficient condition for the process 7, ., to be a
Lévy process. It is obvious that the Lévy process 7, s » is strictly increasing if and only if the
condition (C+) is satisfied. [l

Suppose that the conditions (C) and (C+) hold. We define a process )A(m,“ = ()%m“]’r(t)) by
setting

X, g0 (t) = em 1) (t = Tim, g0 (=) (3.22)

if . 7., (s—) <t < Ny, y.r(s) for some point (s, z, €) in the support of N(ds x dz x de) and by
setting X, s (t) = 0 otherwise. We now have the following.

Proposition 3.5. Let m: (0, 00) — (—00, 00) be a right-continuous strictly increasing function
and J : (0, 00) — [0, 00] a right-continuous non-decreasing function such that J (00) = 0o. Sup-
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pose that conditions (C) and (C+) hold. The law of ()A(m,],,, Nm.J.r) on the probability space
(Q, F, i’) is then identical to that of (X, j.c.r» Mm, j,c,r)-

The proof is obvious by Theorem 2.1 and Lemma 3.3, so we omit it. ThereforAe, we obtain a
realization of the process X, j ., defined on the common probability space (2, F, P).

Remark 3.6. 1f m(0+) is finite, that is, the origin for £, is exit and entrance, then the process
Xm.0,c,0 for positive c exists, which is exactly a reflecting £,,-diffusion process starting from the
origin. In this case, the function J(z) is given by

_ _]0, forO<z<ec,
J(2) = V0,0 = { 00, forz > c. (3.23)
4. Convergence of excursion point processes
For a function m which satisfies either one of the three conditions (M1)—(M3), we set
mx) /(ALK (W), if0<a<1,
my(x) = 3§ {m(x) —mW)} /(ALK (L)), ifao=1, 4.1
{m(x) —m(c0)}/{AV/e= 1K (1)}, ifoa>1
so that dm; (x) = dm(Ax)/{A/*=1 K (1)} in all cases.
The following lemma plays an important role in the proofs of Theorems 2.5 and 2.6.
Lemma 4.1. Let v()) be an arbitrary function. The identity in law
1 1 law
A Xom, Jr(”()‘) ), e )nm J, r(V(A)-) (Xm,\ Iy, r;L( ), 77m;h I, r)t( ) 4.2)
holds, where
v(A)
=— 4.3
T s, r (4.3)
and J, is defined by
h@ =12 (44)
2 (2 A (A) .

Proof. Fore € E and A > 0, we define ¢* € E by ¢* (1) = re(t/A?). Then, npg(e”* € -) = Angg(-)
and we hence obtain

{/ 1a(s,x,€)N(ds x dx x de): A € B((0, 00) x (0, 00) x E)}
(4.5)
law {/ 1a(w()s, Ax/v(x), " )N (ds x dx x de): A € B((0, 00) x (0, 00) x E)}
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Using this identity in law, we immediately obtain (4.2). (]

By the definition (4.1), it is immediate that

/\lim my(x) =m@ (x) for all x > 0. (4.6)
—00

Consider the case of Theorem 2.5. Since d(J) =c + f(o 00) vj(dy), the assumption (J1) is
equivalent to d(J) < oo. We take v(A) = A and adopt the notation of Lemma 4.1. We then see
that

19 =0 and Ji(z) =J(@)/A— V,5(2), 4N

r
- )»1/0‘*1[(()»)
where c =d(J) =c+ f 0.00) Y. j (dy). Here, the function Vg z was introduced in (3.23).

Consider the case of Theorem 2.6. The assumption (J2) is equivalent to J ~! (x) ~ %xl_ﬂ X

L(x) as x — oo. We take v(1) = AP /L (%) and adopt the notation of Lemma 4.1. We then see
that
r JAPL(O)2)

-0 and Jy(5)=— 2 5 JB(p), (4.8)

= =B O)L (M) Py

where J®)(z) = (LL ) VAP, (1) =0 and d(J )~ (x) = xjP) (dx).

Now, we may think that our problem is reduced to a suitable continuity of the excursion path
em,J(z) and of its lifetime ¢ (e, j(z)) With respect to (m, J) for fixed points (z, e). Central to our
method are the following two continuity lemmas of excursion point processes.

Proposition 4.2 (The convergent case). Suppose that fo , xloglog(1/x)dm(x) < oo and that
any one of the three conditions (M1), M2) and (M3) holds. Suppose, in addition, that the con-
dition (J1) holds. Set v(L) = A and adopt the notation (4.3) and (4.4). The following then holds
with i’—probability one:

xllrr;og(emx,fx(z)) = (ep@)- (4.9)
Further,
lim sup|em, . s, o) (1) — €, ()| =0 (4.10)
A—>00 >0

holds for all (z, e) in the support of the measure N((O, 00) x dz x de).

Proposition 4.3 (The divergent case). Suppose that fo 4 xloglog(l/x)dm(x) < oo and that
any one of the three conditions (M1), (M2) and (M3) holds. Suppose, in addition, that the con-
dition (J2) holds. Set v().) = AP /L(A) and adopt the notation (4.3) and (4.4). The following then
holds with i’-probability one:

Jim g (em, ) = ¢ (€m0 )- (4.11)
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Further,

lim_suplem; s, o) (1) — €@ @ ()| =0 (4.12)
A—>00 >0

holds for all (z, e) in the support of the measure N((O, 00) x dz x de).

The proofs of Propositions 4.2 and 4.3 will be given in the next section.

5. Proof of the continuity lemmas of the excursion point
processes

We introduce the following assumption.

(A1) mjy(x) > mso(x) as A — oo for all continuity points x > 0 of m, and

lim limsup/ xloglog(1/x)dm; (x) =0. 5.1)
>0+ (500 J(0,5]

Condition (5.1) is called M -tightness in [6]. The following theorem plays a crucial role in
the proof of our main theorems.

Theorem 5.1 (Theorem 2.9 of [6]). Suppose that condition (A1) holds. Set

E; = {eeE: lim sup|AmA(t)—Amoo(t)|=O} 5.2)
A—00 >0
and
Es= {e € E: lim supley, (1) — epm,, (1)] :O}. (5.3)
)“”X’tzo

Then, ngg(E \ (E3N E4)) =0.
For later use, we set E* = E1 N E; N E3 N E4 so that ngg(E \ E*) =0.
In addition, we introduce the following assumption.

(A2) J)(z) > Jso(2) as A — oo for all z > 0 and the right-continuous inverse JO_Ol (x) =
inf{z > 0: Joo(2) > x} is absolutely continuous on (0, co) with respect to the Lebesgue
measure dx.

Under these assumptions, we obtain the following.

Lemma 5.2. Suppose that the conditions (A1) and (A2) hold. The following statement then holds
with P-probability one:

Jim £ (em, 1) = ¢ (ema. ns(2)): (5.4)
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Further,

lim sup|em, 7, (2) (1) = €mug, Jne(2) )| =0 (5.5
A—00 >0

holds for all (z, e) in the support ofN((O, 00) x dz x de).
Proof. Set
U= {(x,e)e[O, 00) X E*:lirr(l)tx+5(e)=rx(e)}. (5.6)
e—

Recall the definitions (5.2) and (5.3) and the identity (3.15). Then, by assumption (A2), it is obvi-
ous that the convergences (5.4)Aand (5.5) hold if (Jx(z), €) € U. Hence, the desired convergence
follows if we prove that, with P-probability one, the set

{(z,€) €(0,00) X E:(Jxo(2),€) ¢ U} 5.7

has null measure with respect to the point measure N ((0, 00) x dz x de). For this, it suffices to
show that the set (5.7) has null measure with respect to the characteristic measure dz ® ngg(de).

We note that

lir(r)1+ T (e) =0 on E1 ={e(0)=0,0 < ¢(e) < 00} (5.8)
X—>
In fact, 7, (¢) converges decreasingly to some #y € [0, {(e)) as x tends decreasingly to O and hence
x = e(ty) — e(tp) = 0 by the continuity of e(¢) at + = 0, which shows that 7y = 0. Hence, we
obtain ngg (limy_, o+ 7y (e) 7% 0) = 0, which shows that the set (5.7) restricted to {(z, ) : Joo(2) =
0} has null measure with respect to the characteristic measure dz ® ngg(de).

Let e € E be fixed for the time being. Since the function (0, M(e)] > x + t,(e) is non-
decreasing and since ty(e) = oo for all x > M(e), we have limy_,¢ Tx4.(e) = 14 (e) for dx-
almost every x. Hence, we conclude that the set (5.7) restricted to {(z,e) :0 < Jo(z) < 0o} has
null measure with respect to the characteristic measure dz ® ngg(de). The proof is now com-
plete. (]

Let us reduce Propositions 4.2 and 4.3 to Lemma 5.2. For this, we check that assumptions
(A1) and (A2) hold under each of the assumptions of Propositions 4.2 and 4.3.
The following lemma is a slight improvement of [6], Lemma 2.17.

Lemma 5.3. Iff0+ xloglog(1/x)dm(x) < oo and if any one of the three conditions (M1), (M2)
and (M3) is satisfied, then condition (A1) is satisfied.

Proof. It is obvious that m;(x) — m(x) as A — oo for all x > 0. Hence, we need only to
check condition (5.1). Set m%(x) = m(max{x, 1}) and ml(x) = m(min{x, 1}). Since dm(x) =
dm®(x) 4+dm’ (x), it suffices to show that the condition (5.1) is satisfied for m = m® and m = m?.

For the proof of (5.1) for m = m?, the same argument as used in [6], Lemma 2.17, is still valid

and hence we omit it.
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Writing dm ] (x) = dm(ax)/{A1/*"1K (1)}, we have

1
xloglog(1/x)dm! (x) = ——— / 1(0.251(x)x loglog(A /x) dm(x). (5.9)
/(0,5] * Wk Gy Joay
Using the inequality a + b < (1 4+ a)(1 + b) for a, b > 0, we see that the right-hand side of (5.9)
is dominated by

1 +log{l +log A}
M@K () ©,1]

x{1+log{l +log(1/x)}} dm(x). (5.10)

Since fo 4, xloglog(1/x)dm(x) < oo, the integral in (5.10) converges and hence the expres-
sion (5.10) converges to zero as A — oo, which shows that (5.1) holds for m = m!. O

Remark 5.4. Thanks to Lemma 5.3, some of the assumptions of [6], Theorem 2.16, can be
relaxed—the assumption on m near the origin can be replaced by the assumption fo XX
loglog(1/x)dm(x) < oo.

Lemma 5.5. Suppose that either one of the conditions (J1) and (J2) holds. The condition (A2) is
then satisfied, where Joo = V(0,4(J)) in the former case and where Joo = J B in the latter case.

Proof. This is immediate by (4.7) and (4.8). O

Combining Lemma 5.2 with Lemmas 5.3 and 5.5, we have completed the proofs of Proposi-
tions 4.2 and 4.3.

6. Convergence of the inverse local time process

The following two propositions, although they need extra assumptions, play an essential role in
our proof of Theorems 2.5 and 2.6.

Proposition 6.1 (The convergent case). Suppose that the conditions (M) and (J1) hold. Sup-
pose, in addition, that dm(x) has a locally bounded density on the whole of (0, c0) such that

. m’(x)
limsup ——— < oo. (6.1)
im0 X2

Set v(A) = A and adopt the notation (4.3) and (4.4). Then, with i’—probability one,

Jim Ses[l(lfs]ynmk, 552 () = @ g 0| =0 forall $ > 0. (6.2)

Proposition 6.2 (The divergent case). Suppose that the conditions (M) and (J2) hold. Suppose,
in addition, that dm(x) has a locally bounded density on the whole of (0, c0) such that (6.1)
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holds and that

1imsupxﬁ*1/ yj(dy) < co. (6.3)
x—>0+ (0,x]

Set v(A) = AP /L (L) and adopt the notation (4.3) and (4.4). Then, with i’-probability one,

im  sup |fm,, s, (8) = i@ g o(8)| =0 forall S > 0. (6.4)
A=005¢[0,S]

Remark 6.3. The conclusions (6.2) and (6.4) are uniform convergence instead of Jj-convergen-
ce, in spite of cadlag processes. The reason is that the processes involved jump at the same points.

Consider the following conditions:

(A3) r) — roo a8 A — 00;

(A4) each m; has alocally bounded density, that is, dm; (x) = m} (x) dx, and m/ (x) < m’_(x)
and J;(z) > J4+(z) hold for all x, z € (0, co) and A > 0 for some (m, J;) which satis-
fies the conditions (3.16) and (3.17).

We then obtain the following continuity lemma of the Lévy process.
Lemma 6.4. If the conditions (A1)—(A4) are satisfied, then the convergence

lim sup |ﬁmk,Jk,rk (s) — ﬁmoo,loo,roc ()I=0 (6.5)
A—>00 5¢[0,S]

holds with i’—probability one forall § > 0.

Proof. Recall that sup;c(g g1 [1im;. 5.7, (5) = Ny, Joo.ro (8) | is dominated by the sum of |ry —r|
and the integral I := f(o,oo)xE |Fy(z,€) — Fao(z,€)|N((0, S] x dz x de), where Fy(z,¢) =
C(em;,s2)) LiM(e)> a1, () for A < co. Set Fy(z,e) = {(em,, 1. (2)) LiM(e)>J,(2)}- Since the vari-
able F,(z,e) is integrable with respect to the measure dz ® npg(de), there exists Qe F
with i)(fz*) = 1 on which the variable F,(z,e) is integrable with respect to the measure
N((0, S] x dz x de) and N((0, S] x (0, 00) x (E \ E*)) = 0. Let &* € Q* be fixed.

By the conditions (A1) and (A2) and by Lemma 5.2, we have limj o F3(z,€) = Fxo (2, €)
for all (z, e) in the support of the measure N ((0, S]1 x dz x de). By the condition (A4), we see
that, for any A < oo, the integrand F) (z, e) is dominated by F. (z, e), which is integrable with
respect to the measure N((0, ] x dz x de). We then appeal to Lebesgue’s convergence theorem
and obtain lim,_, » I, = 0. Combining this with condition (A3), we obtain the desired result.

(I

Remark 6.5. In the statement of Lemma 6.4, assumption (A4) cannot be removed. For example,
let us consider m;, defined by m; (x) = x for x € (0, 1/A) and = x + 1 for x € [1/X, 00), and let
Moo(x) =x.Let J,, =Jso =0, ry =rso =0 and ¢;, = coo = ¢ for some constant ¢ > 0. We then
see that all the conditions (A1)—(A3) hold, but we can see (cf. [23]) that 7),,, J, -, converges in
1aw to M., Joo.reo+1> Which never coincides in law with 7,

JoosToo
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Let us reduce Propositions 6.1 and 6.2 to Lemma 6.4. For this purpose, we prepare the follow-
ing lemma.

Lemma 6.6. Let f be a non-negative locally bounded function on (0, 00). Assume that
) ~xVK(x) as x — 0o (6.6)
for some real index y and some slowly varying function K (x) at infinity, and that

limsup f(x)x~7 < co. (6.7)
x—>0+

Set f.(x) = fOx)/{\Y K(\)}. Then, for any y' and y" with y' <y < y”, there exist constants
C and Ay > 0 such that

£.(x) < Cmax{x",x”"}  forallx > 0andall A > Ag. (6.8)

Proof. By the assumptions, we may take a constant C; and a function K (x) defined on [0, 00)
such that the following hold:

1) fx) = Ci1x? K (x) for all x > 0;
(i) K(x) is bounded away from 0 and co on each compact subset of [0, 00);
(i) K(x)/K(x) = 1 as x — oo (K (x) is then necessarily slowly varying at x = 00).

We may apply Theorem 1.5.6(ii) of [1], page 25, to the function K (x) and see that there exist
constants C, and Ao > 0 such that

K(x)/K(O) < Comax{x? ™7, x¥" 7%} forall x > 0and all A > Ag. 6.9)
Therefore, we obtain (6.8). O
Thanks to Lemma 6.8, we obtain the following lemma.

Lemma 6.7. Suppose that all the assumptions of either Proposition 6.1 or Proposition 6.2 hold.
Condition (A4) is then satisfied, where Joo = V(0,4(J)) in the former case and where Joo = J #)
in the latter case.

Proof. Suppose the assumptions of Proposition 6.1 are satisfied. Take numbers o’ and o”
such that 0 < @’ < @ < &” < 1. Using Lemma 6.6, we know that there exist constants
C and Ao > O such that m} (x) < m/ (x) for all x > 0 and all A > A9, where m(x) =
C max{m @ (x), m@" (x)}. Since J (z) = oo for z > d(J), it is obvious that J; (z) > V(0.a(s) ()
for all z > 0. Therefore, we may take J; = Vg, q(/)) to satisfy condition (A4).

Suppose the assumptions of Proposition 6.2 are satisfied. Take numbers «’ and «” such
that 0 < o’ < @ < &@” < 1/B. Using Lemma 6.6, we know that there exist constants Cj
and A; > 0 such that m}(x) < m;(x) for all x > 0 and all A > Ay, where m4(x) =

C1 max{m®’ (x), m@") (x)}. Take numbers B’ and B” such that0 < g’ < B < " < min{1,1/a"}.
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Using Lemma 6.6 again for (],\)’1, we know that there exist constants C> and A» > A such that
Ji(z) = J4(2) forall z > 0 and all A > Ay, where J, (z) = C2 min{J #)(z), J#")(z)}. Therefore,
we obtain that condition (A4) is satisfied. [l

We now proceed to prove Propositions 6.1 and 6.2.
Proof of Propositions 6.1 and 6.2. Suppose that all the assumptions of either Proposition 6.1
or Proposition 6.2 hold. By Lemmas 5.3 and 5.5, we know that conditions (A1) and (A2) are sat-

isfied in both cases. It is also obvious that condition (A3) is satisfied for roo = 0. By Lemma 6.7,
we know that condition (A4) is satisfied. Therefore, the proof follows from Lemma 6.4. O

7. Convergence of the Markov process
Propositions 6.1 and 6.2 lead us to the following two propositions, respectively.

Proposition 7.1 (The convergent case). Suppose that the assumptions of Proposition 6.1 are
satisfied. The convergence

Xm)\.s'])\ﬁr)\, - )A(m(a),V(()vd(J)),O (Jl) (71)
then holds with i’-probability one.

Proposition 7.2 (The divergent case). Suppose that the assumptions of Proposition 6.2 are
satisfied. The convergence

Xy dyr, = X,n<a>,1<ﬂ>,o J) (7.2)
then holds with i’—probability one.

We introduce the following condition.

(AS5) There exist a constant zo > 0 and a right-continuous non-decreasing function Jy :
(0, o0) — [0, o] with

/ZO 7@ <00 (7.3)

such that J, (z) > J4(z) for all z > zg.

We now obtain the following continuity lemma for the Markov process.
Lemma 7.3. Suppose that conditions (A1)—(A3) and (AS) hold and that the convergence

Hm  sup (T, 75 (8) — Ty Jooures 8)| =0 forall S >0 (7.4)
A—00 5¢[0,5]
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holds with i’-probability one. The convergence

A

Xy dyrs = Koo doros (1) (7.5)
then holds with i’—probability one.

Proof. 1. Since ngg(M > x) = 1/x, we have
/ F(z,e)1{pme)>¢) dz @ npe(de) < 00 forall e > 0, (7.6)
(0,00)x E

where F(z,e) = 1{0<z<zy) + liz>z0,M(e)> J,.(z)}- In fact, the left-hand side of (7.6) is dominated
by

W, / L (1.7)
e o max{Jy(z), e} “ ’

0

which turns out to be finite by the assumption (7.3) of (AS). Hence, we obtain that

/ F(z, e)l{M(e)>g}N((0, s]xdzxde) <oo  foralls>0ande >0 (7.8)
(0,00)x E

holds with i’-probability one. In addition, recall that we can apply Lemma 5.2 in this case and
obtain that

lim Sllp|€m}“])h(z)(l‘) - emoo,loo(z)(t)| =0
r—00 t>0

(7.9)
for all (z, e) in the support of N((O, 00) x dz x de)

holds with i’-probability one. Thus, there exists Q* € F with i*(fz*) =1 on which (7.8), (7.9)
and (7.4) hold. Let & € ©* be fixed until the end of the proof.

2. We shall construct a family of functions {A; : A > 0} (which may depend on @) imitating
Stone [23]. For any ¢ > 0, the support of the point process

F(z,e)1ar-¢)(€)N(ds x dz x de) (7.10)

on (0, 00) x (0, 00) x E* is enumerated by {(sg'(i), 220 ety =12, .. .} such that s&M
8@ < ... Define

By oy (550 =), i=1,2,..., (7.11)
Ay 1y (55 ©), i=1,2,..., (7.12)

Ag s (ﬁmoo, JoosToo (Sg’(i) _))

As,k(ﬁmoo»\/oosroo (Ss’(i)))

and extend A ; to a continuous function on (0, co) by linear interpolation. If the number n of
5 @°g is finite, then we set Ag 3 (1) =t —ty + Ag s (ty) FOr t > ty := fime 1oy 1o (55 7). We define
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Ay = A1y SINCE Ny, gy 1 (00) = Ny Joo, 10 (00) = 00, We see that A (00) = oo and hence
A, is a homeomorphism of [0, 00). Since (7.4) holds, it is immediate that

lim sup |A;(t) —t]=0 (7.13)

A=001€[0,T]

forall T > 0.
3. Let ¢ > 0 be fixed. It suffices to show that

limsup sup Ko, sy, (A2 (0) = Kinog. sguras (] < 26 (7.14)
r—o00 t€[0,T]

forall T > 0.
For A such that 1/e < A < 0o, we set

D =y sy (55D =) i o, (55@)) € (0,000, i=1,2,.... (7.15)

By definition, we have A, (15") = 17°®.

4.Lett ¢ | 157 We then have Aj (t) ¢ U If’(’) forall A > 1/e. For 1/e < A < 00, we take
(S, 2x, €x) such that iy, g, (52=) < Ay (1) < Ty gm0, if it exists, where Aqo(r) = 1. If
such a point (s, zx, ex) does not exist, then )}vm)\”])“r;\ (t) =0.If (55, z5, ;) exists, then we have
M (e)) < e.1In fact, if, in addition, z, > zo, then M (e)) > Ji(z1) = J4(z1), by assumption (AS).
In both cases, we have }?m)”j}“r)h (A (1)) < e. Hence, we obtain

Sup | Xy syrs (Do ()) = X oo 1) <26 forall A > 1/e. (7.16)
r¢J; 160

Lettr e 1;;“) for some i. Write (sg’(i), 725®, es’(i)) simply as (s, z, e) for now. We then have
Ko doeroe 1) = €mg 1o () (= Ao Jnouro (5)) (7.17)

and, since Ay (¢) € If’(i), we have

Xyt (DA (D) = €y 1) (A3 (0) = Ty 1, (5)). (7.18)
Since (7.9), (7.4) and (7.13) hold, we obtain
im Ko, (A (0) = K s (1) (7.19)

5. Since we have at most a finite number of i’s such that I§<;<i) N[0, T] # @, it follows from
(7.16) and (7.19) that (7.14) holds for all 7 > 0. We now conclude that (6.4) holds. (I

We now prove Propositions 7.1 and 7.2.

Proof of Propositions 7.1 and 7.2. Suppose that all the assumptions of either Propositions 6.1
or Proposition 6.2 hold. We then know that all the conditions (A1)—-(A4) hold. It is obvious that
condition (A4) implies condition (AS). Therefore, the desired result follows from Lemma 7.3.

O
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8. Removal of the extra assumptions

We remove the extra assumptions (6.1) from Proposition 6.1 and (6.3) from Proposition 6.2 and
obtain in-probability continuity results as follows.

Proposition 8.1 (The convergent case). Suppose that the assumptions of Theorem 2.5 hold. Set
v(A) = A and adopt the notation (4.3) and (4.4). Then,

[Jim gsl(l)ps]!nmk o (8) = i@ vig o 0 =0 (8.1)

and

Xonsdor, = Ko voun0 D) (8.2)

hold in probability for all § > 0.

Proposition 8.2 (The divergent case). Suppose that the assumptions of Theorem 2.6 hold. Set
v(A) = AP /L)) and adopt the notation (4.3) and (4.4). Then,

Hm  sup |fim,, . (8) = Ay ()| =0 (8.3)
A=>005€10,5]

and

A

Xty = X y#.0 (J1) (8.4)
hold in probability for all § > 0.

Theorems 2.5 and 2.6 immediately follow from Propositions 8.1 and 8.2, respectively.
In order to prove Propositions 8.1 and 8.2, we prepare two lemmas. The first one is the follow-
ing.

Lemma 8.3. Let (m, J) be a pair which satisfies condition (C). Assume that dm(x) = 0 on
(xg, 00) for some xo > 0. Then, for any y < 1,

o
Jim i, 1.0(ks) =0 (8.5)

holds in probability.

Proof. Taking a Laplace transform, we can see that it suffices to show that

lim SV{C(.’)I’[BE 1 _67€C(6”’) +/
oot | ] 0.00) J(z)

QJ(Z)[ 8{(em)]} =0. (8.6)

It is well known that

Qim[1 —e )] =1 — g (x), 8.7)
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where g, (x) satisfies
X
I—g:(x)= 8/ dy/ 8e(2)dm(z) (8.3
0 (¥,x0l

and g (x) = g-(xp) for all x > xo. We use the inequality g, < 1 to obtain

min{x,xo}
1—g:.(x) < 5/ m((y, xo])dy for all x > 0. (8.9)
0

Hence, we obtain

dz min{J(z),xo}

_1 Az e 1 — e—etem) </ dz . “10
st ers [ [ e wo

The right-hand side turns out to be finite by assumption (3.16).
Suppose that ¢(J) > 0. The origin for £,, must then be exit and entrance, that is, m(0+) is
finite. Since npg[1 — e ¢¢W] = lim,_, o4 )]—( Opml1 —e~¢¢m)], we know that

el =] = [ g @am) =m0 0] < oo, (8.11)
(0,x0]

Therefore, the proof is complete. (]

Lemma 8.4. Let (m, J) be a pair which satisfies condition (C). Suppose that m(x) satisfies (M)

for a € (0,00) and xoy > 0 and that dm(x) = 0 on (0, xg). Suppose that d(J) < oo and that
c(J) =0 when a > 1. Then, for any y < min{l, o},

lim

Bim i, ,0(ks) = 0 (8.12)

holds in probability.

Proof. 1. Consider the case where @ < 1. For any v € (y, «), there exists a constant C| such that
m’(x) < Cym™ (x) for all x > 0. Since

., 1.0(A8) < Ciily00_ 5 o(AS), (8.13)
it suffices to show that
. — - dz J(2) -
lim ¢ y{c(])nBE 1 — e *8nm) +f — Q91 —e @)l =0.  (8.14)
e—>0+ [ ] ©.ay J@ M [ ]

It is well known that

Qim[1 — e Cn] =1 - g(e"x), (8.15)
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where g(x) satisfies
X X0
l—gx)= —g’(XO)x-Ir/ dy/ g(x)dm™ (2), (8.16)
0 y

and that
X0
npg[1 —e ¢ Cnt)] =g {—g’(xo) + f 2(2) dm<”><z>}. (8.17)
0

Since m™ ((0, xg)) < oo and g(z) <1 for all z > 0, there exists a constant C such that
eV Ogmll — e %€, < C and e Vngg[l — e )] < C for all & > 0. Therefore, we
obtain (8.14).

2. In the case where @ = 1, we can prove the desired convergence in almost the same way as 1.
The only difference is to use c(J) = 0. We omit the details.

3. Consider the case where o > 1. Then, c(J) = 0. Taking a Laplace transform, it suffices to
show that

dz @)

lim ¢ / — 01 —es¢em] = 0. (8.18)
e—>0+ 0,d(J)) J(Z) BM [ ]

It is well known that Qpp,[1 — e ¢¢(em)] =1 — go(x), where g, (x) satisfies

l—gs(x):8/ dy/ g:(2)dm(z2). (8.19)
0 y

We use the inequality g, < 1 to obtain

dz dz J(z)
-1 J(2) —&&(em)
£ 0 1—e < / m((y,00))dy. (8.20)
/(o,d(J)) J(z) ~BM [ J 0,4y 1@ Jo

The right-hand side is finite by condition (C) and we therefore obtain (8.18). O

Proof of Propositions 8.1 and 8.2. 1. In the case of Proposition 8.1, we take zo = d(J),
J+ = V,a)) and (Moo, Joo, o) = (m@, V.,d(1)),0). In the case of Proposition 8.2, using
Lemma 6.6, we have that there exist constants C > 0, zg > 0 and 8’ with 8 < B’ < max{1, 1/a}
such that J, (z) > J4(z) forall z > zg and A > 0, where J;(2) = cJ®) (). In this case, we take
(Mo, Jos Foo) = (m(o‘), J#B 0). Now, in both cases, the triplet (mg, J)E), r;.) satisfies all of the
assumptions (A1)—(A3) and (AS).

Let us define m® and m! by

mo(x) =m(max{x, xo}) and ml(x) = m(min{x, xo}). (8.21)
Let us define J° and J! by

J(2),  on(0,z0),

00, on [zp, 00). (8.22)

J22)=J(z+z0) and J'(z)= {
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We define mg and mi (resp. JA0 and Jl\l) in the same way as m; in (4.1) (resp. J, in (4.4)). The
triplet (mg, J)E), r;) then satisfies all of the assumptions (A1)-(A4). We now have

Ty dyrs = 15+ 15 + 134 (8.23)
where
D=l 1o 5=l g0 (8.24)
and
75 (s) =ra + / ¢ (emy. 1, 0)) Lim(@)= 1,0y N ((0, 51 x dz x de) (8.25)
[v()/220.d(J) X E

for s > 0. By the translation invariance in z of the characteristic measure of N (ds x dz x de), it
is obvious that

~0 law A

M = M0 g0 r, - (8.26)
Since the triplet (m°, J°, 0) satisfies the assumptions, we may apply Lemma 6.4 and obtain

lim sup |ﬁ2(s) — Nimeg T oo () =0 forall § >0 (8.27)

A—=00 5[0, 5]

P-almost surely.
Using Lemma 4.1 again, we have

A aw 1 A A aw 1 A
Al (s) 2 o 0@ and ) e 0 ! 20 VR)S): (8.28)

We note that the pair (mo, JH (resp. (m', J)) satisfies the assumptions of Lemma 8.4 (resp.
Lemma 8.3). In the case of Proposition 8.1, we have u( ) ~ A2 K () as A — oo. In the
case of Proposition 8.2, we have u(v~'(1)) ~ A/@ K (1) as A — oo for some slowly vary-
ing function K at infinity, where v~! is an asymptotic inverse of v. In both cases, we have
u(=1 (1)) ~ A177 for some y < 1. Hence, by Lemmas 8.4 and 8.3, we obtain

lim }(s)=0 and lim #3(s) =0 (8.29)
A—00 A—00
in probability, for all s > 0.
Consequently, we obtain
Hm  SUP [y sy, (8) = Ao, oo ()] = O, (8.30)
A—>005¢(0,5]

in probability, for all S > 0. Let A(n) be an arbitrary sequence of (0, 0o0) such thaE A(n) = oo.
We can then take a subsequence A(ni) along which (8.30) holds for S > 0 with P-probability
one. We may now apply Lemma 7.3 to obtain

X dsor = Ximoo,Joouroo J1) (8.31)
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along the subsequence A = A(ny). This means that the convergence (8.31) occurs in probability.
Therefore, we obtain the desired conclusions. O
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