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CO-CLUSTERING SEPARATELY EXCHANGEABLE
NETWORK DATA!

BY DAVID CHOI AND PATRICK J. WOLFE
Carnegie Mellon University and University College London

This article establishes the performance of stochastic blockmodels in ad-
dressing the co-clustering problem of partitioning a binary array into subsets,
assuming only that the data are generated by a nonparametric process satis-
fying the condition of separate exchangeability. We provide oracle inequali-
ties with rate of convergence O p n~V 4) corresponding to profile likelihood
maximization and mean-square error minimization, and show that the block-
model can be interpreted in this setting as an optimal piecewise-constant ap-
proximation to the generative nonparametric model. We also show for large
sample sizes that the detection of co-clusters in such data indicates with
high probability the existence of co-clusters of equal size and asymptotically
equivalent connectivity in the underlying generative process.

1. Introduction. Blockmodels are popular tools for network modeling that
see wide and rapidly growing use in analyzing social, economic and biological sys-
tems; see Zhao, Levina and Zhu (2011) and Fienberg (2012) for recent overviews.
A blockmodel dictates that the probability of connection between any two network
nodes is determined only by their respective block memberships, parameterized by
a latent categorical variable at each node.

Fitting a blockmodel to a binary network adjacency matrix yields a clustering of
network nodes, based on their shared proclivities for forming connections. More
generally, fitting a blockmodel to any binary array involves partitioning it into
blocks. In this way, blockmodels represent a piecewise-constant approximation
to a latent function that generates network connection probabilities. This in turn
can be viewed as a histogram-like approximation to a nonparametric generative
process for binary arrays; fitting such models is termed co-clustering [Flynn and
Perry (2012), Rohe and Yu (2012)].

This article analyzes the performance of stochastic blockmodels for co-
clustering under model misspecification, assuming only an underlying generative
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process that satisfies the condition of separate exchangeability [Diaconis and Jan-
son (2008)]. This significantly generalizes known results for the blockmodel and
its co-clustering variant, which have been established only recently under the re-
quirement of correct model specification [Bickel and Chen (2009), Bickel, Chen
and Levina (2011), Chatterjee (2012), Choi, Wolfe and Airoldi (2012), Fishkind
et al. (2013), Flynn and Perry (2012), Rohe, Chatterjee and Yu (2011), Rohe and
Yu (2012), Zhao, Levina and Zhu (2012)].

We show that blockmodels for co-clustering satisfy consistency properties and
remain interpretable whenever separate exchangeability holds. Exchangeability is
a natural condition satisfied by many network models: it characterizes permutation
invariance, implying that the ordering of nodes carries no information [Bickel and
Chen (2009), Hoff (2009)]. A blockmodel is an exchangeable model in which
the connection probabilities are piecewise constant. Blockmodels also provide a
simplified parametric approximation in the more general nonparametric setting
[Bickel, Chen and Levina (2011)].

In addition to providing oracle inequalities for blockmodel M -estimators cor-
responding to profile likelihood and least squares optimizations, we show that it
is possible to identify clusterings in data—what practitioners term network com-
munities—even when the actual generative process is far from a blockmodel. The
main statistical application of our results is to enable co-clustering under model
misspecification. Much effort has been devoted to the task of community detec-
tion [Fortunato and Barthélemy (2007), Newman (2006), Zhao, Levina and Zhu
(2011), Fienberg (2012)], but the drawing of inferential conclusions in this setting
has been limited by the need to assume a correctly specified model.

Our results imply that community detection can be understood as finding a best
piecewise-constant or simple function approximation to a flexible nonparametric
process. In settings where the underlying generative process is not well understood
and the specification of models is thus premature, such an approach is a natural first
step for exploratory data analysis. This has been likened to the use of histograms to
characterize exchangeable data in nonnetwork settings [Bickel and Chen (2009)].

The article is organized as follows. In Section 2, we introduce our nonparamet-
ric setting and model. In Section 3 we present oracle inequalities for co-clustering
based on blockmodel fitting. In Section 4 we give our main technical result, and
discuss a concrete statistical application: quantifying how the collection of co-
clusterings of the data approaches that of a generative nonparametric process. We
prove our main result in Section 5, by combining a construction used to establish
a theory of graph limits [Borgs et al. (2006, 2008, 2012)] with statistical learning
theory results on U -statistics [Clémencon, Lugosi and Vayatis (2008)]. In Sec-
tion 6 we illustrate our results via a simulation study, and in Section 7 we relate
them to other recent work. Appendices A—C contain additional proofs and techni-
cal lemmas.
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2. Model elicitation. Recall that fitting a blockmodel to a binary array in-
volves partitioning it into blocks. Denote by G = (V1, V,, E) a bipartite graph
with edge set E and vertex sets (Vi, V,), where assignments of vertices to V| or
V, are known. For example, V| and V> might represent people and locations, with
edge (i, j) denoting that person i frequents location j. See Flynn and Perry (2012)
and Rohe and Yu (2012) for additional examples.

2.1. Exchangeable graph models. For a bipartite graph G represented as a
binary array A, the appropriate notion of exchangeability is as follows.

DEFINITION 2.1 (Separate exchangeability [Diaconis and Janson (2008)]).
An array {A; j}?,ojzl of binary random variables is separately exchangeable if

P(Aijj=X;j,1<i,j<n)=P(Ajj =X, 1 <i,j <n)

foralln=1,2,..., all permutations I, [1; of foralln =1, 2, ..., all permuta-
tions Iy, 1o of 1, ..., n, and all X € {0, 1}**".

If we identify a finite set of rows and columns of A with the adjacency ma-
trix of an observed bipartite graph G, then it is clear that the notion of separate
exchangeability encompasses a broad class of network models. Indeed, given a
single observation of an unlabeled graph, it is natural to consider the class of all
models that are invariant to permutation of its adjacency matrix; see Bickel and
Chen (2009) and Hoff (2009) for discussion.

The assumption of separate exchangeability is the only one we will require for
our results to hold. A representation of models in this class will be given by the
Aldous—Hoover theorem for separately exchangeable binary arrays.

DEFINITION 2.2 (Exchangeable array model). Fix a measurable mapping
w:[0, 11> — [0, 1]. Then the following model generates an exchangeable random
bipartite graph G = (V1, V», E) through its adjacency matrix A:

(1) generate o ~ Uniform(0, 1);

(2) fix m =|Vi| and n = |V>|, and generate each element of § = (§1,...,&,)
and ¢ = (¢1, ..., &) "= Uniform(0, 1);

(3) fori=1,...,m,and j =1,...,n, generate Aijl'kfi'Bernoulli(w“(éi, Zi))s
where w(x, y) = »%(x, y) denotes the function (x,y) = w(a,x,y). If A;; =1,
then connect vertices i € V| and j € V5.

The Aldous—Hoover theorem states that this representation is sufficient to de-
scribe any separately exchangeable network distribution.

THEOREM 2.1 [Diaconis and Janson (2008)]. Let {A; J'}?j':l be a separately

exchangeable binary array. Then there exists some w [0, 11° — [0, 1], unique up

to measure-preserving transformation, which generates {A; j}?‘;-zl.
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The interpretation of the exchangeable graph model of Definition 2.2 is that
each vertex has a latent parameter in [0, 1] (§; for vertex i in Vi, and ¢; for ver-
tex j in V) which determines its affinity for connecting to other vertices, while «
is a network-wide connectivity parameter (nonidentifiable from a single network
observation). Because £ and ¢ are latent, w(x, y) itself is identifiable only up to
measure-preserving transformation, and is hence indistinguishable from any map-
ping (x,y) — w(«, m1(x), m2(y)) for which 71, m are in the set P of measure-
preserving bijective maps of [0, 1] to itself.

2.2. The stochastic co-blockmodel. Many popular network models can be rec-
ognized as instances of Definition 2.2. For example, Airoldi et al. (2008), Hoff,
Raftery and Handcock (2002) and Kim and Leskovec (2012) all present models in
which the resulting w(w, x, y) is constant in «, while Miller, Griffiths and Jordan
(2009) require the full parameterization w(«, x, y). The stochastic co-blockmodel
specifies w (¢, x, y) constant in @ and also piecewise-constant in x and y, and thus
can be viewed as a simple function approximation to w(x, y) in Definition 2.2.

DEFINITION 2.3 (Stochastic co-blockmodel [Rohe and Yu (2012)]). Fix inte-
gers K1, K> > 0, amatrix 6 € [0, 1151%K2 gpd discrete probability measures u and
von{l,..., K }and {l1,..., K»}. Then the stochastic co-blockmodel generates an
exchangeable bipartite graph G = (Vj, V2, E) through the matrix A as follows:

(1) Fix m = |Vi| and n = |V3|, and generate S = (S(1), ..., S(m))i'kfl'u and
T =), ..., Tn) .

(2) Fori=1,...,m,and j =1,...,n, generate Aijl'biBernoulli(@s(,-)T(j)). If
A;j =1, then connect vertices i € Vj and j € V;.

Additionally, given co-blockmodel parameters ¢ = (u, v, 6), define
wqb(X,)’):@Fl:l(x)F;l(y), X,yE[O, 1]

as the mapping corresponding to Definition 2.2, with F,- l(x) = inf,{F,(z) > x}
the inverse distribution function corresponding to a given distribution w.

Without loss of generality we assume K| = Ko = K in what follows, noting that
our results do not depend in any crucial way on this assumption. Thus, a stochas-
tic blockmodel’s vertices in V| belong to one of K latent classes, as do those
in V5. Vectors S € {1,..., K}"and T €{1, ..., K}" of categorical variables spec-
ify these class memberships. The matrix 6 € [0, 1]X¥*X indexes the corresponding
connection affinities between classes in V; and V,. Because S and T are latent,
the stochastic co-blockmodel is identifiable only up to a permutation of its class
labels.
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3. Oracle inequalities for co-clustering. If we assume that the separately ex-
changeable data model of Definition 2.2 is in force, then a natural first step is to
approximate w(x, y) by way of some piecewise-constant wg(x, y), according to
the stochastic co-blockmodel of Definition 2.3. This approximation task is equiv-
alent to fixing K and estimating ¢ = (u, v, ) by co-clustering the entries of an
observed adjacency matrix A € {0, 1}"*".

3.1. Sets of co-clustering parameters. To accomplish this task, we consider
M -estimators that involve an optimization over the latent categorical variable vec-
tors Se€{l,...,K}" and T € {1,..., K}". The resulting blockmodel estimates
will reside in a set ® containing triples (u, v, 0) € Q,, x Q, x [0, 115*K | where
we define €2, to be the set of all probability distributions over {1, ..., K} whose
elements are integer multiples of 1/m,

1 2 K K
Qn = {pe {O,m,m,...,l} .L;pa—l},
and likewise for €2,,. Note that €2,, and €2, are subsets of the standard K — 1-
simplex, chosen to contain all measures w and v that can be obtained by empiri-
cally co-clustering the elements of an m x n-dimensional binary array. Thus, by
construction, any estimator (;AS(A) = (i, v, é) based on an empirical co-clustering
of an observed binary array A € {0, 1}**" has codomain ®.
Given a specific 1 and v, let Q) denote the set of all node-to-class assignment
functions that partition the set {1, ..., m} into K classes in a manner that respects
the proportions dictated by u = (i1, ..., uxg) € Qn,

Qﬁ:{ve{l,...,K}m:|v_l(a)|=mua,a=1,...,K},

and likewise for Q.

3.2. Oracle inequalities. We now establish that, for L? risk and Kullback—
Leibler divergence, there exist M -estimators that enable us to determine, with rate
of convergence n~!/#, optimal piecewise-constant approximations of the genera-
tive w(x, y), up to quantization due to the discreteness of ®.

THEOREM 3.1 (Oracle inequalities for co-clustering). Ler A € {0, 1}"*" be
a separately exchangeable array generated by some w in accordance with Defi-
nition 2.2, and consider fitting a K -class stochastic co-blockmodel parameterized
by ¢ =(u,v,0) to A. Then as n — oo, with K and m/n fixed:

(1) For the least squares co-blockmodel M -estimator

m n
YD 10swyri) — Aijl?

i=1j=1

o 1
3.1 = argmin min —
G- ¢ fe(p SeQ)l,TeQ) mn
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relative to the L? risk

R,(¢)= inf | (1 (x), m2(y)) — wp(x, y) | dx dy,

m1,m2€P J[0,1]2
we have that
Ro(®) = inf Ro(@) = Op(n~'");
(2) Given any ¢ = (u,v,0), let B(¢p) = maxi<q.p <k [10g(Oan/(1 — Oap))|.

Consider the profile likelihood co-blockmodel M -estimator

. 1 m n
o= argmax{SEanlacheQn P Z Z {Aijlog(Bsai)T(j))
32) ¢ed e v i=1j=1

+ (1 — Aij)log(1 — Osiyr(j) }
relative to

Ly(¢)= sup 2{w(m (x), m2(y)) log wy (x, y)
m,meP J[0,1]

+[1 — o(m1(x), m2(y))]log(1 — we (x, ¥))} dx dy.
If p* = argmaxge g L, (¢) exists, and B(¢™) and B((}Ai) are finite, then

maxseo Lo(@) = Lo(@) _
B(¢*) + B(@)

(3.3) Op(n~1/4.

Theorem 3.1 can be viewed as analyzing maximum likelihood techniques in the
context of model misspecification [White (1982)], and is proved in Appendix A. It
establishes that minimization of the squared error between a fitted co-blockmodel
and an observed binary array according to (3.1) serves as a proxy for approxi-
mation of w by wy in mean square, and that fitting a stochastic co-blockmodel
via profile likelihood according to (3.2) is equivalent to minimizing the average
Kullback-Leibler divergence of the approximation wg(x, y) from the generative
w(x,y).

The existence of a limiting object w (x, y) implies that we are in the dense graph
regime, with expected network degree values increasing linearly as a function of m
or n. Given a correctly specified generative blockmodel, profile likelihood estima-
tors are known to be consistent even in the sparse graph setting of polynomial or
poly-logarithmic expected degree growth [Bickel and Chen (2009)]. In our set-
ting, however, the generative model is no longer necessarily a blockmodel; in this
context, both Borgs et al. (2008) and Chatterjee (2012) leave open the question of
consistently estimating sparse network parameters, while Bickel, Chen and Levina
(2011) give an identifiability result extending to the sparse case. The simulation
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study reported in Section 6 below suggests that the behavior of blockmodel esti-
mators is qualitatively similar across at least some families of dense and sparse
models.

3.3. Additional remarks on Theorem 3.1. In essence, Theorem 3.1 implies that
the binary array A yields information on its underlying generative w (x, y) at a rate
of at least n~!/4. While the necessary optimizations in (3.1) and (3.2) are not cur-
rently known to admit efficient exact algorithms, they strongly resemble existing
objective functions for community detection for which many authors have reported
good heuristics [Fortunato and Barthélemy (2007), Newman (2006), Zhao, Lev-
ina and Zhu (2011)]. Furthermore, polynomial-time spectral algorithms are known
in certain settings to find correct labelings under the assumption of a generative
blockmodel [Fishkind et al. (2013), Rohe, Chatterjee and Yu (2011)], suggesting
that efficient algorithms may exist when distinct clusterings or community divi-
sions are present in the data. In this vein, Chatterjee (2012) has recently proposed
a universal thresholding procedure based on the singular value decomposition.

REMARK 3.1. We may replace the objective function of (3.2) with the
full profile likelihood function maxgsegn, reor {37 log sy + Z;?ZI logvr(jy +

zr'nzl Z?:l {Aij IOg QS(i)T(j) + (1 — Aij) IOg(l — QS(i)T(j))}}- The same rate of con-
vergence can then be established with respect to the corresponding term for L, (¢),
adapting the proofs in Appendices A and B.

REMARK 3.2.  Assume ¢* = argmaxycq Lo(¢) exists. Terms B(¢*) and

B(¢) in (3.3) show that elements of 6* and 6 must not approach 0 or 1 too quickly
as n — o0; otherwise L., (¢) can be much smaller than L, (¢*).

This is a natural consequence of the fact that the Kullback-Leibler divergence
of wy from w is finite if and only if w is absolutely continuous with respect to
wgy. To see the implication, consider &, ¢, and A generated according to Defini-
tion 2.2 with w(x,y) = 1{x < 1/2}1{y < 1/2}. Let u; =m™! o HE < 1/2)
and vy =n~! 2?21 1{¢; < 1/2}. Then the maximum-likelihood two-class block-
model fit to A will yield a)dg(x, y) = I{x < u1}1{y <v1}, and so Lw(qAb) diverges
to —oo unless 1 =v; = 1/2.

4. Convergence of co-cluster estimates. We now give our main technical re-
sult and show its statistical application in enabling us to interpret the convergence
of co-cluster estimates. The estimators of Theorem 3.1 require optimizations over
the set of all possible co-clusterings of the data; that is, over vectors S and 7 that
map the observed vertices to 1, ..., K. Analogously, one may also envision an
uncountable set of co-clusterings of the generative model, which map the unit in-
terval [0, 1]to 1, ..., K. We define these two sets of co-clusterings more formally
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and then give a result showing in what sense they become close with increasing m
and n, so that optimizing over co-clusters of the data is asymptotically equivalent
to optimizing over co-clusters of the generative model. This result yields the rate
of convergence Op(n~'/%) appearing in Theorem 3.1, and also has a geometric
interpretation that sheds light on the estimators defined by (3.1) and (3.2).

4.1. Relating co-clusterings of A to those of w. Given a bipartite graph G =
(V1, V, E) with adjacency matrix A € {0, 1}"**", recall that the latent class vec-
tors Se{l,...,K}" and T € {1, ..., K}" respectively partition V| and V> into
K subsets each. To relate an empirical co-clustering of A to a piecewise-constant
approximation of some w, we first define the matrix A/ST € [0, 115X to index
the proportion of edges spanning each of the K2 subset pairs defined by S and T,

1
(A/ST)ap = — Z Z Aij, a,b=1,...,K.

mn
ieS—1(a) jeT~1(b)

Second, we define mappings o, T : [0, 1] — {1, ..., K}, which will play a role anal-
ogous to S and T'. Given some w: [0, 112 — [0, 1], this allows us to define a matrix
w/ot € [0, 11X*K which encodes the mass of w assigned to each of the K 2 subset
pairs defined by o and t as follows:

(w/or)abzf w(x,y)dxdy, a,b=1,..., K.
ol (@)xt~1(b)

We will use the K x K matrices A/ST and w/o 7 to index all possible co-
clusterings that can be induced by partitioning an observed binary array A €
{0, 1} into K2 blocks. To link these sets of co-clusters, recall from Section 3 the
sets Q' and Q7 of all node-to-class assignment functions that partition {1, ..., m}
and {1, ...,n} into K classes in manners that respect the proportions dictated by
= (i, ..., ug) € 2y and v = (v1, ..., vg) € 2,. Analogously, we define Q,,
(resp., Q) to be the set of partitions of [0, 1] into K subsets whose cardinalities
are of proportions 1y, ..., Ug:

Q,=1{0:[0,11— (1,..., K} such that o' (a)| = pg,a=1,...,K}.

We are now equipped to introduce sets J, l/jv and J7,, which describe all possible
co-clusterings that can be induced from A and w with respect to (i, v) € Q,;,;, X 2y,

and to define the related notion of a support function.

DEFINITION 4.1 (Sets F, ;fv and F77, of admissible co-clusterings).  For fixed
discrete probability distributions u and v over 1,..., K, we define the sets
]-'lfv, Fuv C REXK of all co-clustering matrices A/ST and w/o T, induced re-
spectively by (S, T) € Q’ZZ x Qy and (0, 7) € Q, x Q,, as follows:

Fh ={A/ST €10, 11K :s€ Q0 T € Q1)

Fiy ={w/ot €0, 1N5%.6€9,,7€9,}.



CO-CLUSTERING NETWORK DATA 37

DEFINITION 4.2 (Support functions of ]-"/fv and F). Let F C REXK be
nonempty and with (F, F’) = tr(FT F’). Its support function 4 :RK*K — R U
{H+o00} is defined as h7(I") = supp (', F) forany I' € RE*K whence

4.1 hra (T) = I',A/ST),

(4.1a) 74, @) (S’T)rélg%x%( /ST)

(4.1b) hro (D)= sup ([, w/oT).
(0,7)€QuXQ,y

We will show below that suppc(_j jjxxk |h;;:,v(F) — hfl!fu (I')| converges in

probability to zero at a rate of at least n~'/4, and this result in turn gives rise

to Theorem 3.1. To see why, observe that for any (i, v, ) € ®, the least squares
objective function of (3.1) can be expressed using & Fh (0) as follows:

min 9 26 A A
($.T)eQn= Qs 121121 ST ~ 29siT(HAij + )

I
Mw
M=

0% —2  max 0AST+— A;
HaVbY,p (S,T)GQ;’}XQ"< / 12212:1 ij

b=1

)
I
—

1
avph2, — 2hzy, (9)+m—ZZAU
i=1j=1

I
M=
Mw

Il
_
S
Il
-

a

As we prove in Appendix A, this line of argument establishes the following.

LEMMA 4.1. For any (u, v, 0) € ®, the difference between the least squares
objective function of (3.1) and the L? risk R, is equal to

2(hry, (0) — h;A(9)+—ZZA f za)(x,y)zdxdy,

11]1

and the difference between the profile likelihood function of (3.2) and L, is
B(e)(hfﬁu(FQ) — hfﬁu(r9)) whenever 0 < 6y, < 1 forall a,b=1,..., K, with

Ty € [—1, 115%K given element-wise by (T'g)ap = 10g(0ap/ (1 — 041,)) /B ().

4.2. A general result on consistency of co-clustering. From Lemma 4.1 we see
that closeness of / Fa, to hFe, implies closeness (up to constant terms) of the least

squares objective function of (3.1) to the L? risk R, (¢), and of the profile like-
lihood of (3.2) to the average Kullback—Leibler divergence of wg(x, y) from the
generative w(x, y). Equipped with this motivation, we now state our main techni-
cal result, which serves to establish the rate of convergence Op (n~ %) in Theo-
rem 3.1. Its proof follows in Section 5 below.



38 D. CHOI AND P.J. WOLFE

THEOREM 4.1. Let A € {0, 1}"*" be a separately exchangeable array gener-
ated by some w in accordance with Definition 2.2. Then for each K and each ratio
m/n, there exists a universal constant C such that as n — 00,

C
P ma S h I —hre (D)} > —= ) =0().
<(M,V)€QZXQn[Fe[—1U,I{)]KxK’ fifv( )~ ha )‘}_nl/“) ot

The support functions 4 FA, and & Fo, also have a geometric interpretation: for

any fixed I' € RK*K | they define the supporting hyperplanes of the sets F, ;fv and
JFy in the direction specified by I'. Each supporting hyperplane is induced by a

point in F lfv, or in the closure of F77, respectively; these points are extremal in
that they cannot be written as a convex combination of any other points in their
respective sets. Evidently, it is only the extreme points which determine conver-
gence properties for the risk functionals considered here. Equivalently, for any
fixed parameter triple ¢ € @, the values of these functionals depend only on the
maximizing choices of (S, T') or (o, 7).

Formally, Theorem 4.1 has the following geometric interpretation:

COROLLARY 4.1. The result of Theorem 4.1 is equivalent to the following:
The Hausdorff distance between the convex hulls of F, ;\V and F}}, is Op (=%,

PROOF. Consider F, F' ¢ RXXK and denote by |F| = Vtr(FTF) the
Frobenius norm (i.e., the Hilbert—-Schmidt metric on RX*X induced by (-, -)). The
Hausdorff distance between F and F’, based on the metric || - ||, is then

oo (7. ) = max{sup | inl [ F = F'l], sup [ [F — ]}

This measures the maximal shortest distance between any two elements of F
and F'. If these subsets of RX*X are furthermore nonempty and bounded, then
the Hausdorff distance between their convex hulls conv(F) and conv(F’) can be
expressed in terms of their support functions Az, bz,

drtaus (conv(F), conv(F')) = sup |h () — hz ()
FeRK*K . ||T||=1

k]

see, for example, Schneider (1993), as applied to the convex hulls of the closures
of F and of F'. In this way, dyaus(-, -) is a natural measure of distance between

. . . 2
two convex bodies. Recalling the equivalence of norms on RX", we see that

sup |hr(T)—hp @) <  sup |hrT)—hp(D)|
ITN=1 Fe[—1,1]KxK

<K sup [1(T) = e (D).

Since Theorem 4.1 holds for supp¢(_y k=& |k za () = hrg, (T)], the leftmost in-
equality implies that it also holds for supp=; |2 F, Iy—nh Fo, (I')|. Now suppose
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instead that Theorem 4.1 holds for SUp|r =1 |h fﬁxu(f‘) —h ]:Z)U(F)|; by the right-
most inequality, it then also holds for K1 SUPpe[—1,1]K <K |h7;’fu(r) — h;ﬁv(F)L
Thus the result of Theorem 4.1 is equivalent to the statement that

A w\\ _ —1/4
(u,v)rggixﬂn dHaus (conv(}"w), conv(]:w)) =0p(n~'"). 0

This geometric interpretation is helpful in relating our work to a series of papers
by Borgs et al. (2006, 2008, 2012), which explore dense graph limits in depth
and statistical applications thereof. Very broadly speaking, Borgs et al. (2008),
Theorem 2.9 and Borgs et al. (2012), Theorem 4.6, analyze sets termed quotients,
which resemble U,, ,, 7, ;fv and U, , J};,- The authors show convergence of these
sets in the Hausdorff metric at rate O(log_l/ 2 n), based on a distance termed the
cut metric, and detail implications that can also be related to those of Bickel, Chen
and Levina (2011).

In fixing u and v through our M -estimators, we are studying what Borgs et al.
term the microcanonical quotients. Because our results require only convergence
of the closed convex hulls of F/ A and F 1y We are able to obtain an exponentially
faster bound on the rate of convergence

4.3. Interpreting convergence of blockmodel estimates. Recall that the M-
estimators of Theorem 3.1 each involve an optimization over the set A ., by way
of its support function, which in turn represents its convex hull. Suppose that
b= (1, 9,0) optimizes either objective function in Theorem 3.1. Then the fol-
lowing corollary of Theorem 3.1 shows that b is interpretable, in that there will
exist a partition 6,7 of w yielding co-clusters of equal size and asymptotically
equivalent connectivity.

COROLLARY 4.2. Let (;3 = (i, f),é) minimize the least squares criterion
of (3.1). Then there exists some pair (6,T) € Q; x Qy such that

(w/ar)ab A

2
| = Op(V).
Ma‘)b

Similarly, if = (0, é) maximizes the profile likelihood criterion of (3.2) and
¢* = argmaxyeq Lo (@) exists, then there is some (0,7) € Qp x Qp with

(a)/af)ab —1/4
a O )
s 2 e (D ) — 00

where D(p||p") = plog(p/p’)+(1—p)log[(1—p)/(1—p')] > 0 is the Kullback—
Leibler divergence of a Bernoulli(p’) distribution from a Bernoulli(p) one.
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PROOF. We show the latter result; parallel arguments yield the former. Since
wg (x,y)=86 F,{l WF () for the co-blockmodel, by letting o and 7 satisfy o (x) =
F/{l (m1(x)) and T(y) = F{l (m2(y)) we may express Lw(qg) as

K K

w FEL s
(0.1)€Q;x Q5 4 p=y Yo H@xT71 (D)

+[1 = w(x, y)]log(1 — 4p)} dx dy.

Thus, for any & > 0, there exists some choice of (7, T) € @ x Q; such that

K K
Ly(p) —e < Z Z{(w/&f)ab log 0up + [llaﬁb - (w/6f)ab] log(1 — Gab)}-
a=1b=l1
If we now take éEEZ’) = (/6 7T)ap/(LaVp) fora,b=1, ..., K, we see by a similar

argument that since L, (¢*) = maxgeo L, (¢), we have in turn that

Lo(¢*) > Lw((:&v D, é(w)))

Z (w/&f)ab 10205 + [Aabs — (@/6 %) ap]log(1 — 015)}.

Expanding D(G || ») in accordance with its definition, we then see that

K
Z D5 10ub) < Lu(¢*) — Lo(@) +e.

|/\
||Mw

Choosing ¢ = o(n_l/ 4) and applying Theorem 3.1 completes the proof. [

Corollary 4.2 ensures that co-blockmodel fits remain interpretable, even in
the setting of model misspecification. It establishes that the identification of co-
clusters in an observed exchangeable binary array A indicates with high probabil-
ity the existence of co-clusters of equal size and asymptotically equivalent connec-
tivity in the underlying generative process w.

5. Proof of Theorem 4.1. Our proof strategy is inspired by Borgs et al. (2008)
and adapts certain of its tools, but also requires new techniques in order to attain
polynomial rates of convergence. Most significantly, we do not use the Szemerédi
regularity lemma, which typically features strongly in the graph-theoretic litera-
ture, and provides a means of partitioning any large dense graph into a small num-
ber of regular clusters. Results in this direction are possible, but instead we use
a Rademacher complexity bound for U -statistics adapted from Clémencon, Lu-
gosi and Vayatis (2008), allowing us to achieve the improved rates of convergence
described above.
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5.1. Establishing pointwise convergence. The main step in proving Theo-
rem 4.1 is to establish pointwise convergence of A FA, (') to h Fo, (I') for any
fixed I"'. We do this through Proposition 5.1 below, after which we may apply
it to a union bound over a covering of all I" € [—1, 115*K to deduce the result of
Theorem 4.1. Appendix B provides a formal statement and proof of this argument,
along with proofs of all supporting lemmas.

PROPOSITION 5.1 [Pointwise convergence of & F4, (') to h Fo, (I')]. Assume
the setting of Theorem 4.1, fixing m = pn. Then there exist constants Cg,ng such
that, given any T € [—1, 115*K . v, w, and A € {0, 1} generated from w, it
holds for all n > ng that

P<|hfév(r) hpe, (D)| = 1_/4> < 2e~V20/(DI[] 4 0(1)].

PROOF. To obtain the claimed result, we must establish lower and upper
bounds on the support function £ FA, (I") that show its convergence to & Fo, )

at rate Op(n~'/*). Recalling the definitions of hfl/}v(r‘) and h]-‘ﬁ)u(r) in (4.1), we

first require a statement of Lipschitz conditions on (I", A/ST) and (I', w/o 7). Its
proof follows by direct inspection.

LEMMA 5.1. Define for measurable mappings o, o’ over [0, 1] the metric
diam (0, 0”) = / Ho(x) #o'(x)}dx
[0,1]

and analogously the standard Hamming distance for sequences, with respect
to normalized counting measure. Then for any T' e [—1, 115*K and A, A’ €
[0, 17", with (S, T, w, 0, T) as defined in Section 4.1, we have that:

(1) KT, A/ST) — (T, A/S'T")| < 2[dnam (S, S")/m + dyam(T, T")/n];
(2) (T w/ot) — (T, ®/0't")| < 2[dHam(0, 0") + dham (T, T)];
(3) (I, A/ST) — (', A’/ST)| < 1/(mn) if A, A’ differ by a single entry.

In conjunction with McDiarmid’s inequality, these Lipschitz conditions yield
the following lower bound on & FA, (I'), proved in Appendix B.1.

LEMMA 5.2 [Lower bound on & FA, (I")]. Assume the setting of Theorem 4.1.

Then there exist constants C/K, n/K such that, given any I' € [—1, I]KXK, w, v, ,
and A € {0, 1}°"*" generated from w, for all n > n'y,

/

C
Py, (1) = by () = - K,

) <26~V 4 (1]
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The upper bound comes by way of Rademacher complexity arguments. The
remainder of this section and Appendix B is devoted to its proof.

LEMMA 5.3 [Upper bound on A FA, (I)].  Assume the setting of Theorem 4.1.

Then there exist constants C}é, n’,’< such that, given any I' € [—1, 1]KxK U, v, ®

and A € {0, 1}P"*" generated from w, for all n > n’y,

4

C

Proposition 5.1 now follows simply by combining Lemmas 5.2 and 5.3. [

5.2. Establishing an upper bound on h F4, (I'). Lemma 5.3 represents the

main technical hurdle in obtaining the polynomial rate of convergence given in
Theorems 3.1 and 4.1. To illustrate the main ideas as clearly as possible, we will
introduce our Rademacher complexity arguments below for the case K = 2, defer-
ring the necessary generalizations to Appendix B.

We first define W € [0, 1]™*" with reference to Definition 2.2 as

Wij=w($i?§j)’ iEl,...,m,jEl,...,n;

and then define, in direct analogy to & FA, I,

1 m n
h I = max r,W/ST) = max — Wiil'sivri -
7, () (s,T)ngngt< /5T) (5. 1)eQnx Q| mn ;; UESOT)

The matrix W serves as an empirical realization of the mapping w, with
its support function h Fv (I') defined with respect to co-blockmodel partitions

(8, T) € Q) x Q. As proved in Appendix B.2, Lemma 5.4 enables us to bound
|h F4, (') —Eh F, (I")| using the Lipschitz conditions in Lemma 5.1.

LEMMA 5.4. Fix some measurable w:[0,1]*> — [0, 1], with W € [0, 1]"*"
generated by w and A € {0, 1Y"*" generated by W, and some T € [—1, 11K*K,
Then for any ¢ > 0,

(51) P(‘h]-'ﬁiu (F) _ Eh]—"m (F)’ > 28) < ze—ZmnSZ/(m—f—n) + 2Km+ne—2mn82‘
Having bounded |k FA, ')y — Eh F (T")|, we must upper-bound Eh F (') in

terms of A Fe, (I"). We do this in a series of steps, first bounding Eh F, (I") using a
result adapted from Alon et al. (2003) and proved in Appendix B.3.

LEMMA 5.5. LetZ and J be sets of deterministic size, whose elements are
sampled without replacement from 1, ..., m and 1, ... ,n. Let W be generated as
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in Lemma 5.4, and fix T € [—1, 11X*X . Given W, T, T and (Q, R) € Q’ZZ x Qn,
let SR = SRIW qnd TQ = T2ZW denote partitions satisfying

m
(5.2) SR = argmaX{Z > WijFS(i)Ro)}’
SeQll li=1jeg
R n
(5.3) 72 = argmaX{Z > WiiTomr) }
reQ) \iez j=1
Then

Eh-w () <E r,w/SR12
7 = ((Q,Rirel%)%xgz< /8519
G-4) -1/2 -1/2

+ K27 (12172 + | 717 1).

To bound the right-hand side of (5.4) relative to & ;ﬁv(F), we will introduce
an additional construction comprising several steps. Specifically, for fixed (Q, R)
and I', we will define function classes Qy and Qy, and a random functional G,
which approximates (I, W/SR T 2) for some (6, 7) € Qu x Qv . By a Rademacher
complexity argument, G5; will concentrate for all (Q, R) near its expectation,
which itself will be bounded by & Fo, ().

For the case K =2, define U by

Ux) =Y o, ) Tirg) = Tar))-
jeg
It follows that
m
SR = argmaxZU(E,-)l{S(i) =1},
SeQ =1

and so S® will assign to class 1 the pym largest elements of U (&1), ..., U(&y).
If U is invertible, this set can be written {&; : U (§;) < t} for some ¢. To treat non-
invertible U, define Qp to be the class of functions {1, :u € [0, 1]}, with 1, a

one-sided interval on the range of U with lexicographic “tie-breaking”:
1,00 {2, if either U(x) < U(u),or U(x) =U(u) and x < u;

X) =

" 1, if either U(x) > U(u),or U(x) = U (u) and x > u.

Then there exists 6 € Qy such that SR can be chosen to satisfy

SR(i)=6(&), i=1,....m.
Let V denote a function defined analogously to U as follows:

V(y)= Zw(&', YT o1 —Tow)2),
i€l
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and likewise define Qy so that there exists T € Qy such that T2 can be chosen to
satisfy

1OG)=t@). j=1l...n
We are now ready to define G,.. Given any o € Qp and 7 € Qy, let

1
Gs:(8,0) = n Z Z w (i, Cj)FG(fi)T(Cj)’

i€ jeJ
where 7 is the complement of 7 in {1, ..., m}, and J the complement of 7 in
{1,...,n}. Comparing G,, to Lemma 5.5, we see that G5; well approximates

(r,w/ §RfQ) whenever |Z| and | 7| are small; and indeed, we will later set |[Z| =
|T| = n'/2 in order to obtain an upper bound for A FA, I —nh Fo, ().

By construction, the random classes Qy and Qy are independent of the random
variables {§;};.7 and {¢;};,.7 appearing in the summand of Gy. As a result, we
may bound the deviation éyy of G4, from its expectation,

Suv = sup  [Gor(€,0) —E(Gor (6, 0)|U, V)
(0,7)eQu xQy
using Rademacher complexity results for U -statistics due to Hoeffding (1963) and
Clémencon, Lugosi and Vayatis (2008), Lemma A.1, applied to the class of one-
sided interval functions.

’

LEMMA 5.6. Assume the setting of Lemma 5.5, and set £ = min(m — |Z|,n —
| T ). Then the deviation Sy of G4+ from its expectation satisfies

T log K +2(%)1log(¢ + 1) +10g2
B mas SUV)§4\/(| [+ 17D log K +2(5) log(€ + 1) +log2.
(Q.R)eQnxQn 2¢

Lemma 5.6 is proved in Appendix B.5 to hold for arbitrary K, under the appro-
priate generalization of Q, Qy, and quantities that depend on them.

Similarly, we may bound §;7, defined for K = 2 as the maximum discrepancy
between the expected and empirical class frequency in Qy,

with dy defined mutatis mutandis. We then have the following result, proved for
arbitrary K (with appropriate redefinitions of §y7, §y) in Appendix B.6.

1 m
o™ @) - = 1o &) =a
mi:z

dy = sup § max
o€y 1<a<kK

LEMMA 5.7. Assume the setting of Lemma 5.5. Then

+DlogK + (%) log(m + 1) +10g2
E<maxau>§4\/(|J| )log K +(5)log(m +1) +log2.
ReQ! 2m

)<4\/(|I|+1)10gK+([2<)10g(n+1)+10g2

IE( max Jy o

Qe
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We state and prove a final auxiliary lemma prior to the proof of Lemma 5.3.

LEMMA 5.8. Assume the setting of Lemma 5.5. Then

E I, W/SRTQ)) — hro (T
(g, T WIS T€)) =z

=2Am™ T+ 07 T1) + E((Q RICD X SU")
s m v

+2KE< max 5U+5V).
(0.R)eQxQn

PROOF. Let o and 7 denote the mappings in Q,, and Q, that are respectively
closest in the metric dyjam to 6 and 7. Observe that we may then expand and upper-
bound the left-hand side of the lemma statement by

E(max(l’ W/857¢) — Gy: 6. ©)) +E(max Go: (5. 0) — (I /6 7))

(i) (ii)
+ E(IB%F, w/6%) — (T, w/ar)) +E(r3?1>e<(r, w/af)) — hzy, (D),

(iii) @iv)
after which we may upper-bound terms (i)—(iv) in turn as follows.

First, since |@(x, y)['(x)z(y)| < 1 forall (x, y), it follows from their respective
definitions that (I", W/ SR f"Q) — G4+ (&, ¢) is deterministically bounded above by
|Z|/m + |J|/n. Hence, term (i) is bounded by the same quantity.

Second, observe that by definition, G4;(&,¢) — E(Gs:(,0)|U, V) < épyy.
Since for fixed o, T we have E(Gy¢ (€, 0)|U, V) =[|Z||T|/(mn)|(T, w/o 1), with
(T, w/o1)| <1, it holds deterministically that E(G4; (&€, 0)|U, V) — (T, w/6T) <
|Z|/m + |J|/n. Thus term (ii) is bounded above by the quantity
E(maxg,ryegrx gz duv) + |Z|/m +1T|/n.

Third, by the second Lipschitz condition of Lemma 5.1, we have that
(Tw/6T) — (T',w/01) < 2[dHam(F, &) + dHam (%, T)]. Observe that

K K m

. - - 1 .

dnam(6,6) < Y _||67 @) — el =16 1(a>|—;21{o<a>=a} < Kéy,
a=1 a=1 i=1

where the second inequality holds as SR ¢ QJl. By the same argument for
dyam (T, T), we see term (iii) is bounded by 2KE(max(g,Rieqp =@y 8u +8v).
To conclude, note term (iv) is deterministically upper-bounded by 0. [

We may now establish the claimed upper bound on & F, Iy —nh Fo, ).
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PROOF OF LEMMA 5.3. Combining the results of Lemmas 5.4-5.8 yields di-
rectly that, with probability at least 1 — De=2mne?/(m4n) _ g ’"*”e‘z’””gz,

hza (T) —hFy (T) <2 + K27 {12172 4+ 1717 2) + 2{m = 2] + 07117}

+f(|II+|j|’E’2<12()>

vak|r(metn (5))+ 7 (17141 (5))

where f(p,q,r) =4{[plog K +rlog(q + 1) +10g2]/(2¢)}'/?, and £ = min(m —
|Z|,n — |J|) as in Lemma 5.6. Letting ¢ = n~!/4, |Z| = | 7| = n'/?, and fixing
m = pn as assumed in the hypothesis of Lemma 5.3, it follows that for n > 2,

24+2KQ2m)'? + (42 + 8K)(2log K)!/?
nl/4

44 12(K?log(pn + 1) +2)1/2
+ nl/2

hga (0) = hFg (T) <

with probability at least 1 — 2e=V7[20/(p+D1 _ 2 g (p+1np=20n" Thyg we have
established the claimed upper bound on A FA, (I") in terms of A Fo, (. o

6. Simulation study. We now present a brief simulation study which in-
vestigates empirical rates of convergence as model misspecification increases.
We control the degree of misspecification through a sigmoidal functional form
fp(x):10, 1] — [—1/2, 1/2], parameterized by B > 1,

-1 Xﬁ 1
fp(x) =24 (m—i), 0<x=1;
12 B 1
2=4) [~ 2l

Each fg(x) describes a strictly monotone increasing sigmoidal curve on [0, 1],
proportional to x — 1/2 for § =1 and to 1{x > 1/2} — 1/2 in the limit as 8 — oo.
Normalization by Zg maintains constant area under | fg|.

To explore sparse graph regimes, we introduce an additional n-dependent pa-
rameter p, € (0, 1), and take the outer product fgz(x) fg(y) to obtain a separable
generative function p,wg(x, y) = o, (f(x) fg(y) + 1/2). As B — o0, this tends
to a stochastic co-blockmodel, with two classes of equal size.

Figure 1 shows a number of simulation results based on this model. Specifi-
cally, for B € {1,3,5} and p, € {0.5,n=2/3, n='log® n}, one thousand separable
n x n binary arrays were generated from the corresponding p,wg(x, y), for net-
work sizes ranging from 100-500 for dense graphs (left column), and 100-2200
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FI1G. 1. Median performance of approximate profile likelihood maximization according to (3.2),
for pp € {1/2, n=2/3 p—1 log2 n} (left column, middle, right). Top row: percent relative excess risk,
decaying toward zero. Bottom row: Kullback—Leibler divergence normalized by py,, decaying toward
its asymptotic optimum in n (grey horizontal lines).

for sparse graphs (right columns). We see immediately that the simulation results
of Figure 1 are qualitatively similar for all three regimes, suggesting that at least
in some cases, co-blockmodel estimators will converge despite model misspecifi-
cation in sparse as well as dense graph regimes.

Each of the n x n arrays described above was fitted by a two-class co-
blockmodel, whose parameters é = (@, D, 0) were obtained by heuristically op-
timizing the profile likelihood criterion of (3.2) using an algorithmic approach
based on simulated annealing [Choi, Wolfe and Airoldi (2012)]. Parameter values
were initialized to coincide with the optimal blockmodel approximation based on
pnwpg/o*T*, where o*, t*:[0, 1] — {1, 2} each map the interval [0, 1/2) to class 1
and the interval [1/2, 1] to class 2.

Lemma C.1 establishes that ¢* = argmax ¢ L p,w, (@) exists in this setting,
and that L, . (¢) may be straightforwardly computed for any triple ¢ = (i, v, 6)
of two-class co-blockmodel parameters. Corollary C.1 then yields a finite set con-
taining ¢* = argmaxge g L p, w4 (¢), from which we found that ¢* corresponded to
the blockmodel induced by o* and t*. Thus we were able to evaluate the relative
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excess 1isk [L p,w, (¢%) — Lp,wp (d;)]/Lpnwﬂ (¢*), shown as a percentage in the top
row of Figure 1, and seen to decay toward 0.

The bottom row of Figure 1 shows the normalized Kullback-Leibler diver-
gences o, 'D(pn wgllpnw d3) decaying toward the grey horizontal lines representing
the limiting values of D(p,wgllpnwgy+) as p, — 0. These are order-one quantities,
obtained through a Taylor expansion of D(p,wgll pnwg+). Smaller divergences are
achieved when B is large, reflecting the fact that as B increases, p,wg(x, y) be-
comes closer to a co-blockmodel.

Overall, we see that the simulation results shown in Figure 1 are consistent
with the behavior predicted by Theorem 3.1 for profile likelihood maximization;
qualitatively similar results were also obtained for the least squares setting of The-
orem 3.1 and hence are omitted for brevity.

7. Discussion. In this article we have addressed the case of network co-
clustering, in which the inference task is to group two sets of network nodes
into classes based on their observed relations. Our results significantly generalize
known consistency results for the blockmodel and its co-blockmodel variant: they
do not require the data to be generated (even approximately) by a co-blockmodel,
and they achieve improved rates of convergence relative to results from the graph
limits literature, through the use a Rademacher complexity bound for U -statistics
adapted from Clémencon, Lugosi and Vayatis (2008). The assumption of a non-
parametric generative model is both more general and more realistic, and to our
knowledge Theorems 3.1 and 4.1 are the first for this regime to establish polyno-
mial rates of convergence.

In the work of Clémencon, Lugosi and Vayatis (2008), these Rademacher com-
plexity results are used to derive convergence rates for learning pairwise rankings.
This setting is related to ours, but differs in some important ways. Those authors
seek arule r: X x X — {—1, +1} such that, given X, X’ € X, r indicates which
has the higher rank. In this setting, X and X’ can be thought of as covariates de-
scribing the two objects for which a relative ranking is desired, and X represents
the space of allowable covariate values. In our network setting, the nonparametric
model w: [0, 112 — [0, 1] is analogous to a ranking rule, with X" taken to be [0, 1].
However, X and X’ are never observed in the data, and effectively must be imputed
up to measure-preserving transformation.

The recent work of Flynn and Perry (2012) analyzes the consistency of co-
clustering with model misspecification, but in a rather different setting, with the
data matrix A assumed to be real valued, along with a real-valued generalization
of the co-blockmodel. This generalization utilizes discrete latent class variables S
and T'; conditioned on S(i) and T'(j), the distribution of A;; is assumed to have
mean 6g(;)7(j), but may otherwise be arbitrary up to technical conditions, and may
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be misspecified in the estimator. Under these assumptions, it is shown that the
latent classes can be estimated consistently if their number is known. In the case
where A is binary, the conditions of Flynn and Perry (2012) are equivalent to
assuming a generative co-blockmodel with a known number of classes.

Finally, the very recent work of Chatterjee (2012) derives a simple and ele-
gant spectral method to consistently estimate the matrix W defined in the proof of
Lemma 5.3 in Section 5.2, that is, the mapping w (x, y), evaluated at the values of
the latent variables &1, ..., &,, and ¢y, ..., &,. This implies consistency of estima-
tion of w in the L? sense, and while rates of convergence are not given for gen-
eral w, they can be established for particular instances, such as under the assump-
tion of a generative blockmodel whose number of classes K is growing with .
Our setting is distinct, in that we desire only the best blockmodel approximation
to w, and so are able to establish L? rates of convergence that are independent
of w.

APPENDIX A: PROOF OF THEOREM 3.1 AND LEMMA 4.1

To prove Theorem 3.1, we first denote the objective functions of (3.1) and (3.2)
by Ra(¢) and L A(¢), respectively. Lemma 4.1, proved below, relates R4 (¢p) —
R, (¢) and L4 (¢p) — L, (¢) to the support functions i fﬁxv(-) and h ]’,’i’v(')’ after
which the result follows directly from Theorem 4.1.

To see this, let ¢ = (i, D, §) = argming.q Ra(¢). For any ¢ € ®, we have

Roy(®) — Ruy(#)
= Ry($) — Ra(®) + Ra(d) — Ra(d) + Ra(¢) — Ru()

< Ru($) — Ra($) + Ra(4) — Ru ()
<2lhzp 0) = hry, O)] +2|hzy, 0) — hzy O],

v

where the first inequality holds because R4 ((]3) — R4 (¢p) <0, and the second holds
by the triangle inequality and Lemma 4.1. Applying Theorem 4.1 and choosing ¢
to satisfy R, (¢) <infyco Ry () + n~1/* then yields the result.

Now, assume ¢* = argmaxgeq L, (¢) exists, and set é = argmax,cq L A(¢).

Whenever 0 < 0,5, 0%, < 1 foralla,b=1,..., K, the second result [Ly(0*) —
Lo (®)1/[B(6*) + B(0)] = Op(n~"/*) of Theorem 3.1 follows similarly from

0 < Lo(¢*) = Lo()
= Lo(¢*) — La(¢*) + La(¢*) — La(@) + La($) — Lu()
< Lu(¢*) = La(¢*) + La(®) — Lo()
< BOY)hry.,.Tor) —hza,  (Too)| + B(é)|hf§a(ré) —hy (Tp)
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PROOF OF LEMMA 4.1. We show the results of the lemma directly,

Ra(p)= min — Z Z 10s)7(j) — Aijl?

n n
(S, THeQIxQy mn ;— 1=l

= min {ZZ 2Fab9ab+ﬂavb9ab}+_ZZA

FeFi Loz b=1 i=1j=1

: 2h]:A 0)+ Z Zﬂavbeab] + _ZZAU’

a=1b=1 i=1j=1

where the second line follows from the deﬁmtlon of FA . and the last line from

uv?

that of ]’l]:A Letting (o, 7) satisfy o (x) = ) and t(y) =

u(m (x) V(frz(y))’

Ry(¢) = inf 0]zlw(m(X),ﬂz(y))—w¢(x,y)|2dxdy

71, EP [

K K
inf ZZ/ |0 (x, ¥) = Oap|” dx dy

(0 7)€QuXQy “Ha)xt=1(b)

K K
= inf —2F ;0 62 f ,y)2dxd
Fglfw [6;1; abbab + aVp ab}+ [O,I]Zw(x y) dxdy

v

K K
= {—th;gv(e) + Z Zuavbefb} + '/[‘0 2 w(x, y) dxdy.

a=1b=1
Following similar steps, we show the second result as follows:

La(@)= max — Z Z [Aijlog@siyr(j))

m n
(ST)EQ xQn mnl 1j=1

+ (1 — Ajj)log(l — 056y (j))}

Oab
= Inax ZZ{ ab10g< "y )"*’,Uvavblog(l_ ab)}

FEFL a1 b=1

K K

= B@hzp To)+ D D ttavplog(l = bap),
a=1b=1

since max pera, Za,b Fop, B(O)(Tg)ap = B(Q)hf,’?v (I'p), and similarly
Ly(¢) = sup {o(m1(x), 12(y)) log we (x, ¥)
1, EP [0’1]2
+[1 — w(m1(x), m2(y))]log(1 — we (x, ¥))} dx dy
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K K

= sup / w(x,y)logb,p
(a,r)egﬂxgvgg U_I(Q)Xf_l(b){ ¢

+ (I —o(x,y))log(1 — 0ap)} dx dy

Oub
= sup { ab10g<1 a9 )+Maw;10g(1—9ab)}
FeFe® W a= lb 1 ab

K K
= BO)hry,(To) + ) D ttavplog(l —bap). -
b=1

a=1

APPENDIX B: AUXILIARY PROOFS FOR THEOREM 4.1

Below we provide proofs of all supporting lemmas for Theorem 4.1, and state
and prove the covering argument used to establish the theorem:

(1) First, in Sections B.1-B.3 below, we prove auxiliary Lemmas 5.2, 5.4
and 5.5 as stated in Section 5.

(2) Then, in Section B.4, we generalize the definitions of Qy and Qy, given in
Section 5.2 for K = 2, to arbitrary K ; this induces generalizations of the quantities
Sy, 8y and Sy vy in the natural way.

(3) Then, in Sections B.5 and B.6, we prove Lemmas 5.6 and 5.7, which depend
on (Qu, Qv, 8y, v, 8yv) as defined for arbitrary K.

(4) Finally, in Section B.7, we extend the pointwise convergence result of
Proposition 5.1 by way of a covering argument for all I" e [—1, 11¥*K,

B.1. Proof of Lemma 5.2. For fixed T', let (6%, t*) € Q,, x Q, satisfy

1

(B.1) (C.w/o"T*) > hg, (0) = — 77,

so that w/o*T* is within n~!/4 of the supporting hyperplane. Define
§* (i) = o™ (&), T*(j) =1 ()); i=1....mj=1...n.

By the arguments of Lemma 5.4 as proved in Section B.2 below, applying McDi-
armid’s inequality with the Lipschitz conditions of Lemma 5.1 yields

(B2) P(|[,A/S*T*) — [, w/o*t*)| = 2) < 2~ 2mne*/mtn) 4 p=2mne?,

While (§*, T*) many not be in QZ’ x @7, a Chernoff bound implies that

o (LR

m

8)526_2’"82, a=1,...,K.
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The analogous bound also holds for |7*~1(b)/n — v|. Applying these results in
conjunction with a union bound yields

( { S*—l(a) ‘T*—l(b)
P max -
1<a,b<K

m
Therefore, with probability at least 1 — K (26‘2’"82 + 26_2”82), there exists a pair
(S,T) € Q) x Qy such that

Ma — Vb

} > 28) < K (2e72me" 4 0e 2,

(S, 8) +diaan(1° ) < 2K,
which by the first condition of Lemma 5.1 implies that
(B.3) (T, A/ST) — (T, A/S*T*)| < 4Ke.
Recalling that hf{fv =max(s,1yeorx (I, A/ST), we have that

hgg (D) = (T, A/ST),
following which (B.3), (B.2) and (B.1) in turn imply that with probability at least
1— 26—2mn£2/(m+n) _ 2e—2mns2 _ K(ze—stz + 26—27252)’ we have

hgs, (D) > (T, A/S*T*) — 4K
> w/o*t*)— (4K +2)¢

> hpg (T) —n~ /% — (4K +2)e.

Now letting m = pn as in the statement of the lemma, and setting ¢ = n~1/4

see that with probability at least 1 — 2e=vnl2p/(p+1)] [14+o0(1)],

4K +3
h}—[?u T) = h}'ﬁ’u r) - A

, We

providing the necessary lower bound on £ F4, (I") in terms of A Fo, ).

B.2. Proof of Lemma 5.4. Recalling the definitions of FA, and h FWs
]P’(|hf£v(l“) - hfzvv ()| >¢)

=P I'A/ST) — L, W/ST)| >
(‘(S,T)I?SZ’;XQ’J< /5T) (S,T)IQS%XQJ / >‘ B 8)

SP((S,T)IQS%X93|<F’A/ST> — (T, W/ST)| > 8)

(B.4) < > P A/ST)—(T,W/ST)| >¢)
(8, T)eQmxQn
(B.5) = > P A/ST)—-E(I, A/ST))| = ¢),

(S, T)eQ)ixQy
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where (B.4) follows by a union bound, and (B.5) by considering (I', A/ST)
as a function of the mn independent random variables {A;;}, which shows that
E(T, A/ST)) =(I', W/ST) for each (S, T), as W;; = w(&;, {;) = E(A;)).

Next, recall the final Lipschitz condition of Lemma 5.1, which states that
([, A/ST) — (I', A’/ST)| < 1/(mn) if A and A’ differ by a single entry. Thus
we may apply McDiarmid’s inequality to bound each term in (B.5), and since
|QZ’| < K™ and |Q7| < K", we obtain after summing that

P(hz () — gy (D)] = £) < K" 272",

Now consider h]:;% I = maX(S,T)eQZ’xQﬁ(R W/ST) as a function of the
m + n independent random variables &1, ..., &, and {1, ..., {,. Changing a sin-
gle component of & or ¢ affects only a single row or column of W, respectively,
and thus alters (I, W/ST) and hence & F, by at most 1/m or 1/n. It therefore
follows directly from McDiarmid’s inequality that

P(|h Fy,(0) = Eh Y, (M) >¢) < 0p—2mne*/(m+n)

Combining these inequalities via a union bound yields the statement of the
lemma, since by the triangle inequality we must have |k F4, T) —h v D) =e
or |hf,% () — Ehfl% (I")| = € in order that |hffl4v () — Ehf/% ()] = 2e.

B.3. Proof of Lemma 5.5. Recall from the statement of the lemma that 7
and J denote sets of deterministic size whose elements are sampled without re-
placement from 1, ...,m and 1, ..., n, respectively. We adopt the notation that Ez
denotes an expectation taken over Z, with all other random variables held constant,
and define E 7 and Ez 7 in the same manner.

To prove the lemma, it suffices to show that for all W, T, S,

(B.6) Es (T, W/STT)) > (0, W/STT) - K,/27/|T|,
(B.7) Ez((T, W/STS)) > (T, W/STS) — K ,/27/|Z|,

where 87 and 75 are respectively defined in (5.2) and (5.3), and

sT = argmax(I", W/ST), TS = argmax(I", W/ST).
SeQm TeQy

This is because (B.6) and (B.7) imply that for all (U, V) € Q’;} x Q,
(r,w/uvy<(r,w/urY)
<Ez(r,W/UTY)) + K /27/|Z|

< Bz (0, w/ST 7YY + K J2n/ 17|
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<EEs (T, W/ST" 1Y) + K\/20/IT) + K |27 /17|

E I, w/SRTQ
SO

+KN2n (17172 +1717172).

Recalling the definition of & v (I"), and noting that the right-hand side above is
deterministic for fixed W, with no dependence on U or V, we may write

h I = ma r,w/uov
)=, max (DW/UY)

E r,w/SRT2
= ZJ((QRQ%%QJ WS >)

+ K22 (12172 | 7171,

Taking expectations on both sides over W gives the statement of the lemma.
We now establish (B.6), noting that (B.7) will follow by parallel arguments. For
fixed W and T, define for any a = 1, ..., K the difference

u 1

=1 WiiTar ) — Z WiiTar(j)-

jeJ ] 1
It follows that E 7 (A{) = 0, and by a Chernoff bound,
P(|AY| > 1) < 2e7 211,

As |A{| is nonnegative, the identity E(X) = Jo°P(X > t)dt for X taking only
nonnegative values can be used to bound its expectation according to

Ez([af]) <= /21T1),

which implies

(B.8) Eg( max |A“|) <K\J7/(217)).

1<a<

For fixed W and 7, define the function
fw(S,T)= Z Z WiiTsir(j),
i=1jeJg

and for fixed W and T, let

(B.9) A= max!fW(S, T)— (T, W/ST)|.
SeQy
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|

From the definition of A it follows that

m
Z(IJI Y WiiTsorg) — = Z WIJFS(z)T(]))

jeJ j 1

1 m { n
= | max > WijTar(j) — Z W,-,-Fam)}
m | 1=a=k [ 1T i i
1] 1
= — Aa < — Aa
| 2 M A7) = 50 2 max A7)

Taking expectations of both sides over [/ and substituting (B.8) yields

1 m
(B.10) Ey(A)<— ZEJ(IgaLXKMﬂ) < K./7/(21T7)).
i=1 -

Finally, to show (B.6), observe that since ST from (5.2) maximizes fw (-, T),
and ST as defined above maximizes (I, W/ - T'), we have from (B.9) that

0<(r,w/STT)—(r, w/STT)
<(C,W/STT)— fw (ST, T) + fw (ST, T) — (0, w/STT)<2A,
and so (I, W/S‘TT) > (I, W/STT) — 2A. Taking expectations of both sides of
this expression over 7, and then substituting (B.10), yields the inequality
Ey (0. W/STT)) = (0. W/STT) - 2K \/7/(2171).
which is the statement of (B.6). That of (B.7) follows by parallel arguments.
B.4. Definition of Qpy and Qy for arbitrary K. In order to redefine Qg
and Qy to accommodate arbitrary K, we first redefine the mappings U and V.

Given {7 = {¢;:j € J} and an assignment function R:{1,...,n} — {I,..., K},
define the mapping U : [0, 1] — RX by

Usx) =) o, t)Targ)»  x€[0,1]a=1,....K.
JET
Analogously, given &7 and Q, define V : [0, 1] — RX by

Va) =Y o&E . N owa  y<el01la=1,.... K.
i€l
Givena,b € {1, ..., K} and the mapping U, define the relation >Y-%? by
X1 > U,a,bx2
={Ua(xl)_Ub(XZ)>Ua(x2)_Ub(xl)a or
Ua(x1) = Up(x2) = Ua(x2) — Up(x1),  if (a—b)(x1 —x2) = 0.
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Informally, x| >U.a.b o, implies that, given the choice of assigning either x| or x»
to group a, with the other relegated to group b, x is at least as attractive as xp. The
latter tie-breaker condition results in a symmetric definition: if x; >U.a.b x, then
xp =Uba x 1 We define =Y%? analogously to =U-¢?  except that the inequality
(a — b)(x1 — xp) > 0 is strict.

Let S denote the set of symmetric matrices in [0, 11¥*K _Given t € S and the
mapping U, we define the function o, : [0, 1] — {1, ..., K} as the mapping which
satisfies the following:

U,a,b

a,_l(a)={x:x§ tabe>a,x>U’”’btabe<a}, a=1,...,K,

with the convention that o; is undefined whenever the above rule does not map all
of [0,1]to {1,...,K}.
We define the function class Qy as follows:
Qu ={o;:t € S and oy is defined}.

V.,a,b

Given t € S and the mapping V as defined above, we define > , Ty and Qy

analogously. We then have the following.
LEMMA B.1. Given U induced by ¢y and R, and given W induced by &
and ¢, define SR by (5.2). Then there exists 6 € Qu such that
SR(i)=6(&), i=1,...,m.

Likewise, given V induced by &1 and Q, and given W induced by § and &, define
79 by (5.3). Then there exists T € Qy such that

(=1, j=1,...,n

PROOF. Let S® be chosen lexicographically from the set of all maximizers
of (5.2), where S lexicographically precedes S’ if and only if S(iy),..., S(in)

lexicographically precedes S'(iy), ..., S(in), where iy, ..., i, are in order of in-
creasing &;,,....&;,.
Since S® maximizes (5.2), it holds for all i, j = 1, ..., m that

otherwise switching labels for i and j would increase the value of the objective
function. As S® is chosen lexicographically, for any i, j such that

Usry (i) + Usgr( (&) = Ugr;(§)) + Ugr ;) (60,

it holds that (S‘R(i) — S'R(j))(éi — &) = 0, with equality if and only if § = §;.
Otherwise, switching labels would improve the lexicographic ordering.
Since &; # &; for i # j except on a set of measure zero, it follows that

(5B @) =Vt Y1), ab=1,....K,a#b,
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where we have let (S’R) Y(a) denote {&;: SR &) = a} As a result, for each
a and b we may choose t,, = tp, € [0, 1] such that (SR) L) V@b ¢, and
(SR) L) »Ubay, . 1mply1ng that SR(z) = 6 (&) for some 6 € Q. As paral-
lel arguments hold for T2, the statement of the lemma follows. [J

B.5. Proof of Lemma 5.6. Recall the definition of §;y from Section 5.2,
which we can now interpret for arbitrary K according to the definitions of
Qu and Qy in Section B.4 above. We use a symmetrization argument of Ho-
effding [Clémencon, Lugosi and Vayatis (2008), Hoeffding (1963)] to bound
E(max(Q,R)EQZzXQﬁ Suv). Let Mz denote the set of permutations of 1,...,m
whichmap 1,...,m —|Z|toi ¢ Z, and let M 7 be defined analogously for permu-
tationson 1, ...,n.Let M = Mz x M 7 andlet Z = |[M|. Let &', ¢’ be identically
distributed as & and ¢, and independent of U and V. Let &7 and ¢ 7 be defined as
in Section B.4. To abbreviate the notation, let g, (x,y) = w(x, y)I'5(x)r(y), and
let Q= Q) x Q) x Qu x Qy. Itholds for (Q, R) € Q)] x Q that

B(maxduv ) = E((Q’Rs’gg)egma,t(s, 0) = E(Goe(§.8)|U, V)|l ¢7),

which by convexity can be upper-bounded by

E(  sup yGw(s,g)—Gm(é’,c’)\lsz,fy)

(Q,R,0,7)€Q
=5 sup o35 g ) — gorlEl. ) e €5
(Q.R.0.0)eQMN g7 ja7
IZI17|
=B & goe Eniin: Eoi)
((QRar)eQ Zmn n%/vt Z oT\sm(i)» Sn(j)

— 8ot (&riy Sy

) )51’ €J>,

since the permutations 7 and n weight each (i, j) termequally fori ¢ Zand j ¢ J;
by convexity again, and then linearity of expectation, we have

5 E(mm 5 sup

Zmn =(0.RomeQ| ¢

Zgof(frr(t) ;77(])) gO-T(Sf[(l) é‘ﬂ(J) }SI» CJ)

_mia,
mn (0, R o, r)eQ

We may now introduce independent and identically distributed Rademacher
variables rq, ..., r¢, and use standard Rademacher symmetrization arguments [see,

Zgar(&»{z gor(%-i/’ é'i/)

‘%'Z, EJ)-
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e.g., Bousquet, Boucheron and Lugosi (2004)] to show that the final quantity above
is equal to

IfH?I 1.t o
mn <Q Rcfr)eQ Z;rl gar(slaé‘z gar(é:i’é‘i)) ‘SZ, fj)
T, . - )
< — 1850T\S15 51 8ot (&, ¢ ’
- mn ((QRor)eQ ng (8- &) ‘ ;’”g (&) ‘SI %%
Ifll7l
= mn ((QRar)eQ Kzrlgor(gl’gl "‘;I’ é'*7)

To bound this expectation, note that for fixed Z, 7, Q, R (inducing a fixed U
and V), and fixed (o, t) € Qu x Qy, a Hoeffding inequality gives

1 pe2
(B.11) P(‘Z > rigor (& £)| = etz cj) <2e72,
i=1
We may now apply (B.11) in conjunction with a union bound over all
(Q,R,0,7) € Q as follows. For fixed Q, R, a, b, the set {i:& =Y%? 1,,} can
be chosen at most £ 4+ 1 ways by varying f,,. As a result, the set &;,...,&, can
K
be partitioned at most (£ + 1)(2) ways by varying o € Qp. Analogously, the set
1, ..., & can be partitioned the same number of ways by varying t € Qy. For
fixed Z, J, the functions U and V can be chosen K 21171 different ways by vary-
ing O and R. Hence, a union bound gives

IP’( sup
(Q.Rome|t ]

Since this expression is of the form P(X >t) < f(¢) for X nonnegative, we may
apply the inequality E(X) < [;° min{1, f(t)}dr to yield

Zrzgar(& ;l = 8‘52 {j) = KlIH_lj‘(@ + 1)2( ) 28_268

ST (
mn (@, R o r)EQ

Zrzgar(gl’ i) ‘51, §J>

<4\/<|I| +17D log K +2(5) log(¢ + 1) + log?
- 2¢ '

Since the bound holds for any &7, ¢ 7, the same bound holds when the conditioning
is removed and &7, ¢ 7 are chosen randomly, thus proving the lemma.

B.6. Proof of Lemma 5.7. To abbreviate notation, let Q = Q) x Q. Let
r1,...,rm be Rademacher variables as in the proof of Lemma 5.6. By a standard
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Rademacher symmetrization,

-1 1 & —
E((ze,sfig{l?“afo 7 - Zgl{a(&) =l }’Q)
1 m
2o o | e e = ).

As in the proof of Lemma 5.6, a Hoeffding inequality and union bound yield
IP( sup max 25‘{g>
(R,0)€Q 1<a<K

< KM+ 1GK 20727,
and applying E(| X|) < fooo min{l, f(z)}dt for P(|X| >t) < f(¢) then gives

)

<4\/(|g7| +1)logK + (5)log(m + 1) +log2

2m

1 m
ol @)— =) 1{o &) =a)
m;3

1 m
oM@y = — ) o) =al

ZE( sup !max
i=1

(R,0)eQ | Iza=K

As in the proof of Lemma 5.6, removing the conditioning on ¢ 7 does not alter the
bound. Parallel arguments apply to t € Qy, and the lemma follows.

B.7. Covering argument to establish Theorem 4.1. The establishment of
Theorem 4.1 from Proposition 5.1 proceeds as follows. For F c [0, 115X*K | re-
call that hx(I') =supp #(I", F) =suppcr tr(CT F). By the Cauchy—Schwarz in-
equality, & r is Lipschitz continuous,

[hF(T) = hr ()] < sup (T — T, F)| < KT~ T|.
FeF

Let B, denote an e-cover in | - || for [—1, 11X*K with I'B the closest point in B,
to a given I'. The triangle inequality, Lipschitz condition and B, imply

sup {h%(r) —h;ﬁu(f‘)|

Fe[—1,1]KxK

< sup Alhgy (O —hzp (CF)]

Fe[—1,11KxK
+ |hy, (F) = hzg, (D5)| + [z, (D7) — hry, (D))

< sup (e (0%) — g (%) 2K |7 — T2

re[—1,1]KxK
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< sup  |hga (PF) —hpe (TF)]+2Ke

e[—1,1]kxk ~ 1

- Irne%;im%(r) — hyy, (D)] +2Ke.

Now let Cx and ng be defined as in Proposition 5.1, and set ¢ = Cg/ nl/4 1t
follows by the above relation, a union bound, and Proposition 5.1 that

P<(M,V)Ien§;i><gnire[_s:EKxK‘hfﬁu(r) — hfﬁv(r)” > 3&)

= P((M,v)?ézxgn{r?éﬂm]iﬁ I - h}'lzfv(l")}} > 8)

= XX Phgs @ —hry D) zé)

(M?V)egpn x 2y I‘GBS/K

< |2 182011Be 1267120/ FDI[] 4 o(1)]
for all n > ng. The result of Theorem 4.1 then follows, since we have that |2, | =

(";{Il), and B,/ can be chosen such that | B, x| < (1 + KZ/S)KZ.

APPENDIX C: STATEMENT AND PROOF OF LEMMA C.1

To evaluate the excess risk quantities reported in Section 6, we require both that
¢* = argmax g L p,ws (@) exist, and that L, (¢) be computable. The following
lemma establishes this, using the fact that each p,wg(x, y) is a separable function
plus a constant. Given a triple ¢ = (u, v, ) of two-class blockmodel parameters, it
shows that L pnewp (@), which nominally involves an optimization over all measure-
preserving maps of [0, 1], can be reduced to a maximization over four cases, and
thus evaluated tractably.

LEMMA C.1. Given n€[0,11%, letcM, 6@ ¢ Q. denote the mappings
a(l)(x)={1, z:f0§x<m, 0(2)(x)={1’ l:fl_mefl’
2, fm=x=1 2,  f0=sx<1l—pp;
and let TV, 1@ e Q, be defined analogously, given v € [0, 1]>. Given ¢ =
(n, v, 0), terms L, 5 (¢) and Rp,0p (@) from Theorem 3.1 equal

2 2
i i eab
Loy @ = i 35 (puofo V), g ;2
a

(i,j)e{l,Z}zazl b=1

+ mavplog(l — 6ap),

2 2
Rp,0p(¢) = min iZ > —2(on/0VT) yu + 1avbba,
(ls])e{lsz}z ll:l b=1

—i—/ a)(x,y)zdxdy.
(0,112
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PROOF. Below we establish the claimed expression for L pnewp (@) analogous
arguments yield the result for Rp,wp (¢). First, define L, (¢; 0, T) as

2 2
Oub
Lw<¢;o,r)=22<w/m>ablog( d )+uaublog<1—eab>.
1 —Oap
a=1b=1
Next, let o*|t = argmax, co, Ly,(¢;0,7), with the convention that

argmax, co (+) is undefined if no maximizer exists. We then see that

2 2
6
a*lt=argmax22(a)/or)ablog< ab )

o€ q=1b=1 1= Oap

2 2
Oab
_argmaxz Z/G_l(u)xr_l(b)a)(x, y)dxdylog( )

oeQy a=1b=1 1 _eab

2
. Qab
with g,(x) = / w(x,y)lo ( )d
ga(x) hgl 1y @ P Tog( T | dy

= argmaxf[oyl] g (x)dx + v/[‘o’l](g1(x) — g ) Hox)=1}dx.

oeQy
It can be seen that o *|7 is always defined and assigns the w-quantile of gy (x) —
g2(x) to class 1. Since pywg(x,y) = pu(fp(x) fp(y) + 1/2), g1(x) — g2(x) is
affine in fg(x), and can be written as m fg (x) +c for some scalars m and c. As fg is
monotone, the 1-quantile will either be [0, ;1] or [1 — @1, 1]—depending on the

sign of m—meaning that o*|t equals either o1 or 6 for any 7. Analogously,
t*|o equals either (D or ® for any o. Hence,

Loy (®) = Sup sup Ly, (¢:0,7)

0€Q, T€Q,
= 5D Loy (50, (710)) = SUD Ly (95 (0°1(2710)). (+%10)
oeQy, oeQy

= max L, ¢; 0, 1)),
i.j)ell 22 o )

Thus L,w(¢), which nominally involves a supremum over every pair (o, 7) €
Q. x Qy, is reduced to a maximization over 0V, 0@ and t(V,z®. O

COROLLARY C.1. The quantity supycq Lp,wy(p) is achieved by o) =
(u, v, a)/G(")r(j))for some (,v) € QL X QL and (i, j) € {1, 2)2.
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PROOF. For any ¢ = (i, v, 0) € @, it holds that

Ly ws (@)= max L, AR
mop B = o prog (@ )

< max L., (@000 0
(. ))ell.2) prn )

= max L, o),
(i ))ell.2) oy (97)

where the first line holds by Lemma C.1, the second because plogx + (1 —
p)log(l — x) is maximized over 0 < x <1 by x = p, and the third by the defi-
nition of Lpnw,g (;-,). O
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