The Annals of Probability

2019, Vol. 47, No. 2, 743-773
https://doi.org/10.1214/18-A0P1269

© Institute of Mathematical Statistics, 2019

DERIVATIVE AND DIVERGENCE FORMULAE FOR DIFFUSION
SEMIGROUPS!

BY ANTON THALMAIER AND JAMES THOMPSON
University of Luxembourg

For a semigroup P; generated by an elliptic operator on a smooth mani-
fold M, we use straightforward martingale arguments to derive probabilistic
formulae for P;(V (f)), not involving derivatives of f, where V is a vector
field on M. For nonsymmetric generators, such formulae correspond to the
derivative of the heat kernel in the forward variable. As an application, these
formulae can be used to derive various shift-Harnack inequalities.

Introduction. For a Banach space E, e € E and a Markov operator P on
By (E), it is known that certain estimates on P (V, f) are equivalent to correspond-
ing shift-Harnack inequalities. This was proved by F.-Y. Wang in [18]. For exam-
ple, for 8, € (0, 1) and B, € C((8,, 00) x E; [0, 00)), he proved that the derivative-
entropy estimate

|P(Vef)| <8(P(flog ) — (Pf)log Pf) + Be(8.-) Pf
holds for any § > §, and positive f € C g (E) if and only if the inequality

(PP <(P(fP(re+1)))

1 pr p—1
xexp(/o T+ (p— l)s'Be<r+r(p— l)s,-—i—sre)ds)

holds forany p > 1/(1 —ré,.), r € (0, 1/8.) and positive f € By (E). Furthermore,
he also proved that if C > 0 is a constant then the L>-derivative inequality

|P(V. /)P <CPf?

holds for any nonnegative f € C ; (E) if and only if the inequality

Pf < P(f(ae+")+ laly/CPf>

holds for any @ € R and nonnegative f € B,(E). The objective of this article is
to find probabilistic formulae for Pr(V (f)) from which such estimates can be
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derived, for the case in which Pr is the Markov operator associated to a nonde-
generate diffusion X; on a smooth, finite-dimensional manifold M, and V a vector
field.

In Section 1, we suppose that M is a Riemannian manifold and that the generator
of X; is A 4 Z, for some smooth vector field Z. Any nondegenerate diffusion on a
smooth manifold induces a Riemannian metric with respect to which its generator
takes this form. The basic strategy is then to use the relation V(f) =div(fV) —
f div V to reduce the problem to finding a suitable formula for Pr(div(fV)). Such
formulae have been given in [3] and [8] for the case Z = 0, which we extend to the
general case with Theorem 1.16. In doing so, we do not make any assumptions on
the derivatives of the curvature tensor, as occurred in [2]. For an adapted process #;
with paths in the Cameron—Martin space Ll’z([O, T];R), withhg=0and hy =1
and under certain additional conditions, we obtain the formula

Pr(V(f))(x)
= —E[f (X7 (x))(div V) (X7 (x))]

11[-3 Tiz di h,)01d
- [f(xT<x))<V(xT<x>),//T®r /0 (he — (div 2)(X, (1)) hs)©; Btﬂ

where © is the Aut(7,M)-valued process defined by the pathwise differential
equation

d ®, = —1 ;.0 * .
5O = —//7 (Ric* +(V.2)* —divZ)//, 0
with ® =id7, . Here, //; denotes the stochastic parallel transport associated to
X (x), whose antidevelopment to 7,y M has martingale part B. In particular, B is a
diffusion on R” generated by the Laplacian; it is a standard Brownian motion sped
up by 2, so that d B,i dB] =26; jdt. Choosing h, explicitly yields a formula from
which estimates then can be deduced, as described in Section 1.5.

The problem of finding a suitable formula for Pr(V (f)) is dual to that of find-
ing an analogous one for V (Pr f). A formula for the latter is called the Bismut
formula [1] or the Bismut—Elworthy—Li formula, on account of [7]. We provide a
brief proof of it in Section 1.3, since we would like to compare it to our formula
for Pr(V(f)). Our approach to these formulae is based on martingale arguments;
integration by parts is done at the level of local martingales. Under conditions
which assure that the local martingales are true martingales, the wanted formulae
are then obtained by taking expectations. They allow for the choice of a finite en-
ergy process. Depending on the intended type, conditions are imposed either on
the right endpoint, as in the formula for Pr(V (f)), or the left endpoint, as in the
formula for V (Pr f). The formula for Pr(V (f)) requires nonexplosivity; the for-
mula for V (Pr f) does not. From the latter can be deduced Bismut’s formula for
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the logarithmic derivative in the backward variable x of the heat kernel p7(x, y)
determined by

(PTf)(X)=/Mf(y)PT(x,y)V01(dy), f € Cp(M).

From our formula for Pr(V (f)) can be deduced the following formula for the
derivative in the forward variable y:

(Vlog pr(x, -))y

=—3[/mer [

In Section 2, we consider the general case in which M is a smooth manifold and
X, anondegenerate diffusion solving a Stratonovich equation of the form

T .
(hy — (div 2) (X, (x))h,)©;" dB,)XT(x) — y].

dX;=Ap(X;)dt + A(X;) odB;.

We denote by 7 X; the derivative (in probability) of the solution flow. Using a
similar approach to that of Section 1, and a variety of geometric objects naturally
associated to the equation, we obtain, under certain conditions, the formula

Pr(V(f))

= =Y E[f(Xp) AV (X7, A))(X7)]

i=l

1 T . A
+ EE[f(XT)<V(XT), ET/O Et_l((h, — (trace VA)(X/)h/)A(X;)d B,

+2h, A dt)ﬂ
with
t A A A
g, =TX, — TX,/ TX; 1 (((VA)* + VAg + trace VAg)(Ey)) ds,
0

AY =S (VA + VA (T, A)*(AD) + [Ao, T, A)*(A))],

i=1
where the operators @Ao and T(-, A;) are given at each x € M and v € Ty M by
VyAg = A(x)(d(A*()A0()), (v) — (dA™), (v, Ag)),
T (v, Ai)x = A(x)(dA¥), (v, A)).

This formula has the advantage of involving neither parallel transport nor Rieman-
nian curvature, both typically difficult to calculate in terms of A.
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1. Intrinsic formulae.

1.1. Preliminaries. Let M be a complete and connected n-dimensional Rie-
mannian manifold, V the Levi-Civita connection on M and 7w : O(M) — M the
orthonormal frame bundle over M. Let E — M be an associated vector bundle
with fibre V and structure group G = O(n). The induced covariant derivative

V:I(E)>T(T*M ® E)
determines the so-called connection Laplacian (or rough Laplacian) 1 on I'(E),
Oa = trace Va.

Note that V2a e I(T*M @ T*M ® E) and ((Ja), = > V2a(v;, v;) € Ex where
v; runs through an orthonormal basis of 7y M. For a, b € I'(E) of compact support
it is immediate to check that

(Ba, b)2py = —(Va, Vb) 12 (r+me E)-

In this sense, we have [ = —V*V. Let H be the horizontal subbundle of the G-
invariant splitting of 7 O(M) and

h:n*TM = H<— T O(M)
the horizontal lift of the G-connection; fiberwise this bundle isomorphism reads as
hy: TeyM —> H,, ueOM).
In terms of the standard horizontal vector fields Hy, ..., H, on O(M),
H;(u) := hy(ue;), ueOM),

Bochner’s horizontal Laplacian A™", acting on smooth functions on O(M), is
given as

n
h 2: 2
AOI': Hl
i=1

To formulate the relation between [ and AP, it is convenient to write sections
a € I'(E) as equivariant functions F,: O(M) — V via F,(u) = uilaﬂ(u) where
we read u € O(M) as an isomorphism u: V =5 E;(,). Equivariance means that

Fu(ug) =g 'Fu(w), ueOM),geG=0(®).

LEMMA 1.1 (See [10], page 115). For a € I'(E) and F, the corresponding
equivariant function on O(M), we have

(HiFa)(u):FVugia(u)v uecOWM).
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Hence
A" F, = Frg,

where as above
0: T(E) -5 T(T*M ® E) —> T(T*M @ T*M ® E) =5 T'(E).
PROOF. Fix u € O(M) and choose a curve y in M such that y (0) = 7 () and
y =ue;. Let t — u(t) be the horizontal lift of y to O(M) such that u(0) = u. Note
that it (¢t) = hy, ) (y (¢)), and in particular i (0) = h, (ue;) = H;(u). Hence, denoting
the parallel transport along y by //, = u(e)u(0)~!, we get

Fvueia (l/l) = u_l (Vue‘ja)ﬁ(u)

-1
— i e Yr© ~ Ay
el0 &

—1 —1
— lim u(€)” ay ) —u(0)" ay
el0 &

y Fy(u(e)) — Fo(u(0))
= l1m
el0 &

= (Hl)u F,
= (H;Fa)(u). 0

Now consider diffusion processes X; on M generated by the operator
L=AN+7Z,

where Z € I'(T M) is a smooth vector field. Such diffusions on M may be con-
structed from the corresponding horizontal diffusions on O(M) generated by
Ahor + Z

where the vector field Z is the horizontal lift of Z to O(M), that is, Z, =
hu(Zzwy), u € O(M). More precisely, we start from the Stratonovich stochastic
differential equation on O(M),

n
(1.1) dU; =Y Hi(U)odB} + Z(Uy)dt,  Up=ueO(M),

i=1
where B, is a Brownian motion on R” sped up by 2, that is d B! d B,j = 24;;dt.
Then for X; = 7w (U;), the following equation holds:

n
(1.2) dX; =Y UseiodB} + Z(X,)dt, Xo=x:=mu.
i=1



748 A. THALMAIER AND J. THOMPSON

The Brownian motion B is the martingale part of the antidevelopment [;; ¥ of X,
where ¥ denotes the canonical 1-form ¢ on O(M), that is,

Oue)=u"terwy,  ee€T, OM).
In particular, for F' € C°°(O(M)), respectively, f € C*°(M), we have

d(FoUy) =) (H;F)(Uy) odB] + (ZF)(Uy) dt
i=1
(1.3)

=Y (H;F)(U))dB] + (A" + Z)(F)(Uy)dt,

i=1

respectively,

d(foX:) =) (df)(Use;) odBj + (Zf)(X,)d1

i=1
=Y "@f)(Ure)) dB! + (A + Z)(f)(X,) dt.
i=1

Typically, solutions to (1.2) are defined up to some maximal lifetime ¢ (x) which
may be finite. Then we have, almost surely,

{¢(x) <00} C{X; > 0asr 1 ¢(x)},

where on the right-hand side, the symbol oo denotes the point at infinity in the
one-point compactification of M. It can be shown that the maximal lifetime of
solutions to equation (1.1) and to (1.2) coincide; see, for example, [13].

In case of a nontrivial lifetime the subsequent stochastic equations should be
read for ¢t < ¢(x).

PROPOSITION 1.2.  Let //;: Ex, — Ex, be parallel transport in E along X,
induced by the parallel transport on M,
Jf, =UUy " TxyM — Tx, M.

Then, for a € I'(E), we have

n

d(//7 (X)) =Y /)7 (Vu,ea) 0 d B+ /17 (Vza) (X)) dt,
i=1

respectively in Ito form,

d(//7 a(X0) =Y )7 (Vu,ea)dB! + //7 (Ca + Vza)(X,) dt.
i=1
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More succinctly, the last two equations may be written as

d(//7 a(X0) = /)7 Voax,a,

respectively,

d(/7 a(X) = /7 WVax,a + /7 Oa) (X)) d.

PROOF. We have //;'a(X;) = UoU; 'a(X;) = UgF4(Up). Itis easily checked
that ZF, = Fv,,. Thus, we obtain from equation (1.3)

n
dF,(U) =Y (H;F,)(U))dB} + (A" F, + ZF,)(U,) dt
i=1

n
=Y (Fvy,. ) (U dB] + (Foa + Fy,a)(Up) di
i=1

n
=Y U (Vy,a)(X)dB} + U7 (Qa + Vza) (X)) dt.
i=1

COROLLARY 1.3. Fix T > 0 and let a; € T'(E) solve the equation

0

ga, =0a, + Vza; on|0,T] x M.
Then

Jiar_ (X, 0<t<T AZ(x),

is a local martingale.

PROOF. Indeed we have

0
(/) ar—e (X)) 2 /7! (DaT—f +Vza + gar_z) (X)) di =0,

=0

where = denotes equality modulo differentials of local martingales. [

We are now going to look at operators 2% on I'(E) which differ from (] by a
zero-order term, in other words,

(1.4) O—%7=%  where Z ¢ T (EndE).

Thus, by definition, the action %, : E, — E, is linear for each x € M.
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EXAMPLE 1.4. A typical example is E = A’T*M and AP(M) =
['(APT*M) with p > 1. The de Rham—Hodge Laplacian

AP) = —(d*d +dd*) : AP(M) — AP (M)
then takes the form
APy =Oa — Ra,

where Z is given by the Weitzenbock decomposition. In the special case p =1,
one obtains Za = Ric(a?, -) where Ric: TM & T M — R is the Ricci tensor.

DEFINITION 1.5. Fix x € M and let X, be a diffusion to . = A + Z, start-
ing at x. Let O; be the Aut(Ey)-valued process defined by the following linear
pathwise differential equation:

d

— =—0,% , —idg

i O; O %), Qo =1idg,
where

Ry), = /)" o Hx, o //, € End(Ey)

and //, is parallel transport in E along X.

PROPOSITION 1.6. Let % = — X be as in equation (1.4) and X, be a
diffusion to £ = A + Z, starting at x. Then, for any a € T'(E),

d(Q: /) a(X)))

=301/ " (Vu,a)dB] + 0./ (Qa + Vza — Ra)(X,) dt.
i=1

PROOF. Letn; :=//, 'a(X,). Then
d(Qny) =(dQ)n; + Qrdn,
=—Q//7 " Ax, /) ' nedi + Qrdny
=—Q,//7 N (Ra)(X,)dt + Q; dn;.

The claim thus follows from Proposition 1.2. [

COROLLARY 1.7. Fix T > 0 and let X,(x) be a diffusion to £ = A + Z,
starting at x. Suppose that a; solves

0
gat:(D—%-i-Vz)at on[0,T] x M,

atlt:() =a e F(E)
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Then
(1.5) Nyi= 0/ ar . (Xi(x)), 0<t<T AZ(x),

is a local martingale, starting at ar (x). In particular, if £ (x) = 0o and if equation
(1.5) is a true martingale on [0, T], we arrive at the formula

ar() =E[Qr//7'a(XT(x))],  aeTl(E).
PROOF. Indeed, we have

ad
dNt 2 Qt//t_l <(|:| —|— VZ —%)GT_Z + EaT_t>(Xt)dt = 0

=0

as required. [J
REMARK 1.8. Note that
d ) .
o 0 =—-0:%y, with Q¢ =idg,,

implies the obvious estimate

t
10l =exp(~ [ 2(X,(0)ds ).
where Z(x) = inf{{Zxv, w): v,w € Ey, ||[v]| < 1and ||w| < 1}.

1.2. Commutation formulae. In the sequel, we consider the special case E =
T*M. Thus I'(E) is the space of differential 1-forms on M. The results of this
section apply to vector fields as well, by identifying vector fields V € I'(T' M) and
1-forms o € I'(T*M) via the metric

V<—>Vb, o <« o,

Let Z e I'(T M) be a vector field on M. Then the divergence of Z, denoted by
divZ € €°°(M), is defined by div Z := trace(v — V, Z). Therefore,

n

divZ)(x) =) (Vy, X, vi)

i=1
for any orthonormal basis {v;};"_, for T, M. For compactly supported f, we have
(Z V2w =—(dIVZ, [
The adjoint Z* of Z is given by the relation
Z¥f=-Zf—(divZ)f, feC®(M).
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If either f or & is compactly supported, this implies
Similarly, for @ € T(T*M), we let
(dive) (x) = trace(T, M —% T*M —5 T M).

Thus div Y = div Y” and dive = dive®. That is, if § = d* denotes the usual codif-
ferential then divae = —§«. Finally, we define

Ricz(X,Y):=Ric(X,Y) — (VxZ,Y), X, Yel(TM).
NOTATION 1.9. For the sake of convenience, we read bilinear forms on M,
such as Ricz, likewise as sections of End(7*M) or End(T M), for example,
Ricz(a) :=Ricz(-, o), aeT*M,
Ricz (v) := Ricz (v, -)¥, veTM.

If there is no risk of confusion, we do not distinguish in notation. In particular,
depending on the context, (Ricz)/, may be a random section of End(7*M) or of
End(TM).

LEMMA 1.10 (Commutation rules). Let Z e I'(TM).

(1) For the differential d, we have
d(A+Z)=(—Ricz+Vz)d;
(2) for the codifferential d* = — div, we have
(A+ Z*)d* =d*(0 —Rick +V3),

where the formal adjoint of Vz (acting on 1-forms) is V,a = —=Vza — (div Z)a.

PROOF. Indeed, for any smooth function f we have
d(A+2)f=d(—d*df + (df)Z)
=ADdf +Vzdf +(V.Z,Vf)
=+ V2)(df) —Ricz(-, V)
= (O —Ricz +V2)(df).

The formula in (2) is then just dual to (1). U
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1.3. A formula for the differential. Now, let X;(x) be a diffusion to A + Z
on M, starting at Xo(x) = x, U; a horizontal lift of X;(x) to O(M) and B =
Up [, ¥ the martingale part of the antidevelopment of X,(x) to T, M. Let Q, be
the Aut(7,* M)-valued process defined by

d

— =— Ri

7 o O:(Ricz)y,
with Qg = idT;M, let

P f(x)= E[]l{,<§(x)}f(X,(x))]

be the minimal semigroup generated by A 4+ Z on M, acting on bounded measur-
able functions f.

Fix T > 0 and let ¢; be an adapted process with paths in the Cameron—Martin
space Ll’z([O, T1; T,M). By Corollary 1.7,

(1.6) Ny =07 @Pr_if), t<TAL(),
is local martingale. Therefore,
t .
Ny (6) — fo 0,/ dPr—y £)(6y) ds

is a local martingale. By integration by parts,

t . 1 ¢ .
/0 Qs /f; (dPr_s f)(s)ds — E(PT—tf)(Xt(x))/o (OF (L), dBy)

is also a local martingale and, therefore,

1 ! .
A7 Qul P () = 5 (Pr (X, (0) /0 (0%, dBy)

is a local martingale, starting at (d Pr f)(£o). Choosing ¢; so that (1.7) is a true
martingale on [0, T'] with £9 = v and £7 = 0, we obtain the formula

1 T .
(18)  (dPrf)(w) = —EE[ﬂ{mm}f(xT(x)) fo (szes,stﬂ.

For further details, see [15, 16]. Denoting by p;(x, y) the smooth heat kernel asso-
ciated to A 4 Z, since formula (1.8) holds for all smooth functions f of compact
support, it implies Bismut’s formula

1 AT s
(dlog pr(-,y)),(v) = —EE[ /0 (O, dBy)

The argument leading to formula (1.8) is based on the fact that the local martin-
gale (1.7) is a true martingale. Since the condition on ¢; is imposed on the left
endpoint, this can always be achieved, by taking £, =0 for s > v A T where 7 is
the first exit time of some relatively compact neighborhood of x. No bounds on the

XT(X):Y]~
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geometry are needed; also explosion in finite times of the underlying diffusion can
be allowed. For the problem of constructing appropriate finite energy processes £
with the property £, =0 for s > 7 A T, see [16], respectively, [17], Lemma 4.3.

Imposing in (1.7) however the conditions £y = 0 and £7 = v would lead to a
formula for

E[Q7//7 (df)xr 00 (0)]

not involving derivatives of f, which clearly requires strong assumptions. If the
local martingale (1.6) is a true martingale, we get the formula

@Pr f)x(v) =E[Q7//7 ([df) xr(0) (V)]

For such a formula to hold, obviously X;(x) needs to be nonexplosive.

1.4. A formula for the codifferential. Recall that, according to Lemma 1.10,
we have

(1.9) (A + Z +divZ)div=div(d + Vz — Ric* , +div Z).
For a bounded 1-form o suppose «; satisfies

d
(1.10) Ea, = (0+ Vz —Ric* , +divZ)a,

with ay = o, where div Z acts fibrewise as a multiplication operator, and that ©;
is the Aut(7Ty M)-valued process which solves

d . .
E@[ = —(RICiZ —div Z)//t
with ®g = idr, p. Here, Ric* , is the adjoint to Ric_z acting as endomorphism of
T, M; see Notation 1.9.

Oy

REMARK 1.11. We have ©; = QF if we set # := Ric* ,—divZ €
End(T*M) and define Q; via Definition 1.5.

PROPOSITION 1.12. Fix T > 0. Let X,(x) be a diffusion to A+ Z on M,
starting at x.

(1) Then

t
(divay_) (X (x)) exp(/o (div Z)(Xs(x)) ds>
is a local martingale, starting at div .

(ii) Suppose h; is an adapted process with paths in LV2([0, T1; R). Then

2

is a local martingale, starting at diva;hy.

1 oy 1 1
(L11)  divay_h, — —ozT[(//t®t /0 (hy — (div Z) (X, (x))hs) O )/ st>
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PROOF. (i) Taking into account the commutation rule (1.9) and the evolution
equation (1.10) of «;, we get

81‘ div o = div 3,0{,
(1.12) =div(O+ Vz —Ric* , +divZ)oy
=(A+Z+divZ)diva,.

The claim then follows from 1t6’s formula.
(i1) To verify the second item, set

A, = exp(/ot(div Z)(X5(x)) ds)

and define ¢; := A, Lh,. Using the fact that o;_,(//,0,) is a local martingale,
indeed

dar_(//,00) =Y (Vu,e;ar_)(//,0:) dB]
i=1

we obtain

(divar_,) (X, (x))AL, dt

n
= Z(VU,eiO‘T—t)(Utei)Atft dt
i=1

= Z(//til VU,eiaT_t)(UOei)Atét dt

i=1

n
=> (Vy.eor )/, 0,0, ' Upe;) AL, dt
i=1

1/ —_—
= §<Z(VU;e,~aT—t)(//t ®t)dB[l, Atft(at 1dB,>
i=1

1 t
m §d<aT_,<//t®t/0 Al 0] lst)),

where = denotes equality modulo the differential of a local martingale. By part (i),
ng == (diVOlTit)(Xt(X))At

is a local martingale and, therefore, so is

t
I’ltgt —/ l’lsdgs.
0
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Since
Aly = hy — (div Z) (X, (x))hy

the result follows by substitution. []

REMARK 1.13. (a) Let D" be an exhausting sequence of M by relatively
compact open domains. Following the discussion of [3], Appendix B, and [9], Sec-
tion III.1, it is standard to show that there is a strongly continuous semigroup P/" on
compactly supported 1-forms o on D" generated by L := [+ Vz —Ric* , +divZ
with Dirichlet boundary conditions. In probabilistic terms, o} (x) := (P/'a)(x) is
easily identified as

af (0) = E[Lj <oy (//,00)],

where " (x) is the first exit time of X;(x) from D", when started at x € D". As
n — 00, the semigroup o' converges to

(1.13) ar(x) = E[Ly<c oy (//,00)].

In particular, «; solves equation (1.10) on M.

(b) Formula (1.13) shows that «; is bounded in case « is bounded. Choosing the
process k in (1.11) in such a way that hg =1 but h; =0 for t > t A T where 1
is the first exit time of X;(x) of some relatively compact neighborhood of x, we
arrive at the formula

1 T .
(divery) (x) = —EE[JL{TW)W(//T@T [ s = @iv 2y (xsne)
(1.14) 0

X @;V/;lst)]

Note that the local formula (1.14) does not require assumptions, either on the ge-
ometry of M or on the drift vector field Z. Indeed, with an appropriate choice of &
it is always possible to make (1.11) a true martingale.

LEMMA 1.14. Suppose Ricz is bounded below, that Ric + (V.Z)*, div Z and
diva are bounded with h; bounded and

T 1/2
(/ |hs|2ds> eL'*e
0

for some € > 0. Then the local martingale (1.11) is a true martingale.

PROOF. Since Ricz is bounded below, the process X; is nonexplosive, by [19],
Corollary 2.1.2. In this case, we have o; = E[a(//,0;)]. From equation (1.12), we
see that

u(t,x) = (divay)(x)
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solves the heat equation
(1.15) u=(A+Z+divZ)u

with initial condition u#(0, -) = dive. By means of equation (1.14), combined with
the bound on divZ and the other assumptions, we see that dive, is a bounded
solution to (1.15), which implies

(1.16) divo, = E[(diva)(X,)exp(/ot(diV Z)(Xs)ds)i|

for all # > 0. Note that our assumptions control the norms of ®; and @t_l. Com-
bined with the assumptions on 4 this proves that (1.11) is indeed a true martingale.
O

REMARK 1.15. Equation (1.16) shows that div commutes with the semigroup
P,(l)a := o on 1-forms:

div P,(l)oz = PtdiVZ(diV o),

where

Pl f = E[f(xz)exl)</0t 'O(XS)ds)i|

denotes the Feynman—Kac semigroup on functions to A + Z with scalar poten-
tial p.

Using the identification of differential forms and vector fields via the metric, we
obtain the following result (which for compact M with Z = O corrects the sign in
[3], Theorem 5.10).

THEOREM 1.16. Let M be a Riemannian manifold and Z a smooth vector
field on M. Let X = X (x) be a diffusion to A + Z on M, starting at Xo(x) = x,
which is assumed to be nonexplosive. Let T > 0 and h be an adapted process with
paths in LY2([0, T1; R) such that hg =0 and ht = 1, and such that (1.11) is a
true martingale. Then for all bounded smooth vector fields V on M,

E[(div V)(X7(x))]

T

_ %ERV(XT()C)), ey /O (i —(din)(X,(x))ht)G)t_ldBtﬂ,

where © is the Aut(Ty M)-valued process defined by the following pathwise differ-
ential equation:

d . .
-0, =—Ricy, & — (V.2)], 0, + (div 2)®,

with ®¢ = idTXM'
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COROLLARY 1.17. Suppose f is a bounded smooth function and that V is a
bounded smooth vector field with div V bounded. Then, under the assumptions of
Theorem 1.16, by using the relation div(fV) =V f + fdivV, we get

Pr(V(f))x)
= —E[f (X7 (x))(div V) (X7 (x))]

+ %E[f(XT(x))<V(XT(X))v

/r©r /0

where the right-hand side does not contain any derivatives of f.

T .
(he — (div Z) (X, (x))h;)©;! dBtﬂ,

COROLLARY 1.18. Under the assumptions of Theorem 1.16, we have
(Vlog pr(x, ),
1 T 4 . _1
= _EE[//TG)T/O (hy — (div Z) (X (x))hs)©;  dB| X1 (x) = y}

with © given as above.

PROOF. By Theorem 1.16, for all smooth, compactly supported vector fields
V we have

Pr(div V)(x)
1 T, ,
=3 /M<V,E[//T®T /0 (e — (div Z)(X, (0)) o)
®t_1dBt‘XT(X) =y}>PT(x,Y)dy
but on the other hand
Pr(div V) (x) = fM«ﬁv VYO pr(x. y) dy
=—f (dpr(x, ), V(»)dy
M

= —/ (dlong(x, -))yV(y)PT(X, y)dy
M

so the result follows. O
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1.5. Shift-Harnack inequalities. Suppose Ricz is bounded below, that Ric +
(V.Z)* and div Z are bounded and that the following formula holds, for all ¢ > 0,
all f € Cg(M ) and all bounded vector fields V with divV bounded (see Corol-
lary 1.17):

P;(V(f))(x) = —E[f(Xt(x))(diV V)(Xt(x))]
+ %E[f(Xz(X))<V(Xz(X)),

r
t

o, [ - w2 )t ey tas, )]

Fix T > 0. Then, by Jensen’s inquality (see [14], Lemma 6.45), there exist con-
stants ¢, C1(T) > 0 such that

PV ()| < 8(P(f log ) — Prflog P, f)
(117) +<|divV|oo+50+¥lV|§o)P,f

=ZO[1(8,Z,V)

for all § > 0, ¢t € (0, T'] and positive f € C,l (M). Alternatively, by the Cauchy—
Schwarz inequality, there exists C»(7) > 0 such that

G(T)
NG

=:p(t,V)

2
(118) |Pt(V(f>)}2s(|divv|oo+ |V|oo) P2

forall t € (0,T] and f € C g (M). These estimates can be used to derive shift-
Harnack inequalities, as shown by F.-Y. Wang for the case of a Markov operator on
a Banach space (see [18], Proposition 2.3). In particular, suppose {F;: s € [0, 1]}
isaC! family of diffeomorphisms of M with F =idy,. For each s € [0, 1], define
a vector field Vi on M by

Vy:=(DF,)"'F,

and assume V; and div V; are uniformly bounded. Note %( foF)=Vy(fo
Fs). Fixing p > 1 and setting B(s) = 1 4+ (p — 1)s, as in the first part of [18],
Proposition 2.3, we deduce from inequality (1.17) that

d B'(s)
- Bs) o p/BGs) o P
ds log(Pt(f FY)) Z ﬁ(s)al ( ﬂ(s) ) t? VT)

for all s € [0, 1], which when integrated gives the shift-Harnack inequality

i <tremen( [ty (0.04))
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for each ¢ € [0, T'] and positive f € C g (M). Alternatively, from inequality (1.18)
and following the calculation in the second part of [18], Proposition 2.3, we deduce

1 12
P,fsp,<foF1>+(/0 Olz(f,Vs)dS> JPr?

for each ¢t € [0, T'] and positive f € C,l (M). The shift F; could be given by the
exponential of a well-behaved vector field; the shifts considered in [18] are of the
form x — x + v, for some v belonging to the Banach space.

2. Extrinsic formulae. Suppose now that M is simply a smooth manifold of
dimension n. Suppose Ag is a smooth vector field and

A:MxR"—>TM, (x,e) > A(x)e,

a smooth bundle map over M. This means A(-)e is a vector field on M for each
ecR™ and A(x): R™ — T, M is linear for each x € M.

For an R™-valued Brownian motion B;, sped up by 2 so that d[B, B]; =
2idgm dt, defined on a filtered probability space (2, .7, P; (Z;);cr., ), satisfying
the usual completeness conditions, consider the Stratonovich stochastic differen-
tial equation

2.1 dX; =Ao(X;)dt + A(X;) odB;.

Given an orthonormal basis {e;}7_; of R™ set A;(-) := A(-)e; and B,i = (B, e;).
Then the previous equation can be equivalently written

m
dX,=Ao(X;)dt+ ) Ai(X;)odB].
i=1
There is a partial flow X;(-), ¢(-) associated to (2.1) (see [11] for details) such that
for each x € M the process X;(x), 0 <t < ¢(x) is the maximal strong solution
to (2.1) with starting point Xo(x) = x, defined up to the explosion time ¢ (x);
moreover, using the notation X;(x, ®) = X;(x)(w) and ¢ (x, w) = {(x)(w), if

Mi(w)={xeM:t <i(x,w)}
then there exists 29 C 2 of full measure such that for all w € Q:

(1) M;(w) is openin M for each t > 0, that is, { (-, ) is lower semicontinuous
on M;
(i) X;(-,w): M;(w) — M is a diffeomorphism onto an open subset of M;
(iii) the map s — X (-, w) is continuous from [0, ¢] into C*°(M,(w), M) with
its C°°-topology, for each ¢ > 0.

The solution processes X = X (x) to (2.1) are diffusions on M with generator

m
L =Ag+ ZAZZ
i=1
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We will assume that the equation is nondegenerate, which is to say that A(x) :
R™ — T M is surjective for all x € M. Then A induces a Riemannian metric on
M, the quotient metric, with respect to which

Ax)* = (A(x)|kerA(x)L)
and whose inner product (-, -) on a tangent space 7y M is given by

(v,u) =(AX) v, AX)*U)gmn.

-1

2.1. A formula for the differential. Denote by
P f(x) :=E[Ly<co) f (X (x))]

the minimal semigroup associated to equation (2.1), acting on bounded measurable
functions f. In terms of any linear connection V on T M with adjoint V' [see (2.5)
below], a solution 7' X, (x) to the derivative equation

m
dv/TX,(x) = vTX,(x)AO dt + Z VTX,(x)Ai o dB;

i=1
with T Xo(x) = idr, » is the derivative (in probability) at x of the solution flow
to (2.1). Our objective will be to find a formula for Pr(V (f)) in terms of T X;.
Before doing so, let us briefly derive the corresponding formula for (d Pr)(v). As
in Section 1.3, let £; be an adapted process with paths in L12([0, T]; T, M). By
It6’s formula and the Weitzenbock formula (see [4], Theorem 2.4.2), it follows,
according to the procedure of Section 1.3, that

1 ! .
22) @Pr— /I (TX:(x)) — E(PT—tf)(Xt(x))/O (TXs(x)Ls, A(Xs(x)) dBy)

is a local martingale, starting at (d Pr f)(£o). Choosing ¢; so that (2.2) is a true
martingale with £o = v and £7 = 0, we obtain the formula

(2.3) (dPrfHv) = __E|:1{T<§(x)}f(XT(X))/ (TXS(X)@;,A(XS(X))stﬂ-

This formula is well known; it is the one given by [15], Theorem 2.4. Formula
(1.8) can be obtained from it by filtering. Furthermore, it as always possible to
choose such ¢, as in Section 1.3. Now denote by p;(x, y) the smooth heat kernel
associated to (2.1) such that

Pf(x) = /M FO)pex. y) vol(dy),

where vol(dy) denotes integration with respect to the induced Riemannian volume
measure. Since formula (2.3) holds for all smooth functions f of compact support,
we deduce from it the Bismut formula

1 AT .
(dlogpr(-,y)),(v) = ——E[/ (T Xs(x)€s, A(X,(x)) dBs)




762 A. THALMAIER AND J. THOMPSON

the original version of which was given in [1] for compact manifolds. The version
stated here is [15], Corollary 2.5, the nonlocal version having been earlier given in

[7].

2.2. Induced linear connections. There are a number of linear connections
naturally associated to the map A. First, there is the Levi-Civita connection V for
the induced metric. Second, there is the Le Jan—Watanabe connection, which is
given by the push forward under A of the flat connection on R™. Its covariant
derivative V is defined by

2.4) VU = A(x)d(AC)*U (), (v)

for a vector field U and v € Ty M. Like the Levi-Civita connection, it is adapted
to the induced metric. In fact, all metric connections on 7'M arise in this way.
In addition to the properties of V summarized below, further details of it can be
found in [4-6]. It has the property that if e € ker A(x)® then VyA, = 0 for all
v e Ty M, where by A, we mean the section x — A(x)e. It therefore satisfies the
Le Jan—Watanabe property

n ~
D VA Ai =0.
i=l1

To any linear connection V on T M, one can associate an adjoint connection V' by
(2.5) V/U=V,U~-T(@,U)

for v a vector and U a smooth vector field, where T denotes the torsion tensor
of V. The adjoint of the Le Jan—Watanabe connection will be denoted by V. It
therefore satisfies

VoU =V,U —T(v,U)

or equivalently V,U = @UU — f”(v, U), where T and T denote the torsion tensors
of V and V, respectively; these antisymmetric tensors satisfy T = —T. By [4],
Proposition 2.2.3, the torsion can be written in terms of A by

(2.6) T(v,u)y = A(x)(dA¥) (v, u),

where d A* denotes the exterior derivative of the R™-valued 1-form A* : TM —
R™. The adjoint connection can therefore be written in terms of A by

VU = AX)(d(A*(HU()), (v) = (dA™), (v, 1)).
Besides torsion, we will also encounter several expressions involving curvature,

including

m
Ric:= Y R(-, A)A;,
i=1
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where R denotes the curvature tensor of V. In particular, [4], Lemma 2.4.3, states
for a smooth 1-form ¢ that

m

2.7) ZLAl.LAi(;S = trace @2(1) — d)(RﬁC),
i=1

where L denotes Lie differentiation.

2.3. Induced differential operators. With respect to the metric induced by A,
we set § := d*. For a 1-form ¢, the codifferential § satisfies

m

(2.8) 8p=—> (Va,)(Aj)

i=1
but this relation does not hold with V replaced by V. Nonetheless, for the diver-
gence of a smooth vector field U we do have
m m R
(2.9) divU =) (Va4 U, A;) Z VU, A;) = trace VU
i=1 i=1

by the adaptedness of V.

_ LEMMA 2.1.  For any smooth vector field U, 1-form ¢ and linear connection
V with adjoint V'U =V.U — T (-, U) we have

(U +divU)s¢ = —8(V}, + (V'U)¥)g.

PROOE. As a linear connection, V satisfies
Ly¢=Vye+o(V'U).
Since d commutes with Lie differentiation, we thus have
dUf =Lydf
=Vydf +df(V'U)
=Vydf + (V'U)df.
By duality, this implies
U*sp =38(Vi + (V'U) )¢
and, therefore,
(U +divU)sp = —8(V} + (V'U) )¢
since U*=—-U —divU. O
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With respect to the induced metric, the formal adjoint V{; of the differential
operator Vy acting on 1-forms is given by
Vi =-Vy —divU.

More generally, we have the following lemma.

LEMMA 2.2. For any smooth vector field U and metric connection V' with
adjoint V, we have

Vi =—Vy —divU —T(U, ) - TU, )"

PROOF. Denoting by g the Riemannian volume density, the divergence of
a vector field U satisfies Lyug = (divU)ug and thus for compactly supported
1-forms ¢, ¥ we have

Ly((9. ¥)e) = (Vyo. ¥lig + (6. Vi hig + ([divU) (@, ¥)mg
= (Vug, ¥)ig + (@ Vo) mg +{o(T(U. ). ¥)ug
+p Y (T, ))g + (divU) (e, ¥)ig
from which the result follows, since |, u Lu((@, ¥)ug) =0, by Stokes’ theorerrg

The map A also induces a differential operator 8, mapping 1-forms to functions
by

m
8¢ == ta,La;o.
i=1

Since L ;¢ =ta, d¢ + d(14,¢), the generator £ can be expressed in terms of §
by

(2.10) L =Ly, — (8d + db).

Clearly, §2 =0, so to find an analogue of the second commutation rule in
Lemma 1.10 for § and .Z it suffices to calculate the Lie derivative of § in the
direction Ag. This is the main objective of the remainder of this section. Note that

§ need not agree with the codifferential §. For any smooth vector field U and linear
connection V with adjoint V', we have

2.11) Ly = (Vyg) +¢(V'U)
and, therefore,

(2.12) 8 == (Vad)(A) =Y ¢ (Va, A) == (V4 d)(A)

i=1 i=1 i=1
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or alternatively
(2.13) 8¢ == (Vad)(A) = Y ¢ (Va,A) ==Y (Va, ) (A})
i=1 i=1 i=1

by the Le Jan—Watanabe property and the fact that T(Ai, Aj) =0. Applying (2.11)
to the Levi-Civita connection gives

8¢ == (Vad)(A) = ¢(Va,A)

i=1 i=1
and so by (2.8) we have
R m
(2.14) S¢p=58¢ —¢<Z VAl.Ai>
i=1

which expresses the difference of the operators § and 5.

LEMMA 2.3.  For any smooth vector field U and 1-form ¢, we have
(U + trace @U)qu
=5(Vy — (VU)* =T, ) = TU,)* +trace VU ) + ¢p(U%),

where the vector field U# is defined by

U4 == ((VU)* + VU)(Va, A) = Y U, Va, Al

i=1 i=1
PROOF. By Lemmas 2.1 and 2.2, we have
(U +divU)s¢ =8(Vy +divU + T (U, )+ T (U, )* — (VU)*).
By (2.14), we have
(U +divU)8¢ = (U + divU)8¢ + (divU)¢(Va, A;)
+ (Vud)(Va, AD) + ¢ (VyVa, Ar)

and

§(Vy +divU +T(U, ) +TU,)* = (VU)*)p

=8(Vy +divU = T(U, ") = T(U,)* = (VU)*)¢ + (Vy)(Va, A)
+((divU = T(U,-) = T(U,)* = (VU)*)$)(Va, A}).

Rearranging, the result follows by equation (2.9). [J
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Note that the vector field Aé appears to depend on the Levi-Civita connection
via the sum of the vector fields V4, A;. It is clear that all other objects appearing in
the definition of A{)‘ can be calculated explicitly in terms of A and Ag, by formula
(2.4). The following lemma, combined with formula (2.6), shows that the sum of
the vector fields V4, A; can also be expressed directly in terms of A.

LEMMA 2.4.  We have
m m .
D VA A== T(, A)*(A)),
where T denotes the torsion of the Le Jan—Watanabe connection.
PROOF. Suppressing the summation over i, the Le Jan—Watanabe property
implies
Va, Ai =Va, A — K(A;, A) = —K (A;, A)),

where K denotes the contorsion tensor of V. The contorsion tensor measures the
extent to which a metric connection fails to be the Levi-Civita connection, vanish-
ing if the connection is torsion-free. It is discussed in [10] and [12]. The compo-
nents of K satisfy K jji= TJ j» which is to say

K (Ai, Aj) = (T, A)") (A,
where b and ff are the musical isomorphisms associated to the induced metric. This
implies
(K (A1, A), U)=(T (U, Ap). A;)
for all smooth vector fields U and, therefore,
K (Ai, A) =T (-, A)*(A)
as required. [J

Consequently,

2.15)  AF =D (VAo+ (VA)*)(T (. A)*(A)) + [Ao, T (. A)*(A))].
i=1

2.4. Commutation formula. We have, in summary, the following commutation
rule, extending formula (1.9).

PROPOSITION 2.5. For any smooth 1-form ¢, we have
(& + trace @Ao)gqb
= S(trace vz 4+ @AO — RvicA0 —VAp— (VAg)* + trace @Ao)(b + (b(Aé),
where the vector field Ag is given by (2.15) and RuicA0 :=Ric — VAy.
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PROOF. The claim follows from Lemmas 2.3 and 2.4 and the relations (2.7)
and (2.10). O

Finally, note that for a smooth function f, the codifferential § satisfies

(df,¢) = fé(p) —=5(f ).

We will need an analogous formula for 8, as given by the following lemma.

LEMMA 2.6. For any smooth function f, we have
(df.9) = f5(¢) = 3(f9).
PROOF. Suppressing notationally the summation over i, we have

§(fp)=—t1a,La,(f9)
= —ia,(ta;d(fP) +d(ta, [ D))
=—ta,(ta,df AP+ fdp) + (A df + fd(p(A)))
= —ta,t4,(df A D) — (A df (A) + f5(9)
—(df. ¢) + f3(¢)
since ta;t4,(df A¢)=0. O

Now we are in a position to deduce formulae for the induced differential opera-
tor in terms of the derivative flow T X;.

2.5. A formula for the induced differential operator. We must now assume
equation (2.1) is complete, which is to say ¢ (x) = oo, almost surely. For a bounded
smooth 1-form «, suppose «; satisfies

0y = (trace V2 + %Ao - RvicAO — VAo — (VA)* + trace @Ao)a,
with oy = « and that &, (x) : TyM — Tx,(x)M solves the covariant Itd equation
dVE,(x) = —(Rica, + VAo + (VAg)* + trace VAo)

m

u,(x) dl Z u,(x)Ai dBlj

along the paths of X;(x) with g =idr, p.
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Fixing T > 0, by Itd’s formula we have
d(ar—,(E:(x)))

m
=Y Vaar_(Bi(x))dB; + Vagoy_ (Ei(x)) dt + dop_ (B (x)) dt

+ trace V2ay_, (B,(x)) dt +ay_, (d¥ 8 (x))
=Y ((Vaar_) - +ap_ (V.A))(E/(x)) d B}

m
i=1

It follows that a;_,(E,(x)) is a local martingale, starting at a;-. Furthermore, ac-
cording to equation (26) in [6], for the derivative process T X;(x) we have

A m .
dVT X, (x) = —Ric(T X;(x)) dt + Vrx,)Aodt + Y Vrx,x)Ai dB;
i=1
and, therefore, by the variation of constants formula, we have
E/(x)=TX;(x)
t A A A
—TX; (x)/ TX, (x)_l (VAo + (VAp)* + trace VAg)(E;(x))) ds.
0

Thus it is possible to calculate E;(x) without using the parallel transport implicit
in the original equation. Moreover, if the vector field Ay vanishes then Z;(x) is
given precisely by the derivative process T X;(x).

PROPOSITION 2.7.  Suppose h; is an adapted process with paths in L'-2([0,
T]; R). Then

~ t
Sap_hy — / hyay_(AS)ds
0
1 r. ~
2.17) + EO‘T—r(Et(X)/O (hs — (trace VAo) (X (x))hy)

Es(x)_lA(Xs(x))st)

is a local martingale, starting at SaTho, where the vector field AS‘ is given by
(2.15).
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PROOF. Set
t A
A, :=exp (/ (trace VAp)(X;(x)) ds)
0

and define ¢, := A, h,. By equation (2.16), integration by parts and formula
(2.12), we have, suppressing the summation over i, that

d(aT_,<E,(x)% /Ol AsésEs(x)_lA(Xs(x))st)>

m

(Vaar—)- +ar_ (V.A))(E(x) dB))

N —

(2.18) x (A B (x) " A (X, (x))dB])
= ((Vajar_)Ai +ap_ (Va, AD) AL, dt
= (Va,ar_)AiAL, dt
= —(Sayp_, )AL, dt,

where = denotes equality modulo the differential of a local martingale. By Propo-
sition 2.5 and It6’s formula, we have

d(AtSO[T_[) = A[gataT_t dt + At (g -+ trace @AO)S(XT_[ dt = AIO{T—Z (Aé) dt

which implies
ne = Aday_, — /Ot Asar_ (AY)ds
is a local martingale, starting at gozT. This implies
d(ny) 2 n,l, dt
— Bop_ Ak, dt — 6, fo "Asap_ (AD)ds dr.

Substituting the definition of n; into the left-hand side and performing integration
by parts to the second term on the right-hand side implies

A t A . z
(2.19) Sap_hy — / (Bay_)Aslyds — / heayp_(AY)ds
0 0
is another local martingale. Since
€= A7 (hy — (trace VAg) (X, (x))hy),

substituting formula (2.18) into the second term in (2.19) completes the proof. [J
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THEOREM 2.8.  Suppose h, is any adapted process with paths in L'-2([0, 00);
R) such that ho =0 and ht = 1 and that o is a bounded smooth 1-form. Suppose
(2.1) is complete and that the local martingales or_,(E;) and (2.17) are true
martingales. Then

~ 1 T . ~
Pr(da) = — EE[O[<ET/O Et_l((h, — (trace VA)(X/)h/)A(X,)d B,
+2h,AY dt)>].
PROOF. By (2.16), we have

T o .
ar (B0 =a(@n) = [ (Vaar_,) +ar (V.A))(E)dB]

and, therefore,

T
E[/O aT_t(E,h,Et_lAé)dt}

T
:E[a(ET/ e A dt)]
0

since ay-_, (&) is assumed to be a martingale. The result now follows from Propo-
sition 2.7, by taking expectations. []

In analogy with Lemma 1.14, an integrability assumption on /A plus suit-
able bounds on VA, trace VA, A{)x and da and on the moments of 7 X; and
TX, ! would be sufficient to guarantee that o_,(E;) and (2.17) are true martin-
gales.

COROLLARY 2.9. Suppose f is a bounded smooth function. Suppose V is a
bounded smooth vector field with Y/ | A;(V, A;) bounded. Then, under the as-
sumptions of Theorem 2.8 with . = fV°, we have

Pr(V(f))

=—> E[f(X1)Ai(V, Ai)(X7)]

i=l

1 T . A
+ EE[f(XT)<V, ET/O Et_l((h, — (trace VA)(X,)h/)A(X;)d B,

+2h,Af dt)”
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with

(1]

t A A A
(=TX; — TX,/ TXS_l((VAO)* + VAq + trace VAg) (Ey) ds,
0

AL =Y ((VA)* +VA) (T (-, AN (AD) + [A0, T (-, A (AD)],
i=1

where the operators @AO and T(-, A;) are given at each x € M and v € T, M by
VyAo = A)(d(A*()A0()), (v) — (dA¥), (v, Ap)),
T(v, A = A(x)(dA¥), (v, A)).

PROOF. This follows from Theorem 2.8. In particular, Lemma 2.6 implies
V() =F3(v') =3(s V)

while formula (2.13), the Le Jan—Watanabe property and the adaptedness of \%
imply

m m
BV ) == "(Va V. Ai) == Ai(V. A;).
i=1 i=1 O
Note that if (2.1) is a gradient system then .Z = A 4+ Ag and AS‘ vanishes and

m
D AV, Ay =divV.
i=1

In this case, since trace VAo = div Ao, Corollary 2.9 yields the unfiltered version
of Corollary 1.17.

COROLLARY 2.10. Under the assumptions of Corollary 2.9, we have

(dlog pr(x.), )

- _<U, ST Ai>*<A,-)<y>>
i=1
1

T . A
- E<U,E|:ET/O g, ((h, — (trace VAo) (X)) A(X,) d B,

+ 2k, Af di)| X7 (x) =y]>

for all v € TyM where the various terms appearing in the right-hand side can be
calculated as in Corollary 2.9.
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PROOF. Since Corollary 2.9 holds for all smooth functions f and vector fields
V of compact support, and since by Lemma 2.6

FE(VP) =8(fVP) =V (f) = f8(V°)—8(fVP),
the result follows from equation (2.14), Lemma 2.4 and Corollary 2.9. [

EXAMPLE 2.11. Consider the special case in which M = R". Denote by
qr (x, y) the smooth density of X7 (x) with respect to the standard n-dimensional
Lebesgue measure. Recall that pr(x, y) denotes the density with respect to the
induced Riemannian measure. It follows that

qr(x, y) = pr(x, o' (),

where p(y) denotes the absolute value of the determinant of the matrix
{{A%0;, A9 )pn (N} =y
in which {9;}"_, denotes the standard basis of vector fields on R". Consequently,

(dloggr(x, ), (v) = (dlog pr(x,-)),(v) + (dlog p'/2()), (v)
y y y

with the first term on the right-hand side given, in terms of the induced metric, by
Corollary 2.10.
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