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A MULTIVARIATE CENTRAL LIMIT THEOREM FOR
RANDOMIZED ORTHOGONAL ARRAY SAMPLING
DESIGNS IN COMPUTER EXPERIMENTS

By WEI-LIEM LOH
National University of Singapore

Let f:[0, D? > Rbean integrable function. An objective of many com-
puter experiments is to estimate f[o 1) f(x)dx by evaluating f at a finite

number of points in [0, 1. There is a design issue in the choice of these
points and a popular choice is via the use of randomized orthogonal arrays.
This article proves a multivariate central limit theorem for a class of ran-
domized orthogonal array sampling designs [Owen Statist. Sinica 2 (1992a)
439-452] as well as for a class of OA-based Latin hypercubes [Tang J. Amer.
Statist. Assoc. 81 (1993) 1392-1397].

1. Introduction. Let X be a random vector uniformly distributed on the
d-dimensional unit hypercube [0, 1)¢ and f be an integrable function from [0, 1)¢
to R. An objective of many computer experiments [see, e.g., McKay, Conover
and Beckman (1979), Stein (1987), Sacks, Welch, Mitchell and Wynn (1989) and
Santner, Williams and Notz (2003)] is to estimate

(1) n=Ef(X)= / S,

[0,

using a finite number of function evaluations. It is well known that as the dimen-
sion d increases, Monte Carlo methods and (deterministic) equidistribution meth-
ods become competitive and ultimately dominant. Indeed Davis and Rabinowitz
(1984), Chapter 5.10, consider d > 15 to be a high enough dimensionality that
sampling or equidistribution methods are indicated.

For definiteness, let n,d, g and t be positive integers such that t < d. An or-
thogonal array of strength ¢ is a matrix of n rows and d columns with elements
taken from the set of symbols {0, 1,...,g — 1} such that in any n x ¢ submatrix,
each of the g’ possible rows occurs the same number of times. The class of all such
arrays is denoted by OA(n, d, g, t). Comprehensive accounts of orthogonal arrays
can be found in the books by Raghavarao (1971) and Hedayat, Sloane and Stufken
(1999).

Owen (1992a, 1994) and Tang (1993) independently proposed the use of ran-
domized orthogonal arrays in computer experiment sampling designs. The main
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attraction of these designs is that they, in contrast to simple random sampling,
stratify on all #-variate margins simultaneously. A class of randomized orthogonal
array sampling designs proposed by Owen (1992a) is as follows: Let:

(a) Ae€OA(q',d,q,t) where a;, j denotes the (i, j)th element of A,

(b) =y, ..., g be random permutations of {0, ..., g — 1}, each uniformly dis-
tributed on all the ¢! possible permutations,

© {Uij:i=1,..., q',j=1,...,d},be [0, 1) uniform random variables,

(d) and all the U; ;’s and m’s are independent.

We randomize the symbols of A by applying the permutation 7; to the jth col-
umn of A, j =1,...,d. This gives us another orthogonal array A* such that its

(i, j)th element satisfies a;‘j J=T (a;, ;). An orthogonal array-based sample of size

q' (taken from [0, 1)?) is defined to be {X,..., X} where fori =1,...,¢",
Xi=Xi1,....Xia)
a;j+Uij :
2) Xjj=—""—"— Vi=1,...,d.
q

For t > 2, Tang (1993) observed that the above sampling designs may not strat-
ify well on s-variate margins if s < ¢. He suggested modified designs that stratify
on t-variate margins as well as 1-variate margins simultaneously. He called these
designs OA-based Latin hypercubes. Finally, Owen (1997a, 1997b), in a series of
articles, proposed the use of scrambled nets. Given ¢ € Z*, the scrambled nets
stratify on s-variate margins whenever ¢ /s is a positive integer.

A class of OA-based Latin hypercubes can be constructed as follows: Let
A € OA(q',d, q, t). As before, we randomize its symbols to obtain the orthog-
onal array A*. Then for each column of A*, we replace the ¢’ ! positions with
entry k by a random permutation (with each such permutation having an equal
probability of being chosen) of {kq'~!, kg'~' +1,..., (k + 1)¢'~! — 1}, for all
k=0,...,q — 1. After the replacement is done for all d columns of A*, the newly
obtained matrix, say A**, satisfies A** € OA(¢’,d, q", 1).

One version of OA-based Latin hypercubes that was considered by Owen
(1997a), page 1906, is of the form {Y1,...,Y,} where for i =1,...,4", Y; =
Yit, .. Yia)s
a*+ U ;
(3) Yij= jTJ
{(Ui,j:i=1, ...,q',j=1,...,d} are U[0, 1) random variables independent of
one another and all other permutations, and a;f*]f denotes the (i, j)th element of
A**. The class of OA-based Latin hypercubes proposed by Tang (1993) requires
one more level of randomization where the columns of A** are randomized. We
denote the resulting matrix by A**. Tang’s OA-based Latin hypercubes can be
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expressed as {Y", ..., Y;,} where fori =1,...,¢", Y* = (Yi’fl, e Yifd)/,
a’* + Ui j
% _ LJ »J .
4) )lj__———zﬁ———- vVi=1,...,d,

{Uij:i=1, ...,q",j=1,...,d} are, as before, U[0, 1) random variables inde-

pendent of one another and all other permutations, and a*j* denotes the (i, j)th

element of A***. We note that {Y1, ..., Y, }and {Y], .. Y ;} are Latin hypercube

samples [see, e.g., McKay, Conover and Beckman (1979) and Owen (1992b)].
The estimators for w in (1) that we are concerned with are

qt
/:Loas = q_t Z f(Xi),
(5) }

q[ [
float=q~" Y f(Y5) and [j,=q" Z o,
i=1 i=1
where the X;’s, Y;’s and Y;*’s are as in (2), (3) and (4) respectively. It is easily seen
that Poass foal and ,ll » 4 are all unbiased estimators for w. For simplicity, we write

oas = Var(fLoas), U al — = Var(fioq) and Joal = Var(,&ja,).
In this article, we shall assume that r+ = 2. This significantly simplifies the no-

tation as well as the theoretical arguments that follow. Also as Owen (1992a) and
Tang (1993) noted, orthogonal arrays of strength # = 2 lead to the most econom-
ical sample size ¢. This is important in practice especially when ¢ is large. The
following theorem is due to Owen (1992a) and Tang (1993):

THEOREM 1. Letd >3, f be a bounded continuous function on [0, l)d and
Poas> L), be as in (5) with A € OA(g?,d,q,2). Then as ¢ — 00, we have

g’ —/ L Jren@)dx o)) and Pog= | fron(x)dx +o(D).
where forall x = (x1,...,xq) €[0, D4, 1< j<d, 1<k<l<d,

fiep=[ L U@-u ] dx

I<k<d:k#j

© futew=[ f@-u- e —fiel ] dy.

l<j=d: j#k,l

d
Srem(¥) = f) == filxp)— Y fialo x).

j=1 1<k<lI<d
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Theorem 1 implies that: (i) the asymptotic variances of 1,45 and 1%, are always
less than or equal to the asymptotic variance of an analogous estimator based on a
simple random sample of the same size, (ii) they are dramatically smaller if the in-
tegrand f can be approximated by a sum of bivariate functions, and (iii) 62,; ~ 0.*2

if fio.1y¢ from(x) dx > 0. Tang (1993), page 1395, further showed that o, < o,

rem oal — ~oas
if f is additive.
The aim of this article is to study the asymptotic distributions of [Logs, floa and
[Lj .- For instance, such a result will be useful in the construction of confidence
intervals for u.

DEFINITION. A function f:[0, 1) — R is smooth with a Lipschitz contin-
uous mixed partial of order d if there exist finite constants B > 0 and S € (0, 1]
such that

a4 a4
sup 71 de(X)— 71 ]df(y)
oo Ja€l0,d) s it ja=d xy -+ 0xy dxy - 0xy
< Bllx —yI”,
Vx,y € [0, 1)4 where || - || is the usual Euclidean norm. We shall now state the

main result of this article, the proof of which is deferred to the Appendix.

THEOREM 2. Suppose d >3 and f:[0, l)d — R is smooth with a Lipschitz
continuous mixed partial of order d such that [ga frzem(x) dx > 0. Define W,,5 =
(Loas — )/ Toass Woal = (floal — L)/ Toal and W:al = (lljal - M)/U:al with A €
OA(qz, d,q,2). Then Wous, Woa and W, each converges in law to the standard
normal distribution as g — o©.

The rest of this article is organized as follows: In Section 2 we shall first es-
tablish base g expansions for {X1,..., qu} and {Yq,..., Yqz}. The main point
here is that the difference between these two base g expansions is of order
O(1/q). Following Owen (1997a), a d-dimensional base ¢ Haar multiresolu-
tion analysis is applied to f and an ANOVA decomposition of f is obtained.
This ANOVA decomposition facilitates much of the theoretical analysis that en-
sues.

In Section 3, a proxy statistic W for W,,s and W, is introduced. Proposition 2
shows that to prove the asymptotic normality of W,,s and W,,; as g — oo, it suf-
fices to prove that W is asymptotically normal. Stein (1972) proposed a powerful
and general method for obtaining a bound for the error in the normal approxima-
tion to the distribution of a sum of dependent random variables. Since then, Stein’s
method has found considerable applications in combinatorics, probability and sta-
tistics [see Stein (1986)]. We shall use the multivariate normal version of Stein’s
method as given in Go6tze (1991) and Bolthausen and Gotze (1993). In particular,



RANDOMIZED ORTHOGONAL ARRAYS 1987

Theorem 3 establishes a multivariate central limit theorem for the “components”
of W under the conditions of Theorem 2. This result is needed in the proof of
Theorem 2. Finally, the Appendix contains the proofs of all the results in this arti-
cle.

We would like to add that Loh (1996) has established the asymptotic normality
of [Loas When d =3 and ¢t = 2 under moment conditions on f. However the ap-
proach in Loh (1996), which uses directly the univariate version of Stein’s method,
does not seem to be extendable to d > 4. For example, the inequality (11) in Loh
(1996) is valid for d = 3 but not for d > 4.

We conclude the Introduction with a note on notation. In this article, the indi-
cator function is denoted by £{-} and if x is a vector, then x’ is its transpose. || - ||
denotes the Euclidean norm in R” where p is either d — 2 or d (depending on the
context).

2. ANOVA decomposition. We shall first establish base g expansions for ran-
domized orthogonal array samples as well as for OA-based Latin hypercubes. Let
Ae OA(qz, d,q,2),a; j be the (i, j)th element of A and

7 Amjowjpmijrii=1,....¢% j=1,...,d,b=0,...,g — 1,k=2,3,...)

be a set of mutually independent random permutations of {0, 1, ..., g — 1}, where
each of these permutations is uniformly distributed over its ¢! possible values. We
observe that the randomized orthogonal array sample X1,..., X 7 in (2) can be

expressed as X; = (X 1, ..., Xi.q) where
o

(8) Xij=Y xijkq * Vi=l,..,¢j=1,...4d,
k=1

xij1 =m;(a; ;) and x; jx = m; jx(0) for all k > 2. Let A*™* € OA(q>,d, q>, 1)
be as in Section 1 with ¢t = 2. Since 0 < ai’}/q2 < 1, we observe that a?j’;./qz =
Pyl bi,j,kq_k for suitable integers 0 < b; j1,b; j2 <q — 1 and b; j; = 0 for
all k > 3. Owen (1997a), page 1907, observed that an OA-based Latin hypercube
defined as in (3) has the form {Y; = (Y;.1, ..., Yig) :i=1,..., qz}, where

o0
) Yij= Zyi,j,kq_k
k=1

and for 1 <i <¢* 1 <j<d, yij1=mjaij), yij= T ; (Bij.2)s Yiojk =
7;,j,k(0) for all kK > 3. We observe from (8) and (9) that SUP|<j<q2 1<j<d | X —
Yijl<(q¢—1/q>

Let f:[0, )¢ — R be a square integrable function. Inspired by Owen (1997a),
we apply a d-dimensional base ¢ Haar multiresolution analysis to f. More pre-
cisely, for any integer k > 0, let Y; denote the linear span of the functions
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{(Yksc:t=0,1,...,and c=0,...,q — 1} where

gt+c qt+c+1
Vkt,c(x) =q(k+l)/21{x € [ g T gk )}

t t+1
—q<k—1>/21{x c [_k, Lk)}
7" q

Vx € [0,1). We observe that the functions in ¥; are constant on [tq_k_l, (r +
l)q_k_l) and integrate to zero over [tq_k, (t + l)q_k). Next let Up denote the
space of functions that are constant on [0, 1) and

Ur={g+g + - +g-1:8€Uo. g €Y;,j=0,....k—1}
Vk=1,2,....

Then it is well known that (2, Uy is dense in L2([0, 1)) and Nio Uk = Uo.
We further observe from Owen (1997a), page 1897, that a typical basis function
for L2([0, 1)9) is of the form [T, ¥, 1; .c;, (x;,) for all (x1,...,x4)" € [0, )¢,
where | < ji <.~ < ji<d,andkj, >0,0<t;, <qgh —1,0<c;, <qg—1
whenever 1 <r <. Here by convention, an empty product (i.e., [ = 0) is taken
to be 1. Hence for each f € L%([0, 1)4), it follows from (6.6) of Owen (1997a),
page 1898, that

d o gi—1 g—1 o ¢ -1 g—1
fw=nty ¥ (22 T)(Z'E %)
I=11<ji<--<ji<d kjl =0 t.fl=0 cj =0 k_/'1=0 ljl=0 le=0

(10) , l
X <fv 1_[ ijr7tjr7cjr> 1_[ l//kjr*tjrscjr (xjr)9 a.e. x € [07 l)dv
r=1 r=1

where u is as in (1) and

1 1
(11) <fs rl:[l wkjr*tjrﬁcjr> = _/[-()’1)11 f(X)|:r1:[l wkjr*tjr*cjr (X]r)] dx.

Without loss of generality, we can assume that equality in (10) holds for all x €
[0, 1)? since changing the value of f on a set of Lebesgue measure zero will not
alter the value of . For simplicity let

{Ulcj1, s Cju; 1 <j<d]i0=<¢j1,....Cju; <qg—1lu; >0,1<j<d}

be a set of mutually independent random vectors where each U|[cj 1,...,¢Cj 4 I

1 < j < d] has the uniform distribution on the d-dimensional interval
d Uj ~ _ —u; uj o~ _ uj ~ _ .

T2 2L, ¢k kog™ + 3,1, ¢eg ™). Herfe Sl Gikg ¥ =0ifu; = 0.

Furthermore we assume that the above U’s are independent of ’s [defined as

in (7)]. For nonnegative integers uy, uy, ..., u}, uq, we write:
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@) (u’l",...,uj;)j(ul,...,ud)ifandonlyifu;‘.fuj forall j=1,...,d,
(ii) (u’f,...,ujl)<(ul,...,ud)ifandonlyifujf§uj forall j =1,...,d with
at least one strict inequality.

The following construction establishes an ANOVA decomposition of Ef o U =
Ef(U) where E denotes expectation. For integers u; >0,0<c;jy <qg—1,1=<
Jj <d, k > 1, define recursively

Vit i€ s €y i1 < j < d]
:EfOU[ng,...,Ej’uj:l§J’§d]
(12)
B Z VMT ..... M;[cj,l’---,cj’u;f:
ul, ey (0,.,0) = (W, )<, ug)
1<j<d],
and hence

= Z Vul,...,ud[gj,l»~--»5j,u_,~:1 S]Sdl

ul,m,udZO

Writing |u| = Y9_; d{uj = 1}, u = (uy,...,ug)’, suchthat 1 < ji < -+ < jju <
dandu; > 1ifand only if j € {ji, ..., ju}, it follows from (10) that v, .. ,, can
be written down explicitly as vg . o[-] = u if |u| =0 and

.....

,,,,,

Vuy,..., ud[Ej,l,---an,uj:Iijd]

g"n =1 g-1 g1 g Jul
(2 )2 T YA

tj‘u‘:O C_/"u‘:O =1

|t
(13) X E{ku”—l,tﬁ,cﬂ o sz[gj,l,n-,gj,uj 1<y fd]}
=1

g7 1 g1 R Jul
(2 Z) (2 T ) AT
th=0 Cj1=0

tjwzo Cj‘u‘zo =1

Ju| “jy
3¢ —k
X 1_[ w”jl_l’tjl’cfl < Cirkd >’
=1 k=1

if |u] > 1. Here U}, denotes the j;th coordinate of U and the last equality uses the
fact that l/’“j/ ~11 is constant on [tg "/, (t + 1)g ") for an arbitrary but fixed

aCj[
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integer ¢. An important consequence of the ANOVA decomposition (that will be
applied repeatedly in the sequel) is if ux > 1 for some 1 <k <d, then

g—1
(14) Z vul,‘..,ud[Ej,h---’Ej,uj:1ijd]zo-

Ek,uk:()

Writing Wour = (Loar — 1) /Toal, We observe from (5), (9), (12), (13) and (14) that

1 &
Woal = Tom;[f(yi) — 1]

&
=— Z Vuy,.ougl7j (@i, j), Tja; ; (Bij,2),
9" O0al ; 21y, ug - 0, 0)< (1, .. ttg)
(15) 7i,j,30), ... i ju; (0) 1 < j <d]
1 q
=— Z Z Vuy,oug (@i ) 7 jia; ; (Bij,2),
q“0oal

i=luy,..., ug>0:ui+-+ug>3
7i,j,3(0), .o, 7 (0) 11 < j <d].

Writing Wous = (floas — )/ 0oas and in a similar manner to (15), we have

Z Vuy,oug L7 (@i, ),

> i=1luy,..., ug>0:up+-+ug>3

(16)

_.l_

Z Z Vup,..., Md[nj(ai,j)y

2
47 C0as ; 1 | <k<d: up—=2,u=0vIk
7i,j,2(0), . 7 (0) 11 < j <d].
For brevity of notation, we write in the sequel

Vi, oug (@0 j) gy (i j2), 70, 7,3(0), oo 7w (0) 11 < j < d]

*
= Vit seottg P01 @) T s gy B 2), 1,5y, 3 0D,
(17)
i, ji.uj O);...5mj, (ai,j|u|)’ T jiul:ai (bi,j|u|,2)’
it 30D+ i g, (O],
* — 4k . — . —
V[ ]= — I[] fuj=---=uj,=1,and

1 ¢ :
(18) 02=EH—2 > v*[nj.wi,j]);---;ﬂju<ai.f|u|)]} }

9" i 21 0<uy,oug<1: |ul>3
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where 1 < jj <--- < jju < d are exactly those coordinates of u = (uq, ..., ug) in
which u; > 1 and |u| denotes the cardinality of that set. We end this section with
the following proposition whose proof can be found in the Appendix:

PROPOSITION 1. Let f:[0, 1)¢ — R be smooth with a Lipschitz continuous
mixed partial of order d. Then

_ 2 _
Uozal =49 2 Z E{”*[nh (ar,j); --';”j\u\(alﬂj\u\)] } +0(q 3)’

0<up,....ug<l:|u|>3
2 2
Ooas -

02, +0@™>) and o’>=02,+0(q) as q — 0.

3. A multivariate central limit theorem. First we define the proxy statistic

2
1 q
19) W= qz—a Z Z Vi) (ai)s - uam (ai,j|u|)]’
i=10

<up,.,ug=<l:|lu|>3

where o2 is as in (18). Clearly we have E(W?) =1.

PROPOSITION 2. Let f:[0, 1) — R be smooth with a Lipschitz continu-
ous mixed partial of order d. Suppose Wyui, Woas and W are as in (15), (16)
and (19) respectively with A € OA(qz, d,q,2). Then q(0oqiWoq — o W) — 0 and
q(0oasWoas — 0 W) — 0 in probability as g — oo.

REMARK. As mentioned in Section 1, the above proposition implies that to
prove the asymptotic normality of W,,s and W,, it suffices to prove that W is
asymptotically normal.

Supposed >3.For{=1,...,d — 2, we define

1 & ’
of = EH;Z 2 V[ (ai jy); ---Wm(ai,ju)]} }

i=10<uy,..,ug<l:|u|=€+2

(20)

> > v @i j); e T (@)l

i=10<uy,...,ug<l:|u|=€+2

and V = (V1,..., Vo) where |u| = X9, 2{u; > 1}.

We shall prove that the random vector V converges weakly to the standard
(d — 2)-variate normal distribution ®,_» as ¢ tends to infinity. To do so, we shall
use the multivariate normal version of Stein’s method [see Stein (1972, 1986)] as
given in Gotze (1991) and Bolthausen and Gotze (1993).
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Let 4 be a class of measurable functions from RY~2 — R such that
Sup,cgrd-2 |g(v)| < 1 for all g € A. For g € A and § > 0, define

g5 () =sup{gw+y):llyl <8} VYveRI2
g5 (v) =inf{g(v +y): |yl <8} Vv e R,

w(g.8)= [ 5700~ g5 0)1Paa(dy).

We further assume that 4 is closed under supremum and affine transformations,
that is, g € 4 implies that g;’ €A, g5 €Aand goT € A whenever T : RI—2

R?~2 is affine. Finally we assume that there exists a constant A > 2/d — 2 such
that

21) sup{w(g,8):g € A} < AS V4 > 0.

We observe from Bolthausen and Gotze (1993) that A can be taken to be the
class of all indicator functions of measurable convex sets in R?~2. For & € 4 and
0 <t <1, define

Xy = [T = (e Py + (1 = 0120)J @42,
(22) -

1 ! d
Y (v) = —/ xs(vlh)—s Vv e R92,
2 J 1—s

Then —xo(v|h) = h(v) — ®y_o(h) where ®4_7(h) = Eh(Z) and Z is a random
vector having distribution ®;_5. The following two lemmas are due to Gotze
(1991). Since the proofs are only briefly sketched in Gotze (1991), we refer the
reader to Loh (2007) for the detailed proofs of Lemmas 1 and 2.

LEMMA 1. ForO<t<landv=(vi,...,v4-2) € R42 we have

d-2 82 d—2 9

(23) D =5 () = D vi— ¥ (v) = —x: (v]h).
i=1 0v; o Oui

There exists a constant ¢ (depending only on d) such that

2
sup ~ sup Vi (v)| < ||hloo log(1/1),
1<i,j<d—2yeRrd-21 00 9V;

where ||h|| oo = sup,cgra-2 |h(v)| and

83
Ad—z [m‘/’t(v)] 0(dv)

:Ofsfl,yeRd_z}

sup
1<i,j,k<d-2

< ﬂ% sup{ UR“ h(sv + y) Q(dv)

for all finite signed measures Q on R4~2.



RANDOMIZED ORTHOGONAL ARRAYS 1993

LEMMA 2. Suppose that (21) holds. Let 0 < ¢ < 1/2 and Q be a probability
distribution on R?~2. Then there exists a constant ¢4 depending only on d such that

sup
geEA

[, , £010@v) - ®sa@u)]| < cafsup

heA

L, xetin o)

+ As].

The theorem below is the main result of this section and is needed in the proof
of Theorem 2.

THEOREM 3. Suppose d > 3. Let f:[0,1)? — R be smooth with a Lip-
schitz continuous mixed partial of order d such that [pa f, 2 (x)dx > 0 and the

rem
(d — 2)-variate random vector V be as in (20). Then V converges to ®4_» in dis-

tribution as g — 0.

APPENDIX

PROOF OF PROPOSITION 1. Since E (Wfa,) =1, we observe from (15) that

2
Ooal = 7 Z Evy,,..uglwj(ai j), ja; ; (bij2),
q i=lug,.., ug>0:ui+-~+ug>3

7i,j30), . i (0): 1 < j <d)?}

(24) +— > E{vuy....uqlmj @i ),

i1=1 i Ug,esttg>0: U+ >3
Jrj;al.]’j(bil,j,z),Jril,j,3(0), .. .,nil’j,uj(O) 1< j<d]
X Vuy,eeoug 7 @iy, ) T jay, (D, j,2)5 iy, 1,3(0), -
mz,j,uj(O) 1< j<d]}.
Since A € OA(g?,d, q,2), we have

1 q
? Z Z Z E{Uul ,,,,, ud[nj(ail,j)v”j;ail’j(bil,j,Z)a

i1=liy#iyuy,..., ug=0:u1+--+ug>3
i, j300), o 7y (0) 1 < < dlvy,uglmj(aiy, ),

Tjiaiy ; (Pir,j,2) iy, j,3(0), oo, 7oy ju; (0) 11 < j < d]}

1 &
= ? Z Z Z E{Vul ..... ud[nj(ail,j),
i1=10

<ut,..., Ug=2:uj+-Fug>3ir#i|

(25) nj;ail,j (bil,j,2)7 ﬂil,j,f}(o)» cees 7Ti1,j,uj (O) 1 < .] =< d]
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X Vyq,..., Ug [ﬂj (aiz,j)’ ﬂj;aiij (biz,j,Z)a niz,j,3(0)7 ceey
Ty, ju;(0): 1 < j <d]}

Jue]

=% Z Z Zl{aihﬁ =djy, i, ujy =1}

Z10<ut, et <2ty Aug >3 in iy I=1
X Euy,.ug(j(aiy ) ja  (Biy,j.2)s iy j3(0), oo Ty s (0)
I <j=dlvu,.uglmj(ai, ) Tja;, ; (biy,j2),
7T,'2,j,3(0), e i, jouj 0):1< Jj=< dl}

1 q ul

4 Z Z Z Z“aiw} = iy, jy, Uj =2}

9 Z10<ut, g <2: 1+ tug>3 in iy I=1
X E{vul,...,ud[ﬂ:j (ail,j)’ T[j;a,'],j (bil,j,Z)’ ﬂi],j,?)(o), ey
Ty ju; 0) 11 < j < dvu,.ugl7j iy, ) T gy, (Bis,j.2),

Tiy,7,3(0)s oo iy, ju; (0) 11 < j <d]}

| &
+ q_4 Z Z Z Maiy j # aiy.js

i1=10<uy,...ug<2:uy+--+ug>3ir#i;
Vi=1,...,|u|}
X E{vuy,..uql7j iy j), iy, 5 (Biyj2), 70y, ,30), .
T[il,j,uj (O) 1< ,] =< d]Vul ..... ud[nj (aiz,j)’ anCliz,j (biz,j,Z)’
Tiy,7,3(0), oo, iy, ju;(0) 11 < j < d]}.
We further note that
Hai,, j = aip, jj} = Haiy,j, = ai, j, and a;, j,, # ai,, j, Ym #1}.
Consequently,

Jue]

. 3 > > Mai = ai i uj =1}

9 Z10<uy, g <2 uy+tug>3 in£iy I=1
X E{vuy,.uqlmjaiy j), ey, (Biyj2), iy, j,30), o Ty (0) 11 < j < d]
X Vup, g 70 @i, ) Tjiay, (bi j.2) i, j,3(0), s 7Ty o (0) 2
l<j=d}}

Jue]

1\ Jul-1
=73 Z Z Z Z“ail,jl =ai2,jl}(ﬁ)

q ii=10=<uy,..., ug<l:ui+--+ug=>3ir#i I=1
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X E{V [T[jl @iy, ji)s -3 Ty, (allvjm)]

[ £ ]

1§m§|u|:m#lOijmfq—lejm¢njm(ai1,jnl)
O T
XV [le’ s Cops @iy ) Clpyys CJM]}

(=DM 2
:0 Z s 22(q — 1)\u|_2E{V*[7TJ'1 (@r,j)i -5 7 (ar i) ]}
<ui,....uqg=<l:ju|=

|

1 q
_4 Z Z Z Z‘l{ailsjl =iy, ji, ujy =2}

i1=10<uy,...ug<2:uy+--+ug=>3ir#i| =1

XE{vu,,..uql7j @iy ), Tjiay, ; By, j.2)s iy, j,300), o Ty oy (0)
I <j=du,.ulmwj(aiy, ) 7jay, ;(bis,j,2), iy, j,30), . . .,

iy ju; (0):1 < j <d]}

1 q |u

=73 Z Z Z Zl{ailvjl =iy, j, ujy =2}

q i1=10<uy,..,ug<2wu+---4ug>3 ir#iy [=1
x Luj, =1,k #1)

x E{ Vijpsott [0y @iy ji)s - iy @iy )
@iy, i) T jsa, j, (Bi, i, 2)3
T @iy i3 -5 7 (@i )]
1 ||
(=) >
q OSEjlsq_I:Ejl;énj[;ail,jl (bil,jl,z)

[ s

l<m<|u|: m#l OSE.fm =q—1: E.fm #njm (ai1 q_/'m)

* ~. . . ~. . . . . ~.‘ ~~ . . ~.
XVt (G5 vs Ejrs (@i ) €y Cs o5 c]u]}
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d
1 (=Dl
—pz Z (q—1)|”|_1
I=1uy,.., ug:u;=2,0<u <1Vk#l,|u|+1>3
* . . .
X E{‘)ujl sl [mji (@1 j)s sy (@)
. . . . . 2
mj(a ), Tjisar,, (b1,j1,2): Wy (@n, iy, )i -5 Ty, (al,J\u\)] }
and
1 &
pr > > Haiyy #ai . YI=1,..., Jul}

i1=10=<uy,..,uqg<2:uj+--+ug>3ir#iy
X E{vuy,.uglmmj(aiy j), ey, (Biy,j2), iy, j,30), o 7y (0)
1 =< .] = d]vul ..... ug [T[] (aiz,j), 77:];611'2,_,' (biz,j,Z)v 7Ti2,j,3(0)’ B

Ty, ju; (0):1 < j <dl}

2
1 q
(26) = > > > Yaij #ai V=1, ..., |ul}
i1=10

Sup,.ug <1 u| 23 i)

1l
X E{V*[”jl @iy, ji)s -3 Ty, (ail,ju)](—)

qg-—1

In 5 e

1Sm§|u| OSEjm SC]*I : Ejm #”]lm (ail Jm

(=Dll(g 41— Ju])
= >

2 _ —1
0<uy,...,ug<1l:lu|>3 4q (q 1)|”|
X E{V*[ﬂjl (arj)s---; ”j|u|(a1,j\u\)]2}'

We conclude from (24), (25), (26) and Lemma 4 that

1
2 * . ). . . . 2
Toal = =3 2 E{Q*[mji(arjp)i -5 iy (@1 )17}
" 0<uy,.ug=1:lul>3
1
+_2 Z E{Ul/t] ,,,,, ud[ﬂj(al,‘/‘)vn’j;al,j(b]*j’Z)’
9™ g0 uy+tug>3v (ul+1)

m1,5,3(0), ... 1 (0): 1 < j <d)?)

(—=Dl= Ty .
+ —ME{V [7),(a1,j)); “"”j|u|(al»j|u|)]2}

.....
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d |ul
(=1
+ Z Z q2(q _ 1)|u|—1
I=1uyp,...,uqgu;=2,0<u; <1Vk#l,|u|>2

x Efvy. [ wjanj); -y (a )i wyar ),

. . . N . 2
Tjisar,y, (b1,j1,2): Wy (@n, iy, )3 -5 Ty, (al,J\u\)] }

(=Dl (g +1—u))

’ ¢%(q — DI

0<uy,...,ug<l:lu|>3

X E{U*[T[jl (@ j)s---3 Ty, (al»j|u|)]2}

1
= Z E{V*[njl (arj);-- ﬂ./\u\(als./\u\)]z} + 0<_3>’

q 0<uy,...,ug<l:lu|>3 q

as ¢ — 0o. The proofs of the two remaining cases, namely o2, and o2, are similar
and can be found in Loh (2007). This proves Proposition 1. [J

LEMMA 3. Let f:]0, 14 — R be smooth with a Lipschitz continuous mixed

partial of order d. Then for (az, ...,az), (x1,...,xq) € [0, %, we have
f&, .0 xa)
3 f(ai. ... aq)
=1 —ap) - (xqg —aq) /
0x1---0xg
xa[ 94 t,...,t a4
+/ / [ fn a) 99 f(a ad)]dtd---dtl

0x1---0xg 0x1---0xg

+h1 75 PR ad(x27"' xd)+h261] ..... ad(x17x37"'7xd)+”'

+hd ai,. ad(xl"~~axd—l)’

where hi g, ... a, RV SR i=1,...,dare suitably chosen functions.

.....

Lemma 3 can be proved by mathematical induction on d.

LEMMA 4. Let f:[0, l)d — R be smooth with a Lipschitz continuous mixed
partial of order d. Then Zq_ (fsVu;—1,t),¢;) =0ifuj>1,and

|
<f9 l_[ wujl—l,ljl,C'jl>
=1

|u|—zl‘;13uj,/z[L o (t,-1+0.5 zju+o.5)}
ale“.aleu‘ Jlseees Jlu| qujl_l 5 quj\u|

=q
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|u]
cj; 1 1> |~} 3uj, /2 —Bluj=1
¢ 1 o(1 1=1°j; l )
XH(‘] +2q 7))t (g 1212 ?

as q — o0

where fi i s X)) = o na- FO) Ti<izaz i ... juy) @%i- Also,

~~~~~ Jlu|

E{vuy,.ugl7j(ai j), Ty ;(bij2), 70 j30), . i ju; (0): 1 < j < d)?}

’’’’’ ualj(ai ), 7 7.200), ... i, (0): 1 < j < d?)

g1 =1 g—1 g~ 1 g [ul 2
:( Z Z)( Z Z )<f’1_[w“jz_1’fjm/>
1h=0 ;=0

By =0 €y =0 =t

Jul lul—k
|u|> ! ( 1)
X Z < —\1-- ’
ik /a 7
Finally E{v*[r; (ai,j,); ---§”j\u\(aivjwu\)]4} =0 asq = oo.

_1 : i
PROOF. sz:0<f7 Yu;~1.4j.c;) = 0if uj > 1 follows easily from (11). We ob-
serve that

Jue]
<f’ 1_[ 1p”jl_l’tfl’cjl>
=1

|

tj i 4l i +1
_ f(x){nqujl/z[l{sze[q Jz-ifCJz’QJ1+CJ1+ )}
=1

o1 q”ll q”n

1 t; ti +1
— —l{xj', e[ u.ﬂ_1’ j;~—1>”Idx
q g

@7 Jul
— g i /2 oo jpug (X '
=q == /[‘0,1)I14| f]1,-~-7llul(x11’ ""x]‘”‘)
|u|
. ti+cj qtj+ej+1
X{Hq"”[l{sze[qﬂuj J/,qu ujjl )}
I1=1 7 “

1 ity
__l{lee[ =t J;+—1>}}}del"‘dlel'
q g
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We observe from Lemma 3 that the right-hand side of (27) equals

u| 8'”' ti, +0.5 t'u +0.5
~ =i i/ [aifh ----- ju( jlu- ol ’ "4/ - )i|
Xjy e 0xj, g g
|ul

(qtj+cj+1)/q" 1 tj +0.5
% [ /( (xﬂ q“fl_l ) i

f]tjl+cjl)/(] /Z

ui—1
(ty+D/q ;
—quj/_l/ jlu, 7:1 (le 1 +0i5>dx,-,}
tj /g q”fz_ :

‘”‘ uj]/zf / .../leul 1
(0,0l Jt;,+0.5)/¢"1 " (1) +0-5) /gl

% [alulfjh.-~,ju(s1’ ey Slul)

0xj, ---aleul

tj,+0.5 tj 0.5
o f... J\u\(“ —Toceeo /|J||u| )
- 9xj, -+ 0x; ]ds'“""dsl
Ji Jlu|
|ue]
; qty +cj qtj+c;+1
X {llj[lquu [l{xﬂ € |: P pp
1 1+l
_—1{x]~, e|: u{’_l,%)}]}dle - dxj,
q q'i q"i
:q|u|—21u_13uj1/2|:L o (tj1+0.5 tju+0.5)i|
8le.“3le“‘ Jsees Jlul q”h‘l ey q”j\ul—l

|ul
1—[ ' 1 1
% CJl _ _(1 _ _) + 0(1)q|u| ZI 1314]1/2 max qfﬂ(ujlfl)
L g 2 q 1<I<|u|

as g — o0o. Next we observe from (13) that

iy, oug 7@ ) gy (i j2), 70,7,3(0), .o 7 (0) 11 < j < d]

a7

(q “ZI q21> (q Zl i )<f|F|[w1>

tj, =0 cjy tj‘ ‘_0 Clu I_0 =1
Jul v (bi it
wiai ) Tisaj, i j2) i .k (0)
J\4i, ji iJp i, ji,
X HWujl—l,tjl,le( q + q2 +Z qk ’
I1=1 k=3



2000 W.-L. LOH

and hence

E{vy, .. uglmj(ai ), 7 ;(bij2), i j3(0), oo 7 ju; (0): 1 < j < d1?)

(5 (28RS

. p— . pa— /
thuI_O cflul_o t =0 <

( MZI_I ,Z )<f [Tve, 1><f o e >

f =1
J\u\ cJ|u

[ue] o . bi i 2) Ui _
nj](al,]l) T[jlvai,jl( i,ji,2 nt,]l,k(o)
X HE[Wujl—l,tjl,le( q + qz +Z qk
I=1 k=3

"
- (”jz (@) | i i j.2) n 2”: ”i,jz,k(0)>]
Wj— /1 q 6]2 k=3 qk

wjip=t_4 g—1 g-1 qL‘/\Lt\71—1 g—1 q—1
(2 % z) (z £%)
=0¢/ =0 =0 € =0}, =0

Ju| |ue]
<f ku” ltjl,c”><f ku” ltjl, >

=1 =1

lu| e . bi i 2) Ui _ .
n]](al,j[) n]l’“i.jl( 61,2 2 :ﬂla]l,k(o)
X | | E|:w“j/_1’tjl’cjl< + 2 + k
I=1 g 1 =3 4

. . Ui
wjai ) Tsai, (bi,j,2) 7i,jy,k(0)
XY, 1 + + E — |
ujy=htjc u( q q* ! gk

We observe that the right-hand side of the last equation can be expressed

as a finite sum of terms of the following form (up to permutations): for o =
0,....[ul,

(ZEz)(25x)

(S SIS B (5 S o) 14 EAN

a1 =0 Clgy tJ\u\_O Cf\u\_o =1



RANDOMIZED ORTHOGONAL ARRAYS 2001

|u
TA0 IR () RO

l1=1 h=a+1

2 q

‘.
(njl] (@i j,) N Tjysai g, By 2) N f; T j ,k(O))
k

q q k=3

XE|:1_[ Wu]l lt]l1 C]ll

h=1

. .. uj
< T, (“i,jzl) + ”le;ai,jll (bwz, 2) n Zl: ”i.jzl,k(o)
/
“iny —1,th1 “iny q ‘12 k=3 Clk

|ul
|: l_[ %,1 ltjl2 CJI

h=a+1
) Lt
T, @i jy,)  Tiniai, i, ji, 2 T 112, (O)
x + Z

q q* =

(_'z‘.qz )T ZZ)

i —Oc ;éc“

-
g —1 g-1 |

(5 ) (8

Va1 =Y Clas1 L =0 €=
[u]
X<f’(1_[ I/IM], lfjll iy )( 1_[ w“/z —L1j, ,c”2>>
=1 h=a+1

-

_ <_1>“(1 e [Z Z( z iy=e) |-

g a1 T P i R lu|
x( >, Zo) ( > X ><f’n‘pujl—1~fjpc/z>

t-/a+1 =0 C-/oH»l tjlulzo C.f|u|:0 =1
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o Jut]
X <f, (1_[ Wujll—l,zjll,c}ll)< 1_[ wuj12—1,1j12,0j12>>

=1 h=a+1

1 1\ lul—e "1 g1 g™ 1 g1
)z E) (2 E)
ljl—O le—O l‘jlu‘—o leul—()
Jul 2
X <f’ll_[1wujl_l’tjl,cjl> .

We conclude via symmetry that

E{vu,,.uglmj(aij) g, ;(bij2), i j,300), o 70 ju; (0):1 < j < d1*}

o (AT ) (2R

q q — =
t“_O cj = tj‘u‘_O cj‘“‘_O

Ju| 2
X <f’ ku-il_l’tjl’cjl> .
=1

The proof that E{vy, .. u,[7j(a; ), i j200),..., i ju; O:1<j< d]z} is equal
to the right-hand side of (28) is similar and is omitted. Finally since the verifica-
tion that E{v*[r; (a; j,);...; 7Tj|u|(ai,j|u|)]4} = 0(1) as g — oo is quite long and
tedious, we shall refer the reader to Loh (2007) for its proof. [J

PROOF OF PROPOSITION 2. We note that ¢q(o,qiWoar — oW) =

Z Vuy,.ug i@ i),

=Ly tig =07 U =2 KEKL ook Vot oottt >3
Tjia; ; (bij2), i j300), .. 7w ju,;(0):1 < j <d].

Here < denotes if and only if and that given uy,...,ugz > 0, we write uy > 1 &
ke {ji,..., ju} where [u| =% d{u; = 1}. Now for r =1, ..., d, we have

.....

(29) Tjia;; (Bij2), 7i,j,3(0), oo 7 (0) 11 < j < d1*)
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1 C]
_2 Z Z Z E{vul,...,ud[nj(ail,j)a
\=lixAi

Uy, .,ug>0:up>2<ke{l,..,rhu;+-+ug>3
Tjiai, ;biyj2)s iy, j,3(0), . iy (0) 1 1 < j < d]
X Vg 70 iy ) Ty, (Biy, j2)5 i, j3(0), oy Ty o (0)
l<j=dl}.
Using the fact that A € OA(¢?,d, g, 2), we further observe that

1 q
pr) Z > > E{vu,,...uglmj(ai; ),
1=1ix#i

LUulsenug>0up>26ke{l, . orhui+-4ug>3
Tjap; Piy,j,2), 70y, j,3(0), oy iy (0) 11 < < d]

X Vuy,ug 70 @i, ) T jiay,  (Bi,j,2), T, j,3(0), oy 7Ty (0) 1 < j < d}

=%qz >

1=10<uy,... uqg<2:up=2<ke{l,...,r}u1+--4ug>3

X Z E{vy,,.. uslmj(ai, ),
i)
Tjap,; Pir,j,2), 70y, j,30), oo 7y (0) 11 < j < d]
X Vuy,ug 7 @iy, ) T jay (i, j,2)5 i, 1,30, s 70y o (0)
1< j<dl}

=1
:y Z Z Z a1 =aiy 1}

9™ T10<up, o ug<2: up=2ek=1,|u|>2ir i

x E{vy [71(aiy, 1), 7ia, , Big 1,2);

Vui, Wjg ool iy,
Tjy @iy, jp)i -3 Ty, (ail,j\u\)]

* .
X vul,ujz,...,ujlul [7'[1 (aiz,l)’ T[llfliz,l (biz,l,Z),

Tjy (Giy, jp)i -+ -3 Tjy, (aiz,j|u|)]}

_n
=l v ) S Haiy 1 = aip 1)

q i1=10<uy,...ug<2:uy=2<k=1,|u|>2ir#i
x Eyvy, Uiy uj‘m[ﬂl(aim),Nl;a,«l,,(bil,l,z);

(30) Ty @iy, jp)5 - -5 Ty (ai17j|u|)]
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()

<y | > ]

O=ti=q-L:Ci#mq; 4 (biy,12) L2=m=[ul 0=Cjyy <q—1: Cjoy 70y @i jm )

* SN PN
X Uul’ujZ""’uj|u| [7'[1 (ailsl)’ C1s C]Z’ cee C]Iul]}

1l
=1{r=1} > =D

_ lul—1
O0<ur..ug<2: mpe2ek=1ju=2 @ — 1

XE{V:I,MJ-Z ..... u,w[711(611,1),ﬂl;al,l(b1,1,2);

2
Tj(arjy); -5 Ty, (alvjlul)] b

It follows from (29) and (30) that

G2 E[(00aWoal — o W)?]

d
= Z Z E(Aiq

r=1 lfjkl <"'<jkr =<d

Sk < <lJkp Sdun,..ug =0 ug =26k iy o iy htt1 4+ Fug =3

,,,,, ugl7jar,j), wja, ;(b1,j2), 71,5,300), ...,
(31)

Ty (0): 1< j <d’)

> > e

— 1)lul—1
r=10<uy,....uqg<2:up=2<&k=r,|u|>2 (q 1)

X E{vu,,..uglmwj(a,j), 7ja, ;(b1,j,2),
m1,3.30), ..., 71w, (0): 1 < j <dI?).
Finally from (31) and Lemma 4, we have
9° E[(00atWoat — 0 W)’]
d
=2, X

r=1 1§jk1<---<jk,§a'u1 ..... ud20:uk22©ke{jkl ..... Jiky ur e Fug>3
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(P50 RGNSl o5 13 TN

it B =0 ¢ji, =0 I=1

|ul |u|l—a

1 1

2 (W) #0-9)

coNe /g q

d (=Dl ¢"1 -1 -1
+2 > W( 2 Z)

r=10<uy,..,ug<2:up=2&k=r,u|>2 q tj;=0 ¢;;=0

(‘Iujuzl_l qi:l )<f’lli[1%”_l’t”’c”>2 IXMI: (IZI) L(l - l>|u|a

— — _ q
t_,‘u‘_O c_,‘u‘_O a=0

=3 (d) ) 0 (q2ul=2r--+10)

r=1 Uly.sg=0:up>2<kef{l,...,rhu1+--+ug>3
(=Dlula 2l —=2(t 1 eee
' 3 G Ol
0<tty, g <2: up=2k=1,u|>2 ‘4
=0(q7?),

as g — 00. Using Chebyshev’s inequality, we conclude that g (0pqWoqi —o W) —
0 in probability as ¢ — oo. The proof that g (cy4s Woas — 0 W) — 0 in probability
as ¢ — oo is similar and can be found in Loh (2007). [

PROOF OF THEOREM 3. In this proof it suffices to take A =2+/d — 2 in (21)
and 4 to be the class of all indicator functions of measurable convex sets in R? 2.
Let J be a random variable uniformly distributed over {1, ..., d} and (B, B>) be a
random vector uniformly distributed over the set {(b1, b2) € {0, ..., g — 1)2:b, *+
by}. J and (Bq, By) are independent of each other and are also independent of all

previously defined random quantities. Define for j =1,...,d,
. T, if j#£J,
v j= R
TB,B, 07, lf]—.],
where 7, p, denotes the permutation of {0, ..., g — 1} that transposes By and B>

leaving all other elements fixed. We further define for £ =1,...,d — 2,

Ve = —Z Z V[7 (ai, ) "';ﬁj\u\(aivjlul)]’

i=10<uy,...uqg<l:|ul=0+2
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From symmetry, we observe that (V, V) is an exchangeable pair of random vectors
in that (V, V) and (V, V) possess the same 2(d — 2)-variate distribution. We now
write

(33) Vi —Ve=38—Si,
where

~ 1 a’

Se=——2 > I elji. s ju} mrlair) € {B1, Ba}}

q ot i=10=<uy,...,ug<1:|u|=0+2
x V7, (@i )s - ) (ai,j|u|)]v
and
&
Se= > I e {jts-s jlu} wiai ) € {B1, B}

2
9700 i 21 0<uy,oug<1: |ul=0+2
XV [”jl (@i j); -3y, (ai,j|u|)]'

Let W be the o-field generated by the random quantities {r;(a; j):i =1,..., q°,
j=1,...,d}, E W denote conditional expectation given ‘W and v, (-) be as in (22).
From the exchangeability of (V, V), we have for 0 < & < 1/2,

0= E{(V V)[ w€z<V)+—wsz(V>]}
:2E{[8—wwsz(V)]EW(‘7i — Vi)}

- 0
+E{7 - v>[ Ve =5 vav) ]
We observe from Proposition 3 (see below) that
0 ~
E{ (7 - V)[ (V) — Tz/fezm“ = —26{[ Sy £ - v
_ 4@ +2) i
= dq- Vi ve )
Now using Lemma 1, we have

Elx2 (V)]

d-2 92
_E|:ZV V) =3 2¢82(V)]

i=1
_KRdg-D)

mE{(\Z - v,-)[a%wgzm - a%wgzw)“

i=1
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E|: 90 2W82(V)}

d—2d— zd(q B B
3 IJZI 4“2) {m—v,-xvj—Vp
1 92 y
d—2 32
_E[gl a—vizwez(m}

- Sl o el

_dg=D a0 [32 }
4(i+2)E[(Sl S)IE avlgwe2(v)

dg—1 [ & <0 ]
i FLS e

+j§?;21)) { S)/[ 2w,;‘zv+z(v V)

2

)
—a—vizmm}dr}}
d(q 82
+121;{4(l+2> G =508 = 55,5 v
dg=1 [ & e on [T 9 .
i CREUURER [81},8 V1 =V)

8v182 %Z(V)} ”

Hence it follows from Propositions 4 to 7 (see below) that

log(1/¢) 1
as ¢ — oo uniformly over & € 4 and ¢ € (0, 1/2). Using (34) and Lemma 2, we
have
B log(1/¢) 1
35 swp|ElsVl = [, s0)@a2a| =0+ 25057+ s )
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as g — oo uniformly over ¢ € (0, 1/2). By taking ¢ = ¢~'/4, we conclude that the
left-hand side of (35) tends to 0 as ¢ — oo. This implies that V converges to ®;_»

in distribution as ¢ — oo and Theorem 3 is proved. [

PROPOSITION 3. Let Vy and Vg, £=1,...,d =2, be as in (20) and (32) re-
spectively. Then

~ 26+ 2
EY(V, = V) = _uvz‘
dlg—1)
PROOF. First we observe from (33) that
] Zd
EV(S)=EY dTZZ > kel jul)
970 ; 21 k=10<uy,..ug<1: |u|=0+2
x I{m(aix) € (B1, B} |7 (ai ) -5 7w (@i )]
20+2) &
=52 2 Vi (@i )i s T ()]
970C i Z10<uy,...ug<1:jul=t+2
and
| Zd
970 ;21 k=10<uy,.ug<1: |u|=0+2

x I{mi(aix) € (B1, B} (7, (i, jy): “‘;ﬁju(ai,jlm)]}

Jue]

=EW{ LS~y Y k=i

i=1k=10<uy,....ug<l: |ul=0+21=1

x I (aij) = Bijv*[mj (@i jy)s -5 w5, (@i gy

By 7wy 1 (@i i) o5 Ty, (ai,ju)]}

|

+E'W[ : qzi 3 Y k= i)

..... ug<l:lul=L+21=1

Il
—_
~
Il
-
o
IA
<

x M7 (ai j) = Boyv*[mj (ai ) -5 7wy, (@i )i

Biiwwj, @iy, ) Ty, (ai,jm)]}
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2(€+2)
dq3(g — Doy
2

q
X Z Z V[ @ig)s s, @i -

10<uy,...ug<l:|ul=0+2

Thus we conclude that
EY(Ve = Vo) = EY (S0 — Sp)
_ 2(6+2)
dq*(q — 1oy

7
X Z Z V*[T[jl (@i, j); ... 7y, (ai,j\u\)]

i=10<uy,..., ug<l:lu|=£+2
2(€+2)
-V,
dig—1) D

PROPOSITION 4. Let S; and S’i, i=1,...,d—2,beasin (33). Then

dig—1) o B
'm [(S; —S)]—l' o(l/q) Yi=1,...,d -2,
and
rdg-1 .« o 32
2{[« T PO _I]E[a_vf‘”sz(v)]”
(36)

o)),

as q — oo uniformly over 0 < ¢ < 1.

PROOF. Foré=1,...,d —2and k=1, 2, we write
- 1 a’
Se,k=2—z Z I el{ji, - ju} mrtai ) = B}
970 ;. 21 0<uy,ug <1 |u|=0+2
37 X V7, (@i, )5 -5 T (@) ]
| &
Stk = —5— > I e,y i} milai r) = By}

970 ;21 0<uy,ug<1: |u|=0+2

X V[ (@i )); -5 T (@ )]
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Thenfori=1,...,d —2,
dg—1)

4@ +2)

(38) = %E[(Ei,l + 552 = it — $i2)%]
_dg-1

4G +2)

As in Proposition 1, we have fori =1,...,d — 2,

1 1
Uiz = _2[1 + 0(5)] Z E{V*[”jl (aj); .- nj\u\(alvj\u\)]z}’

q 0<uty,ug<1: |ul=i+2

E[(Si — 5]

E(4S?, +4S8i18i2— 48181 —45;.15:2).

as g — oo. Hence it follows from (38) and Lemma 5 that

dig—=1 2 _ _ _
(39) 74(i+2) E[(Si —SH1=1+0(1/9) Vi=1,...,d -2,

as g — oo. Finally, (36) is an immediate consequence of (39) and Lemma 1. [J
LEMMA 5. Let Sy and Sg,k, L=1,...,d —2,k=1,2,beasin (37). Then
E(S7) = E(S; )
£4+2 5
= Ja3ol Z E{v*[mj (a1;): .. )y, (a1,)] 7}
400 0<uy,...ug<l: ju|=t+2
(=D +2)
dg3(q — Dto}

X Z E{v*[mj (a1, j); "';”jw(alaj\u\)]z}’

0<uy,..,ug<l:|u|=€+2
E(Se1802) = E(Se.1S0.2)
(=D +2)
~ dg(q— D20}

2
X Z E{V*[”jl (ar,j,); "';njlul(a]v./.lul)] }’
0<uy,..., ug<l:|u|=£€+2
E(S01802) = E(Se.15¢.2)
(=D +2)
- dq?(q — 1)1’,—&-1%2
2
X Z E{”*[T[jl (a,j,); "';n—jlul(aLqul)] b

0<uy,...ug=<1:|u|=£+2
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E(S¢.150.1) = E(S¢.25¢.2)
L+2
dq3(q — D)o}
2
X Z E{V*[nh(ahh); "';njlul(alvj\u\)] }

0<uy,..,ug<l:|u|=€+2
(=Dt +2)
dg(q — D)*o}

X Z E{v*[7) (a1 j,); ---;nj|u|(a1,j|u|)]2}~

0<uy,..., ug<l:|u|=£+2

PROOF. We observethatfor{=1,...,d —2andk=1,2,

E@M)———; :EIZZ > T el jull}

i1=1i=10<uy,...ug<l:|u|=L0+2
x Imy(ai,j) =my(ai, ) = By}

X U*[ﬂjl (ailvjl); ces Ty (ailsj\u\)]

X V[ @iy, )i - 7 (i)

d
ZZ > Yo dke it}

€ iy=10<uy,...ug<l: |u|=0+2 k=1

2
X E{V*[ﬂjl(ail i)s ---§7Tj|u|(ai1,j\u\)] }

d
t e zZ 2 2. > ke jult}

i1=1lix#i1 0<uy,...,uqg<l:|u|=€+2k=1

|\l
xxmmk=a@u(————)

qg-—1
2
X E{v*[n'jl (@iy,j1)s "';njlul(ailyj|u|)] }
42 )
:d 3 2 Z E{‘)*[ﬂjl(“l,h)?---;”j\u\(al,jw)] }
979 0<uy,...,ug<l:|u|=0+2

£+2 3 (_%)“”3

dq3(q - l)aﬁ 0<uy,...,ug<l:|u|=€+2 9=

.....

2
X E{V*[”jl @i j)s---3mjy, (al,j|u|)] }
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The rest of the proof follows in a similar manner and we refer the reader to Loh
(2007) for the details. [

PROPOSITION 5. Let S; and S',-, i=1,...,d — 2, be as in (33). Then for
i=1,...,d -2,

dlg—=D] [ «
4G 12) [(S’

_ oMY,

as q — oo uniformly over 0 < ¢ < 1.

92 . 92
_srLy z(V)] _EIGi - Si)zlE[—w z<V)]‘
Bvi2 & Bvi2 ¢

PROOF. Let S‘i,k and S, i=1,...,d =2, k=1,2, be as in (37). Using
Lemma 5, we have

dig—-1
4(i +2)

_d(q_l) 8_2 Wred  an2 3 2”
- E{[avzwgz(V)]E (5 — 5% — EGi — 5)7)
<d(q—l){ }
=36+ |,

x E|EY[(Si1+ Sia—Si1—Sin)?

E|G - 502 zwgzm] E[(Si—si)z]E[%wgzm]]

- zx/fgz(v)

(40) — E(Siq1+Si2—Si1—Si2)
_dg- 1){ 92 }
2(1 +2) veRd 2 av2 Verv)

< {E|EV S} — E(S] D1+ EIEV[S] — E(S I
+ EIEY (81821 +2E1EY (8180
+2EIEY (S:18:0)| + EIEY (Si1Si2)| + 0™},

as ¢ — oo uniformly over 0 < ¢ < 1. Now Proposition 5 follows from Lemma 1,
Lemmas 6 and 7. [

LEMMA 6. With the notation of (40), for £ =1, ...,d — 2,

dlg—=1 w2 2 1 aea—1)2
2012) E|IE7[S; | —ES;DII=0(@q '),
dig—1)

Wi a2 2 ~1/2
203y FIE SL - EGENI= 0™, asq— oo
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PROOF. First we observe from (37) thatfor £ =1,...,d — 2,

dzz > >

n=liz=lg<, ) uy)fl SuD =42 Ofu(lz) ..... u(dz)§1:|u(2)|:e+2

,,,,,

EV(St) =

d
x Y ke i N0 s e P ai ko= aiy il

k=1
* . . . . .
e E TR C D H 7711’|u(1>‘(all,le‘u(l)‘)]
* . . . . .
XV [T[jZ,l (ai2sj2,l )’ Tt ﬂ]z lu (2)‘ (al2s]2.‘u(2)‘)]'

Here for [l = 1, .4, given u® = (u(l)

i . . .
uf,))’, we write k € {ji1, .-, Ji 0}
if and only if u! k 2 1. Hence

E{((E™ (S} )1}

97700 ij=1ir=lis=1ig=1 ., WD <1 =42

~~~~~~~

x 2. 2

0<ul® P <1:1u@=e+20<ul .. 1§ <1: u® =42

d d
o o> afkie oo}

0<ul? P <1 ju@|=e2 i =1 k=1
N{j2ts s Ja ey}

X 1{/(3 € {j3,1, R j37|u(3)‘} N {j4’1, cee, j4’|u(4)|}}
X Hai, k) = iy ky @iz ks = iy ks )
* .
(41) xv [njm @iy ji )5 - iy (ail,j,,‘u(l)‘)]
* . . . . .
xv [nj2,1 (@iy,jo1)5 -+ i@ (alz,Jz,‘u(z)‘)]

* . . . . .
X V[, @iy j3 )5 - 303 (al3,J3,‘u(3>‘)]

* . . . . .
XV [”j4,1 (@ig,juy)i - Ty ) (al4,J4.‘u(4)‘)]

= R123.4) + Ry12.3),4) + R1,2,4),3) + Ri1,3.4),2) + R23.4).(13)
+ Ri1.2).31.14) + R131.02044) + Riay.2).0) + Rsy@)
+ Ri2.4),(10.03) T Rz 43,010,020 + Rp12y.3.4) + Ry 2.4
+ Ri1.4).2.3) + Ri1).(2.3}. 44}
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where given a partition, say Ay, ..., Ap, of {1,2,3,4}, (ie., Ule A;=1{1,2,3,4}
and A; N A; = & whenever i # j), we define

*
=E WZ > >

0<ul uP <1 uO)=e420<u® . u <1: @ =42

.....

x 2 2

0<u® uP <11 1u®1=e420<u? . ul <1: @ =042

Ra,,...A,

d d
X Z Z l{kl € {jl’l,...,j1’|u(1)|} N {j2,1,~~7j2,|u(2)\}}
k1=1kz=1

x ks el jy o Vst o g e}
(42) x Haiy iy = iy k) } I G ey = Qg h3}

x V*[T[jl,l (ailsjl,l); cees njl,‘u(l)‘ (ail,juu(m)]

X V*[”jz,l (aiz,jz,l); s ”jzy‘u(z)‘ (aizniz_w(z”)]

* . . . . .
xv [jTj3,l (aiz j3.1)5 - T304 (al3sj3‘w(3)|)]

XV [”j4,1 (@ig,jay)i - T @) (al4,J4,‘u<4)|)] )

and X* denotes summation over 1 <iy,i2,3,14 < q2 such that if k,/ € A, then
i =1, andif k, [ are in different A ;’s, then iy # i;. In order to evaluate the terms on
the right-hand side of (41), it is convenient to further define the following subsets
of {1,...,d}:for{ly,1r, 13,14} =1{1,2,3,4},

4
On.23.4) =11 € (V{itats -+ iy putir} {
a=1
3
O1tats) = V€ [Vt - iyt } \{114,17 s it b
a=1
2 4
Ou .y =1l€ ﬂl{jla,h--.,jla,m(ta)\} \ﬂU3{jlﬁ,1,---,jlﬂ,luu,pl},
o= =
4
Ouy=1l€{ina. - j11,|u(11)|}}\ U {jl,g,l, s jlﬁ,lu(lﬁ)l}'
p=2

Now we observe from Lemma 4 that as ¢ — 00, Ry1.2.3.4) = O(¢™™"), R{1.2.3).14) =
Ri12,4),30 = R{1.3,4,12) = R340, = 0(q™%), Ri13),00114) = R4),02).03) =
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Rpay 4 = Rpay .00 = 0@, Rusyia = Ry ps =0@q ™),

R{1,2},13),14)
= R(3,4),(1}.12)

=E 2201054 10% HZ Z Z

=ir=1 151356]2 Ti3F 1§i4§q2:i47§i|,i3

x 2 2.

0<ulV,ulP<t: w0 =420<u?,. . uP <1: u@|=e42

x 2 2

0l oo <1 u® |=e+20<uP P <12 u® =042
d d
x Yy ke dio N 2t o ey}
ki=1ks=1
x Ifks € {315 s J3 o} O sty s Ja o)}
X ‘1{053,/(3 = ai4yk3}‘)*[njl,1 (ailsjl,l); cees ”j,7|u(1)| (ailvjllw(l)‘)]
x V*[T[jz,l (@iy jp1)5 - @) (aiz,jz_w(zn)]

* . . . . .
XV [”j3,1 (aiz j3.1)5 - T304 (313,13_W<3)|)]
X V[, @iy )i - T @), (al4,J4,‘u<4)|)]

RIS S D > 3

Cir=11<i3<q%iz#i) 1<ig<q:isiy.i3 O<u 5,1)51: [uD]=0+2

x 2 2. 2.

0<ul®, . uP <t:u@|=e4+20<ul? P <1:u® |=e420<u(V, 1P <1ju®|=e42

d
x > ks e {31, da e} N {ats - g e s = aigks)

kz=1
O 1\ 1901234 +1071.24)|+10(1.3,.4) [+1012.3,4) [ +]O(1,4) [+]O2,4) | +]O 3.4 [ -1
X0 M}(_)
q
ol

2: 2 2 2.

qlo(,
€ i1=11<i3<q?: iszi1 1<ig<q2:is#i1,i3 Ofugl),...,ufil)flilu(l)|=€+2
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x 2. 2. 2

0<ul® P <1:u@|=e420<ul?, P <tu®|=e420<u(P, . 1P <1:]u®|=e42

d
x > ks e {j31s -0 Ja ey} O et g e}
k3=1

|u(4)\—1

1
X ‘z{ai3,k3 == ai4,k3}<g)

of)

Ry1},12},13),14)

| i qz DS >

=l 1<iy=<q%ir#i) 1<iz<q?:isz#i1,ip 1<is<q?:is#iy iz, i3

x 2. 2.

0<ul?e ) <L:u®=e420<ul?, . uP <1:u@ =42

x 2. 2.

0<ul? P <t:u®|=e420<u(V, . 1P <1ju®)=e42
d d

x Yoy kel o 0 i
ki=1kz=1

X .1{/(3 € {j3,1, el j3’|u(3)|} N {j4’1, e j4"u(4)|}}
X l{ail,kl :aiz,kl}‘l{ai3,k3 = ai4,k3}

xv [njl,l(ailyjl,l)’ R 77.11,|u(1)| (alls]]’|u(l)|)]
xv [an,l (aizyjz,l)v T 77.12Y|y(2)| (a12,j2y|u(2)|)]

* . . . . .
xv [an,l (@iz,j31)3 - 3143 (a13,J3y|u(3)|)]
XV [”jzu @iy jy1)5 -5 Ty @) (al4,14y|u<4)|)]}

_on s > >

E h=l1<iy<q?:ir#i| 1<iz<q?:izzi1,ia 1<is<q?:ig7i1,iz.i3

x 2. 2

0<ul" <l |=e420<u?, 0P <1:u@|=e+42
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x 2. 2.

0<u? . uP <t:u®|=e420<ul?, P <@ |=¢42

d d
x Y > ki e{jit g 0 i e

k1=1kz=1
x ks € {j31, s e} O s oy a1}
x aiy ky = iy M@y ks = iy 13 14{|O1.2)| = (03,4}

% 019 +10p) | +1O3G) [ +104]

1\ 1811234} 410123} [+1041.2,4)[+1O(1,3,4) [ +O2,3 4]

q
< 1 )|®{1,2}+|®[1,3}|+|®{1,4)|+9{2,3}|+|®{2,4}|+|®(3,4}|2
X

q
o

1042 2 2 2.

o
Cir=11<iy<q%ir#i) 1<iz<qZizi1.iy 1<i4<q?:is#i1.in.i3

x 2 2

0<ul . uP <tu®=e420<u'?, .. uP <1:u@ =42

x 2. 2.

0<ul . P <1:ju®|=e+20<ul® .. u( <1:)u® =042

1 [u® | |u® |-
X Z Z l{all ky = aiz,kl}l{ai3,k3 :ai4,k3}(5)

ki=1k3=1
-o(7)
q*)
The second last equality can be obtained using the heuristic that a;, ; # a;,, ; when
i1 # iy etc. and ky # k3. However the above bound remains valid when k; = k3 or

when a;, ; = a;,, ; since this additional constraint introduces a factor of g while it
reduces the number of iy, ..., is by a factor of 1/g. Finally,

R{1.2).3.4) = 22415 42 > >

@ ii=1 1<13<q 13#110<M ) 511)51;|u(1)|:£+2

x 2. 2.

Ofu(lz),...,uilz)flzm(z) |=0+2 Ofu?),...,ug)flju@) |=£+2
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x 2.

0<ul® P <@ =42
d d
x Yo > ke dn o 0 {2 et
k1=1k3z=1
X 1{](3 € {j3,1, ceey j3’|u(3)|} N {j4,1, cee j4’|u(4)|}}
X E{U*[njl,l (ailsjl,l); s T[jly‘u(l)‘ (ailsjlq‘u(l)l)]
X V[, @iy jy)s e Ty @) (ai1,j2,|u(2)|)]
X V¥[1j @iz, g3 i3 ) (ai3,j3,|u(3)|)]

X V1), @iz, jy )3 Ty @) (ai3,j4,|u(4)|)]}
1 1 3
= 724507 > > Ju D]

g
E o<V uD <t =e420<u®, . ul) <1:u® =042

2
x E{v[mj (a5 ”j,,‘u(m(al,jl,‘u(m)] }

2 1
X E{U*[T[js,l (@i, js )53 T[j3,\u(3>\(al’j3,\u(3)\)] } + O(q_3)

1
=[E(S} D> + 0(—3>,
q

as ¢ — oo. The last equality uses Lemma 5. Consequently it follows from (41)
that

d(g—1) Wi 2 2
72(£+2)E|E [Sz1 — ESE DI
d(g—1) Woe2 2 \12111/2
542(5—{—2) {E{[E (Sg,1) E(Sz,1)] }}
_dg-1 W2 2y e 2112
= 2(£+2){E{[E Sy D17} = [E(S DI}

-o(z=)
qi2)
as g — oo. The analogous result for S’m can be proved similarly and we refer the
reader to Loh (2007) for the details. This proves Lemma 6. []

LEMMA 7. Let Se,£=1,...,d —2, be asin (33). Then E(S}) = 0(1/q%) as
g — 00. Let Sg.y and Sg.1, £ =1,...,d —2, be as in (37). Then for 1 < 1,4, <
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d-—2,
%%ES%Euﬂ%&hw@¢n=0($)
%EIEW(SZI 180,2)] = 0(3),
%EW(&] Sl = 0(5)
%ElEW(&],lSzzzN:O(é), as q — oo.
Finally for 1 <{f;#4¢y<d -2,
%%fggEuﬂ%&lw@1N—<Xq””)
Zz+g EY(G 18601 = 0@, asq— o

The proof of Lemma 7 is similar to Lemma 6 and can be found in Loh (2007).

PROPOSITION 6. Let S; and S',-, i=1,....,d —2, be as in (33). Then for
l<i#j<d-2,

Vel s [ [2 g eV 17— V) - el

4G +2)
(ke
_0<€q1/2>,
and

d(g—1) N
T LR

82 2

Xfl[av,a : Y2 (V4+1(V —V)) - 81)?81)./_%2(\/)](1:”

h
=0 IGIES , as q — 0o uniformly over 0 < e < 1.
eql/2

PROOF. Using Taylor series and Lemma 1, we observe that for 0 < ¢ < 1 and
i=1,...,d =2,

‘74(l+2) { i —Si) /[ zwgz V4tV -V))— avizx//sz(v)}dt”
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<HME[(§. —$)%18; — 8| su 3 Y (v)}
Tmaa+y L W eria 907,
cIIhII 2 d(q - _ 1/2 1/2

)3 4(l+2) [(Si — SH*DVZELS; — ;)1
21/2c||h||

Z LM)H$WQM@r$NW@

where c is a constant depending only on d. In a similar fashion, we have for 1 <

dig=1D [« <o o
1 82 82
X/[avla Vo (V+1(V—V)) — 7aviavjw£2(V)}dt”
—d(g—1)
g 4 +2)
. 5 } 3
XE|:|Si_SiHSj_SjHSk_SHUGSIgfzal)la—l)JakaZ(v)}

d—2
< clhlloo = dlg =1

<. ¢ndnl/4
- Z;«Haﬂﬂ“'sﬂ“

x {E[(S; — SH*VHEL(Sk — k)12

ﬂﬁdmmmdzdw 1)
& 4( 2)

[ESHIVHESHIVHELS, — So*1}2.
Proposition 6 now follows from Proposition 4 and Lemma 7. [J
PROPOSITION 7. Let S; and S’i, i=1,....,d —2, be as in (33). Then for

l<i#j<d-2,

2

- - d oo
E[G =806 = )5, v = o(5 )1ogi/e)

‘d(q )
4(i +2)

as q — oo uniformly over 0 < ¢ < 1.
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PROOF. Let S; and S’i’k, i=1,....,d—2and k=1,2, be as in (37). Then
Si=Si1+Siz2and S; =S;1 + S;2. For 1 <i # j <d — 2, we observe that

‘ME (S-—S-)(S-—S-)a—2 1% ’
4G +2) |: i i) J aviaijgz( )]

‘d(q—l)E{ 92

WreC. _ o\ (S. _ C.
T Ve IEMIG = $)E; - 51}
_d(g-1

dv; dv;
D
4(l+2) veRI-2
x E|EY[(Siqn+ Si2—Si1—Si2)(Sj1+Sj2— 81— 521

d(g—1) { 2
S /=) Sup
23 +2) |yepa—2

+EIEY(Si1S; D+ EIEY(Si1S;2)| + EIEY (S:18;1)]

2

WEZ (U)

dv; dv;

Y2 (v)

E\EY(S;1S; E\EY(S;1S;
dv; 0v; ” |E ™ (Si, 185,01+ E|E 7 (Si,15;,2)]

+EIE™ (5551 + EIEY (518,01 + EIEY (515,21}
Now Proposition 7 follows from Lemma 1 and Lemma 7. [

PROOF OF THEOREM 2. Let Z; be a random variable having the standard
(univariate) normal distribution and & = (o7 /o, ...,04_2/0) . Then ||& |>=1and
W = &'V For ease of exposition in the subsequent argument, we shall write £ =
§(g)and V =V(q).

We claim that &'V — Z; in distribution as ¢ — co. We shall prove this claim
by contraposition. Suppose the claim is false. Then there exists an interval, say
[a,b) C R, such that P(§'V € [a, b)) does not converge to P(Z; € [a, b)) as
q — oo. Since P(§'V € [a, b)) € [0, 1], by the compactness of [0, 1], there ex-
ists a subsequence, say &'(qx)V (qx), of &'V such that P(&'(gx)V (qx) € [a, b))
converges to a number, say L # P(Z; € [a, b)). As ||§(qr)|| = 1, there exists a
further subsequence, say &'(qx,)V (qx,), of §'(qk)V (gx) such that & (gx,) converges
to a point £ € R?~2 as i, — oo. This implies that £ (qx,)V (qx,) — &'V (qx,) — O
in probability as gy, — oo and hence &'(qx,)V(qx,) and &'V (qy) have the
same asymptotic distribution. Using Theorem 3 and ||§ |2 = 1, we observe that
§ 'V (qx,) converges in law to the standard normal distribution as gz, — co. Hence
&'(qx,)V (qx,) converges in law to the same latter distribution. This is a contradic-
tion and the claim is proved.

We observe from Theorem 1 and Proposition 1 that for fjg 1)« f2,,(x)dx >0,
we have aozal/a2 =1+ 0(g ") and crozas/a2 =14+ 0(g~ ") as ¢ — oo. Thus
we conclude from Proposition 2 and Slutsky’s theorem that W,,; and W,,s both
tend in law to the standard (univariate) normal distribution as ¢ — oco. Finally
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using Theorem 1 and Proposition 1, we have limq_)ooag‘al/aoal = 1. Hence for
la,D) CR,

Q-
P(Wr, ela, b)) = EZ P (W € [a, b)) +o(1) — P(Z) € [a, b)),

as ¢ — oo where }_* denotes summation over all the d! permutations of the
columns of A**. This proves that W* , converges in law to the standard normal
distribution. The proof of Theorem 2 is complete. [J
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