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ON MAXIMA OF PERIODOGRAMS OF STATIONARY
PROCESSES!

BY ZHENGYAN LIN AND WEIDONG LI1U
Zhejiang University

We consider the limit distribution of maxima of periodograms for sta-
tionary processes. Our method is based on m-dependent approximation for
stationary processes and a moderate deviation result.

1. Introduction. Let {¢,;n € Z} be independent and identically distributed
(i.i.d.) random variables and g be a measurable function such that

(1.1) Xn=g(..,en—1,€n)

is a well-defined random variable. Then, {X,;n € Z} presents a huge class of
processes. In particular, it contains the linear process and nonlinear processes in-
cluding the threshold AR (TAR) models, ARCH models, random coefficient AR
(RCA) models, exponential AR (EAR) models and so on. Wu and Shao [21] ar-
gued that many nonlinear time series are stationary causal with one-sided repre-
sentation (1.1). Let

2
n
Lix(@) =n""13" Xeexp(iwh)| . wel0,7],
k=1
be the periodogram of random variables X1, ..., X,, and denote
M, (X)= max I, x(wj), wj=2mj/n,
1<j<q

where ¢ =g, =max{j:0 <w; <m}sothatg ~n/2.

If Xq,X,,... are ii.d. random variables with N (0, 1) distribution, then
{Inx(wj); 1 < j < q} is a sequence of i.i.d. standard exponential random vari-
ables. It is well known that (cf. Brockwell and Davis [2])

(1.2) M,(X)—logg = G,

where = means convergence in distribution, and G has the standard Gumbel dis-
tribution A (x) = exp(—exp(—x)), x € R. However, in the non-Gaussian case, the
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independence of I, x (w;) is not guaranteed in general, and, therefore, (1.2) is not
trivial. When X, X, ... are i.i.d. random variables, Davis and Mikosch [4] es-
tablished (1.2) with the assumptions that EX| =0, EX% =1 and E|X|® < oo for
some s > 2. They also conjectured that the condition EX % logt |X1] < oo is suf-
ficient for (1.2). Moreover, a similar result was established in their paper for the
two-sided linear process X, = > jez djén—j under the conditions that E|gg|* < oo
for some s > 2 and

(1.3) > 112 aj] < oo.
JjezZ
The key step in Davis and Mikosch [4] is the approximation that (cf. Walker [17])
1
(1.4) max | 2X@ | Spo.
wel0,7]| 27 f (w) ’

Generally, it is very difficult to check (1.4) for the stationary process defined
in (1.1). In this paper, we shall establish (1.2), or an analogous result, for (1.1) un-
der some regularity conditions. Let us take a look at the linear process first. In this
case, Xy = 3.7, ajen—j + 3 |jj=m @j€n—j, m > 0. Under the assumptions of
> jezlajl < oo and Eleg| < 00, 3 |jj=m ajén—j —> 0, in probability, as m — oo.
This implies that the linear process behaves like a process that is block-wise inde-
pendent. In fact, many time series, such as the GARCH model, have such a prop-
erty. Such an analysis suggests that we approximate X, by E[X,|e,—m, .- ., &nl.
This method has been employed in Hsing and Wu [11] to establish the asymptotic
normality of a weighted U -statistic.

By the m-dependent approximation developed in Section 3, we show that, for
proving (1.2), the condition (1.3) can be weakened to le\zn laj| = o(1/logn).
Meanwhile, the moment condition on &y can also be weakened to Ee(z)l {leg] >
n} =o(1/logn). This in turn proves that the conjecture by Davis and Mikosch [4]
is true. Furthermore, it is shown that (1.2) still holds for the general process defined
in (1.1).

Below, we explain how (1.2) (or the analogous result) can be used for detecting
periodic components in a time series (see also Priestley [14]). Let us consider the
model

Z[=//L+S(t)+Xt, t=1,2,...,f’l,
where X; is a stationary time series with mean zero, and the deterministic part
S(t) = Ajcos(yif + ¢1)

is a sinusoidal wave at frequency y; # 0 with the amplitude A; # O and the
phase ¢1. Without loss of generality, we assume that ; = 0. A test statistic for the
null hypothesis Hp: S(¢) = 0 against the alternative Hj: S(t) = A cos(yit + ¢1)
is

maxi<i<q In,z(@:)/ f (1)

(1.5) gn(Z) = —
g 'Y Lz (@) f (i)
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where f (w) is an estimator of f(w), which is the spectral density of Z;. This
statistic was proposed by Fisher [6], who assumed that X; is a white Gaussian
series and thus chose f (w) = 1. Often, however, it is not reasonable, as a null
hypothesis, to assert that the observations are independent. Hence, Hannan [9]
assumed that X; = ;.7 ajée—; with & being i.i.d. normal and {a;} satisfying
some conditions. The results in Section 2 make it possible to obtain the asymptotic
distribution of g,(Z) under Hy for a class of general processes rather than the
linear process and without the requirement of the normality for &; (see Remark 2.4
for more details).

Sometimes, we might suspect that the series might contain several periodic
components. In this case, we should test Hp:S(#) = 0 against the alternative
Hy:S(t) =Y} Ak cos(ykt + ¢x), where r (> 1) is the possible number of peaks.
Assuming that X; is a white Gaussian series, Shimshoni [16] and Lewis and
Fieller [8] proposed the statistic

In,q—r—H (Z)
Z?zl In,Z(a)i)

for detecting r peaks. Here, I, 1(Z) < I, 2(Z) < --- < I, 4(Z) are the order statis-
tics of the periodogram ordinates 7,z (w;), 1 <i < g. The exact (and asymptotic)
null distribution of Uz (r) can be found in Hannan [10] and Chiu [3]. In the latter
paper, the test statistic Rz(8) = I, 4(Z)/ Z&qff I,,j(Z), 0 < B <1, was given.
Our results may be useful for obtaining the asymptotic distribution of Rz(f8),
when X, is defined in (1.1).

The paper is organized as follows. Our main results, Theorems 2.1 and 2.2, will
be presented in Section 2. In Section 3, we develop the m-dependent approxima-
tion for the Fourier transforms of stationary processes. The proofs of main results
will be given in Sections 4 and 5. Throughout the paper, we let C, C(.) denote
positive constants, and their values may be different in different contexts. When §
appears, it usually means every § > 0 and may be different in every place. For two
real sequences {a,} and {b,}, write a, = O (b,) if there exists a constant C such
that |a, | < C|b,| holds for large n, a,, = o(b,) if lim,_, « a, /b, =0 and a, < b,
if C1b, < a, < Cyb,,. With no confusion, we let | - | denote the d-dimensional
Euclidean norm (d > 1) or the norm of a d x d matrix A, which is defined by
|Al = max, <1 yepd |AX].

Uz(r)=

2. Main results. We first consider the two-sided linear process. Let

2.1) Yo=Y ajen—j and X, =h(Y,)—Eh(Y,),
jez

where ) jezlajl < oo and 4 is a Lipschitz continuous function. Let us redefine

In,l(X) = In,Z(X) <---= In,q(X)
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as the order statistics of the periodogram ordinates I, x (w;)/ 2w f(w;)), 1 < j <
q, where f(w) is the spectral density function of {X,}, which is defined by

)=~ > EXoXy exp(iko)
w) = — eXpUurkw
znkeZ 0Xk €Xp

and satisfies
(2.2) f* :=min f(w) > 0.
weR

Note that f(w) =EX % /Q2m), if X1, X, ... arei.i.d. centered random variables.

THEOREM 2.1. Let X,, be defined in (2.1). Suppose that (2.2) holds and
(2.3) Eeo =0, Eej=1 and Y lajl=o0(1/logn).

[jl=n

(i) Suppose that h(x) = x and

2.4) Es(z)l{|80| >n}=o(l/logn).
Then,
(2.5) Iy 4(X) —logg = G,

where G has the standard Gumbel distribution A (x) = exp(—exp(—x)), x € R.
(i1) Suppose that h is a Lipschitz continuous function on R. If (2.4) is strength-
ened to ES%I{|80| >n}= 0(1/(10gn)2), then (2.5) holds.

REMARK 2.1. From Theorem 2.1, we derive the asymptotic distribution of
the maximum of the periodogram. Note that (2.4) is implied by Es% log™ |eg| <
oo. Hence, the conjecture in Davis and Mikosch [4] is true. In order to show
maxi<j<q In x(@;)/2nf(w;)) —logg = G when X, =3 ;c7ajen—j, Davis
and Mikosch [4] used the approximation

In,X (a))
max
wel0,7]| 27 f (W)
which requires the condition (1.3). Obviously, our condition in (2.3) is weaker
than (1.3). They also required E|gg|* < oo for some s > 2, which is stronger

than (2.4). Moreover, it is difficult to prove (2.6) for the nonlinear transforms of
linear processes considered in (ii).

(2.6)

— Ins(0)| —p0,

REMARK 2.2. The (weak) law of logarithm for the maximum of the pe-
riodogram is a simple consequence of Theorem 2.1. Under conditions on the
smoothness of the characteristic function of ¢,, An, Chen and Hannan [1] proved
the (a.s.) law of logarithm for the maximum of the periodogram.

In the following, we will give a theorem when X, satisfies the general form
in (1.1). Of course, we should impose some dependency conditions on X,,. For the
reader’s convenience, we list the following notation:
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Fiji=(&,...,€j), —00 =i < j < 00;
ZeLPif|Z|,:= (E|Z|P)!/P < oo;

{e],i € Z} is an independent copy of {g;,i € Z};

On,p =1 Xn — X1l p, where X = g(..., 61,85, Fi,n);
On.p =2 iznbip-

REMARK 2.3. 0, , is called the physical dependence measure by Wu [19].
An advantage of such a dependence measure is that it is easily verifiable.

THEOREM 2.2. Let X, be defined as in (1.1), and let (2.2) hold. Suppose that
EXo=0, E|Xo|® < oo for some s > 2 and ®,, ¢ = o(1/logn). Then, (2.5) holds.

REMARK 2.4. To derive the asymptotic distribution (under Hp) of g,(Z) de-
fined in (1.5) from Theorem 2.2, we should prove that

q
2.7) q" > Inz(@)/Qrf (@) — 1| =op(1/logn)

i=1
and choose f (w), an estimator of f(w), to satisfy

(2.8) max |f (@) — f(@;)] =o0p(1/logn).

Note that, under Hy, we have Z,, = X,,. For briefness, we assume that X,, satisfies
E|X,|*t" < oo for some y > 0, and the geometric-moment contraction (GMC)
condition 6, 44, = O(p") for some 0 < p < 1 holds. Many nonlinear time series
models (e.g., GARCH models, generalized random coefficient autogressive mod-
els, nonlinear AR models and bilinear models) satisfy GMC (see Section 5 in Shao
and Wu [15] for more details). By Lemma A.4 in Shao and Wu [15], we have

(2.9) max |Cov(ln,x (@k), In,x (@) — f(w;)djkl = O(/n),

where §; = Ij—, and it follows that

q
g™ (Inx (@) — EL x(@))/f (@;) = Op(1//n).

i=1

Moreover, since I, x (w) = n-! ZZ;I_HH Zf;l‘kl X X1k exp(—ikw), we see that
max,er |24 — 1) = O(1/n). This implies (2.7).

Now, we choose the estimator

By,

A 1
fl@ =5— 3 Fkalk/By)exp(—ike),

k=_Bn

where 7(k) =n~! Z'}.;llk' XX jyk» |kl <n,a(-) is an even Lipschitz continuous
function, with support [—1, 1], a(0) =1 and a(x) — 1 = O(x?) as x — 0, and B,
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is a sequence of positive integers with B,, — oo and B, /n — 0. Now, suppose
B,=0n",0<n<vy/(4+v), 0<y <4 Then, Theorem 3.2 in Shao and

Wu [15] gives
max | f (@) — Ef ()| = Op(/ By(logn)/n).

Moreover, simple calculations, as in Woodroofe and Van Ness [18], imply
maxee[0,7] |Ef(w) — f(w)| = O(Bn_z). Hence, (2.8) holds by letting B, =< n,
0 <n <y/@&+ y). Finally, Theorem 2.2 together with (2.7) and (2.8) yields,
under Hy, g,(Z) — logqg = G, where G has the standard Gumbel distribution.

3. Inequalities for Fourier transforms of stationary process. In this sec-
tion, we prove some inequalities for X, defined in (1.1). Suppose that EXy =0
and EX% < 00. Note that

Xp =Y (E[Xn|F_j ool — ELXulF_jt1.00]) =1 D Pj(Xn).
jezZ jezZ
By virtue of Holder’s inequality, we have, for u > 0,

o
<Y 0;20utj.2.
j=0

G.D  r|=IEXoX,| =

jezZ

and, hence, _ >, [r(u)| < G020,
Next, we approximate the Fourier transforms of X, by the sum of m-dependent
random variables. Set

LEMMA 3.1.  Suppose that E|X¢|P < 0o for some p > 2 and g , < oo. We
have

P
<Cpnt?er

m,p’

n

> (Xx — Xi(m)) exp(iwk)
k=1

sup E

weR

where C, is a constant only depending on p.

REMARK 3.1. This lemma, together with Proposition 1 in Wu [20], would
lead to the maximal inequality, for p > 2,

P
sup E max <C,nP?er »
weR 1=j=n ’

J
> (Xk — Xi(m)) exp(iwk)
k=1
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PROOF OF LEMMA 3.1. We decompose Xy — X (m) as

o o0
Xp—Xe(m)= > (E[X)|F_j 14l —EXIF_juD = > R,
Jj=—k+m j=—k+m

Therefore,

n o0 n

> {Xk — Xe(m)yexpliwk) = > > Ry jexp(iok).

k=1 j=—ntmk=1v(—j+m)
For every fixed n and m, {ZZ:W(_J.M) Ry, jexp(iwk), j > —n+m} is a sequence
of martingale differences. Hence, by the Marcinkiewicz—Zygmund—-Burkholder in-
equality,
)4
E

o0 n
Z Z Ry j exp(iwk)

j=—n+mk=1Vv(—j+m)

SCp< i ( i ||Rk,j||p)2)p/2

Jj=—n+m \k=1V(—j+m)
o . 2\ p/2
2
Scp( ) ( ) 9j+1+k,p)) < Cpn??0), .
j=—n+m \k=1Vv(—j+m)

This proves the lemma. [J

Letting m = 0 in Lemma 3.1 and noting that X{(0), X»(0), ... are i.i.d. random
variables, we obtain the following moment inequalities.

LEMMA 3.2. Under the conditions of Lemma 3.1, we have, for p > 2,

n p
> Xi(m)exp(ikw)| < CnP/?,
k=1

n p
EZXkexp(ika)) <CcnP?* and E

k=1

where C is a constant that does not depend on w and m.
Define Sy, j1 =Y j_ Xk cos(kw;), Su,j2 =Y j_ Xisintkw;), 1 < j <gq.

LEMMA 3.3. Suppose that EXg =0, EX(z) < oo and Bp < 00. Then:

. ES% i, 1 1 ‘
() max 7’]’—1)5(7"_ Z®k2;
1<j=q ﬂnf(w]) k=0 '
ESZ ) n
(i) max |——t2 1’ <Ccn 'Y O
I<j=qlmnf(w)) =
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(iii) maxi<j j<¢ |ESni 180,21 < CYji_o®k2 and maxi<jxj<q|ES, i1 X
Sn,jil <CYf_oOrnforl=1,2.

PROOF. We only prove (i), since the others can be obtained in an analogous
way. We recall the following propositions on the trigonometric functions:

(1) YF_;cos(wjk)cos(wik) =8jn/2;
(2) Y i—;sin(wjk) sin(wk) = 6;,n/2;
(3) Yf_;cos(wjk)sin(wik) = 0.

By applying the above propositions, it is readily seen that

ESZ~1 1 ) . n k—1

n,Jj, — .
— = —EX 2 EX: X; cos(kw;) cos(iw;
. 5 1t+2n g; (%Y (a)j) (CUJ)

n—1 n—k

1
— EEX% +2n7! Z r(k) Z cos(iw;) cos((i +k)wj)
k=1 i=1

n—1

1
= 5EXI2 + ) r(k)cos(kw;)
k=1

n

n—1
_ oy Z r(k) Z cos(iw;) cos((i +k)wj),
k=1

i=n—k+1
which, together with (3.1) and the Abel lemma, implies

ESZj1 o0 1n—l
B 8 A U 1] <CS r®)|+Cn' S kr ()|
’rmf(a)j) ];1 ](2::1

0,0) n
<COu2+Cn! Z 0i2 Z k(Ortj2—Okyjr1,2)
=0 k=1

n
<C n! Z Ok.2.
k=0
The proof of the lemma is complete. [

Let m = [nP] for some 0 < B <1 and J, x(@) = |>;_{Xk — Xx(m)} x
exp(iwk)|.

LEMMA 3.4. Suppose that EXS < 0o and ©, 2 =o0(1/logn). We have, for

any0< B <1,
[max Jn.x (@) = op(y/n/logn).
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PROOF. Since ©,, 2 = o((log n)~ 1), there exists a sequence {y,,} with y, >0
and y,, — O such that ®,, » <y, (log n)~ L. By the decomposition used in the proof
of Lemma 3.1, J,, x(w) = | Z?i—ner Zzzlv(m_j) Ry j exp(ikw)|. Set

n

Rj(w)= > Rijexp(ikw),
k=1v(m—j)

Rj@) = Rj(wﬂ{lRf(w)' = V\/aog:nﬁ}

Rj(@) =R;(w) —E[Rj(®)|F-jxl, Rj(@) =R —R;w).

Using the fact maxoer |R;j (@) < 351y (u—j) | Rk, j1, we see that, for any § > 0,

o0
P Ri(w)| = 8,/n/1
(ra?eaﬁ j:§+m j(w)| =38,/n/ ogn)

o0
<Csn~2(logm)? Y Emax|Rj ()|
i=—ntm wEeR

2
(logn)?y, ! & L
<2020 Vn > > Okt j+1,2
n . .
Jj=—n+m \k=1v(m—j)

<2Cs(logn)?y, '@% 5, = o(1).

Hence, in order to prove the lemma, it is sufficient to show that

(3.2) max ,-:Zm Rj(w;)| =op(/n/logn).

Setting the event A = {maxper Y321 E[IR(@)[*|F_j.00] = yan/(logn)?},
we have

2
(logn)?y ! & n
P(A) < Gy P SN g[S Ry
n . .
j=—n+m k=1v(m—j)

< Cs(logn)?y, '@Z% , = o(1).

Note that R j(®), j = —n+m, are martingale differences. By applying Freedman’s

inequality [7], one concludes that
(e.¢]
P(lr;llasxq Z Rj(wi)| > 6,/n/logn>
82logn

j=—n+m
< 2n exp(—i
Yn (8 4 89)

) +P(A) =o0o(1).
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This proves (3.2). U

REMARK 3.2. Let X, = g((sn_,-),-ez) be a two-sided process. For n € Z, de-
note X by replacing g9 with &5 in X,,. Deﬁne the physical dependence measure

hp = ||X - X;llp and ®, , = Z‘, >n Oi,p. Also, let Xy (m) = E[Xklek—m, - - -,
8k+m] Then, Lemmas 3.1-3.4 still hold for X,, = g((¢,—i)icz)- This can be proved
similarly by observing that

Xp—Xpm)= Y (E[XklF-j-1.00] — E[Xk|F_j o))

j=—k+m
00
(3.3) + > (EXi|Fiom,jr1] — EIXk| Frm,j])
Jj=m-+k
— Y R+ Y R
j=—k+m j=m+k

IR p < 6kt j1.p and ||R,§?j. I, <6k_j_1.p. The details can be found in [12].

4. Proof of Theorem 2.1. Let /& be a Lipschitz continuous function on R. Set

e =eil{lei| < Vnm} —Eeil{lei| < yny/n/logn}, ieZ,

where y, — 0. Put Y; =3, 7 a;e;,_;, X; = h(Y)) — Eh(Y)) for 1 <k <n. Since
EsOI {leo] = n} =o0(1/logn), we can choose y;,, — 0 sufficiently slowly such that

JnlognE|eg|I{|go| = yuy/n/logn} — 0.
This, together with the Lipschitz continuity of /, implies that
VIognEmaxi<j<g | Y} (X — X;) exp(ikw;)|
Jn

<Cy/nlogn ) la;|EleolI{leol > yu\/n/logn} — 0

jez

In addition, note that, for 1 < j <gq,

nx (@) = b xr(@))] = VMy(X) max 3 (e — X}) explikey) [n
— =T lk=1
2
+ max Z(Xk — X}) exp(iko;) /

k=1
Then, in order to prove Theorem 2.1, we only need to show that

I 4(X") —logg = G.
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Recall that m = [n?] for some 0 < B <1.Let
Xy (m) =E[X}|ek—m, - -, €k+m], 1 <k<n,

and

Tn.x (@) =

D (X — X (m)) exp(ia)k)‘.
k=1

By Lemma 3.4 and Remark 3.2, it is readily seen that

4.1) lrga?q Jn x(wi) = op(,/n/logn).

We define the periodogram I, x/(m)(w) = nl Y ey X (m) exp(ikw)|?> and let
I, 1(X'(m)) < --- < I,4(X'(m)) be the order statistics of I, x/(m)(w;)/
Rrf(wj)), 1 < j <q.Inview of (4.1), it is sufficient to prove that

(4.2) I.4(X'(m)) —logg = G.
For 0 < 8 <a < 1/10, let us split the interval [1, n] into
H;=[( — D@ +2nP) +1,(j — D(n® +2nP) +n“],
I =[( — D0 +2nP) +n% + 1, j(n® + 2nP)],
l<j<mu—1, my—1=[n/0*+2nP)]~n'—2,
Hy, = [(my, — 1)(n® 4 2nP) +1,n].

Here and below, the notation n is used to denote [n*] for briefness. Put v;(w) =
Zke,j X, (m)exp(ikw), 1 < j <m, — 1. Then, v;(w), 1 < j <m, — 1, are inde-
pendent and can be neglected by observing the following lemma.

LEMMA 4.1. Under (2.3), we have maxlfl§q|ZTil_lvj(wl)| =

op(s/n/logn).

PROOF. First, Corollary 1.6 of Nagaev [13], which is a Fuk—Nagaev-type in-
equality, shows that, for any large Q,

q
ZP( 25‘/n/logn>
=1

Zm" Evz(wz)
n/logn )

my—1

> vl

Jj=l1

_i(

mn—

q
Z Z (Ivj (@] = Cod\/n/logn).
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By Lemma 3.2 and Remark 3.2, Z'}Zl_l Evjz-(a)l) < Cn'=*t# So, the first term
above tends to zero. To complete the proof of Lemma 4.1, we shall show that the
second term also tends to zero. In fact, using the fact that |2(x)| < C(Jx| + 1), we
can get

m
i)l < C|Y . > |ai|(|81/<_l'|—E|81/<_[|)'+C|Ij|

kG]j i=—m
(4.3) =i CY . Y lail(leg_;| — E|81/¢i|))+c|11|
kelyi=—m

3m  (m+1)AQ2m)

=Cly X Iak—tl(|8§|—E|8§I)‘+C|11|,

t=—m k=1v(t—m)

where X —; Y means X and Y have the same distribution. Hence

mp—1

q
33 Pljen > Cod,/n/logn)
=1 j=1

3m  (m+t)AQ2m)

Y. > la—lel —ElgD

t=—m k=1v(t—m)

(4.4) Zmil (

> CQ(S,/n/logn)

where the last inequality follows from the Fuk—Nagaev inequality, by noting that
le;| < ¥n+/n/logn. The desired conclusion is established, and the proof is now
complete. [

We now deal with the sum of large blocks. Let

uj@)= Y Xpmyexp(ko), (@) =uj@){uj@)| <y,*/n/logn},

kEHj
ﬁj(w):u'j(a))—Eu’j(a)), 1<j<m,.

Noting that |uj (@) < ien, | X}, (m)| =: &j, my, ~n'~® and using similar argu-
ments to those employed in (4.3) and (4.4), it is readily seen that, for any large Q,

Jlogn Y1 EEj1{E; > v /n]Togn)
Jn

45) < Jlogmn az wleg (6 = 712 i/ 1ogk)
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+ Cn'=*P(& =y, /n/logn)

12— 1 n* 0
<C lognn/_"‘z ( )

i Vklogk \ y,k/logk
+ Cn' =y, 1n* ogn) 2
=o(l),

which implies maxj<;<4 |Z'}Zl (uj(wr) —uj(wr))| = op(y/n/logn). Combining
this and Lemma 4.1 yields that we only need to show

(4.6) Inq(X) —logg = G,

where I, 4 (X) denotes the maximum of
my 2
Yo m@)| [@rnf@)),  1=l=q.
k=1

In order to prove (4.6), we need the following moderate deviation result, whose
proof is based on a Gaussian approximation technique due to Einmabhl [5], Corol-
lary 1(b), page 31 and remark on page 32. The detailed proof is given in [12].

LEMMA 4.2. Let &,1,...,&nk, be independent random vectors with mean
. 172
zero and values in R? | and let S, = Zfil &n.i. Assume that &, ;| < Can/ 1<

k < ky, for some c, — 0, B, — o0 and
B, 'Cov(&n,1 + - +&nk,) — L2al = O(cp),
k

where I is a 2d x 2d identity matrix. Suppose that B, := B,,_3/2 2 i1 Elénk |3 —
0. Then,

IP(ISyl24 > x) — P(IN|2a > x/B}/?)]

< 0(P(IN|2a = x/B}/?))
-2/3

+ C(ex (— Sy min(c, b )> +ex <—CC’2’ ))
P 16d P\B2log g, /)"
172

YB,' "1, with any 8, — 0 and §, X

uniformly for x € [B,/?, 5, min(c, !, B '

min(c,, LB, 1/ 3) — 00. N is a centered normal random vector with covari-
ance matrix Ig. | - |2q is defined by |z|2q = min{(xl-2 + yl.z)l/z:l <i<d}, z=
(X15 Y15 -5 Xd» Yd)-

We begin the proof of (4.6) by checking the conditions in Lemma 4.2. We define
the following notation: wy (w;)/f /% (w;) =: g1 (1) + ittg 1 (2),

Zy = (ki) (1), ur,i; (), - .. Uiy (1), Uiy (2))),

l<ij<---<ig=gq,

4.7)
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and U, = ZQI Zi. Then, it is easy to see that Z, ..., Z,,, are independent.

LEMMA 4.3. Under the conditions of Theorem 2.1, we have
|Cov(Uy)/(nmr) — Ira| = o(1/logn)
uniformly for 1 <iy <---<ig <q.
PROOF. Let B,; = Zf;l E(ﬁk,,-(l))z. Similar arguments to those in (4.5),

together with some elementary calculations, give that max;<;<4 Elu;(w;) —
uj (a)l)|2 =0(n9) for any large Q. This yields that, for any large Q,

My 2
Bui— Y. E< > X,Q(m)cos(kwi)>

j=l1 kGHj

my
_ 1/2
<C Y |Hj IV Eluj(@) — 7))

(4.8) =

np
+ > Eluj(w;) — (@)
j=1

<Cn~ Q
Moreover, it follows from Lemmas 3.1 and 3.2 and Remark 3.2 that

n 2 mpy 2
E(Z X,L(m)cos(kw,-)) -> E( > Xy (m) cos(ka),-))
k=1

j=1 “keH,

< Cnl—@=P2.

n 2 n 2
E(Z X;.(m) cos(kw,-)) — E(Z X cos(kw,))
k=1 k=1
=o(n/logn).

4.9)

In the case (x) = x, wehave Y 7 _; X cos(kw;) = Y 12 > 7_| ak+s cos(kw;) X
¢’_,. Hence, condition (2.4) ensures that

(4.10) = o(n/logn).

E(Z X cos(ka)i)) — E(Z Xk cos(ka)i)>

k=1 k=1

Suppose now that 4 is Lipschitz continuous. We write & = |ex|I{|ek| = yu X
V/n/logn}. Then, since | X; — X;| < CYjezlajl(Ck—j + Egk—j), we have, from
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Eegl {leol = n}=0(1/(og n)?) and the fact v, — 0 sufficiently slowly, that

" 2
E (Z(Xk - X;) cos(kw,-))

k=1

n 2 n 2
= CE(Z Z |aj|(Ck—j - ECk—j)) +C(Z Z Ialegk_])

k=1jeZ k=1jez

< CnEgd + Cn*(E¢o)* = o(n/(logn)?),

which implies (4.10) by virtue of Lemma 3.2 and the inequality |[EX? — EY?| <
X — Y|2l|X + Y||» for any random variables X and Y. From Lemma 3.3, Re-
mark 3.2 and (4.8)—(4.10), we have |B, ;/(nw) — 1| = 0o(1/logn) uniformly for
1<i<gqg.

In the following, we show that the off-diagonal elements in Cov(U,) are
o(n/logn). We only deal with B, ; ; := E{kailﬁk,i(l)Zzzlﬁk,j(l)}, i # ],
since the other elements can be estimated similarly. As in (4.8) and (4.9), we have

Buij— (f(wi)f(wj))‘l/zE(Z X (m) cos(kw;) > X;L(m)COS(kwj))‘
k=1 k=1

<C E[{Zﬁk,i(l) UCHIEEDS X,L(rn)cos(kw»} Zﬁk,ju)”
k=1 k=1 k=1
+ C| f (wp)|~1/? E[Z X}, (m) cos(kw;)
k=1
x [Zﬁk,m) — (flojn™'?
k=1
X ZX,;(m)cos(kwj)H‘
k=1

<cnl=@=P2,

Moreover, by virtue of Lemmas 3.1-3.3 and Remark 3.2, we have

E(Z Xy (m) cos(kw;) Y X (m) cos(ka)j)> =o(n/logn).

k=1 k=1

Hence, By, ;,j = o(n/logn), i # j. This proves the lemma. []
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LEMMA 4.4. Under the conditions of Theorem 2.1, we have, uniformly for
1<ii<---<ig<gq,that

my
Bn=n""2Y E|Z;]* =o(1/(logn)*/?).
j=1

PROOF. By the arguments in (4.3), the Fuk—Nagaev inequality and the fact
that « < 1/10 and y;,, — O sufficiently slowly,

> Eluj ()]’

j=1
k k+1
< p(+1/2 : 1/2 kT
;I;<logk> (y” \ logk < lujlei)l = log(k + 1)
t k2 [k
pltse 1/2
C ; -
+ ;kz (ogh) 72 (Iuj(a))l > logk>
np n60{ 1/2 40[
C) —— j —
2 (10g7’l)3/2 (luj(a) )l - logn (1)

plts S k' n® @
“+C ( )
;kz (logk)3/2\ y,k/logk

(1ogk)3/2 0F=57n \Viogk

]1k

my n7Cl 12 n4(x
cy L Pl =cy 2
jX:; (10g7’l)3/2 (|80| R log n4a>

=o((n/ logn)3/2), uniformly for 1 <i <gq.

The desired result now follows. [

By Lemmas 4.3 and 4.4, we may write 8, = \),3,/2(10gn)_3/2 and |Cov(U,)/
(nm) — byl = yn,l(logn)_l, where v, — 0, y,,1 — 0. Let us take ¢, = {(4dyn X
(f*~Hlz v ynl/lz}(logn)_l/2 =: ynl/zz(logn)_l/2 and §, = max{y 2 , u,1,/4} in
Lemma 4.2. Note that Yn2— 0 sufﬁciéntly slowly. Then, simple calculations show
that

2/3

exp(— 82min(c; %, B,

2
)) <Cn*, exp(f%) <Cn ¥,
16d 2
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By virtue of Lemma 4.2, it holds that, for any fixed x € R,

P(2nm) " Y2|U, 2 > \/x +1logq)
4.11) =P(|N|2g > /2(x +10ogq))(1 + o(1))

=g Yexp(—dx)(1 +o(1)),

uniformly for 1 <ij <--- <iy < q. We write V; := |Zf:’“lﬁk(a)j)|2/(2nn X
f(wj)),1<j<gq,and

q q
A= {I,,(X)>x+1logqg} = J{Vi=x+1logqg}=: | A;.
j=1 j=1

By the Bonferroni inequality, we have, for any fixed k satisfying 1 <k <g,

2k 2%k—1

Y (=D)'TE <PA) < Y (-D'TE,

t=1 t=1
where E; = Zl§i1<-~-<it§q P(A;; N---NA;). In view of (4.11), it follows that
lim, 00 E; = e~ /1. Since YK, (=1)"le™™ /1! — 1 — e as k — oo, the
proof of Theorem 2.1 is complete.

5. Proof of Theorem 2.2. Recall that m = [n”], and B is sufficiently small.
Let Sym(w) =Y "}_; Xx(m)exp(iwk) and I, 1(m) < --- < I,4(m) be the order
statistics of |S,1,m(a)j)|2/(27'rnf(wj)), 1 < j <q.ByLemma 3.4, we only need to
prove that

(5.1) Ip.4(m) —logg = G.

We use the same notation and blocking method as in the proof of Theorem 2.1
[replacing X ,’c (m) with Xy (m)]. For example, v;(w) = I Xi(m)exp(ikw). As
in Lemma 4.1, we claim that

my—1
(5.2) lTjai(q Z vk(w;)| = op(y/n/logn).
== k=1

We come to prove it. Recall that s > 2 and 8 < «. Then, we can choose «,
sufficiently small and t sufficiently close to 1/2 such that

(5.3) s—D'U—a+as—1/2) <1t <1/2.

We define T (w;) = v} (wj) — Evi (@), where v (w;) = vi(w ;) I {|vg(w;)| < n"},
1<j=<g,1<k=<m,—1.So,

my—1 my—1 my—1
max ve(wj)| < max Uk(w;j)| + max (v (@)) — Tk (w)))|.
1<j=<q ,; 1<j=q ,; 1<j<q ,;
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By the Fuk—Nagaev inequality and Lemma 3.2, we have, for any large Q,

my—1 n n]—OH-,B 0
54 P Vp(wi)| =8 |— | <C
SR <1r5n]:;1;<q k2=:1 Ul))| = 10gn) - n(n/logn) -

Also, using (5.3), the condition E[X¢|* < oo and |vk(@)| < 3¢y, |Xj(m)], we can
get

£ MaX1<)<q IZZZI_I(Uk(CUj) — Uk (@)))]
Vn/logn
- 20 E 1 X )T [ X (m)| = n7)]
- /n/logn

S Cn1—(X+ﬂ5—f(s—l)—l/2(logn)l/z — 0(1)

(5.5)

This, together with (5.4), implies (5.2).
Set

up(w;j) = ug (@) Hjug(;)| <n'},

Ek(a)j)zu;(a)j)—Eu;C(a)j), 1<j<gqg,1<k<m,.

By the similar arguments as (5.5), using (5.3), we can show that

jmax > (ur(w)) — ﬁk(wj))’ = op(y/n/logn).
===

So, in order to get (5.1), similarly to (4.6), it is sufficient to prove
(5.6) Ihq(X) —logqg = G.

In fact, (5.6) follows from Lemmas 5.1 and 5.2 and similar arguments to those
employed in the proof of Theorem 2.1.

LEMMA 5.1. Under the conditions of Theorem 2.2, we have

|Cov(Uy)/(n) — Ioa| = o0(1/logn).

PROOF. The same arguments as those of Lemma 4.3 give that

n 2
Byi— E(Z Xz cos(ka)i)) /(nf(wi))’ = o(n/logn).

k=1

The lemma then follows from Lemma 3.3. [
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LEMMA 5.2.  Under the conditions of Theorem 2.2, we have

mpy
B,=n""Y E|IZ;P=0m"?),
j=1

where t = max{(3 —s)T +a(s —2)/2,a/2} <t < 1/2.

PROOF. Suppose that 2 < s < 3. Then, by virtue of Lemma 3.2, we have

my nmpy
Bn < Cn*3/2+(3*8)1.’ Z E|Z1|Y < Cn*3/2+(3fs)f Z |H]|S/2 < Cnl*1/2.
j=1 j=1

The case of s > 3 can be similarly proved. [
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