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Given a hypergraph I' = (2, ') and a sequence p = (Pw)weg of val-
ues in (0, 1), let Qp be the random subset of 2 obtained by keeping every
vertex w independently with probability p,,. We investigate the general ques-
tion of deriving fine (asymptotic) estimates for the probability that 2p is an
independent set in I, which is an omnipresent problem in probabilistic com-
binatorics. Our main result provides a sequence of upper and lower bounds on
this probability, each of which can be evaluated explicitly in terms of the joint
cumulants of small sets of edge indicator random variables. Under certain nat-
ural conditions, these upper and lower bounds coincide asymptotically, thus
giving the precise asymptotics of the probability in question. We demonstrate
the applicability of our results with two concrete examples: subgraph contain-
ment in random (hyper)graphs and arithmetic progressions in random subsets
of the integers.

1. Introduction. LetI" = (2, X’) be a hypergraph and, given a sequence p = (py,)weq €
(0, D%, let 2p be a random subset of €2 formed by including every w € €2 independently with
probability p.,. What is the probability that 2p is an independent set in I'? This very general
question arises in many different settings.

EXAMPLE 1. Let F be a graph and let n be a positive integer. Define 2 as the edge
set E(K,) = ([;]) of the complete graph with vertex set [n] = {1,...,n} and let X be the
collection of the edge sets of all copies of F in K. Fix some p € (0, 1) and define p by
setting p,, = p for every w € Q. Then we are asking for the probability that the Erd6s—Rényi
random graph G, , is F-free, that is, does not contain F' as a (not necessarily induced)
subgraph.

EXAMPLE 2. An arithmetic progression of length r € N (an r-AP for short) is a subset
of the integers of the form {a + kb : k € [r]}, where b # 0. Let Q = [n] and let X be the set
of all r-APs in [n]. Given p € (0, 1), we define p by setting p,, = p for every w € Q2. Then
we are asking for the probability that the p-random subset [r], of [n] is r-AP-free.

EXAMPLE 3. Let 2 be a finite set of points in the plane. Include a triple {i, j, k} in X if
the points i, j, k lie on a common line. Now we are asking for the probability that the random
subset €2 of points is in general position.

It is not hard to find other natural examples that provide further motivation for studying
this question. It is convenient to introduce some notation. Given I' = (2, X) and p € (0, 1)%,
we shall fix an (arbitrary) ordering of the elements of X" as yy, ..., yn. We then let X; denote
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the indicator variable of the event that y; € Qp and set X = X| + --- + Xy. Thus, X counts
the number of edges of I' that are fully contained in 2 and our goal is to compute the
probability that X = 0. Of course, these notations all depend on the given pair (I", p), but we
shall always suppress this dependence as it will be clear from the context.

Most of the time, we will be interested in the case where I' = I"(n) and p = p(n) (and
hence also X = X (n)) depend on some parameter n that tends to infinity and ask:

What are the asymptotics of the probability P[X =0] as n — 00?

The above question can also be viewed as a computational problem: we want to derive closed
formulas that are asymptotic to P[X = 0], at least for various ranges of the density parame-
ter p.

For technical convenience, we shall exclude the border case where p,, € {0, 1} for some w.
That case can always be addressed by changing I" or by a continuity argument.

1.1. The Harris and Janson inequalities. The main reason why computing P[X = 0] is
challenging is that the random variables X1, ..., Xy are usually not independent. However,
this is not to say that there is no structure at all: each random variable X; is a nondecreasing
function on the product space {0, 1}**. An important inequality that applies in this case is the
Harris inequality:

THEOREM 4 (Harris inequality [10]). Letr Q2 be a finite set and let X and Y be random
variables defined on a product probability space over {0, 1}%. If X and Y are both nonde-
creasing (or nonincreasing), then

E[XY] > E[X]E[Y].
If X is nondecreasing and Y is nonincreasing, then

E[XY] <E[X]E[Y].

In our setting, for every V C [N], the random variable [ [,y (1 — X;) is nonincreasing, so
we easily deduce from Harris’s inequality that

(1) ]P’[X:O]:IE[ []a —Xi)} > [] (1 -E[X;]).

i€[N] i€[N]
Note that (1) would be true with equality if X, ..., Xn were independent. An upper bound
on P[X = 0] is given by Janson’s inequality, which states that the reverse of (1) holds up to a
multiplicative error term that is an explicit function of the pairwise dependencies between the

indicator random variables X1, ..., Xy. Formally, we write i ~ j if i % j and y; Ny; # &,
and define the sum of joint moments
(2) Ay =) E[X;X;].

i~j

THEOREM 5 (Janson’s inequality [2, 15]). For all T and p as above,
P[X = 0] <exp(—E[X]+ A2).
To compare this with (1), we will now assume that the individual probabilities of X; =1

are not too large, say E[X;] < 1 — & for some positive constant ¢. In this case, we may use
the inequality 1 — x > exp(—x — xz/g) for x € [0, 1 — ¢] to obtain from (1)

(3) PIX =01> [] (1-E[X;]) > exp(~E[X] - &1 /¢),
i€[N]
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where

4) s1= Y EIX;]*.

i€[N]

Combining this lower bound with the upper bound given by Janson’s inequality, we get the
approximation

) P[X =0] =exp(—E[X]+ O (51 + Ay)).

If 51 + Ar = 0(1), then (5) gives the correct asymptotics of P[X = 0]. The condition
As = o(1) in particular requires that the pairwise correlations between the indicator variables
X; vanish asymptotically in a well-defined sense. This rather strict requirement is not satisfied
in many natural settings, including the ones presented in Examples 1-3 for certain choices
of p. It is therefore an important question to obtain better approximations of P[X = 0] in
cases when the pairwise dependencies among the X; are not negligible. This is the starting
point of our investigations.

1.2. Triangles in random graphs. Even though our results will be phrased in the general
framework introduced above and are thus widely applicable, we believe that it is useful to
keep in mind the following well-studied instance of the problem that will serve as a guiding
example.

EXAMPLE 6. Assume p = p(n) € (0,1) and let X = X (n) denote the number of tri-
angles in G, p, as in Example 1 with F = K3. Since each triangle has three edges, we
have E[X;] = p> for all i. Thus, E[X] = (g’)p3 and 8; = O(n’p®). Moreover, we have
Ay = O(n*p>), because if two distinct triangles intersect, then their union is the graph with
4 vertices and 5 edges. Thus, (5) implies that as long as p = o(n™*3), we have

P[X = 0] = exp(—n>p*/6 4 o(1)).

Extending this result, Wormald [25] and later Stark and Wormald [23] obtained asymptotic
expressions for P[X = 0] even when p = Q(n~*) and thus (5) no longer gives an asymp-
totic bound. In particular, it was shown by Stark and Wormald in [23] that if p = o(n~"/11),
then

3.3 4.5 5.7 2.3 4.6 6,9

n n n n 3n 27n
N +o(1)>.
6 4 12 2 8 16

P[X =0]= exp(—

One goal of this paper is to give a simple interpretation of the individual terms in this formula.
Indeed, we will formulate a general result from which the above formula may be obtained by
a few short calculations. More precisely, we will prove a generalisation of (5) that takes into
account the k-wise dependencies between the variables X; for all k > 2.

1.3. Joint cumulants, clusters, dependency graphs. Let A={Zy,..., Z,} be a finite set
of real-valued random variables. The joint moment of the variables in A is
(6) A(A)=E[Zy---Zpl.

The joint cumulant of the variables is

(7 k(A= Y (Im|=DI=DFNTT A,

well(A) Pen
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where I1(A) denotes the set of all partitions of A into nonempty sets. In particular,
«({X}) =E[X],
k({X,Y}) =E[XY] - E[X]E[Y],
k({X,Y,Z}) =E[XYZ]—E[X]E[YZ] — E[Y]E[XZ] — E[Z]E[XY]
+ 2E[X]E[Y]E[Z].

The joint cumulant « (A) can be regarded as a measure of the mutual dependence of the vari-
ables in A. For example, x ({ X, Y'}) is simply the covariance of X and Y, andsox({X,Y}) =0
if X and Y are independent. More generally, the following holds.

PROPOSITION 7. Let A be a finite set of real-valued random variables. If A can be
partitioned into two subsets Ay and A> such that all variables in Ay are independent of all
variables in Ay, then k(A) = 0.

In fact, Proposition 7 remains valid when one replaces the independence assumption with
the weaker assumption that A(B; U By) = A(B1)A(B») for all Bj € A and B, € Aj. An
elegant proof of Proposition 7 can be found in [1]. The proposition motivates the definition
of the following notion.

DEFINITION 8 (decomposable, cluster). A set A of random variables is decomposable
if there exists a partition A = A; U A, such that the variables in A are independent of the
variables in A;. A nondecomposable set is also called a cluster.

In our setting, the notion of a cluster has a natural combinatorial interpretation. Given
I' = (2, X) and p € (0, 1)®, we define the dependency graph Gr as the graph on the vertex
set [N] whose edges are all pairs {i, j} such thati ~ j, thatis, y; Ny; # &. Itis then clear that
aset V C [N] induces a connected subgraph in Gr if and only if the set of random variables
{X; :i € V}is acluster (this is one reason why it is convenient to assume p,, ¢ {0, 1} for all
w € Q). In particular, the joint cumulant « ({X; : i € V'}) vanishes unless Gr[V] is connected.

Motivated by this, we shall write Cy for the collection of all k-element subsets V C [N]
such that Gr[V] is connected, and define

(8) k=Y «k({XizieV)) and Ar= ) A({X;:ieV}).
Vel Vel

Note that this definition of Ay is consistent with the definition of A, given by (2). Moreover,
it follows from (7) and Harris’s inequality that |kx| < Ky Ay for some K; depending only
on k.

1.4. Our main result. Let' = (2, X) and p € (0, 1) be as above. Given a subset V C
[N], we write
(V) =Ng-(V)\V
for the external neighbourhood of V in the dependency graph and let

AV)= ) E[Xi HXj:I]

ied(V) jev

be the expected number of external neighbours i of V in the dependency graph such that
Yi € Qp, conditioned on y; € 2, forall j € V. For all k € N, we define

Ap(T,p) =max{A(V):V C[N]and 1 <|V| <k}.

It can be intuitively helpful to think of Ax(I", p) as a measure of (non)expansion of the de-
pendency graph Gr.
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THEOREM 9. Foreveryn € N, let I'(n) = (2(n), X (n)) be a hypergraph and let p(n) €
(0, D Assume that for every constant k € N,
li =0 d i Ax(T(n), .
dim, max p,(n)=0 and limsup (T(n), p(n)) < oo
Let X (n) denote the number of edges of I (n) that are fully contained in Q2 (n)p(). Then, for
every constant k € N,

P[X (n) = 0] = exp(—«1 + k2 — - - + (= DFix + 081 + Agy1))

as n — 0o, where 81, k1, ..., ki, and Ay are defined as above.

The condition max {p,(n) : w € Q(n)} = o(1) implies xx = A + 0(Ay) for every fixed
k, as can be seen from the definition (7) of . In such cases, the first-order behaviour of
ki is thus given by Ax. However, this does not mean that we can then replace k1, ..., kx by
A, ..., Ay in the formula for P[X (n) = 0] given by Theorem 9, because the lower-order
terms can be nonnegligible; see the proof of Corollary 15 below, for instance.

The fact that k1 = E[X] shows that the case k = 1 of Theorem 9 gives (a slight weaken-
ing of) Janson’s inequality (5). Unlike (5), Theorem 9 requires the additional assumptions
maXxeeQn) Po(n) =o(1) and Ar(I'(n), p(n)) = O(1) for all constant k. Both conditions are
perhaps not strictly necessary. As we will see further below, the latter condition implies that
Ak+1 = O(Ay) for all constant k, which gives at least an indication of the type of assumption
that is involved.

It is natural to ask under which conditions Theorem 9 can give asymptotically sharp
bounds. While computing the first error term §; is generally straightforward, it is not so obvi-
ous how one should estimate Ay 1. Here we will focus on the rather common situation where
each edge of I'(n) has bounded size and there is some p(n) € (0, 1) such that p,(n) = p(n)
for all w € Q(n). We then write simply 2 () ,(,) instead of €2 (n)p(,). This is the situation
that we encounter in all of our applications.

Generally, for a hypergraph I' = (2, X') and a subset Q' C 2, define the jth codegree of
Q' by

di(Q)=|{y eX:Q Cyand|y|=|Q]+j}
and let

D(, max max d; ;
(T, p)=max max j(Q)p’;
one can think of this as a weighted maximum codegree of I". The following is a specialised
version of Theorem 9 that gives an easily verifiable condition ensuring A1 = o(1) for some
constant k.

THEOREM 10. Let r be a fixed positive integer. For everyn € N, let I'(n) = (2(n), X (n))
be a hypergraph whose edges all have size at most r and let p(n) be a real number in (0, 1).
Assume

lim p(n)=0 and limsup D(I'(n), p(n)) < oo.
n—oo n— 00

Let X (n) denote the number of edges of I (n) that are fully contained in 2(n) p). Then, for
every constant k € N,

P[X (n) = 0] = exp(—«1 + k2 — - - + (= DFix + 081 + Agy1))

as n — 0o, where 81, k1, ..., ki, and Ay are defined as above.
Moreover, if D(I'(n), p(n)) < |Q[m)|~¢ for some positive ¢, then there is a positive integer
k =k(e, r) such that Agy1 =o(1).
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Let us briefly illustrate the applicability of this result by considering again the example of
triangle-free random graphs.

EXAMPLE 6 (continuing from page 495). The hypergraph I' of triangles in K, is 3-
uniform, so we can choose r = 3 in Theorem 10. One easily verifies that D(I", p) < p +np>.
We recall from our earlier discussion that §; < n> p%. Therefore, Theorem 10 implies that for
every fixed positive integer k and all p = o(n~'/?), we have

PIX = 0] = exp(—x1 + 2 — -+ + (=D + O(Axs1) + o(D)).

Moreover, if p < n~12-¢ for some positive constant &, then there exists a constant k such
that

P[X = 0] = exp(—k1 + k2 — - - + (= Dk + o(1)),

that is, the asymptotics of P[X = 0] are given by a finite formula that we could in principle
compute by analysing the finitely many possible “shapes” of clusters formed by at most &k
triangles in K.

We shall derive both of the above theorems from a more general result, Theorem 11 below,
which has the advantage that it can be applied in certain nonsparse settings. Its disadvantage
lies in the fact that the error terms are somewhat less transparent. For a set A of random
variables, we define

§(A) =A(A) -max {E[X]: X € A}.
Given k € N, we set

) Se= ) 8({Xi:ieV}),

Vel

analogously to (8), and

(10) pr = max P[X;=1"forsomeieVUIV)].
VC[N]
1<|V|<k

Observe that this definition of &; generalises (4).

THEOREM 11. Foreveryk e Nande > 0, thereisa K = K (k, €) such that the following
holds. Let T' = (2, X) be a hypergraph and let p € (0, ). If px11 < 1 — €, then

logP[X =0] 4«1 — k2 + k3 — -+ (=Dl | < K - (81, + Aks1.5)

where

K K
S,k = Z(Si and Ajt1,xk = Z A;.
i=1 i=k+1

We will derive Theorems 9 and 10 from Theorem 11 in Section 2. The proof of Theo-
rem 11, which is the main part of this paper, will be presented in Section 3.
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1.5. Application: Random graphs and hypergraphs. A fundamental question studied by
the random graphs community, raised already in the seminal paper of Erd6s and Rényi [8],
is to determine the probability that G, , contains no copies of a given “forbidden” graph F
(as in Example 1). The classical result of Bollobas [5], proved independently by Karonski
and Rucinski [16], determines this probability asymptotically for every strictly balanced! F,
but only for p such that the expected number of copies of F'in G, is constant. (In the case
when F is a tree or a cycle, this was done earlier by Erd6s and Rényi [8] and in the case when
F is a complete graph, by Schiirger [22].) It was later proved by Frieze [9] that the same
estimate remains valid as long as the expected number of copies of F in G, , is o(n®) for
some positive constant ¢ that depends only on F. Wormald [25] and later Stark and Wormald
[23] obtained asymptotic formulas for significantly larger ranges of p in the special case
where F is a triangle. Prior to those papers and the present work, the strongest result of this
form (i.e., determining the probability of being F-free asymptotically) for a general graph F'
followed from Harris’s and Janson’s inequalities; see (5). Finally, we remark that for several
special graphs F, the probability that G, , is F-free can be computed very precisely either
when p = 1/2 or, in some cases, even for all sufficiently large p = o(1) using the known
precise structural characterisations of F-free graphs; see [4, 11, 17-19].

Using Theorem 10, we can answer this question for a large class of graphs and a wide range
of densities. We will take a rather general point of view and consider the analogous problem
in random r-uniform hypergraphs, where instead of just avoiding a single graph F, our goal

is to avoid every graph in some finite family F. Let G,(f,)p denote the random r-uniform
hypergraph (r-graph for short) on n vertices containing every possible edge (r-element subset
of the vertices) with probability p, independently of other edges. In particular, G ﬁ,z}, is simply
the binomial random graph G, ,. Given a family F = {F1, ..., F;} of r-graphs, we consider
the problem of determining the probability that G,([,)p
avoids all copies of all r-graphs in F.

Since removing isomorphic duplicates from F does not affect the probability that we are
interested in, we can assume that the r-graphs in F are pairwise nonisomorphic. Similarly,
we can assume that no hypergraph in F has isolated vertices.

We encode this problem in a hypergraph I' = (€2, X) by proceeding similarly as we did

is F-free, that is, it simultaneously

in Example 1. That is, we let Q = (['r’]) be the edge set of K\, the complete r-graph with

vertex set [n], and we let X be the collection of edge sets of subhypergraphs of K ,(,r) that are
isomorphic to one of the r-graphs in . The probability that G, , is F-free is then precisely
the probability that the p-random subset €2, contains no edges of T".

Note that the maximal size of an edge in I" is bounded from above by the largest number
of edges of an r-graph in F, which does not depend on n. By applying Theorem 10 to this
hypergraph, we can therefore get the asymptotics for the probability that G,%, is F-free in a
certain range of p. To quantify this range, given an r-graph F, define

€F —€H

my(F) =min{ :H C F with vy <vp and ey >O},

VF — Vg
where we use the convention min @ = oo and where vg and eg denote, respectively, the
numbers of vertices and edges in a (hyper)graph G. For a family F of r-graphs, we then set

my(F)=min{m(F): F e F} and d(F)=min{er/vp:F € F}.

It is easy to see that 8; < | F| - max {n'F p%¢F : F € F} and thus 8; = o(1) if np??F) = o(1).
Moreover, for any nonempty set Q' of edges in K,,(r) whose union forms an r-graph H with

T graph F is strictly balanced if e /vp > e /vy for every proper nonempty subgraph H of F.
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eg > 0 edges, we have
mai(dj(Q’)pj = O(max {n"F " H pF~¢H : H C F € F and vy < vr}).
Jz

It follows that D(T", p) = (npm*(f NOM) Theorem 10 then immediately implies the following
result.

COROLLARY 12. Let F be a finite family of r-uniform hypergraphs and assume that
p = pn) € (0, 1) satisfies
(11) np™ ) =0(1) and np*?P) =o(1).
Then, for every constant k € N, we have
PG\, is F-free] = exp(—k1 + k2 — -+ + (= 1)*kx + O(Axs1) + o(1))
as n — o0o. Moreover, if np"+Y) < n=¢ for some positive ¢, then there is a positive integer

k = k(e, F) such that Agy+1 = o(1).

The conditions in (11) can be further simplified under certain natural assumptions on the
family F. Recall that the r-density of an r-graph F with at least two edges is

m,(F) = max{ en

:HngitheH>1}
Vg —r

and that F is r-balanced if this maximum is achieved with H = F, that is, if m,(F) =
(er — 1)/(vF — r). Observe that for every F with at least two edges, we have

—1
m (F) = &
v

> my(F).
We claim that if F' is r-balanced, then in fact m, (F) = m,(F). Indeed, writing ax = (ex —
1)/(vg —r), we see that for every H C F with vy < vr and e > 1,

er—eg  ap(vp —r) —ag(vg —r)
VF — Vg (vp—r)—(vg —r)
since m, (F) =af > oy (as F is r-balanced) and this inequality continues to hold if ey = 1.
Thus, m,(F) > m,(F) and so m.(F) =m,(F).
Another simplification is possible in the important special case » = 2. In this case, the
second condition in (11) follows from the first condition, since 2er/vr > (ef — 1) /(vF — 2)
for every graph F and consequently m.(F) < 2d(F) for every family of graphs F.

>m,(F),

COROLLARY 13. Let F be a finite family of 2-balanced graphs with at least two edges
each and let p = p(n) € (0, 1) be such that p = o(n='/"2F)) for every F € F. Then, for
every fixed k € N, we have

P[Gp.p is F-free] = exp(—«1 + k2 — - + (= D¥ig + O(Ag41) + 0(1)),
as n — 0o. Moreover, if p <n~ /™)~ for some positive ¢ and all F € F, then there is a

positive integer k = k(e, F) such that A1 = o(1).

Of course, neither Corollary 12 nor Corollary 13 would be particularly useful if one could
not compute the values «; for at least several small integers k. In Section 4, we outline a
general approach for doing so and perform the calculations for two special cases.
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COROLLARY 14. If p = o(n=*), then the probability that G, p is simultaneously Ks3-
free and Cy-free is asymptotically

< n3p3 I’l4p4 n6p7 2n5p6)
exp| — — + .

6 8 4+3

COROLLARY 15. If p = o(n~"/', then the probability that G, p is triangle-free is
asymptotically

6+4 12+2 8 16

( n3p3 ndpS  TSpT  n2pd 3ntpS 27n6p9>
exp| — — .

As mentioned above, Corollary 15 was obtained independently by Stark and Wormald
[23]. It extends a result of Wormald [25] that applies to a smaller range of p. However, the
derivation of Corollary 15 from Theorem 10 is very short compared to the proofs in [23] and
[25].

1.6. Application: Arithmetic progressions. As a second application, we will estimate the
probability that [n],, the p-random subset of [n], is r-AP-free, that is, does not contain
any arithmetic progression of length r. As in Example 2, we encode this problem in the
hypergraph I' = (2, X') on Q = [n] whose edge set is the collection X" of r-APs in [n].

Since any two distinct integers are contained at most (;) = O(1) common r-APs, it is easy
to see that §; = O(nzpzr) and D(I', p) = O(p + npr_l). Therefore, Theorem 10 has the
following corollary.

COROLLARY 16. Let r > 3 be a fixed integer and assume p = p(n) € (0, 1) satisfies
p=0m~V"=D) Then, for every fixed k € N, we have

P[[n], is r-AP-free] = exp(—k1 + k2 — - + (=¥ + O(Arg1) + o(1))
as n — 00. Moreover, if p = o(n~""=D=¢) for some positive constant ¢, then there exists a

positive integer k = k(e, r) such that Agy+1 = o(1).

In Section 4, we will perform the necessary calculations to determine the precise asymp-
totics of P[[n], is r-AP-free] for p = o(n=47.

COROLLARY 17. If p = o(n=*"), then the probability that [n], is 3-AP-free is asymp-
totically

n2 p3 7n3 pS
exp( 1 + o )

1.7. Related work and open problems. Janson’s inequality was first proved (by Svante
Janson himself) during the 1987 conference on random graphs in Poznai, in response to
Bollobds’s announcement of his estimate [6] for the chromatic number of random graphs,
which requires a strong upper bound on the probability that a random graph contains no
large cliques. A related estimate was found, during the same conference, by Luczak. Janson’s
original proof was based on the analysis of the moment-generating function of X, whereas
Luczak’s proof used martingales. Both of these arguments can be found in [14]. Our proof
of Theorem 11 is inspired by a subsequent proof of Janson’s inequality that was found soon
afterwards by Boppana and Spencer [7]; it uses only the Harris inequality. Somewhat later,
Janson [12] showed that his proof actually gives bounds for the whole lower tail, and not just
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for the probability P[X = 0]. Around the same time, Suen [24] proved a correlation inequality
that is very similar to Janson’s. Suen’s inequality gives a slightly weaker estimate (which was
later sharpened by Janson [13]), but is applicable in a much more general context. Another
generalisation of Janson’s inequality was obtained recently by Riordan and Warnke [20].

In [25], Wormald proved that if p = o(n=%/3), then

3.3 4.5 7 5.7
(12) P[G,.p is K3—free]=exp(—n P rtpr _mp +0(1)),

6 4 12

whereas for G, ,, withm =d(}) and d = o(n~%/3), we have

n3d?
PGy m 1s K3-free] = exp(—T + 0(1)).
These results were strengthened recently by Stark and Wormald [23], who obtained the ap-
proximation in Corollary 15 (which implies (12)) and also
ndd>  n*dd  n*d®

]P)[Gn,misKyfree]:exp(— ; + 5 "8 +0(1)),

where m = d(}), which holds when d = o(n~7/11). In fact, they were able to obtain a more
general result, which states that in the range where Corollary 13 is applicable, the probability
that G, or G, ,, is F-free is approximated by the exponential of the first few terms of a
power series in n and p (resp. d) whose terms depend only on F. However, the way in which
these terms are computed is rather implicit. In contrast, in the setting of binomial random
subsets such as G, our Theorem 9 explains what these terms are.

While our results (and our methods) apply only to binomial subsets (e.g., G,,, and not
Gn,m), the results for G, , could conceivably be transferred to G, ;, using the identity

P[G,,p is F-free] - Ple(G,,p) =m | Gy, is F-free]
P[E(Gn,p) =m] '

It was shown by Stark and Wormald [23] that the conditional probability in the right-hand
side can be computed explicitly for a carefully chosen p of the same order of magnitude as d.
However, this is not at all an easy task.

It would be interesting to establish a similar relationship in the more abstract and general
setting of random induced subhypergraphs. If this was possible, Theorem 9 could be used
to count independent sets of a given (sufficiently small) cardinality in general hypergraphs.
In some sense, this would complement the counting results that can be obtained with the
so-called hypergraph container method developed by Balogh, Morris, and Samotij [3] and
by Saxton and Thomason [21]. Whereas the container method applies to somewhat large
independent sets, which exhibit a “global” structure, our Theorem 9 would yield estimates
on the number of smaller independent sets that only exhibit “local” structure. In particular,
the container method can be used to estimate the probability that G, , is F-free whenever
p = w(n~ /") for every nonbipartite graph F. For p in this range, G, p conditioned on
being F-free is approximately (y (F) — 1)-partite with very high probability. On the other
hand, our method (and the method of [23]) applies whenever p = o(n~!/"2(F)) provided
that F is 2-balanced. For p in this range, the edges of G, , conditioned on being F-free are
still distributed very uniformly with probability close to one.

PGy m is F-free] =

2. Proofs of Theorems 9 and 10. In this section, we will show that Theorem 11 implies
Theorems 9 and 10. To prove Theorem 9, we need the following lemma, which also clarifies
the definition of Ay.
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LEMMA 18. For every hypergraph T' = (Q, X), every p € (0, 1)%, and every positive
integer k, we have

Ait1/ Ak < A (T, p) and  Sp41/6k < Ax (T, p).

PROOF. Forevery V € Ciy there exist at least two distinct i € V such that V' \ {i} € Cy.
Indeed, every connected graph with at least two vertices has at least two noncut vertices.
Therefore, for each V € Cr41, we can make a canonical choice of a set V~ C V such that
V= e(C and
(13) max {E[X;]:i € V} =max {E[X;]:i e V" }.

Denoting by iy the unique element in V \ V™, we have iy € (V™) because Gr[V] is con-
nected. Moreover,

A({Xi:ieVY)=A({Xi:ieVT}) -E[X,-V ‘ [] Xxi= 1]
ieV—
and, analogously,

S({X;i:ieV)=8({Xi:ieVT)) -E[Xiv T xi = 1]
eV~
It follows that

V—eCx jea(vV) ieV—
= Y A({XizieVT})-MVT) < Ar- A(T,p)
V—eCx
and, similarly, 8x4+1 <8 - Ax (I, p). O

PROOF OF THEOREM 9 FROM THEOREM 11. Assume that I'(n) = (Q2(n), X(n)) and
P(n) = (po(n))weqn) are as in the statement of the theorem.

Fix any k e N and € € (0, 1) and let K = K (k, €) be as given by Theorem 11. We ver-
ify that I'(n) and p(n) satisfy the assumption of Theorem 11 for all sufficiently large n.
For this, consider some nonempty V C [N] of size at most k + 1. Since p = o(1), we have
Yiev E[X;] < (1 —¢)/2 for all sufficiently large n. Additionally, if i € 9(V), then y; inter-
sects (Jjey ;- Therefore,

> B <) max [ soe U v = - o2
ied(V) jev
By the union bound, this implies
pk+1 = max P[X;=1forsomeieVUIV)]<1-—e¢.
VCIN]
1<|V|<k+1
Therefore, Theorem 11 yields
log PLX = 01+ k1 —se2 + -+ (=D Fice| < K - B1,x + Ags1,50)-

Using Lemma 18 and our assumption that A; (I'(n), p(n)) = O(1) for all constant i (in par-
ticular, for all 1 <i < K), we get

K K
K-81x=K-) 86=0@1) and K-Ayix=K- ) Ai=0(App),
i=1 i=k+1

which completes the proof. [J
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LEMMA 19. For all positive integers k and r, there exist k' = k'(k,r) > 1 and K =
K (k,r) such that, for every p € (0, 1) and every hypergraph I = (2, X) with all edges of
size at most r,

Ay /A < K -max {D(T, p), D(T, p)*'}.

PROOF. Define D) = maxg£o/co d; (') for every j > 1 and note that then D(T", p) =
max ;> | DY) pJ 1t is convenient to also define D© = 1.
We choose k' = 2"%. Note that if V € Cy, then there is an ordering of the elements of
V as iy,...,ip such that the set {i,...,i;} belongs to Cy for all £ € [k']. For every ¢, let
Je=1vi, \ iy U---Uy;,_ ). Since |y;| < r for all i, there are at most 27k — 1 edges of T
that are completely contained in y;, U - - - U y;, . Therefore, by our choice of k', at least one of
Jk41s - - ., jrw must be nonzero. Since there are at most 2'¢ choices for the intersection of Yie
and y;, U---Uy;,_,, it then follows that
k/
Av/Des Y [T 27¢DYplt < K -max {D(T, p), DT, p)*'}
O<jk+1s--es Ju <r l=k+1
Jip1 ot =1

for an appropriate choice of K. [J

PROOF OF THEOREM 10 FROM THEOREM 9. Suppose that I'(n) = (Q(n), X (n))
and p(n) € (0,1) are as in the statement of the theorem. Define the sequence p(n) =
(Po(n)weq @) bY Pu(n) = p(n) for all w € Q2(n). For every V C [N], we have |U;ey 7il <
r|V|, and so

awy= Y IE[X,-‘ ]‘[X,:l]

i€d(V) jev
<2Wip 3 (r—Dmaxd;(Q) p(n)’
G#QL Ujev Vi jzl

<21 + (r = 1)D(T(n), p(n))).

Using our assumption on D(I"(n), p(n)), this implies Ax(I"(n), p(n)) = O(1) for every fixed
k € N. Since we also assume p(n) — 0, Theorem 9 implies the first statement of Theorem 10.

To see the second statement, assume D(I'(n), p(n)) < |Q2(n)|~¢ for a positive &. By
Lemma 19, iterated r/e times, we find that there are k = k(e, r) and K = K (g, r) such that
Ay <K -|Q@m)|™" - A1 Since A < |Q®)|"p(n), we obtain Ay < Kp(n) =o0(1). O

3. Proof of Theorem 11. Let I' and p be as in the statement of the theorem. We start
the proof by establishing some notational conventions. Given a subset V C [N], we use the
abbreviations

Xy=[]Xi and Xy=]]1-X).
ieV ieV

Note that these are the indicator variables for the events “y; C Qp foralli € V" and “y; g Qp
for all i € V>, respectively. Besides being positively correlated by Harris’s inequality, the
variables Xy satisfy the stronger FKG lattice condition

(14) EXvlE[Xv] <E[XyuvIE[Xyny] forallU,V C X.
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To see that this is true, rewrite (14) using E[Xw] = l_[weuw Do, take logarithms of both
sides, and note that

Y. 10gpa

weUicyuv vi
= Y logpo+ Y logp,— > 10g po
weliev vi weUiev Vi oe(Uicv vi)NWUiev ¥i)
> Y logpo+ Y. logpo— Y. logpo.
welUiey vi weUiev Vi weUieyny 7i

since log p, <0 forall w € Q and U;cpynv ¥i € Uicy Vi NUicey Vi
We will also use the notation

ur =[] EIXp]
Pern

whenever 7 is a set of subsets of [V] (usually a partition of some subset of [N]). Thus, for a
nonempty subset V C [N], the value

(15) k(V)y= Y (D" (x| = 1)lu,

mell(V)

is the joint cumulant of {X; : i € V}. For the sake of brevity, we will from now on write x (V')
instead of the more cumbersome k ({X; :i € V}).

Recall that we denote by d(V) the external neighbourhood of V in the dependency graph,
that is,

(V)= Ngp(V)\ V

for every nonempty subset V C [N]. We define

(16) py =P[X; =1forsomei € VUIV)],

so that px+1 =max{py : V C[N]and 1 <|V| <k + 1}. Moreover, we set
[(V)=[N]\ (VU3(V)).

Neglecting the distinction between an index i and the variable X;, we may say that 9(V)
contains the variables outside of V that are dependent on V and I (V) contains those that are
independent of V. As above, we write C; for the collection of all i-element sets V C [N] such
that Gr[V] is connected. We will also write C; (£) for the subset of C; comprising all A € C;
with max A = £.

Assume that k € N and € > 0 are such that p;41 < 1 — €. Note that this implies, in partic-
ular, that E[X;] <1 — e for all i € [N]. Then we need to show that, for some K = K (k, ¢),

logP[X =01+ Y (—=D"'ki| <K - (81, + Aks1,x),

ielk]
where
K K
S,k = 231' and  Api1,x = Z A;.
i=1 i=k+1

To do so, we first write out the probability that X = 0 using the chain rule:

PIX=0]= [] PIXe=0|Xp—y=1= [[ 1 —E[X¢| X1y =1]).
L€[N] Le[N]
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Note that by the Harris inequality, E[ X, | X[¢—1] = 1] < E[X,] < 1 — ¢. Taking logarithms
of both sides of the above equality and using the fact that |log(1 — x) 4 x| < x?/e for x €
[0,1 —¢], we get

logP[X =01+ > E[X¢|Xp—11= 1]‘ < > ElX¢ | Xpe—1y = 117/e.
L€[N] Le[N]

Hence, using again E[ X/ | Y[g_l] =1] < E[X/],

(17)

logPLX =01+ Y- B0, [ Xy = 11| = Y- BIX /e =b1/e.
Le[N] Le[N]

Thus, our main goal becomes estimating the sum
(18) > ElXe| Xpe-np=11.
L€[N]
We shall do this by approximating (18) by an expression involving the quantities
(—DIVTE[Xy ]
ElX sy | Xsnrevy =11
This ratio is well defined for all V, S C [N] because
ElXs\1(v) | Xsnrv)y=11>E[Xs\1(v)] > 0,

which is a consequence of the Harris inequality and the assumption that p,, < 1 for all w € Q.
The relationship between (18) and (19) is made precise in the following lemma:

(19) q(V.,$§) =

LEMMA 20. Letk € N and e > 0 be such that px+1 <1 —¢. Then

YEXe [ Xpe-n=11—Y_ Y Y q(v.[e—1])

Le[N] Le[N]ielk]l VeC;(t)

< Ak+1/e.

We postpone the proof of Lemma 20 to Section 3.1 and instead show how it implies the
assertion of the theorem. Before we can do this, we need several additional definitions.

DEFINITION 21 (Attachment). Given subsets U, V C [N], we say that U attachesto V,
in symbols U < V, if every connected component of Gr-[U U V] contains a vertex of V (see
Figure 1).

We state the following simple facts for future reference:

(i) We have @ < V forevery V C [N].

(i) Ifi € 9(V), then {i} — V.
(i) fU — Vand W V,thenalsoUUW — V.
(iv) fVeCyjand U < V,then UUV € Cyuy.

L

*————o

Fi1G. 1. The set U attaches to V, that is, U — V, but not vice-versa.



ON THE PROBABILITY OF NONEXISTENCE IN BINOMIAL SUBSETS 507

FI1G. 2. A partition in H?,(W). Note that V is the union of components of the subgraph induced by the part P
containing it. If the dashed edge were in G, then the partition would no longer be in l'[(‘:, W).

DEFINITION 22. Suppose that @ # V C W C [N]. We define
(W) € TH(W)
to be the set of all partitions 7 of W that contain a part P € 7 such that V € P and V is the
union of connected components of Gr[P] (see Figure 2).
Next, for @ £V C W C [N], we define
(20) kW)= Y (=D (] = 1) .

rel§(w)

Note that this is very similar to the definition (15) of « (W), except that we sum over H?, (W)
instead of IT(W). Forevery k e Nand all V, § C [N] with V # &, we set

@1) )= Y DMy w).
VCWCVUS
WV
W<k

Certainly, this is a very complicated definition, whose meaning is far from clear at this point.
However, it serves as a convenient “bridge” between ¢ (V, [£ — 1]) and the values «;, as shown
by the following two lemmas:

LEMMA 23. Let k € N and ¢ > 0 be such that px+1 <1 — ¢. Then there is some K =
K (k, &) such that

> Y @vie—1) = (= 10)| < K - Grx + Argr k).

Le[N]ielk]l VeCi(0)

LEMMA 24. For every k € N, we have

XY Pe-1)= Y )it

Le[N]ielk]l VeC;(£) ielk]

Theorem 11 is an easy consequence of Lemmas 20, 23, and 24. Indeed, assume k € N
and € > 0 are such that px| <1 — ¢. It follows from (17), the above three lemmas, and the
triangle inequality that

logP[X =01+ Y (—D"k;| <81/ + Agy1 /e + K- (81 k' + Akt1,x7)
i€lk]

for some K’ = K'(k, €). The assertion of the theorem now follows simply by observing that
the right-hand side above is at most K - (81 x + Ax+1.x) for K =K'+ 1/e.
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3.1. Proof of Lemma 20. We derive Lemma 20 from the following auxiliary lemma,
which will also be used in the proof of Lemma 23.

LEMMA 25. Assume that V, S C [N] are disjoint. Then for every nonnegative integer k,

(22) (—DM ElXy | Xs=1 < (D=L 3 gvuu, ).

Ucs, UV
|U|<k

PROOF. We claim that it suffices to prove that for every integer k£ > 0,

(23) (—DF EXvXsl< > (=DMIEX v IEX snrvu)l.
UOQS“%‘—;(V

Indeed, (23) implies (22) because

— — — - —1
E[Xsniivou)l =P[Xs =1]-E[Xs\r(vuu) | Xsnrvuuy =11
and because definition (19) gives
(=DIVHIUIETE Xy ]

gVuU,S)=—= — )
E[Xs\1(vuuy | Xsnrvuuy =11

We prove (23) by induction on k. When k = 0, the inequality simplifies to
E[Xy Xs] <E[XvIE[X snrv)],

which holds because X s < X sn 1(v) and because Xy and X sn;(v) are independent. Assume
now that k > 1 and that (23) holds for all k" with 0 < k" < k. It follows from the Bonferroni
inequalities that

(24) —D* Xsnay < (=DF- 3 =)V Xy
U’'csna(v)
|U'|<k
Since § and V are disjoint and 9(V) U I (V) = [N]\ V, then multiplying (24) through by
Xv X sni(vy and taking expectations yields

(25) DM ExvXsl< Y (DMYIEXyup Xsnin)]
U'cSNa(V)
U<k
Observe that for every U’ C SN3(V), the sets VU U’ and SN 1 (V) are disjoint. In particular,
if U’ is nonempty, then we may appeal to the induction hypothesis (with k < k — |U’|) to
bound each term in the right-hand side of (25) as follows. As SN I(V)NI(VUU' UU") =
SNI(VUU uU"),

(=D)L BIX oo X snrn)]

(26) < Z (— kY 'ElXvovou EIX snrvououn -
U’CSNI(V)

U’ Vvuu’

0<|U"|<k—|U"|
Finally, observe that every nonempty U C § such that U < V can be partitioned into a
nonempty U’ € SN a(V) and an U” € SN I(V) such that U” < (V U U’) in a unique
way. Indeed, one sets U' = U N3d(V) and U” = U \ U’; this is the only such partition. Since
& < V by definition, then bounding each term in (25) that corresponds to a nonempty U’
using (26) and rearranging the sum gives (23). [
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PROOF OF LEMMA 20. Fix £ € [N] and assume k € N and ¢ > 0 are such that px4 <
1 — e. Invoking Lemma 25 with V = {¢} and S = [¢ — 1] twice, _ﬁrst with k < k — 1 and then
with k <k, to get both an upper and a lower bound on E[ X/ | X[,—1;], we obtain

’E[Xe | Xpe—11=1]— > q(UU{e},[¢— 1])‘
UC[L—1],U—{¢}
|U|<k—1
(27)
< > q(Uu e}, [e— 1])‘.

UCle—1],U={¢}
|Ul=k

Since the sets U U {£} with U C [£ — 1], U < {£}, and |U| =i — 1 are precisely the elements
of C; (), we can rewrite the above inequality as

(28) ’E[Xz | Xpe-n=U->_ > q(V.lt— 11)‘ < Y lg(v.ie—11)].
ielk]VeC; (L) VeCrs1(0)
It follows from definition (19) and Harris’s inequality that
B E[Xy]
E[Xs\i(vy | Xsnrvy =11
B E[Xv] _ Elxv]
1 —P[X; =1forsomei e S\ (V)| Xsnyovy=11"1—py’

lq(V, )|

Since py < pry1 <1 —e¢eforall V with |V| =k 4+ 1, summing (28) over all £ € [N] yields

DEX [ Xpe-n=1- > > q(V, [ﬁ—ll)‘SAkH/&

te[N] Ce[Nielk] VeC: (©)

which is precisely the assertion of the lemma. [J

3.2. Proof of Lemma 23—Preliminaries. The goal of this subsection is to derive a re-
cursive formula for ky (W), stated in Lemma 30 below, which will be used in the proof of
Lemma 23.

DEFINITION 26. Suppose that @ # V € W C [N]. We define ITy (W) and IT},” (W) as
follows:

1. ITy (W) is the set of all partitions of W that contain V as a part;
2. TI” (W) is the set of all partitions 7 € ITy (W) such that P — V for every part P € 7.

Since by now we have defined several different classes of partitions of a set W, it is a good
moment to pause and convince ourselves that
Iy, (W) € My (W) € I§ (W) S TT(W).
As a first step towards the promised recursive formula, we give an alternative expression for

ky (W).

DEFINITION 27 (Degree of a part in a partition). For a partition 7 of a subset of [N] and
any part P € 7, let d, (P) denote the number of parts P’ € 7 \ { P} such that G contains an
edge between P’ and P. We call d,; (P) the degree of P in 7.
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LEMMA 28. If@#V C W C[N], then
kvW) = > (D" xy ).

melly (W)
where
m(n)={1 Jlal=1.
dx(V)(1| =2)! iflw| =2.

PROOF. Given a w € H?,(W), let P denote the part of 7 containing V. Define a map
f: H‘C,(W) — [Ty (W) as follows. If P =V, then let f () = m. Otherwise, let f () be the
partition obtained from 7 by splitting P into V and P \ V. Clearly,

kyW)y= > (=D (|| = 1) g

nell$ (W)

= ¥ G S Ly (S | 7S
rellyW)n'ef~1(m)

Observe that every w € [Ty (W) has exactly || — d; (V) preimages via f. One of them is
m itself and there are || — 1 — d; (V) additional partitions obtained from 7 by merging V
with some other part Q € 7 such that Gr contains no edges between V and Q. In particular,
there is one preimage of size || and there are |[7| — 1 — d; (V) preimages of size |7 | — 1.
Furthermore, note that p, = u, for every 7’ € f~!(r). Indeed, for every Q € = with no
edges of Gt between Q and V, we have

E[Xv]-E[Xol=E[XyvXgl=E[Xvupl.
It follows that
kW)=Y (=D = 1) = (7] = 1 —dr (V) - (I] — 2)!) e

melly (W)
= ). D",
relly (W)

as claimed. [

Our next lemma is the main result of this subsection and the essential combinatorial in-
gredient of the proof of Lemma 23. Stating it requires the following definition (illustrated in
Figure 3).

DEFINITION 29 (Cuty (P)). Suppose that V C [N] is nonempty and P C [N] is disjoint
from V and satisfies P < V. Then we write Cuty (P) for the collection of all sets C C [NV]
satisfying (V) NP CCC Pand C — V.

FI1G. 3. A set C in Cuty (P). Every element of Cuty (P), except for P itelf, is a cutset in Gp(V U P) that
disconnects V from some vertices in P.
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LEMMA 30. Suppose that @#V C W C[N]and W < V. Then
(29) kv(W)=E[Xy] > Dm0 [T YD ke(P).

ey, (W Pex CeCuty (P
T elly” (W) PV v(P)

PROOF. Denote the right-hand side of (29) by ry(W). We need to show «y (W) =
ry (W). Let us first rewrite the inner sum in (29). To this end, fix some nonempty P C W\ V
such that P <— V. By the definition of k¢ (P) (see (20)),

(30) Yo keP)= Y > =D (m = 1),

CeCuty (P) CeCuty (P)nel'I(C:(P)

We may write this double sum more compactly as follows. For brevity, let 9p(V) :=3(V) N
P. Denote by ITy (P) the set of all partitions = € I1(P) such that some Q € 7 contains all
neighbours of V in P, that is, such that dp (V) C Q for some Q € . We claim that

(31) Y. ke = Y DTN = 1.
CeCuty (P) melly (P)

Indeed, this follows from (30) because, letting
Q(V,P)={(C,m):CeCuty(P)and w € g o(P)},

the projection py: Q(V, P) > (C,m) — m € II(P) is a bijection between Q(V, P) and
l:IV(P). This is because for every (C,m) € Q(V, P), C is the union of those connected
components of Gr(Q) that intersect dp (V). Furthermore, observe that the right-hand side of
(31) is simply the joint cumulant of the set

Py = {X,‘ 1ie P\ 8P(V)} U {Xap(v)},

which is obtained from P by replacing {X; : i € 0p(V)} with the single variable Xj,(v).
Therefore, it follows from (31) that

(32) rvW)=E[Xv] Y. (D" (m = 1) [T «(Pv).
melly” (W) 5;7‘1/

Let IT}, (W) be the set of all partitions in ITy (W) whose every part, except possibly V
itself, contains a neighbour of V. We claim that the product in the right-hand side of (32) is
zero forevery m € IT| v W)\ HH (W) and hence we may replace H‘% (W) with IT, v (W) in the
range of summation in (32). Indeed if w € I} v(W)\IT, (W), then there is a P enm \{V}
such that dp(V) # @ but P > V. In partlcular some connected component of Gr[P] is
disjoint from dp (V) and hence « (Py) = 0. Expanding « (Py) again, we obtain

rv(W)=E[Xv] Y (D" (jz| —1)!

melly, (W)

x [T > oYz = 1),

Pem /<1
P;ev” elly (P)

(33)

Let us write P to denote the set of all pairs (7, 7*) € I} v(W) x ITy (W) obtained as
follows. Choose an arbitrary partition 7 € IT}, (W) and refine every P € 7 \ {V} by replacing
it by some p € Iy (P), so that dp (V) is contained in a single part of 7 p; finally, let 7* be
the resulting partition of W.
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Suppose that (77, 7*) € P. Enumerate the parts of 7 as V, Py, ..., P; and suppose that *
was obtained from 7 by refining each P; into i; + 1 parts, so that [7*| =t +1+i1 4 - +i;.
Then, letting

7,75 = fi(it, ..., i) = (=D T (=Dbit = (=D =10 T i,
J J
jelr Jelr
we may rewrite (33) as

(34) rv(W)= Y f(m )
(w,m*)eP
Fix some 7* € TTy (W) and note that 7* contains d+ (V') parts other than V that intersect
d(V). Let us write s = |7*|, t =dy+(V), and n* = {V, P}, ..., P} |}, so that P},..., P}
are the parts intersecting d (V). Fix an arbitrary permutation o of [s — 1] such that o (1) € [¢].
Such a o can be used to define a 7 such that (7, 7*) € P in the following way. Consider the
sequence P = (P;(l), e P;(s_l)). For every i € [t], let P; be the union of P* and all the

PJT", with j € [s — 1]\ [¢], for which P} is the right-most element among P, ..., P} that
is to the left of PJf" in P}. (Since o (1) € [¢], then each P]f" with j € [s — 1]\ [¢] has one of

Pf, ..., P’ left of it.) A moments thought reveals that each partition 7 with (7, 7*) € P is
obtained this way from exactly | f (;r, 7*)| permutations o . It follows that
ry(W)
— Z (_l)lﬂ*l_lﬂn* Z |f(7T, n*)|
m*elly (W) el (W)
(,7*)eP
= Y D" o eSym(jm*| = 1) i (1) € {1,.... de=(V)}}]
Trelly (W)
= > DT e g (),
m*elly (W)

where xy () is as defined in Lemma 28. By Lemma 28, we conclude that ry (W) = ky (W),
as required. [J

3.3. Proof of Lemma 23. For V, S C [N] and k € N such that |V| <k, we define

35 &S =DYEXy] Y ( 3 Kg‘"”(sm(V)))
P e

and
36 ¢Pw. H==D"EXxy] Y ( > q(U,Sm(m))

0<i<k—|V| N UCS, UV
1<|U|<k—|V|

i

Our proof of Lemma 23 consists of three steps. First, in Lemma 31, we show that g(V, S) =
g®(V,S). Second, in Lemma 32, we show that x - (S) ~ £ (S). Finally, the fact that
q(k)(V, S) and IZ‘(/k )(S ) satisfy similar recurrences (given the above approximate equalities)
allows us to prove that also ¢(V, S) ~ /cg,k )(S). Lemma 23 then follows easily. The precise
definition of “~” above will be expressed by the following quantities. For integers k and K
satisfying 1 <k < K, define

K

37) Ar(Vy= > ElXyuv] and Apgx(V)=)_ Ai(V),
TV 1%k i=k
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and
(38) Sk(V)= > ElXpuylmax{E[X;]:i e UUV}.
U=V
k<|UUV|<K
LEMMA 31. Lete > 0andk € N be such that py <1 —¢. Then there exists K = K (k, ¢)
such that forall V,S C[N]with 1 <|V| <k,
q(V,$) —q©V, )| < K- (61,5 (V) + Apy1,k (V).

PROOF. Fix V and § as in the statement of the lemma and set
p=P[X; =1forsomeie S\ (V)| Xsnrv)=1].
Then, by definition,
—DVE[Xy] =DVE[Xy]
N E[Xs\ivy | Xsnrvy =11 N l—p '

Since, by Harris’s inequality and |V | < k, we have 0 < p < py < px <1 — ¢, then (39) and
the identity (1 — p) ' =14 p + -+ pF VT4 pk=IVI+1 (1 — p)~1 yield

(39) q(V.S)

@) [q(v.8) = (=DVITEXy]- (14 p + -+ oIV < e T By 1y VT

‘We now observe that
k—|V]+1
k— 1
E[Xy 1oV SE[XV]< > Ex)
ieVUa(V)
k—|V]+1

=Exvl ) [ EXxyl

iseslk—|Vi+1  J=1
and note thatif iy, ..., ix_|v|4+1 are distinct elements of 9(V'), then

k—|V|+1
E[XV] l_[ E[le] SE[XVU{il,...,ik_‘VH]}]
j=1

by Harris’s inequality; if, on the other hand, either i; € V for some j or some two i; are
equal, then Harris’s inequality and the fact that |E[X;]| < 1 for each i imply the stronger
bound

k—|V|+1

Elxvl [] EXi;]
Jj=1

< EIXvufiy..ir )] - Max{E[X;]:i € VU {ir, ..., ik vi+1}]-
In particular, the right-hand side of (40) is bounded from above by
e (k= VI + 1) A (V) + e VI gy (v,
which yields
gV, 8) = (=DVITTEXy]- (14 p+ -+ oY)
< K1 (Ak£1(V) +81k(V))

for some constant K that depends only on k and .

(41)
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We claim that there is a constant K, = K5 (k, €) such that, forall 0 <i <k — |V]|,

i ( > qU.sn I(V)))i

UcS. U=V
1<|U|<k=|V|

< K> (81,k,(V) + Ags1,5,(V)).
Observe that (41) and (42) imply that
g(V. ) —q® V. 9| <K (61.k(V) + Akg1.x (V)

for some K = K (k, €), giving the assertion of the lemma. It thus remains to prove (42).
We first consider the case i = 1. By the Bonferroni inequalities, for every positive j,

D o= Y CDYIIEX [ Xsniery = 1.
U'CS\I(V)
1<|U'|1<j

E[Xv]-

(42)

Applying Lemma 25 with k <— j — |U'|, V <~ U’, and S <~ SN I(V), we get that for each
U'cS\I(V)with1 <|U'| <],
—DTVIEXy [ Xsniny =11 Y. (=D lq(U'uU”, snIWv)).
u’csni(v),U"—U’
U"|<j—=1U"|

Next, observe that any nonempty U C S with U < V of size at most j can be written
uniquely as the disjoint union of U’ and U”, where U’ C V U d(V) and U” C I(V) and
U” < U'’. The previous two inequalities then imply that

(43) ==/ Y qU.SNI(V)).
UlgSl,lS]‘%_V
=\Ul=J

Invoking (43) twice, first with j <— k — |V| and then with j < k — |V| 4 1, to get both an
upper and a lower bound on p, we obtain

p— q(U,Sm(V))’s Y. U, SnIv))
1UgS,Uk;>V Ugi,U%VI
(44) <|U|<k—|V| |Ul=k—|VI+
< Y e 'EXyl
UcS, U=V
|U|=k—|V|+1

where the last inequality uses the definition of ¢(U, S N 1(V)) and the assumption that p; <
1 — g; see the discussion below (39).
Finally, we show how to deduce (42) from (44). Let

y= Y, qU.SNIV)),
UcS, U=V

I<|U|<k—|V|

so that the left-hand side of (42) is E[Xy]- |p' — yi |, and observe that, as in (44),
i<z:= Y & 'E[Xyl
U=V
1<|U|<k=|V|
Fixani e {l,...,k—|V]|}. Since |p| <1, then

i—1
o' =y <lp—yl- Y |p/y T <A+ p—yl,
j=0
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which together with (44) implies that
ElXv]l-|p' =y | <+ 'ElXv] > & 'ElXy]
U=V
U|=k—|V|+1

Note that for pairwise disjoint Uy, ..., U; C [N], Harris’s inequality gives

J
[ [ ElXv,] <ElXy0-00,]
=1

and if Uy, ..., U; € [N] are not pairwise disjoint, then the stronger FKG lattice condition
(14) implies that

j
[ [ ElXv,] <E[Xy,0-.00;] - max{E[X;]:i € Uy U--- U U;}.
(=1

In particular, using a similar reasoning as used for deriving the bound (41) from (40), we
obtain

1+ 7'ElXy] > e 'ElXul < Ka- (Srie(V) + Agyinr1 (V)
U=V
|U|=k—|V|+1

for sufficiently large K4 = K4(k, €). This shows (42) and hence the lemma. [

LEMMA 32. For every k € N there exists some K = K (k) such that, for all V,S C [N]
with 1 <|V| <k, we have

|K‘(//<)(S) _ E‘(/k)(S)| <K- (81,K(V) + Ak+1,K(V))'

PrOOF. Fix k, S, and V as in the statement of the lemma and let

X = Z Kg]k_”/l)(SmI(V))’
UcS,U—V
1<|U|<k—|V|
so that
(45) ,Z‘(/]()(S) = (_l)lvl_lE[XV](l +x +X2 4. +xk—|V\)‘
Using the definition (21), we may rewrite
(46) x= Y 3 (=D (w).

UCS, UV USWSUUSNI(V))
1<|U|<k—|V| WU,|W|<k—|V|

Recalling from Definition 29 that
Cuty(W)={UCW:U< Vandd(V)NW C U},

we may switch the order of summation in (46) to obtain

x= ) Yo DV w.

WCS, WV UeCuty (W)
I<|W|<k—|V|

For the sake of brevity, write

fmy= > "y w).

UeCuty (W)
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We may now rewrite (45) as

k—|V]|
(47) FS) =DVEEXY] Y 3 FOWVD) - F(W)).
i=0 Wwi,..., W;CS

1
L<|Wil,.. Wil <k—|V]

Consider first the total contribution «; to the right-hand side of (47) coming from terms
corresponding to Wy, ..., W; € S\ V that are pairwise disjoint and whose union has size at
most k —|V|. Each such term may be regarded as a partition of theset W = VUW U...UW;,
which satisfies V € W C S and |W| < k; this partition {V, Wy, ..., W;} belongs to H;’(W).
Conversely, given a W with these properties, every partition = € IT},” (W) corresponds to
exactly (|| — 1)! such terms; this is the number of ways to order the elements of 7 \ {V} as
Wi, ..., W;. Therefore,

fi=DVHEXy Y] Yo (ml=1 [T £(P.
VCWCVUS relly” (W) Per
WV, |W|<k P#£V

In particular, Lemma 30 gives

f=E0YT S DYy (W) = (9).

VCWCVUS

WSV W <k
Every term in the right-hand side of (47) corresponding to Wy, ..., W; that is not included in
k1 either satisfies |V U W U---UW;| > k or the sets V, Wy, ..., W; are not pairwise disjoint.

Letkp = /Z‘(,k ) (S) — k1 denote the total contribution of these terms. Since for every W, Harris’s
inequality implies

FM] < > kW< > Imllua < IWIMEX ],
ucw T ell(W)

there is a constant K that depends only on k such that

i
K2l < KiE[Xy] >~ []EXw,],
Wi,..., W; j=1

where the sum ranges over all i <k — |V|and Wy, ..., W; C S, each of size at most k — |V/|
and attaching to V, such that either |V U Wy U ---U W;| > k or the sets V, Wy,..., W; are
not pairwise disjoint. An argument analogous to the one given at the end of the proof of
Lemma 31, employing Harris’s inequality and the stronger FKG lattice condition (14), gives

lK2] < K - (81,5 (V) + Akg1,5 (V)
for some K that depends only on k. [

LEMMA 33. Letk € N be such that py <1 — ¢. Then there exists K = K (k, €) such that
forall V,S C[N]with1 <|V| <k, we have

lg(V. ) =P ()| <K - (1.6 (V) + Ary1.k (V).

PROOF. We prove the lemma by complete induction on k. To this end, let £k > 0 and
suppose that the statement holds for all k" € N with k" < k. By the triangle inequality

lg(V, $) —kcP(S)| < |g(v. 8) —qg® (v, 5)|
+1g® v, 8 -k

+ 7S =P (8.
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Lemmas 31 and 32 imply that
lg(V, $) —q® v, 9|+ &P () = cP(S)| < K1 - (51,6, (V) + Akg1.k, (V)

for some sufficiently large K| = K;(k, ¢) and thus it suffices to show that there is some
K> = K5 (k, ) such that

(48) gV, 8) =&)< Kz (1., (V) + Aky1.k,(V)).

To this end, observe first that since k — |V| < k, then the induction hypothesis states that
there is a constant K’ = K’(k, ¢) such that

k_
49 q(U, SNIV)) =k V(SN T(WV))| <K' (81.(U) + Ak vis1.57(D))
forall U suchthat 1 <|U| <k —|V]. Let

x= Y ks nIwy)
UucsS,u=V
1=[U[<k-1V]

and, as in the proof of Lemma 31,

y= > qU.SNIV)).
UCS, U=V

1=|U|<k—|V]

Observe that
yi<z:i= Y. e 'EXyl,
U=V
1<|U|<k—|V|

as in the proof of Lemma 31, and that (49) implies that

(50) x—yl<w:=K"- > (kU + A—jy+1.5(0)).
U=V
1=|U|=k—|V|
For any i > 1, we have
i—1

=y <=yl Dy T < x =yl (x4 ) T < w@z 4wy T
j=0

It follows that

(51) gPw. 5 -2 = Y EXvl-wz+w)
1<i<k—|V|

Similarly as in the proofs of Lemmas 31 and 32, one sees that the FKG lattice condition
(14) implies that the right hand side of (51) is bounded from above by K - (§1,k,(V) +
Ak41,k,(V)), provided K> = K> (k, ¢) is sufficiently large, as claimed. [J

PROOF OF LEMMA 23. It follows from Lemma 33 that there is K| = K (k, €) such that

> Y X @Wiie-1) -k o)

Le[N]ielk] VeC;(£)

<Y Y > K-k, (V) + Argrk, (V).

Le[Nielk]l VeC;(t)

(52)

But if we choose K sufficiently large then the right-hand side is at most K - (81 x + Ax+1.x),
as required. [J
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3.4. Proof of Lemma 24. Fix an integer k and an £ € [N]. Recalling (21), we rewrite the
£th term of the sum from the statement of the lemma as follows:

Z >ole-m=3 > > "o,
e[kl VeC; (L) ielk] VeC;i(¢) VEWCVU[L—1]
WV
W<k
It follows from Definition 21 that if V is connected then W < V if and only if W is con-

nected. Therefore, changing the order of the last two sums in the right-hand side of the above
identity yields

(53) oY «FPre-m= 3 3 Wil mw,
ie[k] VeC; () ielk] WeC;(£) VeCw

where Cy denotes the collection of all connected sets V C W satisfying max V = max W.
We claim that for each W € C; (£),

(54) k(W)=Y ky(W).

VGCW

Observe first that establishing this claim completes the proof of the lemma. Indeed, substitut-
ing (54) into (53) and summing over all £ gives

XY - m=3 > Y =)

Le[N]ielk] VeC;(L) i€[k] Le[N]WeC;(0)
=2 DT kW) =3 (=)'
i€lk] WeC; i€lk]

Therefore, we only need to prove the claim. To this end, fixa W € C; (£). Recalling (15) and
(20), it clearly suffices to show that { H?,(W) : 'V € Cw} is a partition of IT(W). Obviously,
H%(W) C IT(W) for each V € Cy. Conversely, given an arbitrary = € I[I(W), let P e &
be the part containing max W and let V be the connected component of max W in Gr[P].
Clearly, V € Cy and 7 € H?,(W). Moreover, the connected component of max W in Gr[P]
is the only set V with this property, and so the sets H?,(W) and I'Ig(W) are disjoint for
distinct U, V € Cy.

4. Computations. The goal of this section is to carry out the necessary computations for
proving Corollaries 14, 15, and 17.

4.1. Corollaries 14 and 15. Assume that F = {Fy,..., F;} is a collection of pair-
wise nonisomorphic r-graphs without isolated vertices and let the associated hypergraph
' = (22, X) be defined as in Section 1.5. To prove Corollaries 14 and 15, we need to com-
pute the quantities kj for small values of k. This can be done using the following general
approach: We first enumerate all “isomorphism types” of clusters in Cr. Then we compute
the joint cumulant for each isomorphism type. Finally we multiply each value with the size
of the respective isomorphism class. This is made more precise as follows.

DEFINITION 34. An F-complex is a nonempty set of subgraphs of K, each of which
is isomorphic to a graph in F. An F-complex B is irreducible if it cannot be written as the
union of two F-complexes By and B, where every graph in Bj is edge-disjoint from every
graph in B;. The set of all irreducible F-complexes of cardinality k is denoted by Cy (F). The
underlying graph G p of an F-complex B is the subgraph of K,, formed by taking the union
of (the edge sets of) the graphs in B.
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Note that there is a natural bijection ¢ between the sets V C [N] of size k and the F-
complexes of size k: ¢ maps V = {iy, ..., iy} to the F-complex B = {Gy, ..., G}, where
G j 1s the subgraph of K, spanned by the edges in y;; (recall that y;; is a set of edges in K,
and that we assume that none of the graphs in F have isolated vertices). Note also that ¢|¢,
is a bijection between Cy and Ci(F). We can therefore write « (B) for the joint cumulant of
{X; :i € ¢~ 1(B)} without ambiguity, obtaining

K = Z k(B).

BeCr(F)

Using (7) we easily express « (B) in terms of G p:

(55) kB)= 3 (xl-)(=DT=TTT peon.

mell(B) B'en

DEFINITION 35. Let By and B, be F-complexes. A map f: V(Gp,) = V(Gp,) isa
homomorphism from B to B, if for every graph H € By, the graph f(H) (with vertex set
f(V(H)) and edge set {{ f (1), f(v)}: {u,v} € E(H)}) belongs to B,. If f is bijective and
both f and f~! are homomorphisms, then f is an isomorphism. We denote by Aut(B) the
group of automorphisms of B, that is of isomorphisms from B to B.

It is easy to see that « assigns equal values to isomorphic F-complexes. The following
simple lemma can then be used to compute the values «j. In the sequel, we will denote by n*
the falling factorial n(n — 1)---(n —i 4+ 1).

LEMMA 36. Let Cx(F)/= be the set of isomorphism types of F-complexes in Cy(F).
Then

UGB

n—=s8

BeCr(F) [BleCr(F)/=

PROOF. For each isomorphism type [B], there are n“?2 ways to place the vertices of
Gp into K, ; this way, every element of Ci(F) isomorphic to B is counted once for every
automorphism of B. [

PROOF OF COROLLARY 14. Suppose that 7 = {K3, C4} and that p = o(n~*/3). Since
both K3 and Cy4 are 2-balanced and
min{my(K3), m2(C4)} = min{2,3/2} > 5/4,

we can apply Corollary 13, which states that the probability that G, , is simultaneously K3-
free and Cy-free is

exp(—k1 + k2 — k3 + O(Ag) +o(1)).

Figure 4 shows all seven nonisomorphic irreducible F-complexes of size at most two.
Using Lemma 36, the contribution to «; from a given F-complex B of size k is

Y6y
| Aut(B)|’

For the complexes shown in Figure 4, we can easily calculate | Aut(B)| manually; going
through the figure from the top left to the bottom right, we obtain the values

6,8,4,4,4,2,2.

k(B)



520 MOUSSET, NOEVER, PANAGIOTOU AND SAMOTILJ

HES o

F1G. 4. The irreducible {K3, C4}-complexes of size at most two. Copies of K3 are represented by solid triangles
and copies of C4 by hatched or dotted quadrilaterals.

Therefore,

and, since p = o(n~*/),

_nt(p’ —p® | n%p"—p®)  n2(p® - pb

2= 4 + 4 + 4
N n2(p®—p") N nt(p® — p")
2 2
6.7 5,6
n2p 3nZp
— 1.
1 + 1 +o(1)

When calculating «3, we first observe that the underlying graphs of the third F-complex
and the fifth #-complex in Figure 4 each contain a C4 that is not already part of the complex
and that the graph of the bottom right F-complex contains a triangle that is not a part of
the complex. Let 5 denote the contribution of the two F-complexes of size three that are
obtained from one of these three complexes of size two by adding the “extra” C4 or K3. Then

nt(p® —2p% = p? +2p') | n3(p®—3p°+2p'?) n?p°

/
_ _ 1.
“3 4 + 12 i Fo

On the other hand, the contribution of every other F-complex of to 3 is at most in the order
of (p + np* +n?p?) - k2, because, except in the two cases mentioned above, the graph of a
complex of size three is obtained from the graph of a complex of size two by adding either
a new edge, or a new vertex and two new edges, or two new vertices and three new edges.
Using the assumption p = o(n~%/), we get

(p+np2+n2p3)-l<2:0(n6p8+n5p7+n7p9+n8p10):0(1),
and therefore
_np°
BT

Since the F-complexes accounted for by 5 are “complete” (in the sense that their graphs do
not contain either a K3 or a C4 that is not already a part of the complex), a similar reasoning
shows that

Ay < O((p+np?> +n*p?) - i5) + O((1 + p +np? +n*p?) - (k3 — 15)) = o(1).

+o0(1).

Since our assumption on p implies that max{k1, k2, K3} = o(n), we can replace nt by n' in
the expressions for k1, k2, k3, incurring only an additive error of o(1). Thus, the probability
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that G, , with p = o(n=*3) is simultaneously triangle-free and Cy-free is asymptotically

3.3 4 4 6.7 5,6
n’p n“p n°p 2n°p
exP( 6 8+4+3>’

as claimed. [

PROOF OF COROLLARY 15. Suppose that F = {K3} and p = o(n~"/!1). Since K3 is
2-balanced and m»(K3) =2 > 11/7, we can apply Corollary 13, which tells us that the prob-
ability that G, is triangle-free is

exp(—k1 + k2 — k3 + ka + O(As) + o(1)).

In Figure 5, we see representations of all isomorphism types of irreducible F-complexes
of size up to four. Generating a similar list of complexes of size five would most likely require
the help of a computer.

By Lemma 36, the contribution to «; from the isomorphism type of an F-complex B of
size k is

UGB

KB R

For the complexes shown in Figure 5, it is not too difficult to calculate | Aut(B)| by hand.
In fact, since the automorphism group of K3 comprises all 3! permutations of V (K3), au-
tomorphisms of {K3}-complexes are simply automorphisms of the 3-uniform hypergraphs
involved.? For example, the leftmost F-complex in the second row has exactly two automor-
phisms: the trivial one, and the unique automorphism exchanging the vertices belonging to

F1G.5. The irreducible { K3}-complexes of size at most four. The four complexes in the bottom row are negligible
when p = o(n_7/11).

2But for general F, it is wrong to think of an F-complex isomorphism as a hypergraph isomorphism.
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exactly one triangle. Under our assumptions on p, we have xx = Ay + o(1) for k € {3, 4}.
This is the case because |ky — Ax| = O(pAg) and

pAs <0 p*+n*p’)=0(l) and pAs<p-O(l+p+p°n)-As=o(l),

as can be seen by looking at Figure 5.
Now we just work through the figure row by row (from the top left to the bottom right)
and in this order, we compute (using the first row)

n3p3
K1 = s
6
n*(p® — p°
Ky = ——"7"—,
4
5,7 5,7 4.6
n=p n=p n-p
=A 1 = 1 9
K3 3+o0(1) > + B + 5 +o(1)
and (using the other rows)
K4 = Ag~+0(1)
6.9 6.9 6.9 6.9 6,9 4.6
n2p n2p n2p n2p n2p n*p 5 g
= 0 1).
y byt T g g T O e

The term O (n° p®) represents the contribution of the four complexes in the bottom row of
Figure 5, which is 0(1), as p = o(n~ /11y, Finally, we have

As=O0(pAs+np*Ay+n°p® +n’p°)
— 0(n4p7 + n5p8 + n6p10 + n7pll) =o(1),
since the graph of an F-complex of size five must be obtained by adding either a new edge or
anew vertex and two new edges to one of the graphs in Figure 5, or else it must be isomorphic
to one of the first three graphs in the bottom row of Figure 5 (as the graphs of the remaining
complexes of size four contain only triangles that are already in the complex).

Finally, x| = n§p3/6 = (n3 — 3n2)p3/6 + o(1) and, since max{xz, k3, k4} = o(n), we may
replace the falling factorials n’ in the remaining expressions by n’. Adding up the terms in
—K1 + k2 — K3 + k4, we obtain that the probability that G, , with p = o(n~ "/ is triangle-
free is asymptotically

( n3p3 n4p5 7n5p7 n2p3 3n4p6 27n6p9>
exp| — + ,

6 T4 T 12 T2 g 16

as claimed. [
4.2. Corollary 17. It only remains to prove Corollary 17.

PROOF OF COROLLARY 17. Let I' be the hypergraph of r-APs in [n], as defined in
Section 1.6, and assume that p = o(n~*7). Then by Corollary 16 with » =3 and k = 2,

P[X = 0] = exp(—k1 + k2 + O(A3) +o(1)).

It remains to calculate k1, k2, and A3. For i € [n], the number of 3-APs containing i is

F(i)= % Fmin{i,n—i}+ O(1),
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where min {i, n — i} counts the 3-APs that have i as their midpoint, and n/2 counts the others.
Thus, the total number of 3-APs in [n] is

1 & ,_nz o
ggf(l)—Z‘F (n),

and therefore (using np3 =o0(1))

2.3
n
K1=Tp+0(1).

If {i, j} is an edge in the dependency graph, then |y; Ny ;| is either 1 or 2. The number of pairs
2

Vi, y; intersecting in two elements is at most (2)(3)", so the contribution of these pairs to x»

is O (n*p*), which is o(1) by our assumption on p. The number of pairs {y;, yj} with i # j

and |y; Ny;| > 1is precisely >_7_, (f g)) and hence the number M of pairs with [y; N y;| =1

satisfies

M= Z( (l)) 2)=%éf(i)2+0(n2)-

Since

n Ln/2)
Zf(l)z N (n/2+minfi,n —i})> + 0m*) =2 > /2+0i)*+ 0(n?)
i=1 i=1

A (nt )2} N
_2(?— & )+O(n)—ﬁ+0()

and nzp4 =o0(1), we have
3.5
24

Ky =M(p°> — p°) + O0(n*(p* — p®)) = +o(l).

Lastly, we claim that Az = O (n* p7) = o0(1). Since any two distinct numbers are contained in
at most three 3-APs, we have |C3| = O (n*). Moreover, let C3 be the family of all {7, j, k} € C3
such that |y; U y; U | < 7. A simple case analysis shows that

Y A({Xi:ie V) =00 p +n’p®) =o(D).
VeC;

On the other hand, A({X; :i € V}) = p’ forevery V € C3 \ C3. Thus,

A3 <|Calp"+ D A({Xi i€ V)= 0(n*p” +n?p* +n’p®) = o(1)
Vecs

and we conclude that the probability that [n], is 3-AP-free is asymptotically

n2p3 7n3p5
P\ T )

as claimed. O



524 MOUSSET, NOEVER, PANAGIOTOU AND SAMOTILJ

Acknowledgements. This project was started during the workshop of the research group
of Angelika Steger in Buchboden in February 2014. We are grateful to the anonymous referee
for their careful reading of this paper and many helpful suggestions; in particular, for pointing
out a mistake in an earlier version of the paper.

The first author was supported by the Israel Science Foundation Grants 1028/16 and
1147/14 and the ERC Starting Grant 633509.

The third author was supported by the European Research Council (ERC) under the Euro-
pean Union’s Horizon 2020 research and innovation program (Grant agreement no. 772606).

The fourth author was supported in part by the Israel Science Foundation Grant 1147/14.

F. Mousset is the corresponding author.

REFERENCES

[1] AHLBACH, C., USATINE, J. and PIPPENGER, N. A combinatorial interpretation of the joint cumulant.
Preprint. Available at arXiv:1211.0652.
[2] ALON, N. and SPENCER, J. H. (2016). The Probabilistic Method, 4th ed. Wiley Series in Discrete Mathe-
matics and Optimization. Wiley, Hoboken, NJ. MR3524748
[3] BALOGH, J., MORRIS, R. and SAMOT1J, W. (2015). Independent sets in hypergraphs. J. Amer. Math. Soc.
28 669-709. MR3327533 https://doi.org/10.1090/S0894-0347-2014-00816-X
[4] BALOGH, J., MORRIS, R., SAMOTIJ, W. and WARNKE, L. (2016). The typical structure of sparse K, |-
free graphs. Trans. Amer. Math. Soc. 368 6439-6485. MR3461039 https://doi.org/10.1090/tran/6552
[S] BOLLOBAS, B. (1981). Threshold functions for small subgraphs. Math. Proc. Cambridge Philos. Soc. 90
197-206. MR0620729 https://doi.org/10.1017/S0305004100058655
[6] BOLLOBAS, B. (1988). The chromatic number of random graphs. Combinatorica 8 49-55. MR0951992
https://doi.org/10.1007/BF02122551
[7] BOPPONA, R. and SPENCER, J. (1989). A useful elementary correlation inequality. J. Combin. Theory
Ser. A 50 305-307. MR0989201 https://doi.org/10.1016/0097-3165(89)90022-8
[8] ERDOS, P. and RENYI, A. (1960). On the evolution of random graphs. Magy. Tud. Akad. Mat. Kut. Intéz.
Kozl. 5 17-61. MR0125031
[9] FRIEZE, A. (1992). On small subgraphs of random graphs. In Random Graphs, Vol. 2 (Poznan, 1989).
Wiley-Intersci. Publ. 67-90. Wiley, New York. MR1166608
[10] HARRIS, T. E. (1960). A lower bound for the critical probability in a certain percolation process. Proc.
Camb. Philos. Soc. 56 13-20. MR0115221
[11] HUNDACK, C., PROMEL, H. J. and STEGER, A. (1993). Extremal graph problems for graphs with
a color-critical vertex. Combin. Probab. Comput. 2 465-477. MR1264719 https://doi.org/10.1017/
S0963548300000833
[12] JANSON, S. (1990). Poisson approximation for large deviations. Random Structures Algorithms 1 221-229.
MR1138428 https://doi.org/10.1002/rsa.3240010209
[13] JANSON, S. (1998). New versions of Suen’s correlation inequality. In Proceedings of the Eighth Interna-
tional Conference “Random Structures and Algorithms” (Poznan, 1997) 13 467-483. MR1662796
https://doi.org/10.1002/(SICI)1098-2418(199810/12)13:3/4<467::AID-RSA15>3.3.CO;2-E
[14] JANSON, S., Luczak, T. and RUCINSKI, A. (1990). An exponential bound for the probability of nonexis-
tence of a specified subgraph in a random graph. In Random Graphs 87 (Poznari, 1987) 73-87. Wiley,
Chichester. MR1094125
[15] JANSON, S., LuczAk, T. and RUCINSKI, A. (2000). Random Graphs. Wiley-Interscience Series in Discrete
Mathematics and Optimization. Wiley-Interscience, New York. MR1782847 https://doi.org/10.1002/
9781118032718
[16] KARONSKI, M. and RUCINSKI, A. (1983). On the number of strictly balanced subgraphs of a random graph.
In Graph Theory (Lagow, 1981). Lecture Notes in Math. 1018 79-83. Springer, Berlin. MR0730636
https://doi.org/10.1007/BFb0071616
[17] OSTHUS, D., PROMEL, H. J. and TARAZ, A. (2003). For which densities are random triangle-free graphs
almost surely bipartite? 23 105-150. MR1996629 https://doi.org/10.1007/s00493-003-0016-1
[18] PROMEL, H. J. and STEGER, A. (1992). The asymptotic number of graphs not containing a fixed color-
critical subgraph. Combinatorica 12 463-473. MR1194736 https://doi.org/10.1007/BF01305238
[19] PROMEL, H. J. and STEGER, A. (1996). On the asymptotic structure of sparse triangle free graphs.
J. Graph Theory 21 137-151. MR1368739 https://doi.org/10.1002/(SICI)1097-0118(199606)22:
2<137::AID-JGT4>3.0.CO;2-0


http://arxiv.org/abs/arXiv:1211.0652
http://www.ams.org/mathscinet-getitem?mr=3524748
http://www.ams.org/mathscinet-getitem?mr=3327533
https://doi.org/10.1090/S0894-0347-2014-00816-X
http://www.ams.org/mathscinet-getitem?mr=3461039
https://doi.org/10.1090/tran/6552
http://www.ams.org/mathscinet-getitem?mr=0620729
https://doi.org/10.1017/S0305004100058655
http://www.ams.org/mathscinet-getitem?mr=0951992
https://doi.org/10.1007/BF02122551
http://www.ams.org/mathscinet-getitem?mr=0989201
https://doi.org/10.1016/0097-3165(89)90022-8
http://www.ams.org/mathscinet-getitem?mr=0125031
http://www.ams.org/mathscinet-getitem?mr=1166608
http://www.ams.org/mathscinet-getitem?mr=0115221
http://www.ams.org/mathscinet-getitem?mr=1264719
https://doi.org/10.1017/S0963548300000833
http://www.ams.org/mathscinet-getitem?mr=1138428
https://doi.org/10.1002/rsa.3240010209
http://www.ams.org/mathscinet-getitem?mr=1662796
https://doi.org/10.1002/(SICI)1098-2418(199810/12)13:3/4<467::AID-RSA15>3.3.CO;2-E
http://www.ams.org/mathscinet-getitem?mr=1094125
http://www.ams.org/mathscinet-getitem?mr=1782847
https://doi.org/10.1002/9781118032718
http://www.ams.org/mathscinet-getitem?mr=0730636
https://doi.org/10.1007/BFb0071616
http://www.ams.org/mathscinet-getitem?mr=1996629
https://doi.org/10.1007/s00493-003-0016-1
http://www.ams.org/mathscinet-getitem?mr=1194736
https://doi.org/10.1007/BF01305238
http://www.ams.org/mathscinet-getitem?mr=1368739
https://doi.org/10.1002/(SICI)1097-0118(199606)22:2<137::AID-JGT4>3.0.CO;2-O
https://doi.org/10.1017/S0963548300000833
https://doi.org/10.1002/9781118032718
https://doi.org/10.1002/(SICI)1097-0118(199606)22:2<137::AID-JGT4>3.0.CO;2-O

(20]
[21]
[22]

(23]

(24]

[25]

ON THE PROBABILITY OF NONEXISTENCE IN BINOMIAL SUBSETS 525

RIORDAN, O. and WARNKE, L. (2015). The Janson inequalities for general up-sets. Random Structures
Algorithms 46 391-395. MR3302903 https://doi.org/10.1002/rsa.20506

SAXTON, D. and THOMASON, A. (2015). Hypergraph containers. Invent. Math. 201 925-992. MR3385638
https://doi.org/10.1007/s00222-014-0562-8

SCHURGER, K. (1979). Limit theorems for complete subgraphs of random graphs. Period. Math. Hungar.
10 47-53. MR0505825 https://doi.org/10.1007/BF02018372

STARK, D. and WORMALD, N. (2018). The probability of non-existence of a subgraph in a moderately
sparse random graph. Combin. Probab. Comput. 27 672-715. MR3816064 https://doi.org/10.1017/
S0963548318000202

SUEN, W.-C. S. (1990). A correlation inequality and a Poisson limit theorem for nonoverlapping
balanced subgraphs of a random graph. Random Structures Algorithms 1 231-242. MR1138429
https://doi.org/10.1002/rsa.3240010210

WORMALD, N. C. (1996). The perturbation method and triangle-free random graphs. In Proceedings of the
Seventh International Conference on Random Structures and Algorithms (Atlanta, GA, 1995) 9 253—
270. MR1611697 https://doi.org/10.1002/(SICI)1098-2418(199608/09)9:1/2<253::AID-RSA15>3.3.
CO;2-F


http://www.ams.org/mathscinet-getitem?mr=3302903
https://doi.org/10.1002/rsa.20506
http://www.ams.org/mathscinet-getitem?mr=3385638
https://doi.org/10.1007/s00222-014-0562-8
http://www.ams.org/mathscinet-getitem?mr=0505825
https://doi.org/10.1007/BF02018372
http://www.ams.org/mathscinet-getitem?mr=3816064
https://doi.org/10.1017/S0963548318000202
http://www.ams.org/mathscinet-getitem?mr=1138429
https://doi.org/10.1002/rsa.3240010210
http://www.ams.org/mathscinet-getitem?mr=1611697
https://doi.org/10.1002/(SICI)1098-2418(199608/09)9:1/2<253::AID-RSA15>3.3.CO;2-F
https://doi.org/10.1017/S0963548318000202
https://doi.org/10.1002/(SICI)1098-2418(199608/09)9:1/2<253::AID-RSA15>3.3.CO;2-F

	Introduction
	The Harris and Janson inequalities
	Triangles in random graphs
	Joint cumulants, clusters, dependency graphs
	Our main result
	Application: Random graphs and hypergraphs
	Application: Arithmetic progressions
	Related work and open problems

	Proofs of Theorems 9 and 10
	Proof of Theorem 11
	Proof of Lemma 20
	Proof of Lemma 23-Preliminaries
	Proof of Lemma 23
	Proof of Lemma 24

	Computations
	Corollaries 14 and 15
	Corollary 17

	Acknowledgements
	References

