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LARGE DEVIATION PRINCIPLE FOR RANDOM MATRIX
PRODUCTS!
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Under a Zariski density assumption, we extend the classical theorem of
Cramér on large deviations of sums of i.i.d. real random variables to random
matrix products.

1. Introduction. Let S be a set of d x d real invertible matrices and u be a
probability measure on S. Let X1, X5, ... be independent S-valued random vari-
ables with distribution w. Consider the random product Y, = X,,, ..., X1. One of
the goals of the theory of random matrix products is to understand the limiting be-
haviour of this random product as n tends to infinity. A convenient way to do this
is to study the extensions of classical limit theorems (law of large numbers, central
limit theorem, Cramér’s theorem and so on) for the norm of this random product.
More precisely, choose a norm || - || on R? and consider the associated operator
norm || - || on Maty(R) (the choice of norm is irrelevant to our discussion). One
is interested in studying the probabilistic limiting behaviour of log || Y}, ||. Note that
when d = 1, this is precisely a sum of independent identically distributed (i.i.d.)
real random variables, that is, the subject of study of classical limit theorems in
probability theory. When d > 1, there are at least two new aspects: the operation is
no longer commutative and the log-norm functional is only subadditive. In this ar-
ticle, we shall be working in a more general setting and we will consider a slightly
more general multi-norm given by classical decompositions of Lie groups, which
we now describe.

For the sake of exposition, let G be a connected semisimple linear Lie group,
for example, SL(d, R) (more generally, we prove our results in the setting of a
group of k-points of a connected reductive algebraic group defined over a local
field k). The multi-norm that we shall consider comes from the classical Car-
tan decomposition: let g be the Lie algebra of G, a be a Cartan subalgebra in
g and a’ be a chosen Weyl chamber in a. Let K be a maximal compact sub-
group of G for which we have the Cartan decomposition G = K exp(a™)K.
This decomposition allows one to consider the mapping « : G — a*, called the
Cartan projection or multi-norm, satisfying for every g € G, g € kexp(k(g))u
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for some k,u € K. In the case of G = SL(d, R), this is the usual polar de-
composition and for an element g € SL(d, R), the multi-norm «(g) writes as

2 d, .
k(g) = (logllgll,log H/Il\glig”’ ...,log M), where /\k R?’s are endowed with
their canonical Euclidean structures and || - ||’s denote the associated operator

norms. The components of «(g) are the logarithms of the singular values of g.

Now let i be a probability measure on G and X1, X», ... be G-valued i.i.d. ran-
dom variables with distribution p. Consider the random product Y;, and its multi-
norm k (Y,). The first limit theorem that was proven for random matrix products
is the analogue (extension) of the law of large numbers. Stating it in our setting,
Furstenberg—Kesten’s result [16] reads: if u is a probability measure on G with a
finite first moment [i.e., [ ||k (g)|lu(dg) < oo for some norm || - || on a], then the
u-random walk Y,, = X,,, ..., X satisfies

1 as. 7
—k(Yy) — Ay €aq,
n n—oo

where A 1 can be defined by this and is called the Lyapunov vector of ;. Nowadays,
this result is a corollary of Kingman’s subadditive ergodic theorem.

A second important limit theorem that was established in increasing generality
by Tutubalin [29], Le Page [21], Goldsheid-Guivarc’h [18] and Benoist-Quint [9];
[8] is the central limit theorem (CLT). Benoist—Quint’s CLT reads: if u is a prob-
ability measure on G with finite second-order moment and such that the support
of u generates a Zariski-dense semigroup in G, then ﬁ(K(Yn) —niy) converges

in distribution to a nondegenerate Gaussian law on a. A feature of this result is the
Zariski density assumption which also appears in our result below. We note that
the fact that the support S of the probability measure p generates a Zariski-dense
semigroup can be read as: any polynomial that vanishes on [ J,,~.; " also vanishes
on G (recall that when d = 1, a subset is Zariski dense if and o;ﬂy if it is infinite).
Some other limit theorems whose analogues have been obtained are the law of it-
erated logarithm and local limit theorems, for which we refer the reader to the nice
books of Bougerol-Lacroix [10] and more recently Benoist—Quint [8].

An essential and, until now, a rather incomplete aspect of these noncommutative
limit theorems is concerned with large deviations. The main result in this direction
is that of Le Page [21] (see also Bougerol [10]) and its extension by Benoist—
Quint [8], stating the exponential decay of probabilities of large deviations off the
Lyapunov vector. Before stating this result, recall that a probability measure p
on G is said to have a finite exponential moment, if there exists & > 1 such that
[ <@l (dg) < co. We have the following.

THEOREM 1.1 (Le Page [21], Benoist—Quint [8]). Let G be as before,
W be a probability measure of finite exponential moment on G whose sup-
port generates a Zariski-dense semigroup in G. Then, for all ¢ > 0, we have
limsup,,_, % logP(llﬁx(Yn) —Aull >¢€) <O.
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In our first main result, under the usual Zariski density assumption, we prove
the matrix extension of Cramér’s classical theorem about large deviations for i.i.d.
real random variables. Let X be a topological space and F be a o -algebra on X.

DEFINITION 1.2. A sequence Z, of X-valued random variables is said to
satisfy a large deviation principle (LDP) with rate function I : X — [0, oo], if for
every measurable subset R of X, we have

1 1
—inf/(x) <liminf—logP(Z, € R) <limsup—logPP(Z, € R) < —inf I (x),
xeint(R) n—0o n n—oo N xeR

where, int(R) denotes the interior and R the closure of R.

With this definition, Cramér’s theorem says that the sequence of averages

Y, = Ly - x ; of real i.i.d. random variables of finite exponential moment satis-

n ~~i=1
fies an LDP with a proper convex rate function /, given by the convex conjugate
(Legendre transform) of the Laplace transform of X;’s. Our first main result reads

as follows.

THEOREM 1.3. Let G be a connected semisimple linear real algebraic group
and pu be a probability measure of finite exponential moment on G, whose support
generates a Zariski dense semigroup of G. Then the sequence of random variables
%K(Yn) satisfies an LDP with a proper convex rate function I : a —> [0, oco] hav-

ing a unique zero at the Lyapunov vector A, of .

REMARK 1.4. 1.In Theorem 3.3, without any moment assumptions on (., we
also obtain a weaker result which is an extension of a result of Bahadur [2] for
i.i.d. real random variables.

2. In Theorem 3.4, under a stronger exponential moment condition, by exploit-
ing convexity of I, we are able to identify the rate function I with the convex
conjugate of a limiting Laplace transform of the random variables %K(Yn).

3. We note that the unique zero assertion for / in the previous theorem is a
reformulation of the exponential decay result expressed in Theorem 1.1.

4. In Section 6, we conjecture that a similar LDP holds for the Jordan projection
A :G — at in place of k (see the definition of Jordan projection below).

REMARK 1.5. Letus also mention that if the Zariski closure of the semigroup
generated by the support of the measure p is compact or unipotent, the conclusion
of this theorem is still valid. In this case the rate function / is degenerate, its
effective support D; :={x € a| I (x) < oo} equals {0} C a.

Coming back to the initial setting of norms of matrices, let V be a finite di-
mensional real vector space and recall that a subgroup I' of GL(V) is said to be
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completely reducible if V is a direct sum of I'-irreducible subspaces. By the so-
called contraction principles for LDP’s, Theorem 1.3 (see also Theorem 3.4) yields
the following corollary.

COROLLARY 1.6. Let i be a probability measure with finite exponential mo-
ment on GL(V) and suppose that the group generated by the support of | is com-
pletely reducible. Then the sequence of random variables %log |Y, |l satisfies an
LDP with a proper convex rate function I : R — [0, co] having a unique zero at
the first Lyapunov exponent of |i.

We note that Remark 1.4 also applies to this corollary.

In the second part of this article, we study the effective support of the rate func-
tion / given by the previous theorem. By convexity of I, the effective support Dy
is clearly a convex subset of a. Our second main result gives more information
on this set. One important feature is that when the support S of the probability
measure 4 is a bounded subset of G, we show that the effective support of I is
identified with a set of deterministic construction depending only on S, namely the
joint spectrum J (S) of S, which we now describe: let G be a connected semisim-
ple linear Lie group as before. Denote by A : G — a™ the Jordan projection of
G: for an element g € G, if g = g.gngu is the Jordan decomposition of g with g,
elliptic, g5 hyperbolic and g, unipotent, then A(g) is defined as x(g;). Now let S
be a bounded subset of G and suppose that S generates a Zariski dense semigroup
in G. In [12], it is shown that both of the sequences %K(S”) and %)\(S”) of subsets
of at converge in the Hausdorff topology to a convex body (i.e., compact, convex
subset with nonempty interior) in a™. This limit set is called the joint spectrum of
S (see [12]). In these terms, our second result reads as follows.

THEOREM 1.7. Let G be a connected semisimple linear Lie group and let
be a probability measure on G. Denote by S the support of i and suppose that the
semigroup generated by S is Zariski dense in G. Let I be the rate function given
by Theorem 3.3. Then:

L. The effective support Dy = {x € a | I(x) < 0o} of I is a convex set with
nonempty interior. Moreover, if u has a finite second-order moment, we have X, €
int(Dy).

2. If S is a bounded subset of G, then D; = J(S) and int(D;) = int(J (S)).

3. If S is a finite subset of G, then Dy = J(S).

REMARK 1.8. 1. Since D; has nonempty interior and / is convex, it follows
that / is locally Lipschitz (in particular continuous) on the interior of Dj.

2. Convexity of I and the identification in 2. of the previous theorem allows us
to show the existence of certain limits in large deviation probabilities (see Corol-
lary 5.4) for sufficiently regular sets R C a.

3. In Section 5, we present an explicit example of a probability measure u of
bounded support S such that D; # J(S).



LARGE DEVIATION PRINCIPLE FOR RANDOM MATRIX PRODUCTS 1339

Let B be a bounded subset of the matrix algebra Mat(d, R) endowed with an
operator norm || - ||. Recall from [25] that (the logarithm of) the joint spectral radius
r(B) of B is the quantity lim,_, oo SUp,.¢ gn % log ||x||. This limit exists by subaddi-
tivity and does not depend on the norm || - ||. This generalizes the usual notion of
spectral radius. Recall furthermore that the joint spectral subradius 7, (B) of B
is the quantity similarly defined by replacing sup by inf in the definition of »(B).
From the previous theorem and Corollary 1.6, we deduce the following.

COROLLARY 1.9. Let u be a probability measure on GL(V) such that the
group generated by its support is completely reducible and let 1 be the rate func-
tion given by Theorem 3.3 (as in Corollary 1.6). Then:

1. D; C R is an interval with nonempty interior. Moreover, if i has a finite
second-order moment, then A1 € int(Dy), where L1 is the first Lyapunov exponent
of l. .

2. If the support S of n is a bounded subset of GL(V), then Dj =
[rsub(S), r(S)] and int(Dy) = (rsup(S), r(S)).

3. If S is a finite subset of G, then Dy = [rs,5(S), r(S)].

Finally, the following question remains unsettled:
QUESTION 1.10. Is the rate function I given by Theorem 1.3 strictly convex?

Some partial results have recently been obtained by Guivarc’h—Le Page [20]
using an analytic approach. We also note that a positive answer to this question
would be considerably stronger than the exponential decay result of Le Page (The-
orem 1.1) which itself may be considered to indicate that / is strictly convex at
least around the Lyapunov vector A,.

1.1. Overview of the argument. We now briefly sketch the proof of the exis-
tence of an LDP as claimed in Theorem 1.3. A key tool here will be the notion
of an (r, £)-Schottky semigroup. For simplicity, we shall assume that the measure
w is compactly supported. The general fact that we use to show the existence of
LDP is Theorem 3.15: we have to show that the equality I;; = Ij; in that theorem
is satisfied.

To fix ideas, let us speculate that ¥k was an additive mapping [i.e., k(gh) =
k(g) + «(h)]. Then the equality /;; = I;; would follow rather easily from the inde-
pendence of random walk increments and uniform continuity of «. Of course, « is
not additive, but in fact a weaker form of additivity [i.e., ||k (gh) —k(g) —«(h)] is
uniformly bounded for all g, & € supp(u)] is sufficient to insure the desired equal-
ity. A key result of Benoist (see Theorem 2.15 and Proposition 3.11) shows that this
weak form of additivity is satisfied in any given (r, £)-Schottky semigroup ([4]).
This already completes the proof in the case when u is supported on such a semi-
group. For the general case, we need an argument showing that we can restrict the
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random walk on Schottky semigroups with no loss in the exponential rate of prob-
abilities involved. This is done by using, first a result of Abels—Margulis—Soifer
[1] about the ubiquity of proximal elements in Zariski dense semigroups (which
in turn uses a result of Benoist—-Labourie [7] and Prasad [22]) together with the
uniform continuity of the Cartan projection, and second, a simple partitioning and
pigeonhole argument.

Abels—Margulis—Soifer show that for a Zariski dense semigroup I" in G, there
exists r > 0 such that for every ¢ > 0, one can find a finite subset F C I' with
the property that for all y € I, there exists f € F such that y. f is (r, €)-proximal
(see Section 3). This allows one to see that (Lemma 3.7) if the Cartan projection
of the random walk hits a region of a™ at some step with some probability, after
a uniformly bounded number of steps, it will hit (, £)-proximal elements, whose
Cartan projection belong to a neighbourhood of that region, and this with almost
the same exponential rate of probability.

The next step in the proof consists in observing that one can further restrict
the random walk to a (r, €)-Schottky semigroup, again keeping almost the same
exponential rate of probability (Corollary 3.10). By doing so, we reduce the sit-
uation to a random walk on a semigroup on which the Cartan projection « (-) is
almost additive, and hence we can conclude as we mentioned in the beginning of
the argument.

1.2. Organization of the article. In Section 2, we review some basic proper-
ties of reductive groups over local fields and we note some variants of classical
results on (r, €)-Schottky semigroups. These results will be essential in our later
arguments on large deviations. In Section 3, we give two precise versions of Theo-
rem 1.3 and prove the existence of the LDP. Section 4 is devoted to the proof of the
convexity of the rate function and other assertions of Theorem 3.4. In Section 5,
we give the precise version of Theorem 1.7 and prove it. Finally, in Section 6 we
collect some results on large deviations for Jordan projections, make a conjecture
and present some examples.

2. Preliminaries from (r, €)-Schottky semigroups. We start by indicating
related definitions and results for linear transformations, we then note some basic
properties of linear reductive groups over local fields, and finally give relevant
definitions and some variants of results on (7, ¢)-Schottky semigroups. We also
provide an example to illustrate some of the notions for the reader only interested
in matrices for the case of G = SL(d, R).

Let k be a local field (locally compact topological field with respect to a nondis-
crete topology), that is, k = R or C (Archimedean, characteristic zero case) or
a finite extension of @, (non-Archimedean, characteristic zero case) or a finite
extension of IF,((T')) (non-Archimedean, positive characteristic case). When k is
Archimedean, we denote by |.| the usual absolute value on k. When k is non-
Archimedean, we denote O the ring of integers of k, m the maximal ideal of O,
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q the cardinality of the residue field and & a uniformizer of k, that is, a generator
of m. We denote by v(-) the discrete valuation on k such that v(z) = 1 and we

endow k with the ultra-metric norm |.| = q_”(').
Let V be a finite dimensional k-vector space, X = P(V) its projective space.
If k is Archimedean, we endow V with a Euclidean norm | - ||, and if k is non-

Archimedean, we endow V with an ultra-metric sup-norm || - || associated to a basis
of V. We will work with the Fubini-Study metric on X: for x, y € X, denoting
by vy and vy any two vectors in V' projecting respectively on x and y, we have

d(x,y):= ””Uli"'f ”vvy H”, where | - || also denotes the associated norm on A” V. In the
y

sequel, we will also denote by the same || - ||, the operator norm on the k-linear

endomorphisms of V, associated to the norm | - || on V. Finally, for a metric space

(X, d), we denote by dy the corresponding Hausdorff distance on the set of subsets
of X.

2.1. Proximal transformations. The notion of proximality of a linear trans-
formation is related to an important contraction property of the dynamics of its
projective action. It is, for example, of essential use in the Tits’ original proof
of the Tits alternative in [28] through the so-called ping-pong lemma. It is also
in close relation to Furstenberg’s earlier (quasi-) projective transformations [15].
See Breuillard—Gelander’s [11] for a more detailed account and Quint’s [23] for a
generalization.

For g € End(V), denote by A1(g) the spectral radius of g. An element g €
End(V) is said to be proximal if it has a unique eigenvalue « such that |a| = A1(g),
and this eigenvalue is simple (in particular, @ € k). Denote by x;, the element of
X corresponding to the one dimensional eigenspace corresponding to «. Let vz,r be
a vector of norm 1 on this line, and V,~ the supplementary g-invariant hyperplane,
and put Xg< = ]P’(Vg<) C X.

The following definition singles out special proximal elements: let 0 < & <r
and set b; ={xeX| d(x,xg+) <e¢} and Bg ={xeX|dx, X;)=>e¢}

DEFINITION 2.1 ([1], [3]). Let O <& <r. An element g € End(V) is said
to be (r, ¢)-proximal, if d (x;, X ;) >2r, g(Bg) C b%, and g B is an e-Lipschitz
mapping.

REMARK 2.2. 1. The notion of an (r, ¢)-proximal transformation, as well as
the numbers 0 < ¢ <r depend on the choice of the norm on V.

2. Nevertheless, it is not hard to see that for every proximal transformation g
and for any choice of norm on V, there exists r > 0 such that for all k € N large
enough, g is (r, &)-proximal with e — 0 as k — oo.

2.2. Two properties of (r, €)-proximal transformations. The following lemma
says that for ¢ > 0 small enough, the spectral radius of an (r, ¢)-proximal transfor-
mation can be controlled by the operator norm of this transformation:
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LEMMA 2.3. Let V be a finite dimensional k-vector space and 0 <
& < r. Then there exist constants cr ¢ € 10, 1[ such that, for each r > 0, we have
limg—0cre = 2r, and for every (r, €)-proximal endomorphism g of V, we have

crellgll < A1(g) < lgll-

PROOF. One notes that if (gx)xeN 1S a convergent sequence of (7, € )-proximal
transformations such that for all k € N, ||gx|| = 1 and ¢ —> 0 as k — o0, then
limg_, o0 gk = ap, Where « is a positive constant and p is a projection satisfying—
denoting by v, a nonzero vector in its image, x, € P(V) its projective image,
and by X, C P(V) the projective image of ker p — d(xp, X)) > 2r [note also
that the definition of an (r, ¢)-proximal transformation implies that r < %]. Since
lep|l = 1, it follows by elementary computations that we have o > 2r, and the
conclusion of lemma results from the compactness of the set of (r, &)-proximal
transformations of norm 1 and continuity of the application A1(-). O

The following important proposition is a direct consequence of Lemma 1.4. in
Benoist’s [6] (see also Proposition 6.4. in [3]). It says that one can have a fairly
good control over the spectral radii of the products of (7, ¢)-proximal elements in
terms of the spectral radii of the factors, given that the successive factors satisfy a
natural geometric condition.

PROPOSITION 2.4. For all real numbers 0 < ¢ < r, there exist positive
constants D, and D, > 0 with the property that for each r > 0, we have
limg—0 Dy ¢ = D, and such that if g1, ..., g are (r, &)-proximal linear transfor-
mations of V satisfying (putting g1 = go) d(x;,;q , Xg<j) >6r,forall j=1,...,1,
then for all ny,...,n; > 1, the linear transformation g = glnl .. .g'f‘ is (2r,2¢)-
proximal, and

S Mgt g _
PET (g A (g)m T

This proposition partly motivates the following definitions which will be of im-
portant use to us in the sequel (see also Definition 1.7 in [6]).

DEFINITION 2.5. 1. A subset E of GL(V) is called a (r, €)-Schottky family
if:
a. forall y € E, y is (r, ¢)-proximal, and
b. d(x)‘,", X;/) >6r, forall y,y’ € E.

2. Let E C GL(V) be a subset consisting of proximal elements and a > 0 be a
real number. We say that the set E is a-narrow in P(V), if there exists a subset Y
of P(V) of diameter less than a such that for each y € E, we have x;L € Y, and for
every v,y € E, we have dg (X3, X)) <a.
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REMARK 2.6. Note that, by definition, a Schottky family [i.e., (7, £)-Schottky
family, for some r > ¢ > 0] cannot contain an element g € GL(V) and its inverse
g~ ! at the same time.

The notion of proximality is related to only one special direction of the action
of a linear transformation. We would like to have an equivalent property for the
other/all eigenvalues and eigendirections. This property is reflected in the notion
of a f-proximal element, which we shall shortly define.

2.3. Connected reductive groups. Let k be a local field, G a connected reduc-
tive algebraic group defined over k. Set G = G(k) and equip G with its natural
locally compact topology.

Fix a maximal k-split torus A of G. Let Z be the centralizer of A in G and S be
the derived k-subgroup of G. Denote by d the k-rank of G and by dg that of S. Let
Z, A, S, G be the groups of k-points of Z, A, S, G, respectively.

Let X (A) denote the set of rational characters of A (it is a free Z-module of
rank d), set a* = X(A) ®z R, and let a denote the dual R-vector space of a*.
There exists a unique morphism, that we denote by log, log : Z — a extending the
natural morphism from A — a (see [8] 7.1.). For any x € X(A), denote by 7, the
unique element of a* such that | x (-)| = exp(; (log(+))). In case k = R, a is the Lie
algebra of A, log is the usual logarithm mapping (inverse of the exponential map
on a), and ¥ is the differential of y € X (A).

2.3.1. Roots, Weyl chambers. Let X be a root system of the pair (G, A), that
is, it is the set of nontrivial weights of the adjoint representation of A in the Lie
algebra of G. Choose a set of positive roots £ 7 in X, and let IT = {ay, ..., Qs }
be the simple roots in £ 1. The set T = {@ € a* | « € X} is a root system in a* and
II = {@ | o« € I} is a basis of this root system. Let W denote the Weyl group of
this root system, put a™ := {x € a | Ya € =T, @(x) > 0} the closed Weyl chamber
of a associated to the choice of ¥+, and set Zt = log~!(at) c Z. Similarly,
let a™ :={x €a|VYa € T, a@(x) > 0} be the open Weyl chamber associated to
1", The choice of =1 also induces a partial order on X (A): for x, x2 in X(A),
x1 > x2 if and only if ) (x) > ¥, (x) forall x € a™.

We denote by ac the subspace of a consisting of fixed points of the Weyl group
W, and by ag, the unique W -stable supplementary subspace of ac. We fix a W-

invariant scalar product on a, and denote by (@i, ..., ®4s) fundamental weights
of (X, I), satisfying @;)q. =0 for each i =1, ..., ds. These are elements of a*
satisfying 2(%",’%; =¢;j forall i, j =1,...,ds. Finally, fix a subset X¢ of X (Z)

(set of characters of Z), such that X¢ = {&@ | « € X¢} is a basis of ag. (subspace of
W -fixed points of a*).

For a subset 6 of TI, denote by 6¢, the set TT \ 0. Put ag = yeqc kera, a =
ag Nat, and set af T =af \ (Ucco a7). The elements of the collection (ag), 7
are the faces of the convex polytope a™. One notes that a = a and ag is the
subspace of a spanned by Xc.
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2.3.2. Cartan and Jordan projections. Let K be a maximal compact sub-
group of G such that one has the Cartan decomposition G = K Z* K. When k
is Archimedean, K can be taken as the maximal compact subgroup whose Lie al-
gebra is orthogonal to that of A for the Killing form. For the non-Archimedean
case; see [13]. In the K ZT K factorization of an element g € G, the middle factor
is uniquely defined. This allows us to define the Cartan projection x : G — a™ by
requiring that for every g € G, g € K log™' (k())K . It is a proper continuous map
onG.

In case k =R or C, every element g € G admits a unique factorization into
commuting elements as g = g.gngu, Where g, is an elliptic, g, is an hyperbolic
and g, is a unipotent element. This is called the Jordan decomposition of g. The
Jordan projection A : G — a* is defined as A(g) = log(z,), where z, is the unique
element of Z™ such that g, is conjugated to zg. When k is non-Archimedean, such
a decomposition still exists, but up to passing to a finite power of g, that is, there
exists n > 1, such that g" = g.gng,, where g; is semisimple with eigenvalues in
@’ (w is the uniformizer of k). The element g;, is conjugated to a unique element
7g of Zg, and we set A(g) = % log(zg). This does not depend on 7.

2.3.3. Representations. Let (V, p) be a k-rational representation of G. The
weights of (V, p) are the characters x € X(A) such that the associated weight
space V, = {v eV |Va € A, p(a)v = x(a)v} is nontrivial. If (V, p) is an irre-
ducible k-rational representation, then the set of weights of (V, p) admits a maxi-
mal element x, [for the partial order on X (A) induced by a™], called the highest
weight of (V, p). The irreducible representation (V, p) is said to be proximal, if
dim(Vy,)=1.

For the remaining part of this article, we fix the family of representations given
by the next lemma. We shall refer to them as distinguished representations.

LEMMA 2.7 (Tits [27]). Let G be as before. For each i = 1,...,dg, there
exists a proximal irreducible K-rational representation (V;, p;) with highest weight
Xi such that x; is a multiple of the fundamental weight ;.

We note that fori =1, ..., dg, all the other weights of (V;, p;) consist of (); —
@;)’s and others of the form x; —o;; — > peritpB where ng € N. As a consequence,

forallge Gandi=1,...,ds, pi(g) is a proximal linear transformation of V; if
and only if @; (A(g)) > 0. We also note that the mapping a — (x1(a), ..., x4(a)),
where {X 4541, Xa} = X are the central weights, is an isomorphism of real
vector spaces a — R4,

Fori=1,...,ds, we will also fix the norms || - ||; on V;’s, given by the next
lemma.

LEMMA 2.8 ([8]). Let G be as before and let (V, p) be an irreducible k-
rational representation of G. Let x, be the highest weight of (V, p). Then there
exists anorm || - || on 'V such that for all g € G, we have:
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L [lo(g)ll = exp(x(x(g)))
2. 21(p(8)) =exp(x(A(g)))-

We note that 2. does not depend on the norm and follows by definitions, and that
the norm || - || is Euclidean if k = R or C, and ultra-metric if k is non-Archimedean
(see 7.4.1. in [8]).

Lemma 2.7 and Lemma 2.8 allow us to control the Cartan and Jordan projec-
tion of an element g € G by looking at the image of g by these projections with the
central weights and g’s operator norm and spectral radius in the distinguished rep-
resentations. We now see a first useful corollary of these two lemmata. We include
its proof to illustrate their use.

COROLLARY 2.9 (Uniform continuity of Cartan projection). Let G be as be-
fore and k : G — a™ be a Cartan projection of G. For every compact subset L
of G, there exists a compact subset M of a such that for every g € G, we have
K(LgL) Sk (g)+ M.

PROOF. By the paragraph following Lemma 2.7, it suffices to show that
there exists a constant D > 0 such that for every /1,lp € L and for every ¥ €
{x1,..., x4}, we have

2.1) X (k(hgh)) — % (k()| < D.

Set L' ={I7"|l e L}, C =max;; ;-1 max;=1,_ql¥x;(k(@))], D=2C and
letly,/, bein L.

Then, for each central weight ) (i.e., x =x; such thatds+1 <i < d), we have
Xk (l1gl) =x (k1) + X (k(g)) + X (k(l2)), so that (2.1) is clearly satisfied.

Let now x be the highest weight of a distinguished representation (V, p). By
Lemma 2.8, for all 4 € G, we have Y («(h)) =log||p(h)]|. Then, since by submul-
tiplicativity of the associated operator norms, for all x, y, u € GL(V) for a normed
vector space V, one has [|x ™' 71 - |y T lull < [lxwyll < xfl - full - 1y, we
get

X(k(8) —2C <x(k(l1gh)) <X (x(g)) +2C
and the result follows. [

EXAMPLE. If one takes G = SL;(R), then we can write a = {(aq, ..., 0q) €
RY Yo =0}, at ={(a1,...,00) |1 = - = ag), a7 = {(@1, ..., )| @1 >
ar...>ag} and K = SO4(R). The Cartan projection « (-) associates to an ele-
ment g of SL;(R), the element of a consisting of the logarithms of the diagonal
entries of the matrix A in K AK decomposition of g, that is, it is the vector of
logarithms of the singular values of g placed in decreasing order. Similarly, Jordan
projection A(-) associates to g, the logarithms of the modules of eigenvalues of g
in decreasing order.
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As examples of characters on A = exp(a) (elements of A are seen as diago-
nal matrices), we can exhibit L;’s for i = 1,...,d, defined by L;(diag(ay,...,
ag)) = a;. The set of roots are the weights of the Ad representation of SL(d, R),
that is, R = {f—; | i # j}. For our choice of a', the positive roots are ¥+ = {f—;

i < j} and the set of simple roots I1 = {L;—il |i=1,...,d—1}. On a, we have, for

example, (f—;)(xl, ..., Xq) = x; — xj. The fundamental weights are w; = ]_[5-:1 Lj.

Some examples of proximal irreducible representations are o1 = id or, more
generally, o; : SL(RY) —> SL(A! R?) where 0;(g) := N g fori=1,...,d — 1.
These are also the fundamental representations, meaning that their highest weights
are the fundamental weights w;’s. The partial ordering corresponding to the choice
of a™ on the set of characters of A is simply described as: for xi, x2 : Ag —
10, oo[, we have x| > x2 <= xi1(a) > x2(a) foralla € AT =exp(a™).

2.4. 6-proximal elements. Let (V;, p;) be the distinguished representations of
G fori=1,...,ds. Foreach g € G, set 8, = {«; € I1 | p;(g) is a proximal linear
transformation of V;}. By the paragraph following Lemma 2.7 and by definition of
a® for a subset & € II (see 2.9.1), 6, is characterized by saying A(g) € aé::’.

DEFINITION 2.10 (Benoist [4]). 1.Let6 C I1. Anelement g € G is said to be
0-proximal if for each «; € 0, p;(g) is proximal.

2.Let0<e <rand 6 CII. Anelement g € G is said to be (8, r, ¢)-proximal,
if for each «; € 6, p;(g) is (r, &)-proximal as a linear transformation of V;.

When 6 = I1, we say that g is k-regular or proximal. One notes from the def-
initions that a; is increasing in 6 for inclusion partial orders. Again following
Benoist [4], we also set the following.

DEFINITION 2.11. Let 8 C I1. We say that a sub-semigroup I" is of type 6, if
0 is the smallest subset of IT such that {A(g) | g €'} C a;.

If I' is of type 0, we will sometimes denote & = 6r. Note that r is also char-
acterized by saying that for each «; € I', there exists g € I' such that p;(g) is
proximal. In other words, 6r = ger Og-

For a Zariski dense semigroup I' in G, we have the following useful character-
ization of 6r.

LEMMA 2.12 ([4]). «; € 6r if and only if a;(k (")) is unbounded.

REMARK 2.13. 1. In particular, r = @ if and only if I" is bounded modulo
the centre of G.

2.In case k = R, for a Zariski dense semigroup I" in G, it follows by Goldsheid—
Margulis [17] and Benoist—Labourie [7] (see also Prasad [22]) that O = I1. This
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is clearly not true for an arbitrary local field: indeed, for I' = SL(n, Z),) and G =
SL(n,Qp), we have r = @.

2.5. Two properties of (0, r, €)-proximal elements. We now state the multidi-
mensional counterparts of Lemma 2.3 and Proposition 2.4. We give a proof of the
following lemma (see Lemma 4.5. in [4]) to illustrate the use of previous defini-
tions.

PROPOSITION 2.14. Let G be as before and let I be a Zariski-dense semi-
group in G. Let r > 0 be a constant. Then there exists a compact set M, C a
such that for every r > ¢ > 0, there exists a compact set M, ¢ in a satisfying
limg_0 M(y¢) © M, (Hausdorff convergence), and such that for every (0r,r, €)-
proximal element g of T', we have A(g) — k(g) € M(,.¢).

PROOF. The statement is obvious if fp = & by Lemma 2.12. If not, by the
same lemma, choose C > 0 such that for every o; € 0f, |&;(k(I'))] < C. On
the other hand, by Lemma 2.3, there exists a constant C, such that for every
r > & > 0, there exist constants C ) satisfying limg_,0 C( ) = C, and such
that, by Lemma 2.8, for each «; € 6r and all (fr, r, ¢)-proximal element g of I,
[%; (k(g)) — % (A(g))| < C¢). Finally, note that for every central weight x € Xc,
we have ¥ (k(8)) = X (A(g)).

Now the result follows since {&,%;, X | @ € Qf, o; € 0r, x € Xc} is a basis
of a*. O

We also have the following important counterpart of Proposition 2.4. It is proved
from this proposition using Lemma 2.12, Lemma 2.8 as in the proof of the previous
proposition.

THEOREM 2.15 (Benoist [3], [4]). Let G be the group of k-points of a con-
nected reductive algebraic group defined over k and let I" be a Zariski dense semi-
group in G. For every r > & > 0, there exist compact sets N, and N ¢) in a, such
that for each r > 0, we have a Hausdorff convergence limg_.o N¢.¢) € N,, and

such that if g1, ..., g are (Or,r, €)-proximal elements of I' having the property
that (noting go = g1) d(x;i(gj), X;i(ng)) >6r forall j=0,...,1 —1 and for all
i=1,...,d, then we have that for all ny, ... ,n; > 1, the element g = g;“ g

is (Or, 2r, 2¢e)-proximal, and satisfies

/

Mgt gl") = D nir(gi) € L.Nre) N agy.
i=1

Motivated by this result, analogously to Definition 2.5, we single out the fol-
lowing.
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DEFINITION 2.16. 1. Let G be as above, r > ¢ > 0 be given constants and
let & C I1. A subset E of G is said to be an (6, r, €)-Schottky family, if for each
a; €6, pi(E) is a (r, £)-Schottky family.

2. A subset E of G consisting of 8-proximal elements is said to be a-narrow, if
for each a; € 6, p; (E) is a-narrow in P(V;).

2.6. Abels—Margulis—Soifer.

LEMMA 2.17 (Simultaneous proximality, Lemma 5.15 [1]). Let G be as be-
fore and T be a Zariski dense semigroup in G. Then U" contains a Or-proximal
element.

The following important finiteness result of Abels—Margulis—Soifer [1] is a
considerable refinement of the previous lemma. It says that in a Zariski dense
semigroup I' of G, for some r > 0, one can effectively generate many (0, r, €)-
proximal elements. It will be of crucial use in our considerations. We also note
that our Lemma 4.1 is inspired by the proof of this theorem, for which we refer the
reader to the original [1] or for another treatment, to Benoist’s [5], [4] or Quint’s
[24].

THEOREM 2.18 (Abels—Margulis—Soifer [1]). Let G and I" be as before. Then
there exists 0 < r =r (") such that for all 0 < & <r, there exists a finite subset F
of I with the property that for every y € G, there exists f € F such that yf is
(Or, r, €)-proximal.

REMARK 2.19. 1. While dealing with the probability measures of uncount-
able support, we will use the following immediate extension of this result: there
exists 0 < r = r(I") such that for all 0 < &£ <r, we can find a finite subset F' of I
and bounded neighbourhoods V¢ in G of each f € F, with the property that for
each y € G, there exist a neighbourhood U, of y in G, and f € F such that for
all f" € Vyandy'eU,,y fis (Or,r, ¢)-proximal. Indeed, this extension readily
follows by: 1. The set of proximal elements in G is open in G. 2. The attracting di-
rection xé‘f € P(V) and the repulsive hyperplane X ;- C P(V) depend continuously
on g € GL(V), where V is a finite dimensional vector space.

2. Up to enlarging r(I") given by the previous theorem, we will denote by the
same r(I') > 0, the constant given by 1. This should not cause any confusion.

3. Existence of LDP. This section is devoted to the proof of existence of LDP
for the sequence %K(Yn) of random variables (i.e., existence of a rate function
I : a — [0, 00] as in Definition 1.2). We first recall our setting and give more
precise versions of Theorem 1.3 of the Introduction.
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3.1. Statement of results. Given a probability measure © on G (endowed with
its Borel o-algebra), Y,, denotes the nth-step of the left u-random walk, that
is, Y, = X,,, ..., X1, where the random walk increments X;’s are G-valued in-
dependent random variables with distribution u, defined on a probability space
(2, F, P), henceforth fixed. Note that since the distributions of left and right ran-
dom walks are the same, for the results of this article, the choice of left random
walk is only a matter of convenience.

Our first Theorem 3.3 is a variant of Theorem 1.3: in this first result, we do
not assume any moment condition on the probability measure u, in turn we have
a slightly weaker conclusion. Namely, we obtain a weak LDP which we describe
now (for more details see [14]).

In Definition 1.2, a LDP with a rate function / for a sequence of random vari-
ables Z, [in our case, to be thought of as %K(Yn)] with values in a topological
space X, can be reformulated as saying:

1. (Upper bound) For any closed set F C X, limsup,,_, o, %log P(Z,e F) <
—inf Il (xX)yer.

2. (Lower bound) For any open set O C X, liminf,,_, %logIP’(Zn € 0) >
—infl(x)xeco.

The definition of a weak LDP is a slight weakening of the upper bound in the
previous reformulation and it is the following.

DEFINITION 3.1. A sequence of X-valued random variables Z, is said to
satisfy a weak LDP with a rate function / : X — [0, oo] if the upper bound 1.
(above) holds for all compact sets and the lower bound 2. holds the same, for all
open sets in X.

In passing, we note the following.

REMARK 3.2. If X is locally compact or a polish space and a sequence of
random variables Z, on X satisfies a weak LDP with a rate function I, then 7 is
unique.

With this definition, our first result reads as follows.

THEOREM 3.3. Let k be a local field and let G be the group of k-points of a
connected reductive algebraic group defined over k. Let 1 be a probability measure
on G and suppose that its support generates a Zariski dense sub-semigroup in G.
Then the sequence of a™-valued random variables %K(Yn) satisfies a weak LDP
with a convex rate function I : a™ — [0, 0o].

The content of the next theorem is that under some moment hypotheses on i,
one can strengthen the weak LDP of the previous theorem to a (full) LDP with a
proper rate function, for which we can write an alternative expression.
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Recall that a probability measure p« on G is said to have a finite exponential
moment if there exists ¢ > 0 such that feC”"(g)“pL(dg) < 00, where || - || is an
arbitrary norm on a. We shall say that x4 has a strong exponential moment, if
[eclk@ll i (dg) < oo for all ¢ > 0. This is clearly satisfied if u is of bounded
support. Moreover, define the limit Laplace transform of the sequence %K (Yy) as

1
A () = limsup — log E[**(¥n)],
n—oo N
In these terms, we have the following.

THEOREM 3.4. Let G and  be as in Theorem 3.3. Suppose moreover that |
has a finite exponential moment. Then, for the sequence %K(Yn) of random vari-
ables, a (full) LDP exists with a proper convex rate function I : a™ — [0, 0o].
Furthermore, if u has a strong exponential moment, then we can identify I with
the Legendre transform of A, that is, for all x € a, we have I (x) = sup; c,«(A(x) —
AL)).

REMARK 3.5. We observe in the previous theorems that if the support of the
measure u instead generates a semigroup which is Zariski dense in a compact
or unipotent subgroup of G, then it is still true that the LDP holds with the rate
function / which takes the value 1 on 0 € a and oo elsewhere.

REMARK 3.6. For g € G, denote by 7, the automorphism conjugation by g
and denote by 7, the push-forward of a probability measure & on G by t,. De-
note also by I, the corresponding rate function of LDP given by Theorem 3.3.
Then, for every g € G, we have [, = I,,,. This also follows easily from Corol-
lary 2.9 using the definition of / in Theorem 3.15.

In the rest of this section, we prove the existence of weak LDP statement of The-
orem 3.3. The convexity of the rate function and other assertions of Theorem 3.4
are proved in Section 4.

3.2. Restricting the random walk to Schottky families. The following first
lemma relies on Theorem 2.18 and the uniform continuity of Cartan projections
(Corollary 2.9). It says that if at some step, the Cartan projection of the walk hits
a certain region of the Weyl chamber with a certain probability, then after some
bounded number of steps, it will hit proximal elements whose Cartan projection is
close to that region, and this will happen with a probability that is proportionally
not arbitrarily small.

LEMMA 3.7. Let0 <e¢e <r =r(I"). There exist a compact set C = C(', &) C
a, a natural number ig = ig(e, I', ) and a constant dy = d; (e, ', u) > 0 such that
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forallng € Nand R C a™, there exists a natural number ny > ng withny —ng < ig
such that we have

P(k(Yn,) € R+ C and Yy, is (br, r, &)-proximal) > dy P(k (Yy,) € R).

PROOF. Let F = F(r, ¢) denote the finite subset of I" given by Theorem 2.18
and V¢ denote the neighbourhoods in G of elements f of F given by Remark 2.19.

Fix igp € N such that F C U;OZI supp(u*?), this is indeed possible since supp(i1)
generates I' D F. Denote F' = {fi, ..., f{r|} and using Remark 2.19, define a cov-
ering of I' by the subsets I'; := {g € I" | gf/is(Or, r, &)-proximal for every f/ €
Vi) fori=1,...,|F|. Fix numbers ki, ..., kjf| < io such that M*ki(Vfi) = >
0, where this latter inequality is strict by definition of support of a probability
measure, here u*ki ’s. Then, since I';’s cover I', we have

|F|

Pk(Yny) €R) <Y P(Yp, €T Nk~ '(R))

j=1
so that there exists jo € {1, ..., |F|} such that
P(k (Yyn,) € R)

P(Yn, € Tjy Nk~ (R)) > i

Now, as |F| is finite and V,’s are bounded, the set U,Iill v £ 18 a compact set
in G, and denote by C the compact subset M of a given by Corollary 2.9, in
which we take L = lill v ;- Therefore, by this lemma, for every g € I" such that
k(g) € R and for all £’ € !l V1., we have k(gf') € R + C. Then, it follows by
the independence of the random walk increments that

P(K(Yn0+kj0) € R+ C and Y44, is (Or, 1, &)-proximal)
> P(Xngthjy- - Xijy41 € Tjo N (R) and Xi, ... X1 € Vy, )

Pk (Yy,) € R)
Ao
|F|

|F| 2k > 0, we have

=P(Yy, €Ty N K_I(R)).P(ijo €Vy)=

Now, putting n1 :=ng + kj, < no +io and ag := minjg—;

P(k(Yn,) € R+ C and Yy, is (Or, r, )-proximal) > d1P(k (Yy,) € R),
where we have put d = IaTOI =di(e,n, 7). O

The next lemma is an obvious observation on the relation between narrowness
and (@, r, €)-Schottky properties of a set of proximal elements. It will prove to be
useful in our considerations together with the lemma following it. In its proof and
in what follows, recall that IT stands for the set of simple roots a1, ..., a4, of G
and for each o; € I, (p;, V;) is the corresponding distinguished representation of
G (given by Lemma 2.7).
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LEMMA 3.8. Let ¢ and r be two real numbers such that 0 < 6 <r and let 6
be a nonempty subset of T1. Then a r-narrow set E of (0, r, €)-proximal elements
in G is a (6, r1, &)-Schottky family, where we can take ry = .

PROOF. Observe first that, by definition, if y is (6, r, &)-proximal, then y
is also (6, rq, &1)-proximal for all | <r and &1 > ¢ such that 1 > ¢1. There-
fore, to prove the lemma, one just notes that for all y, ¥’ € E and a; €0, since
d(xp () p (y)) > 2r andd(xp ) *p; ()/ )) <r,we haved(xp ()’ p (V’)) >2r—

r =r. Hence putting | = ¢ we have by hypothesis, 7| > ¢ and d(xp ) Xp (y,)) >
6r1 as in the definition of a (8, rq, €)-Schottky family. [

We shall now proceed with the following lemma, which is a consequence of
the compactness of projective spaces of V;’s. We will put it to good use on two
occasions; once, together with Lemma 3.8 to obtain a useful corollary, and once in
the proof of convexity.

LEMMA 3.9. Letr > ¢ > 0 and a positive constant a be given. Let 6 be a
nonempty subset of T1. Then there exists a strictly positive constant dy = da(a)
such that for every subset E of G consisting of (0, r, &)-proximal elements, and
for all n € N, there exists an a-narrow subset E, of E such that, we have P(Y, €
Ey) > dP(Y, € E).

PROOF. Indeed, for each «; € 6, by compactness of P(V;), we can choose
a partition Y7, ..., Y; of P(V;) with diam(Yj’.) < a and where s; = s;(a). Sim-
ilarly, we can find hyperplanes Hi, ..., Hri- in V; with t; = t;(a), and with the
property that—denoting by Z; the a-neighbourhood of H ]‘ in P(V;)—the projec-
tion P(H) of any given hyperplane H of V; is contained in one of Z;’s. Up to
re-indexing «;’s, write 6 = {«, ..., a.} for some integer 1 <c <dg. Let i, i de-
note multi-indices of the form i = (i1, ...,ic) and j = (j1, ..., jc) where, for each
k=1,....c,ire{l,...,sx} and jr € {1,..., %} Now let E C T" be given as in
the statement and for multi-indices i, Js denote by Eli the following subset of E:
Eli =

+ k
lrekl Tour) € Y and ka(y) = ij}‘

By the choice of Y ]’ ’s and Z; ’s, the family E? i— covers E and we thus have for every
neN, -
P(Y, € E) <Y P(Y, € ED).
i )
It follows that for every n € N, there exist at least two multi-indices i, and j,

such that P(Y, € Ejo) > PUweE) Hence, putting dy = dx(a) = ; and

— S1...8¢1...0¢ S1...8ct]...t¢

E, = Ei—0 , we have the result of the lemma. [
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COROLLARY 3.10. Letr and & be two real numbers with r > 6g > 0 and let
0 C I1. Then there exists a constant dz = d3(r) > 0 such that for every subset E
of G consisting of (0, r, €)-proximal elements and for all n € N, there exists an
(0, r1, &)-Schottky family E, C E with r| > % > ¢ and such that P(Y, € E,)) >
d3.P(Y, € E).

PROOF. If 60 = & the statement is trivial; if not, choose a = r in Lemma 3.9
and apply Lemma 3.8. [l

3.3. Cartan projections of powers of Schottky families. The next proposition
says that the images in a™ of the Cartan projections of the nth-power of an (8, r, €)-
Schottky family in I" is contained, up to compact perturbation, in the n-dilation of
the images in a™ of the Cartan projections of that family. It follows from Benoist’s
Lemma 2.12, Proposition 2.14 and Theorem 2.15.

PROPOSITION 3.11. There exists a compact subset K of a, depending on r,
& and T, with the property that for every (6r,r, €)-Schottky family E in " and
n €N, we have k(E™) C n.(co(k(E)) + K), where E" :={y1,...,vu | vi € E},
K(E)y={k)|yeELk(EY+ K :={x+k|xex(E), ke K} and co(-) stands
for the convex hull.

PROOF. We first note that the statement is clear if O = @. Indeed, in this
case, by Lemma 2.12, foreachi =1, ...,ds, @; (x(I")) is bounded. On the other
hand, for all central weight x € X¢ and g, h € G, we have X (k (gh)) =x(k(g))+
% (k(h)) and the statement follows since IT U X ¢ is a basis of a*

Now suppose that 6r # & and let g1,...,g, € E. It follows by definition of
a (fr, r, £)-Schottky family and Theorem 2.15 that for every n > 1, the product
81, .., 8n 18 (Or, 2r, 2¢)-proximal. Now let N = N, ) be the compact subset of a
given by Theorem 2.15 and let M = M5, »¢) be the compact subset of a given by
Proposition 2.14. Rewrite the difference x (g1, ..., gn) — >_7_; k(gi) as

(k(g1s--- 8n) —A(g1, ..., &) + (/\(gl,--.,gn)

n n
— Zx(gi)) + (Z(Mgn — K(g,-))>-
i=1 i=1

In this expression, observe that the first term belongs to M by Proposition 2.14
and the above remark, the second term belongs to n.N by Theorem 2.15, and
the third term belongs to n.co(M) by Proposition 2.14. Now the statement of our
proposition easily follows: denote by M~! the set {—x | x € M} and put M =
coM—1 U M). Finally, set K = 2. M + N and observe that by above, we have
k(g1,...,8n) €2 i k(gi) +n.K proving the statement. [J
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3.4. Controlling deviations in bounded steps. For later convenient use, we sin-
gle out the following topological notion and note two obvious facts about it in the
following lemma.

DEFINITION 3.12.  Let X be a topological space and O C O two open sub-
sets of X. We say that O is super-strictly contained in O3 if O1 C O».

LEMMA 3.13. 1. Let V be a finite dimensional real normed vector space and
01 and Oy two open bounded subsets of V, Oy super-strictly contained in O>.
Then, for all bounded set K C V, there exists a constant R(O1, Oz, K) € R such
that for all Q > Q(01, Oz, K), we have Q.01+ K C Q.0.

2. Let Oy and O3 be as above. Then there exists a real number q(O1, O2) < 1
such that for allny,n, e Nwith 1 > Z—; > q(01, 03), we have n1 01 C ny 05.

PROOF. Both statements are obvious. Remark that the hypothesis implies that
d(01, 03) > 0 and one can take Q(O1, Oz, K) and 1 > g(0O1, O2) any real num-

bers larger than respectively 2001.00) oo T
s E xedp

We shall need one last lemma before proceeding to prove the theorem. It relies
on the uniform continuity of the Cartan projections (Corollary 2.9) and says that if
the averages of the Cartan projections of the random product hits a certain region
of the Cartan subalgebra at periodic times, then it will hit any open neighbourhood
of this region at any time with at least the same asymptotic exponential rate of
probability:

LEMMA 3.14. Let Oy and O, be two open bounded convex subsets of a™,
01 super-strictly contained in O;. Suppose that there exist no € N and o > 0
such that for all k > 1, we have P(k (Yyk) € knoO1) > e "% Then we have
liminf, 1logP(Lk(Y,) € 02) > —a.

PROOF. For all n € N, let k,, € N be defined by ng(k, + 1) > n > nok,. By
o -compactness, we can choose a compact subset L,, of G containing e € G and
such that M*i (Lpy) > % foreachi =1,...,ng. Let M,, be the compact subset M
of a given by Corollary 2.9, by taking init L = L,,.

By definition of super-strict inclusion and the fact that the ambient space is
a normed real vector space, we can pick Oz such that each of the inclusions
O C 012 C O3 is super-strict. Now, let Q,, := Q(O12, 02, M) € R and q :=
q (01, O12) < 1 where these last quantities are as defined in Lemma 3.13. Then,
for all n € N such that n > Q,, and 1 — '51—0 > ¢, we have the following sequence
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of inclusions of events:
{k(Yy) € kynoO1 4+ My} C{k(Yy) €n012 + My} C {(Yy) €n02},

where the first inclusion is by 2. and the second by 1. of Lemma 3.13.
As aresult, by independence of random walk increments, for all n € N, we have

1
P(;K(Yn) € 02) > Pk (Yie,ng-+(n—knng)) € knoO1 + M)

(3.1 = P(K(Yk,,no) € knno 01)-P(Yn—knno € Lno)

- e—noknal,

- 2
where the last inequality follows by hypothesis and the construction of Ly,. Now,
in (3.1), taking logarithm, dividing by n, and taking n to infinity, we obtain the
result of the lemma. [J

3.5. Proof of existence of weak LDP. We are now ready to prove the existence
of weak LDP statement in Theorem 3.3 by using the following general fact.

THEOREM 3.15 (See Theorem 4.1.11 in [14]). Let X be a topological space
endowed with its Borel o-algebra Bx, and Z,, be a sequence of X -valued random
variables. Denote by u,, the distribution of Z,,. Let A be a base of open sets for
the topology of X. For each x € X, define

1 1
I;;(x) ;= sup — liminf—log u,(A) and Ij5(x):= sup — limsup—logu,(A).
AeA  "TOn AeA  n—oo N

xeA xeA

Suppose that for all x € X, we have I}; (x) = I15(x). Then the sequence Z,, satisfies
an LDP with rate function 1 given by I (x) := I;; (x) = I15(x).

REMARK 3.16. In a polish space X, the hypothesis of the previous theorem
is actually equivalent to the existence of a weak LDP (see [14]).

We note that below if 6 = &, the proof simplifies to a great extent and the main
relevant part is at the end where we make use of Proposition 3.11.

PROOF OF THEOREM 3.3, (EXISTENCE OF LDP). For all n > 1, denote by
W, the distribution of the random variable %K(Yn). It is a probability measure
supported on the closed subset a*™ of the vector space a. To establish the weak
LDP for this sequence of probability measures, we use Theorem 3.15 and argue
by contradiction.

Let I;; and I;; denote the functions on a, associated to the sequence u, as
in Theorem 3.15, where we take the norm-open balls in a as a base of topol-
ogy. Suppose now for a contradiction that there exists x € a such that Ij; (x) >
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I;5(x) > 0. We can suppose that x is in the closed Weyl chamber a™ since for all
n €N, supp(u,) Cat.

By definitions of the functions [;; and Iy, this implies that there exists an open
ball O5 C a with x € Os and such that

1 1
(3.2) —liminf — log 1, (Os5) > sup — limsup — log i, (0) + 4n
n—oo n Oca n—oo N
xe0

for some 1 > 0 small enough.
We then choose x € O1 C O C O3 C O4 C Os open balls around x, where
each inclusion is super-strict, such that (3.2) yields

1 1
—liminf — log 1, (0s) > —limsup — log 1, (O1) + 3n.
n—oo pn n—oo N

Now, let r = r(I') be given by Theorem 2.18 and choose & < %. Let di =
di(r,e,I') and ig = ig(e, I', u) be the constants given by Lemma 3.7, C = C (T, ¢)
be the compact subset of a also given by Lemma 3.7, d3 = d3(r) be the con-
stant given by Corollary 3.10, K = K(r, ¢) be the compact subset of a given
by Proposition 3.11. Let us also fix a real number Q > max;-;(Q(0;, 0;,C) Vv
0(0;, Oj, K)) where these latter quantities are as defined in Lemma 3.13 and let
q = q(01, Os) where again this is defined as in Lemma 3.13. Choose ng € N such
that:

(i) —;-10g 11y (O1) + 27 < —liminf, o ; log 1 (O5),
(i) e~ < dds,
(iii) no > Q.

. o
@) notio = 4

Put o := —% log tyy(01) and B := —liminf, _, » %logun(05) so that by item
(1) in the choice of ny,

(3.3) a+2n < B.

Setting R = ngO; in Lemma 3.7, we obtain that for some n; such that
np—no =i

(3.4) P(k(Y,,) € ngO1 + C and Yy, is (6r, r, &)-proximal) > e~ ""*.d;.

The choice of ng [resp., items (iii) and (iv) above] implies by Lemma 3.13 that
no0O1 + C C ngO; and ngO, C n1 03 so that (3.4) becomes

(3.5) P(k(Yn,) € n103 and Y, is (r, r, €)-proximal) > e "% d|.

Applying Corollary 3.10 by taking L =« ~!(n103) N I'(r,¢), which is nonempty
by (3.5), and where I', ) is the set of (6, 7, €)-proximal elements in I', using also
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(3.5), we obtain that there exists an (6r, r1, €)-Schottky family E C L C I" such
that we have

P(k(Yy,) €n103 and Yy, € E) > e ™% d3 > e "1 @0,

where the last inequality follows by item (ii) of the choice of ng and since n; > ng.

Next, observe that by the construction of L and since £ C L, we have
k (E) C n1 03 and therefore, as O3 is convex, co(k (E)) C n1 O3. Then, by Proposi-
tion 3.11, we obtain that for each k > 1, k (E¥) C k.(co(k (E)) + K) C k.(n1 03 +
K) C kni O4 where the last inclusion follows also from item (iii) of the choice of
no and since n; > ng.

Finally, for all k£ > 1, by the independence of the random walk increments, we
have that P(Y,x € EFy > P(Y,, € E)* and thus we obtain

P(k (Yp k) € kny Os) = P(Yy i € EX) > P(Yy, € E)E > e7miketn),

Therefore, Lemma 3.14 establishes that 8 = — lim inf% logP(k(Y,) € Os) <a+n
which together with (3.3) yields o + 21 < 8 <« + 1, a contradiction. [

4. Convexity of the rate function.

4.1. A dispersion lemma. Our first lemma in this section is a key dispersion
result which is in fact a corollary of the proof of Theorem 2.18 in Abels—Margulis—
Soifer’s [1]. Namely, it says that, by the Zariski density of I" in G and connected-
ness of G, one can find finite sets in I" such that for each point of the projective
spaces of the distinguished representation spaces V;’s, some elements of these fi-
nite sets of [ will, by their action, disperse that point in the projective spaces.
It will be useful on several occasions, particularly by its relation to the 1. (b) of
Definition 2.5.

LEMMA 4.1 (Dispersion lemma). For all t € N, there exist a strictly positive
constant n; = n(t, "), depending only on t and ", and a finite set M; C I" with the
following properties: for every x = (x1, ..., X4g) € ]_[Eiil P(V;), where V;’s are the
distinguished representation spaces of G, there exist y1, ..., vs € M; such that:

(i) Foreachi=1,...,dsandforall j £k e{l,...,t},

di (pi (vj)-Bi(xi, ne), pi (Vi)-Bi (xi, 1)) > 1y

(1) Foralli =1,...,ds and for every subset {y;,,....vi,} of {v1,..., ¥s} Oof
cardinality less than k < dim'V;, for all yil, cee, y{‘, Z; € Bi(x;, ny), denoting by
(0i (¥iy) yil, oo P (Vi) ylk) the projective image of the subspace generated by these
lines, and for all j & {iy, ..., i}, we have

di((oi Vi)l s - 0i Vi) Y5, 0i(v)zi) > 1.
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PROOF. We start by inductively finding elements yf Yoo yf e I" for each el-
ement X = (xq,...,Xq;) of ]_[f.li 1 P(V;): choose yf € I' arbitrarily. Having con-
structed yj', ..., y; for some k < ¢, put

Gikt+1:= {y € G| pi(y).x; does not belong to the proper subspaces of V;
generated by the lines p; (y;).x; for j € {1, ...,k}}.

Since there are finitely many such proper spaces of V;, and the condition of not
belonging to a proper subspace is a Zariski open condition in G, G; x+1 is a finite
intersection of Zariski open sets which are also nonempty since the distinguished
representations, p;’s are irreducible. Consequently, G; x+1 1S a nonempty Zariski
open set in G. Similarly, the set G4 defined by Gy := ﬂfil G k+1 1s Zariski
open. I' being, by assumption, Zariski dense in G, the intersection G4 N T is

nonempty; choose one element y;', | € Gg41 NT.
By induction, we then have constructed yy', ..., yf eI for each x € [[P(V;)

such that for each i =1, ..., dg, the elements of {p; (y{').x;, ..., p,-(yf).x,-} are in
general position. Now choose 7} > 0, such that

di (i (vi}) xis -0 pi (ViL)-xi)s pi () -xi) > 2}
foralli =1,...,ds, k <dimV; — 1, iy,...,ix € {1,...,t} and j & {i1, ..., ik}
Such an 7} > 0 indeed exists by our construction of the y;*’s.

Now, by continuity of the action of G on P(V;)’s, for all X = (x, ..., xq) €
[TP(Vi), there exists a neighbourhood W* = W x --- x W;‘ds C [TP(V;) such
that forall i =1, ...,ds, for all kK <dimV; — 1, and for all (yi,...,y,’;) € Wf,
7e W:* and y;’s as above; we have

(4.1) di((pi (7)) ¥1s - 0 (Vi) Vi) pi(v)-2') > /'
Up to reducing nf, we can suppose that for each i = 1,...,ds; Bi(x;,
2n}) - W;. Now, cover the compact set

[TP(Vi) by the open sets Uzerppvi) ﬂfi | Bi(xi, nf) and extract a finite subcover.
Let us call the elements X!, ..., %" € [TP(V;) such that (]_[flil B; (xijl, nf]))jzlw,n

is the extracted finite subcover, and put 7, := min;—y . nfj and M, =
i j
’}zl{ylx 9 e ey V;x]}-
Then, the result of the lemma readily follows: as in the assertion of the lemma,
let X = (x1,...,xq5) € [[PP(V;). Let also, up to re-indexing, %! be such that for

eachi=1,...,ds; di(xi,xil) < nfl and take yfl,...,yf] € M;. Then:

(i) To see the first statement, fix i € {1,...,ds} and j #k € {1,...,t}, and
consider y;, z; € Bi(x;, n;). Since d; (xi,xil) < nfl, N < nfl and B; (xil, anl) C

W', we have Bi(xi,n;) C Bi(x}.2nf ) € Wi, so that by (4.1) d;(pi(y;)-yi.

1

0i (Vi) .zi) > nfl > 1;, establishing the claim.
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(i) The proof of the second statement is similar. Fix i € {1,...,ds} and
ity ik, j €{1,...,t} with j ¢ {i1,...,i;} and set k = dimV; — 1. For all
Viys .-+ Yies Zi € Bi(x, n1), exactly as above, we have y;,, ..., yi,. 2 € Bi(x;, 1) €

Wl?‘l so that (4.1) again proves the claim. [J

REMARK 4.2. A similar observation as Remark 2.19 of the Abels—Margulis—
Soifer finiteness result, clearly applies to this finiteness result as well. Namely,
for all ¢ € N, there exists a constant 1, € I', a finite subset M; of I' and for each
¥ € M;, bounded neighbourhoods V), of y in G such that we have the conclusions
of the lemma for every y/ € V,,, instead of only y;’s for i =1,...,ds. We shall
use the same constants n; for this extended result and Lemma 4.1.

4.2. Dealing with two Schottky families.

LEMMA 4.3. Let V be a finite dimensional k-vector space and g € GL(V).
For the action of GL(V) on P(V) (endowed with the Fubini-Study metric), g is a
||A2g|| -l g_1 ||2—Lipschitz transformation.

PROOF. Indeed, for x, y € P(V), we have

llgx A gyll
lgx|l - gyl
IA%g - Jlx Ayl
g2 x -yl
= | A% - |e~ P (x, y). 0

d(gx, gy) =

Accordingly, for an element y € G, put

4.2) L(y):= max [A%pi(0)]- i)~ * € [L. ool

The next technical lemma is based on the observation that if a proximal element
g, when multiplied on the left by an arbitrary element y, gives a proximal element
¥ &, then the projective hyperplane X7, is close to that of g, while the attracting
directions x)‘fg and x; may differ arbitrarily. The rest of the proof is along the
same lines as the so-called Tits proximality criterion (See [28] 3.8, [1] 2.1, [4]
Lemma 6.2.)

LEMMA 4.4. Let g be a (8,r, e)-proximal element of G and y € G such
that L(y).e < 1. Put 1 > &1 := L(y)e > & and suppose there exists a § with

8 > 6¢1 such that for each a; € 0, we have d; (p; (y)x;(g), X;i(g)) > 6. Then yg is

@, %, 2¢e1)-proximal. Moreover, for each o; € 6, we have d(x;(yg), yx;(g)) <&

and dH(X;g, X;) <e.
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PROOF. To ease the notation, we will dismiss the representations p;. By our
definition of L(-) in (4.2), our reasonings apply simultaneously to each represen-
tation p; such that o; € 6.

We first establish that y g is proximal. One first observes that we have

(4.3) ygBg S ybi S B(yxS.eL(y)) € By,

where the first inclusions is by (r, )-proximality of g and the last by out hypothesis
that d(yx;, X7) >8> 6e.
Moreover, the restriction of the action of yg on Bg is L(y)e = &1 Lipschitz

with, by hypothesis, €1 < 1. Therefore, y g is a continuous contraction of the com-

pact Bg into Bgel c int(Bg) and thus, by Banach fixed-point theorem, has a unique
attracting fixed point, of basin of attraction containing B ;. This indeed implies that

y g is proximal. One also sees from (4.3) that we must have x;r ¢ € B (yx;, &1) and
dH(X)fg, Xg<) <e.
To get the complete statement of the lemma, in view of the definition of a

@, % 2¢1)-proximal element, one checks that:

(i) Since by above x;jg € B(yx;, e1) and dp (X5,

sis d(yx], X7) >8> 61, we have d(x)j,, X5,) =8 —& — &1 > 8 — 21 > 25.
(ii) Similarly, we have yg By C ygBS C B(yx}, e1) Cbyy.

X ;) < g, and by hypothe-

(iii) Finally, the restriction of the action of y g on By‘;‘ C B(g)fise; =¢eL(y)
Lipschitz, as observed above.

These establish our claim. [

In the next proposition, we exploit more deeply the observation mentioned be-
fore the last lemma, in its relation with the result of Lemma 4.1 and the notion of
narrowness of a set of proximal elements. It says that the union of left translates
by suitable elements of two sufficiently narrow and contracting Schottky families
is a Schottky family. By its probabilistic Corollary 4.7, it will be of crucial use in
proving the convexity of the rate function.

Let us fix some notation before stating it: let # be a fixed natural number with
t > ZZfil(dim Vi — 1). Let n; > 0 and the finite subset M; of I" be as given by
Lemma 4.1. For a subset M of G, denote by L(M) = maxy, ey (L(y) V L(y‘l)) €
[1, co] where L(y) is defined as in (4.2). Observe that by Lemma 4.3, for any
M C G contained in a compact of G, we have L(M) < oco. With these notation,
we have the following.

PROPOSITION 4.5. Let Ey and E, be two (Or, r, €)-Schottky families in T’
with & < %LY(I—IM,)z Suppose also that E\ and E; are M("—A’/It)z—narrow. Then there
exist y1 and y» in M; such that y1 E1 U y2E; is (Or, 1, €1)-Schottky family and we
can take ry = #&Wt) and g1 =2eL(M;).
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PROOF. To simplify the notation, we will only work in one fixed representa-
tion (p, V) among (p;, V;);’s such that «; € 6r and dismiss this from the notation
as in the proof of the previous lemma. Our reasonings are such that they simultane-
ously apply to all representations (p;, V;); with «; € 6r; except at one point at the
very end of the proof, where of course we will take into account all representations
(we explicitly indicate that point).

By hypothesis, there exist Y! and Y2, subsets of P(V) of diameter less than
4L(n—111/1,)2 and such that for i =1, 2, for all g € E;, we have x; €Yl Let y1 and
y2 be respectively in Y! and Y? such that for i = 1,2; E; := {x; lg e Ei} C
B(y;, ALL(H—A[/I,)Z)‘ Take elements y1 1,..., 1 and y2.1, ..., 2., from M; satisfying
the conclusions of Lemma 4.1 respectively for the points y; and y;.

Reformulating the conclusion (2) of Lemma 4.1; we have that for each hy-
perplane H C V; there exist at most k distinct indices iy, ...,ix C {1,...,¢}
with k <dimV — 1, such that foreach I = 1,...,k, P(H) N y1,.B(y1, n:) # 9.
Indeed, otherwise there exist uy, ..., udimv € B(y1,n:) and y1 i, ..., Vi igmy €
M; such that P(H) contains the projective image of the span of the lines
{Vi,i;- 415y V9igmy -Udimv) contradicting the conclusion of Lemma 4.1. (Of
course, the same conclusion holds true for 1 ; i ’s replaced by y» ; j ’s and y1 by y7.)

Meanwhile, note that for each y € M;, x € P(V) and § > 0, by definition of
L(M;), we have

(4.4) yB(x,8) € B(y.x, L(M)8) €y B(x, L(M,)*5).
Now we claim that there are at most dim V' — 1 distinct elements 1y ;,, ..., Y1,i;
among {y1.1, ..., ¥1./} such that
Nt <
4.5 B iy, ——— |NE a,
4.5) (1 2L(Mt)> "

where we have put ET = Ugep, X5
Indeed, if i € {1,...,t} is such that B(y; ;y1, %) N ET # @, then since
by hypothesis for all g, 2 € Eq, one has dpy (X, X;7) < 4L(n—1\1/1)2’

each g € Ey; B(y1,iy1, Lyl )y 0 Xg # @. But by (4.4), since L(M;) > 1,

4L(M,)?
this implies that y; ; B(y1, %m) N Xg< # & for each g € E;. Therefore,
as E| # @, we have found an hyperplane P(H) in P(V) (take H = X; for
an element g € Ep) such that for each i € {1,...,¢} satisfying (4.5), we have
v1.iB(y1, %n,) NP(H) # @. Since % < 1, the above reformulation
of the conclusion of Lemma 4.1 tells us that there are at most dimV — 1 such
indices i € {1, ...,t}. Put

we have that for

Dy = {i ef{l,... .t} B(Vl,iy1,

so that |[D{| <dimV — 1.

77[ <
2L<M,>> NE# Q}
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Observe then that for eachi € {1,...,t}\ D1, g € E; and x € X, we have

. Nt Nt
(4-6) d(B (”’y : 4L<M,>>’x> =AMy’

Therefore, since E1+ C B(y1, 4L(m )2) by (4.4) we have that for each y € M;;

vE; C B(y.y, 4L7(7—tM,)) so that (4.6) implies

4.7) d(yixt, X)) = 4L7(7;\4t)

forall g,h € Ey and foreachi € {1,...,t}\ D;.
As a consequence, since by hypothesis & < % and 6eL(M;) < %,

Lemma 4.4 is in force and gives that for each i € {I,...,¢}\ Dy and g € Ey;
Y1.ig is (IZL(M),28L(M,))—proximal. Moreover, d(x), ., v1.ix)) < 2eL(M,)

and dH(X},1 2’ X<) <e.
Comblmng these last two inequalities with (4.7), one sees that for all g, € E|,
and foreachi € {1,...,t}\ Dy, we have
Nt Nt
4.8 dx} . X5 ) > ——— —2¢L &> :
( ) (x}’l,ig Y1.ih )— ZL(M,) ( ) - 8L(Mt)

Hence, it follows that foreachi € {1,...,#}\ D1, y1;E1isa (48L(M 3 2e L(M;))-
Schottky family.

Repeating exactly the same argument for E», one finds a subset D, of {1, ..., ¢}
such that |[D7| <dimV — 1 and foreach i € {1, ..., ¢} \ D2, one has that y» ; E> is
a (MW, 2e L(M;))-Schottky family.

Again, the same reasoning, replacing in (4.5) E~ by E5, allows us to see that
there exist at most dimV — 1 indices i € {1, ..., t}, denoting the set of these
by Dj>, such that for each g € E{, h € E» and i € {1,...,t}\ Di2; we have
d(yl,ix;,X;) > 4L7(7—tM,)‘ By the same token, we get Doy C {1,...,1} with the
corresponding properties.

By consequence, it follows that for each iy € {1,...,¢t}\ D1 U D> and i» €
{1,...,t}\ D2UDy, 1, E1Uni,Exisa (48L(M),28L(M,)) Schottky family
in ]P’(V)

At this point, as indicated at the beginning of the proof, regarding the construc-
tion of the index sets Dy, D», D12, D>, we must take into account each of the
representations p; such that ¢; € r. Hence, repeating the same procedure for each

such p;, we get index subsets D{, Dé, D{z, Dél of {1,...,t} for each j such
that aj € Or C {a1, ..., a4} and with cardinality at most dimV; — 1. Up to re-
indexing, set Or = {«q, ..., og.}, Where ds > dr := |0r|.

Finally, denoting D; := U?FZI(D{ U D{Z) and D, := U?FZI(Dg U Dél), since
fori =1,2,1> 2zjil(dimvj —1) > |Dj|, we have {1,...,1}\ D; # @. As a

result, choosing y; € {1,...,1} \ 13,~ fori =1,2, we get that y1E1 U »pE; is a
(fr, zlstnW’ 2¢ L (M;))-Schottky family, proving the proposition. [
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REMARK 4.6. One notes from the proof that this proposition is also true with
¥i replaced by any y/ in the neighbourhood V,, of y; given by Remark 4.2 for
i=1,2,and L(M;) by L(U, epm, Vy)-

Combining the previous proposition with Lemma 3.9 and Corollary 3.10, we
obtain the following technical probabilistic corollary which will be an essential
step in our proof of convexity of the rate function. In the corollary, we denote by L,
the Lipschitz constant L(U, ¢, Vy) of the union of neighbourhoods of elements
of M; given by Remark 4.2. Since M; is a finite set and V),’s are bounded, we have
L e[1,00).

COROLLARY 4.7. Let ¢ and r be given with 0 <& < ¢ A (;gﬁ Then there
exist a natural number iy =i (u, M;), a constant dy > 0 depending on the prob-
ability measure and a compact subset K of a with the property that for all sub-
sets E1 and E> of I consisting of (Or, r, €)-proximal elements, for all n1,n; € N
there exist two natural numbers ny + i1 > ny1 > ny and ny + i1 > n22 > ny,
two (Or, r1, €1)-Schottky families El and Ez ~such that E'l U Ez isan (Or,ry1,€1)-
Schottky family and for i = 1,2, P(Sy,; € E;) > P(Sy; € E;).ds. Moreover, we

have k (E;) C k(E;) + K, and one can choose r; = 147 and g1 =2¢L.

PROOF. Write M; = {y1,...,vn} and put i1 = i;(u, M;) a natural number
such that M; C U;Ll(supp(u*i)). Foreachi =1, ..., m, take neighbourhoods V,,
of y;’s as in Remark 4.2, set k; < i such that ,u*kl' (Vy,) =: Bi > 0 and finally put
B = min|<;<, Bi > 0. Furthermore, taking the compact subset U;"ZIVW of G
as L in Corollary 2.9, get a compact subset K of a satisfying the conclusion of
Corollary 2.9. Let also dy = d»(¢, I') > 0 be the constant given by Lemma 3.9, in
which we take a = 4%, dz = dz(r) > 0 be the constant given by Corollary 3.10
and finally set dy = dad38 > 0.

Let now E and E, be two given subsets of I" consisting of (6r, r, €)-proximal
elements and n1, ny € N. Applying Corollary 3.10 for £ and E», there exist two
(6r. &. )-Schottky families, E} C E} and E; C E3 such that fori = 1,2,

(4.9) P(S,, € E}) > P(Sy, € E;).ds.

Noting that subsets of (fr,r, &)-Schottky families are themselves (Or,r,¢)-
Schottky families, using (4.9) and applying Lemma 3.9 twice with a = 4'22 for
respectively Ei, E’2 and n1, ny, we get two f—i—narrow Or, %, €)-Schottky fami-

lies E; C E| and E,C E’, such that fori = 1,2,

(4.10) P(S,,; € Ei) = P(Sy, € E;)dads.

Now applying Proposition 4.5 (and Remark 4.6) to the (6r, %, &)-Schottky fam-
ilies E1 and E, remarking that the hypotheses of that proposition is satisfied by
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the constructions of E 1 and Ez, we get that, up to reindexing, there exist y1, y» in
M; such that, setting fori =1, 2, Ei =V, Ei, E‘l U Ez is an (Or, 1, €1)-Schottky
family, where we can take r| = @—’L and g1 =2¢L.

Then, setting n11 :=n; + k1 <ny +iy and np» =n2 + kp <ny +1ij; by inde-
pendence of random walk increments, for i = 1, 2, we have

P(Sn;; € Ei) > P(Xn;+k;s -+ » Xn; € Vy; and Sy, € E)
=P(S,, € ENP(Sy, € Vy,)
> P(Sy, € E;)Bd3dy = P(Sy, € E;)ds.

Finally, one remarks that for i = 1,2, we have E; C M,E C M, E; so that by
choice of K, Corollary 2.9 implies that K(E ) Ck(E;)+ K, establishing the last
claim. [

4.3. Proof of convexity. We are now in a position to prove the convexity result.

PROOF OF THEOREM 3.3 (CONVEXITY OF THE RATE FUNCTION). Denot-
ing the rate function by I, start by observing that, by lower semicontinuity, it is
sufficient to show that for all x, xo € a, we have I(X‘erxz) < I%”) + 1(52). For
this, we can indeed suppose that x{, xp belongs to the effective domain Dy of I,
where Dy :={x € a| I (x) < oo}. We shall argue by contradiction.

Suppose there exists x1, x, € Dy with I(XHZ'XZ) > 1%‘) + 1(52) + 5& for some
& > 0. By the weak LDP and Remark 3.16, [ satisfies

1
4.11) I(x)= sup —lim sup —logu,(0) = sup — hmlnf— log u, (O).
Oopen n—0oo Oopen
x€e0 xe0

X1+x2 +X2

Hence, we can find neighbourhoods O 112 C 0212 of ; where the inclusions are

super-strict and such that
I(x1) | I(x2)

2+2

By (4.11) and (4.12), for i = 1, 2, one can also find neighbourhoods x; C Oi C
05 C 0§ where the inclusions are super-strict and 01.] ’s are such that 031 N 032 =

1
(4.12) — limsup — log 1, (04?) = + 4¢.
n—oo N

1 2
J, 03;03 C 0112 and
4.13 1 1 0 Iy li 'f11 0 +3
(4.13) —lnrgsogp—ogun( 2") Z 5 2~ liminf —log 1, (0}) + 3¢.

i=1
It follows from (4.13) that, there exists Ny € N such that for all m > Ny, we have

2

1 1 1 :
4.14 —limsup — 1 0) =53 ——1 01) + 2.
(4.14) imsup —-log 4 (0, )_21.:1 —log i (07) + 2§
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Now let r =r(I") > 0 be as given by Theorem 2.18, ¢t =1+ 22?5 (dimV; — 1),
n; > 0, the finite set M, C I' as given by Lemma 4.1, for each y € M,, its
neighbourhood V), as in Remark 4.2 and set L > 1 to be the Lipschitz constant
L(Uyepm, Vy). Choose & < & A 96"22. Put r| = gli- and &1 = 2¢L. Let also the
constants dy = dj (e, I', u), ip = ip(e, I', 1) and the compact subset C = C(e, I')
of a be as given by Lemma 3.7. Denote by K the compact set K (r(,&1) C a
given by Proposition 3.11. Let also the compact set K and the constants d4 > 0,
it =i1(u, My) be as in Corollary 4.7. Finally, fix Q € N with fori =1,2, Q0 >
Q(0%, 04,C + K) Vv Q(0}, 05, K) and ¢ = q(0/?, 03%) < 1, where Q(.,.,.)
and ¢ (., .) are as defined in Lemma 3.13.

Now choose ng € N with:

(1) no = No,

(i) ™05 <dyda,
(iii) no > Q,

. n

(V) Zoriors >4

andputfori =1,2, o; = —n]—o logunO(Oi) and 8 = —limsup,,_, o, %logun(Ozlz)
so as to have by item (i) of the choice of ng and (4.14) that

(4.15) ﬁz@ﬂg

Applying Lemma 3.7 twice, once with taking A = ng 01l and the other A =
no012 in that lemma, one gets ny, ny € N with fori = 1,2 ng + iop > n; > ng and

(4.16) P(k (Yp,) € nQOi + C and Y, is (Or, r, &)-proximal) > e~ "% d,.

Setting for i = 1,2; E; := x~(ng Oi + C) N I'¢), where I' ) denotes
(fr, r, e)-proximal elements of I', by (4.16) E;’s are nonempty and by our choices
of r and ¢, they satisfy the hypotheses of Corollary 4.7. This corollary therefore
gives that for some ny1, nyy € N with for i =1, 2; ng 4+ ip + i1 > n;; > no, there
exist two (r, r1, €1)-Schottky families Ei such that El U Eg is also an (Or, rq, £1)-
Schottky family with

(4.17)  P(Y,, € E; and k(Y,,,) € n9O} + C + K) > e "% dydy > "0 )

by the definitions of E; above and the last statement of Corollary 4.7 and where
the last equality follows from the choice of ng, namely item (ii). Furthermore, by
item (iii) in the choice of ng, (4.17), implies

(4.18) P(Y,,, € E; and k(Yy,,) € ng0%) = e "% dydy > "0 )

fori =1, 2.
Observe now that by our initial choice of open sets, we have 031 N 032 =, s0
that up to taking their intersections, respectively with « ~! (ng 021) and x ! (ng 0%),
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we can suppose that E 1 and Ez are disjoint and are such that fori =1, 2, K(E,-) -
no0;. Now, for all k1, kp > 0, define the collection of subsets E kika of T by

EMR = {1y, |l Ly € Ej)| = for j=1,2},

Making key use of the fact that E 1 U Ez is an (fr, r1, €1)-Schottky family, 3.11
implies that for all k1, k> > 0,

(4.19)  «(EFR2) Cki(noO) + K) + ka(no O3 + K) C k1ng O3 + kang 03,

where the last inclusion is due to item (iii) of the choice of ng. Hence, for all k > 0,
choosing k = k| = ky, since O*l+0§ C 02, it follows from (4.19) that k (EX*) C
2kng 0112. Moreover, item (iv) of the choice of ng implies by Lemma 3.13 that for
all k > 0, we have 2kn00112 Ck(ny + n22)0212.

Consequently, we have the following inclusion of events for each k > 1:

(420) {Ykn11+kn22 € Ek’k} C { K(Ykn11+kn22) € 0212}

kniy + knop

Now using, respectively, (4.20), independence of random walk increments and
(4.18), for all k > 1, we have

P(K(Ykn11+kn22)

60'2)>IP’ Y € ERK
kl’l11+kl’l22 2 - ( knll+kn22 )

> P(Yy,, € EN'P(Yyy, € E2)*

e ko1 +8) ,—kno(a2+8)

(Y

As a result, in the above inequality, taking logarithm, dividing by k, it follows
that

. 1 & (Yk(ny +n2)) 12
—B(n11 4+ nyo) = limsup-lo IP’(—EO )
k—>oopk s k(ni1 +nap)

> —2no(°“ e +s),

where the first inequality is immediate by definition of 8 above.
Finally, dividing this last inequality by —(n11 + n22), using (4.15), we get
“”;—“2 +26 <B< % + £, a contradiction. [

The rest of this section is devoted to completing the proof of Theorem 3.4.
It remains to show that the (full) LDP holds under a finite exponential moment
condition and that we can give an alternative expression for the rate function under
a strong exponential moment condition.
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4.4. Existence of (full) LDP under exponential moment condition. The follow-
ing classical notion of large deviations theory enables one to formulate a sufficient
condition (see Lemma 4.9) to strengthen a weak LDP to an LDP with proper rate
function.

DEFINITION 4.8. A sequence of random variables Z,, on a topological space
X is said to be exponentially tight, if for all « € R, there exists a compact set
Ky C X such that limsup,,_, %logIP’(Z,, €eK{) <—a.

The following lemma (see [14]) explains the interest of this notion.

LEMMA 4.9. If an exponentially tight sequence of random variables on X
satisfies a weak LDP with a rate function 1, then it satisfies a (full) LDP with a
proper rate function I .

In view of this lemma, to prove the existence of an LDP with a proper rate
function in Theorem 3.4, we only need to show that a finite exponential moment
condition on p implies that the sequence %K(Yn) of random variables is exponen-
tially tight. This is done in the following proposition.

Recall that a probability measure p on G is said to have a finite exponential
moment if there exists ¢ > 0 such that [ exp(c|l«(g)||) < oo. For convenience, we
endow a with the /°°-norm for the dual basis of the characters x; fori =1,...,d,
where these latters are as in the paragraph following Lemma 2.7 (namely, for
i=1,...,ds, xi’s defined by this lemma and for i =dg + 1, ..., d, the central
characters x; € X are defined in paragraph 2.9.1.). Note that by Lemma 2.8 and
submultiplicativity of an associated operator norm, this norm satisfies the subaddi-
tive property ||k (gh)| < |k (g)|l + |k (k)| for all g, h € G. We have the following.

PROPOSITION 4.10. If u has a finite exponential moment, then the sequence
random variables %K(Yn) is exponentially tight.

PROOF. In view of the above discussion, we only need to show that

1 1
lim lim sup —10gIP’<—H/c(Y,,)” > t) = —00.
n

[=>00 psoo N

By Chebyshev inequality, for every s > 0, we have
P(|«(Yy)| = tn) < E[es”"(Yn)”]e—stn'

In this inequality, taking log, dividing by n and specializing to some sp € R such
that ¢ > 5o > 0, we get

1 1
—logP(|«(Yn)| > tn) < —(sot —— logE[eSO”K(Y")l]).
n n
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On the other hand, it follows by the independence of random walk increments
and the subadditivity of || - || that for all n > 1, we have IlogE[e%0lc(i] <

log E[e0llc (XDl Therefore, we have
1 1
limsup — logIP<— ||K(Yn)|| > t) < —(sot — E[eSOHK(Xl)”])‘
n—oo N n

Since E[e* kXD is finite by the exponential moment condition and the choice
of sg > 0, the result follows by taking limit in both sides as ¢ goes to +oco. [

4.5. Identification of the rate function. In this last part of this section, under a
strong exponential moment condition (see below), we give an alternative expres-
sion for the rate function / as the Legendre transform of a limit Laplace transform
of the distributions of %K(Yn). For this, we follow a standard path in large devia-
tions theory using the Fenchel-Moreau duality and Varadhan’s integral lemma.

Define the limit Laplace transform of %K(Y ) as A:a* — Ras

A () = limsup ! log B[t (YaD)],

n—oo N
We note in passing that nice properties (e.g., differentiability, steepness) of this
function have implications for LDP (e.g., Gértner—Ellis theorem). For a recent,
analytic approach to the study of this function, see Guivarc’h-Le Page [20]. In the
next lemma, we write a straightforward observation on the locus of finiteness of A.
Below, fora A € a*, |A||; denotes its /' -norm in the basis (¥;)i=1.....s of a*, and for
convenience, we use the same norm || - || on a as in the proof of Proposition 4.10.

LEMMA 4.11. Let u be a probability measure of finite exponential moment
on G. Accordingly, let ¢ > 0 be such that [ e“1*@l 1 (dg) < co. Then
Dpa:={rea*|AR) eR} D {rea® ||l <c}.
PROOF. By definition of the norm || - || on a, forallt e Randi =1,...,d, we
have
log E[e~MIFUI] < 1og E[e! T ()] < Jog E[elf I,

where Y,, = X, ..., X1 is as usual the u-random walk.

Using this and the fact that the sequence on the right-hand side is subad-
ditive and the one on the left-hand side is superadditive, one deduces that for
A= Zf’zl AiX;, we have

10gE[e—ll?\IIIIIK(X1)||] < llogE[e?\(K(Yn))] < logE[ellMllHK(Xl)ll].
= =

The result follows by the exponential moment hypothesis in the statement of the
lemma. [J
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We now complete the following.

PROOF OF THEOREM 3.4 (IDENTIFICATION OF THE RATE FUNCTION). It
follows from Lemma 4.11 that if u has a strong exponential moment, then for
all A € a*, A(L) < o0o. Then it follows from Varadhan’s integral lemma (see [14]
Section 4.3) that in fact for all A € a*, one has

AG) = Tlim~ log E[e* @) ] = sup((, x) — I (x)),
n n xX€a
where [ is the proper rate function of the LDP.

Now, for a function f on a, denote its convex conjugate (Legendre tranform)
on a* by f*(-), where f*(X) :=sup, ({1, x) — f(x)). The above conclusion of
Varadhan’s integral lemma hence reads as A(A) = I'*(1). Now, since [ is a con-
vex rate function, Fenchel-Moreau duality tells us that 7 (x) = I"*(x) = A*(x),
identifying I (x) with A*(x) and completing the proof. [J

By the expression of / given by this identification, one gets an information on
the shape of the rate function (which is nontrivial if the support of x is unbounded):

ITx)
llxll

COROLLARY 4.12. We have lim,_, o = +4o00.

5. Support of the rate function. The aim of this section is to prove a more
precise version of Theorem 1.7.

Recall that if G is the group of k-points of a connected reductive algebraic
group G defined over a local field k, and S is a bounded subset of G generating
a Zariski dense semigroup in G, then the joint spectrum of S, denoted J(S), is
the Hausdorff limit of both of the sequences %K(S”) and %A(S") ([12]). This is
a compact, convex subset of a*. If k = IR, then the minimal affine subspace of a
containing J(S) also contains an affine copy of ag. In particular, when k =R, if G
is semisimple, J(S) is a convex body in a, and if G reductive and S is symmetric
(e, S=85"1:= {g_1 | g € S§}), then J(S) N ag is of nonempty interior in ag. In
the below statement, int() denotes the interior, and ri() denotes the relative interior
of a set, that is, its interior in the affine hull of this set. With these definitions, our
result reads as follows.

THEOREM 5.1. Letk be a local field and G be the group of k-points of a con-
nected reductive algebraic group G defined over k. Let 1 be a probability measure
on G, whose support S generates a Zariski-dense semigroup in G. Then:

L. The effective support Dy = {x € a| I (x) < oo} is a convex subset of a. If G
is semisimple and k = R, it is of nonempty interior, and A, € int(Dy) if moreover
W has a finite second moment.

2. If S is a bounded subset of G, then D; = J(S) and ri(Dy) =ri(J (S)).
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3. If S is a finite subset of G, then Dy = J(S) and I is bounded above by
—mingeslogu(g) on Dy.

In any case, I is locally Lipschitz (in particular continuous) on the relative
interior of Dy.

REMARK 5.2. Let u be as in the previous theorem and § denote its sup-
port (possibly unbounded). Let I" be the semigroup generated by S and Br be the
Benoist limit cone of I" in a™ ([4]). Then our proof of 2. of the previous theorem
(see Proposition 5.5) in fact shows that the projective images P(D;) and P(Br) of
Dy and Br have the same interior and the same closure in P(a). In particular, the
Benoist limit cone is characterized by the support of the rate function / (for any
probability distribution x of support S).

REMARK 5.3. Note that 2. of the previous theorem says that the rate function
I is finite on the joint spectrum, except possibly on its relative boundary [i.e.,
J(S) \ ri(J(S))]. One can easily construct examples of random walks where the
corresponding rate function explodes on the boundary (see the example below).
Moreover, remark that if Dy #£ J(S), we have Im(I) = [0, oc]. Indeed, 0 € Im (1)
since I (A,) = 0 and the fact that /m(I) fills the whole set [0, oo] then follows by
convexity and lower semicontinuity of / using Theorem 5.1.

Using the definition of LDP, we obtain the following result as an immediate
corollary of the last (continuity) statement of the previous theorem.

COROLLARY 5.4. Let R be a subset of a such that int(R) N J(S) # & and
int(R) = R (e.g., a convex body). Then we have lim,,_, 5, %log P(%K(Yn) € R) =
—infycr I (x).

5.1. An example of a rate function exploding on the boundary. In the follow-
ing, we exhibit an example of a random matrix products whose large deviation rate
function explodes on the boundary of the joint spectrum.

EXAMPLE. Let G=SL(2,R),U=(']),L=(],)andfork €N, set A; =

ak _1 o
4=% and let oy, be positive real numbers such that ¥ o = 1.

(

Consider the probability measure u = %(SU +6r) + % > k=184, on G. Its sup-
port S is bounded and indeed generates a Zariski dense semigroup in G, and hence
Theorem 3.4 applies. Let / be the corresponding proper convex rate function for
large deviations of the random variables %log 1Y, || where Y, = X,,, ..., X1 is the
w-random walk and || - || some associated operator norm. The joint spectrum J (S)
is indeed [0, 4], and in particular, by Theorem 5.1, int(Dy) 2 (0, 4). Moreover, it is
obvious that 0 € D;. We show I (4) = o0: for k, n € N, define the random variables
Pk,ne Qk,n and Rk,n as

ar! ), where a; = e
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Py, := the number of occurrences of elements of {U, L, A; | i < k}in {X},
ooy Xt
Qk.n = the number of occurrences of elements of {A; | k < i < 3k} in {X|,
LX)

Rk,n =n- Pk,n - Qk,n-

Then, for all kK > 1, one has

1 1 1 1
P(—log||Yn||z4——)= Y P(—lognnnz4——andinzf)).
n 3k T n 3k ’
e{P,0,R}

Observe that in this last sum, the term corresponding to 7 = P is zero by sub-
multiplicativity of the operator norm and the other two terms are asymptotically
bounded above by '3—’”' -powers of respectively c. Z?i « o and c. ) ;>3 a;, where
¢ > 0 1is a fixed constant. Since these sums converge to zero, by definition of LDP,
this shows that 7 (4) = oo.

5.2. Proof of Theorem 5.1. The following proposition shows the key first
statement of 2. of Theorem 5.1.

PROPOSITION 5.5. Let G, ;v and S be as in 2. of Theorem 5.1. Then D; =
J(S).

PROOF. We first show D; C J(S). Since J(S) is closed by definition, we
show Dy € J(S). Let x € Dy and O, be a neighbourhood of x in a. Then, by
Theorem 3.3, the LDP inequality implies that

1 1
— liminf — log]P’(—/c(Yn) € 0x> < inf I(y) <I(x) < 0.
n—-oo n n yeox

In particular, for all n» € N large enough, ]P’(%K(Yn) € Oy) > 0, implying that for
all n large enough, %K(S”) N O, # &. By definition of J(S), since Oy is arbitrary,
it follows thzix e J(S).

To prove D; 2 J(S), we shall show that for all x € K(S) and § > 0, we have
B(x,d8) N Dy # @. Let such x and § be given. By definition of J(S), there exists
Ns such that for each n > N, %K(S”) N B(x, g) # . Let ng € N be large enough
(to be specified later), such that x,, € n—lnlc(S”O) and x,, € B(x, g). Denote by gy,
an element of $"° such that x,, = %K(gno), and let Uy, be a neighbourhood of gy,
in G such that HLOK(UHO) C B(x, %). Take a compact C of a such that %K(S”) -

C for each n > 1. This is indeed possible since S is bounded. Finally, put C =
maxyec [|lx |-

Denote by I' the Zariski dense sub-semigroup of G generated by S and let
r =r(I') be as given by Theorem 2.18. Fix 0 < ¢ < r such that 6¢ < r and let
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F = F¢) be the finite subset of I' given by Theorem 2.18. For each f € F, fix
a neighbourhood V¢ of f in G as in Remark 2.19. Let fy be an element of F
such that g, fo is (Or, r, &)-proximal. Up to reducing Up,,, we can suppose by
Remark 2.19 that for every g € Uy, and f" € Vy,, gf" is (Or, r, &)-proximal.

Furthermore, let M be the compact subset of a obtained by Corollary 2.9, ap-
plying it with L=V ;. Put K = K ) the compact subset of a given by Proposi-
tion 3.11. Fix ip € N such that fj € S, let d3 = d3(r) > 0 be as given by Corol-
lary 3.10 and denote d7 = d3P(Y;, € V) > 0. Finally, set B = P(Y,, € Uy,) > 0.

In Corollary 3.10, taking E = Uy, Vy, and using it with ny = ng + ip, we get an
(fr, &, &)-Schottky family E,, C E such that

(5.1) P(Y,, € Ey,) > d3P(Y,, € E).

Now using Proposition 3.11, one sees that if no € N satisfies no >
16i0c+dlam(ﬂg)+dlam(m V' Nj, then for all k > 1, and hy, ..., h; € E,,, we have

1ncrements and (5.1), we have
P(LK(YHI/{) € B(xno, é)) > P(Yin, € EX)
nik 2 1
= P(Yy, € En))"*
> d¥P(Y,, € E)F
> dSP(Xy,, ..., Xig+1 € Uy, and Y;, € V)
= d8P(Yy, € Un))'P(Y;, € Vi)*
= (Bod)* > 0.
This readily implies that
llwrln_)sgopilogIF( K(Ym)€B< g)) z% > —
Now using the definition of LDP, by Theorem 3.3 we get

log(Bod7)
— <
n

inf I(y)<-—
YEB(x.$)

In particular, Dy N B(x, §) # &, what we wanted to show. [

We are now ready to complete the proof of Theorem 5.1. We note that in 1.,
the proof of k € int(Dy) is the same as the proof of A e int(J(S)) in [12], when
the measure u is supported on a bounded set S generatmg a Zariski dense semi-
group. This uses the nondegeneracy of the limit Gaussian distribution in central
limit theorem (of Goldsheid—Guivarc’h [18], Guivarc’h [19] and Benoist—Quint
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[9]) together with Abels—Margulis—Soifer’s theorem 2.18 and Benoist estimates
(in the form of Proposition 3.11). We omit its proof to avoid lengthy repetitions.

PROOF OF THEOREM 5.1. 1. Convexity of D; follows immediately from con-
vexity of the rate function /. Thus, Dy is convex by Theorem 3.3. If G is semisim-
ple, k =R and § is bounded, that int(D;) # & follows by 2. and the fact that in
this case int(J(S)) # @ (see [12] or [26]). If S is unbounded, then we can find a
bounded subset Sy of S generating a Zariski dense sub-semigroup in G and such
that £ (Sp) > 0. Let 1o be the the probability measure obtained by restricting i to
So and let Iy be the LDP rate function given by Theorem 3.3 applied to po-random
walk on G. Then, by the expression of a rate function in Theorem 3.15, one sees
that Dj, € Dy, and hence we conclude as before.

2. D; = J(S) is proved in Proposition 5.5. The second assertion ri(J(S)) =
ri(Dy) follows from this, since both sets J(S) and D; are convex.

3. We show that I is bounded above by —mingegslog u(g) on Dy, the rest fol-
lows from lower semicontinuity of /. Let x € Dy so that I (x) < oo. It follows
by the expression of I (x) in Theorem 3.15 that there exists a neighbourhood O
of x in a such that P(%K(Yn) € 0) #£0, for all n large enough. Therefore, for all

such n, there exist g1, ..., g, € S, such that %K(gn, ..., &1) € 0. Using the inde-

pendence of random walk increments X;’s, we get IP)(%K(Y,,) €e0)>PX;=gi

foreachi=1,...,n) =[[/_; P(X; = &) > (minges 1 (g))". Now using again the

expression of /(x) in Theorem 3.15, we conclude that 7 (x) < —mingeslog u(g).
Finally, the last assertion is a classical fact on convex functions. [

REMARK 5.6. An interesting observation on the proof of 3. of the previous
theorem is the following: (at least) when the support S of w is a finite set, the
Hausdorff convergence of the sequence %K(S”) is a necessary condition (which
is conjectured to hold without any assumptions on §) for an LDP to hold for the
sequence %K (Y;,) of random variables. This is relevant when one tries to generalize
Theorem 3.3 to a random walk governed by a probability measure supported on
arbitrary set.

6. LDP for Jordan projections. In this section, we gather some results and
examples on large deviations of Jordan projections and make a conjecture.

Although we know that the probabilistic behaviours of averages of Cartan and
Jordan projections along a random walk Y,, are very close (see below), in this arti-
cle we are not able to prove an LDP for the sequence %)\(Y ) of random variables.
Indeed, the following observation of Benoist—Quint ([8]) expresses this close be-
haviour of %K(Yn) and %A(Yn).

PROPOSITION 6.1 (Lemma 13.13, [8]). In the setting of Theorem 3.4, for all
& > 0 there exists ¢ > 0 and ly such that for every n > 1 > ly, we have

P(|[k(Yn) — 2(Yn)| > el) < e~
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From this proposition, one deduces that the averages %K(Yn) and %)\(Yn) satisfy
the same limit laws of law of large numbers (with the same limit), central limit the-
orem (with the same limit Gaussian distribution), law of iterated logarithm (with
the same constant) and exponential decay of probabilities off the Lyapunov vec-
tor [i.e., if the sequence %)\(Yn) also satisfies an LDP, its rate function has the

same unique zero as that of %K (Y,)]. On the other hand, it does not seem possible
to deduce the same LDP from this proposition. Nevertheless, we believe that the
following holds.

CONJECTURE 6.2. Let G be a connected reductive real linear algebraic
group and [ be a probability measure on G whose support generates a discrete
Zariski-dense semigroup in G. Then the sequence %A(Yn) of random variables sat-
isfies an LDP with the same rate function I : a™ — [0, o] given by Theorem 3.4.

6.1. Domination of Jordan rate function and some examples. Regarding this
conjecture, the following proposition says that under the hypotheses of Theo-
rem 3.3, if an LDP holds for %)L(Yn), then one side of the equality of rate functions
in the above conjecture is satisfied.

PROPOSITION 6.3. Under the same hypotheses as Theorem 3.3, for x € a™,
setting

- 1
J(x)= sup —limsupIP’(—k(Yn) € 0>
OCa open n—00 n
xe0

we have J (x) < I (x), where I is the rate function given by Theorem 3.3. In partic-

ular, if the sequence %)\(Yn) satisfies an LDP with rate function J : a* — [0, co],
then we have J(x) < I (x) forall x € a™.

This proposition is proved along the same lines as the existence of LDP in The-
orem 3.3. We provide a brief proof.

PROOF OF PROPOSITION 6.3. By Theorem 3.15, it suffices to show that for
any open set O’ super-strictly containing O, we have

6.1) o:= —liminfllogIP<lK(Yn) € 0) > —limsup llog]P’<l)\(Y,,) € 0/).
n—>0o0 p n n—oo N n

Let 0 < § < o be small enough and n; be a sequence such that for all £k > 1,

P(éK(Ynk) € 0) > e~ @)% Apply, Lemma 3.7 for some & > 0 small enough,

and Corollary 3.10 to get for every k > 1 a sequence n), (such that for some io

depending only on u and for every k > 1, we have |n; — n;(l <ig)andan (O, r, €)-

Schottky family E; (where I denotes the semigroup generated by the support of
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W as usual) such that, for all k large enough we have
1 4
]P)<_/K(Yn;() € O1 and Yn;( = Ek) > d‘e—(oH-B)nk
Mg

where O; is an open subset of a® containing O and super-strictly contained in
O’, and d > 0 is a positive constant which only depends on u and &. Now by
Theorem 2.15 and independence of random walk increments, for each r € N and
k > 1 large enough, we have

1 o
P(t,n;()\(ym;c) € 0/> z P(Yt.n;( €E}) > Py, € Ep) > dle~@tont

Since § > 0 can be taken arbitrarily small, this indeed proves (6.1) and completes
the proof. [

REMARK 6.4. If e denotes the identity in G and u(e) > 0, one can strengthen
this proposition by changing lim sup to liminf in the definition of J.

In the following, we give some examples where the above conjecture holds true.
As usual, G denotes a k-points of a connected reductive linear algebraic group
defined over a local field k.

EXAMPLE. 1. The first example is in a sense trivial, but we mention it to
contrast it with the second example: let & C IT and r > ¢ > 0 be given and let
E be an (0, r, £)-Schottky family in G. Let I" be the semigroup generated by E
and let u be a finitely supported probability measure supported on I'. Then the
conclusion of Conjecture 6.2 holds for the pu-random walk. Indeed, for every y €
I, by Proposition 2.14, one has ||k (y) — A(y)|| < M, where M depends only on
I' and the assertion follows easily from this. Note that this example is a purely
semigroup case, that is, such a I' never contains an element and its inverse. Note
also that we do not suppose that I' is Zariski dense, indeed for a u supported
on such a semigroup, one does not need the Zariski density hypothesis for the
conclusion of Theorem 3.3 to hold.

2. The following situation is more interesting since one does not have the uni-
form closeness of Cartan and Jordan projections as above: let E be a free (0, r, €)-
Schottky family in G and let E’ be a subset of E U E~!. Let I' be the semigroup
generated by E’ and u be a finitely supported probability measure on I'. Then, the
conclusion of Conjecture 6.2 holds for the p-random walk. This follows from an
elementary calculation using essentially the fact that on a cyclically reduced ele-
ment (seen as a word in the letters of E~! U E) the Cartan and Jordan projections
are uniformly close (i.e., Proposition 2.14) together with Corollary 2.9.
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