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FOUR-DIMENSIONAL LOOP-ERASED RANDOM WALK

BY GREGORY LAWLER!, XIN SUN? AND WEI WU3
University of Chicago, Columbia University and University of Warwick

The loop-erased random walk (LERW) in Z* is the process obtained by
erasing loops chronologically for a simple random walk. We prove that the

escape probability of the LERW renormalized by (log n)% converges almost
surely and in L? for all p > 0. Along the way, we extend previous results
by the first author building on slowly recurrent sets. We provide two applica-
tions for the escape probability. We construct the two-sided LERW, and we
construct a £1 spin model coupled with the wired spanning forests on 74
with the bi-Laplacian Gaussian field on R* as its scaling limit.

1. Introduction. Loop-erased random walk (LERW) is a probability measure
on self-avoiding paths introduced by the first author of this paper in [4]. Since then,
LERW has become an important model in statistical physics and probability, with
close connections to other important subjects such as the uniform spanning tree
and the Schramm-Loewner evolution. A key quantity that governs the large scale
behavior of LERW is the so-called escape probability, namely, the nonintersection
probability of a LERW and an independent simple random walk (SRW) starting
at the same point. It is known that d = 4 is critical for LERW, in the sense that
a LERW and an SRW on Z¢ intersect a.s. if and only if d < 4. It was shown
in [7] that LERW on Z* has Brownian motion as its scaling limit after proper
normalization. The exact normalization was conjectured but not proved in that
paper; in [9], it was determined up to multiplicative constants. The argument uses
a weak version of a “mean-field” property for LERW in Z*. In this paper, we
establish the sharp mean-field property for the escape probability of LERW on Z*
that goes beyond the scaling limit result.

We state our main results for the renormalized escape probability of 4D LERW,
Theorems 1.1 and 1.2, in Section 1.1. An outline of the proofs is given in Sec-
tion 1.2. Then in Sections 1.3 and 1.4 we discuss two applications of the main
results, namely a construction of the two-sided LERW in d = 4, and a spin field
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coupled with the wired spanning forests on Z* with the bi-Laplacian Gaussian field
on R* as its scaling limit.

1.1. Escape probability of LERW. Given a positive integer d, a process S =
{Sp}nen on Z4 is called a simple random walk (SRW) on Z@ if {S,11 — Sp}nen are
i.i.d. random variables taking uniform distribution on {z € 74 :|z| = 1}. Here | - | is
the Euclidean norm on R¢. Unless otherwise stated, our SRW starts at the origin,
namely, So = 0. When Sy = x almost surely, we denote the probability measure of
S by P*.

A path on Z% is a sequence of vertices such that any two consecutive vertices
are neighbors in Z?. Given a sample S of SRW and m < n € N, let S[m, n] and
S[n, co) be the paths [ Sy, Sm+1--+ . Sq] and [S,, Sn+1, - . .1, respectively. Given a
finite path P = [vg, v1, ..., v,] On 74, the (forward) loop erasure of P (denoted
by LE(P)) is defined by erasing cycles in P chronologically. More precisely, we
define LE(P) inductively as follows. The first vertex ug of LE(P) is the vertex
vo of P. Supposing that u; has been set, let k be the last index such that vy = u ;.
Set u 11 = viy1 if k < n; otherwise, let LE(P) := [ug, ..., u;]. Suppose S is
an SRW on Z4 (d = 3). Since S is transient, there is no trouble defining LE(S) =
LE(S[0, c0)), which we call the loop-erased random walk (LERW) on 74. LERW
on Z? can be defined via a limiting procedure but we will not discuss it in this
paper.

Let W and S be two independent simple random walks on Z* starting at the
origin and n = LE(S). Let

X, = (logn)SP{W[1,n*] Ny =2 | n}.

In [9], building on the work on slowly recurrent sets [8], the first author of this
paper proved that E[X2] < 1 for all p > 0. In this paper, we show the following.

THEOREM 1.1. There exists a nontrivial random variable X oo such that

lim X, =Xo almost surely and in L for all p > 0.
n—oo

We can view X, as the renormalized escape probability of 4D LERW at its
starting point. It is the key for our construction of the 4D two-sided LERW in
Section 1.3. Our next theorem is similar to Theorem 1.1 with the additional feature
of the evaluation of the limiting constant.

THEOREM 1.2. Let W, W/, W”, S be four independent simple random walks
on 74 starting from the origin and n = LE(S). Then

2

nli)rgo(logn)IP’{(W[l, n?JUW'[1,n?])) Nn=2, W'[0,n*]Nn={0}} = 72T_4
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. 2 . 2 . . .
Write g—4 in Theorem 1.2 as % . %. We will see that the constant % 1S uni-

versal and is the reciprocal of the number of SRWs other than S. The factor 72/8
comes from the bi-harmonic Green function of Z* evaluated at (0, 0) and is lattice-
dependent. The SRW analog of Theorem 1.2 is proved in [10], Corollary 4.2.5:

. 2 2 o 2 2 1 7
lim (logm)P{W[1,n"] N S[0,n"] = @, W[0,2°]N S[1.n"] =2} = 3 g
Theorems 1.1 and 1.2 are a special case of our Theorem 1.5, whose proof is

outlined in Section 1.2. In particular, the asymptotic result is obtained from a re-
fined analysis of slowly recurrent set beyond [8, 9] as well as fine estimates on the

harmonic measure of 4D LERW. The explicit constant ’2’—; is obtained from a “first
passage” path decomposition of the intersection of an SRW and a LERW. Here,
care is needed because there are several time scales involved. See Section 1.2 for
an outline. As a byproduct, at the end of Section 5.2 we obtain an asymptotic result
on the long range intersection between SRW and LERW which is of independent
interest.

To state the result, we recall the Green function on Z* defined by

G(x,y)=> P[Sy =yl
n=0

Given a subset A C Z*, the Green function on A is defined by
0.¢]

Ga(x,y) =Y P[S, =y, 5[0,n] C A].
n=0

It will be technically easier to work on geometric scales. Let C, = {z € Z* : |z] <
e"} be the discrete disk, G, = G¢, and

Gr(w)= " Gu(0,2)Gnlz, w).

zeCy

THEOREM 1.3. Let W, S be independent simple random walks on Z* with
Wo=0and So=w. Let o,V =min{j: W; ¢ C,} and 0, =min{j : S; ¢ C,}. If

gn(w) =P{W[0, 0V ]NLE(S[0, 0,,]) # @},

then

2
b4
lim max - —G? =0.
I 1 X[ () = g G (0]

REMARK 1.4. Theorem 1.3 holds if W]O, onW] N LE(S[O0, 0,,]) is replaced
by WIO, anW] N S[0, 0,1 and 72 /24 is replaced by 72/16. This is the long range
estimate for two independent SRWs in [10], Section 4.3. The function G,%(w) is
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the expected number of intersections of S[0, o,,] and W0, anW]. This means that
the long-range nonintersection probability of an SRW and an independent LERW
is comparable with that of two independent SRWs. This is closely related to the
fact that the scaling limit of LERW on Z* is Brownian motion, that is, has Gaussian
limits.

1.2. Outline of the proof. In this subsection, we will first state Theorem 1.5,
from which Theorems 1.1 and 1.2 are immediate corollaries. Then we give an
outline of its proof, leaving the details to Sections 2—5.

We start by defining some notation. Let 0, =min{j > 0:S; ¢ C,,} and

(1.1) Fu be the o-algebra generated by {S; : j < o,}.
We recall that there exist 0 < 8, ¢ < oo such that forall n,if z € C,,—; and a > 1,
(1.2) IP’Z{a_leZ" <o, < aezn} >1—ce P?,

For the lower inequality (see, e.g., [12], (12.12)) and the upper inequality follows
from the fact that P*{o, < (k + 1)e?" | 0, > ke?"} is uniformly bounded away
from 0.

If x e Z*, V C Z*, we write

H(x,V)=P"{5[0,00) NV # &},
H(V)=H(,V), Es(V)=1—H(V),
H(x,V)=P*{S[l,00)NV £@},  Es(V)=1-H(,V).

Note that Es(V) =Es(V), if 0 ¢ V. If 0 € V, a standard last-exit decomposition
shows that

(1.3) Es(V?) = Gyayo(0, )Es(V),
where V9 =V \ {0} and Gz4\yo is the Green’s function on 74\ VO, We also write
Es(V;n) =P{S[1,0,1NV =2},

which is clearly decreasing in .

We have to be a little careful about the definition of the loop-erasures of the
random walk and loop-erasures of subpaths of the walk. We will use the following
notation:

e 7 denotes the (forward) loop-erasure of S[0, co) and
I' =n[l1, 00) = 1[0, 00) \ {0}.

e ®, denotes the finite random walk path S[o,,_1, 0,].

e " = LE(w;) denotes the loop-erasure of S[o,,—1, 0,].

e I, = LE(S[0, 0,]) \ {0}, that is, I';, is the loop-erasure of S[0, o,,] with the
origin removed.
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Note that S[1, co) is the concatenation of the paths w1, w», .... However, it is
not true that I is the concatenation of n', 52, ..., and that is one of the technical
issues that must be addressed in the proof.

Let Y, Z,, G, be the F,,-measurable random variables

(1.4) Y, =H(n"), Z, =Es[I',], Gn=Gyar,(0,0).

By (1.3), we have Es(I', U {0}) = G;lz,,. It is easy to see that 1 < G, < 8.
Furthermore, using the transience of §, we can see that with probability one
G oo :=lim,_, o G, exists and equals GZ4\F 0, 0).

THEOREM 1.5. Forevery 0 <r,s < 0o, there exists 0 < ¢,y < 00, such that
. r/3 re—s1
ng)ngon E[Z,G,*]| =crs-
Moreover, c32 = 712/24.

Our methods do not compute the constant ¢, ; except in the case r =3, s =2
(and the trivial case r = s = 0).

The proof of Theorem 1.5, which is the technical bulk of this paper, requires
several steps which we will outline now. For the remainder of this paper, we fix
r > 0 and allow constants to depend on r. If n € N, we let

(1.5) pn=E[Z]].  pn=E[Z}G,”].
(1.6) h, =E[Y,]=E[H(n")], pn=[]e".
j=1

In Section 2.2, we review and prove some basic estimates on simple random
walk that, in particular, give h, = O(n_l), and hence,

On = ¢n—le_hn = ¢n—1[1 + O(I’l_l)]

In Section 3.1, we revisit the theory of slowly recurrent sets in [8, 9] and obtain
quantitative estimates on the escape probability of slowly recurrent sets under a
mild assumption (see Definition 3.1). Using these estimates, we prove two propo-
sitions in Section 3.2. The first one controls p,,/pn+1.

PROPOSITION 1.6.  pu41 = pall — O(log*n/n)].

The second one gives a good estimate along the subsequence {n*}. Let 7}, denote
the (forward) loop-erasure of S[o(,_1y44(,—1)> Op4_p]. For m <n, we let A(m, n)
be the discrete annuli defined by

A(m,n) =Cy \Cp={z€Cy:|z| = "}.
Let T, =7, NA((n — D* 4+ 4(n — 1), n* — 4n) and h, = E[H (T,)].
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PROPOSITION 1.7. There exists co < o0 such that

Ppt =[co+ O(n_l)]exp{—r i ﬁj}.

In Section 4, in order to get rid of the subsequence {n*}, we prove the following.

PROPOSITION 1.8. There exists ¢ < 0o, u > 0 such that

fln— Z hj< ¢

— pltu’
n
(n—14*<j<n*

Proposition 1.8 intuitively says that if the random walk hits T, then it does so
by hitting exactly one of /’s. This proposition, which is key for proving our main
result, does not follow from the work in [9]. Some of the earlier propositions have
been improved here in order to be able to establish this. To rigorously prove this,
we need a frequency estimate on cut points of SRW and a large deviation estimate
on the harmonic measure of the range of SRW obtained in Sections 2.3 and 4.1,
respectively. Propositions 1.6—1.8 readily yield the following.

PROPOSITION 1.9.  For everyr, s, there exists constant c; s> U > 0 such that

E[Z,G, ] =c;d,[1+0(n™")]

In particular, there exists a constant c’3’2 > 0 such that
n
(1.7) Pn =351 +0(n_“)]exp{—32hj}.
j=1

In Section 5, we use a path decomposition to study the long-range intersection
of an SRW and a LERW and show in Proposition 5.2 that there exists # > 0 such
that
(1.8) h =iﬁ + 0~

. n=—3Dn .

Combined with (1.7), this gives that the limit
. . 24 X
(1.9) Jim [log Pnt— X; pj}
J:

exists and is finite. Note that lim,,— oo py+1/Pn = 1 (see Proposition 1.9). In Sec-
tion 5.1, we prove an elementary lemma (see Lemma 5.1) on sequences asserting
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that this combined with (1.9) assures that lim,,_, oo np, = 2 /24. Now (1.7) and
(1.8) imply that lim,,_, o, 3nh,, = 1 and

3 - ¢

(1.10) ¢, =expy—3 E hj~ — for some constant ¢ > 0.
, n

Jj=1

This combined with Proposition 1.9 concludes the proof of Theorem 1.5. This
already implies Theorem 1.2 by changing scales. The proof of Theorem 1.1 will
be explained in Section 6.

1.3. Two sided LERW. In [5], the first author author proved the existence of
two-sided loop-erased random walk in Z¢ for d > 5.

THEOREM 1.10 ([5]). Given d > 5, consider the sample of LERW in 74, de-
noted by {n;}i>o. The n — oo limit of {Ny+i — Nn}—k<i<k exists for any k € N,
which defines an ergodic random path {1);};c7, in 74 called the two-sided LERW.

The proof of Theorem 1.10 crucially replies on the existence of global cut points
for SRW in Z for d > 5, which is not true for d < 4. As an application of results
in Section 1.1, we extend the existence of the two-sided LERW to d =4 in Sec-
tion 6. Moreover, X in Theorem 1.1 is the Radon—Nikodym derivative between
the two-sided LERW restricted to nonnegative times and the usual LERW. The
existence for d = 2, 3 was recently established by the first author author in [11].
A big difference in d < 4 compared to d > 4 case is that the marginal distribu-
tion of one side of the path is not absolutely continuous with respect to the usual
LERW.

Our results addresses the d =4 case of Conjecture 15.12 in [2] by Benjamini—
Lyons—Peres—Schramm, which asserts the existence of the two-sided uniform
spanning tree in Z¢. This is immediate from Wilson’s algorithm [16] that connects
LERW and uniform spanning tree (see Section 7.1).

1.4. A spin field from USF. As an application of Theorem 1.3, we will con-
struct a sequence of random fields on the integer lattice Z¢ (d > 4) using uniform
spanning tree and show that they converge in distribution to the bi-Laplacian field
(Theorem 1.11).

For each positive integer n, let N = N, = n(logn)l/4. Let Ay ={x € z4 -
|x| < N}. We will construct a £1 valued random field on Ay as follows. Recall
that a wired spanning tree on Ay is a tree on the graph Ay U {0 Ay} where we
have viewed the boundary d Ay as “wired” to a single point. Such a tree produces
a spanning forest on A by removing the edges connected to 0 A . We define the
uniform spanning forest (USF) on Ay to be the forest obtained by choosing the
wired spanning tree of Ay U {d Ay} from the uniform distribution. (Note this is
not the same thing as choosing a spanning forest uniformly among all spanning
forests of Ay.) We now define the random field on (a rescaling of) 74 Leta, be a
sequence of positive numbers (we will be more precise later).
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e Choose a USF on Ay. This partitions Ay into (connected) components.

e For each component of the forest, flip a fair coin and assign each vertex in the
component value 1 or —1 based on the outcome. This gives a field of spins
{Yyn:x € An}. If we wish, we can extend this to a field on x € Viia by setting
Yyn=0forx ¢ Apn.

o Let ¢, (x) = a, Yy, which is a field defined on L, :=n~'Z¢.

This random function is constructed in a manner similar to the Edward—Sokal
coupling of the FK-Ising model [3]. That coupling says that we can obtain the

Ising model on Z¢ by first sample a random configuration o € {0, I}Zd according
to the so-called random cluster measure, and then flip a fair coin and assign each
component of w value 1 or —1 based on the outcome. The way we construct ¢, is
similar to the Ising model except that we replace the random cluster measure by
the USF measure on Z¢.

It is known that the Ising model has critical dimension d = 4, in the sense that
mean field critical behaviors are expected for d > 4 but not for d < 3. In particu-
lar, it is believed when d > 4 the scaling limit of Ising model is a d-dimensional
Gaussian Free Field (GFF). For d > 5, this GFF limit is proved by Aizenman
[1], while the critical case d = 4 is still open. Our theorem below asserts that
the random field ¢, we construct has critical dimension d = 4, and for d > 4,
we can choose the scaling a, such that ¢, converges to the bi-Laplacian Gaus-
sian field on R?. Note that when d = 4, a bi-Laplacian Gaussian field is log-
correlated.

If h € C°(RY), we write

(h, ) =n" 3" h(x)gu(x).

xeL,

THEOREM 1.11.

o If d > 5, there exists a > 0 such that if a, = an'®=/2 then for every
hi,...,hm € C§° (Rd), the random variables {(hj, ¢,) converge in distribution
to a centered joint Gaussian random variable with covariance

//hj(z)hk(w)lz —w|*dzdw.
o Ifd =4, ifa, = /3logn, then for every hi, ..., hy € CS(RY) with

/hj(z)dz:O, j=1,...,m,

the random variables (h;, ¢,) converge in distribution to a centered Gaussian
random variable with variance

—/ hj()hi(w)loglz — w|dzdw.
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REMARK 1.12.

e Gaussian fields on R? with correlations as in Theorem 1.11 is called d-
dimensional bi-Laplacian Gaussian field (see [13]).

e For d =4, we could choose the cutoff N =n(logn)* for any o > 0. We choose
o= zlt for concreteness. For d > 4, we could do the same construction with no
cutoff (N = 0o) and get the same result.

By Wilson’s algorithm, the two-point correlation function of the field ¢, is pro-
portional to the intersection probability of an SRW and a LERW stopped upon
hitting d Ay . Therefore, Theorem 1.11 essentially follows from Theorem 1.3. In
particular, G,%(w) there is the discrete biharmonic function that gives the covari-
ance structure of the bi-Laplacian random field in the scaling limit. We will give
the full proof of Theorem 1.11 in Section 7, where we only deal with the case
d =4. The d > 5 case can be proved in the same way but is much easier (see [15]
for a detailed argument).

2. Preliminaries. In this section, we recall and prove necessary lemmas about
SRW and LERW which will be used frequently in the rest of the paper. Throughout
this section, we retain the notation in Section 1.2.

2.1. Basic notation. Given a vertex set V C Z4, 3V is the set of vertices on
7%\ V who have a neighbor in V,and V =V U V. A function ¢ on V is called
harmonic on V if for each v € V; we have EV[¢ (S1)] = ¢ (v). When we say “¢ is
harmonic on V,” then it is implicit that ¢ is defined on V.

We will use ¢ and C to represent constants which may vary line by line. We
use the asymptotic notion that two nonnegative functions f(x), g(x) satisfy f < g
if there exists a constant C > 0 independent of x such that f(x) < Cg(x). We
write f 2 g if g < f and write f < g if f < g and g = f. Given a sequence
{a,} and a nonnegative sequence {b, }, we write a, ~ b, if lim,_,c a, /b, = 1. We
write a, = O (by) if |a,| < b,. We write a, = o(b,) if lim,_  |a,|/b, = 0. When
{b,} = {1}, we may write o(1) as o,(1) to indicate the dependence on n.

We say that a sequence {¢,} of positive numbers is fast decaying if it decays
faster than every power of n, that is, nke, = 0,(1) for every k > 0. We will write
{en} for fast decaying sequences. As is the convention for constants, the exact value
of {¢,} may change from line to line. We will use implicitly the fact that if {€,} is
fast decaying then so is {€,,} where €, = 3", €m.

2.2. Estimates for simple random walk on Z*. 1In this subsection, we provide
facts about simple random walk in Z*, which will be frequently used in the rest of
the paper. We first recall the following facts about intersections of random walks
in Z* (see [6, 8]).
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PROPOSITION 2.1. There exist 0 < ¢1 < ¢ < 00 such that the following is
true. Suppose S is a simple random walk on 7* starting at 0. Then

c1
<PiS[0,n]NS 1, =0
Tlogn = {S[0,n] N S[n + 1, 00] = &}
&)
<P{S[0.n]NS[n+1,2n] =@} < ,
Vlogn

andif2 <a <n,

1 1
QD a2 <P[S[0,n]N S[n(1 +a"), 00) £ B} < crie
logn logn
Moreover, if S' is an independent simple random walk starting at z € Z*,
1
2.2) P{S[0,n]1 N S'[0, 00) # ) < crm,
logn
where a = max{2, \/n/|z|}.
An important corollary of Proposition 2.1 is that
(2.3) supnE[H (n")] < supnE[H (w,)] < o0,
n n

and hence
exp{~E[H(n")]} = 1 = E[H (/)] + O(n?).
It follows that if ¢,, is defined as in (1.6) and m < n, then

n

(2.4) $n=w[1+0m™ "] T] [1-E[H®@)]]

j=m+1

COROLLARY 2.2. There exists ¢ < 0o such thatifn e N,a>2,0<u <1,
m=myq=(1+a YnandY, o =max;s, H(S;, S[0, nl), then

]P’{Ynaz loga }S c ‘
7 (logm)* ) T (logn)t—"

PROOF. We fix n, «, u and define the stopping time 7 by

i {'> H(S;, S[0,n]) > loga }
T = min m: S ,n]) > .
/= J (logn)"

The strong Markov property of S and the definition of t imply that
P{S[0,n] N S[m, o00) # @ | T < o0}
> P{S[0,n] N S[t,00) # T | T < o0}
=E[P{S[0,n] N S[r,00) # @ | S(7), T < 00}]
logax

=E[H(S(0). $10.n]) | S(2). 7 < 00] = o=
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Therefore, using (2.1),

C
= Qogm— O

P(r < oo} < 108 p
o

P{S[0,n] N S[m, 00) # &} <

LEMMA 2.3. There exists ¢ > 0 such that the following holds for all n € N:

o If ¢ is a positive (discrete) harmonic function on C, and x € C,,_1,

2.5) [log[¢ (x)/¢ (0)]| < clxle™.

e Ifm<n,VCCy_py,and V=V \ Cnem—1,

(2.6) cle™ < P[S[0y,00) N Cpom # D | Fr} < ce™™;
2.7) e H (V) <P{S[0y,00) NV # & | Fy} <ce ™ H(V).
(2.8) Es(V) > P{S[0,0,]NV = @}[1 —ce ™ H(V)].

PROOF. The inequalities (2.5) and (2.6) are standard estimates; see, for ex-
ample, [12], Theorem 6.3.8, Proposition 6.4.2. The Harnack principle [12], Theo-
rem 6.3.9, shows that H(z, V) < H(7/, V) for z,7' € 3C,—_;u+1, and by stopping
at time oy, _,,4-1 we see that

H(V)> min H(z V).

2€0Cy—m+1

This combined with (2.6) and the strong Markov property gives the upper bound
in (2.7). To get the lower bound, one uses the Harnack principle to see that for
72€0Cy_ms1, H(z, V)< H(VT)and H(z, V\ V™) < H(V\ V1), where

VT = Vﬂ{(Z1,...,z4)eZ4:Z1 > 0}.
Finally, (2.8) follows from the upper bound in (2.7) and the strong Markov prop-
erty. [
LEMMA 2.4. Let U, be the event that there exists k > o, with
LE(S[0,k]) N Cotog?n # LE(S[0,00)) N C
Then P(U,) is fast decaying.

n— logzn'

PROOF. By the loop-erasing process, we can see that the event U,, is contained
in the event that either
S[o

n—%logzn’ OO) ne

n—log2 n

#2 or Slo,,00)N Cn—%logzn #*J.

The probability that either of these happens is fast decaying by (2.6). [

The next proposition gives a quantitative estimate on the slowly recurrent nature
of a simple random path in Z*.
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PROPOSITION 2.5. If A(m,n) = S[0, 00) N A(m, n), then the sequences

2

P{H[A(n—l,n)]zlo ”} and P{H(wn)zlog4n}

are fast decaying.

PROOF. For any z € Z*, let % be a simple random walk starting from z inde-
pendent of S. Let Ai = Aj:(n —1,n) =870, j]N A(n — 1,n) for j € NU {oo}.
By the definition of H and Proposition 2.1, there exists a positive constant ¢ such
that for each z with |z| > ¢" !,

E[H (A%)] = P{S[0, 00) N §%[0, 00) N A(n — 1,n) # &} < %

From now on, we assume |z| > ¢"~!. Then by the Markov inequality,

cys <1
2.9) IP{H(AOO) > 2n} =

For each k € N, let 7 = inf{; : H(Aj) > ck/n}. On the event t; < 0o, we have
H(Aik_l) <ck/n and S7 € A(n —1,n). Since

H(AUB) < H(A)+ H(B) forany A, B C Z*
for n sufficiently large, we have
1
H(Ag) < H(AS )+ H(SZ) < c(k + 5)/;1.
Moreover, combined with (2.9) we see that for n sufficiently large,

Plripr <oo|m<oo}< Y P[S=w|nu< oo]]P’[H(A&) > i]
weA(n—1,n) 2n

=

1
> P[S§k=w|rk<oo]=5.

weA(n—1,n)

N =

Therefore, P{ty < oo} < 27K, Setting k = ! log2 n|, we see that the first se-
quence in Proposition 2.5 is fast decaying.

For the second sequence, note that on the event {H (w,) > 10g4n /n}, either
wn & Aln — logzn, n) or there exists a j € [n — logzn, n] such that H[A(j —
1, )] > log2 n/n. We use (2.6) to see that P{w, ¢ A(n — logzn, n)} is fast decay-
ing. U
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2.3. Loop-free times. One of the technical nuisances in the analysis of the
loop-erased walk is that if j < k, it is not necessarily the case that

LE(S[j, k1) = LE(S[0, 00)) N S[j, k1.

However, this is the case for special times which we call loop-free times. We say
that j is a (global) loop-free time if

S[0, j1NS[j 4 1, 00) = @.

Proposition 2.1 shows that the probability that j is loop-free is comparable to
(log j)~'/2. From the definition of chronological loop erasing, we can see the fol-
lowing. If j < k and j, k are loop-free times, then for allm < j <k <mn,

(2.10)  LE(S[m,n]) N S[j, k] = LE(S[0, 00)) N S[j. k] = LE(S[}. k]).

It will be important for us to give upper bounds on the probability that there is
no loop-free time in a certain interval of time. If m < j <k <mn, let I(j, k; m, n)
denote the event that forall j <i <k — 1,

S[m,i]NS[i +1,n] # <.

Proposition 2.1 gives a lower bound on P[] (n, 2n; 0, 3n)],

P[I(n,2n;0,3n)] > P{S[0, n] N S[2n, 3n] # &} < Togn’

The next lemma shows that
(2.11) IP[I(n, 2n; 0, 3n)] = 1/logn

by giving the matching upper bound.
LEMMA 2.6. There exists ¢ < 0o such that P[I (n, 2n; 0, 00)] < c/logn.

PROOF. Let E = E,, denote the complement of I (n, 2n; 0, c0). We need to
show that P(E) > 1 — O(1/logn).
Let k, = |n/(logn)3/*] and let A; = A; , be the event that

A; ={S[n + i — Dky, n+2ik,] 0 S[n + 2iky + 1,7 + 2i + Dk, ] = 2}

and consider the events Ay, Ap,..., Ay where £ = L(logn)3/4/4j. These are ¢
independent events each with probability greater than c(logn)~'/? by Proposi-
tion 2.1. Therefore,

£
1-P(A;U---UAp =[][1 —P(4)] < exp{—0((logn)'/*)} = 0( 13 )
sl log”n
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Let B; = B; , be the event {S[0, n + (2i — 1)k, ] N S[n + 2ik,, c0) = &}. By (2.1)
in Proposition 2.1, P(B;) < cloglogn/logn. Therefore,

£ logl lool
P(B]ﬂ...ﬂBe)E]_w>l_0( oglogn )

logn (logn)l/4
For 1 <i <¢, on the event A; N (B N---N By) the time 2ik, is loop-free, hence
E occurs. Therefore,

(2.12) P(E)=P[(AjU---UA)N(BIN---NBy]|>1— 0( loglogn )

(logn)/*

This is a good estimate, but we need to improve on it.
LetCj, j=1,...,5, denote the independent events (depending on n)

3(j—1)+1} [ 3(j—1)+2] (j— Dn jn)
I(n|l+—=——| n|l : n+=).
("[ RS " nt TSt
By (2.12), we see that P[C;] < o(1/(logn)'/°), and hence

1
P(Clﬂ---ﬂC5)§0< >
logn

Let D = D,, denote the event that at least one of the following ten things happens:

o1 2| asfa(14295 04 ) o, ors

S[O,n(l—l—%)}ﬂS[n(l—}—é),oo);é@, ji=1,...,5.

Each of these events has probability comparable to 1/logn, and hence P(D) =<
1/logn. Also,

I(n,2n;0,00) C(C1N---NCy)UD.
Therefore, P[/ (n,2n;0,00)] <c/logn. O

COROLLARY 2.7.
1. There exists ¢ < oo such thatif 0 < j < j+k <n, then

clog(n/k)

(2.13) PlI(j,j+k;0,n)] <
logn

2. Given0<é<1,letls, = U;’.;(l) I1(j, j+6n;0,n). Then there exists a pos-
itive constant ¢ such that for alln € N and § € (0, 1), we have

- clog(l/é)‘

(2.14) PlIs 0] <
dlogn
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3. There exist ¢ < 00 and a positive integer £ such that the following holds for
all positive integers n. Let I (m, r) denote the event that there is no loop-free point
jwitho, < j <o, andlet k =k, = |logn]. Then

(2.15) P{I(n — tk,n + €k) | Fusex} < c/n.

PROOF.

1. Tt suffices to prove under the assumption that k > n'/2. Note that I(j, j +
k; 0, n) is contained in the union of the following two events:

I, j+k;j—k, j+2k),
{810, j —kIN S[j.n]# @), and {S[0, 1N S[j + k. n] # o).

Since k > n'/2, the probability of the first event is O (1/logn) by Lemma 2.6. By
(2.1), the probabilities of the second two events are O (log(n/k)/logn). This gives
(2.13).

2. By (2.13), P{I (i8n/3, (i + 1)6n/3; 0,n)} = O(log(6~")/logn) for all 0 <
i <[3/6]. Now (2.14) follows from the fact that /5, can be covered by these
1(ién/3, (i +1)dn/3;0,n)’s.

3. We will first consider walks starting at z € dC,—3¢x (With constants inde-
pendent of 7). Let E,, be the event

2 2
E, = {Gn—(k <e” <2 < Ontths S[On—k, 00) N Cp_2r = Q}

Using (1.2) and (2.6), we can choose £ sufficiently large so that P(E,) > 1 —
1/n. On the event E,,, we have f(n —tk,n+Lk) C 1(62”, 2210, 00). Hence, by
Lemma 2.6, we have P[I(n — tk,n + k)] < O(n™ ).

More generally, if we start the random walk at the origin, stop at time o, 3¢k,
and then start again, we can use the result in the previous paragraph. Since
Slon—ek, 00) N Cy—20x = & on the event E,, attachment of the initial part of the
walk up to o, _3¢r will not affect whether a time after o, is loop-free. This
concludes the proof. [J

2.4. Green function estimates. Recall the Green function G(-,-) on Z* and
G, (-, ) defined in Section 1.1. We write G(x) = G(x,0) = G(0,x) and G, (x) =
G, (x,0) =G(0, x). As a standard estimate (see [12]), we have

2 —4
(2.16) G(x):m+0(|x| ). |x| > oo.

Here and throughout, we use the convention that if we say that a function on Z¢ is
O(|x|™") with r > 0, we still imply that it is finite at every point. In other words,
for lattice functions, O(|x|™") really means O(1 A |x|™"). We do not make this
assumption for functions on R? which could blow up at the origin.
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LEMMA 2.8. Forw € Cy,, let
Gaw)= Y G(0,2)Ga(w,2)= Y G(0,2)Gy(w,2).

Z€Z4 ZEC,,

Then

. 8 _ _

G2 (w) = ;[n —log|w|] + O(e™) 4+ O(Jw| 2 log |w]).
In particular, if w € 9C,_1,

" 8
2 —
PROOF. Let f(x)= % log | x| and note that

2
AfG) = o |2+0(|x| N=Gw) +0(x™),

where A denotes the discrete Laplacian. Also, we know that
F) =E"[f(Se,)] = Y Ga(w,2)Af(2)
zeCy

(this holds for any function f). Since " < |S,,| <e" + 1, we have E*[ f(S,,)] =
% + O(e™™). Therefore,

Y Gu(w,2)G(2) = [n—log|w|]+0( ") +e,

zeCyp

where

lel < > Gu(w,20(1z1™*) = Y O(lw —zI7H)0(lzI™).

zeCypy z€eCy

We split the sum on the right-hand side into three pieces:

> o(w—z)o(d ) <cwl Y 0z

lz|<|wl]/2 lz|<|wl|/2
< clw|log |wl,
Yo o(lw—zI)o(lz™) <clwl™ Y o(x7?)
lz—w|<|w]/2 [x|<|w|/2
<clw|™?

If we let C), the the set of z € C,, with |z| > |w|/2 and |z — w| > |w|/2, then

Y o(w-z)o(z2 < Y 0z < clw| ™

zeC, |z|>wl/2 0



3882 G. LAWLER, X. SUN AND W. WU

LEMMA 2.9. Ifl<m<nandxeCy,

G2(x) — G2 (x) = s +0(e" ™)
n n 2 N

PROOF. Set N = ¢". Using the martingale M, = |S;|> — ¢, we see that
(2.18) Y Gulx,w)=N?—[x]* + O(N).
weCy,

By the strong Markov property, for all w € Cp,

min G(z,x) <G(w,x) —G,(w,x) < max G(z,x).
N=<[z|<N+1 N<|z|<N+1

Set § = (1 + |x|)/N. By (2.16), we have
2 _
Gn(x, U)) = G(x, u)) — m[l + 0(€m n)]
Using (2.18), we see that
> Gulx, w)Gu (0, w)

weCy,

— Z G(x,w)—HZLNZ—FO(em_”N_Z)}Gn(O, w)

weCy

2
=0(8)_?+ > Glx, w)Gu (0, w). -
weCy

3. Slowly recurrent set and the subsequential limit. Simple random walk
paths in Z* are “slowly recurrent” sets in the terminology of [8]. In Section 3.1,
we will consider a subcollections &}, of the collection of slowly recurrent sets and
give uniform bounds for escape probabilities for such sets. Then in Section 3.2 we
use these estimates to prove Propositions 1.6 and 1.7. This section does not rely on
notions and results in [8, 9] as we will give a new and self-contained treatment.

3.1. Setsin X,. Givenasubset V C Z* and m € N we write
Vm=VNA@m—1,m), and hy,=hyy=HVy).
Using (2.7), we can see that there exist 0 < ¢ < ¢z < 0o such that

(3.1) cthm < H(z,Viy) <c2hy Vze€Cpro2UA(m+1,m+2).

DEFINITION 3.1. Let X, denote the collection of subsets V of Z* such that
for all integers m > /n,

log®>m
H (Vi) < .
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Note that X} C X» C ---. Also if VcVandV e X, then Ve X, The follow-
ing is an immediate corollary of Proposition 2.5.

PROPOSITION 3.2. P{S[0, co) ¢ X,,} is a fast decaying sequence.

Let E,, denote the event
En=Env= {S[l,am] NV = @}.

Note that P(E,,) = Es(V; m). We will interchangeably use the two notions P(E,,)
and Es(V'; m) throughout this section. We write hm,, (z) for the harmonic measure
of 9C,, for random walk starting at the origin, that is,

hm,, (z) =P{S;, =z} Vze€dCy.
If V. Z* and P(E,,) > 0, we write
hm,, (z; V) =P{S,,, =z | En}.
By the strong Markov property, we have

{S[Um,0m+1]ﬂV7$® Z hmm(z)IP’Z{S[O o’m+l]ﬂv7§@}
z€dCypy
and
P(Eg 1| Em) =P{Slom, oms110V # & | Ep}

= Y hmy(z; VIP{S[0,0m1]1NV # 2},
z€dCpy

(3.2)

PROPOSITION 3.3. There exists ¢ < 0o such that if V € X,, m > n/10, and
P(Em+1 | Em) > 1/2, then P(E;, 5 | Emt1) < clog’n/n.

PROOF. Asin (3.2), we write

P(Eg s | Ens1) =Y hmyqi(z: VIPS[0, 0121 NV # @},

2€3C41

Using P(E,,+1 | Em) > 1/2, we claim that there exists ¢ < oo such that
(3.3) hmy,11(z; V) <chmy,1(z) Vz€0Cpq1.
Indeed, we have

]ID{SU,n+] =2, Em+1}
P(Em+1)

P{S =z, FE
< { Om+1 < m+1} < ZP{SU »
P(Em) "

hmy, 1(z; V) =

=2z | Em}»
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and the Harnack inequality shows that

]P’{ngH =z |En} < sup Pw{sam+| =z} < chmy41(2).
weaCyy,

Therefore, letting rp = P{S[0/n+1, om+2] N Vi # @} for k € N, we have

P(Egsy | Emst) S¢ Y. Myt P (S0, 0mia] NV # 2)

72€3C41
m+2
= cP{Slom+1,om2lNV £} <c¢ Z k.
k=1

By Definition 3.1, the terms ry for k = m, m 4 1, m 4 2 are bounded by
P{S[Um—i—la om2] N (Vi UV 1 U Vi) # @} <HWVuUVyui1UVyi)

2
- clog”n
- n
Since r; < P{S[om+1, 00) N Cx # @}, by (2.6), we have ry < ce?®=™ for k < m.

—l _
Therefore, for A large enough, ZT: | M <enT2.

Form — Alogm <k <m — 1, (2.7) and the definition of A}, imply that

2
ry < ce_z(m_k)H(Vk) < ce2m=k) —loi k.
Summing over k gives the result. [

DEFINITION 3.4. Let /f’n denote the set of V C X, such that P(E,) > 27"/4.

The particular choice of 27"/% in this Definition 3.4 is rather arbitrary but it
is convenient to choose a particular fast decaying sequence. For typical sets in
X, one expects that P(E,) decays as a power in n, so “most” sets in X, with
P(E,) > 0 will also be in X,.

Recall Es(V; n) =P{S[1, 0,,] N V = &}, which is decreasing in n. We state the

next immediate fact as a proposition so that we can refer to it.

PROPOSITION 3.5.  For any r > 0 and any random subset V C 74,
E[Es(V;m); V ¢ X,] <P[V ¢ X,]1+27"/4,
In particular, if P[V ¢ X,,] is fast decaying then so is the left-hand side.

PROPOSITION 3.6. There exists ¢ < oo such that if V € X,, then

clog?n  3n

P(E§+1|Ej)§ ) Ifjfﬂ-
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PROOF. If P(Ejy1 | Em) < 1/2 for all n/4 <m < n/2, then P(E,) < 2~"/*
and V ¢ /'f,’n. Therefore, we must have P(E,,+1 | Ep) > 1/2 for some n/4 <m <
n/2. Now (for n sufficiently large) we can use Proposition 3.3 and induction to
conclude that P(Ex41 | Ex) > 1/2 for m < k < n. The result then follows from
Proposition 3.3. [

2
If we choose ng so large that 01%0"0 <1 —2714 where c is as in Proposi-

tion 3.6, then it follows from Proposition 3.6 that 2\?,, - 2\?,,“ for n > ng. We fix
the smallest such n¢ and set

i= )7

INE:

J 0

Combining Propositions 3.3 and 3.6, and the union bound, we have
klog? 8
(3.4) P(ES, | En) < =2 keN,Ved,
n
PROPOSITION 3.7. There exists ¢ < 0o such thatif V C C,, and V € /'%n, then

clog’n

(3.5) Es[V; n][l - } <Es[V] <Es[V;n].

PROOF. The upper bound is trivial. For the lower bound, we first use the pre-
vious proposition to see that

Es(V;n+1) = Es(V;n)[1 — O(log>n/n)].

Since Es(V) > Es(V;n + 1)(1 — max;eyc
there exists ¢ such that for all z € 90C,41,

H(z,V)), it suffices to show that

n+1

H(z,V) §c10g2n/n.

This can be done by dividing V into V;’s similarly as in the proof of Proposi-
tion 3.3, (see the bound for ZTH rj there). [

The next proposition is the key to the analysis of slowly recurrent sets. It says
that the distribution of the first visit to dC,, given that one has avoided the set V is
very close to the unconditioned distribution. We would not expect this to be true
for recurrent sets that are not slowly recurrent.

PROPOSITION 3.8. There exists ¢ < oo such that if V € X, we have

clog’n

(3.6) hm,(z; V) < hmn(z)[l + ] Vz€09Cy.
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Moreover,
clog’n
(3.7) > [hmy,(2) —hm,(z; V)| < .
z€0Cyy
PROOF. Letk = |logn]. By (3.4), we have
clog’n

(3.8) P(E; | Ent) < — —.

Consider a random walk starting on 0C,,_ with the distribution hm,,_¢(-; V') and
let v denote the distribution of the first visit to dC,,. In other words, v is the distri-
bution of the first visit to dC,, conditioned on the event E,_j. Using (2.5), we see
that for z € 9Cy,,
v(z) =hm, ()[1+ 0 ")].
By (3.8), for each z € 9C,,, we have
IP>(En—k)
P(En)

v(z) log’n
E1—1P><E,5|En_k>fhm”(Z)[HO( " )}

hm, (z; V) =]P>{Sa,, =z|Ep} < ]P){Sa,, =z | Epi}

Since hm,, (-) and hm,, (-; V') are probability measures on dC,,, we have

> [hmy,(z) —hm,(z; V)| =2 ) [hm,(z: V) —hm, (2)],

z€dCy z€dCy
3 3
clog’n clog’n
< > hm,(z) < .
n z7€0Cyp n 0

3.2. Along a subsequence. In this section, we prove Propositions 1.6 and 1.7
via the estimates proved for sets in X'. For V € & 4, let

4 4
Vi=VvVn {e("_l) HO=D < 7] < " _4"}.

PROPOSITION 3.9.  There exists ¢ < 0o such that if V € é\?n4,

2

PROOF. Let 1, =inf{j:S; ¢ C,4} and recall E, and hm,(z; V). We observe
that (Es(V; n) —Es(V; (n + 1)*))/Es(V; n*) is bounded by

P{S[ty, Tus1] N V') # D | Epa} 4+ P{S[t, Tas 1 10 (V\ V.5, ) # D | Epal).



4D LERW 3887
To bound the first term, we have
[B{S[tn, twr11 N Vg # D | Egs} = P{S[ta, ta11 NV, # 2]
< D |hmya(z V) = hmys @[PS0, tas11 N Vi # 2)

zeacn4
1 3
2 sup PRSI0, Ty 11N VY, # O
n 2€dC 4
c10g3n
= P{S[tn, Tar11 NV, # @},

where the three inequalities are due to the strong Markov property, (3.6) and Har-
nack inequality respectively.

Using (2.5), we have P{S[t,, t,+1] NV, n+1 #* )= H(V +1)[1 + 0(e~*)].
Hence, it suffices to prove that

loo2
P{S[tn, Tas11N (V' \ n*+1)7é®|E”4}:0<0g n)’

n3

which by the strong Markov property and (3.6), can be further reduced to showing
that

1 2
IP){S[Tnv Typr1] N (V\ n*-I—l) # @} = 0( Og%n)'

n-

Note that V' \ V| is contained in the union of C,4_4, and O (n) sets of the form
V,, with m > n* — 4n. By Definition 3.1 and the union bound,

4_4p SR log’n
H((VA\ Vi) nfe” ™ <z| < etV }>=0< 53 )

By Lemma 2.3, P{S[t,, ty+1]1 N Ca_y, # 9} = O(e%"). This concludes the
proof. [

COROLLARY 3.10. IfV € X4, m >n,and m* <k < (m 4+ 1)*, then

Es(V;k):Es(V;n exp{ Z H(V }|:1+0(10i4n>:|.

j=n+1

PROOF. By Proposition 3.9, if m > n we have

P(E, )

_r . log? j
P, 1] - a0

=n+1
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By Definition 3.1 and the union bound, we have H (VJ-*) = O(log? j/j). Hence,

P(E,4) _ ﬁ |:e_H(ijk)+0<10g4j>]
PCE) o J?

_ [1 + o(lof:”)} expi—jél H(v;)}.

On the other hand, (3.4) implies that P(Ey) = P(E,4)[1 — 0(10g2 m/m)] for m* <
k < (m + 1)*. This concludes the proof. [

Now we apply our theory to LERW. Recall the setup in Section 1.2.

PROOF OF PROPOSITION 1.6. Let k = [log?n]. We will show the stronger
result that

(3.9) pn =E[Es(T))" ] = pui[1 + O(log*n/n)],

ad similarly for p;1.
By Proposition 2.1, E[Es(I",,)] > O(n~'?). On the other hand, Es([",) < 1.
Therefore, p, decays polynomially. By Proposition 3.5,

(3.10) E[Es(I',)"] =E[Es(Fn)r1Fn€)gn](1 +€n),
where ¢, is fast decaying. By (3.5), we have
(3.11) E[Es(T,)"] =E[Es(Ty; n)"][1 + O(log>n/n)].
By Lemma 2.4, except for an event of fast decaying probability,
(3.12) rnC,_xCcr,cyv,
where V := (I' N C,—x) U [S[0, 00) \ Cp,—¢]. If (3.12) occurs, then we have
Es[[';n —k]=Es[V;n —k]>Es[[",;n] >Es[[",;;n + k] > Es[V;n+k].
By (3.4), we have
E[Es[V;n+k]";V € /f’n_k]
=E[Es[V;n —kI"; V € X,—«][1 — O(log*n/n)].

Since E[Es[V; n 4 k]"] decays like a power of n, by Proposition 3.5,

E[Es[V;n +k]"] = E[Es[V;n — k]"][1 — O(log* n/n)].
Now (3.9) follows from (3.11) and

E[Es(Ty;n) ] = E[Es[V;n +k]"] = pu—i[1 — O(log* n/n)].

A similar argument gives p,41 = pn—i[l — O(log4n/n)]. Il
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A useful corollary of the proof is
(3.13) E[Es(T'; n)"] = pu[1 + O(log*n/n)].
PROOF OF PROPOSITION 1.7. Let Q, = Es[I"; n*] and
TF=TNA(n—D*+40n —1),n* —4n).

Then, by Proposition 3.9, if I" € 2\?,,4, we have

Qui1 = Qn[l — H(TS,) + o(l"gz”)].

n3

Applying Proposition 3.5 to V =T, we have

(0] 27’1
B[Q5,] = B[O}t — r (T )]+ Elef]o (57,

Recall 7(-, -) in (2.15). We see that IP’{I“:+1 * fn+1 | F,4} is bounded by
P{T[n* +n,n* +4n] | F,4)
+P{I[(n+ D*—4@m+ 1), 4+ D* — a4+ D] | Fu),
which by (2.15) is further bounded by O (n ~4). Therefore,

E[Q,|H(Ty, ) — HTWw)[] < 0(n E[Q}].

Hence,

log2n>
n3 )

G149 B[] =E[Q)[1 - rHE,]]+ B[00
Using (2.5) in Lemma 2.3, we can see that

(15) E[H(Fy1) | Fye] = E[H )]+ ole™")] = g [1 +0(e™")]
Let g, := p,+. Combining (3.13), (3.14) and (3.15), we get

~ log?n
Qn+1:q”|:1_rhn+1+0( ,,ng )i|

= gexpt—rnl1+0(=)].

where the last inequality uses 1,41 = O(n~"). In particular, if m > n,

dm =qn[1 + 0<%>}exp{—rj§:;rlﬁj}

from which Proposition 1.7 follows. [
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By Proposition 1.6, we see that
Ppm = pp[1+ 0(log*n/n)] ifn* <m<@n+ D

Combined with Proposition 1.7, we immediately get the following.

COROLLARY 3.11. There exists co < o0 such that as m — 00,

lm'/%)

log*m
Pm:[co—i-O(%)}exp{—r Z hj}.

j=1

4. From the subsequential limit to the full limit. In this section, we prove
Propositions 1.8 and 1.9. The proof of Proposition 1.8 is the technical bulk of
this section, which will be given in Section 4.2. Let us first conclude the proof of
Proposition 1.9 assuming Proposition 1.8.

PROOF OF PROPOSITION 1.9. Given Proposition 1.8, the s = 0 case follows
from Corollary 3.11. For the general case, recall that 1 < G, < 8 and G, con-
verge to G almost surely. Moreover, Lemma 2.4 implies that there exists a fast
decaying sequence {€,} such that if m > n, P{|G, — G,,| > €,} < €,. Therefore,
El¢," Z,G,°1 —El¢, " Z,GJ]1is fast decaying and

[E(¢," 2,G5) —E(," Z,G5)| < c[B(g," Z) — E(o," Z,,)]-

Take m — oo, we see that the s # 0 case follows from the s =0 case. [

4.1. Harmonic measure of the range of SRW. We start by proving two esti-
mates for the harmonic measure of the range of random walk.

LEMMA 4.1. Let

o =0, — |n71/4e™ ], o =0, + |n74e? ],

W=Tn4n¥ Sy =s[0.07).  SF=S[or.on]

n

R, = max H(x,S]) + max H(y,S,).
xeSy yesi

Then, for all n sufficiently large,
4.1) P{R, >n~"/%} <n™1/3,

Our proof will actually give a stronger estimate, but (4.1) is all that we need and
makes for a somewhat cleaner statement.

PROOF OF LEMMA 4.1. Let m = n + [logn]. Recall from (1.2) that there
exists co < oo such that

Plo, > coe’" logn} < n~! and Plom > coe’n? logn} < n L.
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Let V=V, = S[o,}, oml,
R, =max H(x,V)+maxH(y,S,),

xeS, yev
R'=max H(x,S\V)+ max H(y,S,),
xeSy yeS\V

and note that R, < I?,, + R. We claim that for n sufficiently large,
(4.2) P{R: >n"1%2) < O(n71).

To see this, let £ = |n + [(logn)/2]], and let U denote the event U = {(S,Jlr \
V)N Cy=2)}. By (2.6), P(U) > 1 — O(n~'), and on the event U we have S, C
Cn C C¢ C (S;F\ V)°. Therefore, on the event U N {S[0, 00) € X, }, for y € S,
x € S\ V, we have the following two bounds:

H(y, S\ V) <cH(S[0,00)NA(n+1,n +n4/5)) < cn_l/slogzn;
H(x,S,)<H(x,Cy) <c/n.

This gives (4.2).

Let N = N, = [coe?*logn], M = M, = [coe**n*logn] and k = k, =
|n~1/4¢" /4|. For each integer 0 < j < N/(k + 1), let E; = E; , be event that
at least one of the following holds:

. logn

4.3) Jmax H (S, S[G + Dk M) =~ F
logn

4.4 H(S:, S[0, jk]) > — .
@ (+Dk=i < (5:. 810, 7K 2 7 i

Then for large enough n, we have {Ién >p~1/3, Jk<o,<(j+ 1k} CE]j.

Recall the notion Y, , in Corollary 2.2. For fixed j, using the reversibility of
simple random walk, the probabilities of both the event in (4.3) and in (4.4) are
bounded by P[Yy n/k > n~Y*logn] = O(n=3/%). Therefore, P(E;) < O(n=3/%),
and hence

~ _ _ N _ logn
PR, =0~ =00 + L 06 =0 TEy ).

Combining this with (4.2) gives the proof. [

The next lemma will use the notion of capacity cap(V) for a subset V C Z*. We
will not review the definition but only recall three key facts:

4.5) cap(VU V') <cap(V)+cap(V'), V,V'C 73
(4.6) cap({z+v:veV))=cap(V), Vcz*zeZ*
4.7) cap(V) < |z]*H(z, V), V CCu,2¢ Cpyi.
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See [12], Section 6.5, in particular, Proposition 6.5.1, for definitions and properties.
Combining these with the estimates for hitting probabilities, we have

E[cap(S[0, n*])] =< n*/logn.
By Markov inequality, there exists § > 0 such that

2

n
4.8 P cap(S[0, n?]) > }<5.
@8 fean(s[0.n%) = 1} <
By iterating (4.8) and using the strong Markov property and subadditivity as in the
proof of Proposition 2.5, we see that there exists ¢, 8 such that for all n and all
a >0,
2

(4.9) ]P’{cap(S[O, n?)) > —

> } <ce Pe,
logn

LEMMA 4.2. Forall j,m € N, let L[j, m] = cap(S[j, j +m]). For k,n € N,
let L(n; k) =max <, L[], k]. Then for every u < oo

(4.10) P{L(n"e*"; n=1/4e2") > 2n= 11021} s fast decaying.

PROOF. Let k = [n~1/4¢*"]. Let U denote the event in (4.10). By the subad-
ditivity of capacity (4.5) and the union bound, we have

nu+l
U c |J{Llik k] =n" 1171021},
i=1
By (4.6), the events in the union are identically distributed. Therefore,
2n
P(U) < n*+H'PLL[0; k] = n¥205
nl/4n
which is fast decaying by (4.9). [

4.2. Proof of Proposition 1.8. The strategy is to find a u > 0, and for each n a
random set U = U (n) C Z* that can be written as a disjoint union

4.11) uv= J U

j=n=1)4+1
such that the following four conditions hold where:
4.12) U CTy;

@13)  U;cy/, j=m—-1D*+1,...n%
@.14)  EHT\OD]+ Y EH®G® \U)]<0n ),

(n—14<j<n*

(4.15) max max H(x,U\U;) <n".

(n—D4<j<ntxel;
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We will first show that finding such a set gives the result. Taking expectations and
using (4.12)—(4.14), we get

E[H([,)] = 0~ +E[H(U)];

Y EHUp]=0n"")+ 3 E[H(n')].

(n—1)*<j=<n* (n—1*<j=<n*

Let S be a simple random walk (independent of U) starting at the origin and let
J, be the number of integers j with (n — D?* < Jj < n* and such that S[O, oo) N
Uj # . Let P and IE be the probability and expectation over S with U fixed. Since
the U; are disjoint, (4.15) and the strong Markov property imply for k > 1,

P{Jy>k+1]J, >k} <n"

Therefore, I~E[J 1< If”[] >1][1+0®m™)].
Since E[J,] = Yn—1y<j<nt H(Uj) and H(U) = P[J, > 1], we have

HU)=[1-0(nr™)] >  HU).

(n—1)*<j<n

Taking expectations over U and using E[[,] < O(n~"), we get

EHU)] - Y E[H(Uj)]‘sO(n_l_“).

(n—1)4<j<n

Therefore it remains to find the sets U and U;’s satistying (4.12)—(4.15).
Let o =0,k [j” 1/4¢2/ | as in Lemma 4.1 and wj=Slo J+ 120 1. We will
let U be deﬁned asin (4.11), where U; = 77/ N @; unless one of the following six

events occurs in which case we set U; = & (we assume (n — D* < j< n*):

Ifj<(m—1*+8norj>n*—8n.
If H(wj) > j~'log?j.
Ifa)j N Cj—8]ogn #+ 0.
If H(w; \ &) > jimu,
If it is not true that there exist loop-free points in both [o;_1, a _;] and
[O'j ,0j].
6. If sup,cq, H(x, S[0,0,4]1\ ;) > j~ 176,

We need to show that (4.12)—(4.15) hold for some u > 0.

Throughout this proof, we assume n is large enough. The definition of U; im-
mediately implies (4.13). Combining Conditions 1 and 3, we see that U; C A((n —
1)4 + 6n,n* — 6n). Moreover, if there exists loop-free points in [0 _1, aJ?L_l] and

Pk » -

[crj_, o], then n, N@; =n; N@;. Therefore, the U; are disjoint and (4.12) holds.
Also, condition 6 immediately yields that (4.15) holds for u < 1/6.
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In order to establish (4.14), we first note that
(T, U p=DHHLy Ly n”4) \uvc |J v,
(n—1y4<j<n*
where
- Joj iftU; =0,
I wj\ @] iijznjﬂd)j.

Hence, it suffices to find 0 < u < 1/3 such that
> (B[H(w)); Uj=2]+E[H(w; \&)]) <cn™ 7"
(n—1y4<j<n*
To estimate E[H (w; \ @;)], we use (4.7), and Lemma 4.2 to see that except for an
event of fast decaying probability
(4.16) H(wj\@;) < 0(j~"""),

and hence E[H (w; \ ®;)] < O(j_“/lo) and
Z E[H(a)j\cbj)]gc Z j—11/1o§cn_%.

(n—1)*<j<n* (n—1)*<j<n*

Fori=1,2,3,4,5,6,let E ; be the event that the ith condition in the definition
of U; holds but none of the previous ones hold. Since {U; = @} = EJ1 u..-u EJ6., to
estimate E[H (w;); U; = @], we just need to estimate Z(n_1)4 +E[H (w)); E;]
case by case:

<j<n

1. Since E[H (w;)] < j~! for each j, we have

.l -3
Y. E[H(p:Ej]=0(n").
(n—D*<j<n
2. By Proposition 2.5, P{H (w;) > j~'log? j} is fast decaying in j. This takes
care of 3,1y j<ys ELH (0)); E7].
In the event E? Uu---u E?, we have H(w;) < j~'1og? j. Hence,

log? j

J
In particular, it suffices to prove that there exists # > 0 such that

P(E}) < j™ fori=3,4,56and (n— D*+8n < j <n*—8n.

E[H(wj); E}U---UES] < P(E;U---UES).

3. (2.6) in Lemma 2.3 gives P(E?}) < P{w; N Cj_1ogj # 2} < O(j 7).
4. The bound on ]P’(E;!) is already done in (4.16).
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5. Let I =I5 , be as in (2.14) substituting in n = ezjjl/16 and § = j_7/16 SO
that én = ezjj_3/8. Using (2.14), we have P(1) = 0(j_1/4). Note that the event
that there is no loop-free time in either [0 1, aj+_ 1] or [o*j_, 0] is contained in the
union of / and the two events

{oj41 > ¢ jV18) and  [S[e? j1/1% 00) N S[0, 0,411 # 2}
The probability of the first event is fast decaying by (1.2) and the probability of the

second is o(1/j) by (2.1). Hence P(E?) = o(j~'/%).
6. By Lemma 4.1, for large enough n, we have ]P’(Ej-’) < j71.

5. Exact relation. In this section, we first prove the elementary lemma
promised at the end of Section 1.2. Then we give the asymptotics of the long-range
intersection probability of SRW and LERW in terms of éﬁ defined in Section 2.4,
which concludes our proof of Theorem 1.5.

5.1. A lemma about a sequence.

LEMMA 5.1. Suppose B > 0, p1, p2, ... is a sequence of positive numbers
with ppy1/pn — 1, and

n
nliggo[logpn +B) pj}

j=l1

exists and is finite. Then
i npa =178

PROOF. It suffices to prove the result for § = 1, for otherwise we can consider
Pn = Bpn. Let

n
a, =logp, + ij.
j=1

The hypothesis implies that {a,} is a Cauchy sequence.
We first claim that for every § > 0, there exists N5 > 0 such that if n > N5 and
pn = (1 + 2¢)/n with € > §, then there does not exist r > n with

1
ka%, k=n,...,r—1,

14 3e

Pr = .
r
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Indeed, suppose these inequalities hold for some n, r. Then

—log(r/n),

log(py/py) > 1 14 3e
(0] (0]
g(Pr/Pn) = g1—|-26

Y pj=logr/n)— O™,
j=n+1

and hence for n sufficiently large,

1 143 1 1+36
ar—an = Hlog oz sl oy
Since a,, is a Cauchy sequence, this cannot be true for large 7.
We next claim that for every é > 0, there exists N5 > 0 such that if n > N5 and
pn = (1 4+ 2€)/n with € > §, then there exists r such that

l—i-e< 14 3¢
< 9
K SPRT T

5.1

1+e¢
Pr < .

To see this, we consider the first » such that p, < lri By the previous claim, if

such an r exists, then (5.1) holds for n large enough. If no such r exists, then by
the argument above for all r > n,

ar —ay > log

<14 1+e)0(n~!
1+2€—|—5 og(r/n) —(1+e€)0(n™").

Since the right-hand side goes to infinity as r — o0, this contradicts the fact that
ay 1s a Cauchy sequence.

By iterating the last assertion, we can see that for every § > 0, there exists
Ns > 0 such that if n > N5 and p, = (1 + 2¢)/n with € > §, then there exists
r > n such that

pr<l+26, and pk§1+36, k=n,...,r—1.
r k
Let s be the first index greater than r (if it exists) such that either
1 1426
Pk = X or pi= -

Using pn+1/pn — 1, we can see, perhaps by choosing a larger N if necessary,
that
1—-6 1+46
—— =PDs= .

k k
If ps > (1 428)/k, then we can iterate this argument with € < 2§ to see that

limsupnp, <1+ 66.

n—oo

The liminf can be done similarly. [
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5.2. Long range intersection. Let S, W be simple random walks with cor-
responding stopping times o,. We will assume that So = w, Wy = 0. Let n =
LE(S[O0, 0,,]). Note that we are stopping the random walk § at time o,, but we are
allowing the random walk W to run for infinite time.

PROPOSITION 5.2. There exists a < 0o such thatifn~' <e™|w|<1—n""!,
then

N R log“n
llog P{W [0, 00] N 1 @} — log[ G2 (w) pn]| < i .

In particular,

E[H(n")] = ifz" [1 + 0<1°g: ")]

Throughout this section, let 6, denote an error term that decays at least as fast
as log¥n/n for some « (with the implicit uniformity of the estimate over all
n~! <e™w| <1—n""). 6, may vary line by line. Then the second assertion
in Proposition 5.2 follows immediately from the first and (2.17). We can write the
conclusion of the proposition as

P{W[0, 00l N7y # @} = Gy (w) pull + 6.

Note that G2(w) > ¢/n if |w| < ¢"(1 —n~1), and hence G2 (w) p, < c/n>.

We start by giving the sketch of the proof which is fairly straightforward. In the
event {W[0, co] N n # @}, there are typically many points in W[0, co] N n. We
focus on a particular one. This is analogous to the situation when one is studying
the probability that a random walk visits a set. In the latter case, one usually focuses
on the first or last visit. In our case with two paths, the notions of “first” and “last”
are a little ambiguous so we have to take some care. We will consider the first point
on 7 that is visited by W and then focus on the last visit by W to this first point
on 1.

To be precise, we write

n=1Imo,...Mml,
i =min{r: n; € W[0, 00)},
p=max{t >0:S5; =n;},
A =max{r: W, = n;}.
Then the event {p = j; A =k; S, = W, = z} is the event that:

I j<on, Sj =2z, W=z,
II: LE(S[O, jDN(S[j+1,0,]UW[0,k]UW[k+1,00)) ={z},
IL: z¢S[j+1,0,]UW[k+ 1, 00).
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Viewing the picture at z, we see that P{II and III} ~ p,. Using the slowly recurrent
nature of the random walk paths, we expect that as long as z is not too close to 0,
w, or dCy, then I is almost independent of (II and III). This then gives

Plp=jir=k; S, =Wy =z} ~P{S; = Wy =2} pp,
and summing over j, k, z gives
P{W[0, oo]ﬂn;ég}“'ﬁnéﬁ(w).

The following proof makes this reasoning precise.

PROOF OF PROPOSITION 5.2. Let V be the event
V= {w ¢ S[1,0,],0¢ W[1, oo)}.

Using P[0 ¢ W1, 00)] =P¥[w ¢ S[1, 00)] = G (O, 0)~!, we can see that |P(V) —
G(0,0)72] is fast decaying if n ! <e™|w| <1 —n"!. Let t = max{j : W; =0}.
Then P{t > alogzn} and P{S[0, co) N Clogzn =#+ &} are fast decaying, and hence so
is

|]P’{W[0, oo]lNn#9| V} — IP’{W[O, oo]lNn# ®}|
Therefore, it suffices to show that

G2(w) .
(5.2) P[V N {WIo, m]mn¢@}]=c;(’64%);2pn[1+en].

Let E(j, k, z), E, be the events

o0
E(k,2)=VNip=jir=kS,=Wi=z2, E.= |J E(.k2).
j k=0

Then P[V N{W[0,00]Nn# S} =3 _.cc, P(E;). Let
C,=C),={z€Cp:lzl=zn"te" [z—w|=n""e", z] < (1 —n"*)e"}.
We can use the easy estimate P(E;) < G,(w, 2)G (0, 7) to see that

Y P(E,)<0(n™%),

zeC,\C,

so it suffices to estimate P(E;) for z € Cj,.

We will translate so that z is the origin and will reverse the paths S[0, p] and
W0, A]. Let ', ..., w* be four independent simple random walks starting at the
origin and let x = w — z, y = —z. Let [’ denote the smallest index / such that
Ia)f — y| > ¢". Using the fact that reverse loop-erasing has the same distribution as
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forward loop-erasing, we see that P[E(j, k, z)] can be given as the probability of
the following event:

(@*[1,7]U %1, 00)) NLE(0'[0, j]) = @
@?[0, k] NLE(o'[0, j]) = {0},
j<tl, ol(D=x, x¢o'l0,j-1].
’k)=y, ygo’[0.k—1],

where we translate the time reversal of S[0, j], the time reversal of W|0, k], the
path W[k, o0) and S[j, o0) into w1, w2, w3, w4, respectively. Note that z € C/
implies

n~le" <yl |Ix = yl, x| < e"[1 —n_l].

We now rewrite this. We fix x, y and let C;) = v+ C,. Let wl w2 w3, w?
be independent random walks starting at the origin and let

T3 =00, and TizTrfzmin{j:W;:géC,Z} fori =1 and 4;

1

t! =min{m: W) =x}, and ©°

= min{m : W2 = y};

[ =0, =LE(W!'[0,z']).
We also override the notation S to denote an simple random walk on Z* starting
from 0. Let E be the event

TN (W2, ?]nW3[1, T3])=2 and [ nWwW*o, 7% ={0}.
Then P{E, ! < T', % < 00} equals P{V N W[0, c0) N 5} in (5.2). Note that
Gu(w, Gu(w, _

n(w, 2) _ n(w, 2) + 0(6 n)’

G(0.y) _G(0,2)
G(y,y) G(0,0)
Therefore, in order to prove (5.2), it suffices to prove that
(5.3) phx,y)=PlE|t! < T % <00} = pull +6,].

We write Q for the distribution of Wi, Wy, W3, W4 under the conditioning
{‘E <T' 7?2 < oo} in (5.3). Then consider two events E;, E, as follows. Let
W= W2[1 2]U W31, T31U W40, T#] and let Eo, E1, E, be the events

Eo={0¢ W2[1,2]U W31, T3]},

]P’{‘L’l < Tl} =

IP’{r2 <oo} =

Ey=Eyn{WnInC, s, =10},

E,=E N{WNO, =0},
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where ®, = W10, 711N A(n — log3 n,2n). Since Q-almost surely

PNC, 10, CT COUTNC, j03,)-

We have

O(E2) < py(x,y) < Q(EY).
Now to prove (5.3). it suffices to show
(5.4) Q(E1) = pnll + 6,1,
(5.5) Q(E1\ E2) <n”'6,.
For each z € Z* let

$x(2) = Px n(2) = ]P’Z{‘L’l <T}} and dy(2) = ]P’Z{‘r2 < 00}.

Therefore, for any path o = [0, ol .. oM with0, 0!, ..., 0" Y eC) \ {x},
Gy (™)

(5.6) o{[Wg,....Wll=w) =P{[S, ..., Snl =0} —".
¢x(0)

Similarly, if o = [0, w!, ..., @] is a path with y ¢ {0, w!, ..., @" "'}, then
¢y (™)

2 271 _ —
O{[W. . Wil =} =P{(S0. ... Sl =0} 50

Let ¢ € {x, y}. By (2.5), there exists a fast decaying sequence €, such that

(57) d){ (z) = (P{ (O)[] —+ O(en)] if |Z| < ene—logzn‘

This implies that W?, S (i = 1, 2) can be coupled on the same probability space
such that, except on an event of probability O (e,),

rnc = LE(S[0,00)) N C

n—10g3n n—10g3n‘

Therefore, Q(E1) — py_iogn3n 18 fast decaying and hence (5.4) follows from
Proposition 1.6.
To prove (5.5), consider the following events whose union covers Ep \ E>:

FP=En|{W[1,72]ne, £}, F=En{W1,T°]ne,+2)},
F*=E n{w*1,T*] N0, #2).
We are now going to prove Q(F') <n~16, for i =2, 3, 4, thus proving (5.5).

By Proposition 2.5, we can find a fast decaying sequence §, such that

1 2
IP’{H(S[O, 00) N A —1,n)) > ﬂ} < sl00,
n
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Let p = p, = min{j : IWJ-1 — x| < €"8,}. Using the strong Markov property of W!
under Q, we can find a constant « > 0 such that

o({w'lp. o'l ¢ {lz —xl < e"Vau}} = O(55).
n~!, we know that

H({lz — x| < e"V/8,)) <n’5,.

By the strong Markov property, for all w € C; with lw — x| > e"\/6y,
¢(0)/p(w) ZP[p, < T'] =6,

Since |x| >e™"

Using (5.6), we have

2 100
log n}< 06, ™) —{—0(82’),

1 1
(5.8) Q{H(W [0, ]NA(n—1,n)) > = Plo, <T1]

which is fast decaying. Therefore, o[wl'o, t' ¢ &, ] is fast decaying. Let
(5.9) R, =H(W!'0,z'1NnA(n —2log*n, n +1)).

Let o = inf{m : Wn31 ¢ Cn—log3n} and E = {W3[1,0]N [= @}. Let Q be the prob-
ability measure conditioning on W', W2, W*. Then

O[F 1< Q(E) Y 0ISy=zI|EIQ[W[o.T’INnI=0| W] =z].
zedC 3

n—log” n
On the event I € /?nilog_% ,» Dy Proposition 3.8, there exists ¢ < 0o such that
Y QW) =z|E]Q[W o, T’ INT # 2| W) =¢]

2 eaCn—logg’ n

<cQ[W3[o, T NT # 2]
<c(H(TNA(n—2log’n,n + 1)) + QIW [0, 00) N C, _, 53, # 2))

SC(Rn+Q[W3[O‘, oco)NC #Q])SCRn+O(e_1°g3”)_

n—2log>n
Note that Es(f‘) < 2—(1=log*m/4 yhen [ ¢ X,,. Moreover, Q[f‘n ¢ X,] is fast de-
caying. Applying the union bound to (5.8), we have Q[R, > log’ n/n] is fast de-
caying. Averaging over W!, W2, W#, we have

Q(F%) < O(log"n/n) Q(E1) + €,

where ¢, is fast decaying. This gives Q(F 3) < n~19, for some 6,. The same ar-
gument shows Q(F*) <n~16,

We still need a similar result to conclude Q(F?) < n~'6,. By (5.7), we can
couple an usual simple random walk S with W? (under the Q-probability) such
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that S and W2 agree until inf{m : S,, ¢ C

caying probability. The same argument as above reduces proving Q(F?) <n~'6,
to showing that there exists 6, such that except for an event of fast decaying Q-
probability,

(W0, 72N (TN A —2log’n,n+1) £ 2| '} <6,

which follows from a similar argument for the bound for Q[R,, > log7 n/n] above.
O

n—log3n} €xcept for an event of fast de-

As explained in Section 1.2, combined with Lemma 5.1, we conclude the proof
of Theorem 1.5. Inserting p,, ~ 72 /24 back to Proposition 5.2, we get the follow-

ing.

COROLLARY 5.3. Ifn_1 <eMw|=<1 —n~Y then

242
eG4 (w)
P{wWI[oO, N g~ —"1=
{W[0,00) N1 # 2} i
More precisely,
lim max |24nP{W[0, 00) N # @} — 712G (w)| = 0.

=00 y—l<e=n|yw|<l—n~!

By a very similar proof, one can show the following variant of Proposition 5.2
that implies Theorem 1.3.

PROPOSITION 5.4. In the setting of Theorem 1.3, there exists o < 00 such
that ifn_1 <e Mw|=<1-— n~!, then

log B{W[0, 0] NLE(S10, 03]) # &) ~ log[ G2 w) ]| = e 2"

6. Two-sided loop-erased random walk. We start by completing the proof of
Theorem 1.1. Let Z,, = Es(I"; n). We first note that the limit lim;,— oo nl/3 Zn exists
almost surely. We only need consider I' € X" since otherwise the limit is 0 almost
surely. In this case, existence is established by Corollary 3.10, Proposition 1.8 and
the fact that 3nh, ~ 1. Recall (3.13). We have

E[Z;] =E[Z,][1+ O(log*n/n)].
Since for each r, E[n'/3 er;] is uniformly bounded, we also get the limit in L? for
each p > 0. We then get Theorem 1.1 using (1.2).

If n is an infinite (one-sided) path starting at the origin, and W is a simple
random walk with stopping times anW =inf{W; ¢ C,}, we define

8406 = Jim B (W[0,0"] Ny = ],

1
Véy=72 2 ¢

lyl=1
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We let K denote the set of infinite self-avoiding paths starting at the origin such
that the limit above exists and is finite for all x € Z* and let K be the set of such
n with V¢, > 0. We can restate Theorem 1.1 as follows: if n = LE(S[0, c0)), then
with probability one, € K and with positive probability n € K*. Moreover, V¢,
isin L? for all p.

We can now construct the two-sided loop-erased random walk in Z*. This is a
measure on doubly-infinite self-avoiding paths

w=[ w2 01,00, -]
with wg = 0. Each w can be described in terms of the sequence of one-sided paths
77]=[wjawj—1aa)j—27"']_wjv JGN,

where 1/ is obtained from 7/ by choosing |x| = 1, attaching x to the beginning
of n/, and translating by —x. The transition probabilities for the chain are specified
by saying that if 7/ = 5, then x is chosen with probability ¢y (x)/Vey,. We choose
n° = n = LE(S[0, 00)) tilting by V¢, /E[V,].

We give another definition. Suppose

n=I[Mm-k,n—k-1,--..mj-1,1njl
is a (finite) self-avoiding walk in Z*. Let S, W be independent random walk start-
ing at z = n_¢, w = n;, respectively, with corresponding stopping times ans , onW,

respectively, and let E, be the event

S[l,af]ﬂn:@, W[l,anW]ﬂn=®,
(6.1)
LE(S[1,0.])nW[l,0)] = 2.
We define
(6.2) Es(n) = lim_ n'PPEYE,].

It follows from our theorems that the limit exists. Moreover (see [12], Chapter 9),
the limit would be the same if condition (6.1) in the event E,, is replaced by
S[1,0 ] NLE(W[1,0)]) = 2.
From this, we see that Es(#) is translation invariant and also invariant under path
reversal. The probability that the two-sided loop-erased walk produces 7 is
g—(+h p ES()
TEs(0)
Here Es(0) is the quantity where 7 is the trivial walk [0] and F;, is a loop term that
can be given in several ways, for example,

J
F,= l_[ G, (mi, i),
i=—k

where A; = Z*\ {n_x, ..., ni_1}. Although not immediately obvious, this quantity
depends only on the set {_¢, ..., n;} and not on the ordering of the points.
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e For d > 5, it was constructed in [5], where one can define ¢, by
P{W[0, c0) Ny = &}.

In this case, the marginal distribution on the past or future of the path is abso-
lutely continuous with respect to the one-sided measure with a bounded Radon—
Nikodym derivative.

e For d =4, itis absolutely continuous with an L”, but not a uniformly bounded,
derivative.

e In[11], the two-sided walk is constructed for d = 2, 3 using (6.2) replacing n'/3
with a sequence a,,. (The proof there also works for d > 3 but does not give as
strong a result as above.) If d = 2, it is known that a, = e3/4 works; for d = 3,
it is expected that we can choose a,, = " for an appropriate 8 but this has not
been proven.

7. Gaussian limits for the spin field. In this section, we start by reviewing
some known facts of UST and random walk Green’s function, then proving Theo-
rem 1.11 by applying main estimates of LERW.

7.1. Uniform spanning trees. Here we review some facts about the uniform
spanning forest (i.e., wired spanning trees) on finite subsets of Z¢ on Z¢. Most of
the facts extend to general graphs as well. For more details, see [12], Chapter 9.

Given a finite subset A C Z¢, the uniform wired spanning tree in A is a subgraph
of the graph A U {0 A}, choosing uniformly random among all spanning trees of
A U {0A}. (A spanning tree 7 is a subgraph such that any two vertices in 7 are
connected by a unique simple path in 7.) We define the uniform spanning forest
(USF) on A to be the uniform wired spanning tree restricted to the edges in A. One
can also consider the uniform spanning forest on all of Z¢ [2, 14], but we will not
need this construction.

The uniform wired spanning tree, and hence the USF, on A can be generated by
Wilson’s algorithm [16] which we recall here:

e Order the elements of A = {x, ..., x¢}.

e Start an SRW at x| and stop it when in reaches d A giving a nearest neighbor
path w. Erase the loops chronologically to produce n = LE(w). Add all the
edges of 1 to the tree which now gives a tree 71 on a subset of A U {dA} that
includes 0A.

e Choose the vertex of smallest index that has not been included and run a simple
random walk until it reaches a vertex in 77. Erase the loops and add the new
edges to 71 in order to produce a tree 75.

e Continue until all vertices are included in the tree.

Wilson’s theorem states that the distribution of the tree is independent of the
order in which the vertices were chosen and is uniform among all spanning trees.
In particular, we get the following:
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o Ifx,y e A, letS*, §Y be two independent SRWs starting from x, y, respectively.
Then the probability that x, y are in the same component of the USF equals to
P{LE(0*) N = @}.

Using this characterization, we can see the three regimes for the dimension d.
Let us first consider the probabilities that neighboring points are in the same com-
ponent. Let gn be the probability that a nearest neighbor of the origin is in a
different component as the origin when A = Ay . Then

doo:= lim gy >0, d=>35,
N—o0

gy =< (logN)~'3, a=4,
For d < 4, gn decays like a power of N. For far away points, we have:

e If d > 4, and |x| = n, the probability that 0 and x are in the same component is
comparable to |x|*~¢. This is true even if N = oo.

e If d =4 and |x| = n, the probability that that 0 and x are in the same component
is comparable to 1/logn. However, if we chose N = oo, the probability would
equal to one.

The last fact can be used to show that the USF in all of Z* is, in fact, a tree. For
d < 4, the probability that 0 and x are in the same component is asymptotic to 1
and our construction is not interesting. This is why we restrict to d > 4.

7.2. Proof of Theorem 1.11. Here we give the proof of the theorem by apply-
ing Theorem 1.5 and Proposition 5.4. We will only consider the d = 4 case here.
It suffices to prove the result for m = 1, h| = h, as the general result follows by
applying the k = 1 result to any linear combination of A1, ..., hy,.

We fix h € C§° with [ h =0 and allow implicit constants to depend on . We
will write just Y, for Y, ,. Let K be such that #(x) =0 for |x| > K.

Let us write L, =n~'Z* N {|x| < K} and a, = /3Togn. Let

(h, ¢n) =n_2an Z h(x)Yx =n_zan Z h(x)Yyx.
x€eL, nxe€Ank

Let gy (x, ¥) be the probability that x, y are in the same component of the USF on
Ap. Note that

E[Yx,nYy,n] =gn(x,y),
E[(h, pn)*]=n"" Y h(x)h(y)apgn (nx,ny).

xeL,

To estimate E[ (A, ¢n)2], we need the follow two lemmas.
Let Gy (x, y) denote the usual random walk Green’s function on Ay, and

Gy (x,y) = Z GN(x,2)GN(z,Y).

ZEAN
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Note that here the meaning of Gy is not the same as G, in Section 2.4 withn = N
as Ay # Cy.

LEMMA 7.1. There exists cy € R such that if |x|, |y|, |x — y| < N/2, then

8 |+l +1 1
N (6, y) = —log +co+ N T

lx — yl

PROOF. Let 8 =N"![1+ |x|+ |y|] and note that |x — y| <8N. Since

Y. GG —y.w)GNO,w) < Y Gy(x,w)Gy(y, w)
lw|<N(1-9) weAy

< Y GnG&x—yw)GynO,w),
|[w|<N(1+6)

Lemma 7.1 is reduced to the case y = 0, which then follows from Lemmas 2.8
and 2.9. [

LEMMA 7.2.  There exists a sequence r, with r, < O(loglogn), a sequence
€, 1 0, such that if x, y € L,, with |x — y| > 1/4/n,

lazqn (nx, ny) — ry +log |x — y|| < €.

PROOF. In light of Wilson’s algorithm, Lemma 2.9 and Proposition 5.4 yield
Lemma 7.2 in the y = 0 case. The general case can be reduced to the y = 0 case
as in Lemma 7.1 by recentering. [J

An upper bound for gy (x, y) can be given in terms of the probability that the
paths of two independent random walks starting at x, y, stopped when they leave
Ap, intersect. This gives
clog[N/|x — yI]

log N ’
Let 8, = exp{—(loglogn)?}, which is a function that decays faster than any power
of logn. Then

gn(x,y) <

(loglogn)?
logn ’
It follows from Lemma 7.2, (7.1) and the trivial inequality gn < 1, that

E[(h, ¢n)*]=0o(1) +n"* > [y —loglx — y|]h(x)A(y)
x,yeLy

=o()—n~* Y loglx — ylh(x)h(y)
x,yeLy

(7.1) gn(x,y)=c |x — y| = néy.

=o() = [ hh() loghr - yldxdy,
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which shows that the second moment has the correct limit. The second equality
uses [ h =0 to conclude that

’
n—’; > h(x)h(y) =o(1).
x,y€L,

We now consider the higher moments. It is immediate from the construction that
the odd moments of (k, ¢,,) are identically zero, so it suffices to consider the even
moments E[(h, ¢,,)2]. We fix k > 1 and allow implicit constants to depend on k
as well. Let L, = L,%k* be the set of x = (x1, ..., x) € L,%k such that |x;| < K for
all j and |x; — x| > 8, for each i # j. We write h(x) = h(x1)...h(x2).

Note that #L, = n8 and #(Lﬁk \ Ly) < k2n8k8n. In particular,

n”%adk N h(xe)h(x) - h(e) = 02 (V/55).

xelL2k

n,%

Then we see that
E[(h, ¢n)* 1 =n"%a3* " hEEYx, - Yary ]

el

= 0(/8) +n %X 3 h(@E[Yy, - Yiry |-

X€Ly

LEMMA 7.3.  For each k, there exists ¢ < oo such that the following holds.
Suppose x € Lgk* andlet ', ..., w* be independent simple random walks started
at nxi, ..., nxy stopped when they reach 0Ay. Let N denote the number of inte-
gers j €{2,3,...,2k} such that

o NV’ ) £02.
Then

(loglogn)? :|k+1

P{N>k+1} < c[
logn

Conditioned on Lemma 7.3, we now prove Theorem 1.11 by verifying Wick’s
formula. We write y; = nx; and write Y; for Yy I’ To calculate E[Y] --- Yar], we
first sample our USF which gives a random partition P of {y1, ..., y2}. Note that
E[Y;--- Y2 | P] equals 1 if it is an “even” partition in the sense that each set has
an even number of elements. Otherwise, E[Y] - - - Y2; | P] = 0. Any even partition,
other than a partition into k sets of cardinality 2, will have N > k + 1. Hence

(loglogn)3}k+1>

E[Y; - Yul]l=0(| ———— P(P3),

[Y1 2%] <[ logn + E (P3)

where the sum is over the (2k — 1)!! perfect matchings of {1,2,...,2k} and

P(P5) denotes the probability of getting this matching for the USF for the ver-
tices yi, ..., Y2k-
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Let us consider one of these perfect matchings that for convenience we will

assume is y; <> y2, y3 <> V4, ..., Yok—1 <> Y2r. We claim that
P(y1 < y2, Y3 <> Y4, oo, Y2k—1 <> Y2k)
(loglogn)?
= OIS0 P £ PO )P © 3a) - Pyt < ya0).

Indeed, this is just inclusion—exclusion using our estimate on P{N > k + 1}.
If we write €, = €, x = (loglog n)3%+1D /1og n, we now see from symmetry that

E[(h, $u)**)]
= 0(&,) +n_8kan(2k — D! Z P{nx| <> nxy, ..., nxpp_1 <> nxo}

xeLly

= 0(en) + 2k — DI[E((h, ¢a)>)].

7.3. Proof of Lemma 7.3. Here we fix k and let yy, ..., yor be points with
lyjl < Kn and |y; — y;| > nd, where we recall logé, = —(loglogn)z. Let
o', ..., »** be independent simple random walks starting at y j stopped when they

get to 0Ayn. We let E; ; denote the event that o' Nw’ #Jandlet R; j =P(E; ;|
w’).

LEMMA 7.4. There exists ¢ < oo such that for all i, j and all n sufficiently
large,

3
P{Rich(IOgIOgn) }E 1 .
' logn (logn)%

PROOF. We know that there exists ¢ < oo such that if |y — z| > HS,%, then the
probability that simple random walks starting at y, z stopped when they reach 0 A x
intersect is at most c(loglogn)?/logn. Hence there exists | such that

1
> _

_2'

Start a random walk at z and run it until one of three things happens:

2
_a (loglogn) }

(7.2) P{Ri,j = oan

e Itreaches 0AyN

e It gets within distance nd2 of y

e The path is such that the probability that a simple random walk starting at y
intersects the path before reaching 9 A y is greater than ¢ (loglogn)?/logn.

If the third option occurs, then we restart the walk at the current site and do this
operation again. Eventually, one of the first two options will occur. Suppose it takes
r trials of this process until one of the first two events occur. Then either R; ; <
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rci(loglogn)?/logn or the original path starting at z gets within distance 83 of y.
The latter event occurs with probability O (6,) = o((log n)“”‘). Also, using (7.2),
we can see the probability that it took at least r steps is bounded by (1/2)". By
choosing r = ¢» loglogn, we can make this probability less than 1/(logn)**. O

PROOF OF LEMMA 7.3. Let R be the maximum of R; ; over all i # j in
{1,...,2k}. Then, at least for n sufficiently large,

(loglogn)? } 1
c < .
logn ~ (logn)3

IP’{R >
Let

-1
E. ;= U E; ;.

i=1
On the event R < c(loglogn)3/logn, we have

G- 1)(loglogn)?

N j—1
]P’{E.,_, o™, ..., 0w } logn

If N denotes the number of j for which E. ; occurs, we see that

(loglogn)? }Hl

P{N =k+1} < c|:
logn

O
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