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CORRECTION

INVERSE REGRESSION FOR LONGITUDINAL DATA

Ann. Statist. 42 (2014) 563–591

BY CI-REN JIANG1 AND JANE-LING WANG2

Academia Sinica and University of California, Davis

It has been pointed out to us by L. Forzani (Universidad Nacional del Litoral)
that a gap exists in Lemma 2.4 in Jiang, Yu and Wang (2014). In this note we
replace it with Lemma 2.4 and Theorem 2.1, based on an additional condition on
the decay rate of ξi and an additional assumption on the coefficients ak,i = 〈φi, ηk〉.
Following are the specific changes.

In the abstract, the sentence “We develop asymptotic theory. . . rate of conver-
gence.” is replaced by “We develop asymptotic theory for the new procedure.”

Page 565: “Asymptotic results for the new procedure are presented in Sec-
tion 2.3, where. . . densely sampled longitudinal data (or functional data).” is re-
placed by “Asymptotic results for the new procedure are presented in Section 2.3.”

Page 579: “In particular, we achieve the optimal rate of convergence for e.d.r.
directions” is removed.

The text from Lemma 2.4 (page 573) to the end of page 574 is replaced by the
following:

The following condition about ξi is similar to what has been assumed in Hall
and Horowitz (2007).

CONDITION 1. The covariance operator satisfies �(s, t) = ∑∞
i=1 ξiφi(s)φi(t),

where ξi − ξi+1 > C0i
−α1−1 for some constant C0 > 0, i ≥ 1 and α1 > 1; hence

ξi ≥ C1i
−α1 for some constant C1 > 0.

ASSUMPTION A.9. |ak,j | < C2j
−α2 for some constant C2 > 0.

Because ηk = ∑∞
i=1 ak,iφi(t) and ηk ∈ R�1/2 ,

∑∞
i=1 a2

k,iξ
−1
i < ∞. Assump-

tion A.9 and ηk ∈ R�1/2 imply that 2α2 − α1 > 1, which means that the space
spanned by {ηk}Kk=1 is smoother than �. The following two results in Hall and
Horowitz (2007) will be used in the proof.
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Let �1 = ∑
i τ1,iψ1,i(s)ψ1,i(t) and �2 = ∑

i τ2,iψ2,i(s)ψ2,i(t) be two general
covariance operators in L2, then

sup
j≥1

|τ1,j − τ2,j | ≤
(∫∫

(�1 − �2)
2
)1/2

;(1)

sup
j≥1

δj‖ψ1,j − ψ2,j‖ ≤ 81/2
(∫∫

(�1 − �2)
2
)1/2

,(2)

where δj = min1≤k≤j (τ1,k − τ1,k+1) and
∫

ψ1,j (t)ψ2,j (t) ≥ 0.

Let �
−1/2
L = ∑L

i=1 ξ
−1/2
i φi(s)φi(t) be the truncated version of �−1/2. Denote

rn1 = (nh2EN)−1 + h4 and rn2 = (nh2
μEN)−1 + (nh2

φEN)−1 + (hμ + hφ)4. In

order to show the convergence rate of ‖β̂k − βk‖2, we need the following lemma.

LEMMA 2.4. Under Condition 1 and Assumptions A.1–A.9, we have∥∥�̂−1
L �̂e�̂

−1/2
L − �−1�e�

−1/2∥∥2

= Op

(
L(−2α2+α1+1) + L(3α1+2)rn1 + L(3α1−2α2+4)rn2

)
.

THEOREM 2.1. Under Condition 1 and Assumptions A.1–A.9, we have

‖β̂k − βk‖2 = Op

(
L(−2α2+α1+1) + L(3α1+2)rn1 + L(3α1−2α2+4)rn2

)
.

Theorem 2.1 indicates that when α2 	 α1 > 1 and all the bandwidths are of
the same order, the best convergence rates of β̂k are close to (1/

√
nh + h2) and

(1/
√

nh2 + h2) for functional data (i.e., 0 < ENh < ∞) and for longitudinal data
(i.e., EN < ∞), respectively.

Further, the proof for Theorem 2.1 in the Appendix from page 586 to page 590
is replaced by the following two proofs.

PROOF OF LEMMA 2.4. Observe that∥∥�̂−1
L �̂e�̂

−1/2
L − �−1�e�

−1/2∥∥2 ≤ 3(T1 + T2 + T3),

where T1 = ‖�̂−1
L �̂e�̂

−1/2
L −�̂−1

L �e�̂
−1/2
L ‖2, T2 = ‖�̂−1

L �e�̂
−1/2
L −�−1

L �e�
−1/2
L ‖2

and T3 = ‖�−1
L �e�

−1/2
L −�−1�e�

−1/2‖2. To complete the proof, we simply need
the convergence rates of T1, T2 and T3. First,

T1 ≤ ∥∥�̂−1
L

∥∥2‖�̂e − �e‖2∥∥�̂−1/2
L

∥∥2

≤ Op

((
L∑

j=1

j2α1

)
× rn1 ×

(
L∑

j=1

jα1

))
≤ Op

(
L(3α1+2)rn1

)
.
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For the convergence rate of T2, it suffices to show the order of ‖(�̂−1
L −

�−1
L )�e�

−1/2
L ‖2, as the remainder terms are of smaller orders. Observe that∥∥(

�̂−1
L − �−1

L

)
�e�

−1/2
L

∥∥2

≤ C

(∥∥∥∥∥
L∑

i=1

(
1

ξ̂i

− 1

ξi

)
φ̂i(s)φ̂i(t)

∥∥∥∥∥
2

+
∥∥∥∥∥

L∑
i=1

1

ξi

(
φ̂i(s)φ̂i(t) − φi(s)φi(t)

)∥∥∥∥∥
2)

× ∥∥�e�
−1/2
L

∥∥2
,

for some positive constant C. Direct calculations lead to∥∥∥∥∥
L∑

i=1

(
1

ξ̂i

− 1

ξi

)
φ̂i(s)φ̂i(t)

∥∥∥∥∥
2

≤
L∑

i=1

∣∣∣∣
(

ξi − ξ̂i

ξ̂iξi

)∣∣∣∣
2

≤ Op

(
L(4α1+1)rn2

)
,(3)

∥∥∥∥∥
L∑

i=1

φ̂i(s)φ̂i(t) − φi(s)φi(t)

ξi

∥∥∥∥∥
2

≤ Op

(
L∑

i=1

‖φ̂i − φi‖2

ξ2
i

)

(4)
≤ Op

(
L(4α1+3)rn2

)
and

∥∥�e�
−1/2
L

∥∥2 = ∥∥�1/2
L �

−1/2
L �e�

−1/2
L

∥∥2 ≤ Op

(
K∑

k=1

L∑
i=1

a2
k,iξi

)

(5)
= Op

(
L(−2α2−α1+1)).

Combining (3), (4) and (5), we have∥∥(
�̂−1

L − �L

)
�e�

−1/2
L

∥∥2 = Op

(
L(3α1−2α2+4)rn2

)
.

Also, T3 ≤ Op(
∑K

k=1
∑

i>L a2
k,iξ

−1
i ) = Op(L(−2α2+α1+1)). The proof is thus

complete. �

PROOF OF THEOREM 2.1. Observe that

‖β̂k − βk‖ = ∥∥λ̂−1
k �̂−1

L �̂e�̂
−1/2
L η̂k − λ−1

k �−1�e�
−1/2ηk

∥∥
≤ λ̂−1

k

∥∥�̂−1
L �̂e�̂

−1/2
L η̂k − �−1�e�

−1/2η̂k

∥∥
+ ∥∥λ̂−1

k �−1�e�
−1/2η̂k − λ−1

k �−1�e�
−1/2ηk

∥∥.
The convergence rate of the first term can be obtained by employing the result

of Lemma 2.4. The second term satisfies∥∥λ̂−1
k �−1�e�

−1/2η̂k − λ−1
k �−1�e�

−1/2ηk

∥∥
≤ ∥∥λ̂−1

k �−1�e�
−1/2(η̂k − ηk)

∥∥ + ∥∥(
λ̂−1

k − λ−1
k

)
�−1�e�

−1/2ηk

∥∥,
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where the first component satisfies∥∥λ̂−1
k �−1�e�

−1/2(η̂k − ηk)
∥∥2

≤ λ̂−2
k

∥∥�−1�e�
−1/2∥∥2∥∥(η̂k − ηk)

∥∥2

≤ Op

((
K∑

k=1

∞∑
j=1

a2
k,j ξ

−1
j

)∥∥(η̂k − ηk)
∥∥2

)

≤ Op

(∥∥(η̂k − ηk)
∥∥2)

≤ Op

(
L(−2α2+α1+1) + L(3α1+2)rn1 + L(3α1−2α2+4)rn2

)
.

The third inequality above results from the fact that
∑K

k=1
∑∞

j=1 a2
k,j ξ

−1
j < ∞, and

the last inequality results from (2). The rest of the proof follows from the fact that∥∥(
λ̂−1

k − λ−1
k

)
�−1�e�

−1/2ηk

∥∥2

≤
(

λ̂k − λk

λ̂kλk

)2

‖λkβk‖2

≤ Op

(
(λ̂k − λk)

2)
≤ Op

(
L(−2α2+α1+1) + L(3α1+2)rn1 + L(3α1−2α2+4)rn2

)
. �

REFERENCES

HALL, P. and HOROWITZ, J. L. (2007). Methodology and convergence rates for functional linear
regression. Ann. Statist. 35 70–91. MR2332269

JIANG, C.-R., YU, W. and WANG, J.-L. (2014). Inverse regression for longitudinal data. Ann.
Statist. 42 563–591. MR3210979

INSTITUTE OF STATISTICAL SCIENCE

ACADEMIA SINICA

TAIPEI, 115
TAIWAN

E-MAIL: cirenjiang@stat.sinica.edu.tw

DEPARTMENT OF STATISTICS

UNIVERSITY OF CALIFORNIA

DAVIS, CALIFORNIA 95616
USA
E-MAIL: janelwang@ucdavis.edu

http://www.ams.org/mathscinet-getitem?mr=2332269
http://www.ams.org/mathscinet-getitem?mr=3210979
mailto:cirenjiang@stat.sinica.edu.tw
mailto:janelwang@ucdavis.edu

	References
	Author's Addresses

