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ERDOS-FELLER-KOLMOGOROV-PETROWSKY LAW OF
THE ITERATED LOGARITHM FOR SELF-NORMALIZED
MARTINGALES: A GAME-THEORETIC APPROACH

BY TAKEYUKI SASAI, KENSHI MIYABE AND AKIMICHI TAKEMURA -2
University of Tokyo, Meiji University and Shiga University

We prove an Erd6s—Feller—Kolmogorov—Petrowsky law of the iterated
logarithm for self-normalized martingales. Our proof is given in the frame-
work of the game-theoretic probability of Shafer and Vovk. Like many other
game-theoretic proofs, our proof is self-contained and explicit.

1. Main result. Let S, be a martingale with respect to a filtration {F,}°,
and let x, = S, — S,—1 be the martingale difference. Various versions of the
law of the iterated logarithm (LIL), assuming different regularity conditions on
the growth of |x,|, have been given in literature. The Erd6s—Feller—-Kolmogorov—
Petrowsky law of the iterated logarithm (EFKP-LIL [17], Chapter 5.2) is an im-
portant one.

Lévy stated the EFKP-LIL for symmetric Bernoulli random variables without
proving it [13]. Kolmogorov seems to be the first to give a proof. Later, Ville [21]
proved the validity part of EFKP-LIL and Erdé8s [6] proved both the validity part
and the sharpness part, with a complete proof. EFKP-LIL has been generalized
by Feller [7] for bounded and independent random variables and [8] (see also Bai
[1]) for the i.i.d. case. Further, EFKP-LIL has been generalized for martingales by
Strassen [20], Jain, Jogdeo and Stout [10], Philipp and Stout [16], Einmahl and
Mason [5] and Berkes, Hormann and Weber [2]. In particular, Einmahl and Mason
[5] proved a martingale analogue of Feller’s result in [7], just as Stout [19] obtained
a martingale analogue of Kolmogorov’s result in [11].

For self-normalized processes, EFKP-LIL was derived by [3, 9] in the i.i.d. case.
However EFKP-LIL has not been derived in the martingale case, even though de
la Pefia, Klass and Lai [4] obtained the usual LIL. The purpose of this paper is to
prove EFKP-LIL for self-normalized martingales.

For a positive nondecreasing continuous function (1), let

(L.1) 1= [ oowu)e—“'“)z/zd%.

We state our main theorem.
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THEOREM 1.1. Let S,,n=1,2,..., be a martingale with So =0 and x,, =
Sp — Su—1 be the corresponding martingale difference with respect to a filtration
{Fulne such that

X0 <cp a.s.

for some F,_1-measurable random variable c,. Set

n
2. _ 2
A= E X;
i=1

and suppose  is a positive nondecreasing continuous function.
If I (Y) < o0, then

V(A2)3
1 < oo) =1,

n

(1.2) P(S,, < AP (A2) a.a. | lim A, = oo, limsup ¢,

where a.a. (almost always) means “except for a finite number of n.”
If I () = o0, then

S . JAGHR
(1.3)  P|Sy,>A,¥(A;)io.|limA, =00, limsupcy <™= 1,

n

where i.o. (infinitely often) means “for infinitely many n.”

This theorem is a self-normalized version of the result in Einmahl and Mason
[5] and a EFKP-LIL version of the result in de la Pefia, Klass and Lai [4]. Note that
our result is not a direct generalization of these results, because the assumptions
in our theorem are somewhat different from those of the previous results. We are
not assuming the existence of the second moment of x;,. In the Appendix, we give
examples of martingales which satisfy the assumptions of Theorem 1.1 but do
not possess finite second moments. The order of growth A,/ (1//(A%))3 for ¢, is
currently the best known order for EFKP-LIL even in the independent case ([2]).
We call (1.2) the validity and (1.3) the sharpness of EFKP-LIL.

Implicit in the statements (1.2) and (1.3) is the assumption that

V(A2)3
1 < oo> > 0,

n

P(lim A, = oo, limsupcy,

but we are not assuming

A2 3
P(limAn = 00, limsup ¢, W(A") < oo) =1.
n

Thus (1.2) is equivalent to
v (AL)?

n

(1.4) P(limAn = 00, limsup ¢, <00, S, > AHW(A%) i.0.> =0.
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For our proof, we adopt Shafer and Vovk’s framework of game-theoretic prob-
ability [18]. To prove (1.2), for example, we explicitly construct a nonnegative
martingale diverging to infinity on the event of (1.4).

We use the following notation throughout the paper:

Ingn :=Inln...Inn.
————

k times

We also fix a small positive § for the rest of this paper, for example, § = 0.01. For
our proof, as is often seen in the upper-lower class theory (cf. Feller [8], Lemma 1),
we can restrict our attention to i such that

(1.5) vEm) <y ) <yY@m)  forall sufficiently large n,
where

vEm) :=v2Inpn +31In3n, vV () :=v2Inyn +41n3n.

Here, L means the lower class and U means the upper class. It can be verified that
I(WY) <ooand I (YL) = oo.

The rest of this paper is organized as follows. In Section 2, we give a game-
theoretic statement corresponding to our main theorem. In Section 3, we prove
validity, and in Section 4 we prove sharpness.

2. Preliminaries on game-theoretic probability. Before setting up a game-
theoretic framework for our result, we give some general discussion on how game-
theoretic proofs are constructed. The game-theoretic probability initiated by Shafer
and Vovk [18] provides a foundation of probability theory alternative to the stan-
dard measure-theoretic probability. Game-theoretic proofs of standard results, such
as the strong law of large numbers, are self-contained and explicit. Also game-
theoretic results are often stronger than measure-theoretic results, because game-
theoretic results can be immediately translated to measure-theoretic results by re-
placing moves of a player, called Reality, by measure-theoretic random variables.
This is discussed in Chapter 8 of [18]. In this paper, our main result is in fact The-
orem 2.1 below, which can be translated to Theorem 1.1 by replacing x, in the
game SPUFG below by realizations of x, in Theorem 1.1.

Our aim is to prove (1.4) by a game-theoretic argument. Let E denote the
event in (1.4). In order to prove P(E) = 0 in the measure-theoretic sense, we con-
struct a nonnegative martingale C, which diverges to infinity on E, more precisely
limsup K, = oo on E. Then by the martingale convergence theorem for nonneg-
ative martingales we have P(E) = 0. This can be accomplished by setting up an
appropriate game and constructing a betting strategy, such that its capital process
K, is always nonnegative and /C,, diverges to infinity for every path in E. A game-
theoretic proof often looks very different from a measure-theoretic one, because
a game-theoretic proof is based on a path-wise argument and in this sense it is
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deterministic. Verifying a game-theoretic proof consists of checking series of in-
equalities for IC,, for a fixed path. Self-normalization is natural for game-theoretic
probability, because the normalization is given by the path itself. In order to deal
with conditional variance, a game should include a setup for pricing the quadratic
variation of a martingale.

In order to state a game-theoretic version of Theorem 1.1, consider the following
simplified predictably unbounded forecasting game (SPUFG, Section 5.1 of [18])
with the initial capital o > 0.

SIMPLIFIED PREDICTABLY UNBOUNDED FORECASTING GAME
Players: Forecaster, Skeptic, Reality
Protocol:
Ko :=a.
FORn=1,2,...:
Forecaster announces ¢, > 0.
Skeptic announces M, € R.
Reality announces x; € [—cy, ¢l
Kn =K1+ Myxy.
Collateral Duties: Skeptic must keep K,; nonnegative. Reality must keep C;, from
tending to infinity.

Usually « is taken to be 1, but in Section 4 we use o # 1 for notational simplicity.
We prove the following theorem, which implies Theorem 1.1 by Chapter 8 of
[18].

THEOREM 2.1. Consider SPUFG. Let { be a positive nondecreasing contin-
uous function. If I () < oo, Skeptic can force

V(A2

(2.1) A2 00 and limsupc, <00 = S, <AW(A2)  aa

n

and if I () = oo, Skeptic can force
(4G

n

(22) A2 > o0 and limsupc, <00 = S, =A(A2) o

An advantage of the game-theoretic statement in this theorem is that no as-
sumption is needed on the probability of the conditioning event “A% — 00 and
limsupc, ¥ (A2)3 /A, < o0

We use the same line of argument as in [15] and Chapter 5 of Shafer and Vovk
[18]. We employ a Bayesian mixture of constant-proportion betting strategies.
Here, we give basic properties of constant-proportion betting strategies.

A constant-proportion betting strategy with betting proportion y > 0 sets

M, = V’Cn—l-
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However, K, becomes negative if y x;,, < —1. For simplicity, we consider applying
the strategy (“keep the account open”) as long as yc, < § and set M, = 0 once
ycn > 8 happens (“freeze the account”). Define a stopping time

(2.3) oy :=min{n | yc, > 8}.

Note the monotonicity of oy, that is, o,/ > 0y, if y/ < y. We denote the capital
process of the constant-proportion betting strategy with this stopping time by C},.
With the initial capital of /cg = «, the value of K} is written as

min(n,0, —1)

Ki=a [ (4yx).
i=1

We have

12 12
2 2
t——2 —t ><|t|§1n(1+t)§t——2 +17 x|t

when |¢| < 8. Then by taking the logarithm of [T"_, (1 4+ yx;), for n < o,,, we have

Y Sy — # —y? AR, <n(K) /o) < 'S, — # + v Ann
and
2.4) TV Ay SV IALZ < Y o < o7 A gy i1 A2
where

Cp = max ¢;.
1<i<n
We also set up some notation for expressing the condition in (2.1) and
(2.2). An infinite sequence of Forecaster’s and Reality’s announcements w =
(c1, x1, €2, X2, ...) is called a path and the set of paths Q2 = {w} is called the sample
space. Define a subset 2 of 2 by

AZ 3
Qoo = {w|Ar21—>oo,limsupc,1W( ) <oo}.
n A,

For an arbitrary path w € Q2_,, we have

AC(w) < 0o, Inj(w), Vn > ni(w),

(2.5) A

Cn < C(a))w(T’%)y Y(A2) > 1.

The last inequality holds by the lower bound in (1.5).
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3. Validity. We prove the validity in (2.1) of Theorem 2.1. In this section, we
let « = 1. We discretize the integral in (1.1) as

o0
vk) _ k)2/2
3.1 L —vk)7/
(3.1 > ¢ <00
k=1
Since xe™*"/2 is decreasing for x > 1, the function A — 1/’()‘) e~V ®?/2 i5 decreas-

ing for A such that ¥ (A1) > 1, and convergence of the 1ntegra1 in (1.1) is equivalent
to convergence of the the sum in (3.1).

Convergence of the infinite series in (3.1) implies the existence of a nondecreas-
ing sequence of positive reals gy diverging to infinity (ax 1 00), such that the series
multiplied term by term by a is still convergent:

@]
Z = Zak—W(k) e_ll'(k)z/2 <00
k=1 k
This is easily seen by dividing the infinite series into blocks of sums less than or

equal to 1/2% and multiplying the kth block by k (see also [14], Lemma 4.15).
For k > 1, let

L YOy
Pri= k= =

and consider the capital process of a countable mixture of constant-proportion
strategies

(3.2) Ky i= Z prklk where y; := %

Note that /C,, is never negative. By the upper bound in (1.5), as k — oo we have

(3.3) _VY® _ [2Inpk+4Insk
: "= =/ P

We will show that limsup, K, = oo on any path w € Q. satisfying S, >
Anw(A%) i.0. We bound Z/C,, as

LAZ]
(3.4) ZK, = > prklE.
k= A3 —AZ /¥ (AD)]

We first check that all accounts on the right-hand side of (3.4) are open for suf-
ficiently large n and that the lower bound in (2.4) can be applied to each term of
3.4) forw e Q0.

LEMMA 3.1. Let w € Q.. Let C = C(w) in (2.5). For sufficiently large n,

Ay
3.5) Cp = 1IE,a<Xn ¢ < (1+ (S)Cw(Az)3
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PROOF. Note that the first nj(w) ¢’s thatis, ¢y, ..., ¢, (w), do not matter since
limy—s 00 An /¥ (A2)3 = 00. For I > nj(w), by (2.5) we have

< CA;.

/
VADS =

Hence ¢; such that A; < A,/ 1//(Aﬁ)3 do not matter in ¢,,.
For ¢; such that A; > A,,/lﬂ(A%)3, we have

A c An _o A V(A2
Y (AZ/ Y (A0 (A2’ (AL Y (A2)0)3

@S Oy A =

But by (1.5), both 1/ (A2) and ¥ (A2 /4 (A2)®) are of the order ,/21ny A2(140(1))
and ¥ (A2) /v (A2 /¥ (A2)®) — 1 as n — oo. Hence (3.5) holds. (I

LEMMA 3.2. Let w € Q.. For sufficiently large n, o, > n for all k =
LA; — AR /W (AD], ..., LA

PROOF. By the monotonicity of i/, we have

v < ¥ (A2)/\/| A2 — A2/y(A2)]

for k = I_A% — Aﬁ/t//(Aﬁ)J, e, LA%J. Then by the monotonicity of o, it suffices
to show

V(A .
Cn
JIAZ = A2/ (A2))
for sufficiently large n. By (3.5), the left-hand side is bounded from above by

<4

AGH x (1 +5)07A”
JIAZ = A2/ (A2)] v (AD)?
=(1+46)C An !

JLA2 = A2y (az) V(4D

But this converges to 0 as n — co. [J

By Lemma 3.2 and the lower bound in (2.4), for sufficiently large n, we have

Kl > MmN = | A2 - A2/p(AD)]... A2
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and Z/C,, can be bounded from below as

LAZ)

V1<2A2 3,42
ZK, > Z Z Dk €Xp<ykSn -5 n_ AnEn)
k=[A%—AZ /Y (AD))
LAZ] 2 242
¥ (k) Y (k) Vi A _
= Z = exp(——2 + Sy — —k2 L y,fA,zlcn).

k= A7 —Az /¥ (AD)]

Now we assume that S, > Anw(A,%) i.0. for the path w € Q.. Then for
sufficiently large n such that S, > A,V (A2), ¥ (A2)/(¥(A2) —1) <1+ 6 and
An/(LA2 — A2 /9 (A2)])1/2 <1 + 8, we bound the exponent part by (2.4) as

vk) W(k)2 A2
Jk

w<k>(——(1+ w<k>+/7w

L/ Y@ N2 1
=5 sr) =2

2 242 2
YR AL v®

2
2 2 - 2 A ()

and by Lemma 3.1

) ¥ (A2)3 5 Ay
WA <z = a2 gz e HIC G
(3.6) An 3
=@ +‘”C<<LA,% - A%/w(A%)J)l/Z)
<C(1+8)"

For sufficiently large n, we have

v(A7) < v (A7) <v¥ k)
= /21y 2k + 41n3 2k
<2y2Inpk +3Inz k
=2yl (k) <29 (k).
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Thus by (3.6),

LA7]
n k 1
ZKy > Y e )exp<—§—25—C(1 +5)4)
k= AZ—A% /¥ (AD)]
LA7]
w(AZ) n 1 4
S STk y e nlD S eXP(—g —26-C01+3) )

" k=LA A /Y (AD)]

> —_— —1 ———=26—C(1+6
Z AIA2- A2y (AD)] 2Ar21 w(A%) exp ) (1+9)

1 y(AD) 1 4
Since a2 p2 /y (42)] = 00 as n — 00, we have shown

w € Q_xo, Sy > Anw(A,zl) io. = limsupkK, = oo.

n— 00

4. Sharpness. We prove the sharpness in (2.2) of Theorem 2.1. As in Sec-
tion 4.2 of [18] and in [14], in order to prove the sharpness, it suffices to show the
following proposition.

PROPOSITION 4.1.  Consider SPUFG. Let r be a positive nondecreasing con-
tinuous function. If 1 () = oo, then for each C > 0, Skeptic can force

Y (AD)?

—=C = Sy > Ap¥(A2) o

4.1) A2 oo, limsupc,
n

Once we prove this proposition, we can take the mixture over C = 1,2, ....
Then the sharpness follows, because for each w € Q2 -, there exists C(w) satisfy-
ing (2.5). We denote

A2 3
Qc = {a) €Q| A% — oo,limsupc,,w(A”) < (1 —5)C},
n n
Qo:={weQ|nli)ngoAﬁ<oo},
A2 3
Qo 1= {a) eQ|A2 > oo,limsupcnw(A”) = oo}
n n

We divide our proof of Proposition 4.1 into several subsections. For notational
simplicity, we use the initial capital of « =1 —2/e = (e — 2)/e in this section. In
Sections 4.1 and 4.2, we only consider y and n with n < o,,. As in Lemma 3.2 for
the validity, this condition will be satisfied for sufficiently small y and relevant n.
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4.1. Uniform mixture of constant-proportion betting strategies. We consider
a continuous uniform mixture of constant-proportion strategies with the betting
proportion uy, 2/e < u < 1. This is a Bayesian strategy, a similar one to which
has been considered in [12].

Define

1 min(n,0y, —1)
L) = /z/e [T (+uyxidu, Ll=a=1—¢/2.
i=1

At round n < o, this strategy bets M, = le/euy ]_[?:_11(1 + uyx;)du. Then by
induction on n < o, the capital process is indeed written as

L= EZ_l + M, x,

1 n—1 n—1

1
=/ n(1+uyx,')du+xn/ uy H(l—i—uyx,)du
2/e i=1 2/e i=1

1 n
:f l_[(l +uyx;)du.
2/e i=1
Applying (2.4), we have

_ 1 _ 1
efy3A,%cn/ euySnfuzyzA,%/Zdu < £Z < ey3A,2,cn/ euySnfuzyzA,zi/Zdu
2/e 2/e

for n < o,,. We further bound the integral in the following lemma.

LEMMA 4.2. Forn <oy,
(42) L) < €V3A,215n62y(5n/6—1//‘\%/62) if S, < 2)/Ai/e,
3425 27
(4.3) LY < eV Al min{esﬁ/@/*ﬁ)T, eVSn/z} if 2y A2Je < S, < y A2,
Y An
(4.4) LV < eV Antn min{esﬁ/@*‘ﬁ)—'j”, eVS"‘VzAﬁ/z} if Su >y Ap.
y An

PROOF. Completing the square, we have

1 y2A2 S, \2 82
—§u2y2A3+uySn=— n<u . ) +21:2.

n

Hence by the change of variables

S d
v=yAn(u— z ), du=—v,
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we obtain

1 1 2 42 2
/ VSV A2 gy :es'%/(ZA%)/ exp(_y o (“ - Snz) )du
2/e 2/e 2 )/An

Y An—Sn/An

1
—SeAn L e V2 o
Y An J2y Ayje—Su/ Ay

Then for all cases we can bound £}, from above as

@.5) [V < oV A2t s A VT
" %

Without change of variables, we can also bound the integral le/eg(u)du,

2.,2 42 .
g(u) := VS Au/2 directly as

1
/ gu)du < max g(u).
2/e 2/esusxl

Note that
(4.6) g(2fe) = XSV M) [ g(1) = SN2,
We now consider the following three cases.

Case l. S, < 2)/A,%/e. In this case, Sn/(yA,%) < 2/e and by the unimodality of
g(u) we have max/.<y<1 g(u) = g(2/e). Hence (4.2) follows from (4.6).

Case 2. 2)/Aﬁ/e <8, < yAﬁ. In this case, maxy /<, <1 g(u) = g(Sn/(yA%)) =
eSg/(ZA%) and L) < eV3A%E"eSr%/(2A%). Furthermore, in this case S,% < yA,%Sn im-
plies S,f/(ZA%) < ¥S,/2 and we also have

(4.7) LY < eV At gy$i/2

By (4.5) and (4.7), we have (4.3).
Case 3. S, > y A%. Then S,/(y A2) > 1 and maxa/e<u<1 g(u) = g(1). Hence

4.8) LY < eV AnlngrSimy?AL/2
. v < .

By (4.5) and (4.8), we have (4.4). [J

4.2. Buying a process and selling a process. Next, we consider the following
capital process:

4.9) QY =207 — KIE.
This capital process consists of buying two units of £ and selling one unit of
KV¢. As we show in Lemma 4.3, K¢ cuts off the growth of LY in S, > eyAﬁ.
This combination of selling and buying is essential in the game-theoretic proof of

LIL in Chapter 5 of [18] and [15].
We want to bound Q) from above.
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LEMMA 4.3. Let

(4.10) Cr = 207 AR ox <(2e — D((1+e¥y3A2¢, + 1n2)>
. 1: p e .

Then for n < oy,

411) @ <C1  ifSy.<yA;/e,

S21eA) V2T eysn}

ifyAZ/e <S8, <e AZ,
]/An fy n/ n yn

(4.12) Q) < 26V3A%E” min{
(4.13) QF <Cy if Sy > ey A2.

REMARK 4.4. In this lemma, C{ depends on ¢,, ¥ and A, through y3A%5n.
However, from Section 4.5 on, we bound )/3A%En from above by a constant. Hence,
C can be also taken to be a constant [cf. (4.34)] not depending on y and A,,. Also
note that the interval for S, in (4.12) is larger than the interval in (4.3).

REMARK 4.5.  As shown in the following figure, 2L}, increases more slowly
with increasing S, than K.

Values of Martingales

In Section 4.5, we introduce another capital process N ¢ "D which contains many
Q) with various betting ratios y and we complete the proof of sharpness by the

strategy based on Nnyk’D. This slow increase of Q) or 2L}, enables us to derive the
bound (4.43) and this fact is crucial for our proof of EFKP-LIL.

PROOF OF LEMMA 4.3. We bound Q) =2£) — K¢ from above in the fol-
lowing three cases:

(i) S, <yA2/e, (i) y A2 Je < S, < ey A2, (iii) S, > ey A2.
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Case (i). In this case, S,/e — yA2/e?> < 0. Hence (4.11) follows from (4.2)
and Q) <2.).
Case (ii). We again use Q}, <2L) . If yA,%/e <8, < 2)/A%/e, then

S, yA? - y A2 _ S

e 62

T 2 T e
and L < eV At g2rSule < oV ARG oYSi from (4.2). Otherwise, (4.12) follows

from (4.3) and (4.4).
Case (iii). Since S, > eA,%y > A,%y, by (4.8) we have

LY < ¥ MulngrSu=y?A3/2

and

QZ < Zﬁz _ ]C;l/e < 2ey3A%EneyS,,—y2A%/2 _ e—y3e3A%5neyeSn—yzezA%/Z
_ 2ey3A,%5neysn—y2A%/2<1 _ le—<1+e3>y3A£5ney(e—l)sn—<e2—1>y2A%/2>_
Hence if the right-hand side is nonpositive we have Qr <0:
Sp > eA%y and
1
(4.14) —(14+e%)y2A2¢, —In2+y(e— 1S, — 5(e2 —1)y?A2>0
= Qr<0.
Otherwise, write B, := (1 + e3)y3A%E,, + In2 and consider the case
1
y(e—1)8, — 5(e2 —1)y?A2 < B,.

Dividing this by e — 1 and also considering S,, > eA%y, we have

(4.15) S —1(e+1) 202 < B
' Yoo V=T
(4.16) —S, +eAZy <0.
y x (4.16) + (4.15) gives
1 B 1 B
—(e—1)y?A2 <1 —y2AZ <
e =Ty or VAT
Then by (4.15)
1 B e B eB (2e — 1)B,
S — = 2A2<—n = 2A2< n n —
N Yy T L Ty £ A P
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Hence just using Q) < 2L} and (4.8) in this case, we obtain
Qe — (1 + )y Azca + ln2)> _c
(e—1)? -
This also covers (4.14) and we have (4.17) for the whole case (iii). [

@.17) QY <2¢¥ Anén exp(

4.3. Change of time scale and dividing the rounds into cycles. For proving the
sharpness, we consider the change of time scale from A to k:

5 = SkInk _ g5k

By taking the derivative of InA = S5kInk, we have dA/A = 5(Ink + 1) dk. Since
Ink and Ink 4 1 coincide within a constant factor, the integrability condition is
written as

/oo w(x)e—‘/’mz/z% —0 & /Oo(lnk)w(e5’<ln’<)e—'/’<65“"")2/2 dk = oo.
1 1

Let f(x):= 1/f(e5““x)e_‘”(e5xm)2/2. Since xe ¥/ is decreasing for x > 1, the
function f(x) is decreasing for x such that v (¢>*!"¥) > 1. Thus, for sufficiently
large k and x such that k <x <k + 1, we have

%ln(k—i- Dftk+1) <Inkf(x+1)<Inxf(x)<Intk+1)f(x) <2Inkf k).
Hence, we have

/ (kg (M) v @2 g — oo
1

o
& Y (nkyy (k) V@2 Z oo,
k=1

Then it suffices to show (4.1) if 322, (Ink)y (e5k k)= (@22 — o
Asin Chapter 5 of [18] and [15], we divide the time axis into “cycles.” However,
unlike in Chapter 5 of [18] and [15], our cycles are based on stopping times. Let

(4.18) ny = k>, k=1,2,...,
and define a family of stopping times
(4.19) T, :=min{n | A% > ng ).

We define the kth cycle by [k, Tk+1], kK > 1. Note that i is finite for all k if
and only if A,% — oo. Betting strategy for the kth cycle is based on the following
betting proportion:

v (nk+1)
Vi = TR,

k41
Note that y; in (4.20) is slightly different from (3.2).

(4.20)
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For the rest of this section, we check the growth of various quantities along the
cycles. Let w € Q¢. For sufficiently large n,

4.21) [Xn| < cn SCL-

v(AD?
Furthermore A2 = Aﬁi1 + x2. This allows us to bound x2 and A2 in terms of
Aﬁ_l. By squaring (4.21), we have

2 2 A2 1
4.22 <2 =
and

| c? ) _ o YAn°
Tyans-cr) T ity ane - o
Since ¥ (A2)5 /(¥ (A2)® — C?) — 1 as n — oo, we have

(423) Ar=A_ | +x, < A%_l(

lim 2” =1.
n— 00 A I
n—

Note that A%k_l <np < A%k by the definition of t;. Hence for w € Q¢, we also
have
(4.24) lim —% =1.

The limits in the following lemma will be useful for our argument.

LEMMA 4.6. Forw € Qc,

U kSAZ
Y (ng) _1 fim %S,
(4.25) k=00 Y (ng+41) k—00 Mgyl

lim yx Ay ¥ (ng+1) =0.
k— 00

PROOF. All of yYmp), vV, vEm), vEus), ¥,
W (nk41/k*) are of the order

(4.26) V2InIneSk k(1 4 o(1)) = v2Ink(1 + o(1))

as k — oo and the first equality holds by (1.5). The second equality holds by (4.24)
and

=e

li = - =N 1] - ——
koo npry koo (k4 136D oo \" T K+ 1

Then A%k/l’lk_t,_l = 4+o))nr/nks1 = O(k*5) and the third equality holds by

VeAq ¥ (s 1) < ¥ s )KL+ O /mr) P =0 (k> o00). O

ksnk ] J3k+1) ( 1 >5(k+1)



EFKP-LIL: A GAME-THEORETIC APPROACH 1151

4.4. Stopping times for aborting and sequential freezing for each cycle. In
(4.32) of the next section, we will introduce another capital process M ,}{"’k, which
will be employed in each cycle. Here, we introduce some stopping times for abort-
ing the cycle and for sequential freezing of accounts in M ,}{"’k.

We say that we abort the kth cycle, when we freeze all accounts in the kth cycle
and wait for the (k + 1)th cycle. There are two cases for aborting the kth cycle.

The first case is when some ¢, is too large for w € Q¢. Define
4.27) ok, c :=min{n > 7 | cnw(A%k)3 > (1+8)CAu_1}.

We will abort the kth cycle if o ¢ < tx+1. Note that for w € Q¢, there exists k1 (w)
such that

(4.28) Ok,c = 00 for k > ki (w).
Another case is when S}, is too large. Define
(4.29) v i=min{n > 1 | A, ¥ (A2) < S,).

If vy < %41, then Skeptic is happy to abort the kth cycle, because he wants to
force S, > Anw(A%) i.0. The above two stopping times will be used in the final
construction of a dynamic strategy in Section 4.6.

For each cycle, we define another family of stopping times indexed by w =
1,..., [Ink], by

(4.30) Thow 1= min{n | A2 > ez(w”)%}
for sequential freezing of accounts of ./\/l,]f"k in (4.32). We have 1 < 1 fork >1

and w > 1, because

nip1 (k+1)>&+D
4 it

= ng.

LEMMA 4.7. Let w € Qc. Tk, [ink] < Tk+1 for sufficiently large k.

PROOF. By A2 | <™t niyy/k* and by (4.22), for sufficiently large k
we have
AL 1 (L£8C2 20y,

- X
W(AZ)0 T Y(A2)S k4

xg, < (1+8)C°

and

2 2 2 2(w+2) k41
(4.31) Ay <AL +xn < (148 s
Then

Nk41 Ng+1
AZ < +8)<ez(lnk+2)k_4> =1 +5)€4? <njq < A%k_H' 0

Tk, [Ink)
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We also compare 7,y to 0, ,~w+1 defined in (2.3). This is needed for applying

the bounds derived in previous sections to M}*"" in the next section.

LEMMA 4.8. Letw € Qc. Tk,w < 0,, ,—w+1 for sufficiently large k.

Yke

PROOF. By (4.31) and by Lemma 3.1, for sufficiently large k

w—+2
ye g, < L2t gy g2 Yk
’ 41 k¥ (A7)
5(1+5)2Ce3’”(”—"2+‘3)5 ,
W (A2)

because ¥ (n4+1)/¥ (A% ) — 0 as k — oo by (4.26). [

4.5. Further discrete mixture of processes for each cycle with sequential freez-
ing. 'We introduce another discrete mixture of capital processes for the kth cycle.
Define

1 [Ink]
koo }/kefw
’];k T Mnk] Z Qmin(n,rk’w)

w=1
4.32
( ) 1 [nk] . e

Yke Ve
= T 2 Lo ~ Kninonr)
w=1

As we show in Lemma 4.10, the growth of Mf,"’k can be bounded from above

because of splitting the initial capital into [In k| accounts and applying Qﬁ;}n’ o)
to each account. This boundedness of M%"’k is important because we use M%"’k in

the form of (4.37) below. Note that the wth account in the sum of M} ’kis frozen
at the stopping time i ,,. This is needed since the bound for ¢, is growing even
during the kth cycle.

In order to bound M} ’k, we first bound Cy in (4.10) for each w in the sum of
(4.32) by a constant independent of n. Note that we only need to consider n < 14 y,
for the wth account.

LEMMA 4.9. Let w € Q. (yke_w)3A,%E,,, and hence C| are bounded from
above by

4.33) (yre ™) A2E, < (148)°Ce®,

50,6 3

_ 2
(4.34) ) (e=D
=:C

for sufficiently large k.
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PROOF. By (4.26), for sufficiently large k

l/f(nk+1)<1/f(nk+1)<

4.35
(33 VAZ )T Y

1+6.

Thus

3,7 3w 42 = 3 3w 2 -
Yie Amin(n,rk,w)len(”Jk,w) = Vi € X Ark,w X Cmin(n, Ty, )

3 A
71//(’13](/;1) ke 3w x A%k L, xd+8C Tkiw 3
n : V(AZ)
3 A3
< Jr(S)C—W"’jl)3 kbe 3w ;j;
V(Az) M1
<(1+8)°CeS. O

LEMMA 4.10. Let w € Q2c. For sufficiently large k,
MUk < Cp + 2z eIH0°CE iy (min{esﬁ/(z’” v , eVS"D,
(4.36) T [nkT] velwe/kvi] YA,
n € [Tk, te+1l,
where C\ is given by the right-hand side of (4.34).
PROOF. We have |Vke_w5min(n,tkﬁw)| = kae_w+15min(n,rkvu,)| = 8 by

Lemma 4.8. Then we can complete the proof of (4.36) by Lemma 4.3 and
Lemma 4.8 because the length of the interval

{ A\ —w Sne}
w|—<ye <
ne n

isequalto 2. [J

As in Chapter 5 of Shafer and Vovk [18], we use M%"’k in the following form:

1
NP = Ik (ri)e ™ 00 @ = M),

(4.37) s 60
w12 2 2meHC 4,
e’ - o )

Here, we give a specific value of D for definiteness, but from the proof below it will
be clear that any sufficiently large D can be used. Since the strategy for MZ"_’/;( is
applied only to x,,’s in the cycle, @ = N, TJZ‘ P = Mgk. Concerning N,/ k’D, we prove
the following two propositions.
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PROPOSITION 4.11. Let w € Qc. Suppose that
(4.38) — A, WY (A2) < S, < AU(A2)  Vnelw, tiril

and txy1 < ok c. Then for sufficiently large k

(4.39) NeD > % Vn € [tk, Tk+1],
and
-6
(4.40) ,/\/'T’Z:LID > a<1 + [lnk-|1,0(nk+1)e_‘/f(nk+1)2/2).

PROOF. In our proof, we denote t =n — 7, §; = S, — S, and A2 A2 A%k

for n > ;. For proving (4.39), we use (4.36) for S;. We bound Mfk from above.
By the term UH—ZH on the right-hand side of (4.36), it suffices to show

S < AU (AL) + A2 + A7y (AT + A7)

= w(nk+1)e—ll’(nk+1)2/22e(l+5)56f»c min{esz/(ZAz) V2 oS } - %
Y A - 4
Yy €[y /k, yil, Ve € [0, Ty 1 — )

for sufficient large k. Let

9 1 1
4.41 =— t-———=8>0.
( ) C1 a1+ 25)2 S > \/C—l >
We distinguish two cases:
2
2 Y (ne+1) W(nkﬂ) 2 _ 42 2
(a) A 57, (b) ——— c1y? < A ATH] — A7

For case (a), A,kwu(A%k) < (1 + 8A, ¥ (ngs1) by the first equality in
Lemma 4.6 for sufficiently large k. Also ¥ (A2 + A7) < (ni41). Hence in this
case

7S = ((L+0y Ag + V242 + Y (s /e ) ¥ ().

Then for y < y; by the third equality in Lemma 4.6,

7S = ((1+OyiAn +V2AL + ¥ s/ ) ¥ (1)
(4.42)

— Y () (7_ + a)
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for sufficiently large k. Since
U (nigy)e ™V Mir1)?/200(148)°°C oy S

= WWH)CXP( ¥ (ngt1) <— — % — 5>)2e(1+5>5€6c

-0 (k= o0,

we have NP > o/2 uniformly in y € [yx/k, yi].

For case (b), ¥ (ni41)/ /€1 < y A and S; < (148) Ag +/ A2 + ADY (k4 1).
Hence

(4.43)
Y (npan)e VR0 5 9p(H0760C 53247 V2T
YA
< Yr(ngr)e V)2
2p(1+8)¢C /_27T\/a <((1 +8)Aq +\/W)2w | >

% (N1

V(1) 2A2 +
P AN

(I+ (1 +8)) A +2(1 +8)Ar, JA2, + A7 i

X eXp< 5 Y(ng+1) )

2A:
For y < w,
2
Yo o
c1y
2
= zlﬁ(nkﬂ) <cry A,k<c1ykA2
A2
=c1—k*Y (nq1)* = O (k™' Ink).
nk+

Hence ¥/ (nz11)*A2, /A7 — 0 as k — oo. Similarly, ¥ (nz11)*Ar, /A, — O as k —
00, because w(nk+1) Ay /A =0k~ 1/2(1n k)3/2) Therefore, the right-hand side

of (4.43) is bounded from above by 200+8°¢°C /oy m/c1(1 + 8) for sufficiently
large k and

U (e VD712 5 9 (H0°€0C SF/2AD) v2m _Da
YA 4
with the choice of D in (4.37) and ¢ in (4.41). This proves (4.39).
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Now we prove (4.40). We focus on the wth account when n > 74 ,,. Recall that
in this proof we have been denoting A? = A2 — A%k. Similarly, we denote A%k "

instead of A%k,w — A%k. Thus

2(w+2) Th+1 2 2
(4.44) 2wt >k—4 — A7 <AZ .
We will show that limsup;_, o, M¥A <0, if

ka,w = ATkW(A%k) + Afk,ww(A%k.w)
<Y (k+1){Aq + A} S 2¢ (ng41) Arg -

(4.45)

We bound
w 1
ﬁﬁﬁ k= /z/e exp(uyre™ " Sy, — uzykzefzwAquw/Z) du
from above. Because uyre™" Sy, — u’yle * A7 /2 is maximized at u =
S/ (e A7, ) and

ka,w < 2¢(”k+1)Ark,w < 24/l’lk+1 < 3 -
e WAL T (Y (DR Juic)e VAL T ke Ay, T 2 T

. . Wk, .
the integrand in Cﬁ‘i} " is maximized at 2/e and we have

9’

QN

- 2 2yfe AL,
Eg’;fb ok < exp(;yke wSquw — Tﬂc)
By (4.44) and (4.45), for sufficiently large &,
2 g 2yge AL _ b (D Ay, 20EAT
;)’ke Tew 22 = Wt]  2(wHD)

V()P Ay, (4 2> Aq., )

N e e e

_ V) Ag, (4_1 2/, a +8)k4nk>
T Snise? e €2 Ny1€2v
k2 Nk lew+2 1
< =¥ (1)’ X +2 X >
Jhir1e¥ k 2
_ Y’
= 5 )
The last inequality holds because limg_, o0 k*ny/njs1 =0 and 4/e — 2 < —1/2.
Hence E}r/,'jfu ok — 0 uniformly in 1 < w < [Ink]. This implies
: Vi, k
limsup Mz~ <0. 0

k—o00
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PROPOSITION 4.12.  Let w € Q¢. Suppose that vy < min(tg41, ok c) and
~ApY(AD) < Sy Vneln wl.
Then for sufficiently large k,

o
D <
NYeP > 5

PROOF. As in the proof of the previous lemma, we denote t = n — 7,
St =S, — Sy, and A2 A2 A%k. We distinguish two cases:

2
2 Y(ng41) w(nk+1) 2 2 2
(a) A}, < 7, ®) ——— 172 <A, =AY, AL

For case (a), for sufficiently large k and for any y < y4, as in (4.42),
VSvk = V(Svk—l + Cvk)

2
V(((l +8)Ag + AL + AL )W) + (1 + 5>c@>

Y (A2)?

<Y (s (7 +5)

and

Y(npgr)e VD 20004°CC oS 0 (k- o0),

Hence N*? > /2 uniformly in y € [yi/k, yi]-
For case (b), S,, can be bounded as

Svk =< Svk—l + Cyy

2+ A\sz 1

=Sy-1+d +5)Cw(A—rk)3
NroEwrey
< (148 A + /A2 + A2 )Y Ous) + (1 + ‘”CW

14+6)C
<(a+oag+ azvaz (14 Wé )31/,)(%“)))1#(@“)

by (4.35). Put

) _An _ arp _ (+8C
A3 T Y(mg)? Y (A2)39 (g41)
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so that limyg qkw(nk+1)2 = 0 and limg skx//(nk+1)2 = 0. Then for sufficiently
large k,

2

S _ <(1 +5)2q—’3+(1 +8) (1 +s)qry/ 1 +q2 + (1 +s )2(1+ﬁ))
242, 2 o k “\272
X Y (ng41)?
2
< V(1) LS.
2
Then
(g r)e VD2 5 2e(1+5)566ce33k/(“3k)—Zn
YAy
D
§2e(1+5)5€6c+5 /—2mlea < T“. 0

4.6. Dynamic strategy forcing the sharpness. Finally, we prove Proposi-
tion 4.1. We assume, which we may do by the validity result, that Skeptic al-
ready employs a strategy forcing S, > —Aan(A%) a.a. for w € Q¢ and we define
Y ;= min{n > 1 | —Aan(A,%) > S, }. In addition to this strategy, consider the
following strategy, based on Proposition 4.11:

Start with initial capital Ky = «.
Setk=1.
Do the following repeatedly:

1. Apply the capital process ./\A}Z“D with the strategy in Proposition 4.11
for n € [tg, Tg411-
If 7541 < min(oy, ¢, vk, D), then go to 2. Otherwise go to 3.
2.Letk=k+1.Gotol.
3. Freeze all accounts in the capital process in Nﬂ’,:‘ D and wait until ¥’ =

min{k’ > k | — /T V (zp) < St < VTV (1)} Setk =k’ and go to 1.

By this strategy, Skeptic keeps his capital nonnegative for every path w. For w €
Qo, Tx = oo for some k and Skeptic stays in Step 1 forever. For w € Q—, Step 3
is performed infinite number of times, but the overshoot of |x,| in Step 3 does not
make Skeptic bankrupt by Proposition 4.12. Now consider @ € Q¢. Since Skeptic
already employs a strategy forcing S, > —Aan(Aﬁ) a.a., the lower bound in
(4.38) violated only finite number of times. By w € Q¢, n > oy ¢ is happens only
finite number of times. Hence if S, < Anl//(A,%) a.a., then Step 3 is performed only
finite number of times and there exists ko such that only Step 2 is repeated for all
k > ko. Now by Proposition 4.11, Skeptic multiplies his capital at least by

1-96
L =TI () /2
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for each iteration of Step 2. Then

1=8 S ok V)22
D kEk [Ink]yr(nrs1)e
(4.46) -
- 1-94 s 1)?/2
< ||(1+ Mo k7 (g p)e™ ¥ Ok )

k=ko

Since the left-hand side diverges to infinity, the above strategy forces the sharpness.

APPENDIX: EXAMPLES OF EFKP-LIL FOR SELF-NORMALIZED
MARTINGALES WITHOUT THE SECOND MOMENT

As discussed after Theorem 1.1, we are not assuming the existence of the second
moment of x,. Then the process can not be normalized by a quantity based on
the second moment and the self-normalization becomes essential. Here are some

examples.
Let W > 1 be a random variable such that E(W) < oo but E(W?2) = oco. Let
a, €(0,1),n=1,2,..., be a sequence of positive reals such that ), o, < o0.

Define x,, n=1,2,... by

oy 1 —ay
P(xn=W)=P(xn=—W)=7, Pop=1)=Px,=—-1)= 7
Here, the sign of x, is independent of W, xy,...,x,—1. Let F,, n=1,..., be

the o-field generated by W, x1, ..., x,. Fo is the o-field generated by W. Note
that E|x,| < oo, 0= E(x;) = E(x, | Fn—1), but E(x,%) = oo and the conditional
variance does not exist. We let ¢, = W. P(|x,| = W i.0.) =0, because ), oy <
o0. Hence x, = +1 a.a. and A% = O(n). Then our result holds but the result of
Einmahl and Mason [5] or the result of de la Pena, Klass and Lai [4] cannot be
applied.

The above simple example can be generalized as follows.

LetW,,n=1,2,...,beasequence of positive random variables with E(W,) <
oo, E (an) = 00. Assume that W, converges to a positive random variable W
almost surely. Let ¢,,n = 1,2, ..., be independently and identically distributed
random variables over the interval [—1, 1]. We assume that {g,} are indepen-
dent of {W,}, E(e;) =0, E(s%) =02 > 0. Let F, be the o-field generated by
(Wi, ...,Wy,e1,...,en}. Letc, =W, _1, So =0.

Xn=38,—S1—-1=W,_1&4, n=12,....

Then E (x,%) = 00. A, is of order O(n) by the existence of Wy, = lim, W,, and
limsup,, c, ¥ (A2)3/A, = 0 holds.

This example can be further generalized to the case that ¢,, grows polynomially
inn.
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