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Let (Z;);>0 denote the derivative martingale of branching Brownian mo-
tion, that is, the derivative with respect to the inverse temperature of the nor-
malized partition function at critical temperature. A well-known result by
Lalley and Sellke (Ann. Probab. 15 (1987) 1052—-1061) says that this mar-
tingale converges almost surely to a limit Zso, positive on the event of sur-
vival. In this paper our concern is the fluctuations of the derivative martingale
around its limit. A corollary of our results is the following convergence, con-
firming and strengthening a conjecture by Mueller and Munier (Phys. Rev. E
90 (2014) 042143):

ﬁ(zoo —Zi + %zw> == Sz, inlaw,

where S is a spectrally positive 1-stable Lévy process independent of Zno.

In a first part of the paper, a relatively short proof of (a slightly stronger
form of) this convergence is given based on the functional equation satisfied
by the characteristic function of Z, together with tail asymptotics of this
random variable. We then set up more elaborate arguments which yield a
more thorough understanding of the trajectories of the particles contributing
to the fluctuations. In this way we can upgrade our convergence result to
functional convergence. This approach also sets the ground for a follow-up
paper, where we study the fluctuations of more general functionals including
the renormalized critical additive martingale.

All proofs in this paper are given under the moment assumption
E[L(log L)3] < oo, where the random variable L follows the offspring dis-
tribution of the branching Brownian motion. We believe this hypothesis to be

optimal.
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1. Introduction. Branching Brownian motion (BBM) is a branching Markov
process defined as follows. Initially, there is a single particle at the origin. Each
particle moves according to a Brownian motion with variance o2 > 0 and drift
p € R, during an exponentially distributed time of parameter A > 0 and then splits
into a random number of new particles chosen according to a reproduction law .
These new particles start the same process from their place of birth behaving inde-
pendently of the others. The system goes on indefinitely, unless there is no particle
at some time. For a detailed and formal construction, see, for example, [31, 43].

The study of BBM dates back to [2, 68] and has been initially motivated by the
link with the F-KPP reaction-diffusion equation, established by McKean [66, 67].
BBM can also be seen as a Gaussian process with covariance associated to the un-
derlying Galton—Watson tree and, therefore, is related to the generalized random
energy model, introduced by Derrida and Gardner [35], and to the mean-field spin
glasses theory (see the recent book of Bovier [23]). A main focus on BBM in the
last decades has been the properties of extremal particles which are at a distance of
order 1 from the minimum of BBM; see Bramson [26, 27], Lalley and Sellke [58],
Aidékon, Berestycki, Brunet and Shi [4], Arguin, Bovier and Kistler [7]. A key
object for understanding their behavior is the derivative martingale studied here.
Similar results have then been obtained for logarithmically correlated Gaussian
fields such as the two-dimensional Gaussian Free Field, construction of the deriva-
tive martingale [37, 38] and study of the extremes of these fields [19-21, 28, 36,
62].
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In this paper we address the fluctuations of the derivative martingale around
its limit. We establish a functional convergence in law with speed of convergence
1/+/t toward a randomly time-changed spectrally positive 1-stable Lévy process.
Unlike the derivative martingale, whose law depends on the model, we believe
that these fluctuations are universal and, to our knowledge, are proven here for the
first time for such a model. In a follow-up paper [65] based on the results from
this article, we study the fluctuations of more general functionals including the
renormalized critical additive martingale.

1.1. Definitions and assumptions. Let L denote a random variable on N :=
{0, 1, ...} with law p. Our assumptions in this paper concerning the reproduction
law are

(1.1 E[L]>1 and E[Llog} L] < oo

(throughout the paper we write log, x = (logx) Vv 0 and log’, x = (log, x)"). The
first inequality implies that the underlying Galton—Watson tree is supercritical and
the event S of survival of the population has positive probability.

Formally, a particle is a word on the alphabet of natural numbers, that is, an
element of T = [ J;2 , N”. Let V'(7) be the set of particles alive at time 7 and X, (¢),
of the position of particle u at time ¢ or of its ancestor alive at time ¢ (if it exists).
As in the branching random walk literature [3, 5] and as in [4] for the BBM, we
choose our parameters A, p and o such that, for every ¢ > 0,

(1.2) IE[ > e_X“(t)]zl and E[ 3 Xu(,)e—xum]:o
ueN (t) ueN(t)

which is equivalent to o= p =2AE[L — 1] (see [4]). Moreover, we require that,
for any ¢t > 0,

(1.3) IE[ > X (t)ze—XN)] =1
ueN (t)

which is equivalent to 6> = p = 1 and A = 1/(2E[L — 1]). One can always reduce
to these parameters by a combination of translation in space and scaling in space
and time. Under these assumptions it is well known (and an easy consequence of
the convergence of W, defined below) that
(1.4) min X,(t) > +o0o almost surely as t — o0.
ueN(t)

One of the main objects of study for the BBM has been the additive martingales,

introduced by McKean [66] and defined in our setting by

()
W)= Y e O 1 >0,0>0.
ueN(t)
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For every 6 the process (W;(6));>0 is a positive martingale and, therefore, con-
verges almost surely (a.s.) toward a limit W, (6). This limit is nonzero with posi-
tive probability if and only if 6 < 1; see [70] for BBM or [18, 60] for the branching
random walk.? In particular for the critical inverse temperature 6, = 1, the additive
martingale

Wy=Wi()= Y e X >0,
ueN (t)
converges a.s. to zero and one is rather interested in the so-called derivative mar-
tingale

Zii= Y Xue MO, 1=0.
ueN(t)

Indeed, it has been proved by Lalley and Sellke [58] for binary branching and then
by Yang and Ren [76] under the optimal assumption E[L logi L] < oo that

(1.5) Zi ——> Zy as,
t—00

and Z, > 0 a.s. on the event S of survival. The limit Z,, appears in many limit
theorems on branching Brownian motion. For example, Lalley and Sellke [58],
relying on deep results by Bramson [26], proved that the distributional limit of the
minimum of the BBM at time ¢ is a Gumbel law randomly shifted by log Z .,

. 3 —c*e" Zoo
(1.6) P(uglj\l/r(lt) X () > 3 logt +x> == [e ]
for some positive constant ¢* (see also Aidékon [3] for a proof under the optimal
assumption E[L log%r L] < oo, but for the branching random walk). The critical
additive martingale W = (W;);>¢ is also related to the derivative martingale by the
following convergence:

2 , .
(1.7) ViW, ——> | ZZ+ in probability,
t—00 T
proved for the branching random walk by Aidékon and Shi [5]. Their result applies
to the BBM under the assumption E[L 10g2+ L] < 0.
Some precise estimates have been proved recently for the tail of Z,. Berestycki,
Berestycki and Schweinsberg [13] proved in the case of binary branching that
1
(1.8) P(Zoo >x) ~ —
X—>00 x

and also that, for some constant ¢z € R, depending on the offspring distribution u,

(1.9) E[Zslz, <x] —logx —— cz.
- X—>00

20ne can apply results on branching random walks to BBM because a discrete-time skeleton of
BBM is a branching random walk.
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Moreover, Maillard [64], Chapter 2, Proposition 4.1, proved that (1.8) holds as
soon as E[L logg|r L] < o0 and (1.9) holds if E[L logi L] < oo; see also Bu-
raczewski [30] and Madaule [63] for (1.8) in the case of the branching random
walk.

As can be seen from (1.8), 1-stable laws will play an important role and we
recall now some definitions and facts. The totally asymmetric to the right 1-stable
distribution S1(o, ), with parameters o > 0 and u € R, has characteristic func-
tion

\Ijo,u()‘) = exp(_WU,u(k)),

where (see, e.g., Samorodnitsky and Taqqu [74])
2

(1.10) Yo, u(X) = O’|)»||:1 + i —sign(A) log |k|] —iuk, ArelR.
T

Since it is an infinitely divisible distribution, there is an associated Lévy process
(Sr)r>0 called spectrally positive 1-stable process with parameters (o, 1) starting
at So = 0. The characteristic functions of its one-dimensional marginals are given
by

(1.11) W, (A) = exp(—1¥e.u (M) = Wyou(A), 1>0,1eR.

In other words S; follows the distribution S; (¢, £ ).

Denote by Wy the characteristic function of Z,, thatis, ¥z (1) = E[ei*Ze],
A € R. Equations (1.8) and (1.9) together with Lemma C.1 yield the following
asymptotic for Wz_ . There exists a continuous function g: R — C, with g(0) =0,
such that for every sufficiently small A,

(1.12) Wz (M) =Wy, (WP,

where @z = cz — y with ¢z the constant in (1.9) and y the Euler—Mascheroni
constant. In particular the distribution of Z,, belongs to the domain of attraction
of a totally asymmetric (to the right) 1-stable law.

1.2. Results. Recall that our assumptions are (1.1), (1.2) and (1.3). Our main
result is the functional convergence in law of the fluctuations of the derivative mar-
tingale conditionally on the past. The notion of weak convergence in probability is
recalled in Appendix A.

THEOREM 1.1. Let (S;);>0 denote a spectrally positive 1-stable Lévy pro-
cess with parameters (/7 /2, uz/2/7) independent of Z«~,. Then the conditional
law of (V1 (Zoo — Zar + \}%Zoo))azl given F, converges weakly in proba-
bility (in the sense of finite-dimensional distributions) to the conditional law of
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(Sz./ya)a=1 &iven Zos. In other words for every n > 1, ai, ..., an € [1, 00) and
f: R" = R bounded and continuous, we have

E[f(ﬁ(zoo — Zat + %zw), 1<k 50(%}

— E[f(Szy)yar> 1 <k <n)|Zso] in probability.

In particular (take n = 1 and a; = 1), the conditional law of t(Zoo — Z;: +

\l/zg_;Zoo) given %, converges weakly in probability to the conditional law

S1(Zoo/TT/2, Zooitz+/2]T) given Zoo.

REMARK 1.2. One may wonder whether one actually has almost sure weak
convergence in Theorem 1.1 instead of mere weak convergence in probability. This
is not the case and due to the fact that the convergence in (1.7) does not hold almost
surely [5].

Removing the conditioning, we get the following corollary:

COROLLARY 1.3.  Let (S;);>0 denote a spectrally positive 1-stable Lévy pro-
cess with parameters (/7 /2, Lz~/2/7) independent of Z~.. Then we have the
following convergence in law with respect to finite-dimensional distributions:

logt (law)
(il 2 o)), 352 S

In particular we have the following convergence in law:

logt (law)
ﬁ(zw—zt+ J%zm) ), §1(Zoo[T/2. Zoopz 2/ ).

REMARK 1.4. We believe the assumption E[L logi L] < oo to be optimal for
our result. It should be compared to the assumption E[L logi L] < oo in previ-
ous results concerning the derivative martingale and the extremal particles. Our
assumption is used to get the precise tail of Z, in (1.9) and also at three different
places in Section 4. It can apparently not be relaxed in any one of these places.

Finally, we state a second result, giving an explicit control on the rate of conver-
gence of Z; to Z.. It will be proved with the same tools and can be of independent
interest.

PROPOSITION 1.5. There exists C > 0 such that, forany0 <§ <l andt > 2,
we have
(log1)?

SVt

P(lzoo — Z;| 25) <C
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1.3. Comments and heuristics. Our motivation for studying the fluctuations
of the derivative martingale Z; came from an article by Mueller and Munier [69]
in the physics literature. In this article the authors mainly work with the additive
martingale W;. Their findings can be interpreted as the following conjecture:

12
(1.13) «/;( —Zoo — \/;W,> converges in law, as t — o0.
b4

In their appendix they note that, for the derivative martingale Z;, a corrective term
of order (logt)/+/t has to be added to get the convergence, a conjecture which
they derived from numerical simulations.

Mueller and Munier give a phenomenological description of BBM in order to
support their conjectures concerning the fluctuations of the front of BBM.? This
picture is as follows. At early times of order O(1), there are fluctuations due to
the small number of particles to whom the randomness of Z, is due. This ran-
dom variable Z,, determines the position of the minimum of the BBM at later
times, as seen in (1.6). Then, after a large time of order O (1), Mueller and Munier
introduce the curved barrier s +— %logs — log Z~. Following previous works by
Ebert and van Saarloos [40] on the rate of convergence of the F-KPP equation to
a traveling wave, they go on to say that the density of the particles staying above
this barrier can be approximated to sufficient precision by a deterministic function
(with a random shift log Z,), whose expression is fairly intricate, involving hyper-
geometric functions. Mueller and Munier then argue that this density is randomly
perturbed by the descendants of the particles that go below the barrier in the spirit
of previous works by Brunet, Derrida, Mueller and Munier [29]. Using the explicit
form of the particle density and the stipulated law of the perturbations, Mueller
and Munier are then able to derive (1.13). We stress that their approach, although
ingenious, relies on several unjustified assumptions and approximations and uses
quite intricate algebra.

Our approach is loosely inspired by Mueller and Munier [69] but has several
important differences. First, we found that instead of working with the martingale
W;, it is easier to work with the derivative martingale Z; which is the object of this
article. Second, as in Mueller and Munier [69] we introduce a killing barrier but
which is very different from theirs. Our barrier, instead of ending at time ¢, starts
at time t and stays at a fixed position y; = % logt + B; for some slowly increasing
function B; (one might think of it as a large constant K and first let ¢, then K
go to infinity). The advantage of working with Z; is that the translated derivative
martingale

Yo (Xuls) —y)e X =2 — W, s>t
ueN (s)

3We call here the front of BBM the particles that mainly contribute to Z; (and to W;). These are
the particles at a position of order /7 at time ¢. The extremal particles at time at for some a > 1
(those which are around % log(at) + O (1)) mostly descend from particles in the front at time ¢.
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is also a martingale when particles are killed when going below y;. With this killing
we show that the fluctuations of this martingale are of order o(1/+/¢) and therefore
negligible. Roughly speaking, this allows us to write Z, as the sum

Zoo=Zi — W, + F; +0(1/4/1),

where F; is the contribution to Z, from the particles going below the barrier.
Estimating the number of particles hitting the barrier and using the tail asymptotics
of Z provided by (1.8) and (1.9) allows us to obtain precise asymptotics on
the characteristic function of F;, from which one can derive the one-dimensional
(n =1, a; = 1) case of Theorem 1.1. The functional limit requires slightly more
work but follows along the same lines. More details of the proof are exposed in
Section 3.

We remark that our proof shows that the fluctuations of the derivative martingale
are due to the particles that come down exceptionally low, around % logt + 0(1).
In fact, it is well known [48, 49] that, although the minimum of the BBM is most
of the time around % logt, one has

liminf — min X,(¢) = l, P-a.s.on S.

1—00 logt ueN(r) 2
These rare particles are exactly the ones leading to the limit in Theorem 1.1, and the
contribution to Z, of the descendants of a particle coming down to % logt 4+ O(1)
around time at correspond to a jump of the limiting 1-stable Lévy process S at
time Zso/A/a.

We also remark that the one-dimensional case of Theorem 1.1 can be obtained

by simpler means, namely by exploiting the decomposition

ZOO — Z e_Xu(t)Zgo’
ueN ()

where, given N (¢), (Z%)uenr) are independent copies of Zo, independent of
(Xu(t))uen(r)- This is done in Section 2. However, this method does not allow
us to obtain a functional convergence and also does not explain which particles
contribute to the fluctuations.

Further outlook. In an upcoming work [65], we consider random variables of
the form

- Xu(®)
Z(N)= 3 Xule X"“)f( )
t ue%:(t) ﬁ

for a large class of functions f. Special cases are the derivative martingale Z;
and the renormalized additive martingale /tW; which correspond to f =1 and
fx)= % respectively. We prove a limit theorem in law analogous to Theorem 1.1
for these random variables relying on the results of the present paper. The limiting
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random variables are again of the form Sz for (S;);>0 a 1-stable Lévy process,
but the asymmetry parameter of the process can be anything and depends on the
function f. For example, in the case of the renormalized additive martingale, the
process (S;):>0 is a Cauchy process and the logarithmic correction term vanishes.
In other words we prove Mueller and Munier’s conjecture (1.13) and identify the
limit.

In future work we plan to study the fluctuations of the minimal position M; =
mingen () Xu(t) in BBM. This should be related to the fluctuations of the martin-
gale W;. Specifically, we conjecture the following:

CONJECTURE 1. Ast — o0, for some constant C > 0,

M 2 ogt — log(CZo) — G + =5 +<1>

= —logt —1lo - — ol — |,

t 2 g g oo \/; Zoo ﬁ

where G is a standard Gumbel distributed random variable, (S;);>¢ is a Cauchy
process and Zso, G, (S;)>0 are independent.4

We note that a rich literature exists on 1/+/¢ corrections for solutions to the
F-KPP equation and related equations; see, for example, [14, 16, 40, 41, 71] and
the references therein. Conjecture 1 can be seen as a probabilistic version of these
results. Analogous to the deterministic equation, we believe that the term ﬁSZoo,

appearing in Conjecture 1, is universal in that it is (up to scaling, translation and
the term Z,) the same for all models in the so-called F—KPP universality class
[29]. We also believe that there is a direct relation between the deterministic and
probabilistic versions and plan to make this relation explicit in future work.

Finally, the methods used in this article seem to be applicable to the case of
the branching random walk with probably a few additional technical difficulties
for the proof of the functional convergence. However, we emphasize that both the
main method as well as the one from Section 2 rely on the precise tail asymptotics
of Z~ in (1.9) which so far has only been proved for BBM.

1.4. Related literature. Fluctuations of martingales have been studied for the
Galton—Watson process by Heyde [45, 46] when the reproduction law belongs to
the domain of attraction of a «-stable law with 1 < o < 2. In that case one needs
an exponential scaling to get the convergence of the fluctuations toward a mixture
of «-stable laws; see also Heyde and Brown [47] for a functional convergence
and Kesten—Stigum [56], Athreya [9] and Asmussen and Keiding [8] for multitype
branching processes (but only in the case o = 2).

More recently, similar results have been proved for the additive martingale
W;(0) of a branching random walk in the subcritical regime 8 < 1. Rosler, Topchii

4The way to make this statement formal is in the language of mod-¢-convergence from [34].
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and Vatutin [73] show, in the more general setting of stable weighted branching
processes, the convergence of the fluctuations of W;(6) when Wj(0) belongs to
the domain of attraction of a «-stable law with 1 < o < 2, with also an exponen-
tial scaling and a mixture of «-stable laws as limit. More related to our results
is yet unpublished work by Iksanov, Kolesko and Meiners [52] where W1(6) is
light-tailed (and & may be complex). In particular, if 6 € (1/2, 1), they show that
the fluctuations of W,;(6) are exponentially small in # and converge in law after
rescaling to Sz, where (S;);>0 is a 1/6-stable Lévy process independent of Z.

Note that the appearance of stable processes subordinated by Z, in branching
random walks has been observed previously in the study of the martingales W;(6)
in the supercritical regime 6 > 1; see, for example, [12, 39, 42].

Functional convergence results have been obtained in the branching random
walk setting by Iksanov and Kabluchko [50], when Var(W;(0)) < oo and 6 <
1/2 (in our setting), and by lksanov, Kolesko and Meiners [51], when P(W;(0) >
x)~cx % and (Pa — 1)? < a(d — 1)? for some 6 < 1 < a < 2; see also Hartung
and Klimovsky [44] for the case of complex BBM. To our knowledge, 1-stable
fluctuations have not been studied yet. Note also that all aforementioned results
exhibit an exponential scaling, while it is polynomial here.

Fluctuations of the partition function have also been studied for other models re-
lated to BBM. For directed polymers in random environment in the L2-phase, there
is also a Gaussian limit but with a polynomial scaling [33]. Other results have been
obtained for many different spin glasses models, for example, the Sherrington—
Kirkpatrick model [6], the REM and the p-spin model [25], the GREM [24], the
complex REM [54] and the spherical Sherrington—Kirkpatrick model [10, 11]. In
comparing to our setting, one might argue that the situation is a bit different in
these models in that the fluctuation is the first random term appearing in the large-
N expansion of the partition function whereas in our setting it is the second or

even third random term (the first ones being Z, and logt ). However, the con-

2t

ditioning in Theorem 1.1 effectively shows that one can consider Z, as a constant,
making the term Sz the first “truly” random term in the large-¢ expansion of Z;.
Another argument is that the term Sz_ is (as we believe) the first universal term
in the expansion, the term Z., depending on the offspring distribution and, in gen-
eral, on the model. It is thus fair to say that the results from this article are of the
same nature as the results for the statistical mechanics models cited above.

1.5. Organization of the paper. In Section 3 we state another Theorem 3.1
which is easier to prove than Theorem 1.1. The fact that one can get Theorem 1.1
from Theorem 3.1 (in the case n = 1 or in the multidimensional case) follows from
Proposition 2.2 which is stated in Section 2 and proved in Section 7. In Section 2
we give a short proof of the case n = 1 of Theorem 3.1 which corresponds to
Proposition 2.1.

The rest of the paper is dedicated to the proof of Theorem 3.1 in the multi-
dimensional case. In Section 3 its proof is divided into three propositions, which
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are proved in Sections 5 and 6, using preliminary results stated and proved in
Section 4.

In Appendix A some theoretical definitions and results concerning weak con-
vergence in probability for random measures are given. Appendix B contains some
calculations concerning Brownian motion and the 3-dimensional Bessel process
used in the paper. The lemma in Appendix C provides an asymptotic for the char-
acteristic function of a random variable satisfying (1.8) and (1.9). Appendix D
contains the proof of Proposition 1.5.

Throughout the paper, C denotes a positive constant that does not depend on the
parameters and can change from line to line. For f: Ry — Rand g: Ry — RY,
we say that f(#) = o(g(t)) as t — oo if lim;_, f(¢)/g(¢t) =0 and that f(¢) =
O(g(t)) ast — oo if limsup,_, . | f(#)|/g(t) < co. Moreover, (B;);>0 denotes a
standard Brownian motion and (R;);>¢ a three-dimensional Bessel process.

2. One-dimensional marginals: A (fairly) short proof. In this section we
give a relatively short proof of Theorem 1.1 in the case n = 1, a; = 1. It will
follow from the following two results:

PROPOSITION 2.1. The conditional law of /t(Zoo — Z; + 10Tg’W,) given %,
converges weakly in probability to the law S1(Zoon/T /2, Zoolh z+/2/T0) given Z .

PROPOSITION 2.2. Forany 6 < 1/5, we have

[2
limsup]P’<‘«ﬁW, — —Zoo) > t_e) =0.
t—>00 g

The main point in Proposition 2.1 is the replacement of the term \1/02";7’1200 by

lngt W;, making its proof a lot easier. Below, we give a one-page proof of Proposi-
tion 2.1 relying on a direct calculation of the characteristic function based on the
branching property and the asymptotic (1.12) on Wz_, the characteristic function
of Z~. These arguments are similar to those used for the Galton—Watson process
[45, 46] or for the subcritical additive martingales of the branching random walk
[73]. Proposition 2.2, on the other hand, is quite technical, and its proof is del-
egated to Section 7 which also relies on results from Section 4. Proposition 2.2
actually also uses Proposition 2.1 as an ingredient in order to get a certain a priori
control of the speed of convergence of Z; to Z,, but this could be replaced by
more technical calculations.

PROOF OF THE CASE n =1, a; =1 OF THEOREM 1.1. It follows immedi-
ately from Proposition 2.1, Proposition 2.2 and Remark A.3.

The following lemma will be convenient for the proof of Proposition 2.1 and
later. For o > 0 and u € R, recall that W, ,, denotes the characteristic function of
the law S (o, n) defined in (1.10).
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LEMMA 2.3. Leto >0, u € R and A € R. Then, for every x > 0,
2
\Ijo,u()\x) = LIIxzf,x(,u—a(Z/rr)log)c)()\) = GXP(—mﬂa,u(K) - l)‘-;ax 10gx>'
PROOF. Direct calculation. [J

PROOF OF PROPOSITION 2.1. By Proposition A.1 it is enough to show that,
forany A e R,

@.1) or(1) = E[exp(z’kﬁ (Zoo —Zi+ IOTg[W» )%]
P
(2.2) = Yavaz zeons vz M-

We now fix some A € R. The crucial fact that we use is the following well-known
decomposition:

(23) ZOO — Z e-Xu(l)Z(()’é)’
ueN(t)

where given .%;, the random variables Zé’é) for u € N'(¢) are i.i.d. copies of Zo.
Recalling that Wz denotes the characteristic function of Z, the decomposition
(2.3) yields

(2.4) Elexp(iAZo)|F] = [] Wz (he ).
ueN ()

Furthermore, by the definitions of Z; and W;, we have
logt logt
2.5) exp(ik(—Z, + EWJ) =11 exp(ike_x”(’)<£ - Xu(;))),
2 2
ueN (r)

and obviously this quantity is .%;-measurable. Applying (2.4) and (2.5) with A/t
instead of A and writing &, ; = Jie Xu ® we get

o) =[] Wz (&) exp(irg, logé,).
ueN (1)

Now, recall that for sufficiently small A, say || < ¢ for some ¢ > 0, by
(1.12), Wz (M) = W2, (A8 with g a continuous function vanishing
at 0. In order to apply this to the previous equation, define the event & =
{maxyen ) [MEur < €}. On & we get

oW =[] Wnjzus Aus) exp(héu, g (Meur) + irEy s log&y ).
ueN ()
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Applying Lemma 2.3, together with the equality v/tW; =Y, N () u.r, WE get on
5[ )

oM =[] exp(—EuwiV¥a/2u, M) +Auwig(Meu.))
ueN (1)

= exp(—vVIWi¥a/2,, W)+ Y)) with Y= > A&,,8(A&,0).
ueN(t)

Now, note that by (1.6) we have max,cn () &4,r — 0 in probability, and by (1.7) we
have /tW, — /2/7 Z+, in probability as t — oco. As a consequence P(&) — 1
as t — oo and YtA — 0 in probability as t — oo. All of the above now shows that
or(A) —> Wy, ST Zeotiz m(k) in probability, as + — oo which concludes the
proof. [

REMARK 2.4. What would go wrong if one were to try to extend this proof
to the case n = 2, say? What made the above proof possible was the marvelous
decomposition (2.3) of Zs,. One can write a similar decomposition of Z; condi-
tioned on .%,, for s > t, but it is much more complicated, with the presence of
additional terms interplaying in a subtle way with the time-inhomogeneity of the
equation (we encourage the reader to try it out!). This road therefore seems like a
dead end.

3. Strategy of the proof of Theorem 1.1. In this section we present the strat-
egy for the proof of Theorem 1.1. As in the one-dimensional case we will first
prove a slightly different version of the result, namely Theorem 3.1 below, and
will deduce Theorem 1.1 from it and Proposition 2.2.

THEOREM 3.1. Let (S;):>0 denote a spectrally positive 1-stable Lévy process
with parameters (/7 /2, L z+/2]7) independent of Z~,. Then the conditional law
of Wt(Zoo — Zar + lngth))az] given F; converges weakly in probability (in the
sense of finite-dimensional distributions) to the conditional law of (Sz_, ja)a=1
given Zso.

The proof of Theorem 3.1 is split into three propositions stated below. The

method of proof also leads to Proposition 1.5, proved in Appendix D.
For ¢t > 0, we set

1
v = = logt + B,
2
where (B¢):=0 is a family of positive numbers such that

G.D bz o0 and T
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Loosely speaking, 8; could be seen as a large constant K that does not depend on
t and that tends to infinity after + — oo, but it is worthwhile to point out that the
general choice of 8; in (3.1) is sufficient.

In order to study Z,; for some a > 1, we kill particles that come below y; after
time at. For this we use the framework of stopping lines which have been defined
in Chauvin [31]. Let £9" denote the stopping line of the killed particles and, for
ue L9579V the time of the death of u, formally,’

LY :={u eT:3s > at such that u € N'(s), X, (s) <y
and Vr € [at, s), X, (r) > ¢},
ALY =inf{s > at :u € N'(s) and X, (s) <y}

We denote by .Za.y; the o-algebra associated with the stopping line £971; see
[31].

For the remaining particles, we consider the following random variables. For
s > at, we set

Z?t’% = Z (Xu(s) - Vt)eixu(s)l\?’re[al,s],Xu(r)>y,-
ueN(s)

Then (Z?t’y’) s>at 1S a nonnegative martingale (see [57]) and, therefore, it has an
almost sure limit zg’é;V’. Furthermore, we have, using that Wy — 0 P-a.s. as s —
o0,

Zoo = S]ggo Z (Xv(s) _ V;)C_X”(S)

veN(s)
(3.2) B
— Zgé’yt + Z e_Xu(Au ’yl)Z(()LC‘)satth)’
ueLav

where we set, for u € LYV

any) . 1 —(Xy(s) =X, (AGY
Z((;éa V) . sllfgo Z (Xv(s) _ )/z)e (Xu(s) ( )
veN (s):u<v

=lim Y (Xy() = X, (AL))em Ko@) Xu(Ai),

§—00
veN (s):u<v

saying that ¥ < v if u is an ancestor of particle v and using again that Wy — 0

P-a.s. Thus, by the branching property, conditionally on .%# ar.y , the Zé’é’at’y’) for

u € L7 are independent and have the same law as Zno.

3To be precise, in the definition of the stopping line £%%*"! in order to be consistent with Chauvin
[31], one also has to add the information of the killing times. However, for notational convenience
we omit throughout the article the killing times from the definition of stopping lines. It will always
be the case that the killing times can be inferred from the context without ambiguity.
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Looking at (3.2), our first step will be to study the limit Z&”* which is well
concentrated around its conditional expectation glven Far thanks to the killing
barrier. Moreover, this conditional expectation is Z LY which is very close to
Zar — V¢ Wy, since the particles below y; at time at have a negligible weight under
the assumption (3.1). Therefore, it leads to the following result that will be shown
in Section 5.

PROPOSITION 3.2. Forany a > 1, we have the following convergence in prob-
ability:

\/;|2gé’y' = Zar — ViWar)| P 0.

Now, we want to deal with the second term on the right-hand side of (3.2). It
leads to the limiting process of Theorem 1.1, so we need to catch the dependence
in a. Heuristically, we want to see L9V as a decreasing set in a with £V ~
{uetr: A;’y’ > at}. This is not exactly the case, and, therefore, we need to
split £9:7 into two disjoint parts by setting

t,
Lgod = {u € LY cu e L1 and ALY = AJY > at,

at,yr ._ pat,y, at,yr
Ebad =L \‘Cgood'

The “good” particles are those which contribute to the limiting process. They sat-
isfy Eg(t)gg ={ue E;ggd : A" > ar}. Note that we have the equivalent definitions

[’at,)/r — {u e Eat,}/t . InlIl Xu(r) > yt]’

good relt,at]

L£o00 — Yy e L0V min X, (r) <
bad {” ,in (r) < Vr}

see Figure 1 for some examples.
Now, we can rewrite (3.2) as

t Y at,yr at,yr
3.3) Zoo + Fgoo + Foa s
where we set
aty; X (ALY 7 (u.at,yp)
F good/bad Z e T Zoo v
1.9
MGLZOOé/bad

Note that X, (A4"") =y, foru € Egood

We can now state two propositions which will be proved later in the paper.
They basically state that the “good” particles lead to the limiting process (after an
appropriate compensation), and the “bad” particles have a negligible contribution.
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at, 1
t at Aus vt time
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FIG. 1. Representation of a BBM with binary branching. The killing barrier that defines LV is
the thick blue line. The one for LY s the thick black line. At each time s > t, the blue particles do

. St at,y, at,y;
not contribute to Zy'"' . We have uy,uz € Ly /" and up € [,gooé.

PROPOSITION 3.3.  Let (S;)>0 be the 1-stable Lévy process defined in The-
orem 1.1. Foranyn > 1, a € [1,00)" and A € R", we have the following conver-
gence in probability:

n
E|:exp <i Z kk\/Z(Fgagéélyt - ﬂt Wakt)) ‘y{|
k=1

n
m) E|:exp<z 2 )‘kSZoo/M> ‘Zoo:|.
PROPOSITION 3.4.  Forany a > 1, we have the following convergence in prob-
ability:

at,y,
ik =2 0.

PROOF OF THEOREMS 1.1 AND 3.1. Using decomposition (3.3) and the fact
that y; = %logt + B¢ by definition, we have for every a > 1,

logt ~
Zoo = Zar + Tgwm = Z8" — (Zat = viWar) + Fogon = BiWar + Fog -
Propositions 3.2 and 3.4 now give for every a > 1,
log ¢ oy P
\/;<Zoo —Za + TWat) - \/;(Fgoo}é - B Wat) = 0.

Then, combining Propositions 3.3 and A.1 with Remark A.3, this proves Theo-
rem 3.1. We recall that Theorem 1.1 follows then from Proposition 2.2. [
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4. Preliminary results on BBM with a barrier.

4.1. Many-to-one formula and change of probabilities. It will be handy in the
sequel to allow the BBM to start at an arbitrary point x € R; in which case we write
P, and E, instead of P and [E. The martingale property of the processes (W;);>0
and (Z;);>0 defined in the Introduction then implies that for every x € Rand r > 0,

4.1 E [W,]=¢e"", E [Z,]=xe™ .

A generalization of this fact is provided by the following many-to-one formula
which is an essential tool in the study of BBM. Let C([0, #]) denote the space of
continuous functions from [0, ¢] to R. For any x € R, # > 0 and any measurable
function F': C([0, ¢]) — R, one can compute the following expectation:

Ex[ Y e XX, (s), s €0, t])] = e *E,[F(Bs,s €10,1])],
ueN (t)

where (B;)s>0 denotes a standard Brownian motion, starting from x under P,.
Note that this formula follows from forthcoming Proposition 4.1.

Throughout the paper, we will use two changes of probabilities and the associ-
ated spinal decompositions. These methods have a rich history, starting with Ka-
hane and Peyriere [55], and with its modern formulation due to Lyons, Pemantle
and Peres’ [61] work on Galton—Watson processes. We will follow the treatment
by Hardy and Harris [43] for branching Markov processes. That paper supposes
that the offspring distribution of the process is supported on {1, 2, ...}, but this
can be generalized; see Liu, Ren and Song [59]. See also Shi [75] for a survey of
applications of these techniques to the branching random walk.

Let .#; denote the o -algebra containing all the information until time 7,

Fri=0(N($),0<s<t) Vo (Xu(s),0<s<t,ueN()),

and Foo :=0 (V=0 -%1).

The first change of probability is done with respect to the critical additive mar-
tingale (W;);>0 and has been introduced by Chauvin and Rouault [32]. Since it is
a nonnegative martingale, we can define, for x > 0, a new probability measure Q;
on Zo, by

Qxlz, =" Ws; 0P|z, Vs=>0.

Following Hardy and Harris [43], we rather view Q, as the projection to .%o, of
a probability measure (denoted by Q, as well for simplicity) on an enlarged prob-
ability space, carrying a so-called spine, that is, a marked ray in the genealogical
tree. The particle on the spine by time s will be denoted by wy. Recall that A
denotes the branching rate and L a random variable distributed according to the
offspring distribution in the original BBM. We then have the following description
for the BBM with spine under Qj:
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e The system starts with one particle wq at position x.

e This particle moves like a standard Brownian motion (without drift!) during
a time distributed, according to the exponential law of parameter 1A, where
ju1 :=E[L]. R

e Then it gives birth to a random number L of particles distributed according to
the size-biased reproduction law, that is, Vk € N, ]P(Z =k)=kP(L=k)/111.

e Amongst the children, one is uniformly chosen to be on the spine and continues
in the same way.

e Others spawn usual BBMs (according to the law IP but started from the position
of their parent).

The following proposition generalizes the many-to-one formula stated above
and follows from the results in [43]. Recall that a “particle” is formally a word
on the alphabet of natural numbers, that is, an element of the countable set T =

o oN,

n=0

PROPOSITION 4.1. Let x € R. Let s > 0, and let (Hg(u)),eT be a family of
uniformly bounded .%;-measurable random variables. Then we have

IEX[ > e_X“(s)Hs(u):|=e_xEQX[HS(ws)].
ueN (s)

The second change of probability we will use has been introduced by Kypri-
anou [57] and is done with respect to a modification of the derivative martingale,
obtained by killing particles coming below zero. It is called the truncated deriva-
tive martingale and is defined by

Zs = Z Xu (S)C_X"(S)ILWE[O,S],XM(r)>0, s >0.
ueN (s)

Then, for x > 0, (Z s)s>0 1S @ nonn~egative martingale under PP, and, therefore, we
define a new probability measure Q, on .%o, by

~ et o
Qxlys = ;Zs .PXL?S’ Vs > 0.

We have an analogous description for the BBM with spine (w;)s>0 under @x:

e The system starts with one particle wy at position x.

e This particle moves like a three-dimensional Bessel process during a time dis-
tributed according to the exponential law of parameter A, where p1 :=E[L].

e Then it gives birth to a random number of particles distributed as L defined
above.

e Amongst the children one is uniformly chosen to be on the spine and continues
in the same way.
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e Others spawn usual BBMs (according to the law IP but started from the position
of their parent).

Moreover, one has the following generalization of the many-to-one lemma:

PROPOSITION 4.2. Let x > 0. Let s > 0 and let (Hy(u)),eT be a family of
uniformly bounded %s-measurable random variables. Then we have

Ex[ > Xu(s)e_X“(S)]]-Vre[O,s],Xu(r)>0Hs(u)]:xe_xE@x[HS(ws)]-
ueN(s)

4.2. Truncated derivative martingale: Moments. The second moment of the
truncated derivative martingale (Zs) s>0 18 infinite if E[L?] = co. We therefore
introduce a variant of (Z;) s>0 whichis close toitin L I_distance, and whose second
moment can be controlled. This method, which uses the probability @, defined
in the previous section, is due to Aidékon [3] and sometimes called the peeling
lemma; see Shi [75] for more applications. We also incorporate simplifications of
this method from Pain [72].

Throughout, let x > 0. For u € T, such that u € A/(s) for some s > 0, let O,
denote the number of children of particle u and d, the death time of u (and leave
undefined otherwise). Write v < u if v is a strict ancestor of u and v <u if v < u
or v =u. We set, for s, k >0,

B :={ueN(s):Yv <u, O, <keXr@/2)

~

Ze:i= Y Xu()e " Dly,c10.40.x,()>0Lues, ,
ueN (s)

I:Iote that ~'formally, 4 s.00 = 4 .. The next lemma bounds the L!-distance between
Zs « and Z; for large k.
LEMMA 4.3. There exists a decreasing function h: Ry — Ry such that
limg— 0 h(a) =0 and for every x,k > 0 and s > 0,
Ex“Zs - Zs,/c” =< h(K)e_x-

PROOF. First note that Z s > 4 s.c» SO we can ignore the absolute value in the
expectation. Using Proposition 4.2, we get

IEx[zs - zs,/(] = IEx|: Z Xu (S)C_Xu(S)ﬂVre[O,s],Xu(r)>O]1u§€BS,,(i|
ueN(s)
= xe_x@x(ws ¢ BS,K)-

Under Py let (R,),>0 denote a three-dimensional Bessel process, and let Lbea
random variable independent of (R,),>¢o following the size-biased reproduction
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law. Then, using the spinal decomposition description and the formula for expec-
tations of additive functionals of Poisson point processes (applied to the branching
times r of the spine where the number of children exceeds eX»r ")/2) we have

~ S -~
Qx(ws ¢ BS,K) <E, |;/0 P, (L > KeRr/zl(Rr)rEO)/Ll)\'dr]

s —~
:MIAEX[EX[A' 1R,<210g+(z//<) dr‘L}]

1 =03
fulkE[;(210g+(L/K)) } by (B.6).

The previous inequalities and the definition of L yield
B[ Zs — Zs, ] <h(c)e™,  h(c) :=8AE[L(log (L/x))’].

The function A (k) is decreasing in « and vanishes as k — oo by dominated con-
vergence and Assumption (1.1). This proves the result. []

LEMMA 4.4. There exists C > 0 such that for every x >0,k > 1 and s > 0,

E.[ZZ,] < Cke ™.
PRrROOF. Using Proposition 4.2, we have
EX [ZSZ,K] = EX|: Z Xu (S)C_X"(S)ILVrE[O,s],X,, (r)>0]lu¢Bs_,( Zs,/c]
ueN (s)
= xe_xE@x [2s,/< ]1wseBs,K] =< xe_xE@X [Zs ]lwseBs,K]-

The Z, appearing in this last expectation can be decomposed as a sum indexed by
the (nonspine) children of the spine particles, each term in the sum corresponding
to the contribution of the descendants of this child plus the contribution from the
spine particle at time s. With Il denoting the set of branching times of the spine
before s, we then get

E@X [Zs]lwseBS,K]

—Eg, [ﬂwseBs,K 3™ (Ou, — DEx,y ) [Zo—r] + Xy, (s)e~ X “)]

rellg

S ~
<E, [/ keRPER [Zs_ Juirdr + RseRS:|
0

N
= AcE, [/ R,e Rr/2 dr:| + Ex[Rse_RS],
0

using that Eg, [Z «—r] = Rre R The first expectation is bounded by l% by (B.7).
The second expectation is bounded by %, with C’ = maxy>q y%e™Y, since the



1-STABLE FLUCTUATIONS IN BRANCHING BROWNIAN MOTION I 2973

density of Ry under P, is bounded by % gs(x, y) with gs(x, y) the Gaussian kernel
of variance s; see (B.5). This concludes the proof. [J

4.3. Number of particles killed by the barrier. We still consider here a BBM
starting with a single particle at x > 0 and where particles are killed when hitting 0.
Let £ denote the stopping line of the killed particles and, for u € £, let A, be the
killing time of u. Our interest in this section is the number

Nia,p) = #{u elL:A, € [a,b]}

of particles that are killed at O between times a and b. More generally, we introduce
as before a new random variable where we remove the particles with too many
children. For x > 0 and 0 <a < b, we set

Coi={ueLl:Yv<u, 0, <keX@/?}
Niaplx :=#u € Ce: Ay €a,bl}.

It will be most convenient to consider a different branching Markov process (in
the sense of Hardy and Harris [43]), namely, BBM where particles are stopped at
the origin. Formally, this is a branching Markov process where the motion of the
particles is standard Brownian motion on [0, co), stopped when it hits the origin
and the branching rate is equal to A on (0, 0o) and zero at the origin (the offspring
distribution is the same as before). We will denote the law and expectation w.r.t.
this process by ]P’g and Eg respectively. It is clear that (W;),>¢ is still a martingale
under IP’g. As in Section 4.1 we can therefore define a new measure QS by changing
the measure IP’S w.r.t. the normalized martingale (e™* W;);>0. This measure has an
analogous description as the measure Qy, except that all particles (including the
spine), are stopped at the origin and do not branch once stopped. Furthermore, we
have the following many-to-one lemma:

PROPOSITION 4.5. Let x > 0. Let s > 0, and let (Hy(u))yeT be a family of
uniformly bounded %;-measurable random variables. Then we have

Eg[ > e_X”(S)Hs(u)}=e_xIEQ9[HS(wS)].
ueN (s)

As a first application of Proposition 4.5, we calculate the first moment of N4 p
(this calculation is standard but we include it for convenience).

LEMMA 4.6. Forx >0and 0 <a < b, we have

Ex[Npgpl=e" /b #e_xz/zs ds.
' a 27'[53/2

X

Moreover, it follows that Ex[ N[ oc)l =€ .
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PROOF. We first rewrite the expectation using BBM stopped at the origin:

Ex[N[a,b]]=E2[ Z ]]-Xu(b):O,X“(r)>0Vr<ai|-
ueN(b)

Note that if X, (b) =0, then 1 = e~ X« We can therefore apply the many-to-one
formula (Proposition 4.5) and get

Ex[Nig.p)] = e Q% (X, (b) =0, Xy, (r) > OVr < a)
=e Py (inf{r > 0: B, =0} € [a, D)),

where (B,),>¢ is a standard Brownian motion started at x under P,. The law of
the hitting time of the origin of Brownian motion started at x is known (see, e.g.,
equation 1.2.0.2 of Borodin and Salminen [22]) and implies the first statement of
the lemma. The second statement follows by setting a = 0, letting b — oo and
observing that the hitting time is finite almost surely (or by direct calculation,
using, e.g., the change of variables v = x//s). 0O

LEMMA 4.7. There exists a decreasing function h: Ry — Ry such that
lim,— o h(a) =0 and, for any x >0, k > 1,

h(k) _
Ex[Nj0,00) — N0,00).c] < e .

~ logk

PROOF. As in the beginning of the proof of Lemma 4.6, for any s > 0, we
have

Ex[N[O,s] - N[O,s],/c] = e_ng (st ) =0,ws ¢ CK)'

Under P, let (B,),>¢ denote a Brownian motion, and let L be a random variable
independent of (B,),>¢ following the size-biased reproduction law. Furthermore,
set 7 ;= inf{r > 0 : B, = 0}. Then, using the spinal decomposition description
under Qg, we obtain as in Lemma 4.3,

‘[ -
Q%(Xy, (5) =0, ws ¢ C,) <E, [ﬂfg /0 Py (L > keB/?|(B)i=0) p1r dr}

. ~
EMI)»Ex[EX[/(; jlB,<210g+(z//() dt‘LjH
< wAE[(2log, (L/x))*] by (B.1)

log+Z]

S (R
+

Setting h (k) :=4AE[L(log (L//c))2 log, L], we have lim, _, o (k) = 0 by dom-
inated convergence (and using Assumption (1.1)). Letting s — 00, this proves the
result. [J
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LEMMA 4.8. There exists C > 0 such that we have, for any x > 0 and k > 1,

Ex[Ng

—X
O,oo),/c] < Cre ™.

PROOEFE. First, note that

Ex[ N3 ooy ] = Ex[Ni0.00).6 V0,000 — D]+ Ex[Njo.00.]:

and the second summand is bounded by e~ by the inequality Njo o)« < N[0,00)
and Lemma 4.6. It thus remains to show that the first summand is bounded by
Cke™ for some C > 0.

The proof is similar to the proof of Lemma 4.4. We first have for s > 0, by
Proposition 4.5,

Ex [No,s1.c (No,s1.60 — D] = Eg[ > Ix,0)=0.uec (Njo,s1x — 1)}
ueN(s)
= e_xlE@gg[(N[o,s],K — D1y, (5)=0,wseCy -

Denoting again [T, the set of branching times of the spine before s and using the
spinal decomposition description, we get

EQg[(N[o,s],K — Dlx,, (5)=0,w,eCy )

=Eq []1st (5)=0,w; €Cy Z (O, — I)Exw,(z)[N[o,s—t],K]]

tell;

< «Eg [1st (=0 Y X PRy (t)[N[O,oo>]]
tell;

We denote again by (B,),>0 a Brownian motion started at x under Py and set
7 :=inf{r > 0: B, = 0}. Using Lemma 4.6 and the formula for expectations of
additive functionals of Poisson point processes, the last estimates gives

T
Ex[Nio.s1.c (Njo.s1.c — D] < kpp1re ™ Ey I:]]_TSS,/O e~ Bi/2 dt},
and, letting s — oo, we get
T
Ex[Ni0,00),6 (N[0,00),c — D] < kpuire ™ Ey [fo e Bi/2 dz].

This last integral is bounded by a constant by (B.2), which finishes the proof of the
theorem. [J
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4.4. Truncation of the critical additive martingale. In this section, using again
the new probability measure QQ,, we study the truncation of the critical additive
martingale, when particles are killed below 0, defined by

~

Wy = Z e_X”(S)ﬂwe[o,s],xu(r»o, s> 0.
ueN(s)

Note that (Wg)szo is not a martingale. Moreover, we introduce, for ¥ > 0 and
s >0,
~ X,
Wee= Y e 0y 05.x.07>0Lues, .
ueN(s)
where By , has been introduced in Section 4.2.

LEMMA 4.9. Forx >0, set F(x) :=/2/m f(;c e=2/2 dz. For any x,s > 0 we
have

E,[W,] = e—XF<i) < e_x<1 A 31).
NG T /s

PROOF. Using the many-to-one formula (Proposition 4.1) and the reflection
principle, we have

EMWJ=€WHWGWJL&2®=6”MWH§ﬂ=€”<§ﬂ,
S

because F(y) = P(|B1] < y). Then note that, for any y > 0, we have F(y) <
J2/myandalso F(y) <1. [

LEMMA 4.10. There exists a decreasing function h: Ry — R, such that
lim,_, 0 h(a) =0 and, for any x, k,s > 0,

= = o 1 X
JMM—Mﬂymm(ﬁ+Q.

PROOF. Using Proposition 4.2, we get

E[Ws — WS,K] = IEX[ Z Xy (s)e_X“(“)lee[o,s],xu(r)>o

1u¢BS,K]
ueN(s)

Xu(s)

— :ﬂ‘ws¢Bs,K
=xe * @X[ e i|
wy (s)

Then, using the spinal decomposition description, we obtain

Ex [M] < Ex[i /SIP’(E > KeR’/2|(R,)r>o);L1Adr]
Ul Xu, () 17 LR Jo -

1 s 7
zul)»Exl:Ex[R_S/O 1R,<210g+(Z/K)dr'L]:|’
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and, applying Lemma B.1, we get
1ws¢Bm} [ ~ 3< 1 1)}
Ex | ——< | < uiAE|C(21 L — 4+ -]
@x[ Xu () | =M (2log (L/K)) it
Setting h (k) := CAE[L(log, (L//c))3], it proves the result. [

LEMMA 4.11. There exists C > 0 such that, for any x >0,k > 1 and s > 2,
we have
~ 1 xlIns
2 —
EX[W&K] =< Cke x(; + S3T)

PROOF. Using Proposition 4.2, we have

~ ~ 1 ~ 1
2 — wxeBx,lc — wxeBx,/(
Ex[Ws,x] =Xx€ XE@X I:WT,K X, (5) ] =xe XE@X |:Wv X, (s) ]

As in the proof of Lemma 4.4, we get (using Lemma 4.9 in the last step)
~ 1
E@ [W;‘ ws € By i :|
* X wy (s)

=]E wseBsK( 0 —DE W _, —st(s)>:|
[st(s) reZﬂ( w — DEx, o[ Weoy] +e

1 s ~
<E, [—(/ KeR"/ZIERr[WS_,]m)»dr+e_RS)]
R \Jo

sl [ (12 ) o] vn o]

K — e — r —e .
=H * R; Jo TS —T * Ry
The first expectation is bounded by C (x]—s + ;';—/Sz) for some constant C and, by
Lemma B.2, for x > 0 (and the statement of the lemma is trivial if x = 0). The
second expectation is bounded by C/s3/? and, because the density of R, under P
is bounded by Cy?/s3/? for all x > 0, by (B.5) and the inequality 1 —e™* < x for
all x > 0. Together with the previous inequalities, this yields the result. [

5. The particles staying above y;: Proof of Proposition 3.2. In this section
we prove Proposition 3.2 using the results from Section 4.2. As explained below, it
will be enough to consider @ = 1. We recall the notation from Section 3: for ¢ > 0,

B

1/4—>Oast—>oo

1
V= Elogt + B; with §; — oo and

Z?Vr = Z (Xu (s) — Vt)e_X”(s)]lVre[t,s],Xu(r)>y,’ s =1
ueN (s)

We start with a preliminary lemma.
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LEMMA 5.1.  We have the following convergence in probability:

ViIZE =2 0.

t—00

PROOF OF LEMMA 5.1. The proof basically follows a first- and second mo-
ment argument, with a truncation as in Section 4.2, in order to handle offspring
distributions of infinite variance. By analogy with Section 4.2, we set, for k > 1
and s >,

Béz}j’ ={ueN(s):Yv<u,dy>t= 0, < Ke(X”(d“)_V’)/z},

D> (Xuls) - yt)e_x“(s)JlVre[t,s],Xu(r)>yt]lueB?Z’
ueN (s) ’

~I,Vt .
Zoy

It is enough to show the following. For every ¢ > 0,

(5.1 ]P)<|Z£7yt _ Zlm/r| > %‘ﬁ}) ——> 0 in probability.
' t

11— 00

Noting that AR 7> 0and E[ZL" | ] = t " we decompose

P(‘Z;’V[ — tyt| > —)f{)

E ]ID(Z;»)’I Zf 143 > _‘J[)

S,k —

g

52) +2(|Z5x —B(Z17) = | %)

Tlgzn 702020/ v7

. - AT
<2 Va(zen - z15)+ (Y) va(z1),

using Markov’s inequality, Chebyshev’s inequality and the inequality 1,>, < x/¢
for x > 0.

For the first term in (5.2), using the branching property at time # and Lemma 4.3,
we have with the notation used there,

E[Zt" = ZV | F) = Y. e "Ex,0)-nlZs—t — Zs—ri)x, )5y,
ueN (1)
(5.3)

< Z e_y’e_(X”(t)_y’)h(K)=CWth(K).
ueN(t)
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For the second term in (5.2), using again the branching property at time ¢ and
Lemma 4.4, we get

5 2
Var(ZGHF) < Y Exu-nl(€ Zomri) 1Lx, 0>,
ue/\/’(t)

< Z C_ZVICKC_(X“(Z)_V’)=CKC_V’Wt.
ueN(t)

5.4)

Combining (5.2), (5.3), (5.4) and taking s — oo, we get, forevery k > 1 and ¢ > 0,
—Bt
Sty S € h(k) ke
(5.5) IP’<|ZOO Z! |zﬁ‘ )<c\fwt< —t )

Now, recall from (1.7) that 4/t W, converges in probability as t — oo. Taking k =
ePr/2 and using that 4 (k) — 0 as k — 00, the right-hand side of (5.5) then goes to
0 in probability as t — oo which shows (5.1). The result follows. [J

The next lemma shows that the contribution of the particles below y; at time ¢
is negligible. It is stated in greater generality since it will be used in Section 6 as
well. It is here that we use the assumption y; = o(t1/%). Define for s > > 0,

(5.6) W;’yt = Z C_X"(s)1Vre[t,s],Xu(r)>Vt'
ueN(s)

LEMMA 5.2. Forall a > 1, we have y,/t(Way — W2 ') — 0 in probability
ast— oo.

PROOF. Fix ¢ > 0. By (1.4) there exists L > 0 such that

P Xu(s) <—L
(mig, i, X < ~L) <2

By Markov’s inequality

&
]P(W ’)/r - )
ar = War™ = Vt\/;

(5.7) <&+ 8_1 VZN/;E[(WM - Wé}yt)]lminsz() minueN(s) Xu(s)>—L]

<e+ 8_1)/:\/;}3[ Z e Xu (at)]]-minre[t,at] X, (r) <y ﬂVse[O,at],Xu(s)>—L:|-
ueN (at)

It follows from the many-to-one formula and the relation (B.3) between Brownian
motion and the three-dimensional Bessel process that the expectation on the right-
hand side of (5.7) is equal to

EL []]'minre[r.at] B <y:+L ]]‘minse[o,at] By >0l = LEL [ R ]]'minre[r,at] RrEVt+Lj| .

at



2980 P. MAILLARD AND M. PAIN

By Lemma B.3

(vt + L)? vl )
ta>l .

1
E; |:—1minye[t,atj RrSVt+Li| = C( 13/2

Ry a—1

Coming back to (5.7), we proved that

(v +LD)? (i +L) )
)§8+C8 L( ; + —(a—l)t]lpl

P( W, — Wy >
< “ “ Vz\/;

—> &,
t—00

because y; = o(t1/%). This proves the lemma. [J

PROOF OF PROPOSITION 3.2.  First, note that it is sufficient to prove the case
a=1:fora>1,B, =y — %log(at) satisfies (3.1) with at instead of ¢, so one
can directly apply the case a = 1. We therefore have to show:

~ P
(5.8) \/;|Zé’oy’ —(Zi —yiW)| ——0.

—00
We decompose:

VIZEY — (2 — W) | S VI ZEY = Zp 7 | + V| Z0" = (20— W)

The first term goes to 0 in probability by Lemma 5.1. The second term can be
written as

VIZI" = (Z =y W) =V Y. (1 — Xu®)e X D1y )y,
ueN ()

Since min,enr(r) Xu(f) — 00 as. as t — oo by (1.4), the right-hand side is
bounded by y,/t(W; — W,I’V’ ) with high probability for large ¢, and this goes
to 0 by Lemma 5.2 as t — oo. Equation (5.8) follows. [

6. The particles going below y;: Proof of Propositions 3.3 and 3.4. In this
section we prove Propositions 3.3 and 3.4. We use throughout the notation from
Section 3, in particular the stopping line £ and its decomposition into

at,y; __ pat,Vt at,yr
L - Egood U Ebad :

Section 6.1 handles the “bad” particles. Proposition 3.4 is proven there. Section 6.2
contains bounds on the number of good particles hitting y; at a certain time. Sec-
tion 6.3 wraps up the proof of Proposition 3.3.
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6.1. The “bad” particles. In this section we prove that the “bad” particles
have a negligible contribution to Z, that is, we prove Proposition 3.4. We will
need the following estimate: there exists a constant C > 0, such that for all x > 0,

6.1) E[Zo Ax] < C(1 +1log, x).
This estimate is a direct consequence of (1.8) and the equality E[X A x] =
J5 P(X > x) dx for a nonnegative random variable X.

PROOF OF PROPOSITION 3.4. We perform a truncated first moment compu-

tation. For simplicity write A, for A%""". Then note that

Fg’;&yf Al < Z e_Xu(Au)(ZC()Ié»atJ’t) A eXu(Au))

ueﬁﬁ;g/t
S Z e_Xu(Au)(Zgé’atvyl) /\eVr),
ueﬁg;ayt

because the particles u € £g;’dy’ satisfy X, (Ay,) < y:. This gives

E[FS;&M A\ 1|f£m.y,] < Z e_xu(Au)E[ZgLé,at,}/r) Aet |ﬂf£m%]

at,yt
uely .y

<C(+y) Y e X,
ueﬁg;‘d}”
by (6.1). Now, define ANpyq(ar) as the set of particles u € N'(ar) such that
min,c(s.qr) Xu(r) < ;. Then Eﬁ;&y’ forms exactly the descendants of the particles
in Npad(at) at the time when they go below y;. By the branching property at time
at and Lemma 4.6 (for particles above y; at time at),

E[ >, e %}= Do TN = Wy — W

at,yi vENpad (at
ueLlpn? bad (at)

where Wé;y’ is defined in Section 5. Altogether, we get
E[Vi(Foad A )| Zar]) < CA + y)NVE(War — Wai").
The proposition now readily follows from Lemma 5.2 and Markov’s inequality.

0

6.2. The number of “good” particles. We recall that Eg(t)’oﬁ

. . at,yr __ LYt o ALV
in a with £g00d ={uce Egood : Ay > at}. Foreach a > 1, we set

is a decreasing set

(lt,)/t . Cl[,]/f
N, good " #L good

In this section we study the convergence of N, g DY after a proper renormalization.

ood
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LEMMA 6.1. Foranya > 1, we have the following convergence in probability:

e (Ngos — BN 7l =z 0

PROOF. The proof goes by a truncated second moment computation as in Sec-
tion 4.3. Fix a > 1 and ¢ > 0. We set, for « > 1,

Cii={ue Egé’o’g Vv < u,dy > at = 0, < e X/}

at,yr . __ at,y
NOLVE = otV

good, k
. t t, . ..
Noting that Ngogg - goo}i . > 0 and working conditionally on .%,,, we have

B

3ee
P(INgodt — B[N | 7ur) =
t

)

yal)

B
at,y; atyy _ €€
= IP><N'good - Ngood,/c = B

6.2) gefr

good,k good,x

+P(INgadh —~ EINg 1) 2

t
t Lgyesr N | )z ee ),

good good,x
2B

2
at Vi at,y, ,Bt at Vi
= (E‘e_ﬂfE[ good Ngoodtdgat] + <8e_ﬂf) Va‘r( good, Klﬁat)
using Markov’s inequality, Chebyshev’s inequality and the inequality 1>, < x/¢
for x > 0.
For the first term in (6.2), using the branching property at time atr and
Lemma 4.7, we have with the notation used there,

at,y, at V43
IE[]\',good good K |J‘1f]

= Z Il‘EXM(at)—y[[]V(O,oo)_I\I(O,oo),i(]]lX,l(at)>y,
(6.3) ueN (at)

=y e—<xu<at)—y,)lh(") Jich mh(")
ueN (at) 0gK OgK

For the second term in (5.2), using again the branching property at time at and
Lemma 4.8, we get

Var(N;‘é;,E’,KI%I)s Z Ex, (at)—y [(N©.00) ) )L X0 @)= 1
ueN (at)

< Z Cre Kula)=y) _ CK\/Eeﬂ[ W
ueN (at)

6.4)
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Combining (6.2), (6.3) and (6.4) with x = ef/2 it follows that

&
P ING) — BN 1 7] = |7

h(eh/?)  plehi?
o (MO B

in probability using the convergence in probability of +/t W, from (1.7) and that
h(ef/?) — 0. The result follows. [

PROPOSITION 6.2. For every a > 1, we have the following convergence in
probability:

at,y,
ﬁt|e ﬁtNgood[ ‘/;Wm‘ m 0.

PROOF. Using the branching property at time ar and then applying Lem-
ma 4.6, we have

e PE| géoﬁ’lfat] P Z Lvrelt,arl:Xu(r) >y Xy @)=y [N ©0,00) ]
(6.5) ueN (at)
— th Vt.

Using the triangle inequality, it follows that
Bile ™ Nt — N1 Wai|

= ,Bte_ﬁt |Ngac€o)(/it E[ gcio]c/lt |=/al]| + ,3;«/_} atyt — Wa |
Both terms vanish in probability as t — oo by Lemmas 6.1 and 5.2. This concludes
the proof. [J

COROLLARY 6.3. Letn>1,1<aj; <---<ay < apy1 =00 and (z')i>0 €
(C”)R+. Assume that, for any 1 <k <n and t >0, Re(z,tc) < 0 and that 7' con-
verges to some z € C". Then we have the following convergence in probability:

n
E[CXP(ZZQC@ (Ngood "~ Ngood y[)) L%]

k=1

We""(( <27 7))

PROOF. Recalling that /tW,; — /2/maZ~ in probability by (1.7) and
Z; - Zs a.s., it follows from Proposition 6.2 that, for every 1 <a < b < o0,
we have

P

— t, Y bt,y; 2 1 1
e (Ngood = Noood) = \/;Zt<ﬁ - ﬁ) —= 0
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Noting that everything is bounded by 1 because Re(z}) < 0 and using Remark A.3,
it is sufficient to prove that

sfewn(3e 22— )]

senl(Z £ - )

But this holds because Z; is .%;-measurable and Z; — Z, a.s. O

6.3. Contribution of the “good” particles. In this section, we use the results
of the last section for proving Proposition 3.3.

PROOF OF PROPOSITION 3.3. Note that we can assume w.l.o.g. that a; <
ap < --- < ay. Using Proposition 6.2 and Remark A.3, it is sufficient to prove that

elowo(i S vy ) |5
6.6) = )
P .
= E[exp(z;kkSzw/@)’Zoo],

where (S;);>0 is the Lévy process from the statement of Theorem 1.1. Recall that
Lo —ty e £0% ALY > ar) and that, for u € £°7Y, we have ALY = ALY

good good * good *
1, 1,
and, therefore, Z(u at.vt) Zgé ", Thus, we have
at,yr — u,t,
o = ) e ZWi ),
ueﬁtgggdst AV >at

where, given F iy, the Z& " for u e Egood are i.i.d. copies of Z.,. Recalling
that Wz_ denotes the characteristic function of Z, setting )»}c =AMk
and a1 = 00, it gives

n
E[exp<i > (ViFggol" = Bre P Nysod") )‘ﬁcm}
k=1
n
(67) = E|:6Xp (l Z )\,;{ Z e_ﬁ’(Zé’é’t’V’) - /31)> ‘gﬁf,yt:|
k=1

Lyt Lyt
”eﬁgood s.t. Ay e(agt,ar+1t]

n N&LYE_ 117t
1_[ \IJZOO )“ke eXp(—l )\. ,Bte_ﬂt )] good good
k=1
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But, using (1.12) and Lemma 2.3, we have for every A € R and large enough ¢,
Wy (Ae*ﬂ’) exp(—i)\ﬂ,e*ﬁ’)
=W, 0, (ke PrYexp(—irgie P + ae Prg(re™Pr))
=exp(e ™[/, () + 28 (e™F)])
with g(A) — 0 as A — 0. Therefore, (6.7) is equal to
68 o e PN~ N ) Kt )]
k=1

Taking the conditional expectation given .%; in (6.8) and applying Corollary 6.3,
we get that the left-hand side of (6.6) converges in probability to

2 &1 1 /
eXP(‘ ;ng<ﬁ—m)¢n/2,uz(kk)>-

Note that \/g Vrj2uz =V yaiauzJim by (1.11). Hence, the quantity in the last
display is exactly the right-hand side of (6.6) since (S;);>0 is a Lévy process and

so has independent increments. This concludes the proof. [

7. Proof of Proposition 2.2. In this section we prove Proposition 2.2, con-
trolling the speed of convergence of /tW; toward «/2/7 Z~,. We use in the proof
the following fact, which is a consequence of Proposition 2.1 combined with (1.7):

(7.1) Ve >0, limsupP(|Z, — Zoo| =t~ 1/>T¢) =0.
—00

The arguments used here are a very rough version of the arguments used in the
forthcoming paper [65] for the fluctuations of the critical additive martingale.

PROOF OF PROPOSITION 2.2. Fix some « € (0, 1); its value will later be cho-
sen appropriately. Let + > 2. We introduce a killing barrier at O between times *
and r. We set, for s € [t%, 1],

WS = Z eiX“(S)]]-V}’G[ta,f],xu(r)>0’
ueN(s)

2s = Z Xu(S)e_X”(s)]l‘v’re[t“,s],Xu(r)>O-
ueN (s)

The steps of the proof are the following. First, note that, with high probability,
none of the particles is killed since min, cpr(s) Xy (s) — 00 a.s. as s — oo by (1.4).
Therefore, we have

(7.2) P(W, # Wy) —= 0



2986 P. MAILLARD AND M. PAIN

and we can consider W, instead of W,. We will show that the conditional first mo-
ment E[W,|.%«] is very close to /2/m Z,« and 50 to v/2/7 Zoo by (7.1). Then we
prove that W, is close to E[W,|.%«] by a second moment argument, using results
proved with the change of probability in Section 4.4. We will use parameters « and
B that will be fixed at the end, and the constants C can depend on them.

We first deal with the first moment. Recall from Lemma 4.9 the definition of
the function F(y) = /2/m foy e=/2 dz, y > 0. Applying the branching property
at time r* and Lemma 4.9, we get

— Cx (s X, (%)
E[W|Fe]= ) e X0 >F<—>Jlx,,(ta)>o.
veN (1) vi—1¢

Since |F(y) — /2/my| < Cy3,fory>0,and t —1* > Ct, for t > 2, we get

E[W,|Fp]— .| ————Za
W7l = | =
v g [ Xp(t9)\3
SC Z e Xy(t )(U—O{) ]]_Xl’([oz)>0
D) r—t

«—(3/2) NRIING UM
<Ct Z e Xv(t ) \/—a ]]‘Xv(ta)>0'
veN (1%) !

Using furthermore that |(f — r®)~1/2 — t=1/2| < C1*=G/2) we have

_ 2__
‘JEE[WA%] - \/;zta
X, (1)

2
<cre! Z e Xl )Xv(t“)<1+< NG ) >]1xv(;a)>0.

veN (1)

We want to use Markov’s inequality to bound the left-hand side of this inequality
in probability but have to truncate the paths for this. For any ¢ > 0, there exists
K > 0 such that P(ming>omin,ecprs) Xu(s) < —K) < ¢ by (1.4). Decomposing
with respect to this event, and then applying Markov’s inequality, the many-to-one
formula and the relation (B.3) between the Brownian motion killed at zero and the
three-dimensional Bessel process, we successively get,

— 2 A
(| VB, 72 —\/;Z,a > )

oS e (2

veN (1%)

X ]]-Xv(t“)>0]]-Vs§t“,Xu(s)z—K]
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By

C 2
=¢c+ ZE[B;a (1 + (ﬁ) >]1B,a >01Vs§t“,BsZ—K:|

Fos _ o _— a
= A K t \/t_a Vs<t%,B;>0
:8+TEK/\/Z_W[1+R1]E>8+TE[1+R1]

Combining this with the fact that P(Z,« # Z,«) — 0 as t — oo, we finally get, by
taking ¢ — 0,
=)
> =0.
- tl—ol

We now want to prove that E[W,|.%«] is close to W;. By analogy with Sec-
tion 4.4, we introduce, for k > 1,

— 2
(7.3) lim sup lim sup}P’()ﬁE[W, | Fa] — \/iZ,a
b4

A—oo0 [—>00

Biw:={ueN{t):Yv<u,d,>1*= 0, < KeX”(d“)/z},

Wi = Z e_X"(Z)]l‘v’se[t"‘,t],xu(s)>01ue§m-
ueN ()

Then, by the triangle inequality and noting that W, — W, , > 0, we have, for any
e>0,

]P)(|Wt - E[Wth%a]} = 38|yz")
<P(W,— Wz,/c > e Fe) + ]P(|Wz,x - E[Wt,dg\t“” = 8|ﬁt°‘)
T LE(W, W, (| Fulze

Applying Markov’s inequality, Chebyshev’s inequality and the inequality 1>, <
x /e for x > 0, we get

P(|Wz - E[Wﬂgzt“” = 38|3;t“)
(7.4) 1 1 o
<2. EE[Wt — Wyl Fe] + 8—2V3r(Wz,K|<9?t°‘)-

In order to bound these two terms, we use the branching property at time ¢, then
Lemma 4.10 for the first term and Lemma 4.11 for the second. This gives

. (1 X, (1%)
E(W; — Wiyl Fel< > Chx)e ¢ )( + )ﬂxv<ta>>o
veN (19) t—1¢ 1=t
W e Za )
=Ch ,
OC)(«/I — ¥ + t—1t¢
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Var(Wtﬂyt“)S Z EX,)(ID‘)[(WI—I“,K)Z]
veN (1%)

< C ( W[Dt + Zta ln(t - ta))
K .
- r—1%  (t—1%)32

We plug these bounds into (7.4) withk :=1 and ¢ := t"s_% for some S € (0, a/4).
Using again the inequality ¢ — t* > Ct for t > 2, this gives

P(V1|W, = E[W,|Fa]| = 3t | Fa)
< C(Wie(tP + 1) + Zyu (P2 + 122 1n1))

< CrPP 5 (1 Wya + Zy) —— 0

t—00

using (1.5) and (1.7). It follows that
(7.5) P(Vi|W; — E[W,|F]| = 3t7#) — 0.

t—00

Finally, we consider some 6 € (0,1/5) and choose o € (46,1 — 6) and B €
(0,a/4). Then, for ¢ large enough, we have 170 > 317 4 10— 31—y 4
12 _0/ 3 /1%) and, therefore,

[2
limsupP(’«/ZW, — —Zoo‘ > t_9>
t—00 T

<lim sup{]P’(W, £ W) +P(V1|W, —E[W,|F]| = 3t7F)

—>00
>

. 2 tl—@—a
+P(‘J¥E[Wt|%]— ZZuw| > )
T 3tl~«

+P 2 V4 Z L
J— J— al >
(Vn' > "—wra)}’

and all terms vanish in the limit by (7.2), (7.5), (7.3) (because ¢! ~?~% — 00) and
(7.1) (because a/2 — 6 > 0). [

APPENDIX A: WEAK CONVERGENCE IN PROBABILITY

We work here on a Polish space E with its Borel algebra £. We denote by Cp(E)
the set of bounded continuous functions from £ — R. For a finite measure & on
(E, &) and a function f € Cp(E), we set §(f) := [ f d&.

Let (in)neN be a sequence of random probability measures on (E, £). We say
that u, converges weakly almost surely to a random probability measure (oo as
n— oo if

as., Vfely(E), Mn(f)mﬂoo(f)'
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Berti, Pratelli and Rigo [17] proved that the two following statements are equiva-
lent:

(i) for any f € Cp(E), u,(f) converges a.s. as n — o0;
(ii) there exists a random probability measure oo such that pu, — o weakly
almost surely.

The point here is the interchange of “a.s.” and the quantifier “V f.”

We say that u, converges weakly in probability to Lo as n — oo if, for any
subsequence (7 )keN, there exists a subsequence (71y; );en such that My, converges
to oo Weakly almost surely as i — oco. Then Berti, Pratelli and ngo [17] also
showed the equivalence between the following statements:

(i)’ forany f € Cp(E), u,(f) converges in probability as n — oo;
(ii)" there exists a random probability measure i1~ such that i, — (e Weakly
in probability.

For n € [0, 00), we will denote by Pu,, the annealed probability measure defined
by

VA€E, Pun(A):=E[u,(A)].

Note that, if u, converges weakly in probability to ©~, then Pu, converges
weakly to Puco.

We now work on the space E =R? and establish the following proposition. An
analogous result for the weak convergence almost surely has been proved by Berti,
Pratelli and Rigo [17].

PROPOSITION A.1. Let u, for n € NU {oo} be random probability measures
onRY. Then i, converges weakly in probability to jLso iff, for any & € RY, we have

i(d,x) i(A,x) . ..
/Rd e din (x) —= /Rd e duco(x) in probability.

PROOF. For 1 € RY, we set f: x € R > ¢/**)_ The direct implication is
obvious; so we prove the reciprocal: we assume that, for any A € R4, wn(fo) —
Woo( f2) in probability. Let (nx)xen be a subsequence. We want to prove that there
exists a subsequence (nk, )meN Of (ng)keN such that, a.s., VA € R, My, (f2) =
Moo(f1) as m — oo. Indeed, by Lévy’s theorem, this implies that w,, ~weakly
converges to oo almost surely. Note that the point is to be able to change the
order of “almost surely” and “for all A.”

For n e NU {oo} and § > 0, we set

Va(®)i= [ (2 01x]) dran ()
so that, if |, — A/| < §, then
AD i) = oo ()] = [ (i) = oo ()] + Ya(8) + Yoo (8).
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The assumption implies that, for any A € R4, Pu,(fi) = Puioo(fi) and therefore
that Pu,, converges weakly to Puo. Thus, it follows that E[Y;,(8)] — E[Yx(5)]
as n — 00. Moreover, by dominated convergence, for any n € N U {co}, we have
E[Y,,(8)] | 0 as § | 0. Combining this and the fact that ¥;,(8) is increasing in § for
every n, one can easily get that

sup E|[Y,(6)| — 0.
neNU{oo} ¥ ]NO

Therefore, for any m € N*, there exists §,, > 0 such that

sup  E[Y,(8,)] <27,
neNU{oo}

Now we set A; :=[—m, m]d N 8mZd. By the assumption, we can construct the
subsequence (7, )men Of (ni)ren as follows: let ny, := ng and, for m > 1, choose

ng,, > ni,_, such that
1 1
(A2) P(ax € A [ptmg, (f2) — ool f)] = %) <o

Using (A.1) and (A.2), we get, for any m > 1,

1
P(HA € Lmm.ml < png, (fo) — oo (f)] = ;)
(A.3)

< o P (Yo, )= 5 ) + (Yoo 2 5.,
Using Markov’s inequality and the definitions of ny,, and of §,,, both probabilities
on the right-hand side of (A.3) are bounded by %T’L’ The right-hand side of (A.3)
is therefore summable in m € N*, and it follows by Borel-Cantelli lemma that a.s.
there exists mqo > 1 such that, for any m > mgy and A € [—m, ml4, Wnkm () —
Uoo(fr)] < 1/m. This implies that a.s., for any A € R, Mg, (f2) = Hoo(f2) as
m— oo. [

As a corollary of this result, we state the following generalization of Slutsky’s
theorem.

COROLLARY A.2. Let u, for n € N be random probability measures on
R We denote by /L}l the marginal distribution of |, associated with the d
first coordinates and i associated with the d' last coordinates. Assume that !
converges weakly in probability to a random probability measure uéo on R¢ and
that ,u,% converges weakly in probability to 8, for some x € RY. Then Un converges
weakly in probability to /’Léo ® Oy



1-STABLE FLUCTUATIONS IN BRANCHING BROWNIAN MOTION I 2991

REMARK A.3. One consequence of this corollary that we use repetitively in
the paper is the following. Let X,, and Y, for n € N be random variables taking
values in R? and .%, for n € N be o -fields. If the conditional law of X,, given .%,,
converges weakly in probability to some random probability (., and Y, converges
in probability to 0, then the conditional law of X, + Y, given .%,, converges
weakly in probability to ptee.

APPENDIX B: SOME FORMULAE FOR THE THREE-DIMENSIONAL
BESSEL PROCESS

Let (By)s>0 denote a standard Brownian motion starting from x under P, and
7 :=inf{r > 0 : B, = 0}. Using that the Green function of the Brownian motion
killed at zero is G (x, y) =2(x A y) <2y for x, y > 0, one can get the two follow-
ing bounds, for any x, a > O:

T
(B.1) E[/ 15, <0 dr] <d,
0

T
(B.2) E, U e Bi/2 dt] <38,
0

obtained by a direct computation.

Let (Ry)s>0 denote a three-dimensional Bessel process starting from x un-
der P,. Recall that, for x > 0, one has the following link between the three-
dimensional Bessel process and the Brownian motion (see Imhof [53]). For any
¢t > 0 and any measurable function F: C([0, t]) — R,

(B.3) Ex[F(Bs, s € [0, 1) yse(o.c1.5,50] = Ex[%F(Rs, s €0, t])].
t

Note that the law of the process (R;)>0 is stochastically increasing in x, as can be
seen by a coupling argument. Hence, every functional F which is nonincreasing
in the sense that F'((ys)s>0) < F((z5)s>0) as long as y; > z; for every s > 0, we
have

(B.4) Vx>0: E.[F(Ry.s>0)] <Eo[F(Ry.s>0)]

The density of R; under P, is

Z ) .
e—(Z—X)z/ZS x\/E(l —¢c XZ/S) 1fx > 07
(BS) g ﬁﬂ.z>o X 222 .
372 if x =0.
§3/2

The Green function of the three-dimensional Bessel process (w.r.t. Lebesgue mea-
sure) is G(x,y) = 2)12(x_1 A y‘l) for x, y > 0, and the two following bounds
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follow: for any a, x > 0,

00 a3
(B.6) Ex[ [ nR,<adr]s—,
X
192
(B.7) [/ R.e Rr/zdr]
X

We now establish three lemmas that are slightly more technical.

LEMMA B.1. There exists C > 0 such that, for any s, x,a > 0, we have

e[ L[ s ceo( 4 )

PROOF. First note that we have for any y,r > 0, by (B.4), E\[1/R;] <
Eol[l/R;] = /2/7t. We cut the integral into two pieces and first deal with the
part » € [0, s/2]: we have, by Markov’s property at time s/2,

1 (3 1 3
E.| — 1R, <qdr| =E,|E — 1R <ad
X[Rs/o Rr<a r} x[ R“/Q[Rs/z}/o Rr=a r]
4 s
5,/—Ex[/211R,<adr]
s 0

and, applying (B.6), we get

2 a3
(B.8) [ f 1R, <a dr} \/_ .
Now, we deal with the second part of the integral:
1 s $ 1
(B.9) ]EX[R_S./; 1R, <a dr] /Y E, |:Rs 1R,<a] dr

2

_/ [ER{ ]1Rr<a]dr
(B.10) / /m_ SPR <a)dr

Moreover, by (B.4) we have

2
PuR <) <Po(R <a)= [ f ez,

and using that » > 5/2, we get

(B.11) P (R )<,/2(2>3/2fu 24 4a’
. s <a)<.—|-= =
* T \s 0 °F 3/ms3/?
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Thus, we get

I (s 424 s dr 8a°
EX B / ]er<a dr S 3/2 f = ’
Ry Js 37s $ N/s—r 3ms
and this concludes the proof. [J

LEMMA B.2. There exists C > 0 such that, for any x,a > 0 and s > 2, we

have
1 5/ R, R ] (1 1ns>
E,| — Al Parl<c—+ == ).
x|:RS\/0 («/s—r >e "= xs—i_s3/2
PROOF. We have
1 s R
E —/( L /\l)e_R"/Zd}
x|:Rs 0 \\/S—r1 g

k+1 _
[ / ( 1)6 k/zlere[k,k—H)dr]
0 S —r

k>0

1 s 1
<N k+1 _k/zEx[—/ ( /\1)1 d }
= Z( + )e RS 0 \/ST}“ Rr<k+1 r

k>0

We split the integral into two pieces as in the proof of Lemma B.1 and then use
(B.8) for the first term and (B.9) with (B.11) for the second term to obtain

1 s 1
Ey| — —A1]1 d

1 1
<E / ]1 - d AL|E,| —1g <« d
2 2 (k+1)? 501 42k + 1)3
[ 7+/ <7A1)_dr
S /TS X $\s—r1 3532\ /s —r

Noting that, for s > 2,

/S( 1 ) d /1 dr 3 dr < Cl
r = — ns,
$A\VS—F Js=r

2

we finally get

1 s R, Ins
E,| — AT)R, R/2d}<c k 14—k/2< )
[Rs/() («/S—r ) © " Z( +1) xs +s3/2

k>0

and this concludes the proof. [J
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LEMMA B.3. There exists C > 0 such that, forany x,y > 0,t > 0and s > 0,
we have

y2

1 Ly
st | 26 + (G501 o)

PROOF. By (B.4), it suffices to consider x = 0. We furthermore drop the sub-
script and write [E and PP instead of [Eg and Py. Using Markov’s property at time ¢,
we get

1
E |:— :[I'minre[t,t+s] Rr fyi|

RH—S
1
(B.12) =E ER: ]]'mmre[() s1Rr =y
1 1
=K ERr Ny ILRtSy +E ERI _]lminre[().s] R, <y ]lRt>y
R Ry :
=T+ T.

Since x > 1/x is a superharmonic function for the Bessel process, the first term
is bounded by

1 1 1
T1<E|: t]].Rt<yi| ﬁEI:R] R1<y/\/—]

y/ﬁ] 2 y?
/ 2 _Zz/zdz<C3—/2
i

(B.13)

As for the term 7> in (B.12), first note that it vanishes if s = 0. If s > 0, we use
that for z > y > 0 by equation 5.1.2.8 of Borodin and Salminen [22],

1 o 29272 2/
/ (e—(u—i-z— )< /2s _e—(u—l—z) / S) du

1
E [—:ﬂ_ 1 c . Rr } = —
Z Rs min,¢g[o,s] Kr =y \/%Z 0

1 o~y w+y)?/2
= / (e=Wmy7/2s _ = WtN)7/25) qy
\/ ST Jz—Yy
<o x (e Wm?/2s _ = @h)?/25) gy,

«/_

using that z > y in the last inequality. The second term in the product on the right-
hand side equals the probability that a Brownian motion starting from y does not
hit O by time s (see, e.g., Appendix 1.3 in Borodin and Salminen [22]) and is easily
bounded by C(y//s A 1). Therefore, if s > 0,

e} = S50
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by the scaling invariance of the Bessel process. Together with (B.12) and (B.13),
this proves the lemma. [J

APPENDIX C: ASYMPTOTIC OF Wz_

The following lemma can be deduced from classical results about the domain
of attraction of (1-)stable laws, but it is difficult to find good references where all
constants are explicit. We therefore prove it here for convenience.

LEMMA C.1. Let Z > 0 be a random variable satisfying:

1. P(Z>x)~1/x as x — oo,
2. [§ P(Z > y)dy —logx — ¢ as x — 00, for some ¢ € R.

Let y denote the Euler—Mascheroni constant. Then, as . — 0 in R,
irZ T .
(C.1) Ele ]=exp(—5|)»|+l)»(—log|)\|+c—y)+0(|k|)>,

where o(|A|) is a (complex-valued) term that satisfies |o(J|A])|/|A| — 0 as L — O.

PROOF. Since E[e~'*4] = E[e/*Z], it suffices to consider A > 0. We will sep-
arate the regions where Z < A~!, Z < 27! and Z > A~!. For this fix ¢ > 0.
Throughout the proof we use the Landau symbols o0 and O, which have their usual
meaning, with the slight twist that the o symbol may depend on e. We first re-
call the following formula easily obtained by integration by parts (formally, using
Fubini’s theorem):

. y .
Vy >0, E[e*#"M]=1+ i,\/ e P(Z > x)dx.
0
This allows us to split up E[e?*#] as follows: using hypothesis 1,

E[ei*?] = E[e*? D] 1 0(P(Z > (1))
=14+ir(l1 + L)+ O(er),

(C2)

where we set
et (Nt
I ::/ e™P(Z >x)dx and 12:=/ . eMP(Z > x)dr.
0 eA”
It remains to estimate the integrals /1 and I». For the first integral, we have by
hypotheses 1 and 2, as A — 0,

eal
(C3) I :/0 (14 0(wx))P(Z > x)dx =log(eA™") + ¢ +o(1) + O(e).
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For the second integral we have, by a change of variables,
-1

el dx
12:/ e P(Z > 27 1x)—.
€ A

Together with hypothesis 1 and dominated convergence, this gives as > — 0,
-1

e . dx
(C4) 153 =/ e — +o(1).
& X

Recall ([1], pages 228ff) that the exponential integral E1 is defined for |arg(z)| <

by Ei(z) = [Ce™! %, and that it satisfies

—Z

E\(R)=—y —logz+ 0() (lz| - 0), E1<z>~67 (12] = 00).

In particular this gives
-1

[; eix% = Ey(—ig) — Ey(—ie™') = —y —loge + %i + O(e),
and plugging this into (C.4) gives

(C.5) Izz—y—loge—i-%i—i-O(e)—i-o(l).

Equations (C.2), (C.3) and (C.5) now give as A — 0,

Ef[e*Z] =1 +ik<—log(k) +ec—y+ %i + O(e) +0(1)>.

Letting first A — O then ¢ — 0 gives the desired result. [J

APPENDIX D: RATE OF CONVERGENCE OF THE DERIVATIVE
MARTINGALE

In this last section we prove Proposition 1.5. For this we need to recall two
explicit bounds. The first one concerns the global minimum of the BBM: for any
L>0,

R _ -L
(D.1) P(EISZO.Mg/l\lfr(ls)Xu(s)ﬁ L>§e .

This follows easily from Doob’s inequality applied to the martingale (W;);>0. We
remark that more precise estimates have been proved recently under additional
assumptions by Madaule [63] (for the branching random walk) and Berestycki et
al. [15] (for the binary branching Brownian motion).

The second bound deals with the minimum of the BBM at time ¢: for any x €
[0, /7] and ¢ > 2, we have

3
D.2 P( min X, () < =logt —x ) <C( 2,
(D.2) (uglj\lfl(lt) u()_ZOg X)_ (I+x)%e
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This has been proved by Bramson [27], Proposition 3, in the case E[Lz] < 00, but,
since the proof relies only on first moments arguments, it holds also under (1.1).

PROOF OF PROPOSITION 1.5. First, note that we can assume that § > 7~ 1/2
because otherwise it is enough to bound the probability by 1. We keep the notation
of Section 3 but take here 8, = % logt, so that y; =logt. Using (3.3), it is sufficient
to prove the following inequalities:

~ logt)?
Z;,Vr| 25) (Og )

(D3) P(1Z0 - 22
(D4 P(|ZI" — 200 > 6) < cloj;

(D.5) P(Fg’gﬁii > 5) < (1;)%;_)2
(D.6) P(Lyls # @) < (loj;)z,

noting that (D.6) is sufficient because § < 1.
We start with (D.6). Using (D.2), we get

K

1
t Yt : _
P(Lia # ) =P(,min Xu() <logt) < C(l + 5 log

and it proves (D.6).
Now, we prove (D.3). On the event {‘Cbad = g}, we have Z M=z, — (logt) Wy.
Therefore, using (D.1) with L =log¢ > 0 and using (D.6), we get

P(|Z, — Z;"| = 6)

(10gt)2 + - —HP’((logt)W >, mm min X, (s) > —logt)
= \/lj t—

>0 ueN(s)

But, using the many-to-one formula, we have, for any L > 0,

E[Wt]lminszominuej\/(s) Xu(s)z—L] = ]P’(slel%(l)g] Bs = _L>
(D.7)

P(B|<L)<C
—F(BI<L) <L

and this shows (D.3) using Markov’s inequality.
We now deal with (D.4). For this, applying first (5.5) with k = 1 and ¢ = §./¢,
and then using that § > Y2 andt > 2, we get

~ ~ h(l) e P\ C
P(|ZLy — Z7" | > 81.F) < C tW(— )<—W.
(125 =817 < VW, 8ﬁ+ 2 ) =5
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Applying again (D.1) with L =logs and (D.7), we get
]P)(|z§?)/t _ Z;’Vt| > (3)

IC logt

= n + EE[WtﬂminszominueN@ Xu(s)=—logt] = -|- CV

This proves (D.4).
Finally, we deal with (D.5). By Markov’s inequality and the bound (6.1) on the
truncated moment of Z,

1 1
PRz 017m) = 5B (X 128 ) 1| Fen|
uerh

good
Ly
< 2z At
ot
logt
t?y
SC]Vgooth'

Applying again (D.1) with L =log¢, we get

1 log¢
1y, LYy
IP)(Fgootd = (S) == + C E[Ngootd minge[o,) MiNye A/ (s) Xu($)>— logt]

5t
But, using (6.5) with here g, = (log?)/2, we have B[Nyl F1 =W, <1W,.
Therefore, using (D.7), it follows that
logt logt
1LY,
P(Fyooa 2 8) < < + S

and this proves (D.5). O

Acknowledgements. We gratefully thank the organizers of the workshop
“Phase transitions on random trees” which took place at TU Dortmund on July
13-14, 2017. The discussions with several participants, which we will not ex-
plicitly name in order not to forget anyone, gave us valuable input, in particular
regarding the proof of the one-dimensional case of Theorem 1.1 from Section 2.
We furthermore thank an anonymous referee for a thorough proofreading of the
manuscript.

REFERENCES

[1] ABRAMOWITZ, M. and STEGUN, 1. A. (1964). Handbook of Mathematical Functions with
Formulas, Graphs, and Mathematical Tables. National Bureau of Standards Applied
Mathematics Series 55. U.S. Government Printing Office, Washington, DC. MR0167642

[2] ADKE, S. R. and MOYAL, J. E. (1963). A birth, death, and diffusion process. J. Math. Anal.
Appl.7209-224. MR0158441


http://www.ams.org/mathscinet-getitem?mr=0167642
http://www.ams.org/mathscinet-getitem?mr=0158441

(3]
(4]
(5]
(6]
(7]
(8]

(9]
[10]

(11]

[12]
(13]
(14]

[15]

(16]

(17]
(18]
(19]
[20]
(21]
[22]

(23]

(24]

[25]

1-STABLE FLUCTUATIONS IN BRANCHING BROWNIAN MOTION I 2999

AIDEKON, E. (2013). Convergence in law of the minimum of a branching random walk. Ann.
Probab. 41 1362-1426. MR3098680

AIDEKON, E., BERESTYCKI, J., BRUNET, E. and SHI, Z. (2013). Branching Brownian motion
seen from its tip. Probab. Theory Related Fields 157 405-451. MR3101852

AIDEKON, E. and SHI, Z. (2014). The Seneta—Heyde scaling for the branching random walk.
Ann. Probab. 42 959-993. MR3189063

AIZENMAN, M., LEBOWITZ, J. L. and RUELLE, D. (1987). Some rigorous results on the
Sherrington—Kirkpatrick spin glass model. Comm. Math. Phys. 112 3-20. MR0904135

ARGUIN, L.-P., BOVIER, A. and KISTLER, N. (2013). The extremal process of branching
Brownian motion. Probab. Theory Related Fields 157 535-574. MR3129797

ASMUSSEN, S. and KEIDING, N. (1978). Martingale central limit theorems and asymptotic
estimation theory for multitype branching processes. Adv. in Appl. Probab. 10 109-129.
MRO0471027

ATHREYA, K. B. (1968). Some results on multitype continuous time Markov branching pro-
cesses. Ann. Math. Stat. 39 347-357. MR0221600

BAIK, J. and LEE, J. O. (2016). Fluctuations of the free energy of the spherical Sherrington—
Kirkpatrick model. J. Stat. Phys. 165 185-224. MR3554380

BAIK, J. and LEE, J. O. (2017). Fluctuations of the free energy of the spherical Sherrington—
Kirkpatrick model with ferromagnetic interaction. Ann. Henri Poincaré 18 1867-1917.
MR3649446

BARRAL, J., JIN, X., RHODES, R. and VARGAS, V. (2013). Gaussian multiplicative chaos and
KPZ duality. Comm. Math. Phys. 323 451-485. MR3096527

BERESTYCKI, J., BERESTYCKI, N. and SCHWEINSBERG, J. (2013). The genealogy of branch-
ing Brownian motion with absorption. Ann. Probab. 41 527-618. MR3077519

BERESTYCKI, J., BRUNET, E. and DERRIDA, B. (2018). A new approach to computing the
asymptotics of the position of Fisher—KPP fronts. Europhys. Lett. 122 10001.

BERESTYCKI, J., BRUNET, E., HARRIS, S. C. and MILOS, P. (2017). Branching Brownian
motion with absorption and the all-time minimum of branching Brownian motion with
drift. J. Funct. Anal. 273 2107-2143. MR3669031

BERESTYCK], J., BRUNET, E., HARRIS, S. C. and ROBERTS, M. (2017). Vanishing correc-
tions for the position in a linear model of FKPP fronts. Comm. Math. Phys. 349 857-893.
MR3602818

BERTI, P, PRATELLI, L. and RIGO, P. (2006). Almost sure weak convergence of random
probability measures. Stochastics 78 91-97. MR2236634

BIGGINS, J. D. (1977). Martingale convergence in the branching random walk. J. Appl.
Probab. 14 25-37. MR0433619

BiskUP, M. and LOUIDOR, O. (2014). Conformal symmetries in the extremal process of two-
dimensional discrete Gaussian free field. Preprint. Available at arXiv:1410.4676.

Biskup, M. and LOUIDOR, O. (2016). Extreme local extrema of two-dimensional discrete
Gaussian free field. Comm. Math. Phys. 345 271-304. MR3509015

BISKUP, M. and LOUIDOR, O. (2018). Full extremal process, cluster law and freezing for the
two-dimensional discrete Gaussian free field. Adv. Math. 330 589—-687. MR3787554

BORODIN, A. N. and SALMINEN, P. (2002). Handbook of Brownian Motion—Facts and For-
mulae, 2nd ed. Probability and Its Applications. Birkhduser, Basel. MR1912205

BOVIER, A. (2017). Gaussian Processes on Trees: From Spin Glasses to Branching Brown-
ian Motion. Cambridge Studies in Advanced Mathematics 163. Cambridge Univ. Press,
Cambridge. MR3618123

BOVIER, A. and KLIMOVSKY, A. (2008). Fluctuations of the partition function in the general-
ized random energy model with external field. J. Math. Phys. 49 125202, 27. MR2484333

BOVIER, A., KURKOVA, I. and LOWE, M. (2002). Fluctuations of the free energy in the REM
and the p-spin SK models. Ann. Probab. 30 605-651. MR1905853


http://www.ams.org/mathscinet-getitem?mr=3098680
http://www.ams.org/mathscinet-getitem?mr=3101852
http://www.ams.org/mathscinet-getitem?mr=3189063
http://www.ams.org/mathscinet-getitem?mr=0904135
http://www.ams.org/mathscinet-getitem?mr=3129797
http://www.ams.org/mathscinet-getitem?mr=0471027
http://www.ams.org/mathscinet-getitem?mr=0221600
http://www.ams.org/mathscinet-getitem?mr=3554380
http://www.ams.org/mathscinet-getitem?mr=3649446
http://www.ams.org/mathscinet-getitem?mr=3096527
http://www.ams.org/mathscinet-getitem?mr=3077519
http://www.ams.org/mathscinet-getitem?mr=3669031
http://www.ams.org/mathscinet-getitem?mr=3602818
http://www.ams.org/mathscinet-getitem?mr=2236634
http://www.ams.org/mathscinet-getitem?mr=0433619
http://arxiv.org/abs/arXiv:1410.4676
http://www.ams.org/mathscinet-getitem?mr=3509015
http://www.ams.org/mathscinet-getitem?mr=3787554
http://www.ams.org/mathscinet-getitem?mr=1912205
http://www.ams.org/mathscinet-getitem?mr=3618123
http://www.ams.org/mathscinet-getitem?mr=2484333
http://www.ams.org/mathscinet-getitem?mr=1905853

3000 P. MAILLARD AND M. PAIN

[26]
(27]

(28]

[29]

(30]
(31]

(32]

(33]
(34]
(35]
(36]

(37]

(38]

(39]

[40]

[41]
[42]

[43]

(44]
[45]
[46]

[47]

BRAMSON, M. (1983). Convergence of solutions of the Kolmogorov equation to travelling
waves. Mem. Amer. Math. Soc. 44 iv+190. MR0705746

BRAMSON, M. D. (1978). Maximal displacement of branching Brownian motion. Comm. Pure
Appl. Math. 31 531-581. MR0494541

BRAMSON, M., DING, J. and ZEITOUNI, O. (2016). Convergence in law of the maximum of
the two-dimensional discrete Gaussian free field. Comm. Pure Appl. Math. 69 62-123.
MR3433630

BRUNET, E., DERRIDA, B., MUELLER, A. and MUNIER, S. (2006). Phenomenological theory
giving the full statistics of the position of fluctuating pulled fronts. Phys. Rev. E (3) 73
056126.

BURACZEWSKI, D. (2009). On tails of fixed points of the smoothing transform in the boundary
case. Stochastic Process. Appl. 119 3955-3961. MR2552312

CHAUVIN, B. (1991). Product martingales and stopping lines for branching Brownian motion.
Ann. Probab. 19 1195-1205. MR1112412

CHAUVIN, B. and ROUAULT, A. (1988). KPP equation and supercritical branching Brownian
motion in the subcritical speed area. Application to spatial trees. Probab. Theory Related
Fields 80 299-314. MR0968823

COMETS, F. and L1U, Q. (2017). Rate of convergence for polymers in a weak disorder. J. Math.
Anal. Appl. 455 312-335. MR3665102

DELBAEN, F., KOWALSKI, E. and NIKEGHBALI, A. (2015). Mod-¢ convergence. Int. Math.
Res. Not. IMRN 2015 3445-3485. MR3373056

DERRIDA, B. and GARDNER, E. (1986). Solution of the generalised random energy model. J.
Phys. C19 2253.

DING, J., ROy, R. and ZEITOUNI, O. (2017). Convergence of the centered maximum of log-
correlated Gaussian fields. Ann. Probab. 45 3886-3928. MR3729618

DUPLANTIER, B., RHODES, R., SHEFFIELD, S. and VARGAS, V. (2014). Critical Gaussian
multiplicative chaos: Convergence of the derivative martingale. Ann. Probab. 42 1769—
1808. MR3262492

DUPLANTIER, B., RHODES, R., SHEFFIELD, S. and VARGAS, V. (2014). Renormalization of
critical Gaussian multiplicative chaos and KPZ relation. Comm. Math. Phys. 330 283—
330. MR3215583

DURRETT, R. and LIGGETT, T. M. (1983). Fixed points of the smoothing transformation. Z.
Wahrsch. Verw. Gebiete 64 275-301. MR0716487

EBERT, U. and VAN SAARLOOS, W. (2000). Front propagation into unstable states: Universal
algebraic convergence towards uniformly translating pulled fronts. Phys. D 146 1-99.
MR1787406

GRAHAM, C. (2017). Precise asymptotics for Fisher—KPP fronts. Preprint. Available at
arXiv:1712.02472.

GUIVARC’H, Y. (1990). Sur une extension de la notion de loi semi-stable. Ann. Inst. Henri
Poincaré Probab. Stat. 26 261-285. MR1063751

HARDY, R. and HARRIS, S. C. (2009). A spine approach to branching diffusions with applica-
tions to LP-convergence of martingales. In Séminaire de Probabilités XLII. Lecture Notes
in Math. 1979 281-330. Springer, Berlin. MR2599214

HARTUNG, L. and KLIMOVSKY, A. (2018). The phase diagram of the complex branching
Brownian motion energy model. Electron. J. Probab. 23 Paper No. 127, 27. MR3896864

HEYDE, C. C. (1970). A rate of convergence result for the super-critical Galton—Watson pro-
cess. J. Appl. Probab. T 451-454. MR0288859

HEYDE, C. C. (1971). Some central limit analogues for supercritical Galton—Watson pro-
cesses. J. Appl. Probab. 8 52-59. MR0282422

HEYDE, C. C. and BROWN, B. M. (1971). An invariance principle and some convergence rate
results for branching processes. Z. Wahrsch. Verw. Gebiete 20 271-278. MR0310987


http://www.ams.org/mathscinet-getitem?mr=0705746
http://www.ams.org/mathscinet-getitem?mr=0494541
http://www.ams.org/mathscinet-getitem?mr=3433630
http://www.ams.org/mathscinet-getitem?mr=2552312
http://www.ams.org/mathscinet-getitem?mr=1112412
http://www.ams.org/mathscinet-getitem?mr=0968823
http://www.ams.org/mathscinet-getitem?mr=3665102
http://www.ams.org/mathscinet-getitem?mr=3373056
http://www.ams.org/mathscinet-getitem?mr=3729618
http://www.ams.org/mathscinet-getitem?mr=3262492
http://www.ams.org/mathscinet-getitem?mr=3215583
http://www.ams.org/mathscinet-getitem?mr=0716487
http://www.ams.org/mathscinet-getitem?mr=1787406
http://arxiv.org/abs/arXiv:1712.02472
http://www.ams.org/mathscinet-getitem?mr=1063751
http://www.ams.org/mathscinet-getitem?mr=2599214
http://www.ams.org/mathscinet-getitem?mr=3896864
http://www.ams.org/mathscinet-getitem?mr=0288859
http://www.ams.org/mathscinet-getitem?mr=0282422
http://www.ams.org/mathscinet-getitem?mr=0310987

(48]

[49]

[50]

[51]
(52]
(53]
[54]
[55]
(561

[57]

(58]
(591

[60]

[61]
[62]
[63]
[64]
[65]
[66]

[67]

[68]

[69]

1-STABLE FLUCTUATIONS IN BRANCHING BROWNIAN MOTION I 3001

Hu, Y. (2016). How big is the minimum of a branching random walk? Ann. Inst. Henri
Poincaré Probab. Stat. 52 233-260. MR3449302

Hu, Y. and SHI, Z. (2009). Minimal position and critical martingale convergence in branch-
ing random walks, and directed polymers on disordered trees. Ann. Probab. 37 742-789.
MR2510023

IKSANOV, A. and KABLUCHKO, Z. (2016). A central limit theorem and a law of the iterated
logarithm for the Biggins martingale of the supercritical branching random walk. J. Appl.
Probab. 53 1178-1192. MR3581250

IKsANOV, A., KOLESKO, K. and MEINERS, M. (2017). Stable-like fluctuations of Biggins’
martingales. Preprint. Available at arXiv:1709.07362.

IKSANOV, A., KOLESKO, K. and MEINERS, M. (2018). Fluctuations of Biggins’ martingales
at complex parameters. Preprint. Available at arXiv:1806.09943.

IMHOF, J.-P. (1984). Density factorizations for Brownian motion, meander and the three-
dimensional Bessel process, and applications. J. Appl. Probab. 21 500-510. MR0752015

KABLUCHKO, Z. and KLIMOVSKY, A. (2014). Complex random energy model: Zeros and
fluctuations. Probab. Theory Related Fields 158 159-196. MR3152783

KAHANE, J.-P. and PEYRIERE, J. (1976). Sur certaines martingales de Benoit Mandelbrot.
Adv. Math. 22 131-145. MR0431355

KESTEN, H. and STIGUM, B. P. (1966). Additional limit theorems for indecomposable multi-
dimensional Galton—Watson processes. Ann. Math. Stat. 37 1463-1481. MR0200979

KYPRIANOU, A. E. (2004). Travelling wave solutions to the K—P-P equation: Alternatives to
Simon Harris’ probabilistic analysis. Ann. Inst. Henri Poincaré Probab. Stat. 40 53-72.
MR2037473

LALLEY, S. P. and SELLKE, T. (1987). A conditional limit theorem for the frontier of a branch-
ing Brownian motion. Ann. Probab. 15 1052-1061. MR0893913

Liu, R.-L., REN, Y.-X. and SONG, R. (2011). Llog L condition for supercritical branching
Hunt processes. J. Theoret. Probab. 24 170-193. MR2782715

LYoNns, R. (1997). A simple path to Biggins’ martingale convergence for branching random
walk. In Classical and Modern Branching Processes (Minneapolis, MN, 1994). IMA Vol.
Math. Appl. 84 217-221. Springer, New York. MR1601749

LYoNs, R., PEMANTLE, R. and PERES, Y. (1995). Conceptual proofs of L log L criteria for
mean behavior of branching processes. Ann. Probab. 23 1125-1138. MR1349164

MADAULE, T. (2015). Maximum of a log-correlated Gaussian field. Ann. Inst. Henri Poincaré
Probab. Stat. 51 1369-1431. MR3414451

MADAULE, T. (2016). The tail distribution of the derivative martingale and the global minimum
of the branching random walk. Preprint. Available at arXiv:1606.03211.

MAILLARD, P. (2012). Branching Brownian motion with selection. Ph.D. thesis. Available at
arXiv:1210.3500.

MAILLARD, P. and PAIN, M. 1-stable fluctuations in branching Brownian motion at critical
temperature II: General functionals. In preparation.

MCKEAN, H. P. (1975). Application of Brownian motion to the equation of Kolmogorov—
Petrovskii—Piskunov. Comm. Pure Appl. Math. 28 323-331. MR0400428

MCKEAN, H. P. (1976). A correction to: “Application of Brownian motion to the equation
of Kolmogorov—Petrovskii—Piskonov”’ (Comm. Pure Appl. Math. 28 (1975), no. 3, 323—
331). Comm. Pure Appl. Math. 29 553-554. MR0423558

MOYAL, J. E. (1962). Multiplicative population chains. Proc. Roy. Soc. Ser. A 266 518-526.
MRO0138132

MUELLER, A. H. and MUNIER, S. (2014). Phenomenological picture of fluctuations in branch-
ing random walks. Phys. Rev. E 90 042143.


http://www.ams.org/mathscinet-getitem?mr=3449302
http://www.ams.org/mathscinet-getitem?mr=2510023
http://www.ams.org/mathscinet-getitem?mr=3581250
http://arxiv.org/abs/arXiv:1709.07362
http://arxiv.org/abs/arXiv:1806.09943
http://www.ams.org/mathscinet-getitem?mr=0752015
http://www.ams.org/mathscinet-getitem?mr=3152783
http://www.ams.org/mathscinet-getitem?mr=0431355
http://www.ams.org/mathscinet-getitem?mr=0200979
http://www.ams.org/mathscinet-getitem?mr=2037473
http://www.ams.org/mathscinet-getitem?mr=0893913
http://www.ams.org/mathscinet-getitem?mr=2782715
http://www.ams.org/mathscinet-getitem?mr=1601749
http://www.ams.org/mathscinet-getitem?mr=1349164
http://www.ams.org/mathscinet-getitem?mr=3414451
http://arxiv.org/abs/arXiv:1606.03211
http://arxiv.org/abs/arXiv:1210.3500
http://www.ams.org/mathscinet-getitem?mr=0400428
http://www.ams.org/mathscinet-getitem?mr=0423558
http://www.ams.org/mathscinet-getitem?mr=0138132

3002 P. MAILLARD AND M. PAIN

[70] NEVEU, J. (1988). Multiplicative martingales for spatial branching processes. In Seminar on
Stochastic Processes, 1987 (Princeton, NJ, 1987). Progr. Probab. Statist. 15 223-242.
Birkhduser, Boston, MA. MR1046418

[71] NOLEN, J., ROQUEJOFFRE, J.-M. and RYZHIK, L. (2016). Refined long time asymptotics for
Fisher—KPP fronts. Preprint. Available at arXiv:1607.08802.

[72] PAIN, M. (2018). The near-critical Gibbs measure of the branching random walk. Ann. Inst.
Henri Poincaré Probab. Stat. 54 1622—-1666. MR3825893

[73] ROSLER, U., TopcHII, V. A. and VATUTIN, V. A. (2003). The rate of convergence for
weighted branching processes [translation of Mat. Tr. 5 (2002), no. 1, 18-45; MR1918893
(2003g:60146)]. Siberian Adv. Math. 12 57-82. MR1984638

[74] SAMORODNITSKY, G. and TAQQU, M. S. (1994). Stable Non-Gaussian Random Processes:
Stochastic Models with Infinite Variance. Stochastic Modeling. CRC Press, New York.
MR 1280932

[75] SHI, Z. (2015). Branching Random Walks. Lecture Notes in Math. 2151. Springer, Cham.
MR3444654

[76] YANG, T. and REN, Y.-X. (2011). Limit theorem for derivative martingale at criticality w.r.t.
branching Brownian motion. Statist. Probab. Lett. 81 195-200. MR2748182

LABORATOIRE DE MATHEMATIQUES D’ ORSAY DEP. DE MATHEMATIQUES ET APPLICATIONS
UNIV. PARIS-SUD, CNRS, UNIV. PARIS-SACLAY ECOLE NORMALE SUPERIEURE, PSL, CNRS
91405 ORSAY CEDEX 75005 PARIS

FRANCE FRANCE

E-MAIL: pascal.maillard @u-psud.fr E-MAIL: michel.pain@ens.fr


http://www.ams.org/mathscinet-getitem?mr=1046418
http://arxiv.org/abs/arXiv:1607.08802
http://www.ams.org/mathscinet-getitem?mr=3825893
http://www.ams.org/mathscinet-getitem?mr=1984638
http://www.ams.org/mathscinet-getitem?mr=1280932
http://www.ams.org/mathscinet-getitem?mr=3444654
http://www.ams.org/mathscinet-getitem?mr=2748182
mailto:pascal.maillard@u-psud.fr
mailto:michel.pain@ens.fr

	Introduction
	Deﬁnitions and assumptions
	Results
	Comments and heuristics
	Further outlook

	Related literature
	Organization of the paper

	One-dimensional marginals: A (fairly) short proof
	Strategy of the proof of Theorem 1.1
	Preliminary results on BBM with a barrier
	Many-to-one formula and change of probabilities
	Truncated derivative martingale: Moments
	Number of particles killed by the barrier
	Truncation of the critical additive martingale

	The particles staying above gammat: Proof of Proposition 3.2
	The particles going below gammat: Proof of Propositions 3.3 and 3.4
	The "bad" particles
	The number of "good" particles
	Contribution of the "good" particles

	Proof of Proposition 2.2
	Appendix A: Weak convergence in probability
	Appendix B: Some formulae for the three-dimensional Bessel process
	Appendix C: Asymptotic of PsiZinfty
	Appendix D: Rate of convergence of the derivative martingale
	Acknowledgements
	References
	Author's Addresses

