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HIGHER ORDER SCRAMBLED DIGITAL NETS ACHIEVE THE
OPTIMAL RATE OF THE ROOT MEAN SQUARE ERROR
FOR SMOOTH INTEGRANDS

BY JOSEF DIck!
University of New South Wales

We study a random sampling technique to approximate integrals
f[o,l]S f(x)dx by averaging the function at some sampling points. We fo-
cus on cases where the integrand is smooth, which is a problem which occurs
in statistics.

The convergence rate of the approximation error depends on the smooth-
ness of the function f and the sampling technique. For instance, Monte
Carlo (MC) sampling yields a convergence of the root mean square error
(RMSE) of order N =172 (where N is the number of samples) for functions
f with finite variance. Randomized QMC (RQMC), a combination of MC
and quasi-Monte Carlo (QMC), achieves a RMSE of order N =3/2+¢ under
the stronger assumption that the integrand has bounded variation. A combi-
nation of RQMC with local antithetic sampling achieves a convergence of the
RMSE of order N —3/2—1/s+e (where s > 1 is the dimension) for functions
with mixed partial derivatives up to order two.

Additional smoothness of the integrand does not improve the rate of con-
vergence of these algorithms in general. On the other hand, it is known that
without additional smoothness of the integrand it is not possible to improve
the convergence rate.

This paper introduces a new RQMC algorithm, for which we prove that
it achieves a convergence of the root mean square error (RMSE) of order
N—e—1/2+e provided the integrand satisfies the strong assumption that it has
square integrable partial mixed derivatives up to order o > 1 in each variable.
Known lower bounds on the RMSE show that this rate of convergence cannot
be improved in general for integrands with this smoothness. We provide nu-
merical examples for which the RMSE converges approximately with order
N—3/2 and N=7/2, in accordance with the theoretical upper bound.

1. Introduction. In this paper, we introduce a random sampling technique
to approximate multivariate integrals where the integrand is smooth. Such prob-
lems appear in statistics, for instance in maximum likelyhood estimations involv-
ing smooth density functions.

We consider the standardized problem of approximating the integral over the
unit cube, f[o,l]s f(x)dx, that is, we assume that any transformations necessary
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to change from different domains and density functions have already been carried
out. The error of approximating the integral depends on the smoothness of the
integrand f and the sampling technique. It is known that the best possible rate
of convergence for any algorithm for the worst-case error is of order N ~**¢ and
for the root mean square error is of order N~®~1/2%¢ for functions with square
integrable partial mixed derivatives of order « in each variable (here & > 0 is used
to hide powers of log N factors and can therefore be arbitrarily small and even
0 for the case o = 0). This means that improved rates of convergence can only
be achieved if the integrand satisfies additional smoothness assumptions. On the
other hand, if an integrand has additional smoothness, not every algorithm yields
an improved rate of convergence.

In many instances, algorithms which achieve the best possible rate of conver-
gence for integrands with a given smoothness are known. For example, Monte
Carlo (MC) algorithms use i.i.d. uniformly distributed samples Xxp,...,Xy €
[0, 1]° to approximate the integral by % Zflv:] f (x). For functions f € Ly ([0, 1]%)
the Monte Carlo method has a root mean square error (RMSE) of O(N~1/?). An
alternative to Monte Carlo is quasi-Monte Carlo (QMC). In this method, one de-
signs sample points which are more uniformly distribution with respect to some
criterion (in one dimension this criterion is the Kolmogorov—Smirnov distance be-
tween the uniform distribution and the sample point distribution). These achieve a
worst case error which decays with O(N~1%¢) for any & > 0 for integrands with
bounded variation; see [6]. Owen [14-16] introduced a randomization of QMC
which achieves a RMSE of O(N ~3/21¢), again for functions of bounded variation.
Owen’s randomization method uses a permutation applied to digital nets (which is
a construction scheme for sample points used in quasi-Monte Carlo) called scram-
bling. These algorithms achieve the optimal rate of convergence for the class of
functions mentioned above.

A slight improvement of Owen’s scrambling method of digital nets can be ob-
tained by combining this approach with local antithetic sampling; see [18]. Therein
it was shown that one obtains a convergence of the RMSE of O(N ~3/2=1/5+¢) (s is
the dimension of the domain). The latter method requires that the function f has
continuous partial mixed derivatives up to order 2 in each coordinate (note that the
last method is not optimal for integrands with this smoothness).

Using the above mentioned algorithms, no further improvement on the rate of
convergence is obtained when one assumes that the integrand has square integrable
partial mixed derivatives of order o > 1 in each variable. Thus, these algorithms
are not optimal for integrands with additional smoothness.

In this paper, we introduce a randomization of quasi-Monte Carlo algorithms
(which use digital nets as quadrature points) such that the RMSE converges with
O(N~2~1/2+#) (for any ¢ > 0) if the integrand has square integrable partial mixed
derivatives up to order « in each variable. This result holds for any o > 0 and
it is known that this result is best possible; see [13]. Notice that it is necessary,
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in general and thus also for our algorithm, for the integrand to have additional
smoothness to achieve this rate of convergence.

For the reader familiar with scrambled digital nets, we briefly describe the al-
gorithm. The details on scrambled digital nets will be given in the next section.

1.1. The algorithm. The underlying idea of the new randomized QMC algo-
rithm stems from [3, 4]. Central to this method is the digit interlacing function with
interlacing factor d € N given by

9,410, D¢ = [0, 1),
oo d

(x1,...,xq0) > Z Zgr,ab_r_(a_l)d,
a=1r=1

where x, = Sr’lb_l + Srizb_z + ... for 1 <r <d. We also define this function for
vectors by setting

2410, D — [0, 1)°,
X1,y Xds) = (Da(xt, oo i xa), ooy Da(X(s=1yd+1s - -+ Xsd))-

Letxg,...,Xpm_1 € [0, l)ds be a randomly scrambled digital (¢, m, ds) net over
the finite field Z; of prime order b (we present the theoretical background on
scrambled digital nets in the next section). Then one simply uses the sample points

Yo = Z4(x,) € [0, 1)° forO<n <b™.

The integral is then estimated using
I(f)=b—m 2;) S (¥n).
n=

In Theorem 10, we show that if the integrand has square integrable partial mixed
derivatives of order o > 1 in each variable, then the variance of 1 (f) satisfies

Var[f(f)] = (’)(N—Zmin(d,a)—1+g)

for any ¢ > 0, where N = b™ is the number of sample points.

Since scrambled digital nets (based on Sobol points) are included in the
statistics toolbox of Matlab, this method is very easy to implement (an imple-
mentation can be found at http://quasirandomideas.wordpress.com/2010/07/08/
higher-order-scrambling).

1.2. Numerical results. Before we introduce the theoretical background, we
present some simple numerical results which verify the convergence results.


http://quasirandomideas.wordpress.com/2010/07/08/higher-order-scrambling
http://quasirandomideas.wordpress.com/2010/07/08/higher-order-scrambling
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F1G. 1. The lines marked by “+” show N —3/2 and the standard deviation where d = 1, the lines
marked by “o” show N2 and the standard deviation where d =2 and the lines marked by “x”
show N~ /% and the standard deviation where d = 3.

EXAMPLE 1. In this example, the dimension is 1 and the integrand is given by
f(x) =xe*. Figure 1 shows the RMSE from 300 independent replications. Here,
the straight lines show the functions N —3/2 N=5/2 and N~7/2. The other lines are
the RMSE where the digit interlacing factor d is given by 1 for the upper dashed
line, 2 for the dashed line in the middle and 3 for the lowest of the dashed lines.
Figure 1 shows that in each case the RMSE converges approximately with order
N—4=1/2 (for large enough N). (The result for d = 1 appears to perform even
better than N —3/2.)

EXAMPLE 2. We consider now a two-dimensional example where the inte-
grand is given by f(x,y) = g This function was also used in [18] where the
sample points are obtained by scrambling and local antithetic sampling.

Figure 2 shows again the RMSE for 300 independent replications. The straight
lines show the functions N3/> and N /2. The two dashed lines show the RMSE
when d = 1 (upper dashed line) and when d = 2 (lower dashed line). Figure 2
shows that in each case the RMSE converges approximately with order N —4~1/2
(for large enough N).

In the following section, we give the necessary background on QMC, digital

nets, scrambling and Walsh functions. We then prove in Section 3 what can be
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FI1G. 2.  The lines marked by “+” show N73/2 and the standard deviation where d = 1, the lines
marked by “o” show N73/2 and the standard deviation where d = 2.

observed from the numerical results, namely, that if the integrand has square inte-
grable partial mixed derivatives of order « in each variable, then we obtain a con-
vergence of the RMSE of O(N~min(d)=1/24¢) for any ¢ > 0. A short discussion
of the results is presented in Section 4. Some properties of the digit interlacing
function &; necessary for the proof is presented in Appendix A and a technical
proof on the convergence of the Walsh coefficients is presented in Appendix B.

2. Background and notation. In this section, we give the necessary back-
ground on QMC methods. Some notation is required, which we now present.
Here, ¢, C > 0 stand for generic constants which may differ in different places.
Throughout the paper, we assume that b > 2 is a prime number. We always
have k = (ky, ..., kg), K = (K], ..., k), X=(x1,..., %), Y= (V1,2 Vs)s Xp =
(Xn,1s -+ s Xn,s)> Yo = (Vn, 1 - -+ s Ynos)-

2.1. Quasi-Monte Carlo. QMC algorithms T(f) = & Y-2"' f(x,) are used
to approximate integrals I (f) = f[O,l]S f (x)dx. The difference to Monte Carlo is
the method by which the sample points Xg, ..., Xy—1 € [0, 1)® are chosen. The aim
of QMC is to chose those points such that the integration error

1 N—1
[, = 3 o)
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achieves the (almost) optimal rate of convergence as N — oo for a class of func-
tions f:[0,1]* — R. For instance, for the set of all such functions f which
have bounded variation in the sense of Hardy and Krause, which we write as
Il flluk < oo, it is known that the best rate of convergence for the worst case error
is

e = su
Sl f g <oo

1 V-l
x)dx — — x,)| =< N~1te for all ¢ > 0.
[, = 3 o)

(More precisely, there are constants ¢, C > 0 such that cN -1 (logN )(S D2 <o <
CN~'(log N)*~!; see [6].)

Choosing the points xg, ..., Xy—1 € [0, 1)® i.i.d. uniformly distributed as in MC
does not yield this rate of convergence. Even if a function has bounded variation
in the sense of Hardy and Krause one obtains only a convergence of order N ~1/2
for i.i.d. uniformly distributed sample points.

There is an explicit construction of the sample points X, . .., Xy for which the
optimal rate of convergence is achieved. The essential insight is that the quadrature
points need to be more uniformly distributed than what one obtains by choosing
the sample points by chance. One criterion for how uniformly a set of points Py =

{x0, ..., Xy_1} is distributed is the star discrepancy
1 V-l
Dy(Py)= sup |= > lxejo.z — Vol([0,2))|,
ze(0,1| N 1=

where [0,z) = [];_,[0, z;) with z = (zy, ..., zs), Vol([0,2)) = [[;_; z;, the vol-
ume of [0, z) and
1 1, if x; € [0, z),
xi€[0.2) = | otherwise.
When s = 1, this becomes the Kolmogorov—Smirnov distance between the empir-
ical distribution of the points and the uniform distribution. Further, we call
N—-1

1
Sey () =+ > Ixe0,2 — Vol([0, 2))
n=0
the local discrepancy (of Py).
The connection of this criterion to the integration error is given by the Koksma—
Hlawka inequality

N-1

f f(x)dx — L > F&n)| < DN PV Ik
(0,175 N =~ -

An explicit construction of point sets Py = {Xg, ...,Xy—1} € [0, 1)* for which
Dy (Py) <CN ~Ilog N)*~! is given by the concept of digital nets, which we
introduce in the next subsection. Notice that for such a point set, the Koksma-—
Hlawka inequality implies the optimal rate of convergence of the integration error,
since for a given integrand, the variation || f||gk does not depend on Py and N.
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2.2. Digital nets. We introduce the basic ideas of digital nets in the following.
A comprehensive introduction to digital nets can be found in [6, 12]. The aim is to
construct a point set Py = {Xg, ..., Xy—1} such that the star discrepancy satisfies
Dy (Py) <CN _l(log N)*~1. To do so, we discretize the problem by choosing
the point set Py such that the local discrepancy 8 p, (z) = 0 for certain z € [0, 1]*
(those z in turn are chosen such that the star discrepancy of Py is small, as we
explain below).

It turns out that, when one chooses a base b > 2 and N = b™, then for every

natural number m there exist point sets Pym = {Xq, ..., Xpm_1} such that 8p,, (z) =
Oforall z=(z1,..., zs) of the form
a; .
Zi=ﬁ forl <i <s,
where 0 < a; < b% is an integer and dy + -+ +dy <m —t with dy,...,d; > 0.

Crucially, the value of ¢ can be chosen independently of m (but dependent on s).
A point set Py which satisfies this property is called a (¢, m, s)-net in base b. An
equivalent description of (¢, m, s)-nets in base b is given in the following defini-
tion.

DEFINITION 1. Letb>2,m,s > 1 and ¢ > 0 be integers. A point set Pyn =
{x0,...,xpm_1} C [0, 1) is called a (¢, m, s)-net in base b, if for all nonnegative
integers dy, ...,ds; withdy + - -- +dy; = m — t, the elementary interval

u a; a;+1
.Hl[ﬁ’ b )

contains exactly b’ points of Py for all integers 0 < a; < b% .

It can be shown that a (¢, m, s)-net in base b satisfies

ms—l
DX/ (Py)<C W;
see [6, 12] for details. Explicit constructions of (¢, m, s)-nets can be obtained using
the digital construction scheme. Such point sets are then called digital nets [or
digital (¢, m, s)-nets if the point set is a (¢, m, s)-net].

To describe the digital construction scheme, let b be a prime number and let Z;,
be the finite field of order b (a prime power and the finite field F;, could be used
as well). Let Cq,...,C, € sz XM be s matrices of size dm x m with elements in
Zyp and d € N. The ith coordinate x, ; of the nth point x, = (x,,.1, ..., x,,5) of the
digital net is obtained in the following way. For 0 <n < b™ let n =ng + n1b +
coo 4 nm_15™ ! be the base b representation of n. Let n = (no, ..., Np_1)! € Zy!
denote the vector of digits of n. Then let

yn,i = Cil’l.
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nd T d
For yni = (Yn,i1s---» Yn,iam) € Z5", we set
Yn,i 1 Yn,i,dm
Xni ==, +-- dm

The construction described here is slightly more general to the classical con-
cept to suit our needs (the classical construction scheme uses d = 1). In this
framework, we have that if {xg,...,Xpm_1} is a digital (¢, m,ds)-net, then
{Za(x0), ..., Da(xpm_1)} is a digital (¢, m, s)-net; see [5], Proposition 1.

The search for (¢, m, s)-nets has now been reduced to finding suitable matrices
Cy, ..., Cs. Explicit constructions of such matrices are available; see [6, 12].

2.3. Walsh functions. To analyze the RMSE, we use the Walsh series expan-
sions of the integrands. In this subsection, we recall some basic properties of Walsh
functions used in this paper. First, we give the definition for the one-dimensional
case.

DEFINITION 2. Let b > 2 be an integer and represent k € Ny in_ base b, k =
Ka_1b*"V 4+ -+ + ko, with «; € {0, ..., b — 1}. Further let w, = ¢2™'/?. Then the
kth Walsh function pwalg : [0, 1) — {1, wp, ..., wz_l} in base b is given by

pwalg (x) = wz‘K"+"'+x“K“‘1
for x € [0, 1) with base b representation x = x1b V- xb 2 4 (unique in the
sense that infinitely many of the x; are different from b — 1).

‘We now extend this definition to the multi-dimensional case.

DEFINITION 3. For dimension s > 2, X = (x1,...,X%s) € [0,1)’ and k =
(k1 ..., ks) € N§, we define pwaly : [0, 1)* = {1, wp, ..., 0~ '} by

s
bwalk(x) = l_[ bwalkj (xj).
j=l1

As can be seen from the definition, Walsh functions are piecewise constant. For
b =2, they are also related to Haar functions.

We need some notation to introduce some further properties of Walsh functions.
By @, we denote the digitwise addition modulo b, that is, for x, y € [0, 1) with base
b expansions x = Y72, x;b~ and y = Y52, y;b~", we define

0 .
x@)’:ZZibﬂ,

i=1

where z; € {0,...,b — 1} is given by z; = x; + y;(modbd), and let © denote the
digitwise subtraction modulo b. In the same manner, we also define a digitwise
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addition and digitwise subtraction for nonnegative integers based on the b-adic
expansion. For vectors in [0, 1)* or Nj, the operators & and © are carried out
componentwise. Throughout this paper, we always use base b for the operations @
and ©. Further we call x € [0, 1) a b-adic rational if it can be written in a finite base
b expansion. In the following proposition, we summarize some basic properties of
Walsh functions.

PROPOSITION 4.

1. For all k,1 € Ny and all x,y € [0, 1), with the restriction that if x, y are not
q-adic rationals, then x @ y is not allowed to be a b-adic rational, we have

pwalg(x) - pwal; (x) = walgg (x), pwali(x) - pwali(y) = pwali (x @ y).
2. We have

1 1
/ pwalg(x)dx =1 and / pwalg(x)dx =0 ifk > 0.
0 0

3. For all k,1 € N}, we have the following orthogonality properties:

— |1, ifk=1,
/[0, s pWalk(x)pwal (x) dx = { 0, otherwise.
4. Forany f € L£5([0, 1)%) and any o € [0, 1)*, we have
[ rxeoa=[ fwax
[0,1)s [0,1)s

5. For s € N, the system {pwalyx:K = (k1,...,ks), k1,..., ks = 0} is a complete
orthonormal system in L5([0, 1]%).

The proofs of 1-3 are straightforward, and for a proof of the remaining items
see [2] or [6, 20] for more information.

Let d > 1 and kq,...,kq € No. Let k; = «j0 + ki1b + ---, where k;, €
{0,...,b—1} and k; , = O for a large enough. To analyze the RMSE, it is conve-
nient to define a digit interlacing function &, for natural numbers, that is,

& :N? - N,

oo d
Kivoooska) > DD kg,

a=0r=1

We also extend this function to vectors
& NY 5 NS,
kis ... kas) > (atkr, ... ka), ..., Ea(kas—1)+1s - - - kas))-

Then we have
d

i=1
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2.4. Scrambling. The scrambling algorithm which yields the optimal rate of
convergence of the RMSE uses the digit interlacing function and the scrambling
introduced by Owen [14-16], which we describe in the following.

2.4.1. Owen’s scrambling. Owen’s scrambling algorithm is easiest described
for some generic point x € [0, 1)*, with x = (x1,...,x5) and x; = Si,lb_l +
S,-,zb_z + ---. The scrambled point shall be denoted by y € [0, 1)*, where y =
(Y1, ..., vs) and y; = n;.1b~" + n;0b~2 4 - - .. The point y is obtained by apply-
ing permutations to each digit of each coordinate of x. The permutation applied to
&;; depends on &; i for 1 < k < [. Specifically, n; 1 = m;(§;,1), ni2 = i g (i 2),
ni3 = ﬂi,%i,l,éi,z (E,‘73), and in general

(21) Nik = nl‘,fi’l,...,éi’kfl (gi,k)a
where 7; g ... &, 1s a random permutation of {0,...,b — 1}. We assume that
permutations with different indices are chosen mutually independent from each
other and that each permutation is chosen with the same probability.

To describe Owen’s scrambling, for 1 <i <s let

I ={mig e keNE . &r1€{0,...,b—1}},
where for k = 1 we set 7; ¢, ,,...&,_, = 7, be a given set of permutations and let
IT = (I1y, ..., I1y). Then, when applying Owen’s scrambling using these permuta-
tions to some point x € [0, 1)*, we write y = II(x), where y is the point obtained by

applying Owen’s scrambling to x using the set of permutations Il = (I1y, ..., I[1y).
For x € [0, 1) we drop the subscript i and just write y = I1(x).

2.4.2. Owen’s scrambling of order d. 'To analyze the RMSE it is also conve-
nient to generalize Owen’s scrambling to higher order. We now describe what we
mean by Owen’s scrambling of order d > 1 for a generic point x € [0, 1)°. The
scrambled point y € [0, 1)* is given by

y= Z4(IL(Z; ' (%)),

that is, one applies the inverse mapping 7, ! (see Appendix A for more informa-
tion on %) to the point X to obtain a point z € [0, 1)¢*, applies Owen’s scrambling
of Section 2.4.1 to z to obtain a point w = Il(z) € [0, 1)4S and then use the trans-
formation %, to obtain the pointy = Z,(w) € [0, 1)°. Assuming that the permuta-
tions are all chosen with equal probability, then the point y is uniformly distributed
in [0, 1)%.

PROPOSITION 5. Let x € [0, 1)* and let T1 be a uniformly and i.i.d. set of
permutations. Then Z,(II(Z; l(x))) is uniformly distributed in [0, 1)*, that is, for
any Lebesgue measurable set G C [0, 1)*, the probability that @d(l'[(.@d_l(x))),

denoted by Prob|Z,(I1(Z; 1(X)))] = A;(G), where Ay denotes the s-dimensional
Lebesgue measure.

This result follows along the same lines as the proof of [14], Proposition 2.
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2.4.3. Owen’s lemma of order d. A key result on scrambled nets is Owen’s
lemma (see [15]) which we now generalize to include the case of scrambling of
order d. Let k € N have base b representation k = kg + k1b + - -- + x,b%. For
0<r<dlet

ky = k:b" + Krrab” T i D

where a, < a is the largest integer such that d divides a, —r. If a <r, we set k, =
0.Forx=&b ' 4+&6b2+ . andx' = S{b_l +é§b‘2+ ---andfor0 <r <d let
B be the largest integer such that & =&/, &0 =&/ ;... & 4pa = "Sr/+,3,d and
Ertr(Br+d 7 &4 (g, 11)a-

LEMMA 6. Let y,y €[0,1) be two points obtained by applying Owen’s
scrambling algorithm of order d > 1 to the points x, x" € [0, 1).
(i) Ifk #K', then
E[pwaly (y)pwaly ()] = 0.
(i1) If k = k" and there exists an 0 < r < d such that k, > Pt then
E[pwali(y © y)] =0.
(iii) Ifk =k" and k, < bPH for 0 <r <d, then
Elpwalg(y © y)1=(1-b)"",
where
v=1{0<r <d:bPr <k, <Pty

The proof of this result follows immediately from [6], Lemma 13.23. In the next
section, we analyze the variance of the estimator 1( f)= bim sz:al f(yn).

3. Variance of the estimator. Let f € L,([0, 1]°) have the following Walsh
series expansion

3.1) FO~ Y Flpwalkx) =: S, f).

keNy

Although we do not necessarily have equality in (3.1), the completeness of the
Walsh function system {,walg : k € N} (see [6]) implies that we do have

(3.2) Var[f1= > | F(K)* = Var[S(, ).

keN}

We estimate the integral f[o, 1y S (%) dx by

R =
1) = > Fm),
n=0
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where yo, ..., ypm—1 € [0, 1)° is obtained by applying a random Owen scrambling
of order d to the digital (¢, m, s)-net Ppm = {Xq,...,Xpm_1} [below we shall as-
sume that there is a digital (¢, m, ds)-net {zg, ..., Zpn_1} such that x, = Z;(z,)

for 0 <n < b™, but for now the assumption that Ppn is a digital (¢, m, s)-net is
sufficient]. From Proposition 5, it follows that

BI(I= [ e

Hence, in the following, we consider the variance of the estimator T( f) denoted
by

Var[7(f)] = E[(T(f) — ELT()])*]:

The following notation is needed for the lemma below. Let d > 1 and 1 =
di,...,1) e N&, where l; = ((—1)a+1, - - -, lia)- Let

Bays ={(ki, ... kas) e NG B~V <k; < b for | <i <ds}.
We set

o2s(H= Y 17 )P

keBd,l,S

Consider s = 1 for a moment. Let 1 € Ng. Then Lemma 6 implies that for
ki, ..., ka), (k},..., k) € Bgy,1 we have

(3.3)

Hence, for s > 1 and 1 € N%%, choose an arbitrary k € By ¢, and set

1 hm—l S _
Fd,l(Pbm) = bTm Z 1_[ E[bwal(kd(,',UJr] ..... kd,')(n(-@d l(xn,i)))

n,n'=0i=1

X pWal(k iy 1oy TG D).
Equation (3.3) implies that this definition is independent of the particular choice

of k € By 1. We call I'y 1(Ppm) the gain coefficient (of Ppm) (of order d).

LEMMA 7. Letd > 1. Let f € L»([0, 11°) and

-1

~ 1
1) = > Fm),
n=0
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where yo, ..., ypm—1 € [0, 1)® is obtained by applying a random Owen scrambling
of order d to the digital net Pym = {Xq, ..., Xpm_1}. Then

Var[I(Hl= Y. ofy(HTa1(Pom).

1eNZ\ {0}

PROOF. Using the linearity of expectation and Lemma 6, we get

Var[1(f)]

1 b"—1
=E[ > TR o X bwalk<yn>bwalk/(yno}

k. k' eNp\ {0} n,n'=0

p"—1 s -

= Y FRFK)5 b2m Y- TTELwal, (ni)pwaly ()]
k.k’eN§\ {0} nn'=0i=1

= > Ifk )| Z HE[bwaIk i) pwWalk, ()]

keNy\{0} n,n'=0i=1

= > X IfEmw)P?
1eNds\ (0} kE€Ba 15
b1
me Z HE bWl (kg 1y i1oenkai) YD n)) © T2 (i )))]
n,n'=0i=1
= > o'a%,l,s(f)rd,l(Pbm).
1eNg™\ {0}

Hence, the result follows. [

To obtain a bound on the variance Var[f (f)], we prove bounds on 01 5(f) and
"4 1(Ppm), which we consider in the following two subsections.

3.1. A bound on the gain coefficients of order d. In this section, we prove a
bound on I'y 1(Ppn), where the point set is a digital (¢, m, s)-net as constructed
in [4].

LEMMA 8. Let {zg,...,2Zpn_1} be a digital (t,m,ds)-net over Zy. Let X,, =
D4(2,) for 0 < n < b™. Then the gain coefficients of order d for the digital net
Pyn = {xq, ..., Xpm_1} satisfy

0, ifilly <m—t,
Paa(Pyn) < 047N ifm — 1 < lly <m — 1 +1ql,
b—mrt ifllly >m—1t+|q|.
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PROOF. Letk = (kq,...,kgs) and 1= (1, 0) for some g C {1,...,s}. Then
from the proof of [6], Corollary 13.7 and [6], Lemma 13.8, it follows that

1 -1 s B
Lg1(Ppm) = o Z 1—[ ]E[bwal(kd(i_lm ,,,,, kan) (T(Z l(xn,i)))
n,n'=0i=1
X bwal(kclz(i—lm ~~~~~ kﬁu)(n(‘@cl_l(xn’,i)))]
1 b"—1 s
= o > [T ELwalk(T(z,))swalk (TL(z,))]
n,n'=0i=1
= 1plal=Mhifm—t < |ly <m—1t+|ql,
bt if Iy >m—1t+|q|.

Hence, the result follows. O

3.2. Higher order variation. In this subsection, we state a bound on oy 1 5(f).
The rate of decay of o4 +(f) depends on the smoothness of the function f. We
measure the smoothness using a variation based on finite differences, which we
introduce in the following. Since the smoothness of the function f may be un-
known, we cannot assume that we can choose d to be the smoothness. Hence, in
the following we use « to denote the smoothness of the integrand f.

3.2.1. Finite differences. We use a slight variation from classical finite differ-
ences. Let f:[0,1] — R and let zy, z2,... € (—1, 1) be a sequence of numbers.
Then we define Ag(x) f = f(x) and for @ > 1 we set

Ag (X521, 2a) f = Da—1(X + 205 215 s Za—1D) f — Ba—1(X5 215 -5 Za—1) f-

For instance, we have
Ar(x;z) f=fx+z21) — fx),
A(x;z1,22)f=f(x+z1+22) — f(x+z22) — fx+z1) + fx),

and in general

Aa(Xi2l, ooz f= Y. (—D'”'f(x +Zz,-),

vC{l,...,a} iev

where |v| denotes the number of elements in v. We always assume that x +
YicvZi €10, 1] forallv € {1,..., a}.
If f is o times continuously differentiable, then the mean value theorem implies
that
df

Aa(X;Zly-~~,Za)f:ZaAa—l(gl;Zh---:Za—l)a,
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where min(x, x + z4) < {1 < max(x, x + z4). By induction, it then follows that

Ag(X;521,...20) f =21~ f((a)

where

x+ fnln Y zi<ta<x+ Jmax >z

,,,,,,,,,,

IEU IGU

We generalize the difference operator to functions f:[0,1]® — R. Let & > 0
be a nonnegative integer. Let A; , be the one-dimensional difference operator A,

applied to the ith coordinate of f. Fore = (aq,...,a5) €{0,...,a}ffand 1 <i <y
let z; 1,...,Zia € (—1,1). Then we define
AO((X7 (Z],lv cec Zl,al)’ LR (ZS,19 .. 7ZS,O[5))f
:Al,al(xl;zl,l’---,Zl,al)"'As,as(xs;zs,la---»Zs,as)f

= Z Z (_1)|v1|+~~+|vs\

viC{l,..ar} v C{L,. o)
FICED LTINS 3ENN )
i1€V] iy €V

If f has continuous mixed partial derivatives up to order « in each variable,
then, as for the one-dimensional case, we have

Aot(xa (Zl,lv L 7Z1,0l1)a LR (ZS,I’ . "ZS,OlS))f
(3.4)
S gt +asf
_l_[l_[er,a Ofl o:j (glal,---afs,txs)’
i=lri=1 o

where we set ]—I‘r"i":1 Zir; = 1 for o; = 0 and where

Xi + m1n Zzlrfgta le—l- max Zztr
vC{l,...,a;} rev c{l,...,a;} rev
for 1 <i <s. Again we assume that x; +>_,c, zi.r € [0, 1] forallv C{1,..., o},
Ci; €10, 1]forall 0 <o; <oand 1 <i <s.

3.2 2 Variation. Let f:[ ¥ — R and o > 0 be a nonnegative integer. Let
J =TI, 14, ), with 0 < a, < bl and [; e N for 1 <i < as. Apart from
at most a countable number of points, the set Z(J) is the product of a union
of intervals. Let ¢ = («1,...,05) € {1,...,a}*. Then we define the generalized
Vitali variation by
2>1 /2

Aa(t' Zi,..
(s) —
(3.5) V. (f) = sgp(JXE;DVOI(@a(J)) sup » Hr Zir
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where the first supremum supp is extended over all partitions of [0, 1)** into sub-
cubes of the form J = [[% [%£ 4tly \with0<a; < bl andl; e Nfor1 <i <as,

i= 1 b’ pli
and the second supremum is taken over all t € Z,(J) and z; = (2;.1, ..., Zi,q;)
with z;, = 7, ,b~*% =D~ where 7; , € {1 — b, ..., b — 1} \ {0} for | <r <a; and
1 <i < s and such that all the points at which f is evaluated in A, (t; zy, ..., Z;)

are in Do (172, (674 [a; /b), b~ (lai /b] + 1)),
In Appendix A it is shown that Vol(Z,(J)) = Vol(J), the volume (i.e.,

o)+t f

Lebesgue measure) of J. Hence, if the partial derivative 0 are continu-

axy L ox
ous for a given (a1, ...,a,) € {1, ..., a}’, then it can be shown that (3.4) and the
mean value theorem imply that the sum (3.5) is a Riemann sum for the integral

2 12
(s) —
ven=([ &)

Foro #£u C{1,...,s},let |u| denote the number of elements in the set u and let

Vé!{ul)( fu; u) be the generalized Vitali variation with coefficient &, € {1, ..., o}l

of the |u|-dimensional function

gourtotas f

o o
axy' - 0xg”

x)

fuso=[ a0

For u = @, we have fg = f[o,l]s f(x)dx and we define Voglgl)(fg; &) =|fzl.
Then

N\ 12
Va<f)=( D (V;'““m;u)))

uc{l,...staefl,...,a}l

is called the generalized Hardy and Krause variation of f of order «. A function

f for which V,,(f) is finite is said to be of bounded variation (of order «).
If the partial derivatives w
dxl e 0xg S

a}®, then variation coincides with the norm
8Zieu o f
Ve(h) = Y ox Lol Tt @501

uCll,...s} ael,...a} 013~ [T, 9
3.2.3. The decay of the Walsh coefficients for functions of bounded variation.
The following lemma gives a bound on o, ;(f) for functions f of bounded vari-
ation of order «.

are continuous for all («q,...,a) € {0, ...,

LEMMA 9. Leta,d € N. Let f:[0,1]° = R with Vo(f) < 00. Let b > 2 be
an integer. Let 1 = (I1,...,1lz5) € Ngs and let K ={i € {1,...,ds}:l; > 0}. Let
Ki=Kn{i-1)d+1,...,id} and o; = min(e, |K;|) for 1 <i <s. Let ny:
(b—1)b=it=Dd=Ui=d f i e K; and 1 <i <s. Let Vil <Vi2 < <Via for
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1 <i<sbesuchthat {y;1,..., Vi) =1{yj:J €Ki}, thatis, {y; j:1 < j <a;}is
Jjust a reordering of the elements of the set {y; : j € K;}. Set y()) =[];_; ]_[‘;.[":1 Viij-
Then

0415 (f) < 2Dy MV, (f).
The proof of this result is technical and is therefore deferred to Appendix B.

3.3. Convergence rate. We can now use Lemmas 7-9 to prove the main result
of the paper.

THEOREM 10. Letoa,d e N. Let f:[0, 1]° — R satisfy V,(f) < 00. Let
R R
1H=7 ZO [,
n=

where Yo,.--,Yp—1 € [0, l)s with yYu = @d(l'[(xn)) and X0, ..., Xpm_1 € [O, l)ds
is a digital (t,m,ds)-net and the permutations in I1 are chosen uniformly and
i.i.d. Then

. (m o t)min(oc,d)s—i-s
Var[l(f)] S Cb,s,(x Vot(f) b—(2min(a,d)+1)(m—t) ]

where Cp, 5 o > 0 is a constant which depends only on a, b, d, s, but not on m.
PROOF. Letd < «. Then from Lemmas 7-9 and the fact that V;(f) < V,(f)
we obtain that

Var[f(f)] < Vo{(f)(b _ 1)2d5b5+d(d*l)b*(m*t+1) Z b72d|l|1

1eNES 1|y >m—t

o
< Va6 — DHep Dy yn ek (KAL)
k=m—t+1

< Vo (f)(b— 1)2‘“ (bZd _ 1)—dsb2d2s+s+d(d—l)b—(2d+1)(m—t+1)

where we used [6], Lemma 13.24. Since

m—t+ds\_(m—t+ds)---(m—1+2) _ ds—1
( ds — 1 )_ ds—1)---1 Sim—1+2)

we obtain
Var[T(£)] < Cap.a.s Vo (f)b~ D@0y ¢ 4 2yds—1

for some constant Cy 5,45 > 0 which depends only on «, b, d, s.
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Let now d > «. In the following we sum over all 1 = (1, ...,L) € Nds, where
l; = (l(i-1)d+1s---,lia), and such that I} + --- + lgs > m — . Let léi—l)d—i—l >
Ei—l)d+2 > e > l{d be such that {léi—l)d—i-l’ e, lz{d} = {l(ifl)d+1, ..., liq}, that is,
the // are just a reordering of the elements /;. There are at most (d!)* reorderings
which yield the same 17, ..., I;. Then we have

o o
1_[ vij < (- l)ﬂlib(d—1)+(d—2)+-~~+(d—oz,-) 1—[ pdli
j=1 j=1
<b- l)abd(a’—l)/zbfdz;’;llEi_l)dﬂ..
Hence, we have

Var[f(f)] < Va(f)4s(d7")(b _ 1)2apstd@d=D grys p=(m—t+1)

(3.6) C e
x 3 p~ 2 L Xijmi i+
1eNGS 1|y >m—t
1 ordered
where 1 = (I1,...,l4s) ordered means that /[;_1)g41 > --- > ljg for 1 <i <.

Hence, we have
d S o
m—t <l +"'+lds§azzl(i—l)d+j-
i=1j=1

Letnow k; =l —nya+1+ - +li—1d+a- Then k; > al;_1yqyj fora < j <d and
ki+---4+ky>a@m—t)/d. Hence,

3 p2d i X li-na+j

1eNES |1y >m—t
1 ordered

< Z p—2d kit ks)

s —
) 1 ki s(d—a)
)G

ki,....ks€No,k1+-+ks>a(m—t)/d
i=1 o

< Z b 2(p144ps)

DPlsees ps€No, p1+-+ps>a(m—t)
N . s(d—a)
[pi/d]+a—1 Pi
x 1_[1 ( a—1 ad +1
1=

. sd
< Z b 2p1+tps) (& + 2)
Pty Ps€No, prt+--+ps>a(m—t) d
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00 sd
—2p( P +s5s—1 E
< > b ( L )(d+2
p=a(m—t)+1
00
E Z b—2p(p+2)sd+s—1
p=a(m—t)+1

<7 alm — 1) +2) " (s@d + 1) - 1)
x max(1, (s(d+1) — l)s(”’H'l)_1 (a(m — 1) + 1)—(S(d+1)—1)
X (logb)_(s(dﬂ)—l))'

Thus, the result follows from (3.6). [

4. Discussion. In this paper, we have extended the results of [16, 18], by
introducing an algorithm and proving that this algorithm can take advantage of
the smoothness of the integrand «, where o € N can be arbitrarily large. Theo-
rem 10 shows the convergence rate of the standard deviation of the estimator f( D)
of O(N~min(@.d)=1/2(1og N)s min(e+1.d+1)/2y The numerical results in Section 1.2
using some toy examples also exhibit this rate of convergence. The upper bound is
best possible (apart from the power of the log N factor), since there is also a lower
bound on the standard deviation; see [13].

The improvement in the rate of convergence in [18] has been obtained by us-
ing variance reduction techniques. Conversely, one might now ask whether the
methods developed here can be used to obtain new variance reduction techniques.
(Some similarities between this approach and antithetic sampling can be found in
[5].) This is an open question for future research.

Since the classical scrambling by Owen [14] is computationally to expensive,
variations of this scrambling scheme have been introduced which can easily be
implemented. Matousek [10, 11] describes an alternative scrambling which uses
fewer permutations and is therefore easier to implement; see also [8, 21]. Another
scrambling scheme which can be implemented is by Tezuka and Faure [19]. See
also [9, 17, 18] for overviews of various scramblings. The idea is to reduce the
number of permutations required such that Owen’s lemma still holds. Since the
proof of Lemma 6 follows along the same lines as the proof of Owen’s lemma, the
simplified scramblings mentioned above also apply here.

The only alternative algorithm which achieves the same convergence rate of
the RMSE as proven here is based on using an approximation A(f) to the inte-
grand f and then applying MC to A(f) — f. The integral is then approximated
by 1(A(f) — f) + Jio.p ACf)(x) dx where [ ;s A(f)(x) dx can be calculated
analytically. See [1, 7] for details.
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APPENDIX A: PROPERTIES OF THE DIGIT INTERLACING FUNCTION

The digit interlacing function has several properties which we investigate in the
following and which we use below.

LEMMA 11. Letd > 1. Then the mapping Py :10, ) — [0, 1)* is injective
but not surjective.

PROOF. It suffices to show the result for s = 1. First, note that the digit expan-
sion of Z;(x1, ..., xq) is never of the form ¢;p~! + - - + Cjb_j+1 +b-Db +
(b— Db 7= 4 (b—1b77724 ... since this would imply that there is a Xjo»
1 < jo < d, which is a b-adic rational. But in this case we use the finite digit ex-

pansions of x j, and hence no vector (x1, ..., xq) gets mapped to this real number.
Thus %, is not surjective.
To show that & is injective, let (x1,...,xq4) Z (V1,...,yq4) € [0, l)d. Hence,

there exists an 1 <i < d such that x; £ y;, and hence there is a kK > 1 such that
Xik # Vik, where x; = x;1b7! + xj2b™2 + -+ and y; = yi b7 + yiob T2 + -
(and where we use the finite expansions for b-adic rationals). Thus, the digit expan-
sions of Z(x1,...,xq) and D(y1, ..., yq) differ at least at one digit and hence
Da(x1, ..., xa) # La(y1, ..., ya). U

(Notice that a countable number of elements could be excluded from the set
[0, 1)* such that Z; becomes bijective.)

LEMMA 12. Letd > 1 and J =[1%,[a;, b;) € [0, 11% with a; < b; for 1 <
i <ds. Let A, denote the Lebesgue measure on R". Then Lgs(J) = As(Dy(J)).

PROOF. The result is trivial ford = 1. Let now d > 1 and consider s = 1. Let
J = ]_[?:1 [a;b™Vi, (a; + 1)b™"), where 0 < a; < b" is an integer and

ai a1 a2 ai, v,
- = + +- 4=
bvi b b? bVi
for some integers v; > 0. Let v = (v, ..., Vy), [V|co = Maxj<i<sv; and |v|; =

v + -+ + v Then Ag(J) = bVl
Consider now 2,;(J). Let 0 < ¢ < b4lVl= and

Cd|v|so
b‘”v‘oo

—dpvle _ €1 €2
cb —b+b2+ +

with ¢1, ..., cqp|, €10, ..., b — 1}. We have

c c+1
74 =U| e v )
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where the union is over all ¢ with expansion as above and where ci, ..., cap|,, €
{0, ..., b — 1} with the restriction that a; x = cx—1)g+i for 1 <k <v;and 1 <i <
d. Hence, there are d|v|o — |v]; digits ¢; free to choose. Therefore,

M(Za(])) :Al([L’ c+1 ))bd|v|m_|v|l _pii

bd|V|oo bd|V|oo

Therefore, the result holds for intervals of the form J.

It follows that the result holds for intervals of the form J = ]_[ ~qlaib™v, (a; +
1)b™""), since this interval is simply a product of the previously considered inter-
vals.

Let now J = H —1lai, bi) < [0, 14, with a; < b; for 1 <i < ds, be an arbi-
trary interval. Since this interval can be written as a disjoint union of the elemen-
tary intervals used above, the result also holds for these intervals.

Let o #1C{l,...,ds} and q; = b; for i € I. Then Az5(J) = 0. On the other
hand, define

b{:{ai-i-b_”, fori el,
! b;, otherwise,
where v is large enough such that b} < 1 forall 1 <i <ds. Set J' = ]_[ 21 lai, b;
Then

0<As(Za()) <A (Za(J) =has(J)<b™" >0  asv— oo.
Hence, A, (Z4(J)) =0. O

APPENDIX B: PROOF OF LEMMA 9
Assume first that d > o Let 1 = (Iy,...,lg;) € N&* and let K = {i € {1,...,
ds}:l; >0} Let K; =KNn{i—1)d+1,...,(i— 1)d + d}. First, assume that
Ki#Zaofori=1,...,s.
Letl—1xg =1 — D4, ....U0gs — Dy) € N4 where (x)+ = max(x, 0). Let
={a=(aj,...,as) NI :0<a; <bli for1 <i <ds}and
ds
[ab~!, @+ Do) == [aib™", (@i + Db 7).
i=1

Let q = (g1, - gas), Where g; = La; /b]. In the following we write [qb~'*", (q+
Db~ for [T, (67" ai /b). ™7 (Lai /b] + 1)). Further let

Za([ab™", (a+1)b7Y)) = {Z4(x) €10, 1)* :x e [ab~", (a+ )b 7N},
Letx € 94([ab~ ), (a+ 1)b™)), then

S FlE®))pwals, g (x) = / O pwalganxot) dt

keA) keA;

:b""/ £(t) dt.
Z4([ab~ 1, (a+1)b 1))
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Forl e Ngs and a € Aj let

Cla= f(¢) dt.
Za([ab~), (a+1)b1])

Forx € Zy([ab~", (a+ 1)b7N)) let
gx) =Y (=DM 3 F(&k)),wals, k) (x)

uCk keA_1,,0

_ 1= (1. 0)1

= > (=DMl o) (aw/blaq. as)-
uCk

where (|a,/b], a1, .. asy\u) is the vector whose ith coordinate is [a;/b] if i € u
and g; ifi €{1,...,ds} \ u.
Using Plancherel’s identity, we obtain

R 1
2 H= =0 Y R &) = /0 18012 dx

uCkK keA1_q,,0)
2
=Y oM (—nllp=AeOhie o) Gaw/blag,.. g
acA) uCkK
. 2
=p"M Y I (=DM e 1,00, (awb)a0,. a0 | -
acA ucCk

We can simplify the inner sum further. Let e = b|a/b], that is, the ith compo-
nent of e is given by e; = b|a; /b]. Further, let d = a — e, that is, the ith component
of d is given by d; = a; — e;. Then we have

Y (DM e, 00, tawb)an,.. g

uCkK

uCk k€A,
_ [ul g —lul g, —ds+|ul
= Z (D™D Z ClLe+(ky . dy1,.. dspu)
uCk keA,
_ p—ds |u
=b Z Z (=D CLat(ky—dy, 001, _asi\u)
keA; uCk

= b Z/E > DM+ Za (07 (ke — du, Op1...dsp)) dt,

keA, " Faluck

where £, = Z4([ab71, (a + 1)b71)) and where we extend the digit interlacing
function Z;, to negative values by using digits in {1 —b, ..., 0} in case a component
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is negative. To shorten the notation, we set

S®) = Y (=DM F(t+ Za(b7 (ky — du, 01 asp\a))-

uCk
Therefore,
2 1] —2ds
031 () <b / 18(B)] dt
* agkgl Za(lab1, (a+ b))
x f 181 (1) dt
Kt ? Pattab @t Db )
= pllh—2ds f |6 (t)] dt
kngl agl Pa((ab, (a+1)b))
x / 161 ()] dt.
Pa((ab, (a+1)b1))

Using Cauchy—Schwarz’ inequality, we have

/ 5] dt
Dq([ab), (a+1)b71))

1/2 1/2
< ( / I dt) ( [ 8O dt)
Da([ab™), (a+1)b71)) Pa(lab~ (a+1)b71])

1/2
= b""/2</ 15k (1) dt) .
D4([ab™1, (a+1)b7 1))

Let Bak = (Jg, (jap-1. @t 1y5-1)) |9k (®)]> dt) /2. Then we have

2 —2ds
oq1s(f)=b * Z Z BakBax
k,kK'cA1acA;

< max E BaxBax
kK €Aq ’
aeAl

= max Bg ks
keAq acA,

where the last inequality follows as the Cauchy—Schwarz inequality is an equality
for two vectors which are linearly dependent. Let k* be the value of k € Ay for
which the sum ) ;4 Bik takes on its maximum. Hence,

SRGED M

|8k (1) | dt.
aca,’ Za((ab™ @+ 1)b™1)

The following lemma relates the function 8§k to the divided differences intro-
duced above.
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LEMMA 13. Letl, a, e, q, K and Ky, ..., K, be defined as above. For t €

Z4([ab~!, (a+ 1)b7")) we have
i (O] < 25" sup |Ag (Vs 21, ..., 7) £,
where aa = (a1, ..., o5) with ¢; = min(|K; |, o), and the supremum is taken over all
te Z4(ab~, (a+ Db M) and z; = (i1, ..., 2ig;) With ziy, = Ti b=~ DT
where v, € {1 —b,....,b — 1} \ {0} for 1 <r; < |K;| and 1 <i < s and
such that all the points at which f is evaluated in Ay(t';21,...,25) are in
Do (lgb 1k (q+ Db M), Furthermore, we may assume that 1zi1l <lzi2l <
< |zl~7|Kl.‘|f0r 1<ic<s.

PROOF. We show that §i+(t) can be written as divided differences. Since the
divided difference operators are applied to each coordinate separately, it suffices
to show the result for s = 1. In this case, we have

Sir() = Y (=DM (e 4+ Za (b7 (I — du Op1....apar))s

uCkK

where now K ={i € {1,...,d}:[; >O}
Let1=(l,...,0g). Lett =1 + 34, a=(a,....aq) and aj =aj; +
aj’lj_lb + -4 aj,lblf_l. Then fort € %]([ab_l, (a+ 1)b71) we have

tiv(—1d = aj,1 for1 </ <ljand j€K.
Further, we have dj = a il for j € K. Let
I={j+(—-Dd:1<1<lj,jeK}.

Then for 7 € Zy([ab~!, (a+ 1)b™1)) and u C K we have
lj—1

-1 ajl kj
1+ Za(b” (ku —dy, 0) = Z pitI—Dd Zj+(lj—l)d
JEK I=1 JEu
I
+ 2 bj-l—(l —1>d Z bi-
jeK\u jeN\I

For given 1 € Z4([ab™!, (a + 1)b ™)) let
=1+ Za(b (K —dy, 001, aypu))-

Letk* = (k],...,k}) and
k}‘f —aji

m fijeK.

7j=

Notice that if z; = 0, then i+ () = 0 and hence we can exclude this case. Then for
v Cu C K we have
Ty = Z Zj-

jeu\v
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Therefore,

See(t) = Y (=DM f (e + Za(b7 (K] — du O1.__ap)))

uCkK

=Y DM@y = DM f(to + (- 1))
uck uck

=Y (—1)'”'f<t - Zz,-) = Ak |(t:2) f,
uck JjEuU

where 2’ = (z;) jek -

Notice that the ordering of the elements in z’ does not change the value of
A|k|(t; Z'). Hence, assume that the elements in z’ are ordered such that 7} > z}, >
o> ZI/ K| For the case where |K | > «, we obtain from the definition of the divided
differences that

Ag|(t;2) = > (—1)“|Aa<t+2z};(zﬁ,...,z&))
uc{|K|+1,...,a} j€EU
By taking the triangular inequality and the supremum over all 7’ in {r +
Yjeud;u S{IKI+1,..., a}}, we obtain

Ak |(t;2) <227 Kl sup | A (15 (Z), . Z))I.
t/

Consider now the general case s > 1 and K ={i € {1,...,ds}:[; > 0}. Let
Ki=KN{(i—Dd+1,...,(i —1Dd+d}and o] = |K;| for 1 <i <s.Letoa’ =
(af, ..., ). Let

* .
o ki —aji
YT pi—G—nd+(;-d

forjeK;and1<i<s

and z; = (z) jek, for 1 <i <s. Then we obtain
S () = Ag (6.2, ..., Z)) f.
Define now «; = min(e, ;) for 1 <i <s and & = (a1, ..., as). Notice that
o] < d and therefore

> (e —ai) <s(d—a).

i=1

Notice that A,/ can be expressed as a sum an alternating sum of 2%~% symmands
Ag;.
By taking the triangular inequality, we therefore obtain

1 (O)] = |Ag (21, ..., 20) f] < 2°@"Dsup | Ag(t; 21, .. ., Z5)],

where the supremum is taken over all admissible choices of z1, ..., z; and t'.
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Hence,

2 s(d—a) /. 2
o1s(f) =2 » f sup |Ag(t';z1, ..., z,) f|” dt,
nstt aca, ) Zatab™ @+ Db P10 I

where the supremum is over the same set as in Lemma 13. Therefore,

0715 (f) <2797 3" Vol(Z4([ab~", (a+ Db M) sup [Ag (Vs 2y, ..., z0)

aeAl

< 2S(d70t) Z Vol(-@d([qb*H*lK’ (q + 1)b71+11{]))

QA1
2
x sup |Ag(t';z1, ..., 2z) f°.

Let Vj/‘ = (b —1)b=/+(=Dd=U;=Dd for j e K; and 1 <i <s.Let y; | < yi2 <

- < Vi for 1 <i <s be such that {y;1,...,vi«} ={yj:J € K;}, that is,
{vi,j:1 < j <} is just a reordering of the elements of the set {y;:j € K;}. Set
y®) =TT ITjL, ¥i.j- Then

021 (f) <29y

x Y Vol(Zu(lgb™ %, (q + Db IKY))

EEAI_IK
s sup [Ba(t:21. ) f?
HieK |Zi |2
<22 MV,
where the supremum is over all admissible t and zy, ..., z; as described in the

lemma.

Consider now the case where K; = & for some 1 <i <s. Let R=1{i €
{1,...,s}: K; = @}. Then the result follows by replacing f with the function
f[071]| 7 f(x)dxg in the proof above.

Letnow d < «. Then V;(f) < V4 (f), and hence the result follows by using the
proof above with d = «. This completes the proof. [J
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