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LARGE SAMPLE BEHAVIOUR OF HIGH DIMENSIONAL
AUTOCOVARIANCE MATRICES

BY MONIKA BHATTACHARJEE AND ARUP BOSE!
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The existence of limiting spectral distribution (LSD) of 'y + Fu, the
symmetric sum of the sample autocovariance matrix f, of order u, is known
when the observations are from an infinite dimensional vector linear pro-
cess with appropriate (strong) assumptions on the coefficient matrices. Under
significantly weaker conditions, we prove, in a unified way, that the LSD
of any symmetnc polynomial in these matrices such as I+ F,’:, Ful"*
l"uFu + Fka exist. Our approach is through the more intuitive algebraic
method of free probability in conjunction with the method of moments. Thus,
we are able to provide a general description for the limits in terms of some
freely independent variables. All the previous results follow as special cases.
We suggest statistical uses of these LSD and related results in order determi-
nation and white noise testing.

1. Introduction. Multivariate linear time series models such as the Autore-
gressive Moving Average (ARMA) processes are fundamental in the theory of
econometrics and finance. Moreover, time series data where the dimension grows
along with the sample size are becoming increasingly frequent. A key model in
these situations is the infinite dimensional moving average process of order infin-

ity, MA(00), where the sample {X(”) t=1,2,...,n} of size n satisfies

(1.1) X(") Z wj("zet jp Vt,n > 1 (almost surely).
j=0

For all ¢, X t("]z and & , are p-dimensional vectors and w](zz are p x p coeffi-

cient matrices and wéfg = I,. Precise assumptions of independence, finiteness of

moments and conditions on the matrices are discussed later.
We work in the framework of the particular high dimensional model where the
dimension p increases proportionately with the sample size n, so that p = p(n) —
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oo and % — y € (0, 00). The infinite sum in (1.1) exists in the almost sure sense

under suitable decay conditions on {1//}2}. If wj("; =0,V > ¢, then it will be

called an MA(q) process. For convenience, we will write p for p(n) and v;, &

and X, respectively, for w;.";, &.p and Xt(.";. Many researchers have worked on

this model recently. See, for example, Forni et al. (2000, 2004), Forni and Lippi
(2001), Bhattacharjee and Bose (2014), Jin et al. (2014) and Liu, Aue and Paul
(2015).

One of the key quantities in time series analysis is the autocovariance matrix.
The population autocovariance matrices are defined as

e.¢]
Tup=EXipX{su,) =2 ¥ivi,. u=01,...
j=1

The moment estimator of I, is the sample autocovariance matrix,

R ln—u
(1.2) Cup=="XipXiii O<u<n-—1.

n =1

We often write I',, and f‘u, respectively, for I';, , and f‘u_ p- Our goal is to study
the large sample behaviour of the random matrices ', and use the asymptotic
results for statistical inference purposes such as order determination of infinite
dimensional moving average or autoregressive processes. Since we are dealing
with several matrices of increasing dimension together, we need to give precise
meaning to the large sample behaviour in our context.

The most common way to capture the large sample behaviour of a sequence of
random matrices is through its spectral distribution. The empirical spectral distri-
bution (ESD) of an n x n (random) matrix R, is the (random) probability distribu-
tion with mass 1/ at each of its eigenvalues. If it converges weakly (almost surely)
to a (non-degenerate) probability distribution, then the latter is called the limiting
spectral distribution (LSD) of R,,. Incidentally, the study of the limit spectrum of
non-Hermitian matrices is extremely difficult and very few results are known for
general non-Hermitian sequences. Researchers have concentrated on the additive
symmetrized version T+ f‘,’f, one at a time.

One widely used approach to establish the LSD is that of Stieltjes transforma-
tion, which for any finite measure w on the real line equals

1
(1.3) mu(z)=/—u(dx), zeCt:= {x+iy:xeR,y>0}
xX—2z

Pointwise convergence of Stieltjes transforms to a Stieltjes transform implies the
convergence of the corresponding distributions. In random matrix theory, this con-
vergence is proved by linking the Stieltjes transform of the ESD to the resolvent
and showing convergence by martingale convergence methods. See, for example,
Silverstein and Bai (1995), Silverstein (1995), Bai and Zhou (2008) and Bai and
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Silverstein (2010). All existing works regarding LSD of autocovariance matrices
are based on this method.

Let us first discuss briefly these results. Consider the simplest case of (1.1)
where X; = ¢ = (&1,1, &2, ..., st?p)T and {& ;} are ii.d. with mean zero and
variance one and with enough high moments. Then I is nothing but the unad-
justed sample variance—covariance matrix, and it is well known that its LSD is the
Marcéenko—Pastur law. See, for example, Marcenko and Pastur (1967) and Bai and
Silverstein (2010). For the same model, Jin et al. (2014) showed that the LSD of
I+ IA“L"; exist and are equal for every u > 1 and derived its Stieltjes transform.

Pfaffel and Schlemm (2011) and Yao (2012) derived the limiting Stieltjes trans-
formation of {f‘u + f‘l’:}, u > 0, when the components of X; are independent sam-
ples from an identical univariate MA(q) process. Liu, Aue and Paul (2015) appears
to be the only work in model (1.1) for arbitrary g. For each u, they established the
existence of the LSD of {f‘u + f‘;’;} and derived its Stieltjes transform as a solution
of a pair of functional equations. To derive this result, they assumed that {g; ;} are
i.i.d. with finite 4th moment.

Their assumptions on {v;} are, however, quite restrictive. They assumed that
{;} are Hermitian and simultaneously diagonalizable (the latter assumption can
be replaced by the assumption that {1/;} are Toeplitz matrices with suitable de-
cay conditions on their entries). Even so, this excludes many interesting linear
processes (such as model 4 in Section 4.1). To indicate another limitation of this
assumption, suppose further that &, ~ N(0, I). Let U be a unitary matrix such
that Uy;U* =: A (say) are diagonal matrices. Since Ue; and ¢, are identically
distributed and UU* = I, as far as the LSD of [, + f‘l’: is concerned, (1.1) is
equivalent to the model

o0
(1.4) X;.; (ith component of X;) = Z VG Er—jii Vi>1,
j=0

where A = diag(¥j 1,1y, ¥j,2,2)s---> ¥j,(p,p)) Tor every j. Hence, this model
does not exhibit spatial dependence or dependence among the components.

Our approach differs from the existing approaches in many ways. First, we do
away with the Hermitian and simultaneously diagonalizable condition and replace
it with a more natural and much weaker joint convergence assumption [assumption
(A3) in Section 3]. Second, all the existing works concentrate on fu + f‘,’j If we
wish to study the singular values of I, we need to consider the symmetric prod-
uct Iy, f‘,’:. This gives rise to a completely different LSD problem. Indeed, one may
consider more general symmetrizations that involve several .. As we may recall,
in the one-dimensional case, all tests for white noise are based on quadratic func-
tions of autocovariances. See, for example, Hong and Lee (2003), Shao (2011) and
Xiao and Wu (2014). The analogous objects in our model are quadratic polynomi-
als in autocovariances. Thus, we are naturally led to the consideration of matrix
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polynomials of autocovariances. While it is conceivable that the Stieltjes trans-
form method can be potentially used to tackle these cases, it seems to be rather
cumbersome and needlessly lengthy to do so and shall at best be a case by case
study. We provide a unified method to study the LSD of symmetric polynomials
of the autocovariance matrices. We do not use Stieltjes transforms at all except
to cross-check our results with the existing results, all of which follow as special
cases.

To obtain the LSD, we use the method of moments. The 4th order moment of the
ESD of an n x n real symmetric matrix R, equals g, (R;) := %Tr(Rfl‘). Consider
the following conditions:

(M1) Forevery h > 1, E(By(R,)) — B,
M4) X2 E(Bn(Ry) — E(Bu(Ry)))* < 00,¥h > 1, and
1/(2h)

(C) The sequence {8} satisfies Carleman’s condition, ZZOZI ,3271 = 0.

If M1), (M4) and (C) hold, then ESD of R, converges almost surely to the
distribution F determined uniquely by the moments {8;}. (M1) is the most crucial
condition in this method as it identifies the moments of the LSD.

In Theorem 3.1, we claim the existence of the LSD of any symmetric polyno-
mial in {I",} in model (1.1) and describe the limit in terms of a polynomial of
some free variables. To establish (M1), we use tools from non-commutative free
probability theory (the next section and Sections 3, 5.1, 5.2 and 5.3 contain the
necessary background). Free variables in the non-commutative world are the ana-
logue of independent random variables in the commutative world. As matrices are
non-commutative objects, appearance of non-commutative probability spaces is
not surprising. The reason for the appearance of free variables is more subtle (see
the discussion at the beginning of Section 3). In Section 4.1, we provide simulation
results for specific choices of the model. These simulations support the conclusion
of Theorem 3.1. Based on simulations, we also conjecture that the LSD exists for
the non-Hermitian matrices f‘u.

It is natural to anticipate that the sample autocovariance matrices will play an
increasingly crucial role in the statistical analysis of these models. This seems to
be at a rudimentary stage currently, but we anticipate further thrust as the limit-
ing structure of these matrices is uncovered. Liu (2013) estimated the spectrum
of the coefficient matrices by minimizing some distance between Stieltjes trans-
formations of the ESD and the LSD of {I', 4+ I'}’} in some appropriately chosen
space of distribution functions. In Sections 4.2.1 and 4.2.2, we use the LSD re-
sults to provide a graphical method to determine the order of a moving average
and an autoregressive process. Following a suggestion by one of the referees, in
Section 4.2.3, we discuss the asymptotic distribution of the trace of sample autoco-
variance matrices. As a by-product of the calculations used in the derivation of the
LSD results, we conclude that these traces have asymptotic normal distributions.
This can be used to test simple null and alternative hypotheses for model (1.1).

Section 5 contains the outline of the proofs. Further details of the proofs are
available in the supplementary file Bhattacharjee and Bose (2015).
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2. Some notions from free probability. To aid the reader, we first highlight
the essential notions from free probability that are needed to understand our main
theorem. Further concepts and facts, as needed later, are discussed at the beginning
of Section 3 and in Sections 5.1, 5.2 and 5.3. An excellent reference for all the
details is Nica and Speicher (2006).

Commutative random variables are attached to a probability space (S, E),
which consists of a o-field S and an expectation operator E. Similarly, non-
commutative variables are attached to some non-commutative x-probability space
(NCP) (A, ¢) consisting of a unital x-algebra A and a unital linear functional
(called a state) ¢ : A — C, ¢(1 4) = 1. Thus, ¢ is the analogue of the expectation
operator. The elements of A are called (non-commutative random) variables. The
canonical example of NCP that we will need is My, the space of all d x d matrices
with the state ¢ as the average trace. If the matrix has random entries, we modify
¢ by taking its usual expectation.

In the commutative case, random variables (say with bounded support) are in-
dependent if and only if all joint moments obey the product rule. It is well known
that the cumulants and moments are related via the Mobius transformation on the
partially ordered set (POSET) of all partitions. Using this, it can be shown that
independence is also equivalent to the vanishing of all mixed cumulants.

For a set of non-commutative variables {a;};>1, the set of all joint moments is
defined as {¢(I1(a;, a :i > 1)) : T polynomials} and is known as the distribution
of {a;}. Here, we have the notion of joint cumulants, called free cumulants. These
can be uniquely obtained from the above moments and vice versa via a different
Mbobius transformation and its inverse on the POSET of all non-crossing partitions.
Non-commutative variables are said to be free (freely independent) if and only if
all their mixed free cumulants vanish.

A consequence of freeness is that all joint moments of free variables are com-
putable in terms of the moments of the individual variables. Of course, the algo-
rithm for computing moments under freeness is different from (and more com-
plicated than) the product rule under usual independence. The notion of freness
of variables extends to freeness of sub-algebras in the natural way. Now consider
NCPs {(A,, ¢u)}1<u<r. Then, analogous to the product space in the commutative
case, we can have (A, ¢), the free product of {(A,, ¢,)} so that the restriction of
¢ on A, is ¢, and A, are free sub-algebras of A.

While matrices are seldom free, there is a large class of matrices that are free
in an asymptotic sense (which is made precise in Section 5.1) as the dimension
increases. For example, if W1 and W, are n x n independent symmetric matrices
with all entries i.i.d. whose all moments are finite, then they are asymptotically
free. Using such asymptotic freeness, we shall be able to compute the limits of
required traces by using tools from free probability. This will help us to establish
the (M1) condition and in the bargain also provide us with expressions for the
limits in terms of free variables.
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3. Main result. Consider the following assumptions on the driving process
{&/} and the coefficient matrices {v/;}:

(Al) {g,;} are independent with E(&; ;) =0 and Elfst,jl2 =1,Vi, .
(A2) sup; ; E(|8t,j|k) < Ck < 00, Vk > 1 or, for some sequence 1, | 0, |&; | <

N/, Vi, j.
(A3) {;} are compactly supported and for any polynomial IT in {v;, w;‘},

lim p~! Tr(IT) exists and is finite.

Later we shall relax assumption (A2).
To see how freeness comes into the picture, and hence how it motivates the
statement of our main theorem, let us focus on I'g when

Xi=¢& +vY16-1.

Let Z = (¢1, €2, ..., &) pxn be the independent (ID) matrix. For i > 0, let P; be
the n x n matrix whose ith upper diagonal is 1 and O otherwise. Note that Py = I,,.
Fori <0, let P; = P_Tl. be the transpose of P_;. Note that

To=n"">"(es +Yrer—1) (e +Yr18-1)*

t=1
=n" Y (ZPoZ* + Y1 ZPoZ Y} + Y1 ZP1 Z* + ZP_1 Z*Yy}) + Ry
=Ao+ R, (SaY)-

By Lemma 7.1 of the supplementary file Bhattacharjee and Bose (2015), o and
Ap have identical LSD. Thus, our primary goal is to show that for all » > 1,
limp~'E Tr(Ap) exists. To achieve this, we first define an NCP generated by these
matrices. However, the matrices Z, {1, ¥1} and { Py, P1, P_1} are all of different
orders. Therefore, we embed these matrices into larger square matrices of order
(n+ p). We embed Z into a Wigner2 matrix W of order (n + p). Thus,

w7z
G.1) w=(", W(Z)),

where W and W® are two independent Wigner matrices of order p and n re-
spectively and also independent of Z and whose entries satisfy assumption (A2).
For any matrices B and D of order p and n, respectively, let B and D of order
(n 4+ p) be the matrices

(3.2) B:(g 8), Q:<8 g).

ZA Wigner matrix is a square symmetric random matrix with independent mean O variance 1
entries on and above the diagonal.
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Note that for any integer r, if the right-hand side limits below exist, then

(3.3) lim(n + p) "' Tr(B") = y(1 4 y) "' lim p~ ! Tr(B"),

(3.4) lim(n + p) ' Tr(D") = (1 +y) 'limr ' Tr(D")  and
(3.5) lim p~' Tr(Af) = y~' (1 + y) lim(n + p) ™" Tr(A}).
On the other hand,

nlAo=I1,WP,WI, +y1WPaWYi + i WP,WI, + [,WP_ Wy

Thus, A(’) involves polynomials in these matrices. So it is a question of computing
the limiting trace of such polynomials. Now observe that for any monomial m:

(1) lim p_l Tr(m(Py, Py, P—1)) exists and can be computed easily.

(2) under assumption (A3), limn~' Tr(m (I_p, 1}1, 1}{")) exists.

Moreover, from random matrix theory it is well known that

(3) if (A1) and (A2) hold then lim E Tr((n + p)~Y/?W)" = E(s"), where s is a
standard semi-circle variable with moments

k!
(3.6) o(s") = [ (k/2)\k/2 + D)
0, if k is odd.

(4) Finally, results from free probability guarantee that in the limit, the matrices
(n+ p)y~ 2w, {I_p, V1) and {Py, Py, P_,} are free variables say s, {ap, a1} and
{co, c1,c—1} where ¢] = c_1 in some NCP (A, ¢).

if k 1s even,

Thus, using the above conclusions (1), (2) and (3) in conjunction with equa-
tions (3.3), (3.4), (3.5) and (3.6), we can conclude that lim p_1 Tr(Ap) exists and

-
3.7 limp 'Tr(Ap) =y~ '+ y)(p((l +y) Z ajscj_jrsa_’;> )

7,j'=0,1
The factor (1 + y) within ¢ is the adjustment needed for the replacement of Z/\/n
by W/./n + p. The right-hand side of the above equation, involving free variables,
are then the moments of the LSD of fo.

This is the idea we implement in the general MA(g) process and for general
symmetric polynomials of the autocovariances. Now we have ¢ coefficient ma-
trices {;} and {P; :i =0, &1, &2, ...}. To describe the limit, consider the NCP
(A, ¢), the free product of the semi-circle variable s, {a;} and {c;} such that (p(sk)
is given by (3.6) and for any finite monomial m, we have

(3.8) p(m(ci,ci:i=0)=1+y)""1(J=0),

where J is sum of the subscripts of {c;} which appear in m [the right-hand side of
(3.8) equals limn ' Tr(m(P;, P_; :i > 0)) and can be checked by direct calcula-
tion], and

1
(3.9) g(m(aj,aj:i>0))= I—T—y lim;Tr(m(i//j, yij=0)
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[the right-hand side of (3.9) exists by assumption (A3)].
Let us define forall u =0,1,2, ...,
q
Yug =1+ y) Z ajscj—jrusay,
J,j’=0
(3.10) .
yu*q =(1+y) Z a_,-/sc_‘,-urj_usa;‘f.
J.j’=0

Then we have the following theorem, the proof of which is given in Section 5.2.

THEOREM 3.1. Suppose X; ~MA(q), ¢ < oo and (Al), (A2), (A3) and
pn~' — y € (0, 00) hold. Then the LSD of any symmetric polynomial @,
u > 0) exists and the limit moments are given by

G341 limp ' ETe(T(D,, T3 i > 0)) =y~ (1 + )@ (yug. vy 11 > 0)).

For particular symmetric polynomials, the LSD exist under relaxed moment
assumptions. In the next remark, we consider the LSD of {f‘u + f‘;‘} and {f‘u f‘;"}.
Its proof, given in Section 5 of the supplementary file Bhattacharjee and Bose
(2015), is based on the same truncation arguments as in Jin et al. (2014) after some
necessary modifications.

REMARK 3.1. Suppose X; ~MA(g), g < oo, and (Al), (A3) and pn_l —
y € (0, 0o) hold. Then the following hold true:

(a) Foreach 0 <u < oo, LSD of I+ f‘,’: exists if for some § € (0, 2],
(A4) sup, ; E(le; j|2+5) < M < o0, and
(AS5) foranyn >0, 2+5 Zf L E(ern i 101 (e j| > qn/CHD)) — 0.

(b) Foreach 0 <u < o0, LSD of I F:j exists if (AS) holds and
(A6) sup, ; Ele;j|* < M < oc.

(c) Suppose X; ~MA(0) process and assumptions (A1), (A3) hold. Then the ex-
istence of the LSD of I'y, under assumption
(A7) Forany n >0, *(np)~" X5_, 301 Eler, ;11 (ler, ;1 > n/n) — 0,
is well known [see Bai and Sllversteln (2010)] Jin et al. (2014) established
the existence of the LSD of any F + F u > 1, under assumptions (A4) and
(AS5).

The next remark in particular says that the main result of Liu, Aue and Paul
(2015) follows from Theorem 3.1 and Remark 3.1.

REMARK 3.2. (a) Under (A1), (A3), (A4) and (AS) Theorem 3.1 along with
Remark 3.1 provides moments of the LSD of 1 3 (F + F*) These moments can be
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used to get the Stieltjes transform m(z) of this LSD as
(3.12)  m@ =y 'A+ye((B(,2)—z)"")  where
(3.13) K(z,0) =y~ (1 +y)¢(h(..0)(BG..2) —2) ),

o0 o0
(3.14) h(x,e)z(Zeif"aj><2e—’79aj), r=laj,aj:j =0}
j=0 j=0

(3.15)  B(,2) = Eg(cos(ud)h(x,0)(1 + ycos(ud)K(z, 8))_1),

and 6 is a U(0, 2r) random variable which is commutative with {a;, a;’-‘}. Details
of the arguments is based on a recursion formula for moments and is given in
Section 5.5.

(b) As discussed in Section 1, Liu, Aue and Paul (2015) proved the existence of
the LSD of %(f‘u + f‘;) for the model (1.1). Their most crucial assumption was the
following.

(B) {¢;} are Hermitian and simultaneously diagonalizable, norm bounded ma-
trices. There are continuous functions f; : R — R and a unitary matrix U of order
p such that Uy ; U* = diag(f; (1), fj(2), ..., fj(ap)). ESDof {ary, a, ..., ap}
converges weakly to a compactly supported probability distribution F,.

Note that assumption (B) implies assumption (A3). The main theorem of Liu,
Aue and Paul (2015), under (B), provides the LSD of 1 (I', +I'}) with its Stieltjes
transform satisfying

B cos(ub)h(a, 0" -1
(3.16) m(z) = f <E9'<1+ycos(u9/)1<(z,9/))_Z> dF,(e)  where

B cos(ub)hy (o, 0" -1
(3.17) K(z,@)—/<E9r<l +ycos(u9/)K(z,9/)) —z) hi(e, ) dFy(e),

2
(3.18) hi(x,0) =

q ..
> e fi(a)

J=0

It can be shown that under assumption (B), the Stieltjes transform equations
(3.12)—(3.15) reduce to equations (3.16)—(3.18). Thus, Theorem 3.1 in conjunc-
tion with Remark 3.1 implies the main theorem of Liu, Aue and Paul (2015).

So far, we have assumed g < co. With some additional assumptions, the results
continue to hold for ¢ = co. The proof of Corollary 3.1 is based on truncation
arguments and is given in Section 6 of the supplementary file Bhattacharjee and
Bose (2015).

COROLLARY 3.1. Theorem 3.1, Remark 3.1(a), (b) and Corollary 5.2 hold
for MA(00) process also, after replacing q by oo provided
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(A8) 2310 sup,, |1l < oo, where for all j =0, ||{ ;|| denotes maximum abso-
lute eigenvalue of ;.

3.1. Examples.

EXAMPLE 1. Consider the MA(0) process, that is, X; = & V¢t and suppose
assumptions (A1), (A2), (A3) and pn_1 — y € (0, 00) hold. Then the following
results (a)—(c) follow from Theorem 3.1 and Remark 3.2.

(a) Marcenko—Pastur law: The LSD of IA“() is the Marcenko—Pastur law, whose
moment sequence is given by [see, e.g., Marcenko and Pastur (1967) or Bai and
Silverstein (2010)]

h
L(h—1\[(h\ i1
(3.19) ﬁh—;%(,{_J(k)y Lozl
(b) Free Bessel law: The LSD of (%Wﬁ;j, u > 1 is the free Bessel(2, y~!)
law, characterized by the moment sequence,

h 1 .
(3.20) ﬂh=2§<2_})<k2_hl)y_k» h=>1.

k=1

(c) The LSD of %(f‘ ut f‘;‘ ) are identical for all # > 1 and their common Stieltjes
transformation m(z) satisfies the bi-quadratic equation (with one valid solution)

(3.21) (1—?m*@)(yzm(@) +y —1)> = 1.

This is Theorem 2.1 of Liu, Aue and Paul (2015) for the MA(0) case and Theo-
rem 1.1 of Jin et al. (2014).

By Remark 3.1, Example 1(a) continues to hold if we assume (A7) instead
of (A2). If we assume (AS5) and (A6) instead of (A2), then Example 1(b) con-
tinues to hold. Moreover, Example 1(c) holds if we assume (A4) and (AS) instead
of (A2). Justification for Example 1 is given in Section 5.6.

EXAMPLE 2. Let X; =& where {& ;}’s are all i.i.d. random variables with
mean 0, variance 1 and E |81.1|2+5 < oo for some & > 0. Moreover, suppose
pn~! — y € (0, 00) holds. Then, using the same idea as in the proof of Exam-
ple 1(c), it can be shown that the Stieltjes transform of the LSD of 1200 21/2 i
given by

dFs(t
(3.22) m(z):/ =) ,
z—t(l —y—yzm(z))
where X is a symmetric positive definite matrix with compactly supported LSD

Fs. This is Theorem 1.1 of Silverstein (1995). If Fy = §1, this reduces to the
Stieltjes transform of the Mar¢enko—Pastur law.
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Apart from the expression (3.11) in terms of free variables, in general, there is
no further simplified form of the LSD of (I, + ). In the special case ¥; = A ;1,,,
Aj € R, forall j > 0, we can describe the LSD in terms of a compound free Poisson
distribution. We need some preparation for this description.

DEFINITION 3.1. A probability measure x on R with free cumulants
kn () = Amy (v) Vn>1,

for some A > 0 and some compactly supported probability measure v on R with
moments {m, (v)}, is called a compound free Poisson distribution with rate A and
jump distribution v.

As an example, suppose s is a semi-circular variable, defined by the moment
sequence (3.6), and a is another variable free of s. Then the free cumulants of sas
are given by [see Proposition 12.18 in Nica and Speicher (2006)]

(3.23) kn(sas,sas, ..., sas) = ¢(a") Vn > 1.

In particular, if a is self-adjoint with distribution v, then sas has the compound
free Poisson distribution with rate A = 1 and jump measure v.

Let A,y be self-adjoint with compactly supported LSD a. Then it can be
shown that, under (A1) and (A2), the limiting free cumulants of ZAZ™* are given
by

(324)  limk (ZAZ*, ZAZ*,...,ZAZ")=y""p(@’)  Vrz1.

Therefore, asymptotically ZAZ* is a compound free Poisson variable with rate
y~! and jump distribution ya.

Now we are ready to state the next example. Justification for Example 3 and
Remark 3.3 are given respectively in Sections 5.7 and 5.8.

EXAMPLE 3. Let X; ~ MA(q) process and suppose assumptions (Al), (A2)
and pn~! — y € (0,00) hold. Let y/; = A;I,, 1 < j <q. Then the LSD of 1 (I, +
f‘;") is a compound free Poisson whose rth order free cumulant equals

(3.25) kur =y " Eg(cosu®)h(r,0))  Vi=>0,

where
q 2
> el do =1, A= (A1, A2, .., Ag) and

j=0

0 ~U(0,2m).

h(r,0) =

(3.26)
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REMARK 3.3. By Remark 3.1(b), (3.25) continues to hold if we assume (A4)
and (AS) instead of (A2). Example 3 together with Remark 3.1(b) justifies Theo-
rem 2.1 in Liu, Aue and Paul (2015) when v; = A ;, Theorem 1.2 in Pfaffel and
Schlemm (2011) and Theorem 1 in Yao (2012), though none of them had identified
the limit as a compound free Poisson.

4. Numerical examples and applications.

4.1. Numerical examples. Let I, and J, be respectively the identity matrix
of order p and the p x p matrix with all entries 1 and let &, ~ N,(0, I ), Vt.
Let A, =0.51,, B, =0.5(I, + Jp). Let C), = ((¢;,;)) and D, = ((d;,;)) be two
p x p matrices with ¢; ; =I(1 <i <[p/2]) = I([p/2] <i < p),d; p+1-i =1 for
all i > 1 and 0 otherwise. We consider the following models.

Model 1: X; = &;.

Model 2: X; =& + Aper—1.

Model 3: X; =¢&; + Bpe;—1.

Model 4: X; = &; + Cp&‘z—l + Dpé‘,_z.

Note that in model 4, C, D, # D,C,, and hence they are not simultaneously
diagonalizable and the result of Liu, Aue and Paul (2015) is not applicable. For
each of these models, we draw one random sample of size n (n = 300, 500 and
1000). For each 1 < u <4, we plot the cumulative distribution function of ESD
(ECDF) of f‘uf‘jj and f‘uf‘; + f‘u+1f‘;‘;+1. The graphs for n = 300 are given in
Figures 1 and 2. Figures 1 and 2 in the supplementary file Bhattacharjee and Bose
(2015) contain graphs for n = 500 and 1000. These graphs support the following
points:

(a) For each of the above models, the ECDF are nearly identical for n =
300, 500 and 1000, that is, convergence has already occurred at n = 300. For
smaller values of n, convergence did not occur in our simulation. Some modifi-
cation may improve the situation for smaller sample sizes. Here, we did not inves-
tigate any possible modifications.

(b) ECDF of [, [ (or I, I + [',4117%, ) are almost identical—for all u > 0
in model 1, for all # > 1 in models 2 and 3 and for all # > 2 in model 4. Moreover,
ECDFs are different—for u = 1, 2 in both models 2 and 3, and for u =1, 2,3 in
model 4.

(c) For the MA(1) process, LSD of f‘uf‘;" (or [, f‘;‘ + f‘u+1f‘;’:+1) depends on
Y1 only through its LSD. Since LSD of A, and B), are identical (both have mass
1 at 0.5), the ECDF for models 2 and 3 are almost identical.

(d) As noted above, the result of Liu, Aue and Paul (2015) is not applicable
for model 4. However, by Theorem 3.1, the LSD of any symmetric polynomial in
(T, f;"} for model 4 exists and this is supported by row 2 right panel of Figures 1
and 2.

In Table 1, we have recorded the mean and variance of the ESD of I, IA“;‘ and

f‘uf‘;“ + f‘u+1f‘:+1, 1 <u <4, for model 4 and n = p = 300 along with the mean
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FIG. 1. ECDF of T',["¥, 1 <u <4 forn = p =300.

and the variance of their LSD using the description of the limits, given in Theo-
rem 3.1, in terms of free variables and limits of coefficient matrices Cp, and D,.
The empirical results agree with the theoretical results.

Incidentally, the autocovariance matrices {I",} themselves are not symmetric for
u > 1 and Theorem 3.1 does not apply. Nevertheless, their ESD should also con-
verge. Figure 3 supports this for I} of the MA(0) process. These non-symmetric
matrices are under investigation.

4.2. Applications.

4.2.1. Order determination of a moving average process. A method to deter-
mine the order ¢ of a moving average process in the univariate case is to plot the
correlogram (lag vs. sample autocorrelation graph) and § is taken to be an esti-
mate of g, if the sample autocorrelations of order greater than ¢ are small. In the
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TABLE 1
Means and variances for model 4, n = p =300
Matrix Sample mean Mean of LSD Sample variance Variance of LSD
rry 10.92 11 277.8869 278
FZI‘; 9.93 10 214.437 215
'3 F;“ 8.91 9 143.2908 143
F4I‘f{ 8.89 9 143.2524 143
FIFT + FZF; 20.85 21 802.6798 805
[ol5 + 1303 18.85 19 547.4531 546
F3F§‘+F4FI 17.81 18 433.1116 434

Pyl + 1502 17.76 18 433.507 434
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Fi1G. 3. ESD of f‘l for MA(0) standard Gaussian process for n = 500 (Multiple eigenvalues are
plotted only once).

high-dimensional case, as far as we know, there is no method in the literature for
estimating q.

We use Theorem 3.1 to propose an analogous graphical method of determin-
ing g. First, a look at Theorem 3.1 reveals that the LSD of f‘u f‘;j, for different u,
can differ only due to the distribution of C, = {c;_ 14, : 0 < j, j' < q}. However,
by applying (3.8), it is not hard to see that the joint distribution of C, are identical
for all # > g and are different for all 0 <u <gq.

Therefore, when X; is a MA(g) process, the LSD of f‘u f’;" are identical for all
u > q and are different for all 0 < u < g. These observations also hold true for any
symmetric polynomial IT, in Ty, f‘;“}, for u > 0.

Let, for all u > 0, I1, be a symmetric polynomial in {fu, f;} Note that the
lower the order of the polynomials, the lesser would be the moment conditions
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required for the LSD to be valid. As an analogue of the correlogram, we propose
to plot the ECDF of some chosen I, for first few sample autocovariance matrices
in the same graph. We say that ¢ is an estimate of g, if the ECDF of I1, with
order u > ¢ empirically coincide with each other. For example, consider the dis-
cussions in part (b) of Section 4.1 and Figures 1 and 2. There ¢ is determined quite
accurately in the simulated data.

4.2.2. Order determination of an autoregressive processes. Another important
problem is to determine the order of an infinite dimensional vector Autoregressive
(IVAR) process

4.1) Xe=e+A1 X1+ 42X+ + Ak X,

where k is unknown. Under suitable assumptions on the p x p parameter matrices
{A;}, one can show that X; satisfies (1.1) [see Bhattacharjee and Bose (2014)].
Suppose {¢,} satisfies assumptions (A1) and (A2). Suppose the unknown parameter
matrices {A;} are such that (4.1) is stationary, and consistent estimators {A;} for
{A;} are available. By consistency, here we mean that the limit of the spectral norm
of (Ai — A;) is zero (in probability). Such estimates are often available [see the
end of Section 3 and discussions after Theorem 4.2 in Section 4 of Bhattacharjee
and Bose (2014)]. Also suppose that {A;} are compactly supported and for any
finite symmetric polynomial IT of {A;} lim p~! E Tr(IT) < oo so that assumption
(A3) is satisfied.

Then it is easy to see that, for each u > 0, the LSD of f‘u f‘;" for the process {&;}

[i.e., for the MA(0) process], coincides with the LSD (in probability) for {ét(k) =
X — Zf‘zl A;X;_;}. See Section 8 of the supplementary file Bhattacharjee and
Bose (2015) for the proof. Instead of &, if we use any other positive integer s < k,
then the residual process {ét(s)} does not behave like the MA(0) process. As ECDF
of I',I'}} for u = 1, 2 coincide (almost surely) under MA(0) process, to determine
the order of the IVAR process, it is enough to check whether the ECDF of I f;"
of {ét(k)} for u = 1, 2 coincides or not. Therefore, if we plot the ECDF of Iy f‘,’j,

u = 1,2 for the residual process {é,(s)} in the same graph, the two distribution
functions coincide only when s = k. Hence, we may successively fit an IVAR(s)
process for s =0, 1,2, ... and for each s, plot the ECDF of I',I"}}, u = 1,2 for

residuals {ét(s)} in the same graph. We say that m is an estimate of order k of the
IVAR process, if the ECDF of fu f‘,’;, u =1, 2 do not coincide for all s < m and
coincide for s = m.

For illustration, consider the following IVAR processes. Let &, ~ N, »(0,1,),Vt.

Model 5: X; =¢; +0.5X;_1.

Model 6: X; =&, +0.5X,_1 +0.2X;_».

We let p = n and draw a sample of size n = 500. Assuming that we do not
know the parameter matrices, we use their banded estimator from Bhattacharjee
and Bose (2014).
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For model 5, we plot the two ECDFs of r u f‘;‘, u =1, 2 for the residual process

{é,(l)} in the same graph and observe that they coincide. See row 1, left panel in
Figure 4. Therefore, 1 is an estimate of the order of model 5. For model 6, we do
the same but the two ECDFs do not coincide (see row 1, right panel in Figure 4).
In row 2 of Figure 4, the same two ECDFs are plotted for {ét(z)} and they coincide
and hence 2 is an estimate of the order for model 6.

4.2.3. Asymptotic distribution of traces and an application in testing. One of
the referees raised the issue of convergence in distribution of the trace of any auto-
covariance matrix and if such a result could be possibly used for testing problems.
Let IT := H(f‘u, f‘j :u > 0) be a symmetric polynomial in {f‘u, f‘;’; cu >0} and
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cf% = lim E (Tr(IT) — E Tr(I1))2. Then, ford > 1, using some combinatorial calcu-
lations [see Lemma 2.1 in the supplementary file Bhattacharjee and Bose (2015)],
we have

lim E (Tr(IT) — E Tr(ID)”

0, T =2d — 1,
. d
- <1_[(2d —2k+ 1))0%4, if T=2d.
k=1
Therefore,
(4.2) (Te(IT) — E Tr(ID) 3 N (0, 63).

The following are some examples and simulations to support (4.2). We consider
n=pand & ~N,(0, I,), where s are independent.

EXAMPLE 4. Let X, = ¢, V¥r. Then E(Tr[) = n, E(Te("1TF) =n — 1,
E(Tr(l'y 4 1) = 0 and lim E(Tr(I'g) — E Tr([p))? = 2, lim E(Tr(0 TF) —
ETr([1T1)? = 10, im E(Tr(ly + ) — ETr(ly + ['}))? = 4. We omit the
detailed calculations which are simpler than the calculations in the next ex-
ample. Hence, (Tr(I'g) — n) 2 N(0,2), (Tr(f‘lf‘i‘) —n+1) 2 N(0, 10), and

Tr(ly + f‘i‘) i N (0, 4). Simulation results given in rows 1 and 2, left panel, Fig-
ure 5 support the above convergences.

EXAMPLES. Let X; =& +&_1. Then E(Tr(I'g)) =2(n— 1), lim E(Tr(I'o) —
ETr([p))* = 8. In Section 5.9, we show details of this calculation. Hence,

(Tr(f‘o) —2(n—1)) 3 N (0, 8). The simulation result given in row 2, right panel,
Figure 5 supports this convergence.
These results can be used for testing. For example, suppose we wish to test
Hy: X =¢; Vt against Hy:X;=¢ +¢&_1 Vt.

Then (Tr(f‘o) — n) can be used as a test statistic and large value of the test statistic
will imply rejection of Hy. Clearly, this idea can be extended to test other pairs of
simple null and alternative hypotheses for model (1.1).

5. Proofs. We first prove Theorem 3.1. For this purpose, we need the follow-
ing notions and results.

5.1. Convergence of NCPs and assymptotic freeness. A sequence of NCPs
(Span{bl-(”)}, ¢n) is said to converge to an NCP (Span{b;}, ¢), if for any polyno-
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mial 7,

(5.1) limg, (7 (b :i = 0) = p(w(b; :i = 0)).

Suppose (Span{bg-l) 11 >0,1=<j <k}, ¢, converges to (Span{b;; :i > 0,1 <

J <k}, ). Then Span{b{?’ :i > 0}, 1 < j <k, are said to be asymptotically free if
Span{b;; :i > 0} are free across 1 < j <k.

Let W,x, be a Wigner matrix. Let ¢, = n~'ETr. Let {Bin} and {D;jn},
1 <i < J be sequences of non-random, compactly supported, square matrices of
order n each of which converges in the above sense. Then, under assumption (A2),
the following facts are true. For (a) and (b), see Zeitouni, Anderson and Guion-
net (2010). (c¢) follows from (a), (b) and Theorem 11.12, page 180 of Nica and
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Speicher (2006). (d) is immediate from (a), (b) and (c). We drop the suffix n for
clarity.

(a) W/./n converges to the semi-circle law with moment sequence (3.6).

(b) W//n and {B;, D;, 1 <i < J} are asymptotically free.

() {n"'WB;W,1<i<J}and {D;,1<i<J}are asymptotically free.

(d) To compute limn 'ETr(n *D\WB,WDy;WB,WD5 - - - W B W Di41),
one can assume that W/+/n, {B;} and {D;} are asymptotically free.

5.2. Proof of Theorem 3.1. To prove Theorem 3.1, as discussed in Section 1,
we have to show (M1), (M4) and (C) are satisfied. Here, we shall only establish
(M1). Proof of (M4) and (C) are given respectively in Sections 3 and 4 of the
supplementary file Bhattacharjee and Bose (2015).

To establish (M1), we have to essentially show (3.11). Let f‘u (¢) be the uth
order sample autocovariance matrix of the process {;}. Let

q q
(5.2) Av=)_>" Vil jru@©V;  Yu=0.
j=0j"=0

Then by Lemma 1.1 of the supplementary file Bhattacharjee and Bose (2015), it is
enough to show (3.11) after we replace {I',, I';;} by {A,, A}}. Now

q q
(53) nn+p)Ai=n+p) 'Y Y WP WS Vi=0.
j=0j'=0

Note that by (a) of Section 5.1, W//n + p converges to the semi-circle law with
moment sequence (3.6). Moreover, by (3.8) and (3.9), {y j} and {EJ-} converge
respectively to {a;} and {c;}. Also, by (b), (c) and (d) of Section 5.1, s, {a;} and
{c;} are freely independent. Therefore, by (5.1), (3.11) holds and (M1) is verified.
Hence, proof of Theorem 3.1 is complete.

Next, we need an algorithm for computing moments of a particular type of
polynomials of free variables.

5.3. Algorithm to compute moments of free variables. As we have discussed
in Section 2, all joint moments of free variables are computable in terms of the
moments of the individual variables. The algorithm for computing moments under
freeness is different from the product rule under usual independence. Note that, for
our purpose, a typical term in the moment calculations [see, e.g., (3.7)] is

5.4) @(dosbisdisbasdy - --sbysdy) where {b;}, {d;} and s are free.

Note that in our case, since Tr(AB) = Tr(BA), our ¢ satisfies ¢p(ab) = ¢(ba),
Va, b. In this section, we shall discuss the algorithm for computing (5.4) in terms
of the moments of {b;}, {d;} and s.
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Let NC(n) be the set of all non-crossing partitions of {1, 2, ..., n}. Define recur-
sively a family of multiplicative, multi-linear functionals ¢, (n > 1, 7 € NC(n)) by
the following formula. If 7 = {V{, Va, ..., V;} e NC(n), then

(55) ¢7r[a1’ a27 sy al’l] = w(vl)[alv aZv ceey an] o (p(vr)[al’ a29 sy al’l]v
where
(5.6) e(V)lay,az, ...,a,] :=¢s(aai,---ai,) forV=_>G<ir<- - <liy).

Let NC2(2n) be the set of all non-crossing pair partitions of {1,2,...,2n} and
K () € NC(n) be the Kreweras complement of the partition 7 [see Definition 9.21
in Nica and Speicher (2006)]. Then we have the following lemma. Relation (5.9)
will be useful to justify Example 1(a) and (b). Relations (5.7) and (5.10) will be
useful to prove Lemma 5.2.

LEMMA 5.1. (a)
¢(dosb1sdysby - - - sdy)

(5.7) = Y. 9rmwlbi,di, by, dy, ... by, dndo]
T eNCy(2n)

(5.8) = Y b1, b2, ..., balokmldi. do. ... dndo]
7eNC(n)

(5.9) = Y ¢xldi.da.....dudolok x)lb1. b2, ... byl
weNC(n)

(b) Fix 1 =ko < ki < --- < ks <n and the following subset of NC2(2n) as
S ={m e NC2(2n) : {2k;, 2kiy1 — 1} €, 0 <i <t, ki1 = ko}.
Then
Y eklbi.di. by da, ... by, dudo]

res

(5.10)
t t+1
= w(]_[ bks) [T ek, sbr,_,+15dk,_ 41 sdi,—1),

s=0 s=1

where ko =1, dy,,,—1 = dpdp.

Relation (5.7) follows by (22.10) of Nica and Speicher (2006). By freeness of
{b;} and {d;}, and by properties of the Kreweras complement [Exercises 9.41(1),
9.42(1) and (2) in Nica and Speicher (2006)], (5.8) and (5.9) follow from (5.7). Re-
lation (5.10) follows from the multiplicative property (5.5) and (5.6) of partitions
and from certain properties of Kreweras complement. A detailed proof of (5.10) is
given in Section 9 of the supplementary file Bhattacharjee and Bose (2015).
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5.4. A recursion formula for moments and its proof. In this section, we shall
prove a lemma that provides a recursion formula for the moments of the LSD of
2~ + "), which will be used in the proof of Remark 3.2 in the next section.

Let

D = 271(1}:‘” + f:) and duq = 271()/14(1 + V:q)’

where y,4 is as in (3.10). Suppose 0 is a U (0, 27r) variable, which is (classical)
independent and commutative with {a} and d,;. Recall 2 (4, 0) in (3.14). For any
polynomial IT=TI(y;, tp;‘ :j>0),let1= l'[(aj,a;‘-‘ :j>0).Forall j >0, let

(5.11) Ryj©) =y '+ e(h(r.0)d] "),
(5.12) 840, TD) =y~ (1 + »e(TTh(h, 0)d], ).

LEMMA 5.2. Let X; ~ MA(q) process and suppose assumptions (A1), (A2),
(A3) and pn~"' — y € (0, 00) hold. Then for any polynomial TT1 = (Y, w;‘ j=
0), we have

lim p~'E Tr(TID")
(5.13)

r

1 t
= ;ZEQ |:(y cos(ud))’ > Sui, (0, H)(H Ruyiy (9))]

=1 1<iy,ia,...,i; <r k=2
P
Zj:l Lj=r

PROOF. From the proof of (3.11), it is immediate that

Y limp~' ETr(TID")
14y
= ¢(Md,,, )
(5.14)
q T
= > Y go(l'l I1 ajkscjk_jﬁvksa;f]i) by (3.10)
Joji=1 ==\ k=l
I<k<r l=k=r
= ) W by,
oeNC,(2r)
where
q -
Ty = Z Z ¢K(G)[cjl_j;+vl,a;’f{aj2, cjz_j2r+v2,a";éaj3, .. .,a;'-‘r/ajll'l],
jkaj[izl V=i, —U
I<k<r lsk=r

and K (o) is the Kreweras complement of 0. Now to compute (5.14), we consider
the decomposition of NC>(2r) = U;_; P2, where 7312’ ={o0 e NC,(2r):{1,2} €
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olandforall2 <t <r,
P ={o € NC2(2r) : {2ko — 1, 2k;}, {2ko, 2ky — 1}, {2k, 2ka — 1}, ...,
{2k1_2,2k1_1 — 1} ceo,l=ky<ki<ky<---<ki_y Sr}.

Hence, (5.14) is equivalent to

(5.15) Y1+ imp ' ETH(IID") =) T;,

t=1

where forall 1 <t <r,

(5.16)  Ti= Y o= > gt ki, ko, ... ki—1),

O’G'P,zr I=ko<ki<ky<---<k;—_1=<r
and

2N A+ ) gt + 1, ki ko, . kr)

s ks—1
(5.17) = > (]_[ Ciyg— i, +ka> [Tela) di ™ aj,.,)

e
1< Jks s Jiy <4 s=0
Vg =U,—U

[by (5.10) and where k41 =r +1and a;,  =aj, I].

Now, by (3.8),

t
t . . ./
1, if Jky — Jk. T+ Vi, =0,
o(ITensom) - 32 = i 1)
s=0

0, otherwise

= E@ (ele Zgzo(jks 71]23 +'Uks))
where 6 ~ U (0, 27).
Therefore, (5.17) is equivalent to

1

—ks—1
- Z Ee(eZ s=0 10 (ks — Jk3+vks 1_[ (p a d YH s aj. )
1+y (+D)
1< ks Jj, <4 s=0
Vg =U,—U

49(_]4/ +Jk +vpg) * kyp1—ks—1
E el ks (s+1) s a;
0 1_[ Z ( d“ Jk(s+1) )

$=0 i kg q s Vks

where ji, | = Jjio-
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Note that for a fix 0 <s <1, since vy, = u, —u,

i‘g(_jjér'f'jk +Vks) * ks11—ks—1
g (s+1) S iy :
Z € q)(a_]]is dug a]k(H]))

iy s Ty Vs
. 0] x =0, \ jkst1—ks—1
= 2costurp((Le ™oy, ) (Lag e )l
Jks

y
2¢08(u8) = Rutts ko (0) l<s<r—1,

y
2 0)——S _in (6, I1), =t.
cos(u )l—i-y u(r+1—k) (0, IT) s

Hence, forall 1 =ky <k; <ky <--- <k; <r, we have

g+ 1,k ky, ..., k)

t—1
=y +»)7"Ey (cos(ue)su<r+1_k,>(9, m[] cos(w)Ru(km_kS)(e)).
s=0

Therefore, by (5.16), forall 1 <t <r,

t

Y
(I+y)

t:

t—1
Eg [(cos(ue))fsu<r+1_k,>(9, m ] me_ks)(e)]

l=ko<ki <<k <r s=0

kiy1=r+1

t
=y'a+y"'t > E@((cos(ue))fsui1 @, 1D [ ] Rui, (9)).

1<iy,iz,.. s=2
i1+io+-+i;=r

Hence, by using (5.15) and (5.16), relation (5.13) follows. [J

5.5. Proof of Remark 3.2. (a) We prove (3.12)—(3.15) stated in Remark 3.2
under assumptions (A1)—-(A3). By Remark 3.1, assumption (A2) can be replaced
by assumptions (A4) and (AS).

Let us define

K@z 6) =) z'Ri0), D=) z"'d,,
i=1 i=1
B(L.z2) = Eg(cosd)h(x,0)(1 + ycosud)K (z.6)) "),
where {R,;} is defined in (5.11). Now note that
o0
YA+ K@ 0 =) "zp(h(r.0)d,,") by (5.11)
i=1

(5.18) 1 -1
= —z""9(h(1.0)) — 2 'o(h(1,0) D),
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where
@(h(r,0)D)

= i 7yt Zr: Ey |:(y cos(ub))
r=1

=1

t
x( > Sm-l(e/,h(x,e))]‘[Rm-s(e/)ﬂ (by Lemma 5.2)

I<iy,ip,....it<r §=2
i1+ip+-+ir=r

=y! i Ey |:(y cos(ud"))'

t=1

xiz_r( > sm«l(e’,ha,e))li[Rm-s(G’))}

1<iy,io,...,i; <r s=2
i1+ig+-+iy=r

=y i Ey |:(y cos(ud"))' (K (z, 0'))t_l (i 27" Sur (07, h (2, 9)))i|

t=1 r=1

— By [cos(uef)(l +ycos(ud')K (z.6) " (izrsw (6. h(, 0)))}

r=I1
= q;(Z 2l h (O, 0)Egr[h(h, 0) cos(ud')(1 + ycos(ud') K (z, 9/))_1])
r=1

=7"'p(h(1.0)B(1. 2)) + 27 9(Dh(1.0)B(2, 2)).
In a similar fashion, using 4 (A, 6) B(A, z) instead of i (A, ) in the above steps,
@(Dh(x,0)B(x, 2)) =z 'o(h(x,0)B*(1, 2)) + 2 'o(Dh(x, ) B> (1, 2)).
Finally iterating we have

(5.19) @(h(x,0)D) =Y "z "p(h(r,0)B" (%, 2)).

r=1

We now need to show only (3.12) and (3.13). Using (5.19) and (5.18),

y(1+y) 'K (z,0)
(5.20

- —z_l<P<Z h(.0)z ™ B G, z>> = ¢(h(.0)(BG.. ) —2) "),

r=0
which is (3.13) in Remark 3.2.
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Note that the above steps from (5.18) leading to (5.20) remain valid if we replace
h(XA,0) by 1in (5.18). This yields [instead of (5.20)],

(5.21) Y1+ 'm@) =((BG,2) —2) 7)),

which is (3.12) in Remark 3.2. Hence, the proof of Remark 3.2(a) is complete.
(b) We now prove that under assumption (B), the Stieltjes transform equations
(3.12)—(3.15) reduce to equations (3.16)—(3.18).
Note that under assumption (B),

h(k,@):(Zeug )(Ze ijo *) A:{aj,a;’f:jZO}
=y(l+y" (Z e f; (a)) (Z e‘”"fj"(ct))
j=0

j=0
(5.22) + (14 y)~ 18, oa~F,
o . 2
=y 4+ fi| + A+
j=0

=y +y) (.0 + (1 +"18,  a~F,

where dp is the degenerate random variable at 0. Therefore, after substituting (3.15)
in (3.13), we have

K(z,0) =y ' (1 + y)o(h(h,0)(B(r,2) —2) ")

o (___cosd)h(.0') )_ ]—1 )
=Y “*”‘”([Ee(<1+ycos<u9/>K<z,9/>> ¢ he0)

B cos(ud)h (a, 0") -
_/[Ee’((l+ycos(u9/)K(z,9/))) —z] hi(@,0)dF, by (5.22).

Hence, (3.13) reduces to (3.17). Similarly, one can show (3.12) reduces to (3.16).
Therefore, proof of Remark 3.2(b) is complete.

5.6. Justification for Example 1. (a) Observe that, by (3.11),
limp ™ ETr(Co)" =y~ A+ 0ol Vhz1,

where by (3.10), yoo = v, = (1 + y)aopscosag. By (3.8) and (3.9), ag and cq are
both Bernoulli random variables with success probabilities y(1 + y)~ Uand (1 4+
y)~!, respectively. Hence, by (5.9), the hth moment of the LSD of o is given by

(1+y)h+l
(5.23) > xlag.ag. ... a3lekmlco. co. - .. col.
weNC(h)
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Note that if 7 € NC(h) has k blocks, then
(pﬂ[a(%va(z)a"'va(%] :(pn[GO»GO,---,aO]:yk(l +)’)_k,
(pﬂ[c()7 CO’ ] CO] = (l + y)_k

By (9.18) on page 148 in Nica and Speicher (20006), if ¥ € NC(h) has k blocks
then K (;r) has (h — k + 1) many blocks. Therefore, (5.23) equals
h# NC(h) : 7 has k block ety (= h k=1
> #{m € NC(h) : 7 has k blocks}y _Z§(k—1><k—l>y :
k=1 k=1
which is the Ath moment of the MarCenko—Pastur law [see (3.19)]. For the last

equality, see page 144 of Nica and Speicher (2006). This proves (a).
(b) Observe that, by (3.11),

lim p~ ETr((np ")’ Fu(e)T@)" =y~ @V + o (nor)" Va1,

where, by (3.10), yuo = (1 + y)aoscysag and vy, = (1 + y)aoscjsag. Since the
marginal distribution of all the ¢;’s are same for zA > l,Ausing free independence
of Span{s}, {a;,a}} and {c;, c}}, the LSD of (%)zFu(s)Fj(s) are identical for all
u>1.

Now we show that the LSD is the free Bessel law. Let

NCE(2n) = {7 € NC(2n) : every block of 7 has even cardinality}.
By (5.9), the hth order moment of the LSD of (%)Zf‘u (s)f‘;‘ (e) is given by

2h+1
% Y. ¢xmlao,ao, ..., alex[ci, i cise
Y 7eNC(2h)
Note that ¢r[c;,c},ci ¢}, ...,ci,c;] =0 if m € NC(2h) — NCE2h). If w €
NCE(2h) has k many blocks, then ¢ [c;, ¢/, ci,c/,...,ci,ci]=(1+ y)¥. Note
that by (9.18) on page 148 in Nica and Speicher (2006), K (;r) has 2h + 1 —
k blocks, and hence ¢k (r)lao, ao, ..., aop]l = y*"T17K(1 + y)?#+1=k Therefore,
(5.24) equals

(5.24)

E %
i,...,C,‘,Cl-].

h
y~ Y " #{w € NCE(2h) : 7 has k blocks}y*" 1=+~
k=1

il(h—l)( 2h ) i,
= — y ,
“\k—1)\k—1

where the last equality follows from Lemma 4.1 of Edelman (1980). The final
expression is indeed the ith moment of the free Bessel(2, y~!) law. This proves
(b) under (A2).

[by (3.8) and (3.9)]
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(c) By (5.20) and (5.21), the Stieltjes transform of LSD of 1 (F + F ") satisfies,

1 27 cosOdo -1
(5.25) m(z) = (z — —/ —) .
2 Jo 1+ ym(z)cosd

Now by contour integration, it can be shown that

1 /2” cosO db 1 2 1
2 Jo 14+ ym(z)cos®  ym(z) y2m2(z) w1 —w>’
where w; and w; are two roots of w? + 2(ym(z))_1a) + 1 =0 with |w{| > 1,
lwa| < 1 and (w1 — wp) 2 = 4(3;"27(?@) Therefore, by (5.25), we have
-1 1 2(w) — wy)”!
—_— =7z —
m(z) ym(z) y2m?(z)

— (1 —y) —zym@)(1 — y*m? () =1
Hence, Example 1(c) follows.

5.7. Justification for Example 3. By Remark 3.1(a) it is enough to work under
assumption (A2). Note that the LSD of v; is 8;- We can write

nAu:Z(ZZA Pi_ ,+u>Z*, nA::Z(ZZA Py Hu)Z*.

j=0j'=0 j=0j'=0

By Lemma 7.1 of the supplementary file Bhattacharjee and Bose (2015), LSD of
%(Fu +1I')) and %(Au + A}) are identical. Moreover,

1 nl
Z(A + ) Z( ZZ)‘)‘ Pj- J+M+P ’+u)>Z*’

J=0;'=0

whose LSD is a compound free Poisson [see discussions around (3.24)] and
by (3.24), its rth order free cumulant is given by

1 r
y " im — Tr(E > rjhi(Pijryu+ Py +u))
J,Jj'=0
=y " Eg(cosub)h(1,6))",
where 7 is as given in (3.26) and 8 ~ U (0, 27). Hence, Example 3 is justified.

5.8. Proof of Remark 3.3. It is enough to show that (3.25) justifies Theo-
rem 2.1 in Liu, Aue and Paul (2015) when v; = 4 ;.
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For a variable a, define the free cumulant generating function

(5.26) C@=1+> ki,

r=1

where k; is the rth order free cumulant of a. One can show that
(5.27) —C(—m(2)) =zm(2),

[see (12.5) on page 198 of Nica and Speicher (2006)] where m(z) is the Stieltjes
transformation of a.

Here, we consider a to be distributed as LSD of %(f‘u +T *). Our goal is to find
the power series expansion of C(—m(z)) from m(z) in (3.16) and show that the
coefficient of (—m(z))" in that expansion is same as k- in (3.25).

As j = Ajl,, (3.18) reduces to (3.26), and hence (3.16) and (3.17) reduce to

where

cos(ud)h(r, 0) )
1+ ycos(ud)K(z,0)

(5.29) K(z,0) =m()h(,0).
Hence, by (5.27),

(5.28) LI —E(
. m(z) =Ly

1
C(—m(z)) = —zm(z) = —m(z)(m + z> +1

_ g (cos(u@)m(z)ﬁ(k,@)
~ 1+ ycosb)K (2, 0)

_ —Ee( cos(u@)m(z)h()i, ) ) 4
1+ ycos(u@)m(z)h(r,0)

) +1 by (5.28)
(5.30)

by (5.29)

=1+ ¥y 'Eg(cos@d)h(n,0)) (—m(z))".

r=1

Therefore, for all r > 1, the coefficient of (—m(z))” in (5.30) agrees with k- in
(3.25). This completes the proof.

5.9. Detailed calculation for Example 5 in Section 4.2.3. Note that X; = &; +
&1, where &, ~ N(0, I,) and I, is the identity matrix of order p. Suppose n = p.
Therefore, for every i > 1, (&;; + &—1,4+i) ~ N (0, 2), and hence

(531) E(eri+e—140°=2,  E(eri+e—14)" =12,
E(Tr(lg)) =n~" > E(X,zl’l-l) =n! Y E(en.i, +en-1.4,)°

11,01 11,01

—2(n—1)

(5.32)
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and
E(Tr(Fo) — E Tr(ly))?
= E(Tr(F0))* — (E Tr(Fp))?
=n"? Y EX},;X.,)—4m-1>  [by(532)]

t,i1 0,0
1,02,i1,i2
=n" Y EX] )EXp.,)+n? > EX]:)
11 #£1,11,i2 t1=th,i1=i
+n2 Y E(X;)E(X]) —4m—1)°
t1=t,i1#i
— 12
=4(n—1)(n—2)+ 12+4% —4mn -1 [by (5.3D)]
n—1 , 2 n—1
=12+4 (n"—2n4+n—-1—-n"+n)=12-4

n n
— 8.
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SUPPLEMENTARY MATERIAL

Supplement to ‘“Large sample behaviour of high dimensional autocovari-
ance matrices” (DOI: 10.1214/15-A0S1378SUPP; .pdf). In this supplement, we
provide additional technical details and simulations.
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