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1. Introduction and notation

The optimal rate of convergence in the central limit theorem for independent random variables
(X))iez is well known to be of order n~1/2 if the X;’s are centered and have uniformly bounded
third moments (cf. Berry [1] and Esseen [8]). For dependent random variables, the rate of con-
vergence was also fully investigated, but in many results, the rate is not better than n~'/4. For
example, Philipp [19] obtains a rate of n~!/#(logn)3 for uniformly mixing sequences, Lan-
ders and Rogge [15] obtain a rate of n~'/*(logn)!/* for a class of Markov chains (see also
Bolthausen [2]) and Sunklodas [23] obtains a rate of n~'/#logn for strong mixing sequences.
However, Rio [22] has shown that the rate n~!/2 is reached for uniformly mixing sequences of
bounded random variables as soon as the sequence (¢,) >0 of uniform mixing coefficients sat-

—1/2

isfies Y, p¢pp < 0o. Jan [13] also established a n rate of convergence in the central limit

theorem for bounded processes taking values in R? under some mixing conditions and, recently,
using a modification of the proof in [22], Le Borgne and Péne [16] obtained the rate n=1/2 for
stationary processes satisfying a strong decorrelation hypothesis. For bounded martingale differ-
ence sequences, Ibragimov [12] has obtained the rate of n~!/% for some stopping partial sums
and Ouchti [18] has extended Ibragimov’s result to a class of martingales which is related to
the one we will consider in this paper. Several other results on the rate of convergence in the
central limit theorem for the martingale difference sequences have been obtained; see Hall and
Heyde [11], Chow and Teicher [5], Kato [14], Bolthausen [3], Haeusler [10], Rinott and Rotar
[20] and [21]. In fact, Kato obtains the rate n=1/2 (log n)3 for uniformly bounded variables under
the assumption that the conditional variances are almost surely constant. In this paper, we are
most interested in the results of Bolthausen [3] who obtained the better (in fact, optimal) rate
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n~1/21ogn under somewhat weakened conditions. In this paper, we shall not aim to improve the
rate n~!/?logn, but rather introduce a large class of martingales which leads to it. Finally, note
that E1 Machkouri and Volny [7] have shown that the rate of convergence in the central limit
theorem can be arbitrarily slow for stationary sequences of bounded (strong mixing) martingale
difference random variables.

Letn > 1 be a fixed integer. We consider a finite sequence X = (X1, ..., X;) of martingale dif-
ference random variables (i.e., Xy is Fx-measurable and E (X |Fi—1) = 0 a.s., where (Fx)o<k<n
is an increasing filtration and Fy is the trivial o-algebra). In the sequel, we use the following
notation:

o} (X) = E(X}|Fi1),  tH(X)=E(X}D), 1<k<n,

va(X) =) 77(X) and Vf(X):vz(lX)Za,f(X).
k=1 n k=1

We also write S, (X) = X1 + X2 + - - - + X,,. The central limit theorem established by Brown [4]
and Dvoretzky [6] states that under some Lindeberg-type condition,
An(X) = sup | (Sy (X)/vn(X) <1) = (1) —> 0.
reR n——+00
For more about central limit theorems for martingale difference sequences, one can refer to Hall

and Heyde [11], where the rate of convergence of A, (X) to zero was most fully investigated.
Here, we focus on the following result by Bolthausen [3].

Theorem (Bolthausen [3]). Let y > 0 be fixed. There exists a constant L(y) > 0 depending
only on y such that for any finite martingale difference sequence X = (X1, ..., X,) satisfying
Vnz(X) =1a.s.and | Xilloo <y, we have

nlogn
An(X) < L(y)( 3 )

n

We are going to show that the method used by Bolthausen [3] in the proof of the above the-
orem can be extended to a large class of unbounded martingale difference sequences. Note
that Bolthausen has already given extensions to unbounded martingale difference sequences
whose conditional variances become asymptotically non-random (cf. Bolthausen [3], Theorems
3 and 4), but his assumptions cannot be directly compared to ours (cf. condition (1) below), so
the results are complementary.

2. Main results

We introduce the following class of martingale difference sequences: a sequence X = (X1,
..., Xn) belongs to the class M, (y) if X is a martingale difference sequence with respect to
some increasing filtration (Fx)o<k<, such that forany 1 <k <n,

E(XkP1Fi-1) < mEXZFie1)  as., (1)



CLT for a class of martingales 983

where y = (yk ) is a sequence of positive real numbers.
Our first result is the following.

Theorem 1. There exists a constant L > 0 (not depending on n) such that for any finite martin-

gale difference sequence X = (X1, ..., X,) which belongs to the class M,,(y), we have
uylnn 2 1/2 2 1/3
A X)<L| ——— VaX)—1 AIVA(X) —1 s
n(X) =< (min{vn,Z”}—H' (X)) — 1o A IV, (X) = 113

where u, = \/}_; k-

Theorem 2. There exists a constant L > 0 (not depending on n) such that for any finite mar-
tingale difference sequence X = (X1, ..., X,,) which belongs to the class M, (y) and which
satisfies Vn2 (X) =1 a.s., we have

A, (X) §L<ﬂ).

minfv,, 2"}

For any random variable Z, we denote 6(Z) = sup;cg |u(Z <t) — ®(t)|. We also need the
following extension of Lemma 1 in Bolthausen [3], which is of particular interest.

Lemma 1. Let X and Y be two real random variables. If there exist real numbers | > 0 and
r > 1 such that Y belongs to Ll (), then

S(X +Y) <28(X) +3IEQYI )YV A EX? X)) @)
and
8(X) <28(X + V) + 3| EQYIXOIY TV A E@? X)) 3)

The proofs of various central limit theorems for stationary sequences of random variables are
based on approximations of the partial sums of the process by martingales (see [9] and [24]).
More precisely, if (f o T); is a p-integrable stationary process, where T : Q —  is a bijective,
bimeasurable and measure-preserving transformation (in fact, each stationary process has such
representation), then there exist necessary and sufficient conditions (cf. Volny [24]) for f to
be equal to h + g — g o T, where (h o TX); is a p-integrable stationary martingale difference
sequence and g is a p-integrable function. The term g — g o T is called a coboundary.

The following theorem gives the rate of convergence in the central limit theorem for a station-
ary process obtained from a martingale difference sequence which is perturbed by a coboundary.

Theorem 3. Let p > 0 be fixed and let F = (f o T*)x be a stationary process. If there exist m and
g in LP () such that H = (h o T*)y is a martingale difference sequence and f =h+g—goT,
then

+1
4| g||b/P+D
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If p = o0, then

4llglloo
W2

An(F) =2A,(H) +

3. Proofs

3.1. Proof of Theorem 2

In the sequel, we are going to use the following lemma of Bolthausen [3].

Lemma 2 (Bolthausen [3]). Let k > 0 and f:R — R be a function which has k derivatives,
D B which, together with f, belong to L' (w). Assuming that f%® is of bounded vari-
ation || f® v, if X is a random variable and if oy # 0 and a are real numbers, then

IEf (@1 X + )| < 1 f®lly sup (X < 1) — D) + |t |~ D) £1l1 sup [o® ()],
teR x

where ¢ (x) = 2m)~'/2 exp(—x?/2).

Consider u = (u,)y, defined by u, = (\/}_; y«). Clearly, the class M, (y) is contained in the
class M, (1). For any (u, v) € RY x R% , we consider the subclass

L@, v) ={X € M)V} (X)=1,v,(X)=vas.}
and denote

Bu(u,v) = SUP{An(X)|X € Ly(u,v)}.

In the sequel, we assume that X = (X1, ..., X,,) belongsto £, (u, v), hence X' = (X1, ..., X,_2,
X,—1 4+ X,,) belongs to L£,,_(4u, v) and, consequently,

Bn(u,v) < Bp—1(4u, v).

Let Zy, Z>, ..., Z, be independent identically distributed standard normal variables, independent
of the o-algebra F,, (which contains the o -algebra generated by X1, ..., X;) and let £ be an extra
centered normal variable with variance # > 1 v 2u%, which is independent of X and Z. Noting
that ZL] 0;(X)Z; /v is a standard normal random variable, we indeed have

Efel!Timioin 020/} — pf e o (X))/(zvz)}

2
t
= exp(—z) (since Vnz(X) =1as.).

According to inequality (3) in Lemma 1,

66
Ap(X) < 2sup Ty ()] + —, “4)
teR v
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where

Tu(0) 2 pu((Sy(X) + &) /v <t) — <<Zo,(X)Z +s>/ )

i=1

For any integer 1 < k < n, we consider the following random variables:

k—1 n
1 1
nelyx, ka5< 5 ai<x>z,~+s>,

i=k+1

(1>

1 " r—Y,
Hy —2<Zai2(X)+92) and Ti(r) 2 H", reR,
v R k
i=k+1

with the usual convention Z i=ni10i (X )= Zl_n +10i(X)Z; =0 a.s. Moreover, one can notice
that, conditioned on Gy = o (X1, ..., X, Zi), the random variable W} is centered normal with
variance sz. According to the well—known Lindeberg decomposition (cf. Lindeberg [17]), we
have

n

X ox(X)Z
Fn(t)ZZM(Yk+Wk+Tk§t>_M(Yk‘i‘Wk‘F%SI)

k=1
Xk 14 X)Z
—Z (— <Tk(t)—7k) —u(;’; < Tr () — %)

=Y E(E(Lwy/mo<1i0)-xe/wh1G8)) — E(E (Lwe/ o<1 -0 () 2/ 0H0) 1GE))

v X\ (X)) Z
-xe(e(no- ) - H(e(no-"57))

Now, for any integer 1 < k < n and any random variable ¢, there exists a random variable
lex] < 1 a.s. such that

O(Te(1) — &) = @(Tic (1)) — &P’ (Te (1)) + <1>”(T ®) - gk CDW(Tk(l) —exlk)  as.

So, we derive

L HXOZ X; af(X)Z;%) "
r(t)-ZE{( W)Q(T"“)”(zvm,g‘ s ) )

X; ex X o?(XZ}N\ _, &0k (X) Zk
B <6U3Hk3) ( k() = vHy ) + ( 61}3Hk3 )q) (Tk(t)  vH, )}
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Since Vnz(X ) =1 a.s., we derive that Hy and Ty(¢) are Fi—_-measurable, hence

n 3 3 3 4
1 X aXe\  02(X)Z &l o1 (X) Zi
G =Y —E{-—ko" (1) - 22k g (g (r) — KT 2Ek
n(t) — 603 { H} <k() ka)+ H} Ko vH;

and, consequently,

1
ICh (D] = —=(S1 + $2), &)
6v°
where
n 3
X X
Sy = E{' "3| CI>’”<Tk(t)—8k ")H
k=1 Hy v Hy
and

n 3 3 /
o XN Zel” |, &0k (X) Z
k=1 k

Consider the stopping times v(j) jo,....» defined by v(0) =0, v(n) =n and, forany 1 < j <n,

.....

k jv2
v(j) = inf{k > 1‘ ZGiZ(X) > — a.s.}.

i=1

Noting that {1, ...,n} = U'}zl{v(j — 1D+ 1,...,v(j)} as., we derive

e Xk
" T (1) — ’
( K0 ka)”

n v(j) 3
sexel 2

j=1 k=v(j—D+1 "k

moreover, for any v(j — 1) <k <v(j), we have

H,fz%( > aﬁ(X)+92>

i=v(j)+1

<

n V(=1
1
E<'21:ai2(x)— > aiz(X)—oljz(li)(X)—f-GZ)

i=1

Lo ¥ 5
ﬁ(”‘?‘”””

v

(1>
)

m:- a.s.

~
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Similarly,

g, =

( > X+ 92>

i=v(j—1)+1

n v(j—1)
%(ZUZZ(X) - Y X +92)
i=1

i=1

1 i — 1)v?
—2(1)2— (j—Dv _|_92>
v n

£ sz» a.s.

IA

Now, for any v(j — 1) < k < v(j), set

k—1

1 [Re| 1t —Yyi—1)+1]

Re2- ) X;, Akﬁ{—fi
v (=141 I’I1j 2Mj

and for any positive integer ¢, consider the real function v, defined for any real x by ¥, (x) =
sup{|®" (V)|; y > %I — ¢}. On the other hand, on the set A; N {| Xx| < g}, we have

ek Xx t—Yuoj-n+1 R eaXk
Ty (1) — = T
vHj Hy Hy vHj
- It =Yog—n1l  [Rkl |Xil
- Hy H; vHy
t=Yg-nul 1R g
- Mj m;j 6
t—Y,i—
> = Yol _ a.s. (since 6 > 1).
oM,
Thus,
ex Xk 1= Yo-1n+1
d>’”(Tk(t) — U—I'Ik) Tagnixe=g = %(T TagnXkl<q-

So, for any 1 < j < n, we have

v(j) 3
| Xkl
o >

k=v(j—D+1 "k

ek X
Q)W<Tk([)— U)
vH;

— Yy
()

ﬂAm{Xk|<q}}

v(j) 3
[ X
e ¥

k=v(j—D+1 "k
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v(j) 3
| Xk | t=Yuj-n+1
=FE{F —‘.7: P _ .
{ { Z 3 |7V 1)} %/fq( M;

k=v(j—1)+1 "k

On the other hand, for any 1 < j <n, we have

v(j) 3
| Xkl

E{ > A
k

k=v(j—D)+1
n n
|Xk| |Xk|
ZE{ > ‘fuu n{—E{ > ‘fvu )
k=v(j—1)+1 k=v(j)+1

=ii(E{'Xk'1 e ]} E{|k|3 7 ‘D
1 H3 v(j—1) v(j—1) H3 v(H)=l | v(-1)

I=1 k=l+ k k
Q)

n n 3
[ X
= (E{E( 73 ‘fk_l ]lu(j_1)=1‘fu(j_1)
I=1 k=I+1 k
| Xk
—E{E< ‘fk 1>1u<]> l‘fvu 1)})

v(j) 3
:E{ Z E(DI(_I";' ’fk—l))fv(j—l)}-

k=v(j—1)+1

By using the inequality (6), (7) and the fact that X € £, (u, v), we have

V() L X,
E q)///
{ 2 ( v Hy )

k=v(j—1)+1 k

]lAkﬁ{IXk|<q}}
v(j) 3
[ Xkl
= {E{ Z E(H—Ig‘fk_l)’f‘)(j_l)}

t—=Yy(—D+1
: %( M
k=v(j—1)+1

v(j)
Up r— Yv( —1)+1
fﬁE{E{ ) sz(X)’fvu—l)”‘/fq(Tjj>”~

J k=v(j—1)+1

Moreover, note that

vG) vG) VG-
Yo ) =YkX) - Y okx)
k=v(j—D+1 k=1 k=1

®)

G+Dv2 (G—Dv? 20?2
< - =— a.s.
- n n n
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Thus, foreach 1 < j <mn,

v(j) 3
| X
e >

ek X
o(mo - 2%)
k=v(j—D+1 "k vHk

el (=)
< EX\Vg| ——— )| -
3 Mj

nm;
Using Lemma 2, noting that |4, [|cc < 1 and keeping in mind the notation 6 (Z) e sup;cg |H(Z <
t) — @ (2)|, there exists a positive constant c3 such that

1 —=Yy(j-n+1
E{%(#)} <8(Yv(j—1+1) +c3M;.
J

11Am{|xksq}}

Now, using Lemma 1 and the inequality

n 2 .
—1
E{( > Xk) ‘fv(jl)} sz(l— / . ) as.,

k=v(j—1)+1
we obtain
" 2 1/2
1
S(Yu(j—1y41) < 28(Sp(X)/v) +3 E{—z( Z Xk> ’Yv(j—1)+1}
v k=v(j—1)+1 o)
n 2 1/2
1
=2A,(X)+3 E{ﬁ( > Xk) ‘Yv(j—l)+l} ©))
k=v(j—D+1 00

n

i1\
52,Bn_1(4u,v)+3<1— > ,

SO

t=Yu-1+1 j—1\'"?
Ely, — <2B@u) +3(1-—)  +aM;.

Using this estimate and the dominated convergence theorem, we derive, for any integer
v(Jj) 3
| X|
*)=E
2. &

1<j<n,
3 ﬂAk}
k=v(j—D+1 Tk

cally v? j—1 172
co 2 (aans (122 )
n n

m;

e Xk
QNI T t _
< € v Hj )

(10)




990 M. El Machkouri and L. Ouchti

On the other hand, for any integer v(j — 1) <k <v(j),

. R; t—Yoi-
;CBjé{ max | l|>| v(j 1)+1|}'
v(j—D<i<v(j) m;j 2M;
]lA;('}

Since the set Ay is Fj, we have

v(j) 3
| Xk |
(k%) = E{ E 3

k=v(j—D+1 Tk

ex X
<I>”’<Tk<r)— - k)
v Hy,
v(j)

| X |?
sncb’”uooE{ > 5L

k=v(j—D+1 Tk

v(j) 2
X
SunEi Z Gk( )I]'A;\}

3
k=vii—n+1 i

v(j) 2
o (X)
SunEi Z k 3 IlBj}.

k=vii-n+1 Hi

By using inequality (8) and the fact that Hy > mj forany k € {v(j — 1) +1,...,v(j)}, we have

2 v2
(o) < 2 5 = x u(B))
2 2 milt —Y,i—
B Vo max Ry s M T DG-n4l (11)
3 . . . .
m; n v(j—D<i=<v()) 2M;

2u 2 4aM?
< ; X — X E(min{l, 5 J E( max |R,~|2’]-'V(j_1)> )
m} n milt = Yo(i—n+11? \vG—D=<i=v(j)

Noting that the sequence of random variables

= (R it - DH1<i=a0),
r Ry(jy, ifv(j)+1<i<n

is a martingale adapted to the filtration (F;_1);<,, we have
E( - max |Ri|2‘]:u(j—1)> = E( max |§i|2‘fy(j_l)>
v(j—D<i=<v(j) v(j—1)<i<n
<4E(RI*|Fuj-1) (12)
=4E(IRy(j*1Fuij—1))-
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By the inequality (8), (11) and (12), we have

u, v? . 16 ,2 2
(xx) < — X —X E{min{1, 3 - 2E(|Rv(j)| |~7:v(j—1))
m;on mi|t = Yyi-1+1l
2 v2 32M2
§L3n><—xE(min{1, 3 J 2})
m; n nmjlt = Yyii—1+1l

By applying Lemma 2 with f(x) = min(1; x2), we have

32M?
E (min{ 1, J

/32
<3d(YuG-n+1) + —/——
nm%lt—Yu(j—1)+1|2 }) N J2nmm;j

<8(Yuj—1+1) +c3Mj,

M;

where c3 is a strictly positive constant.
By the inequality (9), we have

32M2 ji—1 1/2
E(min{l, > J }) 2Bp—1(4u, v)+3(1——> +e3M;.
nm*|t n

Yo(i—n+1l?
Thus, there exists a positive constant c4 such that

cqlly v? j—1 172
(%) < 3 X;X Brn—1(4u,v) + I_T + M; ).

J

From (10) and (13), there exists a positive constant c5 such that

v? i—1\"?
T x — x <,3,,1(4u,v)+<1 ——) +Mj>.
mj n n

Finally, we obtain the following estimate:

P k3 vHy

v W -\ &M,
<CsunX—X Bn—1(4u, U)Z_3+Z—3(l— " ) +Z—3 .
=1 j j=1";j
On the other hand,
Sl T U= w0+ 67 = 2 [

991

13)
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n
1 v
=< E ; X
L 2/ Je? — o

=1

~

vnlnn

V0% —2u?

n . 1/2 n . 1/2
1 —1 1 —1
—3<1—J ) : . 232<1—] ) (since 62 > 2u?)
3 (A= jin+ /v "

<5 (since v2 < nu%),

IA

j=

n
< _ (since v

. <nu?)
— 1= —=D/n

and

Hence,

v2 vnlnn 0
S1 <csuy x — x| Bu—1(4u, 1))72 +nlnn|(2+ ——1 ). (14)
n

V0% —2u? V0% —2u?

Note that to obtain the above estimates of Sj, we have only to use the fact that the mar-
tingale difference sequence X belongs to the class L£,(u,v). Since the sequence oZ £
(01(X)Zy,...,00(X)Z,) belongs to L, (4u/+/21, v), we are able to obtain a similar estimate
for S»:

2

Sy < cottn x = x  fu_1 (161/v2m, v)—2 I (24— (15)
2 = Colp n n—1 s 92_2u2 92—2u2 s

n n

where cg is a positive constant.
Using (4), (5), (14) and (15), there exist a positive constant ¢ such that

1 1 0 66
B, v) < cuty (ﬁn1<16u/¢2n, 0y <z+ 7» + . (16)
V02 —2u? v 62 — 2u? v
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Setting
Dy(v) 2 su {ﬂ"(” v, RN*}
uplogn’
and 62 £ (2 4 4¢2 In? n)ufl, by the inequality (16), we have
D, _ C
Dy = 14 a7

where C is a positive constant which does not depend on 7. Finally, we conclude that

4C
D,(v) < 2 +—-—<—
2" mln(v any’
Thus,
B, v) < 4C uylnn
v _
i) = i (w; 27)
The proof of Theorem 2 is thus complete.
3.2. Proof of Theorem 1
Let X = (Xq,..., X,) in M, (u). Followmg an idea by Bolthausen [3], we are going to define a
new martingale dlfference sequence X which satisfies VZ(X ) =1 a.s. Denote, for each d € R* ,
AN 2 RN g2 2025 7,2 _
n(d) =n+[2d/u;] k(d) = (v, +d —v; V) /uy, k(d) = [k(d)],
dy = ||v; vz(X) valli = I3 V7 (X) — valloo
and
Ao i fori <n,
" Nu,, forn+1<i<i(d),
where [-] denotes the ‘integer part’ function. Consider the random variables X Tyvens X i+1, de-

fined as follows:

X,’ = X; a.s., ifi <n,

w(X; = £u,|F,) = 5 as., ifn+1<i<n+k(d),
w(Xnsrayer = £k@) — k(@1 Pun| Fo) = Jas.,  ifi=n+kd+1,

X; =0a.s., else.

We set

1 n(d)
Vi) =—5—Y EX]Fi1),

i(d) i=1
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i(d)
2= EX} and F=o(Xi,....X).

i=1
Lemma 3. For each i <n(d), we have

G —va=d. Vigy® =1 and EXiPIFo) <mEXFFio)  as.

Proof. By definition of X , we have

Ad)
02y =v2+ Y E[EX}F)]
i=n+1
Ad)
=2+ > E[ulliznika +uilk(d) — k(@d)]Lizpsrca+1]
i=n+1
=2 +uiE[k(d)]

:v,%—i—d

and

| A | ftd)

2 % . - .

Vi (X) = 2, > EX}IFi1) = A (vnVn X)+ Y EX; |]:l.])>
na =l i=n+1

i(d)
1 . .
== (v,%v,3<X>+ > uﬁn,-fn+k<d>+ui[k<d>—k(d)]ﬂi-n+k<d>+1)
Vi) i=nt1

= Azl (V2V2(X) + ulk(d) + u2[k(d) — k(d)])

Vi)

1
== (VaVE(X) + v +d — v V(X))
Ad)

=v,%+d=1

~2
Vi)
On the other hand, for each n + 1 <i <n(d), we obtain

o u, ifi <n+k(d),
EGXiPIFioD) = { wdlk(d) — k(@) P2,  ifi=n+kd) +]1,
0, otherwise.
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and

, ifi <n+k(d),
[k(d) — k(d)]?/?, ifi =n+k(d) +1,
, otherwise.

2
A A un
E(XiP|1Fic) =1 u?
0

Thus, for each 0 <i < 71(d), we obtain
E(XiP|1Fio) < EXPIF)  as.
The proof of Lemma 3 is thus complete. (]

One can easily check that

teR

~ vt
An(X) < sup | (Sy(X) /i) <t) — ()| + sup <I><A “ ) —d()
reR Vii(d)

Noting that b2 — v,% =d and using Lemma 1 with/ =2 and r =1, if d £ 4, then there exists a
positive constant ¢ such that

A e P (B~
An(X) < 285, (X) +2 E([ml) le,} sn(X>> +m( o )
i=n+ 1
1/3 1/2
52Aﬁ<d1>(ﬁ)+2d‘2ﬁ+#+Ld‘
vy, \/E «/ﬁ Up
1/3
< ZA;,(dl)()A() +cvéﬁ (one can suppose that d| < v,%),
n

where c is a positive constant. Using Lemma 3 and applying Theorem 2, we derive

fia;) InAdr) d}“)

A (X)52L< — - 73
! min(d5q,); 28@)) 273

=<

5y (o Inln(1 + 1] 4
min(vy; 2") w23

<4L

u,lnn "
A Wt W because dj < vZ,
min(v,;2") © 3)2/3

where L is a strictly positive constant.
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Similarly, if d £ dn, then

ﬁfl(doc) lnﬁ(doo) d;é?))

Ap(X) SZL( 33
Un

min(d g, ); 21@))

iy Inn a3
L : .9n + 2/3 )"
min(vy; 2") 7
Finally, we have

uy,Inn . d1]/3 déf
Ay X)<4L| ———— 4+ miny ——, — ¢ |.
min(v,; 2") U721/3 Up

The proof of Theorem 1 thus is complete.
3.3. Proofs of Theorem 3 and Lemma 1

Proof of Theorem 3. Applying inequality (3) in Lemma 1 to the random variable ¥ = n~1/2(g —
goT"),l=pandr=1, we obtain

¢ goTn|? 1/(p+1)
An(F) <2A,(H)+2| E ' 5 ‘ZhoT
/(p+1)
lg—goT"lp
<248, (H) + 27— 50
||g||l7/(l7+1)
=28, (H) +4. a0
If p = 400, we obtain
2 n 1/2
g§g—goT" ;
20, (F) < 2An(H) +2 E((T> ‘ 3 ho T’)
i=1 0o
gl
<2A,(H)+4 nl/‘f.
The proof of Theorem 3 is thus complete. (]

Proof of Lemma 1. Let X and Y be two real random variables. For each k > 0 and r > 1, denote
B =IE(Y|¥|X)||, and consider ¢ € R U {00} such that 1/r + 1/q = 1. Letting A > 0 and ¢ be
two real numbers, we have

uX+Y<tH)>uX<t—AY<tr—-X)
=pX=<t—A)—pX=<t-rY>|t-X|)
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= puX <t —2) — E{lx<un(Y]> |t — X[|X)}.

Since
E{lx<—pu(IY|> |t — X[|1X)} < E{lt — X| *E(YF1X)1x <1}
< BIE{lx<—ilt — X1}l
< gr7k,
we obtain
wX+Y<t)>pX<t—2xr—pr*k
Consequently,

M(X+Y§t)—<l>(t)ZM(XSt—k)—CD(t—?»)—L—ﬁ)\’k

V2n
and taking A = (BN27)/*+D | there exists a positive constant ¢ such that
S(X+Y)>8(X)—cpl/ D, (18)
On the other hand,

pX+Y =) =puX<t+M)+uX=t+ArI|Y|=]t—-X])
=puX <1+ 1)+ E{lysran(Y] = |t — X|[X)}

and
E{lx=rapn([Y] < |t = X[|X)} < E{lx=r EQYF1X)] — X |75
< BIE@xsr4alt — XIO)lq
< Br7K
Consequently,
puX+Y<t)<u(X<t+1r)+pr7*
and

u(X+Y§t)—d>(t)fu(X§r+A)—c1>(t+/\)+L+ﬂr’<.
T

V2n

Taking A = (B+/21)"/**D there exists a positive constant ¢’ such that
S(X+Y)<8(X)+c/gY/E*+D, (19)

Combining (18) and (19) with Lemma 1 in Bolthausen [3] completes the proof of Lemma 1. [
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