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LOCAL LAW AND COMPLETE EIGENVECTOR
DELOCALIZATION FOR SUPERCRITICAL
ERDOS-RENYI GRAPHS'

BY YUKUN HE*, ANTTI KNOWLEST AND MATTEO MARCOZZI'
University of Zurich* and University of Geneva'

We prove a local law for the adjacency matrix of the Erd6s—Rényi graph
G (N, p) in the supercritical regime pN > Clog N where G(N, p) has with
high probability no isolated vertices. In the same regime, we also prove the
complete delocalization of the eigenvectors. Both results are false in the com-
plementary subcritical regime. Our result improves the corresponding results
from (Ann. Probab. 41 (2013) 2279-2375) by extending them all the way
down to the critical scale pN = O(log N).

A key ingredient of our proof is a new family of multilinear large devia-
tion estimates for sparse random vectors, which carefully balance mixed 22
and £°° norms of the coefficients with combinatorial factors, allowing us to
prove strong enough concentration down to the critical scale pN = O (log N).
These estimates are of independent interest and we expect them to be more
generally useful in the analysis of very sparse random matrices.

1. Introduction. Let A € {0, 1}V*V be the adjacency matrix of the Erds—
Rényi random graph G(N, p), where p = py € (0, 1). That is, A is real symmet-
ric, and its upper-triangular entries are independent Bernoulli random variables
with mean p. The Erd6s—Rényi graph exhibits a phase transition in its connec-
tivity around the critical expected degree pN = log N. Indeed, for fixed ¢ > O,
if pN > (14 ¢)logN then G(N, p) is with high probability connected, and if
pN < (1 —¢)logN then G(N, p) has with high probability isolated vertices; see,
for example, [21], Chapter 5, for a clear treatment. The aim of this article is to
investigate the spectral and eigenvector properties of G(N, p) in the supercritical
regime, where G (N, p) is connected with high probability.

Our main result is a local law for the adjacency matrix A in the supercritical
regime ClogN < pN <« N, where C is some universal constant. In order to de-
scribe it, it is convenient to introduce the rescaled adjacency matrix
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so that the typical eigenvalue spacing of A is of order N~!. A local law provides
control of the matrix entries G;;(z) of the Green function

(1.2) G =A—-27)"",

where z = E + in is a spectral parameter with positive imaginary part 1 > N~
defining the spectral scale. Our main result states that that the individual entries
Gij(z) of the Green function concentrate all the way down to the critical scale
pN = Clog N: the quantity

rrila];x\Gij(z) —8;jm(2)|

is small with high probability for all 3> N ~'; here m(z) is the Stieltjes transform
of the semicircle law.

Such local laws have become a cornerstone of random matrix theory, ever since
the seminal work [12, 13] on Wigner matrices. They serve as fundamental tools in
the study of the distribution of eigenvalues and eigenvectors, as well as in estab-
lishing universality in random matrix theory.

A local law has two well-known easy consequences, one for the eigenvectors
and the other for the eigenvalues of A:

(i) The first consequence is complete eigenvector delocalization, which states
that the normalized eigenvectors {u;} of A satisfy with high probability

(1.3) max{[|u;floo: 1 <i <N} SN2,

where < denotes a bound up to some factor N°(D.
(i) The second consequence is a local law for the density of states, which states
that the Stieltjes transform of the empirical eigenvalue distribution
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satisfies |s(z) — m(z)| = o(1) with high probability for all 5 > N~!. Informally,
this means that the semicircle law holds down to very small spectral scales.

It is a standard exercise to show that if pN — oo then the (global) semicircle
law for s(z) holds, stating that s(z) — m(z) with high probability for any fixed
z ¢ R. On the other hand, it is not hard to see that both consequences (i) and (ii)
are wrong in the subcritical regime pN < (1 — ¢)log N. Indeed, in the subcritical
regime there is with high probability an isolated vertex, with an associated eigen-
vector localized at that vertex. Hence, the left-hand side of (1.3) is equal to one
and (i) fails. To see how (ii) fails in the subcritical regime, let us set pN = x log N
and denote by Y the number of isolated vertices. From [21], Proposition 5.9, we
find that

EY = Nl_"<1 + 0(@))

9’
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from which we deduce that P(Y > Nl_"/4) > N7%/4 (since Y < N). Thus we
find that with probability at least N /4, the adjacency matrix A has at least
N'=¥/4 zero eigenvalues. We conclude that with probability at least N /4 we
have

n
4 N¥| Z|2‘

Ims(z) >

For k < 1, setting z =1N~ "2 yields a contradiction to the estimate (ii), since

|m(z)| < 1. (The precise meaning of “high probability” in (ii) is sufficiently strong
to rule out events of probability N ™% /4; see (2.4) below.)

Thus, our assumption pN > Clog N is optimal up to the value of the numerical
constant C. A local law for the Erd6s—Rényi graph was previously proved in [9,
11] under the assumption pN > (log N)®, and the contribution of this paper is
therefore to cover the very sparse range C log N < pN < (log N)°®.

Next, we say a few words about the proof. Our strategy is based on the approach
introduced in [12—-14] and subsequently developed for sparse matrices in [9, 11].
Thus, we derive a self-consistent equation for the Green function G using Schur’s
complement formula and large deviation estimates, which is then bootstrapped in
the spectral scale 7 to reach the smallest scale N~!. The key difficulty in proving
local laws for sparse matrices is that the entries are sparse random variables, and
hence fluctuate much more strongly than in the Wigner case p < 1. To that end,
new large deviation estimates for sparse random vectors were developed in [11],
which were however ineffective below the scale (log N )6,

The key novelty of our approach is a new family of multilinear large deviation
bounds for sparse random vectors. They are optimal for very sparse vectors, and in
particular allow us to reach the critical scale pN = Clog N. They provide bounds
on multilinear functions of sparse vectors in terms of mixed ¢> and £ norms
of their coefficients. We expect them to be more generally useful in a variety of
problems on sparse random graphs. To illustrate them and how they are applied,
consider a sparse random vector X € R" which is a single row of the matrix A —
EA. Let (a;;) be a symmetric deterministic matrix. Then, for example, we have

the L” bound
<( o v4)2(va>,
r \1+dog(¥/y))+

(1.4)

)Zainin

i#]

where

1 2 1/2 maxi,j|a,~j|
V'—(ml.axﬁ%]alﬂ) ; W-—T-

We first remark that we have to take r to be at least log N. Indeed, our proof
consists of an order N (D) uses of such large deviation bounds. To compensate the
factor N arising from the union bound, we therefore require bounds smaller
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than N~ on the error probabilities for any fixed D > 0, which we obtain (by
Chebyshev’s inequality) from the large deviation bounds for r = log N. The crucial
feature of the bound (1.4) is the logarithmic factor in the denominator. Without
it, there is nothing to compensate the factor rz > (log N )2 in the numerator, as
¥ = (pN)~! < (log N)~! in the critical regime. Thus, the applicability of (1.4)
hinges on the fact that vr/y is sufficiently large; this assumption can in fact be
verified in all of our applications of (1.4).

Armed with these large deviation estimates, we can follow the basic approach
of [11, 14] to conclude the local law by a bootstrapping; the main difference is that
we have to be cautious to work as much as possible with L™ norms instead of the
more commonly used high-probability bounds.

We remark that, in the recent years, a new approach to proving local laws has
emerged [15, 16, 19], which replaces the row by row operations of the Schur com-
plement formula with operations on individual entries performed by the cumulant
expansion (or generalized Stein’s formula). This new approach is considerably
more versatile and general than the one based on Schur’s complement formula.
However, it encounters serious difficulties with very sparse matrices, owing to the
fact that it requires the computation of high moments of the Green function entries.
For the very sparse scales that are of interest to us, these moments may be large,
although the entries themselves are small with high probability. The underlying
phenomenon is that the exceptional events on which the Green function is large do
not have small enough probability to ensure the good behavior of high moments.

Our proof is short and self-contained. For conciseness and clarity, we focus
on the simple model of the Erd6s—Rényi graph, and do not aim for optimal error
bounds. However, a straightforward modification of our method, combined with
the deterministic analysis of the quadratic vector equation developed in [1, 2],
allows to extend our results to more general random graphs with independently
chosen edges and general variance profiles, such as the stochastic block model.
We do not pursue this direction further in this paper.

We conclude this section with a summary of some related results. The bulk
universality for Erd6s—Rényi graphs was first proved in [9] for p > N~1/3 and it
was later pushed to p > N°~! for any fixed & > 0 in [17]. The edge universality
was first proved for p > N —1/3 in [9], and later extended to p>N —2/3 in [19].
More recently in [18], it was proved that the extreme eigenvalues has Gaussian
fluctuations for N~7/9 « p « N~%/3. We emphasize that the local law proved in
this paper is, on its own, not precise enough to generalize the above universality
results to the entire supercritical regime.

The extreme eigenvalues of A in the supercritical and subcritical regimes were
recently investigated in [5, 6], where the authors proved that in the supercritical
regime the extreme eigenvalues converge to the spectral edges 42, and in the sub-
critical regime a fraction of eigenvalues leave the bulk [—2, 2] to become a cloud
of outlier eigenvalues.
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Local laws in the sparse regime have also been established for the random reg-
ular graph Gy 4, defined as the uniform probability distribution over all graphs on
N vertices such that every vertex has degree d. Because the degree of any vertex
is fixed to be d, the random regular graph Gy 4 is much more stable in the sparse
regime than the Erd6s—Rényi graph G (N, d/N) with the same expected degree. In
particular, G 4 does not exhibit a connectivity crossover and remains connected
down to d = 3. A local law for the random regular graph Gy 4 for d > (log N)*
was proved in [4] and for fixed but large d in [3].

We organize the paper as follows. In Section 2, we state our main results. In
Section 3, we prove a new family of multilinear large deviation estimates for sparse
random vectors. In Section 4, we use the results in Section 3 to complete the proof.

2. Results. For convenience, in the remaining of this paper we introduce the
new variable

q:=+/pN € (0,N'/?).
We consider random matrices of the following class; it is an easy exercise to check

that A defined in (1.1) in terms of G(N, p) satisfies the following conditions.

DEFINITION 2.1 (Sparse matrix). Let g € (0, NV A sparse matrix is a real
symmetric N x N matrix H = H* € RY*N whose entries H; ; satisfy the follow-
ing conditions:

(i) The upper-triangular entries (H;; : 1 <i < j < N) are independent.

(i) We have EH;; =0 and EHI% = (14 0(;))/N foralli, j.

(iii) For any k > 3, we have E|H;;|¥ < 1/(Ng*~?) for all i, j.
We define the adjacency matrix A by

A=H + fee",

where e:= N~1/2(1,1,...,D)*,and 0 < f <gq.

We define the spectral domain

S=S:={E+ineC: N '<p<1].

We always use the notation z = E +in for the real and imaginary parts of a spectral
parameter z. For Imz # 0, we define the Stieltjes transform m of the semicircle
density o by

o(dx) 1
= _—, d = — 4 —x2 d .
m(z) /x—z o(dx) o (4—x?), dx
which is characterized as the unique solution of

1
4+ ——+7z=0
m(z) B b4
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satisfying Imm(z) Imz > 0. We recall the Green function G from (1.2). Finally,
we define the fundamental error parameter

§=¢(N,rq,n, f)
2.1 ro\ /4 r r f
= (_2) T /6 + + 5
q (Nn) (logn+1logN)q = (Nn)

We now state our main result.

THEOREM 2.2 (Local law). There is a universal constant Cy > 1 such that the

following holds. Let A be defined as in Definition 2.1 and G be its Green function
(1.2). Letze€S. Letr > 10,1 <g < NYZ andt > 0. Suppose that

2.2) tc <1,

then

(2.3) P(max|G,-j(z) —m(2)8ij| > t{) < NS(%> .
i, t

REMARK 2.3. The constant C, in (2.3) can be chosen to be 1000; see (4.49)
below. This numerical value can be improved by more careful estimates; we shall
not pursue this here.

We draw several consequences from Theorem 2.2. For all of them, we assume
the upper bound ¢ < (log N)'°, which can however be relaxed to ¢ < N'/2 without
much sweat; it originates from the last term of (2.1), which is a naive estimate of
the contribution of the expectation fee* of A. This upper bound can be removed
by a more careful treatment presented in Section 7 of [11]. However, since in this
paper we are interested in the regime ¢ < (log N)? not covered by the results of
[11], we shall not do so.

We obtain a local law under the condition ¢ > C/log N, thatis, pN > Clog N.
More precisely, by setting » = log N and t = C,e>T? for some D > 0 (see the
Appendix for details), we deduce from (2.3) that for any D > 0, § € (0, 1) there
exist C = C(8, D), No = Ny(8, D) > 0 such that

(2.4) P[max|Gij(2) —mdy;(2)| <8] =1 - NP
l’]

whenever n > N*”(]OgN)_l/z, CJTogN < g < (logN)'% and N > Ny. Explicitly,
we can choose

5+D\ 2 AN
(2.5) C(@,D)= <4C%> , No(8, D) =6Xp|:<61010g<4c%)) ]

By (2.4) and a standard complex analysis argument (e.g., see Section 8 of [7]),
we have the following result.
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THEOREM 2.4 (Local law for density of states). Let p:= % vazl 33 (a) be
the empirical eigenvalue density of A. For D > 0, § € (0, 1) there exist constants
C=C(5, D), No= No(8, D) > 0, given by (2.5), such that for any interval I C R
satisfying 1| > N_1+(1°gN)_1/2, we have

P[|u(l) —o(D)| <81]]=1—-NP
whenever C\/log N < g < (log M0 and N > Ny.

REMARK 2.5. Previously, in [20] a local law for the density of states under
the assumption ¢ — oo was proved down to scales |I| > (10%)1/ >, This scale
is too large to distinguish the presence of isolated vertices, as explained in the
Introduction. Very recently, in [8] this result was improved to |I| > loqg—zN in the

supercritical regime, under the assumption that / is separated from the spectral
edges.

REMARK 2.6. Theorem 2.4 says nothing about the locations of the extreme
eigenvalues. This question was addressed in [5, 6], where it was proved that the
extreme eigenvalues converge to the spectral edges in the supercritical regime, and
they become outliers in the subcritical regime.

A standard consequence of Theorem 2.2 (e.g., in [7], Theorem 2.10) is the fol-
lowing.

THEOREM 2.7 (Complete eigenvector delocalization). For any D > 0, there
exists C = C(D) > 0, Ng = No(D) such that for g > C/log N and N > No(D),

P(3i, [|u; [l > NO0EN™2-1/2) < N=D

where w; € SN is the ith normalized eigenvector of A. (We can take C(D) =
C(1, D) and No(D) = No(1, D) in (2.5).)

REMARK 2.8. Previously, in [20] it was proved that with high probabil-
ity |lu;j|leo = o(1) for ¢ > C+/log N. For eigenvectors associated with eigenval-
ues separated from the spectral edges, the authors obtained the stronger esti-
mate ||u; oo = O((log(g/+/Tog N)''1\/TogN/q). Very recently, in [8] this was
improved to [lu;]co = O(4/Iog N/q) for eigenvalues separated from the spectral
edges.

Moreover, we obtain the following probabilistic version of local quantum
unique ergodicity for the Erd6s—Rényi random graph, by combining Theorem 2.7
with [4], Proposition 8.3.
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THEOREM 2.9 (Probabilistic local quantum unique ergodicity). Let A be the
rescaled adjacency matrix of the Erdés—Rényi graph G(N, p). Letay, ...,ay € R
be deterministic numbers satisfying ZlNzl a; =0. For any D > 0, there exists C =
C(D) > 0, No = No(D) such that for pN > CzlogN, N> No(D),k=1,...,N

and 6 > 1
N 2a7(logN)~1/2 / N 1/2
. 0-N
E aiuk(l)zzO(#<E aiz) )
1

i=1 =1

with probability at least 1 — N~P — e V128 Here y; (i) is the ith component of
the kth eigenvector of A.

Theorem 2.9 states that, on deterministic sets of at least (92N 10gN )_1/2)2 ver-
tices, all eigenvectors of the random graph A are completely flat with high prob-
ability. In other words, with high probability, the random probability measure
i > vr(i)? is close (when tested against deterministic test functions) to the uniform
probability measure i — 1/N on {1, ..., N}. For instance, let / C {1,..., N} be
a deterministic subset of vertices. Setting a; := 1( € I) — |I|/N in Theorem 2.9,
we obtain

1 62N o)™ 1T
(2.6) dow@? =3+ + 0( JI_I)

iel iel N

with probability at least | — N~ —e~v192¢ The main term on the right-hand side
of (2.6) is much larger than the error term provided that |7]| > (92N (ogN )71/2)2.

3. Multilinear large deviation bounds for sparse random vectors. The rest
of this paper is devoted to the proof of Theorem 2.2. In this section, we derive
large deviation estimates for multilinear forms of sparse random vectors with in-
dependent components. We focus on the linear and bilinear estimates, which are
sufficient for our applications. These estimates are designed to be optimal in the
regime of very sparse random vectors.

For n € N*, denote by [n] :={1,2,...,n}, and for a finite set A we denote by
|A| the cardinality of A. For two sets U, V, we denote by VU the set of functions
from U to V. For r > 1, we denote by || X|, := (E|X|")!/" the L"-norm of the
random variable X.

PROPOSITION 3.1. Letr be evenand 1 <q < N'?. Let X1,..., Xy € C be
independent random variables satisfying

3.1 EX; =0, ElX;* < Q<k<r).

qu—Z
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Letay,...,ay € C be deterministic, and suppose that
1 5 172 max; |a; |
- a; =< ’ - S
( N Ei |a; | ) <y p 4

for some y, Y > 0. Then

[Seux

< ( 2 v 2) V).
r 1 +20og(¥/y))+

PROOF. To avoid cumbersome complex conjugates in our notation, we as-
sume for simplicity that all quantities are real-valued. Denote by B (r) the set of
partitions of [r], and by PB>2(r) the subset of B(r) whose blocks all have size at
least two. For (i1, ...,iy) =[N]" denote by P(iy,...,i) € P(r) the partition of
[r] associated with the equivalence relation k ~ [ if and only if iy = i;. Using the
identity

1= > 1(PGr,....iy)=T)

ePr)
= Y > JI Wsx#s) [] []16k=s0).
NeP(r) se[NT n#7 Il mellken

the independence of the variables X;, and the fact that EX; = O for all i, we find

D
i

r N
= Z ai, ---a;, EX; - X,
,

i,..,0=1

= 2 X n|a5nllﬂ|E|Xsn|lnl~

MePxo(r) se[N]T well

Here, the restriction IT € Bx»(r) follows from the fact that EX; = 0, and we
dropped the indicator function [ [z e 1(sz # 57) to obtain an upper bound. We
deduce from

N
3 [T lag ™ EIXg 7 =TT D las ™ EI1X, |

se[N]Tmell el s=1
2 =21
= l_[ (Z|Clz| )(miaxlall) W
mell ~ i

< y2|l'l\l//r—2\l'l|

that
r/2

<SR Y).,  Re(y.y) =) St hy*y

k=1

[ e
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where S(r, k) := |{I1 € P(r) : |I1| = k}| is the Stirling number of the second kind.
To conclude the proof, it therefore suffices to prove that
2r

1+ 2(log(¥/y))+

Using the bound S(r, k) < %(i)k’_k, we conclude

(3.2) Re(y )" < ( v 2)<y v ).

Ry ) <2 max f(.  fk):= krhy 22k,

If ¥ <y, then we estimate f(k)!/” <ry and (3.2) follows.

It suffices therefore to assume y < 1. We consider the function f on the interval
(0, 00). By differentiation, we find that log f is concave on (0, o) and maximized
for

r

(3.3) = 1 +logk +2log(y/y).

Since the left-hand side of (3.3) is decreasing and its right-hand side increasing,
it is easy to see that (3.3) has a unique solution k, in (0, c0). If k. < 1 then, by
concavity of log f, we find that f is decreasing on [1, co) and

Ry, )V <2f (V" <2y,
which is (3.2). Let us therefore assume that k, > 1. Then we find
Ry (y. )" <2f (k)" < 2ksip.

Moreover, for k, > 1 from (3.3) we find that

r

ky < ———"7—,
1+2log(¥/v)
and (3.2) follows. [

PROPOSITION 3.2. Letr be evenand 1 <q < N'?. Let X1,..., Xy € C be
independent random variables satisfying (3.1). For any deterministic ay, ...,ay €
C, we have

<2<1+2q2> | |<r v r)
— | max|a; — — 1.
r_ N i al qz qz

a simple estimate using the binomial theorem

|

PROOF. Since E|X;|* <
yields

Y ai(1Xi)* —EIXi|?)
i

L
N’

1 2q2 r
E(1X:? — E|X;?) < W(l + T) ‘
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As in the proof of Proposition 3.1, we conclude that

r r/2 r 1 2 2\r
q
= ];S(r, k)(miax|a,|) =y (1 o )

2q2 r k r—k
< [2max|a,-|<1 + —)} max (—)
i N 1<k<r/2 q2

Y ai(IXi* —EIX1%)

and the claim follows. [

PROPOSITION 3.3. Letr beevenand 1 <q < N2 Let Xt1,...,. XN, Y1, ...,
Yy be independent random variables, all satisfying (3.1). Let a;; € C, i, j =
1, ..., N be deterministic, and suppose that

1 2 1/2 1 2 172 maxij|a,~j|
max — E 7 V | max — E i <y, — <
< Y - |al]| ) < N : |al]| ) =Y CI2 Y

for some vy, > 0. Then

D aij XY,
ij

(3.4) ’ r 5( 2r vz)Z(va).

I+ (log(¥/y))+

PROOF. As in the proof of Proposition 3.1, to simplify notation we assume
that all quantities are real-valued. We write

,
doaXi¥j| = Y Y aijai BXy Y XY
i,j r ip 1)

s rJlsesJr

i1

Analogously to the proof of Proposition 3.1, we encode the terms on the right-hand
side using two partitions Iy, [T, € P2 (r), by requiring that k,/ € [r] are in the
same block of Iy if and only if iy = i;, and k, [ € [r] are in the same block of I,
if and only if j; = j;. Each block of I1; and I, has size at least two. We encode
each pair (I1y, I1») € ‘I}zz(r)z using a multigraph G (I, 1), whose vertex set is
[Ty b IT, and whose set of edges is obtained by adding, for each k =1,...,r, an
edge {m1, w2} where k € 7y € 1] and k € mp € I5.

It is immediate that G (I1y, 1) has r edges, that each vertex has degree at least
two, and that G (I1y, ;) is bipartite. Thus we find

Hzaijxiyj < > > ( [ |asﬂ1sﬂ2|)
ij

"ML TLePxa(r) se[NTEN2 Nry,m}eE(G (T, 1T2))

(L )

r

(3.5)
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To estimate the right-hand side of (3.5), we construct an algorithm that succes-
sively sums out the variables s . For a multigraph G = (V(G), E(G)) define

1
Val(G) = > ( [1 |asn1sn2|>

se[N1V(©O) Hmy,m}eE(G)

so that (3.5) becomes

r 1
Z“UXZ’YJ' = 2 r 2T =21,
i,J

(3.6) 5
", T ePsa(r) q

Val(G(Hl, Hz)).

We shall need the following notions. We denote by x(G) := 3, cy () (degg (v) —
2)+ the total excess degree of a multigraph G. We fix Iy, [T, € P>o(r) and ab-
breviate k := |I11| + |I12|. Abbreviate

1 12 1 2\ 172
a:= (mlaxﬁ;miﬂ ) vV (mjaxﬁzi:miﬂ ) , A:=ni172}X|a,~j|.

We construct a sequence Go, G1, ..., G of multigraphs recursively as follows.
First, Go := G(I1y, I13). Since degGO(v) > 2 for all v € V(Gy), we immediately
find x(Go) = 2r — 2k. For £ > 0, the multigraph G4 is constructed from G,
according to the two following cases:

1. G, has no vertex of degree < 2. Choose an arbitrary e € E(Gy) and let G4
be the multigraph obtained from G, by removing the edge e. Clearly,

X(Got1) =x(Gy) — 2, Val(G¢) < AVal(Gy41).
2. Gy has a vertex v of degree < 2. Let G, be the multigraph obtained from
G by removing the vertex v and all deg, (v) edges incident to it. Clearly,
2(Geg) <x(Gp),  Val(Gy) < a6 Val(G 1),

where the second estimate follows by Cauchy—Schwarz and the fact that
deng(v) =0,1,2.

It is easy to see that the algorithm terminates at G; = (&, &), the empty graph
with Val(Gp) = 1.

Next, for i =1, 2, let r; be the total number of edges removed by the algorithm
in all steps of case i. Clearly, r| 4+ r» = r. Moreover, since x(G ) > 0, we find that
x(Go) — 2r; > 0, that is, r1 <r — k, which implies , > k. We conclude that

Val(Go) < A"a™ < A7 7Kgk,

where we used that a < A. Hence, with k; := |I1;| (so that k = k| + k»), we have

rhh
q2r—2k1 —2ky Val(G(Hl’ HZ)) = (?) a'"mre,
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Summarizing, we have

r r/2 r—ki—ky
= ¥ sekse () ahe
T k=1 q

2 2
< (Z S, k)ﬁz"ﬂ"z") .
k=1

>_aijXiY;
i

The claim now follows from applying the estimate (3.2) to R, (\/¥, v/¥). O

REMARK 3.4. It might be tempting to try to prove an analogous result with
the parameter y in (3.4) replaced with the smaller # 2 j |a;j |2. However, in this
case the moment-based argument used in the proof of Proposition 3.3 does not
lead to a prefactor that is small in the targeted regime g2 > r, max;. jlaijl <1,
max; % > jlaij |> < N~¢, which corresponds to the typical behavior of the param-
eters g, r, a;; in the applications to proving a local law for supercritical graphs (see
Section 4 below). Indeed, consider the case where I1; is arbitrary and I1, consists
of a single block. There are an order (Cr)" partitions IT;. If we only allow esti-
mates in terms of # i, jlaij |2 and max; j|a;j|, then each such partition yields a
contribution of order

g -2
L (el
N2 &= q ’
ij
Thus, the total contribution of such pairings is of the order N _qu(%)’ , which is
much too large.
This observation leads us believe that max; % > jlaij |? is the correct quantity,
instead of the smaller # i jlaij |2, when deriving large deviation estimates in the
Vvery sparse regime.

PROPOSITION 3.5. Letr beevenand1 <q < N2 Let X1,..., XN be inde-
pendent random variables satisfying (3.1). Let a;j € C, i, j =1,..., N be deter-
ministic, and suppose that

1 )\ /2 1 S\ 12 max;_j|a;;|
<ml_21XN;|aij| ) V<II1J’¢_1XNIZ|CIU| ) <y, Tfl//
for some vy, > 0. Then
3.7) S i XiX <( ar \/4)2( V)
) ai: X;Xi| < y )
T T N 4 dog( /v )+

i#]
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PROOF. Using the simple decoupling argument from the proof of [10],
Lemma B.4, we find

> aiXiX;

i#]j

where on the right-hand side the sum ranges over disjoint nonempty sets I, J
whose union is [N]. The L”-norm on the right-hand side can be estimated using
Proposition 3.3, and the sum } ;,;_x; yields a factor 2N — 2. Hence the claim
follows.

Alternatively, we can repeat the proof of Proposition 3.3 almost verbatim,
except that instead of having a bipartite multigraph encoded by two partitions,
[Ty, [T € PBx2(r), we have a multigraph without loops encoded by the single par-
tition IT € P>o(2r). [

ZZ%X X

i€l jeJ

§2N—Z

IuJ=[N]

4. Proof of Theorem 2.2. In this section, we give the proof of Theorem 2.2.
Throughout this section, we frequently omit the spectral parameter z from our
notation, unless this leads to confusion. We start with a few standard tools.

DEFINITION 4.1. For k € [N], we define A% as the (N — 1) x (N — 1) matrix
(4.1) A® = (Aipi jervii
Moreover, we define the Green function of A% through
(4.2) GO ()= (AW — 77!

We also abbreviate
(k)

(4.3) Z >

i i#k

By applying the resolvent identity to G — G*, we get the Ward identity
Im G;;

(4.4) Z Gj* =

which of course also holds for G(k) for any k € [N].
The following variant of Schur’s complement formula is standard and its proof
is given, for example, in [7].

LEMMA 4.2. Fori # j, we have

() (@)
4.5) Gij=—Gj; Y. GY Ay =—Gi; ZAlkG(”
k
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Fori, j # k, we have

GixGpi
(4.6) G =Gy — LN
Gk

Finally,

1 (&) @
4.7 revi Aii —z2—= Y AiGj Aij

121 k,l
foralli.

Define the Stieltjes transform of the empirical eigenvalue measure as

5
=—Y Gu.
lel 12

From (4.7), we easily deduce the following result, which serves as the starting
point of our analysis of the diagonal entries of G.

LEMMA 4.1. We have

1
4.8 =—z7— Y;,
4.3) o z—s+Y;
where
GG O 0 & > 1N\ .o
Y; = H;jj + — Z — > HiyGy, Hl,-—Z<Hl~k N)G
Gii k#l k

4.9

f 2 () © @) @
+N‘<_> ZG’ ZG’ (Hit + Hip).

PROOF. The proof consists of comparing the right-hand side of (4.7) to its
conditional expectation E(-|H (@), and we omit the details. O

Next, we define the random z-dependent error parameter

’

I :=max|G;j| v max\Gl@
ij ij#k Y
as well as the z-dependent indicator function

(4.10) ¢ =1 <2).

The proof consists of a stochastic continuity argument, which establishes con-
trol on the entries of G under the bootstrapping assumption ¢ = 1. The following
lemma provides the key probabilistic estimates that allow us to estimate the various
fluctuating error terms that appear in the proof.
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LEMMA 4.3 (Main estimates). Let2 <r < q2 < N. Then

P2

12
2
maX loY;Giill, <48 |:(q2) + W

4.11)

r 2 f2
+ (<logN+logn>q) * an}

1 r r f
4.12 Giill, <12| — ,
12 maxlieGill- < [q T 76 * UogN +logmaq T <Nn)1/4]

and
max |¢(Gij — G)], < 12[1 + T
i,j#k / VI g (NpY/e
(4.13)
- : P }
(logN +logn)g — (Nm'/*
forall z €S.

PROOF. We begin with (4.11). Pick i € [N]. We shall first bound ||¢Y;||,
by estimating the L”-norm of the terms on the right-hand side of (4.9). Defini-
tion 2.1(iii) ensures

(4.14) I Hiill- < 1/q.,
and by the Ward identity (4.4) we get
GiiGi 1
(4.15) ‘— MR <
N P Gii Nn

We shall estimate the L"-norms of the remaining terms on the right-hand side
of (4.9) using the multilinear large deviation estimates from Section 3. We begin

with the term Zk 21 ,‘kG,(jl) Hj;. Define
o® = 1(max|le)| < 2),

and note that ¢ < ¢(i). Denote by ||- | FYeL0) the conditional L” norm with respect to

the conditional expectation E[-| H®)]. Then by the nesting property of conditional
L"-norms, we have

(i) _ 0 _ O ,
HqﬁZHikG,i?Hzi <Y HuGii Hi| = ‘¢(’) >~ HixGyj) Hi
k£l r k£l r k£l rlHO Il

The conditional L" norm is amenable to the large deviation estimate from Propo-
sition 3.5. To that end, we use the Ward identity to estimate

2

1/2
(4.16) ¢(l)<m,?X_Z|G() ) v¢(maX—Z|G() ) =< N—n,
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so that Proposition 3.5 with the choices y = ‘/N%? and ¥ = q% gives

(i) ,
”¢>ZH,-kG,£’2Hz,-
k£ r
4 2 2 2
“ = (wm) el )
1+ (log(v/Nn/q*))+ Nn  q
162, 2 +( 24r )22+32 +32
r . . —_— —_— =,
- (Nm!/3 = \logN +logn/) ¢*  Nn  ¢*
where the second step is obtained by considering the two cases g2 > (N7)!/? and

g% < (Nn)'/3 separately.
Similarly, using Proposition 3.2 on the fourth term on the right-hand side of

(4.9) gives

(@) r r
(4.18) H¢Z< ) G\ 54 1+— \/:2 12\/;.
, [ 2
Ny’

Next, by the Ward identity we have
Next, we estimate the last term of (4.9). With the abbreviations

(4.19) ‘ ( )2(21):6(1)

(&)
f
ar = ¢ = ZG;(JZ), Xy = Hiy

we have maxy |ax| < v/2f/+/Nn by the Ward identity. From Proposition 3.1 with
y =¥ =2 f//Nn, we therefore get
)

(@)
r k r|H®

; : : l((ll) ik
\/_Zf 2 2 2
<2r-. < (r + f ) N—’

and the same bound can also be derived for the L"-norm of ¢% Z(l) G/(Cll) Hj;.
Summarizing, by Minkowski’s inequality and (4.14)—(4.20), we get

r

(4.20)

5

l9YiGiill- <2ll¢Yill,
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2. N 64r2 N (48r)2 N 64 +32
—q Nn (Np3  (ogN +logn)?q®> JNn q*

v | LB e | 2 g | 2
JRN— QE— [— r [R—
9> N Nn Nn

and by Nn > 1,r > 2 we have

10072 N (48r)? +100 |2 100f2
(Nm'/3 "~ (log N 4 logn)?q? v

4.21)  |oYiGiill, <

and (4.11) follows.
Now we turn to (4.12). For i # j, by (4.5) we have

O I\~
(4.22) Gij=—Gii (sz + )le,
k

()

Thus, for i # j we have
4f

¢G”§( Hi + f)G“) =

where in the last step we estimated the term ¢G;; Z(’) £ G(l) by F, using the

Ward identity. Invoking Proposition 3.1 with the choices y =,/ N_n and ¥ = %
yields, by the Ward identity,

<2‘

loGijllr <

r

16Gisl < ( ud +a)((5v )+ =

“\1+2(log(~/Nn/q))+ Nn ¢ VN7
<4y - 2 + 6r .%+L+§+i
-~ (NpY6 logN+logn g /Nn g /Nn

1/6

where the second step is obtained by considering the two cases ¢ > (Nn)'/° and
g < (Nn)'/® separately. Together with N > 1, we obtain (4.12).

Finally, to show (4.13) we use (4.6) and (4.5) to write

(k)
k k f
Gz(j) — Gij =Gy 2 :Gz(l)(Hlk + N)
)

The right-hand side can be estimated similar to the right-hand side of (4.22) to
obtain (4.13); we omit the details. [

The following lemma is a standard stability estimate of the self-consistent equa-
tion associated with the semicircle law (see, e.g., [7], Lemma 5.5). Here, we give
a version with a sharp constant.
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LEMMA 4.4. Letz=E +in €S. Let m, m be the solutions of the equation
X +zx+1=0.
If s satisfies s>+ zs + 1 =r, then
(4.23) Is —m| A |s —m| < V|rl.

PROOF. We choose the branch cut on the positive real axis, which gives
Im/z >0 for all z € C\ Ry. Thus

—z+ 72 —4 . —z—+Z2—-4
:f and m:f

m

Also, we have

S

V22 —4+4r
= > :

Then (4.23) follows from the fact that

Jaib JaTb R LI
IWa+b—Jal A a+b+ﬁl_m_\/ﬂ

for any a, b € C and any complex square root ,/-. [J

Next, we set up the bootstrapping argument. Fix £ € R. Let K := max{k €
N:1—kN2> N‘l}, and for k =0, 1, ..., K, we define the spectral parameter
Zx := E 4+ in;. We abbreviate

where g :=1— kN2,

The main work is to prove the following result, which states that Theorem 2.2
holds for the spectral parameter z being in the lattice {zo, z1, ..., zx }. To simplify
notation, we use the variable £ := ¢ /750 instead of the ¢ from Theorem 2.2.

PROPOSITION 4.5. Let & > 0. Suppose that 2 <r < q> < N, and 7506¢, < 1
forallk=0,1,..., K. We have

(4.25) P(max|Gij (zi) — m(z)8ij| > 36068k ) < Gk + DN
L]

PROOF. Throughout the proof, we assume & > 1, for otherwise the proof is
trivial. We proceed by induction on k. Since the sequence ¢ is increasing, we
may without loss of generality assume that the condition 1200£ ¢ < 1 holds for all
k=0,..., K. Since the spectral parameter z varies in the proof, in this proof we
always indicate it explicitly.
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We define the events

Q= {[s(zx) —m(z)| < 5064}, Br = {I'(zx) <3/2}

fork=0,1,..., K.
For k = 0, we see that I'(z9) < 1 and hence ¢ (z9) = 1. Thus P(Ep) = 1. From
(4.8), we find

1
1425 +s5°= NZGiiYi,
i
so that, by Minkowski’s inequality and (4.11),
|1+ z05(z0) + 5(20)%],
= [#(1 + 205 o) + 5(20)*) [, = max|[¢(20)Yi (20)Gii 20) ],

<482[<L>1/2+ - +< ’ >2+ s }<(50§)2
= 7 (Nno)'3 " \(logN +lognoyg/) — Nnol= " 70

Thus Chebyshev’s inequality implies

(4.26) P(|1 + zo05(20) + 5(20)%| > (50620)%) < £~
Hence Lemma 4.4 yields

(4.27) P(|s(z0) — m(z0)| A [s(z0) =it (z0)| > 50550) <7

Note that Ims > 0, and for ng = 1, we easily see that Imm(z9) < —1. Thus
Is(z0) —m(zo)| > 1, and together with 50§y < 1 we get P(€2) < 5_2’. Similarly,
by (4.11) and 50£¢p < 1 we have

max P(|Y;(20) G (z0)| > 50&¢0) < max P(|Y; (20)Gii(z0)| > (50¢0)%)
(4.28) ! !

<&
From (4.8), we get
1+ (z4+m)Gij =m—s)G;; +Y;Gjj,
so that by m? + zm + 1 = 0 and the elementary estimate |m| < 1 we have
(4.29) |Gii —m| < |(s — m)Gji| + |YiGiil.
By P(Q§) < £ and (4.28)—(4.29), we have
(4.30) max P(|Gii (z0) — m(z0)| > 1506 ¢0) < 267"

Similarly, by (4.12) we have
(4.31) IP;}(P(|Gij(Z0)| > 128¢0) <&7".
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Thus a union bound shows

(432)  P(max|Gij(z0) — m(z0)8;| > 1505¢0) < 2NE ™ 4 N2~ <2N%¢ ™,
iJ

where in the last step we used without loss of generality & > 1 (for otherwise the

probability bound is trivial). This proves the case k = 0.

For k > 1, we introduce the threshold index K := min{k : k < K, 105&¢;, >
Im(zx) — m(zx)|}. Note that

(4.33) Im —m|* =n*+2E*p* + 89> + E* + 16 — 8E?

is an increasing function of 7. Thus, the sequence |m(zx) — m(zx)| is decreasing
and the sequence ¢ is increasing. Hence 105£ ¢, < |m(z) —m(zx)| for all k < K.

Case 1: 1 <k < K. Since |dT'/dn| < 1/n?, we have ¢(zx) = 1 on Ex_1. As in
(4.27), we have

(4.34) P($|s(zx) — m(z)| A s @x) — i(zx)| > 5055) <&
By Lipschitz continuity, Nn > 1, and £ > 1, we have

2
|s(zx) —m(zx)| < 506¢k—1 + N < 52£¢
on 2;_1. Note that for k < K we have

|m(zi) — m(zi)| > 105 ¢,

thus on ;_1 we have |s(zx) — m(zp)| A |s(zk) — m(zx)| = |s(zx) — m(zr)|. We
have therefore proved that

(4.35) P(Qp—1 N By NQ) <&
As in (4.30), we can use (4.11) and (4.29) to show that
(4.36) miaX]P’(Qk,1 N Er_1N {|G,‘,‘(Zk) — m(zk)] > 1505{1(}) < ZS_Zr.

Also, by (4.12) and (4.13) we see that

(4.37) fininP(Ek—l N{|Gijzi)| > 1265 }) <&
and
(4.38) {I}E;Z%P(Ek_l N{|Gij(zi) — G§§>| > 126 )) <€

Thus by |m| <1 and a union bound we have
P(Qk_l NEr_1N {F(Zk) >1+4 162%'{'1(})

(4.39)
<2NE™¥ + (N*+ N3 <2N3¢.
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Note that the assumption 750£¢; < 1 ensures 162£¢; < 1/2, we find
(4.40) P(Q2%—1 N Ex_1 N ES) <2N3¢".

Note that P(Qo N Eg) > 1 — &% > 1 — &7, thus (4.35), (4.40), and an induction
argument shows

4.41) P(Q N E) > 1 — (kN> + 1)~

for all k < K. Thus (4.25) for 1 <k < K follows from (4.36), (4.37) and a union
bound. ~
Case2: K <k < K.Asin Case 1, we have ¢(zx) =1 on Ex_1, and

(4.42) P(¢]s(zk) — m(zi)| A s (k) —m(z)| > 50E¢) <&
Note that |m(zx) — m(zx)| < 105& &, so that the triangle inequality yields
(4.43) P(Ek—1 N {|s(z) — m(zn)| > 15560 }) <77

As in (4.36), (4.37) and (4.40), we can show that
444)  maxP(Ex1 N{|Gii () —m(z0)] > 3608¢}) < 267,

(4.45) max P(E-1 0 {|Gij 0| > 1266)) =67,
and
(4.46) P(Ex_1 N EY) <2N3&~",

where in showing (4;46) we used the fact that 750 ¢, < 1. Note that (4.41) shows
P(Ez_ ) =1—(2(K —1)N? + D&, so that together with (4.46) we have

(4.47) P(Ex) > 1 — (2kN3 +1)g"

for all K <k < K. Thus (4.25) for K <k < K follows from (4.44), (4.45) and a
union bound. [J

We may now easily conclude the proof of Theorem 2.2. Without loss of general-
ity, we can assume that r < qz, for otherwise the condition (2.2) implies that ¢ < 1,
in which case Theorem 2.2 is trivially true. By using K < N> — N, & =¢/750, and
r > 10, we deduce from (4.25) that for k =0, 1, ..., K, we have

1000\"
@49 B(max|Gy e~ mady| = 10/2) < NO(=2)
Note that |[dG/dn|, |dm/dn| < 1/n% and ¢ is a decreasing function of 7. Thus for
any z € S, we have

e 2 5 /1000Y"
P(II[_I’EJI_X|Gij—m5ij|>?+NZ”Z)EN <T> .
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Note that the above is trivial for < 1000, thus by 1/(N 17)2 < we get
(4.49) P(I?z}leij — méij| > z;) < NS(M)r.
This proves Theorem 2.2 for C, = 1000.
APPENDIX: PROOF OF (2.4)
In(2.3),letr =logN and t = C.e3P for some D > 0, which yields
}P’[rril’a;x Gy — méij| < C*65+D§] >1-N"D,

Let us work under the assumption n > N —I+7 for some 7 > 0. By the definition of
¢ in (2.1), in order to show C,e>tP¢ < § for some given § > 0, it suffices to show

(A.1) C*65+Dmax{<logN>l/4 log N log N f

q? “(Nm)e (logn +1log N)g ™ (Nm)'/*

This leads to the three conditions

4C*65+D 2 4C*65+D
= - < 1 Na D
q = max{( 5 ) 1/ 108 Iy }

8
<
= 4C,e>tD

} <5/4.

(A.2) .NT/4,

N >

(4C*e5+D logN)6
5 9

where the first condition comes from the first and third terms in (A.1), the second
condition comes from the last term in (A.1), and the last condition comes from the
second term in (A.1).

e In order to prove (2.4) for g > C/log N, we shall assume
(A.3) > (logN)~'/?

for the rest of this appendix. (One easily checks that for a much smaller choice
of T <« (log N)~!/2, the first condition in (A.2) implies g > /Tog N, that is, ¢
has to be much larger than the critical scale.)

e By the first condition in (A.2), we need

4C*65+D 2
8 > '
e By the second condition in (A.2) and f < ¢, it suffices to have

(A.4) q>C,/logN where C=C(3,D):= (

(A.5) g < (log N)'°
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and

(logN)lo < _N(logN)’1/2/4’

— 4C*65+D

where the latter can be simplified to

5+D 2
(A.6) N > exp[(elolog<4CL>> :| =: No(8, D).

8

e One easily checks that N > Nj satisfies the last condition in (A.2).

(1]
(2]
(3]
(4]
(5]
(6]

(7]

(8]

(9]

[10]
(11]
[12]

(13]

(14]
[15]

(16]

Thus we see that (2.4) is true provided (A.3)—(A.6) holds.
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