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RATES OF CONVERGENCE FOR THE POSTERIOR
DISTRIBUTIONS OF MIXTURES OF BETAS AND ADAPTIVE
NONPARAMETRIC ESTIMATION OF THE DENSITY

BY JUDITH ROUSSEAUl
Université Paris Dauphine and CREST

In this paper, we investigate the asymptotic properties of nonparametric
Bayesian mixtures of Betas for estimating a smooth density on [0, 1]. We
consider a parametrization of Beta distributions in terms of mean and scale
parameters and construct a mixture of these Betas in the mean parameter,
while putting a prior on this scaling parameter. We prove that such Bayesian
nonparametric models have good frequentist asymptotic properties. We de-
termine the posterior rate of concentration around the true density and prove
that it is the minimax rate of concentration when the true density belongs
to a Holder class with regularity g, for all positive g, leading to a minimax
adaptive estimating procedure of the density. We also believe that the approx-
imating results obtained on these mixtures of Beta densities can be of interest
in a frequentist framework.

1. Introduction. In this paper, we study the asymptotic behaviour of poste-
rior components. There is a vast literature on mixture models because of their rich
structure which allows for different uses; for instance, they are well known to be
adapted to the modelling of heterogeneous populations as is used, for example, in
cluster analysis (for a good review on mixture models see [10] or [11] for vari-
ous aspects of Bayesian mixture models). They are also useful in nonparametric
density estimation, in particular, they can be considered to capture small variations
around a specific parametric model, as typically occurs in robust estimation or in
a goodness of fit test of a parametric family or of a specific distribution (see, e.g.,
[12, 13]). The approach considered here is density estimation, but it has applica-
tions in many other aspects of mixture models, such has clustering, classification
and goodness of fit testing, since in all of these cases, understanding the behaviour
of the posterior distribution is crucial. Nonparametric prior distributions based on
mixture models are often considered in practice and Dirichlet mixture priors are
particularly popular. Dirichlet mixtures have been introduced by [2, 9] and have
been widely used ever since, but their asymptotic properties are not well known
apart from a few cases such as Gaussian mixtures, triangular mixtures and Bern-
stein polynomials. The papers [4, 5] and [15] study the concentration rate of the
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posterior distribution under Dirichlet mixtures of Gaussian priors, and Ghosal [3]
considers the Bernstein polynomial’s case, that is, the mixture of Beta distribution
with fixed parameters. The paper [13] considers mixtures of triangular distribu-
tions, with a prior on the mixing distribution which is not necessarily a Dirichlet
process. In all of those cases, the authors mainly consider the concentration rate of
the posterior around the true density, when the latter have some known regularity
conditions, or when it is a continuous mixture.

Posterior distributions associated with Bernstein polynomials are known to be
suboptimal in terms of minimax rates of convergence when the true density is
Holder. An improvement is obtained in [8] based on a modification of Bernstein
polynomials leading to the minimax rate of convergence in the classes of Holder
densities with regularity § when 8 < 1. In this paper, we consider another class of
mixtures of Beta models which is richer and, therefore, allows for better asymp-
totic results.

Beta densities are often represented as

a—1 b—1
(1.1) elapy= LTy = LOTO)
B(a,b) ['(a+b)
Here we consider a different parametrization of the Beta distribution writing a =
a/(1 —¢)and b =«a/e, so that ¢ € (0, 1) is the mean of the Beta distribution, and
a > 01is a scale parameter. To approximate smooth densities on [0, 1], we consider
a location mixture of Beta densities in the form,

k
(12)  2ur() =Y Pidac;®),  gae, () =g(xla/(1 —&)),a/e)),
j=1

where the mixing density is given by

k
(1.3) P(e)=Y_ p;d;(e).
j=1
The parameters of this mixture model are then k € N*, and for each k, («, p1, ...,
Pk, €1, - - -, €). The prior probability on the set of densities can, therefore, be ex-
pressed as

drn(f)=pk)mi(er,.... &, p1, ..., prla)dmi q (o), if f=ga.p,

ordn(f)=dn(P|a)dm(a), in the case of a Dirichlet mixture.
Determining the concentration rate of the posterior distribution around the true
density corresponds to determining a sequence t, converging to O such that if

(1.4) By, ={f € F.d(f, fo) < ta}

for some distance or pseudo-distance d(-, -) on the set of densities, and if X" =
(X1, ..., Xn) where the X;’s are independent and identically distributed from a
distribution having a density fj with respect to Lebesgue measure, then

(1.5) P"[B. |X"] -1, in probability.
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The difficulty with mixture models comes from the fact that it is often quite
hard to obtain precise approximating properties for these models. The papers [14,
18] give general descriptions of the Kullback—Leibler support of priors based on
mixture models. These results are key in obtaining the consistency of the poste-
rior distribution, but cannot be applied to obtain rates of concentration. In these
papers, they use the Kernel structure of mixture models. Among such mixture
models, location-scale kernels are widely considered. mixtures of Betas are not
location-scale kernels. However, when o gets large, g4, concentrates around ¢, so
that locally, these Beta densities behave like Gaussian densities. This behavior is
described in Section 3. Using these ideas, we study the approximation of a density
f by a continuous mixture in the form

1
(1.6) Zaf (1) = /0 F(€)gas (x) de.

where f is a probability density on (0, 1). When o becomes large, g, . (x) behaves
locally like a location scale kernel so that g, s becomes close to f. Similarly
to the Gaussian case, this approximation is good only if f has a regularity less
than 2. However, by shifting slightly the mixing density, it is possible to improve
the approximation so that continuous mixtures of Betas are good approximations
of any smooth density (see Section 3.1). As in the case of Gaussian mixtures (see
[4, 15]), we approximate the continuous mixture by a discrete mixture. In [5],
the authors derive a posterior rate of concentration of the posterior distribution
around the true density when the true density is twice continuously differentiable.
In particular, they obtain the minimax rate n~2/3, up to a logn term under the L
risk.

In this paper, we show that the minimax rate can be obtained (up to a logn
term) for any 8 > 0 by choosing carefully the rate at which « increases with n and
considering a prior on « leads to an adaptive minimax rate of concentration of the
posterior. This result has much theoretical and practical interest.

1.1. Notation. Throughout the paper, X1, ..., X, are independent and iden-
tically distributed as Pp, having density fp, with respect to Lebesgue measure.
We assume that X; € [0, 1]. We consider the following three distances (or pseudo-
distances) on the set of densities on [0, 1]: the L distance: || f — g||1 = fol | f(x)—
g(x)|dx, the Kullback-Leibler divergence: KL(f,g) = fol fx)log(f(x)/
g(x)) dx, for any densities f, g on [0, 1] and for any k > 1 Vi (f, g) = fol fx) x
|log(f(x)/g(x))|k dx. We also denote by | g||o the supremum norm of the func-
tion g.

‘H(L, B) denotes the class of Holder functions with regularity function g: let r
be the largest integer smaller than 8, and denote by ) its rth derivative.

H(L, B)={f:10,11— R; | FPx) — FO )| < Lix —ylf~").
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We denote by S the simplex, S = {y € [0, 11%: Zle yi =1}

We denote by P™[-|X"], the posterior distribution given the observations X" =
(X1,...,Xn), and E7[-]X"], the expectation with respect to this posterior distri-
bution. Similarly Ejj and Pj represent the expectation and the probability with

n

respect to the true density f0®" and E’ and P? the expectation and probability
with respect to the distribution f®".

1.2. Assumptions. Throughout the paper, we assume that the true density fo
is positive on the open interval (0, 1) and satisfies:

ASSUMPTION Ag. If fo € H(B, L), there exist integers 0 < kg, k1 < B such
that

@0 >0, 1) <o0;

ko and k; denote the first integers such that the corresponding derivatives calcu-
lated at 0 and 1, respectively, are nonzero.

This assumption is quite mild and ensures that fy(x) does not go too quickly
to 0 when x goes to 0 or 1 so that we can control the Kullback-Leibler divergence
between fy and mixtures of Betas.

1.3. Organization of the paper. The paper is organized as follows. In Sec-
tion 2, we give the two main theorems on the concentration rates of the posterior
distributions under specific types of priors. In Section 3, we present some results
describing the approximating properties of mixtures of Betas. We believe that these
results are interesting outside the Bayesian framework, since they could also be ap-
plied to obtain convergence rates for maximum likelihood estimators. This section
is divided into two parts. First we describe how continuous mixtures can approach
smooth densities (Section 3.1), then we approach continuous mixtures by discrete
mixtures (Section 3.2). Finally, Section 4 is dedicated to the proofs of Theorems
2.1 and 2.2.

2. Posterior concentration rates. In this section, we give the two main re-
sults on the concentration rates of the posterior distribution around the true density.
We first consider the case of a varying number of components, which we call the
adaptive prior and then we consider a Dirichlet mixture also leading to an adaptive
rate of concentration on a more restrictive class of densities. In both cases, a diffuse
prior on « is considered. Finally, a nonadaptive rate is obtained by considering a
deterministic sequence ¢, increasing to infinity. We consider a concentration rate
in terms of the L distance, however, the results can be applied to the Hellinger
distance as well. We first describe the adpative prior.
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Adaptive prior:let f =gy p and P = Zle Did; the mixing distribution then

k

dr(f) = pk)dmio(pr..... po) [ | welej)ma(@) dade; - dey.
j=1

For all k > 0, dmy > has a positive density my » with respect to Lebesgue measure
on the simplex Sk, which is bounded from below by a term in the form cll‘ . Con-
ditionally on k, the ¢;’s, j =1, ..., k, are independent and identically distributed
with density 7r, which satisfies

ae’ M=)l >m,(e) =ape’ 1 —e)T  Vee(0,1),

for some aj, ay > 0, and T > 1. We consider the following conditions on the prior
Ty - Ty 1s bounded and for all by > 0, there exist ¢y, ¢2, ¢3, A > 0 such that for all
u large enough,

—b1u1/2
ne(ciu <o <cyu) > Ce ,

_ 1/2
Ty (cau <) < Ce brw’”,

To(a < e ") < Ce 1v,

Let L(k) be either equal to 1 for all k or L(k) =log(k). The distribution on k
satisfies the following condition: there exist aj, a; > 0 such that for all K large
enough,

e—alKL(K) <plk=K]< e—azKL(K)'

Note that if /o follows a Gamma distribution with parameters (a,b) with
a > 1, then the conditions on m, are satisfied. We have the following theorem:

THEOREM 2.1. Consider an adaptive prior, as described above, then the pos-
terior distribution satisfies, for all B > 0 and fo € H(B, L) satisfying Assump-
tion Ay,

PT[B; |X"]=0p(1)
with
T, = ‘E()n_ﬂ/(25+1)(10gn)5’3/(4ﬂ+2), if L(k) =log(k),
1, = ton P/ CPTD (log )P/ 4P+D+1/2, if L(k) = 1.

The prior does not depend on 8 so that the procedure is adaptive and optimal
up to a logn term, since for each B > 0 the rate n~#/A+D is the minimax rate of
convergence in the class H (B, L).

Dirichlet mixtures form an alternative to the above prior, which is often con-
sidered in practice, since they lead to efficient algorithms and have interesting
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properties for classification models, for instance. We now present the asymptotic
concentration rate of the posterior based on the following Dirichlet mixtures of
Beta densities.

Dirichlet prior: the mixing distribution P follows a Dirichlet process D(v) as-
sociated with a finite measure whose density with respect to Lebesgue measure is
denoted v and is positive on the open interval (0, 1). Assume also that v is bounded
and satisfies

v(E) > v (1 — &)1,

The prior on «, 7, has support [n’, +00), for some 0 < ¢ < 1 and satisfies, for all
by > 0, there exist ¢y, ¢3, ¢3, C > 0 such that for all o, satisfying o,n~" — 400

Ty (Cro, < o < caay) > Ce D1/,

Ty (c3oy, <o) < Ce P1v/an,

Note that if /o Lty [(a, b), with a, b > 0, then the above condition is satisfied.
THEOREM 2.2. Consider a Dirichlet prior then the posterior distribution sat-
isfies: for all fy € H(B, L) with B > 0, and satisfying Assumption Ao,
P7[BS |X" = 0p(1)
with
T, = on P/ AP0 (logn)P/CEFD g <1/t —1)2,
Ty = on~ 2+ (log n) ©F+1/D/CB+D) ifB>1/t—1)2.
Hence the Dirichlet prior implies a minimax adaptive rate of concentration on
the densities with regularity 8 < 1/t — 1/2. By choosing ¢ small, this class of
functions is quite large, with small loss in the rates of convergence.

We could have considered o = o, deterministic and increasing with n, which
would have implied the following nonadaptive posterior rate, depending on ;.

COROLLARY 2.1. Consider a prior belonging either to the class of adaptive
priors or to the class of Dirichlet prior, as described above, apart from the fact that
o = oy = o(n) is deterministic. Then if fo € H(B, L), and satisfies Assumption Ay,

PT[B; |X"]=0p(1)
; _ —B/2 1/2
with T, = to(logay) o, ' Vv (Vo logay, /n) 7).

In particular, if «, = n*@#+D(logn)=3/?F+D we obtain the minimax rate
(up to a logn) term 1, = tonP/B+D (1ogn)>A/4B+2) Note that deterministic se-
quences o, lead to nonadaptive concentration rates.
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These results imply that for any g > 0, the optimal rate, in the minimax sense,
is obtained. Hence the above mixtures of Betas form a richer class of models than
the Bernstein polynomials or the mixtures of triangular distributions who lead, at
best, to the minimax rates for § < 2. It is to be noted, however, that Bernstein
polynomials and mixtures of triangular densities have other interesting properties
and are particularly easy to simulate.

Corollary 2.1 sheds light on the impact of «, as a scale parameter. It can thus
be compared to the scale parameter o, which appears in Dirichlet mixtures of
Gaussian distributions. Interestingly, van der Vaart and van Zanten [16, 17] also
study the impact of scaling factors in nonparametric priors constructed as scaled
Gaussian processes, and as in our case, considering a random scaling factor allows
for adaptive, minimax concentration rates.

In Section 3, we see that the key factor leading to such a rate is the possi-
bility of approximating any fo € H(L, 8) by a continuous mixture in the form
8y, f With an error of order o, p , for some density f close to fy but not neces-
sarily equal to fp. An interesting feature leading to this approximating property
is that gy, ¢ acts locally as a Gaussian kernel around ¢. However, the interest in
the Bayesian procedure, compared to a classical frequentist kernel nonparametric
method, comes from the fact that we do not necessarily need to approach fy by
8ay, fo» Which would have constrained us to 8 < 2. Indeed, if necessary, we can
consider a slight modification f of fy such that g, s approximates fy with an

error of order o, P for all B. This is described in the following section.

3. Approximation of a smooth density by continuous and discrete mixtures.
A Beta mixture, as defined by (1.6) behaves locally like a Gaussian mixture, how-
ever, its behaviour seems to be richer since the variance adapts to the value of x (see
Lemma 3.1). In this section, we obtain a way to approximate any Holder density f
by a sequence of continuous and discrete mixtures. We begin with approximating
the density by a sequence of continuous mixtures, and then we approximate the
continuous mixtures by discrete mixtures.

3.1. Continuous mixtures. We consider a continuous mixture g, s as defined
in (1.6). This mixture is based on the parametrization of a beta density in terms
of mean ¢ and scale «. The idea in this section is that when o becomes large,
the above mixture converges to f, if f is continuous. We first give a result where
the approximation is controlled in terms of the supremum norm, which has an
intrinsic interest. We also give a bound on the approximation error for Kullback—
Leibler-types of divergence, which is the required result to control the posterior
concentration rate.
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THEOREM 3.1. Assume that fo € H(B, L) and satisfies Assumption Ag, with
B > 0. Then there exists a probability density f such that

-1
fl(x)=f0(x)<1+ > “;jj(/?), i£p>2
j=

fi(x) = folx), ifB <2,

where the w;’s are combinations of polynomial functions of x and of terms in the

form P 0)x (1 =)'/ fo(x), 1 < j, and
(3.1 lga. fi — folloo < Ca™P/2,

and for all p > 0,

p
62 KlGogap=Ca? [ afog(L2) <cat.
8a, fi

Note that if we do not allow f] to be different from f, we do not achieve the rate
a P to be true for values of 8 greater than 2. We believe that the trick of allowing
f1 to be different from fy could be used in a more general context of Bayesian
mixture distributions (or Bayesian kernel approaches as defined in [18]), inducing
a greater flexibility of Bayesian kernel methods with respect to frequentist kernel
methods.

A Beta density with parameters («/€, o/(1 — €)) can be expressed as

I'(a/(e(1 —¢)))
T(a/e)T(@/(1—¢)

From this, we have the following three approximations that will be used throughout
the proofs of Theorems 2.1, 2.2, 3.1 and 3.2. Let

8ae(x) = x /U7 — y@/e ]

(3.3) K (e, x) =¢log(e/x) + (1 — &) log((1 —&)/(1 — x)),

this is the Kullback—Leibler divergence between the Bernoulli ¢ and the Bernoulli
x distributions. Then:

LEMMA 3.1.

8ae(X) = Lg‘“l((&x)/(s(l—s))
’ V2mx(1 —x)

k

b.

X |:1 + AN (€) + O(a_(k+1))i|
=

(3.4)
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for any k > 0 and o large enough where the b;(¢) are polynomial functions. For
all k > 0, k; = 3, we also have,

(.X) — L
Baet ) = (1 — )

a(x —¢)?
2x2(1 — x)2

Lrealeore(G=))m)
X [1 —I—jZ: bi

/(8) —(k+1)
T O(a )1
where Ri <aClx — e|k'_2(xg(1 —xp)) kit2

X exp{ —
(3.5)

k1—3 l
xX—e& Ci(x)(x —e)
(272§ ey
x(I-x)/ = xd—=x)
and the functions C(x), Ci(x), | < ki, are polynomial where x. € (x, ) and C
is a positive constant. Moreover when a|x — ¢|> < Cox3(1 — x)3 for any positive
constant Cy, if ky > 0, and if k1 > 3 Vv 3k, there exists C1 > 0 such that

ﬁe—a(x—s)z/(sz(l—x)z)

Bae (¥) = V2 x(1 —x)
ka i (x — )3/ xX—¢ J
(3.6) x (; e C0+ 2u(5) ] + R)

bj(?) n O(O[—(k+1))i|’
o/

k
X |:1 + Z
j=1
where |R| < Crox — 04D (g (1 — xe)) D,

Note that the term O (o~ **1D) appearing in (3.4), (3.5) and (3.6) is uniform in
x and e.

PROOF OF LEMMA 3.1. The proof of (3.4) follows from the expression of the
Beta densities in the form,

F(O[/(S(l _ 8)))8(1/(1—8)(1 _ 8)0{/8 e—aK(e,x)/(e(l—s))
T(a/e)T(a/(1 —¢)) x(1—x)

8ae(X) =
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and from a Taylor expansion of I'(y) for y close to infinity where we obtain that
I'(a/(e(1 —¢)))
[(a/e)T(a/(1 —¢€))

_ Ja log(e) log(l —¢) > .ej(l —¢&)/
_mexp(—a[l_g + e :|)<1+]§bJT)
- -1
X el X (1—¢g)
X<1+'X:lbj$> (1+Zlbj ) :
Jj= j=

where the b;’s are the coefficient appearing in the expansion of the Gamma func-
tion near infinity (see, e.g., [1]). Putting the three remaining terms together results
in: for all £ > 0,

. 1
s 8(1—8) X gl s 1—8)
(1+Zb )<1+22ij) <1+Zb )
j:

k
:1+Zb
j=1

where the b;(e)’s are polynomial functions with degree less than 2. This im-
plies (3.4). To obtain (3.5) we make a Taylor expansion of (3.4) as a function of ¢
around x.

O(a_(k+')),

K(e,x)  (e—x)? k Y
8(1—8) - 2X2(1— +ZC ( ) J(l ) Rl,

where R; < R|x — slkl“/(xg(l — xg))’<1+1 for some x, € (x, ¢), leading to (3.5).
A Taylor expansion of ¢” around 0 combined with the above approximation of y
leads to (3.6). [

To prove (3.1), we control the difference between the uniform density on [0, 1]

and the corresponding Beta mixture g, = fol 8u.e de. This is given in the following
lemma.

LEMMA 3.2. For all @ > 0 large enough, for all ko, > 1 and k1 > 3(k, — 1)
define

ko i kaky
C(x) pu3; By (x) j

=Y et 3 — = E[N(0, 1)7],

j=1 1=2

then
I(x) —(ka1)/2 3(ky+1)/2
ga(x) =1 ——=| < Ca™ ") (loga)’ 2 T1/2,
o lleo
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where the Bj(x)’s are polynomial functions of x.
The proof of Lemma 3.2 is given in Appendix A. We now prove Theorem 3.1.

PROOF OF THEOREM 3.1. Throughout the proof, C denotes a generic positive
constant. Let f € H(B, L) and denote r = | 8]. Then Ve € (0, 1),

<L|x —e|ﬁ.

r ) .
(3.7) ‘f(s) B S AC 2R

= !

The construction of fj is iterative. Let 6y = §ox (1 — x)/loga/a. We bound

1 x—38y 1
/ Ix — elP gg.e(x)de < ‘[ Sue(X)de +f Sue(x)de
0 0 x+8y
X+6y
+/ . Ix —elP gq.c(x) ds.
X—0x

Equation (A.6) implies that for all H > 0, if dg is large enough, the first term of the
right-hand side of the above inequality is O (e~ ). We treat the second term using
the same calculations as in the case of /3 in Appendix A, so that for all k > 0,

X+3x
| el
x—08y
<CaPPxP(1 = x)PE(N O, DIP1+ 0@ *?).
Therefore,
1
/ Ix —elPgac(x)de = 0@ PxP(1 —x)P)+ 0@ ) VH>O,
0

uniformly in x. Then for all H > 0,

1)) 1 .
o — fl) =31 J.,(x) fo (6 = x) gae(¥) ds + f()(ga(x) — 1)

j=1
+0(aP?xP(1 —x)P)+ 0@

"L fDx) ! . I(x)
=X [ =0 guerde + fen

+0(aPPxP(1 —xPy 4+ a~1),

uniformly in x, for all H > 0. Using the same calculations as in the compu-
tation of /3 in the proof Lemma 3.2, we obtain for all j > 1, to the order
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O (@ *k+i+D2xi (1 — x)] +a=H)
1 .
/0 (6 — x)! ga.e(x)de

_ Ve X+ o (x—6)*/ (237 (1-x)%)
N2mx(1 —x) Jx—8;
)31+J

l
Y, ol (x — [ < xX—e >]
x(x &) +1211'( T | @l sy )] )%

in Dy(x)x! (1 — x)/
= pja P (1 - x)J+Z T

so that we can write,
1 .
| o= gucorde

xJ (1—x)/
all?
where (1 o(x) is a polynomial function of x with the leading term being equal
to w j. We can thus write, to the order O (a™ szﬂ(l xﬂ) + a_H)

W)+ O ®HTD 2% (1 — x)) 4o~ H),

o)) T =x) iy
(8  [gus— S0 = Zl [l = 00e ) 10,
j=
Hence if 8 <2, since u; =0,
14 1l oo f (x)

ey = f100) = ==+ 0@ P2xP(1 —xP)) + 0@ )
3.9
=0 P?
as soon as H > /2, leading to (3.1) with f; = f. If B > 2, we construct a proba-
bility density f; satisfying
8oy = N = 0@ P21 —0f) + 0@ ).
Equation (3.8) implies that f| needs satisfy, to the order O™ 1),

+ filx )(1+@)

- A xT (1= )7 .o (%)
= jlail?

= f(x) + 0(a P2xP (1 — xP)).
To prove that such a probability density exists we construct it iteratively. Let 2 <
B < 3, then set

— / 201 _ N\2 £/
7 (x) = f(x)(l - ’fj)) =0 OCH X210 f @

o 200
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Note that if f € H(L, B), then inf f > 0 implies 4 > O for o large enough and if
f(0)=0[f(1)=0] when x is close to O (resp. 1), if
. S )
liminf — — >
X T =0T D)
hy > 0 for o large enough on [0, 1]. Assumption Ao implies the above relation
between f and f) since

09 j:1927

xko fko) () 1(x)\  xFo(l —x) f*0) (%) C(x)ua
hi(x)= <1 — ) —
ko! o (ko — 1)!
(3.10) A ? ooy
xM(1 —x)° fYRx3) o
2a (ko — 2)!

with X1, X2, X3 € (0, x). Since f*0)(0) > 0, h1(x) is equivalent to f (x) for « large
enough and x close to zero, and 41 (x) > 0 forall x € (0, 1). Letc; = fol hi(x)dx.
Since [y [ga.f — f1(x)dx =0,

o1 =1+ 0(a~G/2r8/2)
and we can divide A by its normalizing constant and obtain the same result as

before, so that /21 can be chosen to be a probability density on [0, 1].
From this we obtain when 8 > 2,

1 r—zh(j) . I
(gan — N = [ (Z W, —x)f)ga,s<x>de+h1<x>ﬂ
o\i;; J! o
’ TEOND fo (6 — x)/ go s (x) de
+j§l<f<x)— » ) i

+0(@#2xP (1 - x)P)
B % + 0P A—0)f) + 0™ VH >0,

where w(x) is a combination of polynomial functions of x and of functions in
the form x/ (1 — x)/ ) (x), with j < 3, if B8 < 4. If B <4, then we set f] = h
(renormalized), else we reiterate. We thus obtain that if rg is the largest integer
(strictly) smaller than 8/2,

& w; ()
fix) = f(x)(l +L T )
J:
where w;(x) is a combination of polynomial functions and of terms in the form
FO)x!(1 —x)!/f(x), 1 <2j. Assumption Ag implies that f; can be chosen to
be a density when « is large enough and satisfies

Ige. i — flloo < Ca™P/2,
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which implies (3.1).

If f is strictly positive on [0, 1], then (3.2) follows directly from (3.1). We now
consider the case where f(0) =0 [the case f(1) = 0 is treated similarly]. Under
the Assumption Ay, the previous calculations lead to

(8afi — @ =0(f@a P2+ 0@ VH>O.

Note also that for « large enough, fi is increasing between O and & for some
positive constant o > 0, so that if x is small enough,

Zaf f1 (x)\/_ T+ e—a(x—s)z/(sz(l—x)z) de
hr= 2«/ ax(1—x)Jx

- fl(x)’
=7y

(3.11)

so that g4 1, > f/8 on [0, 1]. Therefore, since f(x) = f &) (0)xk0/ko! + o(x*)
when x is close to 0, let H > 8 and ¢ = coa /%0 for some constant cg large
enough, we have

c 1
KL(f. ga. 1) < log2 / F)dx +aP / £ dx

et~ 75 )|

< C(a—H(ko-H)/ko +aPra ) — O(Ot_'g).

Similarly, for all p > 0, if ¢, = coa—H/(pko)’

/f(x)|10g(f(x)/ga,f| (x))|” dx
c 1
p 7" —pp
< (log2) /O F0)dx +a /cpf(x)dx

/ £ log(l - (}’(—H)> ’

< C(a—ZH(ko-l-])/(PkO) +o PP —i—Ol_H)

dx

= 0@ P,

if H > pB. This achieves the proof of Theorem 3.1. [

In the following section, we consider the approximation of continuous mixtures
by discrete mixtures in a way similar to [4].



160 J. ROUSSEAU

3.2. Discrete mixtures. Let P be a probability on [0, 1] with cumulative distri-
bution function denoted by P (x) for all x € [0, 1]. We consider a mixture of Betas
similar to before but with general probability distribution P on [0, 1],

1
Ga.p () = fo Zue () dP(e).

Let f be a probability density with respect to Lebesgue measure on [0, 1]. In this
section, we study the approximation of gy, r by g4, p Where P is a discrete measure
with finite support.

The approximation of discrete mixtures by continuous ones is studied in differ-
ent contexts of location scale mixtures. See, for instance, [4] or [7], Chapter 3, for
a general result. Beta mixtures are not location scale mixtures, however, as dis-
cussed in the previous section; when « is large they behave locally like location
scale mixtures. In this section, we use this property to approximate continuous
mixtures with finite mixtures having a reasonably small number of points in their
support.

THEOREM 3.2. Let f be a probability density on [0, 1], f(x) > 0 forall 0 <
x < 1, and such that there exists ki, ko € N satisfying f(x) ~ xkocg, if x =o0(1)
and f(1—x)~ (1 —x)kiey, if 1 —x = o(1). Then there exists a discrete probability
distribution P having at most N = Ny./a(log «)3/? points in its support, such that
forall p>1, for all H > 0 (depending on My), for a large enough,

p
10g<ga’f)‘ (x)dx < Ca™ 1,
8o, P

1
(3.12) | gas

We can choose the distribution P such that there exists A > 0 with p; > a4 for
all j <N.

We use this inequality to obtain the following result on the true density fp.

COROLLARY 3.1. Let fo € H(L, B), B > 0, be a probability density on [0, 1],
satisfying fo(x) > 0 for all 0 < x < 1, and such that there exist k1, kg € N satisfy-
ing | f*(0)| > 0 and | f*)(1)| > 0, ko, k1 < B. Then for all p > 1, there exists
a discrete probability distribution P having at most N = NoJ/a(loga)>/? in its
support, with Ng large enough such that

(3.13) KL(fo, ga.p) <Ca™ P, V,(fo,8a.p) <Ca P.

PROOF. From Theorem 3.1 there exists f] positive with f1 = fo(1+ O™
and

KL(fo, 8o.1) <Ca™,  gop > fo/8.
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This implies that

KL( fo, 8a,P) < KL(f0, 8o, 7,) + ‘/ Sfo(x)1og(ga, f,/8e,P)(x)dx

log<—ga’f1 )
8a, P

The same calculations apply to fol So(x)log(fo(x)/ga.p(x))|P dx < Ca~*, which
achieves the proof of Corollary 3.1. [

<Ca™f+ S/ga,fl (x) (x)dx = O(a™P).

PROOF OF THEOREM 3.2. The proof follows the same line as in [4], except
that we have to control the approximations in places where the Gaussian approx-
imation to Betas cannot be applied. Throughout this proof, C denotes a generic
positive constant. We first bound the difference between both mixtures at all x. By
symmetry, we can consider x € [0, 1/2]. Consider the following approximation of
the exponential: for all s > 0 and all z > 0,

s+1

L. o= (=D z
(3.14) ‘e -y S G

j=0
Equation (3.5) implies that for all k£ > 1, k1 > 3, there exist polynomial functions of
x, Di(x), ! < ky, and polynomial functions of €, b;(¢), j <k, such thatif [x —¢| <

Mo /Togax(l — x)//a, and setting
2 ki—2 AN
L, =9 (1 s Dy(x)(x — &)

_ e Di(x)(x — &) 9
=7 2x2(1 —x)? xl(1 = x)! ) = CM~log(a),

=1

\/&eRkl _ k bJ(S) —(k+l)
o,& =—¢ ‘|1 - o s
8a,e (X) Al _x)e ( +J§l o T (o )

where |Ry,| < aCa_k1/2+l/2(loga)k1/2. ansider g0 = a0, for some positive
constant 7o and ¢; = go(1 + M loga/ /), j=1,...,J, with

folog(a) + 2log(log(@)) [

/= L log(1 + M /loga/ /) J +1=0ayloga).
Define dF; and dP; the renormalized probabilities dF and d P restricted to
[ej,ej+1)set H > 0.Considerk; —1>2H andk > H—1/2and x € [¢;_1, €j42],
J > 2, using (3.14) together with the above approximation of g, ¢, we consider the
moment matching approach of [4] (Lemma A.1) so that we can construct a dis-
crete probability d P; with at most N = 2kkys + 1 supporting points such that for
all [ < 2sky,l' <k,

/elblr(s)d(Fj — Pj)(e) =0,
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leading to
Ej+1
[ acttar; —ape
gj
C Cs+1M2(S+1)1 s+1
(3.15) < [*/a o a_H}
x(1—x) (s + 1!
INUCED
T x(1=x)’

if s = sg log o with s > C2M* + 1 and s logso > H. Moreover, forall x <e;_1,
using (3.4) and the fact that

M?*(loga)e(l — &)

aK(e,x) > aK (e ej) >

3 b
when ¢, > & > ¢, we obtain
2
x) < —cM~loga
8a,e(X) = xi(l —0
for some positive constant ¢ > 0. A similar argument implies that if x > &>
2
x) < e—cM loga
8ae(x) < xi(l —0

for some positive constant ¢ > 0. Hence, by constructing P in the form, if &40 =
1—¢g
J

dP(e) =) (F(gj11) — F(£)))dPj(e) + F(0)8(sy) + (1 — F(€742))(e,.0)-
=0

we finally obtain for all x,
aH
x(1—x)’

where P has at most N, = No(logoz)3/ Zﬁ, for some Ny > O related to H. We
now consider x < go(1 — M /loga/a). We use the approximation (3.4).

1
(3.16) ‘ /0 tue(WIAF —dPI(e)] <

C\/& _ 1— —1
8a,e0(X) = x—(l _x)e aK (g0,x)/(g0( 80))(1 + O(a ))
Since, when x < gg,

K (g9, x) _1
————— < (I — &)~ (log(eo/x)),
so(1 — #0) (log(eo/)

we obtain

stoste CY/aF (e0)

got,P(x)Ze x(1—x)
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and using the above inequalities on gy ¢ (x) for x < ¢;_1, we have
ga,p(¥) = Ca™ /x(1—x),

where H depends on M, so that
llog(ga, P (x))] = Car|log(x)].

Since gq, s is bounded (as a consequence of the fact that g, s — f is uniformly
bounded whenever f is continuous), and since u|log(u)|” goes to zero when u

goes to zero,
p
10g<goc,f(x)>
ga,P(x)

Note also that if « is large enough,

8a,f(x) = f(x)/4,

&0

8a, £ (X) dx < Ca ™™+ Ca "(loga)”

(3.17)
= 0(a " (loga)P).

so that gy £(x) > cxko(l — x)% for x close to 0 and for all x € (€9, 1 — &g), for all
H=>0
80 () = 8P (2)| o)
ug(x) T akeFI( -t = '
So that if H > to(1 + ko V k1) + B/ p, with B > 0,

dx < Ca™™(loga)” + Ca 8 = 0(a™®)

[ seror( S

as soon as fy > B. Moreover, we can assume that there exists a fixed A such that
for all j, p; > a4 = v. Indeed, let I, = {J; pj < v}, then consider for j ¢ I,,
pj =cpjandfor j € I, p; = cv where c is defined by ZJJ':1 pj = 1. This implies
in particular that

le — 1] < vJ < Joa A2 (log ).
Let P =Y7_o ;¢ (¢) then g, 5 > cgop andif A—1/2> B,
KL(ga. 5+ 8y p) < Ca™® + [loge| < C'a™?
Also,

[ 1805 = garl < @12 G0ga) 2,

hence, if A is large enough, inequality (3.16) is satisfied with P instead of P. Since
po = Fi(g0) > Fo(g0)/4 and Fy(eg) > a~0%0C, by choosing A > toko, we obtain
that 0 ¢ I, and

8. pX) = 8a,e0(X) F(€0) Vx < &0,
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so that (3.17) is satisfied with P instead of P, which leads to: for all B > 0 there
exists a distribution P, having less than No./a(loga)3/? points in its support, sat-
isfying: p; > o~ for some A > 0 and all j and such that

8a,
8a,P

which achieves th proof of Theorem 3.2. [J

P
(x)dx = 0(a™®),

Note, however, that A depends on B and so does Ny. Note also that this result
could be used to obtain a rate of concentration of the posterior distribution around
the true density when the latter is a continuous mixture.

In the following sections, we give the proofs of Theorems 2.1 and 2.2.

4. Proofs of Theorems 2.1 and 2.2. To prove these theorems we use Theo-
rem 4 of [6]. In particular, let p > 2, and following their notation define

B*(fo, 7, p) = {f; KL(fo, f) < t% V,(fo, f) < TP}

We also denote J,,(t) = N(t, Fu, || - |l1), the L1 metric entropy on the set F,,, that
is, the logarithm of the minimal number of balls with radii T needed to cover F,
where F, is a set of densities that will be defined in each of the proofs. The proofs
consist in obtaining a lower bound on 7 (B*( foy, 74, p)) and an upper bound on
Ju (1) when fj belongs to H(B, L).

4.1. Proof of Theorem 2.1. Assume that fo € H(B, L) and let 7, = an_ﬁ/z,
with o, an increasing sequence to infinity. We first bound from below 7 (B*( fj,
T, p)). Leta € (crap, c2ay), 0 < 1 < ¢2, using Corollary 3.1 there exists a prob-
ability distribution with N,, = No+/a(loga)3/? supporting points such that

KL(fo. 8a,p) <Ca P, Vp(fo.80.p) < Ca™”,
with P of the form,

kn
P(e)=)_pjd; (e,

Jj=l1

gj € (a‘ﬁ(loga)_ﬂ_l, 1-— a‘ﬂ(loga)_ﬁ_l) and p; > a~4 for all j=1,...,N,
and some fixed positive constant A. Set g9 = a P (log a)_ﬂ —1 then & > &9. Con-

sider d P'(e) = Y.
aa Nt12p j» for some positive constant y; > 1/2. Note that this implies that
1P = pjl < Zaa_yl“/zp}. Then

" p;.(Sg}(s) with |8; —¢gjl<aa™"ej(l1 —¢j)and|p; —p;-l <

1
(4.1) KL(fo,ga’P,)S(ja*ﬂ_i_/o fo(x)log[g“’P(x)]dx,

ga,P/(x)
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For the purpose of symmetry, we work on x < 1/2. Let M,, = M /loga//a, when
|x —&j] < Myej(1 —¢j), then Lemma B.1 implies that

Bty () — 1‘ = 0(a"=12 Jloga),

ga,s/i

by choosing k2 > 2y; — 1 and k3 > y; — 1/2. Set B > O, then for all x > e~ Poan
and all j’ such that |x — s;-l > Myuej(l —g;); since ¢;(1 —&;) > a™"/2 with
to > B, Lemma B.1 implies thatif y; >ty + 8 +2

8oa,ej

(x) — 1' < CPoa " 2eyt = 0(@7P).
a,s}

This implies that if x € (e =£0, | — ¢=Fox),

kn kn / _
Za.p(X) . Zj:l(pj — p;)ga,gj N Zj:] Pj(ga,sj ga,s})
= % K
ga,P (x) Zj:l p}ga’g} Zj:l p;'gol,&‘}

(4.2)
=14+ 0@ "*?).

Now let x < e A0%_ then |x — gjl>=¢ej(l —¢gj)/2forall j=0,..., Ny, and there
exists ¢ > 0 independent of Sy such that

J&

x(1—x)’

J&

, <eCx_NT
8a, P x)<e x(1—x)

a,p(x) <™

Note also that

oo (X) > CLe*aK(e,X)/(e(lfg))
ST x(1-x) ,
where

aK (e, x)

e(l—e¢)

a( ! log(s/x)—kllog(l—8)—|—£+0(x/e))
1—¢ & £

< a( ! log(e/x) + llog(l —&)+ {> 4+ o(1).
1—¢ e e

Consider the function

1
hie) = T— log(e/x) + ~ log(1 — &) + =,

1—e¢
since x < [log(1 —¢)| for all € € (g9, 1 — &9) h is increasing, and for all ¢ < 1/2,
h(e) <2|log(x)| + O(1). This leads to

NG (20 log(x)

(4.3) 8a,p(x) = CP(0, 1/2])16(1 e
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The same inequality holds for g, p/, which implies that

e Po p
/ fo(x) log(m) dx < CaPtle Pr  yp>1.
0 ga,P/(x)
The same kind of inequalities are obtained for x > 1 — e ~#0%_ Finally we obtain
1 p
4.4) / folx) 10g<m) dx = 0(aP).
0 8a, P (X)

Note that if |p, — p;| < a P~4 then 1P} — pjl < a=Ppj, so we need only
determine a lower bound on the prior probability of the following set under the
adaptive prior: set By < 1/2

Sp =1{p" € Sn,; 1P} — pjl <o, P74 j < Ny)
x{lej — &l <o, P ej(1—g)). j < Nu).

The prior probability of S, | = {K/ eSn,; Ip; —pjl < an_ﬂ_A, Jj < N, }isbounded
from below by a term in the form,

—Cky,
o,
The prior probability of S, > = {|¢; —s;l < ozn_zﬂ_lsj(l —¢&j), ] < Ny} is bounded
from below by a term in the form,
Ny
[Tl (1 — 1T a2Mn(BHD) > g =Mal2(E+D+4T]
j=1

Since N, < CNy./a, (log an)3/2, for all @ € [c10p, c20ty ], together with the condi-
tion on oy, we obtain that there exists C; > 0 independent of N, such that

(45) ﬂ(B*(an T, p)) > e_NnCI lOgnC > e_ClNO\/O‘—'l(IOgOl,,)S/Z.

Set o, = agn® PV (logn)=3/CA+D then 1, > ton=P/ZA+D (logn) P/ @F+2) =
En-
We now determine an upper bound on the entropy on some sieve of the sup-

—n\/CBED) (Jog )8/ CB+1)

port of the adaptive prior. Denote «g, = e and o, = ap X

Fra={(P,);k <k, a0, <a <ain; € > €0, Vj}

with g, ¢ > 0, k], = k1 n'/ PV (log )% with g = 58/(28 + 1) if L(k) =1 and
g =@B—1)/2B + 1) if L(k) =logk in the definition of the prior on k, and &g
is defined by

g0 = exp{—an!/ PV (log n)>F/ A+,
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Since m, is bounded, for some ¢ > 0,
_ 2
w(F, ) <e .

To bound the entropy on F;, ,, we use Lemma C.1 with the following parametriza-

tion: Writt a = /(1 —¢),a’' =a'/(1 —€'), b=a/e and b’ = o’ /&’ and consider

p > 0 small enough, then if |a’ —a| <1 <a and |’ —b| <15 < b,

x4l 1 —x)P" 2" Bla —11,b — 1)
B(a—r1,b— 1) B(a',b’)

8a’,¢’ (x) <

’

so that
Ba—1,b— 1)
Ba',b)
Consider first @ <2e A (1 —¢). If

<l+4+rz1 = |go¢/,s’ - ga,e| = Tp.

(4.6) le —&'| < pTre(l — &), o —a'| < prpa,

then using case (i) of Lemma C.1 and simple algebra, we obtain
|8ar s" — 8ave| < 4PTn.

‘We now consider the «, €’s such that 2(1 — &) <« < 2¢e. If

1—
@7 e sp U0 o —a| s
log(

log(a/(1—¢))’ a/(l—¢)’

then using case (ii) of Lemma C.1 and simple algebra, we obtain
|go¢/,5/ - ga,s| =< 2P/Tn

for some p’ > 0. Last we consider the case where o > 2¢ Vv (1 —¢). If

,ornez(l —e)? o —o| < pe(l —¢&)t,
~ alog(a/e(l —¢))’

48) le—&|<—-——1,
log(a/e(1 —¢))

then case (iv) of Lemma C.1 implies
|8a/,e’ - ga,e| =< 2,0,77n

for some p’ > 0. Therefore, the number of intervals in « needed to cover
(e PP Qogm PP ) aon?/ A+ (log n)198/2A+1D)y is bounded by

_ 1/(2p+1 58/(2B+1
Ji < Canl 1 < CnDe(a—H)n /@B+D) (1og n)>B/ B )’

where C, D are positive constants. We now consider the entropy associated with
the supporting points of P. The most restrictive relation is (4.8).

Letsn,jzsé/j,jz1,...,Jwith

B an'/B+D (log n)>A/2A+1) B ak!,

tlogn kit’
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sothate, y=n"".Let P = Zf-‘zl Di8a.e;» and N, j(P) be the number of points in
the support of P belonging to (¢, ;, €x,j+1)-

The number of intervals following relation (4.8) needed to cover (&, j, &n, j+1)
is bounded by

[log(en, j+1) — log(en, j)1n P!

Jn,j =
5n,j

for some positive constant D independent of ¢. The number of intervals following
relation (4.8) needed to cover (n~,1/2) is bounded by J, j11 = n'*!(logn)4
for some positive constant . For simplicity’s sake we consider D; = D,. We
index the interval (n~’, 1/2) by J + 1. Consider a configuration o in the form
Ny, j(P) =kj, for j = 1, ..., J + 1 where Z ki=k=< k), and define F,, 4(0) =
{P€Fna:Nnj(P)=kj,j=1,....,J +1}. For each conﬁguratlon the number
of balls needed to cover ]—'n a(o)is bounded by J, (o) = ]_[J+1 I ’ . Moreover, the
prior probability of F, ,(o) is bounded by

J+1 "f

7 (Fna(@)) <T(k+1) H e i<,

S <
F(k +1) Pn,j = [ nj+1

for some positive consistent ¢ > 0 and p, j4+1 < 1. We obtain, since 7 > 1 and
t>2

A, = Z\/ﬂ(]:n,a(g))\/ Jn(o)

p@+Dky1/2

Flkysr + D12 1_[

(T+1)kj/2
(CnDl)kj/z En,j+1
J/2 1/2
Ckj+1)

SF(k+1)1/2Z

T+1

L k)2
X [log(en, j+1) — log(en, j )]k /2|: ;—_:1] .
8n,j+1

Since

J
[Tk + D'?* <exp(klogk + 1)) < k18,
j=l
if tT > 6, we have

exp{—akk;, logn[Tj —21/(2k} j(j + 1))}
Fk;+D)1/2

J
Ap < Ckn*Pr e+ DT
o j:

[

exp{—tTk;jlogn/3}
[kj+1)1/?

J
< CknkD'F(k—i- 1)1/22 1_[
o j=1
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J

tTklogn 1
< CkpkDi+1/241/2p (e 4 1)1/2exp{_7} _
S

< Ckpk D2+ D 4 1)=1/2 exp{_kaéOg” }eklog(J)

< K (D1=T1/6+1/2+1/2)logn.

Hence by choosing 7, = ton®/?#+D (logn)9+! with 1y large enough, the above

n

term multiplied by e~ & goes to 0 with n, which achieves the proof of Theo-

rem 2.1.

4.2. Proof of Theorem 2.2. The proof for the control of the prior mass of
Kullback—Leibler neighborhoods of the true density under the Dirichlet prior fol-
lows the same line as the proof under the adaptive prior. To find a lower bound
on 7 (B*(fy, T, p)), we construct a subset of 7 (B*(fo, t,, p)) whose probabil-
ity under a Dirichlet process is easy to compute. Consider o € (c1ay,, caor,) and
the discrete distribution P(g) = Zj-vio Pjde (&) with N, = Noﬁ(loga)3/ 2 and
a0=gy<e <--- <&y, =1 — a7 and such that

KL(fo, ga.p) < Ca™P, V,(fo, ga.p) < Ca™P.

The above computations [leading to (4.4)] imply that there exists D; such that if
le —&'| <™ P1, we can replace gq,¢ by g4, in the expression of g, p without
changing the order of approximation of fj by g, p. Hence we can assume that the
point masses ¢; of the support of P satisfy |e; —&;11] > a P j=0,...,N,.
We can thus construct a partition of [e9/2, 1 — £0/2], namely Uy, ..., Uy,, with
¢j € Uj and Leb(U;) > 2_101,7D1 for all j =1,..., N, where Leb denotes the
Lebesgue measure. Let p > 0 and P; be any probability on [0, 1] satisfying

4.9) |P1(Uj) — pjl < pja™® Vj=0,...,Ny.
Then Pi[eo/2, (1 —ep/2)] > 1 —a™P. Since
5 1—¢gg/2
gar @ =an=[ " . P
£0/2

and using (4.1), we obtain

KL(fo, ga.p,) < Ca™" + / fox) log(8a. p () /Zn.p, (x)) dx.

Set p > B, then, similarly to before, we obtain inequality (4.2) with g, p, instead
of gy, p- When x < e Po* we use the calculations leading to (4.4) replacing

8a.p With g, p,, wich finally leads to (4.4) between g, p and g, p,. To bound
fol fo(x)llog(%)w dx, note first that

8a.p, (X) = &n.p, (x) < P[0, £0]C/a(x(1 — x)) ™' < Ca P12 (x(1 —x)) .
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For the purpose of symmetry, we work on [0, 1/2] and we split [0, 1/2] into
[0, e=Pox] [e=Po* 0] [g0, 1/2]. Since

fo)  CaH

VH > 0,
4 x(1—x)

goc,P(x) = 8a,fi — |got,f1 - g(x,P| >

when x € (g9, 1/2), we have g, p(x) > cfo(x), since fo(x) > Cox*0 near the ori-
gin, for some positive constant c. Hence combining the above inequality with (4.2)
based on g, p and g, p,, we obtain that

Ca—P+1/2 a—Pt1/2

= <C
gn, Py (X)x(1 —x) Jo(x)x (1 —x)
< Co P T1/2+ko+Dio

=0 PPy, ifxe(e0,1/2p > B/p+1/2+ (ko + Do

Moreover, (4.2) implies, also, that for all x € (e~ Poan o to),

5 C/aFy(eo)
&n, P, = ga,p(x)/2 > (x/go)“[—’
x(1—x)
leading to
-8 —p+1/2 a—ko—1
10g<1 + 8a, Py (ic) 8n, Py (X)> < log(l n Ca &y )
g",Pl(x) xa\/&

< Callog(x)]  Vxe (e P o0,

Also, if x < e Pox using similar calculations to those used to derive (4.3), we
obtain

\/& eZa log(x)

gn,p, = CPi ([0, 1/2])x(1 5
and

8a, P, (X) — gn,p, ()
gn,P] ()C)

10g<1 + ) < Callog(x)| Vx < e P,

Finally, we obtain

| o) log( Jol) )

8a, Py (x)
whenever ty > 8 + p, which implies p > 8/p 4+ 1/2 4+ (8 + p)(ko + 1).
Under the Dirichlet prior, (P1(Uyp), P1(U1), ..., P1(Uy,)) follows a Dirichlet
(v(Uo), v(Uy),...,v(Uy,)) with Uy being the complementary set of (U; U --- U

p
dx

log<gn’P' (X)>
8a, Py (x)

<o, " P(loga)? + O(a™P)=0@™P),

p 1
dx < 0@ P) + /0 folx)
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Uy,). Using the fact that v(U;) > Ca,, TP for all j, we obtain that there exist
D», Cy > 0 such that

7(Sy) = expl{—Da Ny log(ay)} = e~ C2Novenozan?™?,
The above inequality can be derived, for instance, from Lemma A.2 of [4]. Setting
a, = n?@B+D (logn) /2D implies that 1, > ton P/ A+ (logn) P/ @A+ =
En.

We now bound the L entropy for the Dirichlet prior. To do so, we use
the approximation of any mixture of Beta densities by a finite mixture, and we
bound the entropy of a finite mixture. We cannot use the control of the entropy
for the adaptive prior, however, since it is based on the prior mass of parti-
tions of sieves F, ,(o), which is not easily controlled under Dirichlet priors. Let
&9 = exp{—a./a, (log oz,,)s/z}, o, as above, and define

Fu={F; Fleo,1 — o] > 1 —a, P, n' <a <ap(logan)’}.
Under a Dirichlet v-process,

[0, 0]  v[1—ep,1] B o
[V[O, 1] ([0, 1]) :|+6XP{ b/a,(logay,)~}

< Ca? exp{—aa/an(logan)ﬂz}.
For all F € F,,, define F;,, the renormalized restriction of F', on [gg, 1 — gg]. Then

T(Fn)°) <af

n

I 8a,.F, — oy Fl1 <20, P

We can, therefore, assume that F[eg, 1 — eo] = 1 for all F € F,,. Then there exists
a discrete probability

Np
(4.10) P(e)=) pjde;(e), &€ (e0,1—e0) V],
Jj=1

with N, < No+/a(log «)3/% such that (3.16) is satisfied for F for all H (depending
on Np), and

€0/3 1—¢gg
[ 18k — garloax = [ 1are +dP<e)]< /
0 0

&0

£0/2

8a,e(X) dx)-

When x < g9/3 < ¢/3, using (A.5) we obtain

£/Q2e(1-e))
8oe(X) = Cye < 2 )a < CJae™/@1=9)) g ya/Q1=e)~1

x(I—x)\x+¢
which implies that

&0/3
/ " gee(x)dx < Ca~V2(1 - g)g—“/@“—f))(%o
0

4.11) < Ca™'2(1 —g)(3/2)~*/@0=2)
=0 VH > 0.

)06/(2(1—8))
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By symmetry, the same bound is obtained for the integral over (1 — g¢/2, 1). Fi-
nally, for all H > 0, there exists Ny > 0 and a probability measure P defined by
(4.10) with N,, = No/a(loga)3/? such that

—H
8o, F — 8a, Pl <

Hence the entropy of F, is bounded by the entropy of the set

k
Fp=1P=) pj8uc; k<Nuyigje(e0.1—e0)Vjin' <a San(IOgan)s}-
j=1

Let k < N, be fixed and g, p be a Beta mixture with kK components. When |8;- —
gjl < 60{‘V1_28j(1 —¢j) forall j <k and |p; — p;l <a M if |x — gjl <
€j(1 —&j)My, then Lemma B.1 implies

|ga,£} — 8a,ej| = 8ae; Ca_yl\/ log ey,

and if [x —g;| > (1 — ;) M, then |x — 8;~| >e;(1- sj)% and the convexity
of x - K (e, x) for all ¢, together with (3.4), implies

—M?loga/12
r + | <C——— .
|ga,sj ga,s,|_cx(l_x)e

Combining the above inequality with (4.11) leads to

1
(4.12) | 18, = g ) dx = 0@

and

1
/0 8P — 8o p| (1) dx = O(a P,

B

by choosing y; large enough. Similarly, considering |@ — «'| < n~?«, we obtain,

using (3.5),

|gtx,s(x) - ga/,s(x)l =< Cgot,s(x)n_B,

leading to

1
/0 8a.p — gar.p/|(¥) dx = O(@;P),

by choosing B large enough. The number of balls needed to cover (n’, a,, (log ,,)°)
under the above constraint is bounded by Cn® log n. The number of balls with radii
810, 7" needed to cover the set Sy is bounded by

k ,—kyi
Croa, "M,
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1725, needed to cover (g0, 1 —&0)

(a0 > (log )/ )*.
Finally, the metric entropy is bounded by
Tn(@) < 3knBlog ey < 3k1 /ey (log @)’ < Cnty,
which achieves the proof of Theorem 2.2.

The number of balls with radii ¢ (1 — &), 4

APPENDIX A: PROOF OF LEMMA 3.2

Throughout the proof, C denotes a generic constant. Let

1
Ip(x) =go(x) — 1 =/(; 8ac(x)de — 1.

The aim is to approximate Iy with an expansion of terms in the form Q ; (x)a—I/?
where Q; is a polynomial function. The idea is to split the integral into three
parts, Iy, I>, I3 corresponding to € < x — §y, € > x 4+ 3, and |x — €| < §, where
8x = 8ox(1 — x)/log(x)/a, for some well-chosen §y > 0. Note that this choice
of §; comes from the approximation of the Beta density with a Gaussian with
mean x and variance x*(1 — x)?/a. We first prove that the first two parts are very
small and the expansion is obtained from the third term. By convexity of K (e, x)
as a function of &, K(g,x) > K(x — §,,x) for all € < x — §;, and K (g, x) >
K (x + 8y, x) for all € > x + 8. Moreover,
_ dod —x)«/log(oc)) Io (1 _dod —x)«/log(oz))
V& ¢ N
+( —x)(l +XW) log(l +xu(f(a))

NE NG
_ 82 log(az);c(l —Xx) N 0<x(1 B x)(loifa))wz)

uniformly in x. Using a similar argument on K (x 4 ., x), we finally obtain, when
« is large enough,

K(x—éx,x)zx(l

2 2

)
= K(x+8)ﬁ =

(Al) K(X—Sx,x)Zm, X)Zm

Set

x—08y
L(x) = fo gae (1) de.

First we consider x < 1/2, then using (3.4) and the fact that if « is large enough,
the term in the square brackets in (3.4) with k = 1 is bounded by 2, uniformly in ¢,
we obtain that

_S’C
L) < NG x " Spx(-x)loga/Ge(1-) g,

V2rx(1=x) Jo
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Let p = (83x(1 — x)log) /6 then

2V s —82loga/6
(A.2) I (x) < XY= P/0=80) < 0 Jge 0 1089/6

21
Now we consider x > 1/2, for which we use another type of upper bound: we
split the interval (0, x — ;) into (0, x(1 — &)) and (x(1 — §),x — §,) for some
well-chosen positive constant §. For all ¢ < x(1 — ), K(g,x) > K(x(1 — §), x).

Since u log(u) goes to zero when u goes to zero, there exists §; > 0 such that for
allx >1/2,and all §; <§ < 1,

K(x(1—8),x)=x(1—8)log(l —5)

0x
+(1—x —|—8x)10g(1 + 1—)
— X

8
> 82xlog(1 + a )
1—x

Therefore, using (3.4) and the same bound on the square brackets term in (3.4), as
in the case x < 1/2, we obtain that if x > 1/2,

x(1-9)
fo Gae(x)de

Ja x(1=8) s —ad2/(2e(1—¢))
< 1+ 7)
~2mx(1 —x)Jo ( 2(1 —x)

—ad?/)2
< Cye (1+ ° )
(1—x) 2(1 —x)

<Ca VH > 0.

de
(A.3)

We now study the integral over (x(1 — §), x — §,). We use the following lower
bound on K (¢, x): a Taylor expansion of K (&, x) as a function of ¢ around x leads
to

€ 1—¢
K(e,x)= slog<—> +(1—-¢) log<—>
X I —x
1 —
= (e —x)° (- du
0 x+ule—x))(1—x—u(e—x))

- <8—x)2/1/2 1
- 2 0 (—x4ulx—e)
(x—¢)

=" (log(1 — x/2 —¢/2) —log(1 — x)).

(A4)
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Let u = x — ¢, and note that the function 4 — u/(x — u)(1 — x + u) is increasing
so that when « is large enough, uniformly in x,

2/ 1 — x 4 u/2)\ "0/ Q) (I=x+u)
Que () < ( )
V2mx (1 —x)
_ —a8/(2(1—8)(1—x+8x))
- 2 <1 X+ u/2)
N2mx (1 —x)
for all u € (85, §x). Thus if @ large enough and x > 1/2,
xX—06y
/ Bae(x)de
X

(1-9)

1—x

1—x

5 —ad/2(1-8)(1—x+6x))
- 2/« x<1 ¥ )
NV2mx(1 —x) J8, 2(1 —x)
—ad/2(1-8)(1—x+6x))
- 8/ 1 (1 n Sy )
T Nras/2A—-8)(1—x+68x))—1 2(1 —x)

< O o0 aVIE@/C1-9) _ oo H)
Ja
for any H > 0. Finally, the above inequality, together with (A.3) for x > 1/2 and
with (A.2) for x < 1/2 implies that
Ii(x)= 0@~

for all H > 0 by choosing &g large enough. We now consider the integral over
(x +3dx, 1)

+8x

First let x < 1/2, then when ¢ € (x + &y, x(1 + §)) with § small enough, we can
use (3.6) and

x(1+68) 1
L(x) = / Gas(x)de + / ga(x) de.
X x(146)

x(1+8)
/ Zae(x)de < 200 loga/2
X+8x

When ¢ € (x(1 + ), 1), a Taylor expansion of K (¢, x) as a function of & around x
leads to

I 1 (1 —u)
K(e,x)=(e —x) ]0 (x +ue—x))(1—x —ule—x)) du
(8-)()2 1/2 1
(A.5) = fo (x +u(e —x)) a
_(e—x)

3 (log((x 4+ €)/2) — logx).
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Thus letting u = ¢ — x and noting that (1 — ¢) < x 4+ u and that u/(x + u) >
6/(1 4 8) as soon as u > §x, we obtain

/1 C\/CT{ 1—x< 2x )055/(2(14-5))
x

x)de <
(148) 8ac(¥) de < x  Jox 2x +u

du

5\ ~@8/(2(148)+1
—-1/2 hd
<2Ca (1 + 2>

If x > 1/2 and € > x + 8., by symmetry, we obtain the same result as in the case
x <1/2 and ¢ < x — 8, changing x into 1 — x. Finally, choosing dp large enough,
we prove that for all x € [0, 1],

(A.6) L(x) + L(x) = o)

(H depending on &p). We now study the last term, /3(x). Using (3.6), and the fact
that when & € (x — 8y, X + 8y),

IR(x, )| < R'a™ M |x — PR (x(1 —x))_3(k2+1)

< R/(x_(k2+l)/2(10g0()3(k2+1)/2’

we obtain, for all k; > 1, k; > 3(ko — 1), and considering the change of variable

u=Ja(x —e)/(x(1—x)),

x+68y
13(x):/ 5 8acde —1
X—0x

koky

/L3C()C)J ,U«B(x) —(kr+1)/2 3(kr+1)/2
_ Z M3 A0 s Z JON/2 ( (k2 +1)/ (log ) (k2 +1)/ )
j=1
I(x) + 0(a~®tD/2(1og @)3latD/2),
o

choosing &8¢ large enough, and since 11 = 0 where the B;’s are polynomial func-
tions of x coming from Qy, and C(x) and where the remaining term is uniform
in x. Lemma 3.2 is proved.

APPENDIX B: LEMMA B.1

LEMMA B.1. Let (6,)n, (Bu)n and (pn)n be positive sequences decreasing
to 0 and assume that a,, increases to infinity. Let 1 — 8, > ¢,& > 8, and |e — &'| <

one(l — &)/ /oy, then for all |x — e] < Me(1 — e)/logay, /. /o, if pp/logay,

goes to 0 as n goes to infinity, for all ky, k3 > 1,

gan,e(x) _
gozn,s/(x)

1‘ < C|[pny/loga, + a, —k2/2(log a,y )<2/? —|—a_k’]
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for n large enough. Also, for all x € (B,, 1 — Bn), ifoz,i/z,on|10g(,3,,)|8n’l =o0(1),
for n large enough,

8ay,e(X)
8ay,,e (x)

- 1‘ < Cla}/? pullog(B)18, " + a, 2/ (log ) ™02/ 4, 031.

PROOF. Firstlet |x —e| < Me(1 — &) /loga, /. /oy, since |¢ —&'| < ppe(1 —
€)/./an, we have that

Ix —&'| <e(l —e)a, /*[MJloga, + pn]

<2Me(1 — s)an_]/z,/logan

and

l
=& ==& + (=Y Clle—eN ' x—e)

i=1
=@ —8) 4 0, ?p.e! 1 — &) loga,) 1 =V/2).

We control gy, ¢/8a,.e using approximation (3.5). Then noting that when n is
large enough,
(oo () =2
= " (cx -
x(1—x) AT Y

anle — &'l1x — & < 2x7(1 — x) pact,)/?

and

(logay,)'/?,

we obtain that

o (x — €)? (x —¢) x—¢
“=lnra —x>2[1 M (ce+0n(5 (- >>)]
N2 /
B ;x;z(?l —Ex))2 [1 + f(cl — )) (C( )+ Qu (xj(cl —i)))]‘
Clp; + (logan)'/? py + (log o) pucty, /%]
and finally,
Sone

(x)—l‘ < Cppy/logay, + O(al7R22eh2 (1 — e)2 (log a,)*2/% + o 53).
Zan e’

Now let |x — &| > Me(1 — ¢)/log(a)/ /o, and x € (B, 1 — By), we use (3.4) to-

gether with the above calculations and the fact that the function ¢ — ¢log(e)/(1 —
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€) is bounded on [0, 1],
gan

e 1 € 1 g
—(x) = exp{—an[— log(—) — 0 (—)
8ay.e' 1—¢ X 1—¢ X

) oe(1=5)])

J— 8 ~
—log(1 — &)

g (1-2)
—log(x)( _g)—log(l—x) z ”

x (14 0(pacy, ' + o)),
where & € (¢, ¢"). Hence as soonas 1 — 8, > ¢,&' > 8, and x € (B,, 1 — By),

(1

1—¢)
which implies that if a,ll/ 2 pnllog(Bn)lé,, 1is small enough,

log(1 — x) < [log(Bn)18, "

- 5)] < llog(Bu)I5;"!

1
og(x) (

8ay,e
gotn,é‘/

which achieves the proof of Lemma B.1. [

(x) — 1) < Ca P, ll0g(B)IST + O(puart + a5,

APPENDIX C: LEMMA C.1

The following lemma allows us to control the ratio of constants of Beta densi-
ties.

LEMMA C.1. Leta,b>0and0 <1t <a,0< 1) <b,let C, p denote generic
positive constants. Let n =a + b and T = 11 + 2. We then have the following
results:

(i) Ifa,b <2,
<F(a—‘[1)F(b—‘L’2)> (F(ﬁ+f)> 27y 2170
0 +lo — ) =<
F'a+t)H)I'b+ n) C'(n—1) a—1 b—1
(i) Ifa<2,b>2,thenn>2and
(F(a—fl)r(b—fz)> (F(ﬁ+f)
0 +lo —
['a+ )T+ 1) '(n—1)

(iii) Ifb <2, a > 2, then things are symmetrical to the previous case.

—2(7)C.

2‘L’1 _ -
)5 + tllog(n+1) —C].
a—rT
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(iv) Ifa,b>2,i=1,2, then

(F(a -l — r2)> " 1Og(l"(ﬁ +7)

[@+ )b+ ) F(ﬁ_f))SZflog(ﬁ+1)-

PROOF. The proof of Lemma C.1 comes from Taylor expansions of log(I"(x))
and from the use of the relation,

1
v (x) - +y(x+1D),

so that when x is small, |y (x)| is bounded by 1/x plus a constant, and if x is large,
¥ (x) is bounded by log(x) plus a constant. [
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