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CONSISTENCY OF THE JACKKNIFE-AFTER-BOOTSTRAP
VARIANCE ESTIMATOR FOR THE BOOTSTRAP
QUANTILES OF A STUDENTIZED STATISTIC!

By S. N. LAHIRI
lowa State University

Efron [J. Roy. Statist. Soc. Ser. B 54 (1992) 83—-111] proposed a computa-
tionally efficient method, called the jackknife-after-bootstrap, for estimating
the variance of a bootstrap estimator for independent data. For dependent
data, a version of the jackknife-after-bootstrap method has been recently pro-
posed by Lahiri [Econometric Theory 18 (2002) 79-98]. In this paper it is
shown that the jackknife-after-bootstrap estimators of the variance of a boot-
strap quantile are consistent for both dependent and independent data. Results
from a simulation study are also presented.

1. Introduction. Bootstrap quantiles are frequently used for the purpose of
constructing bootstrap-based confidence intervals (CIs). Like any other estima-
tion procedure, the accuracy of the quantile estimators produced by the bootstrap
method needs to be assessed. In his seminal paper, Efron [11] formulated the
jackknife-after-bootstrap (JAB) method for estimating the standard errors of boot-
strap quantities in the independent case. Recently, Lahiri [27] proposed a version
of the JAB method for assessing the accuracy of block bootstrap estimators in the
dependent case. In this paper we establish theoretical validity of the JAB method
for assessing the variability of bootstrap quantiles for both dependent and inde-
pendent data. To describe the main results briefly, suppose that 6 is a population
parameter and 6,, is an estimator of 6 that can be represented as a smooth function
of sample means. Let én denote the block bootstrap estimator of the distribution
function of a Studentized version of én. See Section 2 for more details. Also, for a
given o € (0, 1), let é; I(«) denote the a-quantile of G . The main results of the
paper show that, under some regularity conditions, and for both dependent as well
as independent data,

(1.1) Varjap(¢n)/ Var(¢y) =1 asn — oo

for ¢, = G (x) and @, = G;l (a), where Varjag (@) is the JAB-estimator of the
variance of ¢,. Thus, the JAB variance estimators of the bootstrap distribution
function and the bootstrap quantiles are consistent in the Studentized case.
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For independent data, \//a\rJAB (¢n) is defined using the standard jackknife vari-
ance estimator formula (cf. [11]). In the dependent case, however, the definition
of \7a\rJAB (¢n) is slightly different from the usual block-jackknife variance esti-
mator of <]3n Here, instead of deleting blocks of observations directly, one deletes
“blocks of bootstrap blocks” in the definition of the JAB variance estimator. This
modification distinguishes the JAB in the dependent case from its i.i.d. counterpart
and is crucial for computational efficiency (cf. [27]). Nonetheless, we show that
consistency of the JAB variance estimator continues to hold in the dependent case.

In the literature the JAB method has been employed in many important prob-
lems (cf. [8, 13, 21]), but without any theoretical justification. The main results of
the paper provide theoretical justification for using the JAB method for estimat-
ing the variance of an important class of nonsmooth functionals of the bootstrap
distribution for both dependent and independent data. Together with the results of
Lahiri [27], they show that the JAB method can be effectively used not only to
assess the variability of simple functionals, like the bootstrap bias and variance
estimators, but also to derive consistent estimates of standard errors for more com-
plicated functionals, like bootstrap quantiles. These results are particularly impor-
tant because of the extensive use of bootstrap quantiles in various bootstrap Cls,
whose coverage accuracy critically depends on the accuracy of the quantile esti-
mators, especially in the dependent case. Another notable application of the JAB
method is recently given by Lahiri, Furukawa and Lee [29] who make use of the
JAB variance estimators to construct a data-based method for selecting the optimal
block size for block bootstrap estimation of various functionals, including block
bootstrap quantiles.

The main steps involved in the proofs of the main results are the derivations
of certain uniform Edgeworth and Cornish—Fisher expansions for the jackknife
pseudo-values of the (block) bootstrap distribution function and quantile esti-
mators, respectively. The technical arguments developed to prove these uniform
expansions for the Studentized statistics in the dependent case may be of some
independent interest. We also report the results from a small simulation study on
finite sample properties of the JAB variance estimators in the dependent case.

Properties of the jackknife and the bootstrap methods under independence have
been studied by several authors; see Efron [9, 10], Miller [31], Parr and Schu-
cany [34], Shao and Tu [38], Shao and Wu [39] and the references therein. In
his 1992 seminal paper, Efron formulated the JAB method for independent data
and established its computational efficacy. The JAB method for dependent data
was formulated by Lahiri [27]. Block bootstrap and block jackknife methods for
dependent data have been put forward by several authors, notably by Hall [18],
Carlstein [7], Kiinsch [22], Liu and Singh [30], Politis and Romano [35, 37] and
Paparoditis and Politis [33]. Properties of block-bootstrap methods have been stud-
ied by Lahiri [23, 25, 26], Biihlmann [5], Naik-Nimbalkar and Rajarshi [32], Hall,
Horowitz and Jing [20] and Go6tze and Kiinsch [17], among others.
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The rest of the paper is organized as follows. In Section 2 we describe the basic
framework of the paper and the JAB method for dependent data. Assumptions and
the results on consistency of the JAB variance estimators are given in Section 3.
Results from a simulation study are reported in Section 4. Proofs of the main re-
sults are given in Section 5.

2. Preliminaries. For brevity, we concentrate our discussion on the depen-
dent case and, as appropriate, point to the main differences for the independent
case. In Section 2.1 we describe the basic framework of this paper and in Sec-
tion 2.2 the JAB method.

2.1. The basic framework. Let X1, X, ... be a sequence of stationary random
vectors (r.v.s) with values in RY. For proving the results, we shall work under the
“smooth function model” of Bhattacharya and Ghosh [1] (cf. [19]). Let 0 be a
parameter of interest and let én be an estimator of 6. Let X, =n~! "_1 Xi and
u = EX1. Then, the “smooth function model” prescribes that there exists a smooth
function H :R? — R such that §, = H (X,) and @ = H (u). Considering suitable
transformations of the observations, one can treat a wide class of common estima-
tors, including the generalized M -estimators of Bustos [6], under this model. See,
for example, [19] and [28] for the scope of the “smooth function model” in the
independent and the dependent cases, respectively.

Note that, under the smoothness assumption on the function H, by the delta
method,

n'2(@, — )% N©,72),

where —d> denotes convergence in distribution and ‘L'go = lim,,_ oo n Var(h(p)’ X,)
denotes the asymptotic variance of 6,,. Here h denotes the d x 1 vector of first-
order partial derivatives of H.Let [, (k) =n~! Z?;{((Xi — X)) (Xi1x — X,) and
let £, = ,0) + Zilzl{f‘n (k) 4+ ', (k)'} for some integer £;. Then we may use
fnz = |h(X,) f)nh(}_(n)| as an estimator of rgo and define the Studentized version
of 6,, as

2.1 T,=n"?@,—0)/G +n ).

In the dependent case £ goes to infinity suitably with the sample size n, while
in the independent case we set £; = 0 for all n. We add the factor n~! in the
denominator of (2.1) to make 7,, well defined in the case when 7,, = 0.

The sampling distribution and the quantiles of the Studentized statistic 7,, may
be estimated by the bootstrap methods. For the dependent case, here we restrict
attention to the moving block-bootstrap (MBB) method of Kiinsch [22] and Liu
and Singh [30]. (See remarks at the end of Section 3 for other block bootstrap
methods.) Given X, = (X1, ..., X,), define the blocks B; = (X;,..., Xj1¢1),
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j=1,...,N, where N=n—£¢+ 1 and 1 < £ < n denotes the block size. Let
b = |n/€] be the largest integer not exceeding n/£. Then for the MBB method one

selects a random sample BT, e, i)’; from the collection {8y, ..., By}. Arranging
the components of B7, ..., B; into a sequence yields ny = b - £ bootstrap sam-
ples X, ={X7,..., X} }. For £ = o(n) (which we assume in this paper), we get

ni/n—1asn— oo. Let )_(;f = ”1_1 Z?;l X7 denote the bootstrap sample mean
and let i, = E, X », where E, denotes the conditional expectation given {X,},>1.
Then the bootstrap version of 6, —0) is given by (6 — 6,) with Oy =H (X *) and
6, = H(f1,). It is known (cf. [23]) that the “naive” approach of centering O at 6,
leads to a worse performance of the resulting bootstrap approximation compared
to centering 6, at 0,.

Next, to define the MBB version of 7}, [cf. (2.1)], note that, conditional on X;,,,
the resampled block sums S = Z‘J‘Z: (-1 X j‘ are i.i.d. Hence, following Goétze
and Kiinsch [17], we may use the sample variance of these block sums (with a
suitable scaling) to define the Studentized version of 6. A “natural” analog of 72
for the bootstrap case is thus given by

1 & _
2 = o D {h (XD (S —eX D).
i=1

Since the MBB resamples blocks with replacement from the observed blocks

Bi, ..., By, it is possible that 7:2 = 0 for certain values of X}, ..., X,’:l (e.g.,
when all the resampled blocks Bj, ..., B} are equal to B, say). To avoid divi-
sion by zero, we define the bootstrap version of 7,, as

2.2) TF=n6F -0,/ +n"").

The inclusion of the term n~! makes T,* well defined when 7* = 0. The effect of
this modification on the accuracy of the bootstrap distribution function estimator
is negligible up to the second order.

Next note that setting the block size £ =1 for all n, the MBB reduces to the
standard bootstrap method of Efron [9] and 7" of (2.2) also gives the bootstrap
version of 7, in the independent case. For both the dependent and the indepen-
dent cases, the bootstrap estimators of the unknown distribution function and the
quantiles of T,, are, respectively, given by

(2.3) on=PuT <x), xeR
and
2.4) o =inf{x: P(T) <x) > a}, a€(0,1),

where P, denotes conditional probability given {X,},>1. Variances of these boot-
strap estimators can be estimated by the JAB method, which we describe next.
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2.2. Jackknife-after-bootstrap. The JAB method for dependent data applies a
version of the block jackknife method to a block-bootstrap estimator. To describe
the (block) jackknife method, let 7, = g,(X,) be an estimator of a parameter y .
Fori=1,..., N, define the ith jackknife block-deleted point value 7\ by P =
gn—e(Xn i), where Xn.i = X \ B; denotes the set of data values after deletmg
the ith block. The block jackknife estimator of the variance of 9, based on blocks
of size €, is given by (cf. [22, 30])

N
(2.5) Vargy (Pn) = (£(n — ©)7") Z 76 _ 92,

where y( R Yy, — (n — E)yn )) is the ith pseudo-value of 7,. Note that, if
¢ =1, that is, if we delete a single observation at a time, the variance estimator
of (2.5) reduces to its i.i.d. counterpart,

n
(2.6) Vary () = (n(n — 1)~ Y (70 — 7).

i=1

Now we are ready to define the JAB estimator of the variance of a block

bootstrap estimator. Here, the jackknife pseudo-values for the JAB method are
obtained by deleting “blocks of bootstrap blocks” at a time instead of deleting
“blocks of original data values.” This simple modification is important, as it re-
sults in considerable computational efficiency (see [27] for details). Specifically,
let ¢, be the block-bootstrap estimator of ¢, = ¢(G,) based on blocks of size ¢,
where G, (-) = P(T,, <) is the distribution function of 7,, and ¢ is a functional,
such as the quantile functional. Let m be an integer between 1 and N, and let
M = N — m + 1. We define the JAB pseudo-values by deleting m consecutive
blocks from the observed blocks {Bj, ..., By}. Fori =1,..., M, define the set
I; = {1 , N}\{i,...,i +m —1}. To define the ith jackknife block-deleted point
value ¢ go,, ,one needs to resample b blocks from the reduced collection {JB i J€l}
and apply the functional ¢ to the resulting block-bootstrap estimator Gn, i of Gy.
More precisely, let Jiq, ..., Jip be a collection of b random variables such that,
conditional on {X,},>1, they are i.i.d. with the discrete uniform distribution on /;,
that is,

P.(Jii=j)=(N—-m)~'  forall jeI.

Then the desired resampled blocks are given by {i)’;’fi =By;:j=1,...,b} Let
T denote the bootstrap version of 7, based on the resampled values in the
blocks {B;‘i :j=1,...,b}. Let CA;n,,- be the conditional distribption of Tn*i (given
{Xn}n>1)- Then, the ith jackknife block-deleted point value g?),(,l) is given by

oD =p(Gni), i=1,....M.
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The JAB estimator of the variance of ¢, is defined as [cf. (2.5)]
2.7) Varjag (@) = (m(N —m)~! Z A —

where é,(li) =m ' (N@, — (N — m)gﬁ,(,i)). Thus, in the dependent case the JAB
variance estimators of the bootstrap distribution function @1, and of the bootstrap
quantile ¢,, are defined using formula (2.7). In the independent case the corre-
sponding JAB estimators are given by (2.7) by setting m =1 = ¢ for all n > 1
(cf. [11]).

In the next section we show that, under some regularity conditions, the JAB
variance estimators are consistent.

3. Main results. In a seminal paper Gotze and Hipp [15] obtained Edge-
worth expansions for sums of dependent random vectors under some fairly gen-
eral conditions. For the dependent case, we shall establish the consistency of
@JAB(g?)kn) k = 1,2, under a similar framework. To this end, suppose that

X1, X3, ... are defined on a common probability space (2, F, P) and a se-
quence Do, D1, D1, ... of sub-o-fields of F is given. Let [x| = x|+ -+ |xq]
and ||x| = (xl2 + .-+ xﬁ)l/ 2 respectively, denote the ¢! and ¢? norms of
x = (x1,...,x7) € RY. Also, for a vector v = (vq,...,vg) € Zi, let DV de-

note the vth order partial derivative operator 3”11+ / axi)l e 8x;d , where Z =
{0,1,2,...}.

3.1. Assumptions. We shall make use of the following assumptions to prove
the results:

(A.1) H:R? - R is four-times continuously differentiable and for all v € Z4,
lv] =

ID"H(x)| < C(1+|Ix[|Y), xeR’,

for some integer a > 1 and C € (0, 00).
(A.2) There exists § > 0 such that, for all n,k =1, 2, ..;with k> 8! there
exists a i),’;f,f—measurable d-variate random vector X, x such that

E||Xn — Xnll < 8" exp(—8k).
(A.3) There exists § > 0 such that, foralln, k=1,2,...,Ae D" . B r?ik’
|IP(AN B) — P(A)P(B)| <5 ' exp(=5k).
(A.4) There exists 8 > 0 such that, for all n, k,r =1,2,...and A € D"*"

n—r-»

E|P(A|Dj:j#n) — P(AID;:0 < |n—jl <k+r)| <8 exp(—8k).
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(A.5) There exists § > 0 such that, forall n, k=1,2,..., 8! <k <n, and for
all t € R? with ||¢]| > 6,

E|E(exp(vV—=1t'(Xp—k + -+ Xn41))|Dj 1 j #n)| < el
(A6); EI|X, 2418 < oo for some 8 > 0, where g € Z.

Formulation of assumptions (A.2)—(A.5) in terms of the o-fields &D;, instead of
the random vectors X ; themselves, is to provide more flexibility in verification of
the assumptions and to extend the range of applicability of the results. Choosing
D; =o0(X}), the o-field generated by X ;, renders the verification of (A.2) rather
trivial, but makes the verification of the conditional Cramér condition (A.5) quite
difficult. In a specific problem, a different choice of £; (from o (X)) is often
more suitable for verifying (A.2)—(A.5). For example, if X; = >R oo Ck Y;  for
some sequence of i.i.d. random vectors {Y;} and constants {c;}, then a natural
choice of D; is o(Y;), rather than o (X ;). We refer the interested reader to [4]
and [15, 16], where conditions (A.2)—(A.5) are verified for a number of important
dependent models.

Next we comment on the moment condition (A.6),, which is used with dif-
ferent values of ¢ in the results below. For the distribution function case, we use
(A.6),4 primarily for establishing valid expansions for the variance of the bootstrap
distribution function estimator ¢1,. Essentially this requires establishing uniform
integrability of the reciprocal of f,’f and of E, (|| X . [1°7) for suitable integers k > 1,
p > 1, where f,% =n; Var,(h(R)’ )_(,’1"). Our conditions are comparable to the mo-
ment conditions used in similar contexts (cf. [2]). For the quantile case, we need a
stronger moment condition than for the distribution function case. Note that ¢y,
being the probability of an event, is always bounded by 1, while the bootstrap
quantile ¢», can be very large when either the numerator of 7," is large or its
denominator is small. The higher moment condition for the quantile case results
from making the L2-norm of @, over certain low-probability pathological sets
small. The moment condition can be somewhat reduced if we restrict the range
of possible values of the block size ¢ and the jackknife-variable m in Theorems
3.1 and 3.3. However, we do not pursue such refinements here.

3.2. Distribution function. The first result deals with the JAB variance estima-
tor of the block bootstrap distribution function G, (x) of 7,* at a point x = xp € R.

THEOREM 3.1.  Suppose that assumptions (A.1)=(A.5) and (A.6), hold with
q = 31. Also, suppose that n* < £ < k'3 and that m=1e' % 4+ mn=2/3 = o(1)
as n — oo for some k > 0. Then, for any xg € R,

3.1) Variag ($1.)/ Var@in) > 1 asn — oo,

where @1, = P(T,F < xo) and T, is as defined in (2.2).
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Thus, Theorem 3.1 shows that, for a wide range of values of the block size ¢ and
“blocks of blocks” jackknife variable m, the JAB variance estimator is consistent
for the MBB distribution function estimator ¢, = Py (T," < xo). In particular, the
JAB variance estimator of ¢y, is consistent when the MBB block size £ goes to
infinity at the optimal rate Cn'/%, C € (0, o0) (cf. [20]).

A consistency result similar to Theorem 3.1 also holds for Efron’s [11] JAB vari-
ance estimator in the i.i.d. case. To state it, let X jx denote the kth component of X ;,
J=1,1<k<d.LetV;bead+[d(d+ 1)/2]-dimensional random vector with
the first d components given by X ; and the remaining [d(d + 1)/2] components
given by {X;, X, :1 < p < g <d}. Then we have the following result.

THEOREM 3.2. Assume that X1, X», ... are i.i.d. random vectors in R? satis-
fying the following version of the Cramér condition:

(3.2) limsup | E exp(it'Vy)| < 1.

l£]l—o00
If, in addition, assumptions (A.1) and (A.6), hold with q = 20, then for any x( €
Rv

Variag (¢1,)/ Var(@1n) - 1

as n — 0o, where ¢1, = P (T, < x0), and T,} and @JAB(-) are, respectively,
defined by (2.2) and 2.7) with€=1and m =1 foralln > 1.

Thus, the original version of the JAB variance estimator, proposed by Efron [11]
for independent r.v.s, is also consistent for the distribution function estimator ob-
tained by Efron’s [9] bootstrap method. Note that in the independent case the vari-
ance of the bootstrap distribution function estimator ¢;,, goes to zero at a faster
rate, namely O(n_z), than that of the block bootstrap estimator. Therefore, the
JAB variance estimator adapts itself to this higher accuracy level of the bootstrap
estimator in the independent case.

A comparison of the regularity conditions for Theorems 3.1 and 3.2 shows that
the moment condition used for the independent case is somewhat weaker than
that in the dependent case. To see why, observe that, for the bootstrap method of
Efron [9], the second- and higher-order terms in the Edgeworth expansions of the
bootstrap estimator ¢, and its jackknife pseudo-values are smooth functions of
certain sample means. However, in the dependent case these terms in the Edge-
worth expansions are given by functions of “sums of block-sums” which, due to
their more complicated forms, lead to the higher moment requirement. Next con-
sider the Cramér conditions for Theorems 3.1 and 3.2. In the independent case
we need to assume the Cramér condition (3.2) on a second degree polynomial V;
of X1. This is because the stochastic expansion for the Studentized statistic 7, is
given by a smooth function of a similar quadratic function Vf of the resampled
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bootstrap variables X}‘. However, in the dependent case the corresponding sto-
chastic expansion is given by a function of certain quadratic forms in the resampled
block sums. Since the block length tends to infinity, the block sums approximately
behave like a normal random vector, and an analog of the Cramér condition (3.2)
is essentially ensured by (A.5). As a result, for the dependent case we do not need
to make such an assumption on the quadratic function of the X ;’s separately.

3.3. Bootstrap quantiles. In this section we consider the JAB estimator of the
variance of a bootstrap quantile. Theorem 3.3 below asserts the consistency of the
JAB variance estimator of the block bootstrap quantile ¢;, in the dependent case.

THEOREM 3.3.  Suppose that assumptions (A.1)-(A.5) and (A.6), hold with
g = max{60, 12(2 + a)} + 1, where a is as in (A.1). Also, suppose that n“ < { <
k013 and that m =104 4+ mn=2/3 = o(1) as n — oo for some k > 0. Then, for
any o € (0, 1),

(3.3) Varjag ($2)/ Var(@an) > 1 asn — oo,
where @2, = inf{x € R: P(T,} <x) > a} and T, is as defined in (2.2).

Thus, it follows that, under fairly general conditions, the JAB estimator of
the variance of an MBB quantile is consistent. In the literature on jackknife for
independent r.v.s, a modification of the standard jackknife method, called the
“delete-d” jackknife, is often used to produce a consistent estimator of the variance
of the sample quantile. However, the consistency of the JAB variance estimator of
a block bootstrap quantile is not merely an artifact of deleting blocks of blocks, as
follows by considering the i.i.d. case. Indeed, for independent data, the jackknife
part of the JAB method deletes only one observation at a time and the consistency
of the resulting variance estimator for a bootstrap estimator continues to hold, as
shown by the following theorem.

THEOREM 3.4. Assume that X1, X3, ... are independent R4 -valued rv.s sat-
isfying the conditions of Theorem 3.2 and that E|X{||? < oo for
p =max{75,4(4 4+ 2a)}. Let @3, and Varjap(@2,) be, respectively, defined by
2.4)and 2. T)with£=1and m =1 for all n > 1. Then (3.3) holds.

Thus, under the regularity conditions of Theorem 3.4, the JAB variance es-
timator of a bootstrap quantile is consistent. As it is well known, the standard
(delete-1) jackknife method fails drastically in variance estimation problems in-
volving the sample quantile and other nonsmooth functionals of the empirical dis-
tribution function. However, the JAB variance estimator, which also applies the
delete-1 jackknife method to a bootstrap quantile estimator under independence,
effectively overcomes this inconsistency problem. This appears to be a striking
property of the JAB method and highlights the marked contrast between the prop-
erties of the JAB method and the standard jackknife method.
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REMARK 3.1. A version of the JAB method for the nonoverlapping block
bootstrap (NBB) method (cf. [7, 28]) was described in [27]. Consistency of the
JAB variance estimators for the NBB distribution function estimators and the NBB
quantile estimators continues to hold solely under the conditions of Theorems
3.1 and 3.3, respectively. A similar remark also applies to the JAB variance es-
timators of bootstrap estimators based on the Circular Block Bootstrap method of
Politis and Romano [35].

REMARK 3.2. In many applications involving dependent data, block boot-
strap estimators are used with data-based choices of £. Although the consistency
results proved in here are not directly applicable to such cases, the following ob-
servation may be worth noting. Suppose that the JAB variance estimator is applied
to a bootstrap estimator with an estimated block size ¢ and that ¢ takes values in
an interval of the form

L=[Cn'* Con''4,

with probability one, for some positive constants Cq, C> € (0, 1). (Here n'/* is
the optimal order of the block size for estimating ¢1,, ¢2,.) In this case one can
refine the arguments of the paper to establish uniform versions of the consistency
results of Theorems 3.1 and 3.3 over the interval L. As a result, when the JAB
method is employed with such estimators of the block size, the corresponding
JAB variance estimator is expected to estimate the additional variability in the

bootstrapped estimators ‘ﬁjn(é)’ j =1, 2, consistently.

4. Numerical results. In this section we report the results from a simulation
study conducted to investigate finite sample properties of the JAB method and
the choice of the JAB smoothing parameter m in the dependent case. For results
under the independent case, see Efron [11], Hill, Cartwright and Arbaugh [21] and
the references therein. For the simulation study, we considered four different time
series models, given by:

M X, = (e +&41)/V2,
) X; =0.3X;-1 + &,
() X, =—0.1X,_1 + &,
aV) X, = W2+ W, 1(W, <0), with W, =0.6W,_1 —0.3W,_ +0.1W,_3 + ¢ +
0.2e;_14+0.36,_2+0.1&;_3,

where, in (I)—(IV), {&;} is a sequence of i.i.d. N(0, 1) random variables. Thus,
model (I) is a moving average (MA) model of order 1, models II and III are
autoregressive (AR) models of order 1, with a positive and a negative autore-
gression parameter, respectively, and model (IV) is an instantaneous transforma-
tion of an ARMA(3, 3) model. The marginal distribution of the X;’s under the
first three models is symmetric, but under model (IV), it is asymmetric (with a
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thicker right tail). For each of the models (I)-(IV), we considered two sample
sizes n = 125, 800 and applied the MBB with the block lengths £ =5 and ¢ = 8,
respectively, to estimate three population parameters: (i) @1, = P (T, < 0), the dis-
tribution function of 7,, at 0, (ii) @2, = the 0.35 quantile of 7, and (iii) ¢3;, = the
0.80 quantile of 7;,. The corresponding MBB estimators are given by

¢1n = Pu(T,; <0),
4.1) @on = 0.35 quantile of 7,7,
@3n = 0.80 quantile of 7,

where T, is as in (2.2). Here the parameters of interest for the JAB method are
given by Var(¢g,), k = 1,2, 3. Table 1 gives the true values of Var(¢,) obtained
by 20,000 simulation runs for each model. For each simulated data set, K = 1000
bootstrap replicates were used to compute the bootstrap estimators ¢y,. Next we
applied the JAB method to estimate the variances of the MBB estimators ¢,. As
in [27], we considered several values of the jackknife block length m using the
formula

4.2) m=Cn'/3¢?3

for different constants C. An intuitive explanation for the choice of m in (4.2)
may be given as follows. Note that the JAB applies a version of the moving block
jackknife method to the MBB estimator ¢y, by deleting “blocks” of m overlapping
blocks. Since (i) the MSE-optimal block length for the block jackknife variance es-
timator (cf. [20, 22]) for a sample of size J is of the form C - J 173 and (ii) there are
b = |n/¢] many “approximately independent” nonoverlapping blocks of length ¢
in a sample of size n for a block bootstrap estimator based on nonoverlapping
blocks of length ¢, the optimal jackknife block length for its jackknife variance
estimator is of the form C - b'/3. But there are approximately C - b'/3¢ overlap-
ping blocks contained in C - b'/3 nonoverlapping blocks and vice versa. Hence,
for a MBB estimator based on overlapping blocks of length £, one should delete

TABLE 1
The true values of the target parameters Var(¢y,), k = 1,2, 3, for models (I)-(IV) based on 20,000
simulation runs. The MBB estimators ¢y,,’s are defined by (4.1) with (n, £) = (125, 5) and
(n, £) = (800, 8). For each data set, K = 1000 bootstrap replicates were used

n=125,{=5 n=2800,{=8

Model Var(¢1,) Var(¢2,) Var(¢3,) Var(¢1,) Var(¢2,) Var(¢3,,)

@ 2.051e-4 2.219e-3 1.956e-3 1.715e—4 1.226e-3 1.363e-3
(In 1.846e—4 1.351e-3 2.292e-3 1.688e—4 1.232e-3 1.345e-3
1) 1.837e—4 1.297e-3 2.098e-3 1.708e—4 1.240e-3 1.350e-3

av) 1.870e-4 1.348e-3 2.272e-3 1.748e—4 1.295e-3 1.377e-3




2486 S. N. LAHIRI

C - b'/3¢ overlapping blocks to define the JAB variance estimator. Formula (4.2)
now follows by noting that C - b'/3¢ is asymptotically equivalent to Cn'/3¢2/3.

We applied the JAB method with the above choice of m for C = 0.1, 0.5, 1.0.
Table 2 gives the bias, the standard deviation (sd) and the mean squared error
(mse) of the JAB estimators of Var(gy,) under models (I)-(IV). The results are
based on 1000 simulation runs in each case. For each simulation run the number
of bootstrap replicates was K = 1000. We make the following observations on the
results of Table 2.

(1) For all four models and for all three parameters Var(¢x,), k = 1,2, 3, the
mse’s of the JAB estimators decreased as the value of C is decreased. The best
performance is attained at C = 0.1 in each case.

(2) There seems to be little effect of asymmetry of the marginal distribution
of X; on the choice of C in (4.2).

(3) Asexpected, there is indeed some effect of the arguments x and « on the rel-
ative magnitudes of the mse’s of the block bootstrap estimators én (x) =P(T;) <
x) and G;l(oe). For C =0.1, n = 125 and £ = 5, the mse of the JAB variance
estimator of ¢y, is the least, followed by those of ¢y, and @3, in all four models.
Although it is uniform across the four models and possibly of secondary interest,
a different pattern exists for C =0.5 and C = 1.

(4) The choice C = 0.1 yields the best result for both combinations of the
sample size and block length, (n, £) = (125,5) and (800, 8). It is somewhat sur-
prising that, despite having a larger sample size, the least mse values for the
(n,€) = (800, 8) case with C = 0.1 are consistently larger than those for the
(n, £) = (125, 5) case. This seems to be an artifact of the effects of the block size £
and the choice of m through (4.2).

(5) When the results of this section are compared with the simulation results of
Lahiri [27] on the choice of m for the variance functional, a pronounced effect of
the functional type on the value of C is noticeable. It appears that, for the variance
functional, a larger value of C (C > 1) is desirable, whereas the value of C should
be small for the bootstrap distribution function and quantile estimators.

5. Proofs. We begin with some notation to be used in the rest of the paper. Let
14 and 1(A) denote the indicator function of a set A, and for any countable set J
let |J| denote the number of elements in J. Let g : [0, c0) — [0, co) be an increas-
ing function such that g(¢) =t if t <1, g(t) =2 for t > 2, and g(-) is Lipschitz
on [0, c0). For ¢ > 0, define the truncation function g.(-) ‘R R4 by g.(x) =
cxg(lxl/e)/llx|l, x € RY. For a € Zi, set ! = I—[‘f:1 ajand |a| =o) + -+ og.
Let @ and ¢, respectively, denote the distribution function and the density of a
N (0, 1) random variable.

Next we collect the definitions of the random vectors that appear in the proofs
below. For the sake of brevity, in this section we adopt the convention that, unless
otherwise stated, the index i runs over the set {0, 1,..., M}, j over {1,..., b}
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Bias, standard deviation (sd) and mean squared error (mse) of the JAB variance estimators of the
MBB estimators @i,k =1,2,3, of (4.1) under models (D—(IV), where the jackknife parameter m
is chosen according to the formula m = Cn 1730213 vwith different values of C. The results are based
on 1000 simulation runs in each case. The value of K is the same as in Table 1. An asterisk “x”
indicates the minimum value of the mse

n=125,{=5 n=2800,{=8
C=0.1 C=0.5 C=1.0 C=0.1 C=0.5 C=1.0
Model (I)
Var(¢y,) bias  1.235e+4 8.963e-3  2.265e-2 2.856e—-4 3.626e-3  7.520e-3
sd 1.421e-5 1.427¢-3  7.205e-3 1.993e-5 4.891e-4  1.606e-3
mse  1.546e-8x 8.237e-5  5.648¢4 3.825e-6%x  6.276e-4  2.902¢-3
Var(¢y,) bias  2.407e+4 7.054e-2  0.1992 1.865e-3 2.476e-2  5.244e-2
sd 6.466e—4 1.988¢-2  9.574e-2 5.873e—4 3.791e-3  1.233e-2
mse  4.760e-7x* 5.372e-3 4.885e-2 3.825¢-6x  6.276e—4  2.902e-3
Var(¢3,) bias  5.825e-5 5.643e-2  0.1609 1.511e-3 2.215¢-2  4.707e-2
sd 5.501e—4 1.173e-2  6.997e-2 6.017e—4 3.303e-3  1.085e-2
mse  3.060e-7x* 3.322e-3  3.078e-2 2.646e-6%  5.016e-4  2.333e-3
Model (II)

Var(¢y,) bias  1.445e+4 8.984e-3  2.291e-2 2.897e4 3.705e-3  7.770e-3
sd 1.564e-5 1.391e-3  7.425e-3 1.973e-5 5.016e-4  1.669e-3
mse  2.113e-8x 8.264e-5  5.802¢e4 8.435¢-8x%  1.398¢-5  6.316e-5
Var(¢p,) bias  7.667e—4 6.030e-2  0.1706 1.848e-3 2.516e-2  5.435e-2
sd 5.093¢e4 1.071e-2  6.569e-2 5.542¢-4 3.885e-3  1.284e-2
mse  8.471e-7x 3.751e-3 3.342¢-2 3.724e—-6x  6.484e-4  3.119e-3
Var(¢s,) bias  2.142e-5 6.168e-2  0.1750 1.583e-3 2.268¢-2  4.869e-2
sd 6.714e—4 1.146e-2  6.560e-2 5.877e—4 3.424e-3  1.120e-2
mse  4.512e-7x* 3.936e-3  3.493e-2 2.85le-6%  5.264e-4  2.496e-3

Model (IIT)
Var(¢y,) bias 1.447e+4 7.617e-3 1.883e-2 2.631e4 3.393e-3  7.126e-3
sd 1.538e-5 1.294e-3  6.270e-3 2.098e-5 4.730e-4  1.542¢-3
mse  2.117e-8x 5.970e-5 3.939¢4 6.971e—8x% 1.174e-5  5.316e-5
Var(¢p,) bias  8.643e+4 5.075¢e-2  0.1352 1.721e-3 2.298¢-2  4.968e-2
sd 5.573e4 9.881e-3  5.050e-2 5.738¢—4 3.745¢-3  1.214e-2
mse  1.058e—6x% 2.673e-3  2.083e-2 3.292e-6x  5.421e-4  2.616e-3
Var(¢s,) bias  1.988e—+4 5.149¢e-2  0.1383 1.394¢-3 2.058e-2  4.453e-2
sd 6.448¢—4 1.032e-2  5.247e-2 5.874e—-4 3.169e-3  1.040e-2
mse  4.553e-7x* 2.758¢-3  2.188e-2 2.289e-6%  4.336e-4  2.091e-3

Model (IV)
Var(¢y,) bias 1.415e+4 8.977e-3  2.341e-2 2.713e4 3.528¢-3  7.375e-3
sd 1.507e-5 1.382e-3  7.598e-3 1.929¢e-5 4.962e-4  1.595¢-3
mse  2.025e-8x 8.249e-5  6.056e—4 7.400e-8%  1.269e-5  5.694e-5
Var(¢p,) bias  8.130e—+4 6.014e-2  0.1745 1.804e-3 2451e-2  5.238e-2
sd 5.165¢e—4 1.054e-2  6.565e-2 6.083e—4 4.092e-3  1.272e-2
mse  9.277e-7x 3.728e-3 3.476e-2 3.625e-6x  6.177e—4  2.905e-3
Var(¢s,) bias  7.782e-5 6.204e-2  0.1785 1.434e-3 2.125¢e-2  4.579e-2
sd 7.051e4 1.177e-2  6.7749¢e-2  6.044e—4 3.377e-3  1.073e-2
mse  5.032e-7x* 3.988¢-3  3.646e-2 2.424e-6%  4.630e-4  2.212e-3
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and k over N= {1, 2,...}. In the definitions below, we shall use the index i =0
to define quantities that are related to the original block bootstrap variables (i.e.,
when no blocks are deleted). Thus, we set Ip = {1, ..., N} for the index set of all
observed blocks and !B*O !B* for j € Ip. With thls convention, the resampled

observations in the blocks {JB;“ :j=1,...,b} are denoted by X T’, e, X;“’l (for
alli =0,1,..., M). Next define

Uk =Xk + -+ Xkpe-1)/L, U = Upt'?,

Ui =(X7 4+ X, /e U =Ure?

Let W5 J‘ (and Wy;) denote the d(d + 1)/2-dimensional vector consisting of
the diagonal and the subdiagonal elements of the d x d matrix U *‘U ! (and
of UyxUy, resp.). Next define Ui"; (UI; : Wz*j’ 'Y and Uy = U1 WZk)/ Let
do=d+d(d+1)/2. For t € R, let (1) = Exexp(+/—1¢'U31) and we(t) =
E exp(v/—1t'Ua1). For a € Z4, set cq = D*H () /a! and Cq; = D¥H (fiy;) /.

k3l *i A *i *i *i
Let U? U —,un,,UrJ Ur] U”,r_l 2.
Next deﬁne the covariance matrices
A =/ . —
Eni = ELUSUS, B¢ = EUy Uy, Eoo=zlglgo Ee,

Sni=ELUHUS and  £2; = EL(V]1)?,

Where_fl*;f = YI*J’ — E*Yl*j’ .and Yl*]’ = Z."’":] Ea,[(l_]f‘!’:)“. Also, let 172*; = ()71-”;-")2 —
Toin ¥ = Y1 Cai (23 /1, Z3 = g (X7 — i) and ZJ5, = 6712 x
le’. | U;"]’, r =1,2. Note that Z} = ZT; Let Z, =n'/?(X,, — ) and let Zo, de-
note a random vector with the N (0, £) distribution on R?. Define the vec-
tor Z»  from Z, in the same way Uy, is defined from Uy;.

Next define the variables

b
V*l \/71 Z{(Y*l ~2 Z
and
Vit = 3" [eniMUZEY
ly|=1
where &, (y) = 2 41=1 2=t CariCpiyi(B + y>'E*<U;‘f)“<ﬁr{>ﬂ.

Let T} = Tig1 caUiD® Tk = Tjomr calfy U)) @) = EL(UF)"

0\ = E (U — EU®,. Also, write U% (a) = [NUI(O)(o;) (N —m)O] /m
for the ith jackknife pseudo-value corresponding to U ln)’ 1 <i < M. For nota-
tional simplicity, we often drop O from the subscripts and superscripts of the above
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variables for the case i = 0 and use both interchangeably, such as U]’?‘ = U;.‘O,
Ul*j = U{"j(.) and Cy,0 = €y, and so on.

In the proofs below, unless otherwise stated, we set u = 0. We will use C, C(-)
to denote generic constants, depending on their arguments (if any), but not
on i,n,¢ and m. For notational simplicity, any such dependence on population
quantities, like || Egol || or E||X1]|*, that remain fixed throughout the proof of a re-
sult, will be suppressed. Similarly, let A ;(x), j > 1, denote generic polynomials
(with numerical coefficients) in multivariables x € RKi 1<k j < oo, that do not
depend on n, £, m and i. Unless otherwise specified, limits in order symbols are
taken letting n — oo.

LEMMA 5.1. Let f:R? — R be a differentiable function such that
max{|D" f(x)|:|v] =0, 1} < M(f)A + ||x]|*), x € RY, for some s € [0, 00) and
for some M(f) > 1. Assume that 4(logn)2 <t<n'20<m< n/4, and that
(A.2) and (A.3) hold. Then for any integerr > 1,

E(E.f(U) — Ef (U1D)” < C(r.s.d, §)IM (I 117"
uniformly ini €{0, 1, ..., M}, provided E | X1||*® < oo for some 8 > 0 and for

some integer q satisfying q > sr if s > 0and g >0 if s =0.

PROOF. We prove the lemma for “s > 0” only. The case “s = 0” is simpler
and can be proved using like arguments. For ¢ > 0, let f.(-) = f(g:(-)). Then,
with ¢ =n", by Holder’s inequality,

E|(E«f(Uf)) = Ef U)" = (Ex foUT)) — Ef.(U)”|
< COE{|(E«f (U — Ex fo(UD)) — (Ef (U1)) — Ef(Un))]
x (|E«f(U) — Ef Ui~ + |Ec fe(U) — Ef.(UiD 1))

<SCOILIT Y MDY E{A+ 11U ) A + 1UGIDT 10U > o)}
Jeli

+CEHOMUNEEA+ U IHLAUN > o)} - EA+ U [1)* !
<CHMNPEQ+ U |I5)* T
<C(r,s, M) n".

Next we approximate X ;’s with X j.k’s. Let U 1; and U 1*{ ’s be defined by replac-
ing X ;s in the definitions of U} ; and U}¥’s with X ; ,,, u = (logn)3/2. Then, using
(A.3), it is easy to check that

|E(Es fo(US) — Efe(U))” — E(Ex fo(U}) — Efe(T11)” |
<C(r,s,d, M) n".
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Let K; be the integer satisfying (K; — 1)2¢ < |[;| < 2¢K;. With 1 <k < K, let
S(k, i) denote the sum of all fc(l71_i) for j € [(k—1)2€+ 1, k2¢] N I;. Noting that
the X ju's defining S(k, j) and S(k + 2, j) are separated by a block of length £ or
more and u /€ = o(1), for any n > 0 we get

E(E.f(Uf) — Ef-(U))>

2r
<CEIL™ [E (Z[sac, i) — ES(k, i)])
1

2r
- E<Z[S(k, i) — ES(k, i)]) }

2
< COOI1™Y max{(E|S(k, i) — ES(k, i) 0>/ 1 <k < K;}
o.¢]
j=1
< Cr.mI L€ (E| fo(Typ)r )2/ @rtm
=C, n)llil"E’[M(f)]Zr@ + E“gc([jll)“s(2r+n))2r/(2r+7])’

where ) | and ) ,, respectively, denote summation over all odd and even k,
1 <k <K;. Now take n = 2(q — rs)/s, so that s(2r + n) = 2q. Then, by (A.3)
and Lemma 3.30 of [15], the lemma follows. [

LEMMA 5.2. Suppose that assumptions (A.2)—(A.4) hold, E||X1||*T < oo
forsome § >0and 1 <l <m<n/4.

(a) Forany integer r > 1, if E|| X1 | %1% < 0o for some 8 > 0, then
y integ

max P(||fini — pll > n~*logn) = o(n " m").
o<i<m

(b) For any A > 0,K > 0 and & > 0, there exist Ny = Ni(A,&,K) > 1 and
C (A, &) > 0 such that, for all n > Ny and for any £ € [4(logn)2, nl/?],

 max P (sup{|ibin (1) = we(n)]: 1] < An*} > &, ELJU3 I < K) < CG, )n ™
==

PROOF. (a) It is easy to check that, for any 0 <i < M, |ft,; — X, <

.....

Xn—j+1)I}. By Theorem 2.4 of [24] (with s = 2r + 2),

P(I Xl > C(rn~ 2 (ogn)?) = o(n™").
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Further, using arguments similar to the proof of Lemma 3.28 of [15], we get

m 2r
E|Y_Uj| =C@@+m)
j=1
and
/-1 2r
E[Y (= DXj+Xu_jiD)| =CEE.
j=1

Part (a) of the lemma now follows using Markov’s inequality and the above
bounds.

(b) Let D, = {v € Z¢:|v|| < An%*}. Then, for any ¢ € R? with ||z]| < An*,
there exists a v € D,, such that ||z — va™"| < n~*. Then it follows that for all
ie{0,1,..., M},

[Win (t) — Win(wn ™) < n ™ E, US| <n™*K,
lwe(t) — we(wn™)| <n *E||Uny|.

Hence, by Lemma 5.1, foralln > N(X, ¢, K) > 1,and forany £ € [4(10gn)2, nl/z],
me[l,n/4],

P(sup{[in (1) — we(@)]: |It]l < An*} > &, EL US| < K)
< P(max{|@;, (va™*) —we(vn~*)|:v € Dy} > £/2)
< C(e,NID|IL77 € < C(e, h, n® (n~ ' 0)¥
uniformly ini € {0, 1, ..., M}, where r is an integer > 2A(d + 1). This completes
the proof. [J

LEMMA 5.3. Let Wy, Wa,...,W, be iid. random vectors on R with
EW; =0, Cov(W;) = Iy and pw = E||W1|]> < oo. Suppose that n > 1 is such
that a1, = E||W[*0(|W1| > 2¢/n/3) < 28d)~'n. Then for any Borel set B
in R? and any ¢ > 0,

n 2
p<n—1/2 Y wje B) - /B<1 + Z”_j/zpk(x)> d®(x)
k=1

j=1

= C@d)(1+ pw)

— — 2(d+5 d+5)(d+8
% [(I’l 3/2)+(alnn 1+a2r(z + )+n(2+d)a;;1( +5)(d+ ))

(5.1)

+ (ne ™2 + 9P 8 exp(—e 1)) + D ((3B)*)],
where ar, = (1 + pw)n WV and o, = nd+5.§,$"_d_5) with &, =
sup{|E exp(it'W)|: (1I6E[W1[I>)~! < |It]l < e=*) + 2P (Wi > /n). Here
PLEX)P(x) = — X3 (EW} /W) (DY (x)) and pr(x)$(x) = Y14 xv(W1) X
D¢ (x)/v!+ 271 =3 0D " (W) DY) 29 (x).
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PROOF. The lemma can be proved by carefully recasting the arguments and
the bounds in the proof of Theorem 20.1 in [3] (cf. [2]). We omit the details. [J

LEMMA 5.4. Assume that conditions (A.1)-(A.6) hold, p(r,5) =
E||X1||P® D+ < 60 and n* < £ < k~'n'3 and € < m < n?" for some integer
r > 1 and constants 0 < k, 6 < 00. Then there exist a constant C = C(k,8,r) €
(0, 00) and sets Ajyn,i =0,1,..., M, such that, for alln > C,

max{P(A{,):i=0,1,..., M} <C[n™"€"],
and on the set A;y,

max supIP (T*’ <x) =V, (x)| <CB3? 4+ en=3?(logn)*,

0<i<M

where the Edgeworth expansion \i!n, i of Tn*i is defined by relation (5.14) below.

PROOF. Without loss of generality, assume that the X;’s and the bootstrap

variables X Ti e X * are defined on a common probablhty space (2, ¥, P) for
all n > 1. For i =0, l, ..., M define the set A( ) as the intersection of the sets
U0 —Zell < @IB7 D™ A1E2, — 1 < 12/2) Ul — ]l < 81~ 2 logn},

ENUFN <67 AVEE(F)?) <87'), and (|| 80 — Eell < IED D',
where 0 < 8; < 1 is such that E[| Zoo[|'* < (261) 7!, limy s 00 Xy =3 N EXY| <
(281)" 1 and inf{}_ g =1 [D*H(x)|: ||x — |l <281} > 81. Inthe steps below, unless
specifically mentioned otherwise, the bounds in the inequalities hold uniformly in
ie{0,1,...,M}.

STEP I (Stochastic expansion). First we derive a stochastic approximation
to 7,7 . For this, define the set A}, as the intersection of the sets (involving both the
X;’s and the X*’s) {[| X} — fiill < 81n~ 2 logn}, {I(z;))* — 77| < 77 /4} and

{| Vn*i| <C@)n'?p=1/? logn}. Then, using Taylor’s expansion, we have

(5.2) Vn(HX}) = H(fin,)) = cha,(X — n)® + R,

jal=1
i b S ki 1 2
(r;’)z—f,ﬁizb—‘Z[(Y;k; 22 140y PV —e7r?
(5.3) +n‘1/2b V2AN(Z5: (i |l = 1))

+ 0 AN Z3 (Gt ) <3)) + RS,

where, on the set A}, N NnAW

in » the remainder terms admit the bounds (uniformly
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ini)
(5.4) IRTL| < C (81, D)n~*(logn)*,
(5.5) IR3 | < C(81, Dy)en~*(logn)>.

In (54) and (5.5) Dy = sup{|D*HX)|:|la] < 3,llx — ull < 261} +
sup{(2]|0¢|:1|D0’H(x)|)_1 Jlx — |l <281} Next, using Taylor’s expansion of the

function g(x) = x~ 12 around x = f,%i, and using (5.2) and (5.3), we get

VA (HXE) — H(n,)) /(5 +nh

3
= |:\/’/TIY;:Z +n}/2 Z Caz(n_l/zz*l)a *l:|

loe|=2
X[ (2.[ ) 1{(1,*1)2_1,”1}
+3(8f DE {(r,;“)z—f P+ RY
56 =VarrE ) - @i ey PO VD — b (VT

+3(8T ) 1 I—I{V*l}Z]
~1/2 _
+n1 / Z at(Z*l) /Tn +n 1/2b 1/2A (Zzn» n,i)
Jo|=2
+n~' Aa(Z5y; Bui) + Ry,
+R4n, say,

where B, ; = {Cy.i:1 <l|a| <3} U{@,;} U {~_1} and by (4.3), (4.4) and (4.5), on
the set A7 N AD

i’

IREL| < CG1, D)I(5;)? — 1, < C(81, Dr)b~*(logn)?,
(5.7) ,
IRE| < C(81, Di)[en~>*(logn)* + b73/* (logn)*1.

Here, Tl";f gives the desired stochastic expansion for the Studentized statistic 7,
Note that T{';f is a polynomial in the dp-dimensional i.i.d. random vectors W;” =

(80,117 2US} = EUSD. j=1,....b.

STEP II (Edgeworth expansion for Tf;"). Note that conditional on XG,,

U;‘f, .. U;‘li are ii.d. random vectors with covariance matrix &, ;. Also, on
) A— - 1
the set Al(n), an} exists and || & 1|| < 2||E, " |l. Hence, taking W; = = WH,

j=1,...,b,and ¢ = b~ 2 in Lemma 5.3, for all n > N1 = N;(81,«) (not de—
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pending on ¢ or i) we find that, on the set AD

in’

b 2
P, <b1/2 Y Wite B) — / (1 + Zbk/zﬁk,,-(x)> dd(x)
B k=1

j=1

< CENIb? 4, ib* + O ((3B)*)]

for all Borel sets B in R%. Here Qn.i and pi; are as in Lemma 5.3 under the
given choice of W;’s. Using the bounds on || @n_} || and E*||Ufli 110 on Agi), for all
n > N, on the set AL

i’
&< pd+S AR 8
Gni < b [sup{|@n.i ()] : C1(81. k) < [I£]l < C2(81,5)D%)
+ C(51, K)b—S/Z](b—d—S)
=b"P[E, i + CE1 )b A0 sy

Let &x = sup{|E exp(v/—1t'Z2.50)|: |It]l = C1(81,k)}. Note that 0 < &5 < 1.
Next define the set A2 = {£,; < oo + [1 — &0]/2} and let A;, = AL N AL,
Then for all n > N>(81, k, £x), on the set A;,, we get

b 2
P, (b_l/z Y wie B) - /B<1 + Zb—k/zﬁk,i(x)) d®(x)
j=1 k=1

< C(81,k, E)[b 2 + D ((3B)*)]

we get

(5.8)

for all Borel sets B in R%. Next note that there exists a constant C = C (81, k) > 0
such that, for all n > C, ||[@n,l~]_1|| + E*||U§“f||4 < C on the set A;,. Hence,
by (5.8) we get the following moderate deviation inequalities: For all n > 1, uni-
formlyini =0,1,..., M, on the set Ay,

b
2 U3
j=1

(5.10) Po(IX3" = fnill > Cn~?logn) < Cb=2,

(5.9 P, (

> Cb'/? logn> <Cb3?,

where the second inequality follows from the first by noting that ‘/nl()_(,’:" —
fini) =b"12%0_, U35, Now, by (5.9) and (5.10) it follows that, for all n > 1,
on the set A;;,

(5.11) P (AT < Ch3/2,

Let Wg‘ i=p~! Z?Zl Wj’."" . Note that the stochastic expansion Tf;f in (5.6) can be

. ; _ i [ A 2 —1/2 = i A
written as T;% = Y7_o b~ 2qu (VOW {funir Enid) + 17 P qa(VEWH (i,

@n,i}) for some suitable functions gi(w;{x, E}),k = 0,1,2,3, where each
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qr(w; {x, 8}) is a polynomial in w € R% with coefficients that are continu-
ous functions of (x, E) in a neighborhood of (1, Ex). In particular, the func-
tions g ’s do not depend on i and n. Since on A;, Z|a|=l |ID*H (1, +x)| > C(81)
for ||x|| < &1, by applying the transformation technique of Bhattacharya and
Ghosh [1], and recasting their arguments on pages 434—435 for the last term above,
one can show that, for all n > N3 = N3(61, k, £x) (not depending on £ and i), on
the set A;;,

(5.12)  sup |Pu(T} <x) — W, i (x)] < C@S1.k, Dip)len ™% + b~ (logn)*,
xeR

where the expansion @n,,- 18 deﬁned through the transformation of the Edgeworth
expansion of h~1/2 Zl;‘:l Wj’.’" in (5.8). This completes Step 1.

STEP III (Form of \iln,i). We now identify the terms of lil,,,,- by computing
the approximate cumulants of Tf;f. The validity of the resulting expression follows
by recasting the arguments of Bhattacharya and Ghosh [1] to the present setup.
Let Xir] (Sy) denote the conditional cumulant of order » > 1 of a generic bootstrap
variable S, defined as

r

. 9
(V—=1)"xI'(s¥) = — log E. exp(v/—11'S}")

ar” =0
Next note that, for any zero mean i.i.d. random vectors W; = (Wy;, ..., We j)/ ,
j=1,...,J,
3 3
ET] <Z Wk]> = JE( I1 Wkl),
k=1 \j=1 k=1
4 4 *
ET] <Z Wk]> = JE( I1 ij) +J(J =D EWI(I)EW (),
k=1 \j=1 k=1 @
5 5 *
(5.13)  EJ] <Z ij> = JE( I1 Wkl) +J(J=DY EWI(I)EW(I°),
k=1 \j=1 k=1 5)
6 [/ J 5 *
EJ] (Z ij> = JE( I1 Wkl) +J(J =D EWI()EW(I°)
k=1 \j=1 k=1 (6)
ko
+J(J =D —2)Y  EW(ID)EWi(I)EW(I3),
(6)
where for a > 4 Z?a) extends over all distinct partitions {/, [¢} of {1,...,a}
with |1] =2, 377 extends over all distinct partitions {Iy, I, I3} of {1, ..., a} with

|I1] = |I2| = |13], and where for any set [ C {1,...,6} Wi(I) =[lie; Wk1. Now,
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using the identities in (5.13) and the bounds on the bootstrap moments on the
set A;,, after some tedious algebra one can show that

X*ll(r*l):—% [I CELYID + > én,,-w)E*{Yr{(Uf{)V}}

lyl=1

w2 Y b BT s + O]
lr|=2

— 1
w4+ 0N say,
XE](T*’) =1+30""+ 0

n,r’

1 .
XN = — o {7@5 T3 +3 Y e EnlTii( *f)y}]

lyl=1

3 .
~[1] 3]

- ﬁxnz + Qn,i

Y Carpilfr Ex(UF)HTFP
f|a| 11B1=1
+ 2 E X (O ELY (TP
~[3] 3

= Al Ol

AT 2 i 12 4 1A[4]

n,i

where, for some Ns5(81) > 1 and C(81) € (0,00), on the set Az, Yf_; 0] —
[ Aupk {E(UsH® : | < 4}; B, )]l < C(81)b™3/? uniformly in i = 0,1,

., M whenever n > Ns(§1). Hence the Edgeworth expansion for Tl*,f is given
by

By (6) = D (x) — x}‘,3+ Hy (07 )<z>(x)

1
wall
/(3 1
(5.14) iy ( H106) + o s (0 7L )¢<x>
5
+07' Y Aopk ({E«(UZD® o] < 4Y; B i) He(x)op (x),
k=0

where Hy(x) denotes the kth order Hermite polynomial, k > 1.
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We now complete the proof of the lemma by deriving the desired bound on
P(Af,), 0<i <M.By Lemmas 5.1 and 5.2, for all n > Ne¢(k, 81),
e N _
P(AL)) < P(lini — Il > n~ ' logn)

+ 3 P(VUEL(UH™ — ELUY | > c(8)))

lee|=3

+Z (|E«(UDY — ELUfj| > C(81))
Jo|=2

< C(61. p(r. ) [o(n~'mP) + (VO T ¥ + 07" ]
<C(81,p(r,8))n=" "

uniformly ini € {0, 1, ..., M}.

Also, by Theorem 2.8 of [15], for any §, > 0, K > 0, there exists N7(x) > 1
such that, for all n > N7(k), sup{|Eexp(it’Us)|:8, < ||l < eK} <
sup{|EeXp(zt Zr.00)| 182 < |It]| < €5} 4+ C(82, K)¢~'/?log ¢ uniformly in n* <
¢ <k~ 'n'/3. Hence, by Lemma 5.2 (with A = max{8, r/2}) there exists an integer
Ng = Ng(r, k, 61, Ex0) = 1 such that, for all n > Ng,

P(Eni > b0+ 27 (1 = 0). E«| U511l < C(81))
< P(sup{|E«exp(v/—17'U},) — Eexp(v/—11'Up1)|: |It]| < C (81, k)n®)
> (1 —&0) /4, Ex|| U311l < C(81))
<C(r,050)n" "
Therefore, it follows that P(Aj,) < C(r,k, 81, &x0)n™"£" forall n > max{N;: j =
1,...,8}, proving the lemma. [

PROOF OF THEOREM 3.1. First we simplify the leading terms in the Edge-
worth expansion of 7, further. By Taylor’s expansion of ¢y,; = D*H ({l,;)/c!
around w, on the set A;,,, we have

3
BT = E( S sl Wi - E*Um)

la|=1
(5.15) = E T = 3(E ) (EL(TF)?)
+ 2 2 Cley Iyl S 2DEUTD P funs + RYY,
la|=21B]=1

AD = (172, — 12| < b~} and Dy, = (Aos N Ai) N (AD N AD) 0 <i < M.

where |R11n|]lAm <Cn~ 1«/_(logn)2 for all 0 <i < M. Next define the sets
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Then, using Lemma 5.1 and Chebyshev’s inequality, one can show that, under the
conditions of Lemma 5.4,

(5.16) max P(D{,)<C(n'0)".

o<i<m

Next, using Taylor’s expansion of 7, ' = (fizn)_”/ 2 around t{z and (5.15), after
some algebra one can show that the Edgeworth expansion of Tn*i may be rewritten
as

. 1 2x2+1 . :
By i(6) = D) + —= 2 SR ELT) — 322E,T T 6 (x)

Jn 6163
1
+7A15({Uf)<a) 1< |a| <3}, {fini), B; X)$(x)
(5.17) +b7 A 6({U1) (@) : 1 < || <4}, B; x)¢ (x)

+n A ([0 (@)1 < ol <8}, B;x)p(x) + R\, (x)
=000 + R (x),  say,

where B = {cy:|a| <3} U {7, }U {EUT, i1 < |a| < 8}, and on the set D; ,,
IRY) (x)] < C[b=32 + n=3/2¢)(logn)* for all 0 <i < M, x € R. Further, each
term of the polynomial A5 involves the product of at least two terms from the
collection {U (a) 1 <|o| <3}U{ftn.i}.

Next we find an expansion for Var(¢p,). Set Y1, = ®(x) + ://—_(2); fl) X

[EL(T}9)? — 3t2(E,1))14 (x). Then, by Lemmas 5.1, 5.4 and (5.16),
|Var(¢1,) — Var(?lnleo,n”
<3P(D§,) + Var([@1n — Tiallp,,)
+2|Cov(Y1nlpy,, @1n — Tin)1py,)|
< C[P(D§,,) + [Var(Tialp,, )} /2 in20)12).

(5.18)

Using the arguments develped by Hall, Horowitz and Jing [20], one can show that
(5.19) Var(T1,) = Ct,0(2x% 4+ 120 (x)n =202 (1 + o(1)).
Also, by Holder’s inequality and Lemmas 5.1 and 5.4,
E(Tinip;, )’ <2(E(T1n = ETi) 1pg, + (ET12)?P(D§,))
< CH{E(Y1n — ET12)* P(D§,)}* + (n=H P(D§ )]
<Clin e ')’ 02 1 n 33 < cn 30,
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This implies that | Var(T1,1p,,) — Var(T1,)| < C(n>¢%)!/? and, hence, from
(5.18) and (5.19),

(5.20) | Var($1) — Var(T1,)] < Cn =22,
Next we prove convergence of the JAB variance estimator. Let Wy; = U f‘ ]" —EU f‘]"
for some o eZi with 1 <|ag| <8, k=1,...,r,1 <j <N.Also,let S,(k,i) =

11171 Y jer; Wij- Then, for 1 <i < M,

50 = {m—l [N [T 80k, 0) = (¥ =) [T Sutk, i)“
k=1 k=1

r k—1 r
= [Z{]‘[Sn(p,O)H I Sn<p,i>}{m—lzwkj”.
k=1\p=1 p=k+1 J&l;

Note that, by Lemma 5.1, max{ES,(k,i)>:0<i <M,1 <k <r}<Cn'¢,
and by similar arguments, max{E (m~! ¢l ij)z:l <i<M,1<k<r}<
Cm~1¢. Further, on the set D;,, |S,(k,i)] < C forall 0 <i <M,l <k <r.

Hence, using the Cauchy—Schwarz inequality, for » > 2 we have

M
M~y 501,
i=1

ro(k—1 M 1/2
SZ{HSn(p,O)KM_IZ ]—[ S,f(p,i)llDi,n>

k=1 p=1 i=1 p=k+1

M 2\ 1/2
(5.21) x (M—1 Z(;n—l > ij) )

i=1 Jjél;

Si{lﬁ Sn(p,O)}

k=1 p=1

M 1/2 M 2\ 172
x (C(r)M—lzs,f(p,i)) (M_IZ(m_l > ij> )
i=1 i=1 jel;
— Op((n_lﬁ)l/z(m_lﬁ)l/z).
And for r = 1 there exist weights w;, € [0, 1],1 < j < N, such that
M M
TS ERb

i=1 i=1

J¢li
(5.22)

N
=M wpp Wi = 0,n~"0),
j=1
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by arguments similar to Lemma 5.1. Let VARM =m/N)YM~ IZ \IJ(’)(x)
W1, ()21, and Ay, = (m/NYM = 1 (@) = G1a) — (U] (x) — w1n<x>>]
1p,,» where U\ (x) = m = [Ny, (x) — (N m)\I’(l)(x)], 1 <i < M. Then, using
the fact that @\ — @1, = [(N — m)/m]($1, — 1,3), 1<i<M,

|Varjag (@1n) — VAR, | < [A1, 4+ 2(VAR ) V2 (A1) /7]

m _lM N—m\?,, A2
(5.23) +NM Z( )((p — @) pe .

m m

By Lemma 5.4 and (5.17), it readily follows that

A N—m N .
Aip N( ) IZ [(G1n — $1a(0)) — (@1, — ¥ 1,
(524) <Clm32e + b7 (log )
m

< Cn20%[m™'eogn)®.

Since |¢\") — $1,| <1 foralli and by Lemma 5.4, M~' ¥, P(DS,) < Cln~ ¢,
by (5.18)—(5.20), (5.23) and (5.24), it is now enough to show that

(5.25) IVAR{, — Var(Y1,)| = 0, (n"2€2).

To that end, define the variables I'z; = [n~1€]1/2(677) =1 (2x2 + 1) (x)[T'; i
3t2Ty;1, 1 < j < N. Then from (5.17) we have ¥\ (x) = ®(x) + |L;|~" x
Z]el I + R%)n (x), 0 <i < M, where R13n (x) is the sum of the terms involv-

ing Aus, At and A17 in (5.17). Write R13n(x) = m~ (NRJ3,(x) = (N —m) x

ET'51). Then it follows that

‘Ijl(;)(x) - ‘fﬁ(?f(x) =T3 — T3+ Ri?n(x) - Rg, 1<i<M.
Using this identity and noting that Var(Y},) = Var(T's,), one has
IVAR;, — Var(T1,)]

M
—_ m ~
= | VAR =g g7 T

(5.26)
m ~2 -

=1+ Iy + L3, say.



JACKKNIFING BOOTSTRAP QUANTILES 2501

Clearly, Ij3 = N~ Var(m =12 " Ta;) — Var(N V2 Y T )| = o(n262).
Also, by arguments similar to the proof of Lemma 5.1, for any O<n<l,

" 2 M k 240\ 2/(2+n)
EI2 <C-[—] M2 —— max [E|Y T2
2= N L+ m 1<k<t+m Z 3i

i=1
2
m M -
<C-|— M_Z[— €4 m)?(E|T3p |2 2/<2+'7)}
< [N] £+m( +m)“(E[l3177")

(5.27)
4+2ny2/(2+n)
§Cm3n_3 max {E }
la|=1,3

1 m E 1/2
m Z(Z) (Uf; — EUf)
j=1

¢ 2
< Cm3n—3(—) (m~'0)* = Ccn>me*.
n

Next let Azn = %[m_1 Zf‘il 1?123,[]1&.” + f‘ . {R(O) }2]. Then it is easy to show
that

1/2
I < C[Azn + (Azy )”2{ 1ZF3,} }

(5.28)
+C-— 1ZF3lILchn.

By (5.19), (5.20), (5.26), (5.27) and the bound on Ij3, % - M~'Y M T3 =

Op (n=20%). Also, using arguments similar to (5.27), one gets

E “INTT2 1, <C— “INTETEV? P (DS )2
{N Z 3i--D; } Z[ 31 [ ( ln)]

i=1

2 12
(5.29) < c%[(£> (f) ] [n3¢3]'/2
n m

= o(n"20%).

Finally, using (5.22), (5.23) and Lemma 5.1, one can show that Agn =0 (n=20%).
Hence, (5.25) now follows from (5.26), (5.28) and (5.29). This completes the proof
of Theorem 3.1. [

PROOF OF THEOREM 3.2. The proof is very similar to the proof of Theo-
rem 3.1. Hence, we point out the necessary modifications. Using the arguments in
the proof of Theorem 20.1 of [3], one can derive a version of Lemma 5.3 with a
remainder term of the order o(n—3/2). Next, using arguments similar to the proof
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of Lemma 5.4, on the set A;;,, one can derive a fourth-order Edgeworth expan-
sion \IQ&), say, for the Studentized statistic Tn*i with an error term o(n3/2) uni-

formly in 0 < i < n. Here the O (n~'/?) terms of \i!fn) are the same as those given
by Lemma 5.4 with £ = 1 = m. Hence, it follows that Var(¢y,) ~ Cn =2 for all
xo € R, which goes to zero at a rate faster than Var(¢j,) in the dependent case.
This is why we needed a more accurate Edgeworth expansion in the independent
case than the dependent case.

Next note that, by Corollary 4.4 of [12], for any i.i.d. random variables
Wi, ..., W, with EW; =0 and E|W;|" < oo for some ¢t € [2, 00),

P(Z |Wi| > x) < Ci@)[EIW,|'1x™"
530
+ exp(—Ca()x?/[n Var(W1)]), x> 0.

Now using (5.30) and moderate deviation probability inequalities (cf. [3]) for sums
of independent random variables in place of Lemmas 5.1 and 5.2, one can complete
the proof of Theorem 3.2 by retracing the steps in the proof of Theorem 3.1. [J

PROOF OF THEOREM 3.3. Let z4 df;note the a-quantile of N (0, 1). Then,
inverting the Edgeworth expansion of 7,*, given by Lemma 5.4 and (5.17), we
have

20— V(272 + 1)
m =% T T3
" vn 67;

+n 7 2N ((0% @)1 < |a| <3}, {fini}. B; 2a)

[EL(T}) = 312 E. T}

+o7 A0 (@)1 < o] <4}, z4)
(5.31) "

+n 2712 A0 ({01 (@) 11 < | <4}, {fini}, B: za)

+n 7 A ([0 @) :1 < |al <8}, B z4) + RY),

I 10
=) + Ry, sy,

where, on the set D;,,, |I§§’1) | < Cln=320+b73/7 (10gn)4 forall 0 <i < M. Write
T =z, fzzzw“[E (M) —3¢2E,T}1,0 <i < M. Then

| Var(¢2,,) — Var(Y2,)| < E(@an — Yan)?

(5.32) R “
+ 2[E($an — You)? 12 [Var(T2,)1'2.

Note that for any random variable W and 0 < @ < 1, if P(|W| > Cp) < min{e,
1 — a} for some Cq € (0, 00), then its w-quantile w, satisfies the inequality
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|lwg| < Co. Since ||fn.i| < Z_I/ZE*HUl*]in, by Taylor’s expansion and assump-
tion (A.1), for 0 <i < M and ¢y € (0, o0) we have

PITH | > 10) < 15 2 Ex (T} <ty 2 n’ EL[H (X)) — H ()T

2
<t,2n3C, a)[E*{ > Cai (X — ﬁn,»“}

lo|=1
+ ELQ 41X 4 i 11X — ﬁn,,-nZ}z}

S t()_2n3C(d, K, a)[}’l_l f}’%,i + n_2{1 + E*” Ul*{ ”4+2a}]
<1, n2Cd, k, )[1 + EL| U |*T] < min{a, | — o},

provided #o > Cn{l + E,||U;%[*+27}1/2 for some C = C(d, «, a, &) € (0, 00) in-
dependent of i. Hence it follows that

(5.33) ) < Cnf{l + EL U242 forall0<i < M.
Now, using Holder’s inequality and Lemmas 5.1 and 5.4, we get
E(¢an — Top)?
< E@3,1ps + EY3,1pg, + E(@n — T20)1n,,,
< Cn’[(1+ E|Un|I*?") P(D§,)
H{EELNUR 1M = ENun|I*) 22 (P D5 )} 1)

+ C(Dy, 2, k)b~ max{E|E*(FT?)k|]lD6n k=1,3}
(5.34) ‘
+ C[n=30> + b~3)(logn)®

< Cn’[P(D§,) + {(n~ "0} 2P (DG )} 1]
+C(Dy, 2o, )b~ max{(ETT)2[P(D§ )1V* 1k =1,3)
+ C[n30> + b~3](logn)®

=o(n"2¢%),

which, in view of (5.32), implies that Var(@s,) ~ Cn~1¢2(1 + o(1)). Thus it is
now enough to show that

(5.35) |Varjag ($20) — Var(Y2,)| = 0, (n~2%).

For this define the Vari;aloles V/A\RzAn and A}n' by replaci'ng lill(ln) (x)’s and (Z)&)’s
in the definitions of VAR, and Aj, by \Ifgl)’s and (ﬁgn)’s, respectively. Then,
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by (5.31), Az, < Cn=2¢3(m~"(logn)®), as in (5.24). Also, writing Us;(a) =
EAIUS 42 — E|Un|*2, we have E|Usi(a)[lpe < (E|Usi(@)|'H)'/1? x

[P(D{,)]1'"/12 < Cn=%¢¢ uniformly in 1 <i < M. Hence, by (5.16) and (5.33),

_M 12(

) (fon — ¢(l))

O (  ELUR [ 4 EL U I,
i=1

I’l3 1 ul
(5.36) < C | (14 EUR I+ EUn 12 w1 210

+— Z|U3,<a)|1pc }

l 1
=Cm™'n30,(1)0,((n710)%) + 0,(n 'O =0, (n26?).

Therefore, usmg (5.36), the bound on A3,, and arguments similar to (5.23),
one gets |VarJAB(g02n) — VAR2n| = 0p (n 2£2) Now, retracing the steps in the
proof of (5.25), one can show that |VAR2n — Var(Tzn)l = op(n_zﬁz), which
yields (5.35). This completes the proof of Theorem 3.3. [

PROOF OF THEOREM 3.4. Note that in the i.i.d. case, £ = m = 1 im-
plies that N = M = n and hence, Us;(a) = E.|Ui|*"2* — E| Uy ||*7%* =
L7 jer, (1X 142 — EN X |*724), where o = {1,....n} and I; = Iy \ {i}
for 1 <i < M. Since the X;’s are i.i.d., U3; (a) has the same distribution as U3 (a)
forall 1 <i < M. Now, using (5.30) with = 7.5 and using Theorem 3.21 of [14],
we have

E|Usi(@)|1pe, < (E|U3i(@)*1(|U3i (@) > |1:] 7 logn) } /[P (D5, 1/
+ {111 ~"*logn}P(D;,,)
<{o(™"NHCR™ P 4 Cn™ ' lognin =03

= o(n_s),
uniformly in 0 <i < M. The proof of the theorem can now be completed by
combining the arguments in the proofs of Theorems 3.2 and 3.3 and using the

above inequality in verification of (5.34) and (5.36). We omit the routine details.
O
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