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Layered stable (multivariate) distributions and processes are defined and studied. A layered stable
process combines stable trends of two different indices, one of them possibly Gaussian. More
precisely, over short intervals it is close to a stable process, while over long intervals it approximates
another stable (possibly Gaussian) process. The absolute continuity of a layered stable process with
respect to its short-range limiting stable process is also investigated. A series representation of layered
stable processes is derived, giving insights into the structure both of the sample paths and of the short-
and long-range behaviours of the process. This series representation is further used for simulation of
sample paths.

Keywords: layered stable distributions and processes; Lévy processes; stable distributions and
processes;

1. Introduction and preliminaries

Stable processes form one of the simplest class of Lévy processes without Gaussian
component. They have been thoroughly studied, by many authors, in several fields, such
as statistical physics, queuing theory and mathematical finance. A major reason for their
attractiveness is the scaling property induced by the structure of the corresponding Lévy
measure. Sato (1999) and Samorodnitsky and Taqqu (1994) give many basic facts on
stable distributions and processes. Recent generalizations of stable processes can also be
found, for example, in Barndorff-Nielsen and Shepard (2002) and Rosinski (2004). These
new classes, which are of great interest in applications, have motivated our study.

In the present paper, we introduce and study further generalizations which we call layered
stable. These are defined in terms of the structure of their Lévy measure whose radial
component behaves asymptotically as an inverse polynomial, of different orders, near zero
and at infinity. The inner and outer (stability) indices correspond respectively to these
orders of polynomial decay. This simple layering leads to the following properties: the
moment properties are determined by the outer index (Proposition 2.1), while the variational
properties depend on the inner index (Proposition 2.2). On the other hand, the inner and
outer indices also correspond to the short- and long-range behaviour of the sample paths.
Over short intervals, a layered stable process behaves like a stable one with the
corresponding inner index (Theorem 3.1). The long-range behaviour has two modes
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depending on the outer index. When the outer index is strictly less than 2, a layered stable
process is close to a stable process with this index, while it behaves like Brownian motion
if the outer index is strictly greater than 2 (Theorem 3.2). In relation to the short-time
behaviour, we also investigate the mutual absolute continuity of a layered stable process and
of its short-time limiting stable process (Theorem 4.1). A shot noise series representation
reveals the nature of layering and also gives direct insights into the properties of layered
stable processes. We present typical sample paths of a layered stable process, which are
simulated via the series representation, for various combinations of stability indices in order
to cover all the possible short- and long-time behaviours.

Let us begin with some general notation which will be used throughout the text. R? is

the d-dimensional Euclidean space with norm || - ||, R := R?\{0}, B(R¢) is the Borel o-
field of RY, S9! :={z€ R?: |z = 1}. The symbol ' is used to denote transpose, so
2 =(z1, ..., zq4) € RY, while 4’ is the transpose of the matrix 4. We denote by || - ||, the

operator norm of a linear transformation, so if 4 € R?*Y, then |4, = supj =i 4x|.
f(x) ~ g(x) indicates that f(x)/g(x) — 1, as x — xy € [—00, o0], while f(x) =< g(x) is used
to mean that there exist two positive constants ¢; and ¢, such that ¢; g(x) < f(x) < c; g(x),
for all x in an appropriate set. L£(X) is the law of the random vector X, while
£ and & denote respectively equality and convergence in distribution, or Lg)f the finite-
dimensional distributions when random processes are considered. Moreover, — is used for
the weak convergence of random processes in the space D([0, o), RY) of cadlag functions
from [0, co) into R? equipped with the Skorokhod topology, while 2, denotes convergence
in the vague topology. For any » > 0, T, is a transformation of measures on R? given, for
any positive measure p, by (T,p)(B) = p(r 'B), B € B(R?). P|z, is the restriction of a
probability measure P to the o-field F,, while AX, denotes the jump of X at time ¢, that
is, AX,:= X, — X,_. Finally, all multivariate or matrix integrals are defined component-
wise.

Recall that an infinitely divisible probability measure u on RY, without Gaussian
component, is called stable if its Lévy measure is given by

o0 dr d
ey = | ows| 0o BeB®.
d—1 0 r

where a € (0, 2) is the stability index and o is a finite positive measure on S?~!. It is well
known that the characteristic function of u is given by

A(y) = exp [i(y, n) + JW € —1—i(y, z>1{|zs1}(z))va(dz)1 (1.1)
explitr ) ca | I (1= i sl )o@t ita s,
Sd—l

exp {i(y, T1) — 01J

§d-1

(1w 1 +i2 0. g 91 Jowa].  ifa-1.

for some n € R?, where c, = [[(—a)cos(wa/2)] when a#1 and c¢; =m/2, while
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ta=n—(1-0a)" [ Eo(dE) when a#l and 7 =n-(1-7)[u Eo(dd),
Y (=0.5772 ...) being the Euler constant. A Lévy process {X,:¢=0} such that
L(X) ~ u is called a stable process. Stable processes enjoy the self-similarity property,
that is, for any a > 0,

{Xo: =0} E{a/"X, + bt : t =0},

for some b € RY. Next, we recall a shot noise series representation of stable processes on a
fixed finite horizon [0, T], T > 0. Related results can be found, for example, in Theorem
1.4.5 of Samorodnitsky and Taqqu (1994). The centring constants given below are obtained in
Proposition 5.5 of Rosinski (2004).

Lemma 1.1. Let T > 0. Let {T;}i=1 be a sequence of independent and identically distributed
(i.i.d.) uniform random variables on [0, T], let {I;};=1 be the arrival times of a standard
Poisson process, and let {V;};=| a sequence of i.i.d. random vectors in S?~' with common
distribution o(d&)/o(S?7"). Also let

0, if a € (0, 1),
o= Eo(d§) .

LH o(5T1) if a €1, 2),

and
0, if a €(0, 1),
. o(STNT(y + In(o(S9=1T)), ifa=1,
= a —1/a . .

(W) g2, if a (1, 2),

where C denotes the Riemann zeta function. Then the stochastic process

0 T, —1/a . —1/a
{Z[(ﬁ) V(T < 1) — (ﬁ) ZO% +br20% s e o, T]},

i=1

converges almost surely uniformly in t to an o-stable process {X,:t€]0, T} satisfying
E[e!X7)] = fi(y)7, where fi is given by (1.1) with

n= ﬁJsd—l §o(dg). ifa#1,

0, if a=1.
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2. Definition and basic properties

We begin with the definition of a layered stable multivariate distribution by making precise
the structure of its Lévy measure in polar coordinates.

Definition 2.1. On RY, let u be an infinitely divisible probability measure without Gaussian
component. Then u is called layered stable if its Levy measure on [Rig is given by
o0
w8 = | o] 1arbat an 5 e BRY, 1)
- 0
where o is a finite positive measure on S\, and q is a locally integrable function from
(0, 00) X 8971 to (0, 00) such that as r — 0,

q(r, &) ~ cr(§)r", 2.2)

and as r — oo,

q(r, &) ~ c2()r P71, 2.3)

for o-almost every & € S, where ¢, and c, are positive, integrable (with respect to o)
functions on S, and where (a, ) € (0, 2) X (0, o).

Let us call g(-, ) the g-function of u or of its Lévy measure v. Clearly, v is well defined
as a Lévy measure since it behaves like an a-stable Lévy measure near the origin while
decaying like a [3-Pareto density when sufficiently far away from the origin. Moreover, a
and 3 are respectively called the inner and outer (stability) index of u or of v.

For convenience, we henceforth denote by 0 and o, the finite positive measures on Nt
defined respectively by

01(B) := . c1(§)o (d8), B e B, (24

and

0xB) = | cbodd),  BeBESh, (2.5)
B
and by v{ the positive measure on Rg given by
a > dr d
ve(B) =] o) | 1582, B € B[Ry, (2.6)
! 0

where a € (0, co) and o is a finite positive measure on S9!, Note that if a € (0, 2), v is
simply an a-stable Lévy measure, while it is not well defined as a Lévy measure when o = 2.

Example 2.1. The following example of a layered stable Lévy measure is simple, yet
interesting:
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W(B) = JB Lo (4 (d) + L Len Ve (d2)

dr
a+1 1(0’|](l”) + I"ﬂ"’l 1(])06)(1") ’

= J O(dE)Jm 15(rE) BecBRY. (2.7
Sd-1 0 r

Its g-function is given by

q(r, &) = r* () + r P10 (), Ee s,

which is independent of &. The measure v consists of two disjoint domains of stability, and
this construction results in two layers for the radial component associated with each
respective stability index. The name ‘layered stable’ originates from this special structure.

Recall that an infinitely divisible probability measure u on R? is said to be of class Lo,
or self-decomposable, if, for any b > 1, there exists a probability measure g, such that
U(z) = W(b~'2)gp(z). Equivalently, the Lévy measure of u has the form

J O(dé)J 0ok, BeBRY,
§d-1 0 r

where o is a finite positive measure on S?~! and kg(r) is a non-negative function measurable
in £€ 87! and decreasing in r > 0. Clearly, the Lévy measure (2.7) induces a self-
decomposable measure. Moreover, the classes L,,, m =1, 2, ..., are defined recursively as
follows: u € L,, if, for every b > 1, there exists g, € L, such that i(z) = @(b~'2)0p(2). It
is then also clear that Ly D Ly D L, D .... Let hg(u) := kg(e™), be the so-called h-function
of u, or of its Lévy measure. Then, alternatively, 4 € Ly is shown to be in L,, if and only if
he(u) € C™ ' and BV =0, for j =0, 1, ..., m — 1; see Sato (1980) for more details. The A-
function of the Lévy measure (2.7) is given by

he(u) = €140 00)(10) + 1o 07(w),
which is in C° but not in C'. Therefore, the infinitely divisible probability measure induced

by (2.7) is in L; but not in L.

The following result asserts that layered stable distributions have the same probability tail
behaviour as f-Pareto distributions, or S-stable distributions if § € (0, 2).

Proposition 2.1 (Moments). Let u be a layered stable distribution with Lévy measure v given
by (2.1) and let 6, be the measure given by (2.5). If 6,(S?) # 0, then
<400,  pe(0,f),
|| It
R? = 400, p €[B, ).

Moreover, g, ||x[|Pu(dx) < oo, p =B, and |[g e/Plu(dx) < oo, 6 >0, if and only if
oy(S1) = 0.

Proof. By Theorem 25.3 of Sato (1999), it is enough to show that the restriction of v to the
set {z€ RY : ||z]] > 1} has the corresponding moment properties.
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First, assume that o0,(S?"')# 0. Observe that fuam |[|Pv(dz) = [ o(dE) [;*
rPq(r, §)dr, and then by (2.3), the right-hand side is bounded from above and below by
constant multiples of OZ(S“"l)LDc rPdr/rPtlif p € (0, B), while it is otherwise clearly
infinite.

Next, assume that o,(S9 ") = 0 and let p € [B, 0o). Then there exists M >0 S%h that
Jizp=1 12177d2) < fsur 0(d8) [i" rPq(r, Edr - and [y e"Fln(dz) < [q 0(d) [ e X
q(r, E)dr. Conversely, if 0,(S91)#0 and p € [B, o), then Jizp=1 12l171(dz) = +o0 as
already shown and, once again, by (2.3), erZH>1 eGHZHV(dZ):.hw—] o(dé) foeerq(r, E)dDr
= +o00.

Let us define the associated Lévy processes.

Definition 2.2. A Lévy process, without Gaussian component, is called layered stable if its
Lévy measure is given by (2.1).

Henceforth, {X%:¢= 0} denotes a layered stable process in R?. Its characteristic
function at time 1 is given by

E[e!"¥1)] = exp li( y. )+ JW € — 1 —i(y, )1y =y(@DM(d2) |, (2.8)

0

where v is the Lévy measure given by (2.1) and # € RY. For convenience of notation, we
write  {XX:t=0}~ LS,p(0,g;7) when (2.8) holds. Similarly, for « € (0,2),
{X'* =0} denotes an a-stable Lévy process. Its characteristic function at time 1 is
given by

exp|ily, n) + | (7 — I)Vz(dz)], if @ €(0,1),

L Ry
; () . ilyz . .
[E[el<y’)(1 >] =< exp|i{y, ) + » (e 2 1 = i(y, z>1{|2§1}(2))1/(17(dz)] s ifa=1,

L 0

ewK%m+cﬁ“”4—me%@L if a (1, 2),
L RO

(2.9)

where v% is given by (2.6), and we write {X'9: 1 =0} ~ S,(0; 7) when (2.9) holds.
Recall that a stochastic process {X; : ¢ € [0, T]} is said to have almost surely finite pth
variation if

P sup Xy =X |IF <00 ] =1,
(s b, - < )

where P is the set of all the finite partitions sz of [0, 7], of the form 0= ¢,
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s=Hh=<..<t,<t,=T, n=1. A layered stable process shares the variational
properties of a stable process with inner index a.

Proposition 2.2 (pth variation). Let X := {X" : 1 = 0} ~ LS, 4(0, g; 1).

() If 0(S9" ") >0, then X has almost surely finite first variation on every interval
of positive length if and only if a € (0, 1).
(i) If 01(SH) >0, (a,B)€[1,2)X(1,00) and 5= — Jgar Eo(dE) J?O rq(r, £)dr,
then X has almost surely finite pth variation on every interval of positive length
if and only if p > a.
(iii) If 61(S* 1) =0, then X has almost surely finite first variation on every interval
of positive length.

Proof. (1) Recall that, near the origin, the radial component of the layered stable Lévy
measure behaves like an a-stable Lévy measure. The first claim then follows immediately
from Theorem 3 of Gikhman and Skorokhod (1969).

(i) Since X is now centred, III'b of Bretagnolle (1972) directly applies.

(iii) Letting v be the Lévy measure of X, there exists e € (0, 1) such that
v({z € RY : ||z]| < &}) < 400 and so Jjzy=1 12l1P7(d2) < 400, p = 1. As in (i), the result
follows from Theorem 3 of Gikhman and Skorokhod (1969). tl

Let us now consider a series representation for a general layered stable process
{st :t=0} ~ LS,p(0, q; 0). Fix T>0. Let {T;};= be a sequence of ii.d. uniform
random variables on [0, T], let {I';};,=1 be Poisson arrivals with rate 1, and let {V;};=; be a
sequence of ii.d. random vectors in S9! with common distribution o(d&)/o(S9).
Assume, moreover, that the random sequences {T;};=1, {Ii}i=1, and {V;};= are all
mutually independent. Also, let

q(u, &) = inf{r >0: a(S‘H)JOC q(s, &)ds < u}

r

and let {b;};=1 be a sequence of constants given by

bi = Ji_l [E|:a<;, V]) V]l(é(]f’ V]) = 1>:|dS

Then, by Theorem 5.1 of Rosinski (2001), the stochastic process

{i [21 (; V,) V(T < 1) — b,%] -1 elo, T]}, (2.10)

i=1
converges almost surely uniformly in # to a Lévy process whose marginal law at time 1 is
LSap(0, q; 0).

Example 2.2. The Lévy measure (2.7) leads to a highly illustrative series representation.
Indeed,
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Br \ P ar a) Ve
q(r, &) = (m) 10,6(se-1)/(r) + <m +1- B) L5 (s¢-1y/B,00)(F)s

and so the stochastic process

. .o\ V8
o [(EE -

i=1

al; a) e _ |
+ W‘f‘ 1 —B 1(0—(5(1—1)T/ﬁ,00)(r[) V,I(T, = t) — b,‘ZO? e [0, T] N (211)

where

y_ (B N PanesTHTE' T — (= Aot HT/p)
i — (O_(Sdl)T> 1 - 1/ﬁ ’

converges almost surely uniformly in 7 to a Lévy process whose marginal law at time 1 is
LS. p(0, q; 0), with zy = jsd,l Eo(d&)/o(S9"). This series representation directly reveals
the nature of the layering; all the jumps with absolute size greater than 1 are due to the (-
stable shot noise (BI;/c (S '))"'/AV;, while smaller jumps come from the terms
(ali/o (S 4+ 1 —a/B)"1/*V,, whose jump size is very close to the a-stable shot noise
when I is sufficiently large.

3. Short- and long-range behaviour

We now present the first main result of this section by giving the short-range behaviour of a
layered stable process. The results of this section were motivated by Section 3 of Rosinski
(2004). Recall that 01 and o, are the finite positive measures respectively given in (2.4) and
(2.5), and that, for any » >0, T, transforms the positive measure p via (7,p)(B) =
p(r~'B), B € B(RY). For convenience, we will use, throughout this section, the notation

vg/f, for the Lévy measure of a layered stable process LS, (0, q; 7).
Theorem 3.1 (Short-range behaviour). Let {X5 : t = 0} ~ LS, 3(0, ¢; 0), let

1
J SG(d&')J rq(r, &)dr, if a € (0, 1),
§d-1 0

na’ﬁ ) _JSd—l go{dg)Jl }"q(’,’ E)dr, if (a’ ﬂ) € (1’ 2) X (1’ OO)’

0, otherwise,

and let
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1
bep=4q &~ 1
0, otherwise.

J Eo\dE).  if (@ f) e (1,2) X (0, 1,
Sd—l

Then, as h — 0, h >0,
- 4+ htngp) — thep : t =0} — =0y,
WYX 4 hingg) — theg s 20} 5 (X0 120
where {X'¥ 1 t =0} ~ S,(01; 0).

Proof. Since a layered stable process is a Lévy process, by a theorem of Skorokhod (see
Theorem 15.17 of Kallenberg 2002), it suffices to show the weak convergence of its
marginals at time 1. To this end, we will show the proper convergence of the generating
triplet of the infinitely divisible law, following Theorem 15.14 of Kallenberg (2002).

For the convergence of the Lévy measure, we need to show that as & — 0,

aBy Yo a
WT 116V 5%) = Vg

or equivalently that
i [ et i = | rews @,
h—0 Rg > Rg 1

for all bounded continuous functions f" : Rg — R vanishing in a neighbourhood of the origin.
Let f be such a function with [f]| < C < oo and f(z) =0 on {z € RY : ||z|| < &}, for some
& > 0; then by (2.2) we obtain

0@ 1o g gar

| e viiie = |
R sd
o dr
= | e@ows| " ren -

as h — 0, where the last convergence is justified as follows. For 4 € (0, 1), we have

h[ o(dg)J Fh*r)q(r, E)dr
Jga-1 0

£ 00
| 0w e aar | owd| oo, oar
Sd-1 hl/eg Sd-1 €
Since |f| < C, and since the function ¢ is locally integrable, that is, integrable over any
compact subset of (0, co) X S?~!, condition (2.3) ensures that the second iterated integral
above is bounded independently of 4. Hence, as A — 0, the second term above goes to zero.
For the first term, note that the conditions on ¢ and f ensure that

fimh| gt ar = | r08e@

h—0 ) p1/ag
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for o-almost every & € S9!, and then dominated convergence allows us to conclude.
Next, the convergence of the Gaussian component holds since, for each x > 0,

h'/ey

Eo@a] R0 oar

J 22 (T v $B)(d2) = J
(B 0

Sd
= | soan| saiegnen, sar
o, dr

R L] e B R

as h — 0. The passage to the limit is justified here by dominated convergence, since
condition (2.2) ensures that

) K K dl"
}}E})L r2h1+1/aq(hl/al’, &dr = cl(&)L P2 prang

for o-almost every & € S9!, and since, moreover, for sufficiently small 4,

2K2—a

J EE'0(dE)
—a gd—1

=

< 400.

j ss'o(de)J PR g(RV e, Eydr
§d-1

K
0

o o

For the convergence of the drift part, assume first that (a, 8) ¢ (1, 2) X (0, 1]. For a o-
finite positive measure v on [Rg , let

J 2v(dz), if a € (0, 1),
=<1
C.(v) =1 0, if a=1, 3.1)

—J zv(dz), if a€(l1,2).
[l2l|>1
Clearly 1,5 = Ca(vg’g), and we show that for each k > 0, as 7 — 0,

Ca(W(T)avsh)) — J

k<|z||<1

(T §B)(dz) — Co(vl) — J v (dz),

k<|z||<1

where the integral ‘J’;C<HZH$ is understood to be — jl<HzH<ic when x > 1. We have
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Ca(h(Thfl/avg’z))—J y 1zh(T,,,]/uVg{j])(dz)
Kk<||z||=

A/
L FoEd| AT g Hdrif a0, 1),

h

= Eo(d&)| rq(r, &dr, if a =1,
Sd—1 hi

Eo(dE) ” rh =% q(r, E)dr, if a (1, 2),

S hl/ax

and it remains to show that, as # — 0, each term above converges respectively to

Sd71§01(d§) Orm, if a € (0, 1),
1
dr .
“501((15) ra ifa=1,
JS§d= Jr
°© dr .
SHfm(dE) Fa T if a € (1, 2).

First, for a € (0, 1),

Ay K I
d
WV g, Bdr = | R g(h 8 — 1(B)| r—r
0 0 0 rotl

while, for a =1,

h 1 1
d
J rq(r, §)dr = J‘rhzq(hr, &dr — c](g)J rr_g’

hic

making use of the conditions on ¢. Next, for a € (1, 2), and for % € (0, 1),

K

hlfl/aJ rq(r, §)dr = hlfl/aj rq(r, &)dr + hl’l/“J rq(r, £)dr.
hl/ e K hl/ex

The first integral on the right-hand side is bounded independently of % (by the conditions on
g and since f € (1, o0)), and thus the corresponding first term converges to zero with 4. For
the second integral,

Ve 00

| g o= [ g e — e | < e,

hl/ax K

where the conditions on ¢ justify the convergence. Finally, assume (a, 3) € (1, 2) X (0, 1].
Then, for each k >0, as 7 — 0,
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1

L<Z|J’“(Th”“”3’5)(dz) - Ldﬁf’(daﬁ

<

1
g i — | g .
§d—1 k

where the convergence can be justified as before, and we thus obtain,

—~byp — L H<lzh(Th,1/uvg’fl)(dz) — —J w? (d2),

llzl1>x
which completes the proof. l
Our next result is also of importance. Unlike the short-range behaviour, the long-range

behaviour of a layered stable process depends on its outer stability index . This behaviour
is akin to a S-stable process if 8 € (0, 2), and to a Brownian motion if 8 € (2, c0).

Theorem 3.2 (Long-range behaviour). Ler {X'5 : 1 = 0} ~ LS, 4(0, g; 0).
(i) Let 5 €(0,2), let

1
0

| sows| o ir@p e nxom.

e = —j so(d@J r(r, EXdr,  if B (1,2),
d-1 1
0, otherwise,
and let
#J Eoy(dE),  if (@ B) € [1,2) X (0, 1),
ba,ﬁz - N

1
0, otherwise.
Then, as h — +o0,
{h"VBXES 4 hinp) + theg : 1= 01X 1= 0},

where {X(,ﬁ) 1t =0} ~ Sg(02; 0).
(ii) Let B € (2, 00) and let

n= —J 5o<d§)j rq(r, Edr. (3.2)
§d-1 1
Then, as h — +o0,
(R VA(XES 4 htm) 1= 0}{W, : t =0}, (3.3)

where {W, : t = 0} is a centred Brownian motion with covariance matrix [ga zz’vg’,[;(dz).
0

Proof. Claim (i) can be proved similarly to Theorem 3.1. For the convergence of the Lévy
measure, we will show that



264 C. Houdré and R. Kawai

fim | s i@ = | send @

for all bounded continuous functions f : Rg — R vanishing in a neighbourhood of the origin.
Let / be such a function with [f] < C < oo and f(z) =0 on {z € RY : ||z|| < &}, for some
& > 0; then by (2.3) we obtain

[ rentmiiie = o] reonan, ar

*© dr
= | ewows| " roo-.

as h — oo, where the passage to the limit is, again, justified by dominated convergence with
the conditions on ¢ and f.
For the convergence of the Gaussian component, we have, as 2 — oo and for each k¥ > 0,

J zz’h(vagz@)(dz)zj ss'c:(daj PR BB, E)dr
Jell<« -

K
Sd 0

o, dr ,
2 T = Jl H zz ng(dZ),

where the limit is obtained as in Theorem 3.1, making use of condition (2.3).

Finally, we prove the convergence of the drift part. Assume first that
(a, B) ¢ [1,2) X (0,1). Let Cg(v) be the defined as in (3.1), but with  replacing a.
Clearly 17,5 = Cﬁ(vg’,q). We then show that for each k > 0, as & — oo,

~ | groas)

r
0

o Tty - | et — oty - [

K<z <1 k<|z]|<1

where the integral [ _, is again understood to be — [, _ when 1 > 1. As in Theorem

3.1, we obtain, as & — oo,

Y oodr )
sd-1 502((1&) 0 rrﬂﬁa if ﬂ € (07 1)7
B B ! dr
C/g(h(Thfl//;Vz:q)) - J Zh(Th—l/ﬂVg’,q)(dZ) — go‘z(dg) 7’17, if ﬂ = 1,
k<[|z||<1 Sd-1 K
© dr
—, if 1, 2).
it 502(d§)JK rrﬁH > 1 ﬁ € ( > )

Next, let (a, 8) € [1, 2) X (0, 1). Then observe that, for each x > 0 and as 4 — oo,
—ba,ﬁ — J Zh(Th—l/aV(aT’,[;)(dZ) — —J zvzl(dz),
k<|lz]<1 l|zl|>x

where the convergence holds true as before. This completes the proof of (i).
(ii) The random vector h~'/2X 2S is infinitely divisible with generating triplet
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<_J h(Tj12v3P)(dz), 0, (Thl/ng’,@))-
Iz=1

We first prove the vague convergence, to zero, of the Lévy measure h(T),-12vg’ q) Let f be a
bounded continuous function from RY to R such that |f| < C <oo and f(z)=0 on
{z € R?: |z|| < &}, for some & > 0. Then, as & — oc,

o(d&)joo SO g, Eydr

§d-1

hﬁ/zflde f(z)h(Thfl/ZVg’fI)(dZ) = J

- ewa] o5

where the conditions on q, and Lf ensure the passage to the limit. Since 8 > 2, we conclude
that, as h — oo, h(T)-12vy q)—>0
For the convergence of the Gaussian component, we have, as 2 — +oo and for each
K>0,
J 2z W(T)pv 3PN (dz) = J zz'vP(dz) — J zz'vih(dz), (3.4)
[zl <x Rg

[zl <A/ o

which is clearly well defined since fRd ||z||*v574(dz) < oco. Finally, write
J Zh(Tj-12v 37)(dz) :J ga(dg)J ri2q(hY?r, E)dr, (3.5)
lz]|>% Sd-1 K

and with the conditions imposed on ¢, the dominated convergence theorem ensures that, as
h — oo,

00 o dr
hﬂ/z—]J 3 q(hV?r, E)dr — Cz(é)J B (3.6)
K K

Since § > 2, the convergence of the drift term is proved. (]

For 8 = 2, layered stable processes do not seem to possess any nice long-range property,
and this can be seen from the improper convergence of the Lévy measure, that is, as
h — oo, h(Thfl/ng’%l) converges vaguely to

00 d ‘
| o] noosh mesm).

which is not well defined as a Lévy measure. However, additional assumptions on o, lead to
the weak convergence towards a Brownian motion as 8 approaches 2.

Proposition 3.3. Let {X : 1= 0} ~ LS,4(0, ¢; 0) in RY.
(i) Let B € (1,2) and let 1 = — [, E0(dE) [ rq(r, E)dr. If 05 is uniform on ST~ such
that 0,(S9~") = d(2 — B), then
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(" YB(XES 4 hey) - £ = 0} i{W, 2 t=0}, as h — oo, 12,

where {W, : t = 0} is a d-dimensional (centred) standard Brownian motion. (Here, the limit
is taken over h — oo first.)

(ii) Let 5 € (2, 00) and let n be the constant defined in (3.2). If 0, is symmetric such that
02(ST N =B —2, then

(VPGS + hop) - 0= 0} AW, 1= 0}, as h— o0, BI2,

where {W,: t= 0} is a centred Brownian motion with covariance matrix fRd zz'v (dz).
(Here, the limit can be taken either over h — oo or over (3|2 first.)

Proof. (i) By Theorem 3.1, h~ 1/ﬁ(XLS—I— hn)—>X(’3), as h — oo, ﬁwhere {X(ﬁ) t =0}
~ Sg(02; 0). Then, by E.18.8—18.9 of Sato (1999), we obtain E[e' )’X 1= exp[— cﬁdHyHﬁ]
where

en s L@/2T(2 ~ B)/2)
P BBT(B + d)/2)
Taking 812 and since I'(x 4+ 1) = xI'(x), x > 0, we obtain the result.

(ii) The vague convergence, to zero, of the Lévy measure h(T )12V q) can be proved just
as in Theorem 3.2(ii). Next, in view of (3.5)—(3.6), we have

02(8971.

1-f

where the last equality holds by the symmetry of g,. Since > 2, we obtain

lim AP/

h—o0

J zh(Thl/ng’f])(dz)‘
EEN

.. 502(d§)‘ -

lim
h—o0

J 2TV q)(dz)H

|lz]|>x

which proves the convergence of the drift component. Finally, in view of (3.4), we have
| It = [ owa| " e oar <,
RY ’ s~ 0

using the conditions on g and since > 2. The proof is complete. U

Remark 3.1. The short-range behaviour (Theorem 3.1) and the (non-Gaussian) long-range
behaviour (Theorem 3.2(i)) can also be inferred from the series representation (2.10). For
simplicity, consider the symmetric case and only the short-range behaviour. Letting X, :=
S g/ T, V)V(T; <t), we have

hlVex,, = Z h™ V““( d V,-) VA(hT; < ht),

and so, for each u > 0 and each & € S9! such that ¢|(&) € [0, 00), bounded convergence
gives
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(o)
W YVG(h u, &) = hl/“inf{r >0: o(Sd’l)J q(s, E)ds < hlu}

r

r

00 —1/a
—int{ =0z eos e <) = (i)

= inf{r >0: U(Sdfl)J nEVeg(ht s, E)ds < u}

as h — 0, which is indeed an a-stable shot noise.

4. Absolute continuity with respect to short-range limiting
stable process

Two Lévy processes, which are mutually absolutely continuous, share any almost sure local
behaviour. The next theorem confirms this fact in relation to the short-range behaviour
result obtained in Theorem 3.1. Indeed, given any layered stable process with respect to
some probability measure, one can find a probability measure under which the layered
stable process is identical in law to its short-range limiting stable process. This result should
be compared with Section 4 of Rosinski (2004).

Recall that ¢; and ¢, are the integrable (with respect to o) functions on S~! appearing
in (2.2) and (2.3), while 0, and 0, are the finite positive measures (2.4) and (2.5),
respectively. As before, we use the notation Vg’,/; for the Lévy measure of a layered stable
process X :={X,:t=0} ~ LS, 4(0, q; ), while v is the measure (2.6).

Theorem 4.1. Let P, Q) and T be probability measures on (R, F) such that under P the
canonical process {X, : t = 0} is a Lévy process in R? with L(X 1) ~ LS. p(0, q; ko), while
under Q it is a Lévy process with L(X)) ~ Sq(01; k1), and let (F,)=0 be the natural
Siltration of {X, : t = 0}. Moreover, when f5 € (0, 2) and under T, {X,:t =0} is a Lévy
process with L(X1) ~ Sg(02; 1), for some 1 € R?. Then the following results hold:

(i) Plg, and Q|z, are mutually absolutely continuous, for every t >0, if and only if

1

J EO(dS)J rq(r, E)dr, if a € (0, 1),
sd-1 0
1

ko — ki = J §o(d§>J Ha(r, & — cl@rdr, ifa—1,

-1 0

! d d 1 —a=hq if 1,2

| g+ | 0| e - a@r e iraca,2)

(i) If o # B, then for any choice of 1 € R?, P|#, and T|r, are singular, for every
t>0.
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(iii) For every t >0,

where {U, : t = 0} is a Lévy process defined on (R, F, P) by

U, == lim
el0
{5€(0,1] :||AX,||>¢}

q(HAXS‘H’ AX?/”AX?H) af . a d .
X {ln(cl(AXs/lAXSII)IIAXSI“1> — 8 vz e R |z > eh|. @D

and where the convergence holds [P-almost surely, uniformly in t on every
interval of positive length.

Proof. (i) By Theorem 33.1 and Remark 33.3 of Sato (1999), to prove the result it is
necessary and sufficient to show that the following three conditions hold:

J P(2)*v§ (dz) < o0, 4.2)

{zlp@2)I=<1}

J{z‘@(2)>1} e?Iv (dz) < oo, (4.3)
J{Z-WK_]} V¢ (dz) < oo, (4.4)

where the function ¢ : [Rg — R is defined by (dvg’f, [dvg )(z) = e?®), that is,

a1, =/l ) .
=1 R&.
#() “(m(z/nzu)nznal 2R

Now observe that

lim g(z) = lim 1n<cl(z/|z|)|z|al) — 0, 4.5)

(B Iz—0 \e1(z/llz[D]z]| =«

and that, as ||z|]] — oo,

cz<z/||z||>||z||ﬂ1) <Cz(Z/||Z|)>
~ 1 =In| —L——~ — Bl
¢() “<c1<z/||z|>||z|al N/, T @Al

—00, if a <p,
N
400, if a>p.

(4.6)

Conditions (4.2) and (4.4) are thus immediately satisfied, via (4.5) and (4.6) with a < . In
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view of (4.6) with a > B, condition (4.3) is also satisfied since [, .-, e?Ov¢ (dz) is
bounded from above and below by constant multiples of

J q(lll, /112D«

=1 c1@/NzIDlfzf~e=t

When a = 8 € (0, 2), we have, by (4.5) and (4.6),

d2) =viP({z e RY : [|z]| > 1}).

2<z/|z||>>)
1<c1(z/|z||> < oo

Condition (4.2) is then satisfied since f{z:\(p(z)l <1 o(z)? vg,(dz) is bounded from above and below

Hl‘l‘mow( z) =0, | 1H1m lp(2)| = llm

by constant multiples of IHZH>1 (p(z)zvg1 (dz), which is further bounded by a constant multiple of
vy ({z € RY : ||z|| > 1}). Conditions (4.3) and (4.4) are also satisfied since the domains

{z e Rg t@(z) > 1} and {z € [Rg : @(z) < —1} are contained in compact subsets of Rg.
(i1) It suffices to show that either one of the following two conditions always fails:

J e’ b (dz) < +o0, (4.7)
{z 9@>1) ’

J vh (dz) < +o0, (4.8)
{z p(2)<-1}
where the function : S°! — R is defined via (dv%% /dv5 )(z) = ¢¥®), that is,
q(lzll, z/l=I) > d
— =, z € Ry.
ca(z/||zID| 2l A1 ‘

As in the proof of (i), observe that

P(z) = ln<

a2/ ||z D[~

llll =00 Izl =00

im 960 tim oSS

and that, as ||z|| — 0,

. c1<z/||z||)||z||“)_ <c](z/||z|)> ) - {m, if o> B,
V) h‘(cz(z/nzn)nznﬁl =il Gezn) TPl = Ll e <l

Therefore, condition (4.7) fails when a > f since

b (d2) =viP({z € R] : ¢(2) > 1}) = +o0,

J{z:w(z)>1}
while (4.8) fails when a < f§ since v/;z({z € Rg CY(z) < —1}) =400
(iii) This is a direct consequence of (i) with the help of Theorem 33.2 of Sato (1999).
O
Remark 4.1. As in Example 2.1, let

q(r, &) = r () + r P 1 00)(7), Ee s
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Then the Lévy process {U, : t = 0} given in (4.1) becomes
11 B
Ui =(a—p) > In(||AX|) — z(B - —)a(sd Y
{s€(0, QAX,|>1} a

Intuitively speaking, the density transformation (dQ/dP)|#, replaces all the S-stable jumps of
a layered stable process up to time ¢ (i.e., the jumps with absolute size greater than 1) by the
corresponding a-stable jumps with the same jump direction. Moreover, when o < f3, the
Lévy measure v of L(U;) is concentrated on (—oo, 0) and is given by

v(—o0, y) = o (S exp (a) y,  »<o,
p—a
while when o > f3, it is concentrated on (0, co) and is given by
V(ys OO) = ailo-(Sdil)eXp (%) s y > 0.
—a

Let us next restate the absolute continuity result (Theorem 4.1) based on the fact that a series
representation generates sample paths of a Lévy process directly by generating every single
jump. For simplicity, we consider the symmetric case. Let {Y;: ¢ =0} be an a-stable
process with L£(Y)) ~ S4(0; ki). By Lemma 1.1, there exists a version of {Y; : ¢ € [0, T]}
given by

00 al’: —1/a
Y, = — Vi(T; < t)+ kyt.
’ ;<0(SJI>T) (fi=n+h

Also, let {X,: =0} be a layered stable process with £(X|) ~ LS, (0, q; ko). In view of
the series representation (2.11), there exists a version of {X, : ¢t € [0, T} given by

’ . ﬂrl ~1p
Xi=> <—0(Sd1)T) Looesi-nr/p )

i=1

V(T < )+ kot,

al“i a 71/“
* (W +1- B) Lig(st-17/p,00)(L7)

where all the random sequences are the same as those appearing in {Y} : ¢ € [0, T]} above.
By Theorem 4.1, they are mutually absolutely continuous if and only if

ko— ki =4 a—1 LH £01(d§),  if ae (0, HU(l,2),

0, if a=1.

We infer that the Lévy process {U,: ¢t € [0, T]} in the Radon—Nikodym derivative of
Theorem 4.1(iii), that is,

dQ

= U;
dP

= .
Fy
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has a version given by

dﬁp|f1_e >

has a version given by

1 1
r _ a ﬂz ( Sd I)T)I(OU(S] YT /al (F)I(T )— [(B_a>0-(sd—l).

As a direct consequence, we have

P(X € B)=Ep[eVT15(Y)],  BeBD(0, T], RY)).
Moreover, in view of Theorem 33.2 of Sato (1999),

® o,
ﬁb:t_e ’

and so we can derive a version of {U, : ¢t € [0, T]} in terms of the jumps of the layered
stable process as follows:

” a— S ﬁrl 1 1 d—1
Ut = — ﬂ Z ln(io‘(sd_l)T> 1(0’(;(SJ—I)T//3](F[1(T[ = t) — t(B — a)O'(S )

i=1

Similarly, we have

QY € B) = Egle YT 15(X")], B € B(D([0, T], RY)).

5. Concluding remarks

We conclude this paper with a number of observations.

First, the weak convergence towards a Brownian motion, proved in Proposition 3.3(i), is
interesting in the sense that a stable process with uniformly dependent components
converges in law to a standard Brownian motion. It is also interesting to see how a stable
process with independent components can converge towards a Brownian motion. To this
end, for i=1,...,d, let a; € [0, c0), let

h=(0,...,0,41,0,...,0), bi_:=(,...,0,—1,0,...,0),
where +1 and —1 are located at the ith component, and set

d

o(dé) = Z 2=

i=1

L ai(0p, (dE) + 0y (dE), £ SO,

where 0 is the Dirac measure. Clearly, o is a symmetric finite positive measure on S9!
Also, let {X(,“) 1t =0} ~ Sy(0; 0). Then, if y; is the ith component of y, we have, by
E.18.8—18.9 of Sato (1999) and using I'(x + 1) = xI'(x), x > 0,
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EL0)] = exp [— e iy “o(d&)}

20al((1+ @)/2) Jgar

4 T(1/2)T(1 + (2 — a)/z)a_ﬂa}

1
= exp [— 5 2¢-2qT((1 + a)/2)

i=1

d

1
— exp [—EZ a,'|y,-2], as al2.

i=1

Therefore, as a2, we obtain {X'* : = 0}{W, : t = 0}, where {W, : t = 0} is a Brownian
motion with covariance matrix

aq O O
0 ar 0
0 0 ... Aag

Second, by making use of the absolute continuity of Lévy measures, we can derive two
more forms of the series representation of a layered stable process corresponding to the
Lévy measure (2.7), with a < 3. With the notation of Theorem 4.1, we obtain, for z € RY,

a.f

dvyly
a
dv¢

@ = Loallzl) + 121 P10 00D < 1

and

dVZ’f] b
dv—ﬂ(Z) = [lz[I”*Ton 2l + La,c0((l2l)) < 1.
o

Then, by the rejection method of Rosinski (2001), the summands {g(I;/7T, V))V:}i=1 in
(2.11) can be respectively replaced by

al; 71/(11 dvly of, \7V vil=u v,
o (81T dve \ \o(S4HT i R A ‘>1
B 71/131 dvf,"f] BT o vl=u v
a(S4-NT dv \\o(seHT V)L

where {U,};=; is a sequence of i.i.d. uniform random variables on [0, 1], independent of all
the other random sequences.

Third, in complete similarity to the work presented in Houdré and Kawai (2006), it is
possible to define a notion of fractional layered stable motion. Then, as in that work, over
short intervals, fractional layered stable motion will be close to fractional stable motion

and
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(with inner index ) while over long intervals it will be close to either fractional Brownian
motion (if § > 2) or to fractional stable motion (with index S < 2).

Fourth, let us observe some sample paths of a layered stable process, generated via the
series representation (2.11). By Theorems 3.1 and 3.2, the entire situation is exhausted by
the following three cases:

() a<pB<2,
(i) B €2, ),
(iii) « > B with B € (0, 2).

Figure 1 corresponds to case (i) and typical sample paths of a symmetric layered stable
process with (a, f) = (1.3, 1.9) are drawn in short-range, regular and long-range settings.
For better comparison, we also drew its corresponding 1.3-stable and 1.9-stable processes.
All these sample paths are generated via the series representation (2.11) for a layered stable
process, or the one given in Lemma 1 for stable processes. Three sample paths within each
figure are generated on a common probability space in the sense that a common set of
random sequences {I';};=1, {V;}i=1 and {T;};= is used. The desired short- and long-range
behaviours are apparent.

For case (ii), we draw in Figure 2 typical sample paths of a symmetric layered stable
process with (a, 8) = (1.1, 2.5), along with its corresponding 1.1-stable process and a
Brownian motion with a suitable variance. The layered stable process and the 1.1-stable
process are generated as before, while the Brownian motion is independent of the others. As
expected, the long-range Gaussian-type behaviour (Theorem 3.2(ii)) is clearly apparent.
These stable-type short-range and Gaussian-type long-range behaviours have long been
considered to be very appealing in applications. At the top in Figure 2, the layered stable
process and its short-range limiting stable process are almost indistinguishable in a
graphical sense (of course, not probabilistically).

Finally, for case (iii), we give in Figure 3 typical sample paths of a symmetric layered
stable process with (a, ) = (1.9, 1.3), along with its corresponding 1.9-stable and 1.3-
stable processes. Unlike the sample path behaviours observed in Figure 1, the path of the
layered stable processes behaves more continuously (like a 1.9-stable one) over short
intervals, but more discontinuously over long intervals (like a 1.3-stable one).

Fifth, we briefly introduce another generalization of stable processes. Again, on RY, let u
be an infinitely divisible probability measure without Gaussian component. Then u is mixed
stable if its Lévy measure is given by

o dr d
ey =| | ows| 1a00 Tredm, 5 eBRY, 5.1)
0,2) J -1 0 r

where ¢ is a probability measure on (0, 2) such that

1
——¢(da) < .
J(O,Z) a2 —a)
The simplest example of a mixed stable distribution is formed by convolution of stable
distributions of different orders. This can be constructed by setting @(da) = >, ci0q, (dat),
where for all k, a; €(0,2), ¢, =0, and > 4 cp = 1.
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0 0.01 0.02 0.03

t € [0,0.03]

O’W' | | |

0 20 40 60 80 100

t e [0,100]

Figure 1. Typical sample paths of layered stable process with (a, f) = (1.3, 1.9), 1.3-stable process
(+), and 1.9-stable process (X)

Recall that in Example 2.1 we defined the classes L,,, m =0, 1, .... Let Ly, := N5 _ L.
It is proved in Theorem 3.4 of Sato (1980) that an infinitely divisible probability measure
without Gaussian component is in Ly, if and only if its Lévy measure has the form (5.1),
and that its characteristic function is given by
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0.08

0.04+

0.00

-0.04+

-0.08

80

40

0%

-40 T T T T
t e [0,100]

Figure 2. Typical sample paths of layered stable process with (a, f) = (1.1, 2.5), 1.1-stable process
(+), and a Brownian motion (X)

() = exp [i<y, ) - J(O , cul 1081 (1 = itan T sent &) o @rotda)

~otipe ] (I 81+ 12 0 Ol 81 )o@

N
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0 20 40 60 80 100

t  [0,100]

Figure 3. Typical sample paths of layered stable process with (a, §) = (1.9, 1.3), 1.9-stable process
(+), and 1.3-stable process (X)

for some 1 € RY, and where ¢, = |[(—a)cos(ra/2)| when a # 1 while ¢; = /2. We have

seen in Example 2.1 that an infinitely divisible probability measure is in Ly if and only if the
corresponding Lévy measure has the form

j a(daj Lok, BeBRY,
§d-1 0 r
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where o is a finite positive measure on S?~! and where ke(r) is a non-negative function
measurable in & € S?7! and decreasing in » > 0. Recently, Barndorff-Nielsen et al. (2006)
defined a new class of infinitely divisible distributions by further requiring that the function
ke(r) be completely monotone in » for o-almost every & Mixed stable distributions are
indeed in this class since J(o,z) r~“¢(da) is completely monotone.

Finally, note that the associated Lévy process that we call a mixed stable process
possesses an interesting series representation. For simplicity, assume that o in (5.1) is
symmetric. Let {I;};=1, {T:};=1 and {V;};=1 be random sequences defined as before. In
addition, let {a;};=; be a sequence of i.i.d. random variables with common distribution ¢.
Assume, moreover, that all these random sequences are mutually independent. Then, with
the help of the generalized shot noise method of Rosinski (2001), it can be shown that the
stochastic process

00 airi —1/a; _
{;(O(Sd—l)T) VAT, < 1) :telo, T]}
converges almost surely uniformly in ¢ to a mixed stable process whose marginal law at time
1 is mixed stable with the Lévy measure (5.1). Comparing this result with the series
representation of a stable process given in Lemma 1.1, a mixed stable process can be thought
of as a stable process with each of its jumps obeying a randomly chosen stability index. This
jump structure also implies that, unlike the layered stable process, the mixed stable process
does not alter its behaviour in terms of the time range.
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