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PATHWISE UNIQUENESS OF THE STOCHASTIC HEAT
EQUATION WITH SPATIALLY INHOMOGENEOUS WHITE NOISE

BY EYAL NEUMAN
Imperial College London

We study the solutions of the stochastic heat equation driven by spatially
inhomogeneous multiplicative white noise based on a fractal measure. We
prove pathwise uniqueness for solutions of this equation when the noise co-
efficient is Holder continuous of index y > 1 — 2(77 - Here n € (0,1) is a
constant that defines the spatial regularity of the noise.
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1. Introduction and main results. We study solutions of the stochastic heat
equation with spatially inhomogeneous white noise which is given by

(1.1) %u(t,x):%Au(t,x)—%—a(t,x,u(t,x))W, t>0,x eR.
Here A denotes the Laplacian and o (¢, x, u) : Ry x R2 — R is a continuous func-
tion with at most linear growth in the u variable. We assume that the noise W is
white noise on R x R based on a o -finite measure u(dx) dt. Equations like (1.1)
may arise from scaling limits of critical interacting branching particle systems.
For example, in the case where o (¢, x, u) = /u and u(dx) := dx, the equation

Received March 2014; revised October 2017.

MSC2010 subject classifications. Primary 60H10; secondary 60H40, 60J80.

Key words and phrases. Uniqueness, white noise, stochastic partial differential equations, heat
equation, catalytic superprocesses.

3090


http://www.imstat.org/aop/
https://doi.org/10.1214/17-AOP1239
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

PATHWISE UNIQUENESS OF THE STOCHASTIC HEAT EQUATION 3091

describes the evolution in time and space of the density of the classical super-
Brownian motion (see, e.g., [20]). If  is any finite measure and o (1) = +/u, then
(1.1) describes the evolution of the density of catalytic super-Brownian motion
with catalyst u(dx) (see, e.g., [25]).

In this work consider the problem of pathwise uniqueness for solutions of (1.1)
where o (-, -, u) is Holder continuous in u and W is a spatially inhomogeneous
Gaussian white noise based on a measure @ (dx)dt. More precisely W is a mean
zero Gaussian process defined on a filtered probability space (2, F, (F;), P),
where (F;) satisfies the usual hypothesis and we assume that W has the following
properties. We denote by

Wt<¢>=/0fR¢(s,y)W<dyds>, t>0,

the stochastic integral of a function ¢ with respect to W. We denote by C2° (R x
R) the space of compactly supported infinitely differentiable functions on Ry x R.
We assume that W has the following covariance structure

t
E(W( @)W, () = fo /R S5 V(. udy)ds, 10,

for ¢, ¥ € C2°(R4+ x R). Assume that the measure u satisfies the following con-
ditions:

(i) There exists n € (0, 1) such that

—n+e

(1.2) sup [ |x —y| u(dy) < oo Ve >0,

xeR
(i)
cardim(u) = n.

Note that (i1) means that there exists a Borel set A C R of Minkowski dimension
n such that u(A€) = 0, and this fails for n’ < n (see Definition 1.3).

In what follows, if a white noise is based on the measure dx x dt [i.e., u(dx) is
the Lebesgue measure], we will call it a homogenous white noise. The stochastic
heat equation with homogeneous white noise was studied among many others, by
Cabaia [2], Dawson [4, 5], Krylov and Rozovskii [11-13], Funaki [9, 10] and
Walsh [22]. Pathwise uniqueness of the solutions for the stochastic heat equation,
when the white noise coefficient o is Lipschitz continuous was derived in [22].

In recent years there has been substantial work on the pathwise uniqueness of
the stochastic heat equations with Holder continuous noise coefficients (see, e.g.,
[1, 3, 14-16, 18]). The pathwise uniqueness for the solutions of the stochastic heat
equation, when the white noise coefficient o (-, -, u) is Holder continuous in u of
index y > 3/4 was established in [15]. Pathwise uniqueness for the solutions of
the d-dimensional stochastic heat equation driven by colored noise, with Holder
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continuous noise coefficients, was studied in [16]. The result in [16] was later
improved by Rippl and Sturm in [18]. Note that in both [15] and [18] the criti-
cal Holder exponent of the noise coefficient which is required for uniqueness is
1 — ¢/2, where c is the Holder continuity index in space of the solutions. In this
work we obtain weaker conditions for the pathwise uniqueness of (1.1) driven by
spatially inhomogeneous white noise. More precisely, we show that in our case,
the linear relation between the spatial regularity of the solutions and the condition
on Holder continuity of o can be improved (see Theorem 1.5 and Remark 1.9).
The main reason for the improvement arises from the fact that W is based on a
fractal measure w. This allows us to give a more efficient covering argument than
the one in [15] (see Remark 3.1).

The method of proof in [15, 16] and [18] is the Yamada—Watanabe argument for
stochastic PDEs (see Section 2 of [15]). The argument relies on the regularly of
the difference between two solutions of (1.1) near their zero set. In the case where
(1.1) is driven by spatially inhomogeneous white noise, this method does not go
through. The singular nature of the noise causes the solutions to (1.1) to be rougher
than the solutions in the white noise case, and drives us to change the argument
which was developed in [15] (see Remark 4.1 for a more accurate explanation).

Zihle in [25] studied (1.1) driven by spatially inhomogeneous white noise and
o(t,x,u) = y/u. In this setting he proved that (1.1) arises as scaling limits of
a critical branching particle system which is known as a catalytic super Brownian
motion with catalyst p. Zihle’s work contributed to our main motivation to choose
/ that satisfies (1.2).

Before we describe in more detail the known uniqueness results for the case of
equations driven by homogeneous and inhomogeneous white noises, we introduce
additional notation and definitions.

NOTATION. For every E C R we denote by C(E) the space of continuous
functions on E. In addition, a superscript k (respectively, co) indicates that func-
tions are k times (respectively, infinite times), continuously differentiable. A sub-
script b (respectively, ¢) indicates that they are also bounded (respectively, have
compact support). For f € C(R) set

(1.3) £l = suﬂg|f()f)|e‘“x',

and define
Ciem :={f € CR), || flIx < oo for every A > 0}.

The topology on this space is induced by the norms || - ||, for A > 0.

For I C Ry let C(I, £) be the space of all continuous functions on [ taking
values in a topological space £ endowed with the topology of uniform convergence
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on compact subsets of 7. u € C(R4, Cierp) means that u is a continuous function
on R} x R and

sup suplu(t,x)|fe ™ <00 VA>0,T >0.
te[0,T] xeR
In many cases, it is possible to show that solutions to (1.1) are in C(R., Cem) (see,
e.g., Theorem 1.1 in [15] and Theorem 2.2 in [21]).
We set

2
e 2 | xeR,t>0.

1
(1.4) Gi(x)=
t V2t
We extend the definitions of strong solutions and pathwise uniqueness of solutions
to (1.1), which are given in Section 1 of [15].

DEFINITION 1.1. Let (2, F, (F;), P) be a probability space and let W be
a white noise process defined on (2, F, (F;), P). Let ]-",W C F; be the filtration
generated by W. A stochastic process u : 2 x Ry x R — R which is jointly mea-
surable and (]—"tW)-adapted, is said to be a stochastically strong solution to (1.1)
with initial condition ug on (2, F, (F;), P),if forall t > 0 and x € R,

u(t, x) = Guo(x)

(1.5) t
+/(; A;GI_S(X —y)o(s,y,u(s,y))Wds,dy), P-as.

Here G, f(x) = [ G:(x — y) f(y)dy, for all f such that the integral exists.

In this work we study uniqueness for (1.1) in the sense of pathwise uniqueness.
The definition of pathwise uniqueness is given below.

DEFINITION 1.2. We say that pathwise uniqueness holds for solutions of (1.1)
in C(R4, Ciem) if for every deterministic initial condition, ug € Cien, any two solu-
tions to (1.1) with sample paths a.s. in C(R, Ciem) are equal with probability 1.

CONVENTION. Constants whose values are unimportant and may change
from line to line are denoted by C;, M;,i =1, 2, ..., while constants whose val-
ues will be referred to later and appear initially in say, Lemma i.j [respectively,
equation (i.j)] are denoted by C; ; (respectively, C(;_ j)).

Next we present in more detail some results on pathwise uniqueness for the
solutions of (1.1) driven by homogeneous white noise which are relevant to our
context. If o is Lipschitz continuous in the u-variable, the existence and unique-
ness of a strong solution to (1.1) in C(R, Cem) is well known (see, e.g., [21]). The
proof uses the standard tools that were developed in [22] for solutions to SPDEs. In
[15], Lipschitz assumptions on o were relaxed and the following conditions were
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introduced: for every T > 0, there exists a constant C(; ¢)(T) > 0 such that for all
(t,x,u) €[0,T] x R?,

(1.6) o (t, %, u)| < Caae)(TH(1 + |ul);

for some y > 3/4 there are R1, Ry > 0 and for all T > 0 there is an Ro(7) so that
forall r € [0, T] and all (x, u,u’) € R3,

(1.7) lo(t, x,u) —o(t,x,u’)| < RO(T)eR”xl(l + |u| + |1/})R2{u —u'|".

Mytnik and Perkins in [15] proved that if ug € Ciem, ((dx) = dx, and o : R4 x
R?2 >R satisfy (1.6), (1.7) then there exists a unique strong solution of (1.1) in
C(R4, Ciem)- It was also shown in [15] that addition of a Lipschitz continuous drift
term to the right-hand side of (1.1) does not affect the uniqueness result.

Before we introduce our results, let us define some spaces of measures that will
be used in the definition of spatially inhomogeneous white noise.

NOTATION. Letn € (0, 1). For a measure © on (R, B(R)), let us define

(1.8) B (1) = fR X — ¥ (dy).

Let dimp(A) be the Minkowski dimension (also known as the box-counting di-
mension) of any set A C B(R).

DEFINITION 1.3. A measure u is said to have carrying dimension
cardim(u) =1,

if there exists a Borel set A such that u(A¢) =0 and dimp(A) = [, and this fails
forany I’ <.

Loosely speaking, Definition 1.3 implies that for arbitrary small § > 0, the set
A can be covered by 8~/ balls of diameter 8. However, it would be impossible to
cover A with §7/+¢ amount of §-balls for any & > 0. This means that the measure
w is singular and concentrated on a fractal set. The choice of a fractal u is moti-
vated by the study of catalytic reaction diffusion systems. In several biological and
chemical reactions, the catalyst is concentrated on a zero Lebesgue measure set.
In some cases, these systems formally correspond to the stochastic heat equations
driven by white noise which is based on a fractal measure (see [6] and references
therein).

Denote by M ¢ (IR) the space of finite measures on (R, B(IR)). We introduce the
following subset of M r(R):

(1.9) M}(R) := {u € M (R)| sup ¢y .. (x) < 00, Ve > 0, and cardim(u) = n}-
xeR

Next we define the inhomogeneous white noise that we are going to work with.
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DEFINITION 1.4. A white noise W based on the measure u(dx) x dt, where
[IRS M;l (R), is called a spatially inhomogeneous white noise based on w. The
corresponding white noise process W;(A) := W((0,¢] x A), where t >0 and A €
B(R), is called a spatially inhomogeneous white noise process based on (.

Now we are ready to state the main result of the paper: the pathwise uniqueness
to the stochastic heat equation (1.1) with spatially inhomogeneous white noise
holds for a class of Holder continuous noise coefficients. The existence of a weak
solution to this equation under similar assumptions on p and less restrictive as-
sumptions on o was proved by Zihle in [25].

THEOREM 1.5. Let W be a spatially inhomogeneous white noise based on
a measure |L € M?(R), for some n € (0,1). Let u(0, -) € Ceem(R). Assume that

o : Ry x R? — R satisfies (1.6) and (1.7), for some y satisfying
__n .
20+ 1)’

then pathwise uniqueness holds for the solutions to (1.1) with sample paths a.s. in
C(R—l-’ Ctem (R))

(1.10) y>1

A few remarks about the theorem are in order.

REMARK 1.6. The result of Theorem 1.5 still applies if we add a drift term
b(t,x,u(t, x)) to the right-hand side of (1.1), assuming that b is Lipschitz contin-
uous in u and has at most linear growth (as in (1.2) and (1.4) of [15]). The changes
in the proof of Theorem (1.5) when (1.1) has an additional drift term follows the
same lines as the proof in Section 8 of [15].

REMARK 1.7. Assume that the condition cardim(u) = 1 is omitted from the
assumptions of Theorem 1.5. Then from the proof of Theorem 1.5 one can obtain
that, in this case, pathwise uniqueness holds for the solutions of (1.1) if y > 1 —
n/4. Note that assumptions on cardim(u) and ¢, ¢, (-) in (1.9) are related in the
following manner. Let

L) = [ $uon@).

¢y, (-) [in (1.8)] and I, ,(-) are often called the n-potential and n-energy of the
measure i, respectively. In Section 4.3 of [8], the connection between the sets of
measures above and the Hausdorff dimension of sets that contain their support is
introduced. Theorem 4.13 in [8] states that if a mass distribution @ on a set F C R
has finite n-energy, that is,

I (1) < oo,
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then the Hausdorff dimension of F' is at least 1. Recall that a measure u is called
a mass distribution on a set F C R, if the support of u is contained in F and
0 < u(F) < oo (see definition in Section 1.3 of [8]). For the relation between
Hausdorff dimension and Minkowski dimension we refer to Proposition 4.1 in [8].

REMARK 1.8. Let us discuss the connection between Theorem 1.5 and The-
orem 1.2 in [15]. The case of n = 1 formally corresponds to the “homogeneous”
white noise case that was studied in [15]. We see that in Theorem 1.5, our lower
bound on y coincides with the bound 3/4 obtained in [15]. Note that it was shown
in [1] and [14], that the 3/4 bound is optimal in the homogeneous case (i.e., coun-
terexamples for any 0 <y < 1/2 and 1/2 < y < 3/4 were constructed, respec-
tively). We mentioned earlier that when (1.1) is driven by inhomogeneous white
noise, it introduces a different connection between the spatial regularity of the so-
lutions and the Holder index of o which ensures uniqueness (see more details in
Remark 1.9). Therefore, it would be very interesting to investigate in the future if
the Yamada—Watanabe argument for the stochastic heat equation derives an opti-
mal condition for uniqueness as it did in [15].

In our proof we use the Yamada—Watanabe argument for the stochastic heat
equation that was carried out in [15] for equations driven by homogeneous white
noise. We describe very briefly the main idea of the argument. Let & = u' — u?
be the difference between two solutions to (1.1). The proof of uniqueness relies on
the regularity of # at the points xo where i (¢, xo) is “small.” To be more precise we
need to show that there exists a certain &, such that for points xo where (¢, xg) ~ 0

and for points x nearby, we have
(1.11) |ii(t, x) — C1 (@) (x — x0)| < Ca(w)|x — x0l°,

for some (random) constants C1, C»>. Moreover, we will show that in our case, for
any & such that

U]
£ < 20—7) A (1 +n),
(1.11) holds for xq such that it (¢, xg) &~ 0. This will allow us to derive the following
condition for the pathwise uniqueness
n
2141

Note that in [15] the corresponding condition was & < 2, which is what one gets
by setting n =1 and y =3/4.

y>1

REMARK 1.9. Recall that in Theorem 1.2 of [15] it was proved that when the
Holder exponent of the noise coefficient y is larger than 3 /4, then pathwise unique-
ness holds for (1.1) with space-time white noise. In this case, the spatial Holder
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continuity index of the solutions is 1/2 — ¢, for any arbitrary small ¢ > 0. In Theo-
rem 1.2 of [18], pathwise uniqueness for the solutions of (1.1) with coloured noise
was proved when y > (2 4 «) /4. The constant @ € (0, 1) in [18] controls the spa-
tial correlation of the noise. In the setting of [ 18], the solutions have spatial Holder
continuity index 1 — /2 — ¢, for any small ¢ > 0 (see Proposition 1.8(b) in [16]).
Note that in both [15] and [18] the Holder exponent of the noise coefficient which
is required for uniqueness is larger than 1 — ¢/2, where the solutions are Holder
continuous in space, with any exponent less than c. It was proved in Theorem 2.5 in
[24] that when p satisfies (1.2), the solution to (1.1) is Holder continuous with any
exponent £ < n/2 in space. Note that Theorem 1.5 proves that the Holder index
of o which is required for uniqueness is strictly smaller than 1 — 1 /4. Therefore,
the linear connection between the spatial regularity of the solution and the Holder
continuity of o which is implied by the results in [15] and [18] do not apply here.

One of the by-products of the proof of Theorem 1.5 is the following theorem.
We prove under milder assumptions that the difference of two solutions of (1.1) is
Hoélder continuous in the spatial variable with any exponent § < 1 at the points of
the zero set.

THEOREM 1.10. Assume the hypotheses of Theorem 1.5. However instead of
(1.10) suppose

n

1.12 1 — 2
( ) Y > 3
Let u' and u? be two solutions of (1.1) with sample paths in C(R4, Ciemm) a.s. and

with the same initial condition u'(0) = u*(0) = ug € Ciem. Let u = u' — u?,

(1.13) Tk = inf{s >0:sup(jul(s, y)| Vv [u?(s, y)|)e P > K} AK,
yeR

for some constant K > 0 and
So(w) = {(r,x) € [0, Tg 1 x R:u(r, x) =0}.

Then at every (ty, x9) € So, u is Holder continuous with exponent & in space and
with exponent & /2 in time, for any & < 1.

REMARK 1.11. Theorem 1.10 corresponds to Theorem 2.3 in [15]. It was
proved in [15] that when (1.1) is driven by homogeneous space-time white noise
and y > 1/2, then u is Holder continuous with exponent £ for any & < 1, for points
in So. In Theorem 1.10 we show that when y > 1 — %, then u is Holder continuous
with exponent & < 1 for points in Sy. Note that these two conditions on y coincide
when n = 1, that is when the inhomogeneous space-time white noise formally
corresponds to homogeneous white noise. Another version of Theorem 1.10 for
(1.1) driven by coloured noise was proved in [16]. It follows from Theorem 4.1 in
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[16] that if ¥ > /2, then u is Holder continuous with exponent & for any & < 1,
where « € (0, 1) controls the spatial correlation of the noise (see (8) in [16]). Recall
that when o = 1 coloured noise formally corresponds to homogeneous white noise.
We observe that for the above regularity results, when o = 1 the conditions on y
for the homogeneous white noise and for coloured noise are similar.

Zihle in [24] considered (1.1) when W is an inhomogeneous white noise based
on u(dx) x dt, where p satisfies conditions which are slightly more general than
(1.2). The existence and uniqueness of a strong C(R, Cery) solution to (1.1) when
o is continuous on R? x R, Lipschitz continuous in u and satisfies (1.6) was
proved in [24]. The Holder continuity of the solutions to (1.1) with inhomogeneous
white noise based on wu(dx) x dt as above was also derived under some more
relaxed assumptions on o. In fact, it was proved in [24] that the solution to (1.1),
when p satisfies (1.2), is Holder continuous with any exponent £ < /2 in space
and £ < n/4 in time.

Organization of the paper. The rest of this paper is devoted to the proofs of
Theorems 1.5 and 1.10. In Section 2 we prove Theorem 1.5 under the hypothesis of
Proposition 2.3. Since the verification of this hypothesis is rather long, in Section 3,
we discuss the heuristics of the proof. In Section 4, we prove the hypothesis of
Proposition 2.3 under certain regularity assumptions on the difference between
solutions to (1.1) (see Proposition 4.8). In Section 5, we introduce some integral
bounds for the heat kernel which will be essential for the proof of Proposition 4.8.
In Section 6, we prove some local bounds on the difference of solutions, which
are needed for the proof of Proposition 4.8. Section 7 is dedicated to the proof
of Proposition 4.8. In Section 8, we prove Proposition 7.1, which is one of the
ingredients for the proofs of Proposition 4.8 and Theorem 1.10. Finally, Section 9
is devoted to the proofs of Theorems 6.5 and Theorem 1.10. The proofs of Lemmas
2.4, 4.6 and Lemmas 5.6-5.8 are available in the Appendix. A list of notation
appears at the end of this paper.

2. Proof of Theorem 1.5. Let us introduce the following useful proposition.

PROPOSITION 2.1. Let ug € Ciemy. Let o be a continuous function satisfying
(1.6). Then any solution u € C(R4, Ciem) to (1.1) satisfies the following property.
Forany T, ) > 0and p € (0, 00),

E( sup sup|u(t,x)|pe_}“x|> < 00.
0<t<T xeR

The proof of Proposition 2.1 follows the same lines as the proof of Proposi-
tion 1.8 in [16]. It uses the factorization method developed by Da Prato, Kwapien
and Zabczyk in [7]. In fact, in our case, the calculations become simpler because of
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the orthogonality of the white noise. Since the proof of Proposition 2.1 is straight-
forward and technical, it is omitted.

PROOF OF THEOREM 1.5. The proof follows the similar lines as the proof
of Theorem 1.2 in [15]. In what follows let u' and u? be two solutions of (1.1)
on (2, F, (F;), P) with sample paths in C(R4, Ciery) P-a.s., with the same initial
condition u!(0) = u2(0) = u¢ € Ciem and the same white noise. By Proposition 4.4
in [24], (1.5) is equivalent to the distributional form of (1.1). That is, fori = 1,2
and for every ¢ € C°(R):

. 1 pt .
(' (1), ¢)= (uo,¢)+5/ (u'(s), Ap)ds
(2.1 0

t .
+/ / o(s,x,u' (s, x))p(x)W(ds, dx) vVt >0, P-as.
0 JR
Let Ry = Ro(K) and R, = R; + R». By the same truncation argument as in Sec-
tion 2 of [15], it is enough to prove Theorem 1.5 with the following condition

instead of (1.7):
There are Ry, Ry > 1 so that for all # > 0 and all (x, u,u’) € R3,

(2.2) lo(t, x,u) —o(t,x,u’)| < Roe®1 W |u —u'|”.

We use the following definitions and notation from [16]. Let

(23) ay = efn(n+1)/2
so that
2.4) np1 =ane "l = anaz/".

Define functions y/, € C2°(R) such that supp(v,) C (an/2, an—1/2),

2
(2.5) 0<¢nx)<— Vx e R,
nx
and
an—l/z
(2.6) / Yp(x)dx =1.
an/2

Finally, set

lxl ry
@7 o= [ [ va@rdzay.
Note that ¢, (x) 1 |x| uniformly in x and ¢, (x) € C*°(R). We also have
x|
2.8) 810 = sign() [ 9 (3)dy,
(2.9) ¢y (x) = Y (Ix]).
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Thus,
(2.10) |p(x)] <1 VxeR,neN,

and for any function /2 which is continuous at zero

nli)ngo/R@[(x)h(x)dx:h(O).

Define

MEMI—Mz.

Let (-, -) denote the scalar product on L2(R). Let m € N and recall that G, (x)
denotes the heat kernel. We also use the notation G (x) = j—;G,(x). Apply Itd’s
formula to the semimartingales (ui, G,2x—"))= Gmfzui(x), i=1,2in (2.1)
to get

& (G p—2u:(x))
t
_ / 1 . 2
—/0 fR%(Gmfzus(x))(a(s,y,u (s,y)) —o(s,y,u(s,)))

x G,—2x—y)W(ds,dy)

' 1
(2.11) +f0 ¢,2(Gm—zus(x))<us, EGZ,fz(x —-)>ds

= [ ’ [ (1G]

x (o (s, y, ul(s, y)) —o(s,y, u’ (s, )’)))2
x G,—2(x — )2 u(dy) ds.

REMARK 2.2. In Section 2 of [15], after equation (2.35), the following
mollifier was used for the same purpose that we use G,,— in this proof. Let
® € CP(R) satisfy 0 < & < I, supp(®) C (—1,1), [r P(x)dx =1, and set
O (y) = mP(m(x — y)). We would like to emphasize here that & from [15]
has a compact support, while G, -2 is the heat kernel which has an unbounded
support. This choice of mollifier will help us later on (see Remark 4.1).

Fix 79 € (0, 00) and let us integrate (2.11) with respect to the x-variable, against
another nonnegative test function W € C.([0, fo] x R). Choose K; € N large
enough so that for A =1,

(2.12) Jluollx < K1 and T ={x:W(x) > 0forsomes <t} e (—Ki, K1).
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Now apply the stochastic Fubini theorem (see Theorem 2.6 in [22]) and Proposi-
tion 2.5.7 in [17] to (¢, (G,,,—2u;(-)), ¥;) as in [15] to get,

<¢n (anzut('))’ lpf)
t
= [ [#1(G20)G 2= . w0)
x (o (s, y, ul(s, y)) —ol(s,y, u’(s, ¥)))W(ds, dy)

+ [ [ 01Guus )i 5620 = 9w axas

(2.13) +%f0t/R/Rr/fn(|Gm-zus(x)l)

x (o(s,y, ul(s, y)) —ol(s,y, u’(s, y)))2
x G,-2(x — y)2u(dy)\lls (x)dxds

t .
+/(; <¢n(Gm*2Ms(‘)),lps>ds
=IO+ L0+ L) + 1 @),

Note that for i =2, 4, Iim’”(t) look exactly like the terms considered in [15]. The
only difference is that we chose here the heat kernel as a mollifier instead of the
compact support mollifier that was chosen in [15]. For I"", I*", the expressions
are different since here we use the inhomogeneous white noise, which is based on
the measure p(dy)ds. The main difficulty in this work, is to show that Ié" (1)
converges to 0 when n, m — oo. The convergence of Ié" (t) relies on the reg-
ularity of the difference between two solutions of (1.1) near their zero set (see
Section 3 for the heuristic explanation). As mentioned earlier, since the solutions
to (1.1) are rougher than the solutions in the white noise case, we needed to change
the argument which was developed in [15] (see Remark 4.1).

NOTATION. We fix the following positive constants €1, &g satisfying

(2.14) 0<el<i(y—1+L), 0<80<@.
100 201+ 1) 100
Let
(2.15) o= ——.
n+1

Note that by our assumption on 7, ko € [1/2, 1). The choice of k¢ will become

clear in Section 3. Set m, =a, "} ** = exp{(ko + £0)(n — 1)n/2}, for n € N.
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m,n+1

From this point on, we focus on /; , where m is set to m = m,, 1. Note that

for I3m"“’"+] we may assume |x| < K by (2.12). Recall that Tx was defined in
(1.13). If s < Tk, then we have

(2.16) lu' (s, y)| < Keb!, i=1,2.
By (2.2), (2.5) and supp(¥,) C (an/2, an—1/2), we get for t € [0, to],
A Ty

C(Ro) [Tk y
= n+1)Jo /I;/RKMS’ Gas(xoﬂo) (x — ))|

2.17) .
2R
X L1 /25105.G 20cyesg) (=) 1San/2)€ (s, y) |

X Gayreg (X = Y)(dy) Vs (x) dix ds.

Moreover, since sup, g |Gaz(K0+so> (x)| < my41/+/2m it follows that for all ¢ €
[0, %01, '

1 A Ty

m 1 tATk )
(n r‘l:l) ./0 /R/RKMS’ Gaﬁ(Koﬂo) (x =) 1

2Ry 2y
X La,1/220G ateghe =M zan/20€ " (s, )|
n

< C(Ro)

X G pugrep (¥ — ) uldy) Vs (x) dx ds

< C(Ro)a,***02a |,
(2.18)

XfMTK/ / L{ans1 /2I(uy,G (=) 1=an/20€2 R (s, ) |7
0 rRJR n+1/«=\Us, ai(KO+€0) =Un
X G 2ot (X = y)(dy) Vs (x) dx ds

S C(R())an_l_KO_go_z/n

l/\TK IR |y| 2)/
X /0 /R fR]l{an+1/2<|<us,Ga5(K0+go)<x—-)>|<an/2}€ Wus, y)
X G apteq (x = y)u(dy) Vs (x) dx ds,

where we used (2.4) in the last inequality. Define

1"(1) == a1 ~*0—e0=2/n ATk 1
— Uy 0 R JR {l(ussGaIZl,(K0+50)(X—-)>|§a”/2}

x 2Ry (s, y)|2yGu2(K0+8()) (x = y)uldy)Ws(x)dx ds.

(2.19)
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The following proposition is crucial for the proof of Theorem 1.5. Recall that #
was fixed before (2.12).

NOTATION. Let N=Ki = (K|, K| +1,...}.

PROPOSITION 2.3. Suppose {Upynx : M,n, K € N, K > K1} are (F)-
stopping times such that for each K € N=K1

Umn.x =Tk, Umanx 1 Tk as M — oo for eachn and
(2.20) lim sup P(Uynx <Tg)=0.
M—o0 p
Also
2.21) forallMeN,  lim E(I"(to A Upn.x)) =0.
n— oo

Then, the conclusion of Theorem 1.5 holds.

PROOF. The proof of Proposition 2.3 follows the same lines as the proof of
Proposition 2.1 in [15]. Fix an arbitrary K € N=X1 and r € [0, 1]. Let

222) Zu(0) = [ 6ullr. G egreg (x = ) V() v

From Lemma 6.2(ii) in [21] we have

(2.23) sup sup e Ml /R G:(y —2)e*ldy <c()  forall A eR.
te(0,T] ye

By similar lines as in the proof of Proposition 2.1 in [15] and with (2.23) we have
(2.24) 0 < Zu(t ATxg) <2Ke5 1T Conu(W).

Let gm,.,.n(s,y) = (¢, (Gaz<K(,+go)us(-))Gaz<K0+s(,)(- — y), ¥y). Recall that W is a

nonnegative function, then from (2.10) we have
(2.25) |gm,1+1,n(sa y)| =< (Ga2('<0+50> ¢—=w), ws)-

We will use the following lemma to bound E ({/ i" wity, ATk )-

LEMMA 2.4. Let € M;Z (R). Then for every K > 0 we have

(2.26) sup //e'yIGg(z—y)]l{|z|§K},u(dy)dz<c>o.
£€(0,1]1VRJR

The proof of Lemma 2.4 is given in the Appendix.
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By (1.6), (2.25), Jensen’s inequality, Proposition 2.1, and Lemma 2.4 we have

E((Iinnﬂ’n)mTK)

:E(/OMTK /H;(gm,,ﬂ,n(s,y))2

x (o (s, y, ul(s, y)) —ol(s,y, u’(s, y)))zu(dy) ds)

t
<€ |06z =, )

X e'ylE(e_ly‘(l + |u' (s, y)|2 + |u2(s, y)]z))u(dy) ds

(2.27)

t
Byeles) f / / G agien (2 — VW2 (D) u(dy) dzds
0 JRJR an

t
<COIVIE [ [ [ 16 pugieo = D Laerspdy) dzds

Since Tx At — t,as K — 00, it follows that
{7 (s) 15 <t} is an LL2-bounded sequence of L>-martingales.
We can handle Ié" nH similarly to (2.46)—(2.47) in [15] (see also Lemma 2.2(b)
in [16]), and get for any stopping time 7,
m n tAT 1
(2.28) I,"*" (t/\T)—)/ / |u(s,x)|§A\Ifs(x)dxds inL! as n — oo.
0 R

By applying the same steps as in the proof of Lemma 2.2(c) in [16], we get that
for any stopping time T

tAT

I (AT f
0

The rest of the proof is identical to the proof of Proposition 2.1 in [15], and hence
itis omitted. [J

/ lu(s, x)|Ws(x)dxds  inL'asn— oco.
R

The rest of this work is devoted to the verification of the hypothesis of Propo-
sition 2.3. Verifying this hypothesis is long and involved. In the next section, we
provide short heuristics for this proof.

3. Heuristics for the verification of the hypothesis of Proposition 2.3. We
have shown in Section 2 that the proof of Theorem 1.5 depends only on the ver-
ification of the hypothesis of Proposition 2.3. In this section, we give a heuristic
explanation for this proof. We adapt the argument from Section 2 of [15] to the
case of inhomogeneous white noise.
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For the sake of simplicity, we omit &g, 2/n and the exponent e2R11¥l from 1",
in the calculations of this section. We also replace a,/2 with a, in the indica-
tor function in I”. For the same reasons, we replace the mollifier function in 7"
from G L) (x — ) to the following compact support mollifier, which was used
in Sectlon 2 of [15]. Let ® € C°(R) satisfy 0 < & < 1 supp(P) € (—1,1) and
f]R ®(x)dx =1, and set %' (y) =mP(m(x — y)). Our goal is to show that

t
rro=~a, KO/o /Réﬂlwﬁcpi”"nsunﬂ”(s’y)| !

G- x DY ()W (x)pu(dy) dx ds
—0 asn — oo.

Note that the term /" corresponds to the local time term in the proof of the
Yamada—Watanabe argument for SDEs (i.e., /3 in the proof of Theorem 1 in [23]).
Just as in the SDEs case, the uniqueness of (1.1) depends on the convergence to 0
of the “local time” term /" when n — oco.

The following discussion is purely formal. To simplify the exposition, we as-
sume that u’ (the spatial derivative of u) exists. The key to derive (3.1) is to control
u near its zero set. We will show in Section 6 a rigorous analog for the following
statement:

_n

20+ 1

= u/(s,) is {-Holder continuous on {x : u(s, x) ~ u'(s, x) ~ 0}

y>1-—
(3.2)

V¢ <.

For the rest of this section, we assume that (3.2) holds.
Let us expand /" in (3.1) to get,

t
~ 1 2y
roa Z/o /]R ./]R L s ol amu s, 0r~kay 165 D)
B
(3.3) x Y ()W (x)u(dy) dx ds
=Y I,
B

where } 4 is a summation over a finite grid g; € [0, B1 where B will be specified
later. The notation u'(s, x) ~ :I:a,’?i refers to a partition of the space-time to sets

where |u'(s, x)| € [atﬂ’+1 ’3’] In what follows, assume that u'(s, x) ~ a ' (the
negative values are handled in the same way). Let us expand u(s, y) in (3.3) to a
Taylor series. In this step, we will also motivate the choice of «g in (2.15). The fact
that

(3.4) supp (DY) C [x — a0, x + aX0]
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and (3.2) imply that for any y € supp (®5 "),
(s, )| < [uls, x)| 4 (Ju' (s, 0 + M|x — y|*)|x =y
(3.5) <a, + afﬂo + Mar(lCJrl)Ko
< Ca,(lﬂ/\'(og)*"(),
In order to get an optimal upper bound on |u (s, y)|, we compared the first and third
summands in the second line of (3.5), and obtained the condition (¢ + 1)kg = 1.

This condition together with (3.2) leads to (2.15). From now on, we assume (2.15).
From (3.3) and (3.5) we have

t
n —1—io+2y [(B KoL) +Ko]
ae PO=CH /0 /R /R]1{|u<s,x>|5an,u’<s,x>%iaf}

X @ () Wy (x)p(dy) dx ds.

Recall that cardim (i) = n. Hence by Definition 1.3, there exists a set A C R,
such that £ (A€) =0 and dimp (A) = 5. From this, (3.4), the fact that supp(Ws) C
[—K1, K1], and the definition of the Minkowski dimension (box-counting dimen-
sion) in Section 3.1 of [8], we can construct a set V# which is a union of at most
N(B) < C(Kl)an_ﬁ_s balls of diameter 3af/", such that it contains AN[—K1, K1].
Here ¢ > 0 is arbitrarily small. We conclude that the integration with respect to the
x-axis on the right-hand side of (3.6) could be done over the set VA8, instead of the
whole real line.

NOTATION. For a set B C R, let | B| denote the Lebesgue of B.

From the discussion above we have
(3.7) \VP| <3C(Ky)a, PHA/n—e,

Integration over V# will help us to improve the argument from [15] for the case
of inhomogeneous noise, since it takes into account that the noise “lives” on a
“smaller” set.

Note that by the definitions of @™ and the fact that u € M;Z (R) we have

(3.8) /R " ()u(dy) < a0 A{ Ly yj<afoy X = YTl =y 7T (dy)
— 1_
<Ca, wo(1=n+e)
From (3.6) and (3.8) we have
Ig ) < Ca= =10 +2y[(BAko)+kol—ro(1—n-+e)
_— n

3.9 t
% /0 A,ﬁ s 00 <an s xnkafy Vs (F) X .
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Note that from (3.3) we get that the convergence of /’3’ (¢) to 0 when n — o0 en-
sures the convergence of /" (¢). Our goal is therefore to show that the right-hand
side of (3.9) goes to zero as n — oo, for any f > 0. The value 8 = 0 is a little bit
special, so we will concentrate here on 8 > 0. Fix some 8 > 0 whose value will
be verified at the end of the section. For g > ,8_ , we get from (3.7) and (3.9),

[g (1) < Cmnfl7K0+2y[(ﬂf\Koé)JrKo]fKo(lfHe)Wﬂ|
(3.10) < Cta_l_K()+2V[(B/\K()f)"l"(o]—’f()(l—77+8){VB|
— n
—1—ko+2y[(B +i0l—ko(1—n-+e)—B+B/n—
< C(Kyta,'™*0 y(Brrob)+iol—ko(1—n+e)—p+B/n—¢

Consider the case where 0 < 8 < . Let

(3.11) Su(s) ={x € [—K1, Ki]: Ju(s, x)| < ay,u'(s,x) > af}.

From (3.2) we have that if n is large enough, then for every x € S, (s), u'(s, y) >
al 2 if |y — x| < L='a?* [where L = @2M)/¢ and M is from (3.5)]. By the
Fundamental Theorem of Calculus we get,

(3.12) u(s,y)>a, forallda!™P <|y —x| <L 'aP/’.

The covering argument in Section 2 of [15] [above equation (2.60)] suggests that

|S (s)| can be covered by 4K1La,,_ﬁ/§ disjoint balls of diameter Sanfﬂ Since we
are interested in bounding / "(t) from (3 9) it is sufficient to cover S,(s) N VA,

We will assume for now that a,’f /n > a,, ~F for B € [0, ,3] This inequality will be
verified when we fix all our constants at the end of this section. From the discussion
above and the construction of V# and S, (s), we get that S, (s) N VA can be covered

with C(M, K1)a, P=¢ balls of diameter 8a,1,7ﬂ . From the discussion above we have
for0 < B < B,

(3.13) 1S,(s) NVP| < C(M, Ky)a, P~¢al~P.
From (3.9) and (3.13), we get,
(3.14) Ig(t) <CM, Kl’,)an—1—Ko+27[(ﬁAKo€)+Ko]—Ko(1—n+8)—f5—6+1—/3'

Recall that ¢ > 0 is arbitrarily small. Hence from (3.10) and (3.14), we get that
lim,, s 00 Ig =0if

2 — 2 _
(315) )/[(,3 /\I(()n) +KO] > W V,B < /3,
and
_ 2 2 1— 2
(3.16) V(B Aron) +kq] > S DKot BT B/,

2

2(17 e In this case the choice B =1 — B/n together with
ﬁ = kon are optimal for (3.15) and (3.16). Since kg = -— was fixed, we get that

Now recall that y > 1 —
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B = n_ll and then by substituting 8 = #, Ko = # in (3.15) and (3.16) we get
lim;,— o0 Ig =0, if (1.10) holds.

REMARK 3.1. Note that (3.9) corresponds to (2.58) in Section 2 of [15]. In the
case of (1.1) driven by homogeneous white noise, the integral in (2.58) is bounded
by a constant times the Lebesgue measure of the covering of S,. In (3.9) we im-
proved the bound on /% by using a covering of a smaller set S, (s) N VA, The
improved upper bound allowed us to get (1.10) as a condition for pathwise unique-
ness for the solutions of (1.1) driven by inhomogeneous white noise. A direct im-
plementation of the cover from Section 2 of [15] to our case would give us the
condition y > 1 — n/4 which is more restrictive than (1.10).

4. Verification of the hypotheses of Proposition 2.3. This section is devoted
to the verification of the hypothesis of Proposition 2.3. The proof follows the same
lines as the proof of Proposition 2.1 in Section 3 of [15]. Let u! and u® be as in
Section 2. We assume also the hypothesis of Theorem 1.5 and (2.2).

Let

4.1 D(s,y):a(s,y,ul(s,y))—cr(s,y,uz(s,y)).
From (1.5) and (4.1) we have

4.2) u(t,x)= ‘/(;t /]R Gi—s(y—x)D(s,y)W(ds, dy), P-as. for all (¢, x).

By (2.2) we have

4.3) [D(s, )| = Ro(DeX M u(s, ).

Let § € (0, 1]. Recall that G;(-) was defined as the heat kernel. Let
4.4) uys(t,x) =Gs(ug—s),)(x)

and

4.5) up s(t, x) =u(t,x) —uy s, x).

Note that by the same argument as in Section 3 of [15], both u; s and u2 s have
sample paths in C(R, Ciem). From (4.2) and (4.4) we have

(t—8)+
w5t x) = fR ( /0 fR G(z—a)+—s(y—Z)D(S,y)W(ds,dy))

x Gs(z —x)dz.

(4.6)

By the stochastic Fubini theorem, we get

(t=08)+
wn ur 5, x) = /O /ﬂ; Gis(y —x)D(s, ) W(ds, dy),

P-as. forall (£, x) e Ry x R.
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From (4.5) and (4.7) we have

(1, %) = / | G =)D, »yWds.dy).
(4.8) 1=8)4
P-as. forall (f,x) e Ry x R.

Let e € (0, 6) and

ﬁz,a(t,e,X)=/

(t+€—8)+
P-as. forall (r,x) e Ry x R.

From (4.2), (4.7) and Fubini’s theorem we have

(4.10) (s, Ge(x — ) =u1s(t +€,x) +in5(t, €, x).

o f Gries(y —x)D(s, y)W(ds. dy),

REMARK 4.1. The verification of the hypothesis of Proposition 2.3 relies on
the regularity of u at space-time points (¢, x) where G¢u;(x) < a, (see Section 3
for heuristics). In [15] a sufficient regularity for u was obtained by the following
decomposition

(4'11) u(tvx):ul,(s(t7')+u2,5(tv‘)’

and by deriving the regularity of uy s, (¢, ) and uz s, (¢, -) (see Lemmas 6.5 and
6.7 in [15]). In our case, we could not show that u; s (¢, -) is “regular enough”
to get the criterion (1.10) for uniqueness. Therefore, we had to change the ar-
gument from [15]. The crucial observation is that the integral on the right-hand
side of (2.19) is taken over points where (u;, G G20t (x —+)) < ay. Therefore by

the decomposmon in (4.10), to bound (2.19) 1t is enough to use the regularity of
u,s, (s + &, x), 2, (s, &, x) (for particular §,, €,). It turns out that it s(z, €, x)
is “regular enough” so that the proof of Proposition 2.3 goes through, and as a
result we get the condition (1.10) for the pathwise uniqueness.

We adopt the following notation from Section 3 of [15].

NOTATION. If 5,2, >0 and x € R, let Gs(s,1,x) = G(1—5), +5U(s—5), ) (X)
and Fs(s,t,x) = —%G(g (s,t,x) = —Gj(s, 1, x), if the derivative exists.

We will need the following lemma.

LEMMA 4.2. (G-}:S (s, t,x) exists forall (s,t,x) € ]R%r x R, is jointly continuous
in (s, t, x), and satisfies

(s=8)4
Pt = [ [ Gl 0= 0D ) W(dr.dy)

Joralls e Ry, P-as. forall (t,x) e Ry x R.

4.12)
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The proof of Lemma 4.2 is similar to the proof of Lemma 3.1 in [15] and hence
is omitted.

REMARK 4.3. Since Gs(t,t,x) = uy s(t, x), as a special case of Lemma 4.2
we get that u} s(¢, x) is a.s. jointly continuous and satisfies

(t—8)+
u/l,a(tax):_/o /I;{G;_s(y—x)D(s,y)W(ds,dy),

P-as. forall (r, x) e Ry x R.

(4.13)

Recall that £y and ¢; were defined in (2.14). Next we define some constants that
are used repeatedly throughout the proof.

NOTATION. We introduce the following grid of §. Let

_ (o _ 1
4.14) L_L(so,al)_{<n+l 67781)80J,

and

Bi =iep € [O, HL —67781],

+1
; 2
(4.15) ai:2(&+81>e[0, —:|, i=0,...,L,
n n+1
__n _
,3L+l—n+1 net.
Note that 8 = 6;,i =0, ..., L 4+ 1, satisfies
n
4.16 0<B<——— .
(4.16) _ﬂ_n+1 nei

DEFINITION 4.4. For (¢,x) e Ry x R,
Xn(t,x) = inf{y € [x —a}*, x + a}°]
4.17) lu(t, y)| =inf{lut,2)|: |z — x| <a}}
€[x—ay, x+a]
In what follows we introduce some notation which is relevant to the support

of the measure u. Recall that K| was defined in (2.12) and that ko was defined
in (2.15).

NOTATION. We fix Ko € NZK1_ Let p € (0,1 — ko]. Since cardim(u) = n,
then, by Definition 1.3, there exists a set A C R such that u(A¢) = 0 and
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dimp(A) = n. Then for all n sufficiently large, there exists N (n, Ko, , p, &0) € N
such that

(4.18) N(n, Ko, n, p, €0) <2Koa, ",

and a covering, {V/"*}-Ko-n0 ) such that V" is an open interval of length

bounded by |‘7in’p| < a,’,)/", foralli=1,...,N(n, Ko, n, p, &) and

N(n.Ko.n,p.e0)
(4.19) (AN[—Ko, Ko]) C U Ve
i=1
We refer to Section 2.1 in [8] for the definition of the Minkowski dimension. Note
that (4.18) and (4.19) follow immediately from those definitions.

REMARK 4.5. Note that 1 — ko = ﬁ = B, hence the range of p € (0, 8] is
similar to the range of the 8;’s in (3.3).

We define the following extension of the covering above. Let Vi"’p ={x:|x—

y| < a,f/n for some y € \71.""0}. Note that |Vl.n”0| < 3a,‘,)/'7, foralli=1,..., N(n,
Ko, n, p, &). From (4.18) and (4.19), we get

(4.20) {Vi”’/’\N(n, Ko, 1, p, €0) 56[{005/061;’0_50,
| = 6K0ar(ll/’7_1)p—80.

Let V0P80 — U;V:(f’K"’”’p’SO) V"’ We will use the set V7P repeatedly
throughout this proof.
We define the following sets. If s > 0 set

dp

Jn,O(S) = {-x : |x| =< KO? <MSa Gaik()+28() (-x - )>| =< ?’

a?

A n
u/l’uzko (S, xn(S, x)) Z T}7
421)

Jn,(s) = {X s x| < Ko,

<l/ls, G 2K0+280(-x - )>’ 5 A
Qn

’ ~ a,’?L
w2 (s, Xn(s,x)) € [O, T“

Fori=1,...,L —1 set

Jn.i(s) = {x e ynbico . |(us, Gazxo+280 (x =) < a?”,
4.22)

aﬁi+1

/ A n arl?i
uLaﬁKO(S,xn(sax))e T’T .
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Fori =0,..., L, define

(4.23) Jni= {(s, x):0<s,x€ Jn,i(s)}.
We also define
. L—1
(4.24) Jn(s) = {x x| < Ko, andx ¢ | J V”’”’ﬂifo}‘
i=1
Note that

(S, f}’l(s7 x)) Z 09

/ ap
{x: |x|§K0,u1 (us,Ga2K0+zeo(x—‘)>|§ —}
n

2

2k(
,dn

L
C (U Jn,i(s)) U Ju(s), Vs > 0.

i=0
Recall that 7y was fixed before (2.12). If 0 <t <19, let

Py = g ome—7 [ 1 2RIy 2y
(t) =ay L Je L @e us, y)|

(4.25)
X G e (X = )W (V) u(dy) dx ds,
and
n —1—xo=e0—; (" 2RIy 2y
0 =a, L[ tno@e e, )|
(4.26) o JrJr

X Ga2ko+250 (x —Y)Vs(x)u(dy)dxds.

The following lemma gives us an essential bound on the heat kernel.

LEMMA 4.6. Let T > 0. Let u € M}Z(]R) for some n € (0, 1). For any vy €
(0,1/2), there is a Ca6(n, vi, A, T) > 0 so that

[ G = 1)
< Cus(n,v1, r, T)exp{—t~>1/8)  VxeR,te(0,T],A>0.
The proof of Lemma 4.6 is given in the Appendix.

The following lemma is one of the ingredients in the proof of (2.21) in Proposi-
tion 2.3. Recall that #( is a positive constant which was fixed before (2.12).

LEMMA 4.7. Forany K € N=K1 we have

(4.27) lim ["(tATk)=0  Vi<t.
n—oo
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PROOF. Letye AN[—Ky, K], where K| was defined in (2.12) and A was
defined before (4.18). Note that by (2.15), (4.15) and the construction of yren-Bi-go
if x € J,(s) then |x — y| > a,,°. Use this and Lemma 4.6 to get

on R A 2RIyl 21y
1"t NTx) < C(K)ay 1; (s)(x)e e
0 RJR 7

X G02K0+2so (x —Y)¥s(x)u(dy)dx ds

—1—ko—eo—5 [0 2(Ri+Dly]
= C(K)an /0 /RfR]l{|x_y|>a;o}e
(4.28) X Ga2K0+2€0 (x —YVs(x)u(dy)dx ds

—l—/(o—so—%

S C46(K’ nv 807 R19 tO)an

TO _ —50 8
x/ /e an "8y (x)dx ds
0 R

—kp—gg—2 —&
1—ko—¢&g ”e_an 0/8

S C(K’ 77’ 809 Rlv tOv Kl? ”\Dnoo)an
From (2.3) and (4.28) we get (4.27). U

Let

—l—ko—eo—2 [0
In =dp " / 1y, N >0
+ o JrJr {umgko(s,xn(s,x»_ }

) 2
(4.29) X {l{uy. G 2209 =M <ans21€ M Jue s, ) [
X Ga2K0+ng (x — ¥ x)u(dy)dxds.

Then, to verify the hypothesis of Proposition 2.3, it suffices to construct the se-
quence of stopping times {Upy,n = Uy .k, : M, n € N} satisfying (2.20) and

(4.30) for each M € N, lim E(I''(to AUpm,n)) =0.
Note that (4.30) implies (2.21) by symmetry. By (4.24)—(4.26) and (4.29) we have
L
(4.31) Y rrm+Ii"e Vi<
i=0

Therefore, from (4.31) and Lemma 4.7, to prove (2.21) it is enough to show that
fori =0,...,L,

(4.32) forall M € N, lim E(I" (1o A Upt.p)) = 0.
n— oo

NOTATION. Let I(8) = af/">1.
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We introduce the sets {fn,,-(s)},-zl ,,,,, 1 to be defined as follows. In each of
these sets we consider the points x € [—Ky, Ko] such that |(us, G 2K0+2£0(

) <% as in {J,;(s)}i=1,..... Motivated by (3.3) and (4.10), in each of
these sets we restrict u 4% (s + GZKOHSO

.....

') to certain intervals, for x’ € [x —
SI(Bo), x + 51(Bo)], and bound the increment of i iiy a0 (s, a20T2%0 ) The bound
on fig K1 Ju(s, )17 G 2egraeg (x — y)u(dy) in the definition of {J, ; (s)}i—1.. .1
will be used for technical reasons [see (4.42) and (4.43)].

jn’o(s) =X € [—KO, K()] N ‘(MS, Ga21(0+2£0 ( —_ X)H S a_n

2 b
/ 2co+2e0 1 ay
K0 0
i ao(s—i-a x)_16
Vx' € [x — 51(Bo), x + 51(Bo)],
5 202 ) — iy 5, @20, )|

< 27756151 (|x/ _ x//| v an),
V'€ [x —4a0, x +4a)?],
x" € [x' = I(Bo), x' +1(Bp)], and

fReZRl Muts, G pxyoeg (X = y)p(dy)
< C(R1, Ko, n, €o)a,2,3”‘0—"0(1—77)—280}’
(4.33)
y .
In,L(s) = {x € [—Ko, Kol : |(us, G e (- — X)) < >,

/ 2Kk0+280 ./ Br
ul,aZ‘L(s—i_a” ) =at

Vx' e [x —50(BL). x + 51(BL)].

2k0+2€0 x) 2k0+2¢0 x//)‘

|ﬁ2, L(s,a, ~2, L(s.ay
< 2—75a’/13L+1 (I = x"| v ay),

Va' € [x — 4a0, x + 4a],

x"e[x' =1(BL), x' +1(BL)], and

Aelel)’l |u(s’ )’)|2yGaﬁ’(0+280 (x - y)/“L(dy)

< C(Ry, Ko, n, eo)a,f”(K0+/3L)—Ko(l—n)—2eo},
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and fori € {1,...,L — 1},
Joi(s) ={x e Vrhieo s (g, G (—x) <2
n,i = . ) arzl’(OJVZSO ) ’
) (5 02070, 3) € [af /16, aff),
Vx' e [x = 51(B:), x + 51(B)],

5/{0—}-280, x/) _ 3/{0—‘1-280, x//)}

ity i (s,a ity i (s,a
(4.34) <27 (¥ = x|V an),
Vx' € [x —4a0, x +4a)"],

x"e[x' —1(B:), x' +1(Bi)], and
[ P (s, )1 G g = y)pa(y)

< C(Ry. Ko.n. 8O)a3y(Ko+ﬁi)Ko(ln)260}.

Finally for 0 <i < L, set
(4.35) Jni={(s,x):5>0,x € J,;(5)}.

NOTATION. Let ny(e1) =inf{n e N:a;' < 2_M_8}, no(er, &0) = sup{n €

—£0€1] /4
N:apl <27 }, where sup @ = 1 and

ni(eg, Ko) = inf{n eN:
(4.36)

—&0

o Ko [ byl an
anf - Gi1(y)dy —2Kype _/‘780 eV'G1(y)dy > > [
—ay An

The following proposition corresponds to Proposition 3.3 in [15]. We will prove
this proposition in Section 7.

PROPOSITION 4.8. fn,,-(s) is a compact set for all s > 0. There exist stop-
ping times {Up n = Upnk, : M,n € N}, satisfying (2.20) and n(go, ko, ¥, 1,
Ko, R1) € Nsuch that fori € {0, 1, ..., L}, jn,i(s) contains J,, i (s) forall 0 <s <
Up.n and

(4.37) n> nM(81) \ n0(80, 81) Vv n1(80, K()) Vv nz(eo, Ko, ¥V, 1, Ko, Rl).

Throughout the rest of this section we assume that the parameters M,n € N
satisfy (4.37).
The following lemma corresponds to Lemma 3.4 in [15].
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LEMMA 4.9. Assumei €{0,...,L}, x € J, ;(s) and |x — x'| < 4a}’.
(a) Ifi >0, then
‘(us» GHZKO+2£0 ( _ x//)) _ (us, GaZKOJrzSO ( — x/)”
§2a5i(|x/—x”| Voay) V|x" — x| < L,(Bi)-
(b) Ifi < L,and a, < |x" —x'| <1,(B:), then
<MS’ Ga2K0+2£0 (' - X”))

> 2—5a£i+1 (x// . x/) ifx" >x,

_ (l/ts» Ga}'zlko+2£0 ( — x/)> < 2_5a£i+1 (x// _ x/) ifx/ > "

The proof follows the same lines as the proof of Lemma 3.4 in [15], hence it is
omitted.

NOTATION. Let I,(8;) = 65an ""*'. The following lemma corresponds to
Lemma 3.6 in [15].

LEMMA 4.10. Ifi €{0,..., L}, then

(4.38) (i) <ay’ < %Zn(ﬂi)-

The proof of Lemma 4.10 is similar to the proof of Lemma 3.6 in [15], hence it
is omitted.

LEMMA 4.11. (a) Forall s >0,

|J.0(5)| < 10KoL, (Bo) ™1, (Bo).
(b) Forallie{l,...,L—1}ands >0,

| Jni ()] < 10K0L, (B:) "1n(By).

PROOF. The proof of (a) follows the same lines as the proof of Lemma 3.7
in [15] for the case where i = 0. The proof (b) also follows the same lines as
the proof of Lemma 3.7 in [15] for the case where i = {1, ..., L — 1}. The major
difference is that in our case jn,i(s) C Vmn-bi-eo g0 instead of covering fn,,-(s)
with 7, (B;)~! balls as in [15], we can cover it with a smaller number of balls
which is proportional to I, (B~ " O

PROOF OF (2.21) IN PROPOSITION 2.3. Recall that to prove (2.21) in Propo-
sition 2.3, it is enough to show (4.32), for i =0, ..., L. In fact, we will prove a
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stronger result. Recall that ny, ng, ny, no were defined before and in Proposi-
tion 4.8. We will show that for

2
(4.39) n>np(er) Vno(eo, €1) VvV o V ni(eo, Ko) V na(eo, ko, v, 1, Ko, R1),

—1+51=—13
(4.40)  I"(to A Upn) < C(1, Koo to, [Wlloo)an 207

which implies (4.32) since y > 1 — L) + 100¢1. By Proposition 4.8, % < &1

241
[by (4.39)] and (2.14) we have

I'(to AU n)

—kp—gn—2 [00AUMn
=a T T L o luts
0 RJR '

(4.41) X Ga5K0+2€0 (x —y)¥s(x)u(dy)dxds

fo
—1—ko—2 2R
<a;l™*0 81/(; /R/Re 1Iyl]l{S<UM.n}]1f,”~(s)(x)

2
X G 2eraeg (x = Y)|u(s, )| Wy (x)u(dy) dx ds.
Consider first the case where i = 0. For x € fn,o(s) we have

[ Pt 3P G g (5 = y)dy)
(4.42) R "
< C(R1, Ko, 7, gg)ayy 0~ otl=m=2c0,
We get from (4.41), (4.42) and Lemma 4.11(a),
Iy (to AU n)

< C(Ry, Ko, 1, g0)a,, K07 261 g2vko—wko(I=m =20 g |

(4.43) X /Oto /R ]ljn,o(s)(x)]l[_KO,K(,](x)dx ds
< C(R1, Ko, 1, €0, 10, [V lo0)
X, 1RO g0 =020 10 Koy (Bo) ™ (o).
From the definitions of I, (Bi), n(Bi) we get
1§ (to A Upmp,n) < C(R1, Ko, 1, €0, 10, |V loo)
(4.44) % an—l—/(o—Zelar%yko—Ko(l—n)—Zeoan—Sel 65a,1_80

< C(R1, Ko, 1, €0, 10, [|¥ |00 )a .



3118 E. NEUMAN

From (2.14), (2.15) and (1.10) we have
po=—1—k9—2e1+2yxg+xo(n—1)—5¢1+1— 3¢
(4.45) > 2koy — 2Kk0 + kon — 8¢
>y 143 =81,
Consider now i = {1, ..., L}. Assume x € fn,,-(s). Repeat the same steps as in
(4.43) to get
I'(to AUm.n)

(446) SC(RI’K()v 77’8()’[0’ ”qj”OO)

o .
% an—l—K0—2€1arZI}/(ﬁi+Ko)+Ko(n—l)—2€o/0 |Jn,i(S)|dS-
Fori={1,...,L — 1} apply Lemma 4.11(b) to (4.46) to get
< C(Ko, 1, €0, 10, ¥ [l oo, @)
% an—1—Ko—281+2y(ﬁi+Ko)+Ko(n—l)—280 IOKOl_n (B, (Bi)
4.47)
< C(Ko, 1, €0, 10, ¥ |00, ®)
% an_l_Ko_zsl+2y(’3i+K°)+KO("_1)_28°a;ﬁi_58165a,1_/3i+1

Pl
SC(K()v 77’80,[0’ ”qJ”OOaa))an .

Use (2.15), (2.14), (1.10) and (4.15) to get B; < 1 — ko, and
p1i =2k0y —2Bi(1 —y) — (2—mko —3e0 — 71
> 2k0y — 2(1 — ko) (1 —y) — (2 —n)ko — 30 — T&1

2 2 —
(4.48) R Nl BT
n+1 n+1
>y —1 -8
>y +2(TI ) &1

For i = L we repeat the same steps as in (4.46). We also use V"% with p =
1 — Br+1 = nko + €11, to cover the integration region. Then we use (4.20), (2.14),
(4.16), (2.15) and (1.10) to get

I (to A Upmn)
< C(R1, Ko, 1, €0, ¥ o) 10

N(n,Ko,n,nx0,€0)
(449) % ar(lﬂ—Z)Ko—l—38]+2V(/3L+K0) Z “/inv’(0|
i=1
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—ko—3e142y— 126, —
< C(R1, Ko, 1, €0, to, W]l )a, ' —07e12r = 126120

y—l—l—ﬁ—l&sl
< C(Ry, Ko, 1, €0, to, | ¥ [loo)an h :

From (4.44), (4.45), (4.47), (4.48) and (4.49), it follows that,

Il'n(tO A UM,n)
(4.50) 13
< C(R1, Ko, 1. 80, t0, |®[loc)an 077 ' Wi=0,...,L,

and we proved (4.40). [

5. Some integral bounds for the heat kernel. In this section we introduce
some integral bounds for the heat kernel. These bounds will be useful for the proofs
in the following sections. First, let us recall some useful lemmas from [15, 19] and
[24].

ForO<p<l,geRand0< Ay < A <t,define

t—A»y

A P
JM(AI,AZ,A)=/ (t—s)q<1/\t > ds.
— S

t—A
We will use Lemmas 4.1, 4.2 from [15].

LEMMA 5.1. (@) Ifg>p—1, then

2 —
Ipa(B1, A2, B) < — (AN AD AT,

+1
(®) If =1 <q < p—1, then
Tpg(A1L, A, A) < ((p—1—g) "+ (g + D H[(AAADT (A, <n
+(AA Al)pAg_p+lﬂ-{A2>A}]
= ((p — 1= Q)_l +(q + 1)_1)AP(A V. Az)é]—pﬂ‘
(©) Ifq < —1, then
Tpa(A1, A2, A) <2l + 1171 (A A AP AT 7,

Let

9G
Gl(x) = atx(X)'

LEMMA 5.2.

|G/ (2)| < C52t 712G ().
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The inequalities in the following lemma were introduced as equations (2.4e)
and (2.4f) in Section 2 of [19].

LEMMA 5.3. Forany 0 < 4§ <1, there exists a constant C53 > 0 such that
(a)
|G (x —y) = G (x" = y)|
(5.1)

_w=n?
1

2
< Csaslx —x/\at_“”)/z(e_(x i +e

)
forallt >0, x,x" eR.
(b)

|Gi(x =) = Gy (x" =)
(5.2)

_ =2 W =?
2t 2t

< C5.3|x _X/|6t—(2+5)/2(e

forallt >0, x,x" eR.

)-

+e

We will use the following upper bound on the exponential function.

LEMMA 5.4. Leta > 0, then for any 6 > 0, there exists a constant Cs 4(a, §) >

0 such that

X2
e~ a < Csqla, 8)t?|x|7°,

forallt >0, x e R.

The proof of Lemma 5.4 is trivial, hence it is omitted.
The following lemma puts together the results of Lemma 3.4(c) and Lemma 3.7
from [24].

LEMMA 5.5. Letu e M;(R)for some n € (0,1). Let w € (0,n) and T > 0.
Then for every . >0,r € (0,24+n—w) and t € [0, T],

(a) There exists a constant C53y(r, A, T, n, @) > 0 such that
e [ MG = iy

Cis3)(r A, T,n, o)
(t —s)r—ntw)/2

(5.3)

Vs €[0,1),x € R.

(b) There exists a constant C(5.4)(r, A, T, n, @) > 0 such that

t
supe_Mx'/ /eM”G;_S(X—y)M(dy)ds
5.4) xeR 0 JR

<Cia(r AT, n o) vt €0, T].
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(c) For every § € (0,n — @), there exists a constant C55/(8,T,n, @, 1) >0
such that

/Wﬂf e’\m(G (x—y)—Gp_s(x' — y))zu(a’y) ds
0 R 1—s t'—s

5.5 /
(5.5) < C(S.S)(Sv T,n, w, )\.)(|t _ t/{8/2 + |x _ x/|5)e)\|x|eklex |

Vt,t' €0, T],x,x e R, A>0.

(d) For every a € [0,2], ¢ € (0,n/2) and 6 > 0, there exists a constant
Ci60,a,n,T,¢) >0 such that

/}R N (x — y)2 G, (y — 1) uldy)

- Cis6(0,a,n,T,ée)
- tl—a—n/2+e

(5.6)

Ve (0,T],x eR.

PROOF. (a) follows immediately from Lemma 3.4(c) in [24]. (b) follows from
(a) by integration. (c) was introduced as equation 8 in Lemma 3.7 of [24]. The
proof of (d) follows from Lemma 5.4 with 6 =2« 4+ n — € along with (1.2). O

NOTATION. Let
(5.7) d(t,x), (. x) =t — 1| + |x' —x|.
The following lemma is a modification of Lemma 4.3 from [15].

LEMMA 5.6. Letu € M?(R)for some n € (0, 1) and let € € (0,1n/2).

(a) Then, there exists a constant Cs56(n, €) > 0 such that0 <s <t <t',x,x €
R’

/R(Gﬂ—s (X' —y) = Gi—s(x — ) u(dy)

L@, ), (rcx’»z].

< Cse(n, &)t —s>"/2—1—8[1 p
— S

(b) Forany R > 2 there is a C56(R, 1, €, v9, v1) > 0 so that for any 0 < p,r <
R,vp,vi € (1/R,1/2),0<s <t <t <R, x,x' €R,

/Re"x*y'lx — P (Gy_(x' = y) = Gi_s(x — )
X Ly > (=) 20w 2 —a A ()
< Cse(R. 1, &, vg,v))|t —s|V/>717¢ exp{—vi (' — S)_2v0/32}
d((t, x), l‘/, "\271—(v1/2)
X[IA ((,x), ( x))} _

t—s
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The following lemma is a modification of Lemma 4.4 from [15].

LEMMA 5.7. Letu € M;’(R)for some n € (0,1) and let € € (0,1/2).

(a) Then, there exists a constant C57(n, &) > 0 such thats <t <t', x,x' € R,

/];Q(G;’—s (x/ - y) - G;—s(x - y))zu“(dy)

L A 4@ x), (t/,X’))z].

r—s

< Cs7(n. )t — s)"/“—z[

(b) Forany R > 2 there is a C57(R, vg, V1,1, &) > 0 so that for any 0 < p,r <
R,vo,vi€(1/R,1/2),0<s <t <t <R,x,x' €R,

_ 2
[ e = ¥1P(Gh (= 9) = Gy = )
X Lyl (7 —s)V 20y 2l —xy #(dY)
< Cs5.7(R., vo, v1, 7, &)t —$)">"2F exp{—v (' —s) > /64)

x [1 A U@, (t/,x/))z}l—(vl/z).
r—s

The following lemma follows from Lemmas 5.5 and 5.6(a).

LEMMA 5.8. Letu € M;(R)for somen € (0,1). Let . >0and ¢ € (0,n/2).
There is a C58(n, €, A) > 0 such that forany 0 <s <t <t’, x,x' € R,

/R N(Grs (v = ¥) = Gy (x — ) p(dy)

< Cs5(n,8,2)(t = )"> 7 72d((t, %), (', x')) PPl =,

The proofs of Lemmas 5.6-5.8 are rather long and technical, so they are given
in the Appendix.

6. Local bounds on the difference of solutions. This section is devoted to
establishing local bounds on the difference of two solutions of (1.1). These bounds
are crucial for the construction of the stopping times in Proposition 4.8. In this
section we assume again that uy, u, are two solutions of (1.1). We denote u =
u' — u? and we assume the hypotheses of Theorem 1.5 and (2.2). Our argument

follows the same lines as the argument in Section 5 of [15].
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NOTATION. Forall K,N,neN, & € (0,1) and B € (0, #], let
Z(K,N,&) () ={(t,x) €0, Tx] x [-K, K]:
there is a (fo, o) € [0, Tk ] x R,
such that d((t, x), (fo, £0)) <2~ and
|u(fo, %0)| < 27VE),
6.1) Z(N,n,K,B)={(t,x) €0, Tg] x [-K,K]:
there is a (fy, X0) € [0, Tx] x R
such that d((f, %o), (¢, x)) <27V,
|u(fo, X0)| < an A (a)7027N), and
|M/Laﬁko (0, X0)| < a?},
and for 8 = 0 define Z(N,n, K,0)(w) = Z(N,n, K)(w) as above, but with the

condition on |u} o (fo, X0)| < a,’,3 omitted.

Recall that we fixed n € (0, 1) and y € (1 —

=(V—1+77/2)(1—)/”’)Jrl

5 D in (1.10). Let

(6.2) Vm T—y o Ym=ym A +0).

From (6.2) we get

(6.3) Ym+1="7Vm +1/2, vo=1.

Note that y,, increases to Yoo = %er"/z) +1= 2(1]7—;/) > n+1 [the last inequality
follows by (1.10)] and therefore we can define a finite natural number, m > 1, by
(6.4) nﬁ:min{m:ymﬂ>n+1}=min{m:yym>l+g}.

Note that

(6.5) Yar1=n+1.

REMARK 6.1. In this section we often use the constraint ¥ > 1 — /2. Note
that it holds trivially for y satisfying (1.10).

DEFINITION 6.2. A collection of [0, co]-valued random variables, {N (@) :
a € A}, is stochastically bounded uniformly in « if

(6.6) im sup P(N(a) > M) =0.

1
M—>00ycp
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Recall that K| was chosen to satisfy (2.12).

PROPERTY (P,,). Form € Z, we let (P,,) denote the following property:
Foranyn eN,&,60€(0,1),K € NZK1 and B e |:O, %}, there is an
n

Ni(w) = Ni(m,n, &, e, K, B,n) in N a.s. such that for all N > Ny,
OD it (1,x) € Z(N.n, K, B), 1’ < T and d((z, x), (', ")) <27V,
then |u(x', )] < a2 N[ (a0 v 27 N) ! 1 0By, 0]
Moreover N is stochastically bounded uniformly in (7, §).
The goal of this section is to prove the following proposition.
PROPOSITION 6.3. Foranym <m + 1, (Py,) holds.
REMARK 6.4. We will prove Proposition 6.3 by induction.

We introduce the following theorem, that will help us to prove (Py).

THEOREM 6.5. Assume the same assumptions as in Theorem 1.5 except now
allow y > 1 —n/2. For each K € N and & € (0, 1) there is an No(&, K, w) € N
a.s. such that for all natural numbers N > Ng and all (t,x) € Z(K, N, &),

d((t',x), t,x)) < 27N and { <Tx implies lu(', x") —u(t,x)| < 2—N§,

The proof of Theorem 6.5 is given in Section 9. Theorem 6.5 was proved in [15]
for the case of homogeneous white noise (see Theorem 2.3 therein).

PROOF OF (Py). The proof of (Py) is similar to the proof of (Py) in Section 5
of [15]: just replace Theorem 2.3 in [15] with Theorem 6.5. Exactly as in the proof
of (Pp) in Section 5 of [15] we get that N; = N1(0, &, K, n). That is, N1 does not
depend on (1, 8). [

To carry out the induction we first use (P,,) to get a local modulus of continuity
for Fjs (as in Section 5 of [15]).
Recall that F5 was given by (4.12) where

D(r,y)=0o(r,y,u'(r,y)) —o(r, y, u*(r, y)).
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From (4.12) we getfors <t <t'ands <s' <t
|Fs(s,t,x) — Fs(s', ', x')|
<|Fs(s,t',x") — Fs(s', t', x")| + | Fs(s, ', x") — Fs(s,t,x)|

(s'—9)
©.8)  _ ’ / " / G\r_(y —x')D(r, y)W(dr, dy)
-8, JR

(s—8)+

(Gy_,(y—=x") = G,_.(y —x))D(r, y) W(dr,dy)|.

From (6.8) and (4.3) we realize that to get the bound on | Fs(s, t, x) — Fs(s', ', x')]|
we may use the bounds on the following square functions

Or.s(s,s',t',x')

M "2e2Rily] 2
(sAs'—8) / Grp(y = Wu(r, y)I7Y n(dy)dr,
SAS'— +
05s.1,8,u (s, 2, x,1",x")
(s—8)+
(69) _/ / {lx— y|>(l, }")1/2 UOVZ‘X —x|}
(G;/ (x _y) (x y))2 2R1|)’||u(r Y)|2yu(dy)dr

Os2.5.v(s 1, x,1',x)

(S—(S)+
B /0 /I:&]l{lx_HS(l/—r)l/z_VO\/le/—xI}

X (G, (x" = y) = G, (x = )2 |u(r, y) [ uidy) dr,
forvg€(0,1/2),6 € (0,1]ands <t <t',s' <t'.
We will use the following lemmas to bound the terms in (6.9).

LEMMA 6.6. Let 0 <m <m + 1 and assume (P,). For any n,§&, &y, K

and B as in (Py), if dy = d((s,y), (t,x)) V27V and /Cos(®) = (4a, ** +
22Ni@ K Ky then for any N € N, on

(6.10) {w:(t,x)€e Z(N,n,K,B), N > Ni(m,n,&, ¢, K, B)},

we have

u(s. )| < VCoo(@)e”ld5 [(ak0 v dn)" " + Lymooyal]
Vs <Tg,yeR.

(6.11)

The proof of Lemma 6.6 is similar to the proof of Lemma 5.2 in [15], hence it
is omitted.
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REMARK 6.7. If m =0 we may set &g = 0 in the above and N; does not
depend on (n, g9, B) by the proof of (Py).

LEMMA 6.8. Forall K e N2Ki R > 2/n there exists Ce3(K, R, Ry, vo, ) >
0 and an N¢g = No(K, ) € N a.s. such that for all v, vi € (1/R,1/2), 5 € (0, 1],
B €10, %] and N,n € N, for any (t,x) e Ry x R, on
{w:(t,x)e Z(N,n, K, B), N > N3},
Os.1.5.0(s, 1, x, 1, x")
< C6.824N6,g[d2—v1 F(d ANBEISTIHI2=E0 (g A ])4)/]
Vs <t <t x' eR.
Hered =d((t',x), (t, x)).
PROOF. The proof is almost similar to the proof of Lemma 5.4 in [15]. The

only difference is that we use Lemma 5.7(b) instead of Lemma 4.4(b) from [15].
Therefore, we get the exponent —2 + n/2 — gg instead of —3/2 for §. [

LEMMA 6.9. Let 0 <m <m + 1 and assume (P,,). For any K € N=Ki |
R>2/n,neN, g €(0,1),and B €0, #], there exists Coo9(K, R, Ry, vo, 1) >
0 and an N¢9 = Ngo(m,n,eo, K, B,n, ) € N a.s. such that for any v, €
(1/R,1/2),vp € (0,1n1/32),6 € [a,Z,KO, 1, NeNand (t,x) e Ry xR, on

{(1): (t"x) € Z(N7n5 K, ﬂ), N > N69},
QS,Z,(S,UO(S’ t7 x, t/,x/)

< C69 [an—zso + 24N6.9] [d2—l)1 (S](\)//fm —2+41/2—£0)N0 + a%ﬂy S]](/—Z‘H’]/z—é?())

+dA \/5)2—1)15—24-77/2—80 (j]zv)/);m + a;%ﬁy&?vy)]

Vs <r<t, |x|<K+1.

Here d =d((t',x), (t,x)), dv =d v 27N and §y =8 v d_lzv Moreover, Ngg is
stochastically bounded uniformly in (n, ).

PROOF. The proof is similar to the proof of Lemma 5.5 in [15]. First, we use
Lemma 6.6 to bound |u(r, y)| in the integral defining Qg2 5 v,. Since we may

assume s > §, and from the assumptions we know that § > a,Z,KO, therefore we
have d((r, y), (¢, x)) > a,". Hence, when we use (6.11) to bound |u(r, y)|, we may
drop the max with a,,’ in (6.11). Then we proceed as in Lemma 5.5 in [15]. The
only difference is that we use Lemma 5.7(a) instead of Lemma 4.4(a) from [15].
Therefore, we get the power —2 4 /2 — gg instead of —3/2 for §. [J
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LEMMA 6.10. Let0<m <m+ 1 and assume (Py,). Forany K € NZK1 R >
2/n,neN, e €(0,1), and B € [0, 15, there is a Co10(K, Ri, w(R), 1, £1) >
0 and Ng10 = Ne.jo(m,n, R, &9, K, B)(w) € N a.s. such that for any vy €
(1/R,1/2),6 € [a,Z,KO, 1], NeNand (t,x) e Ry xR, on
(6.12) {w:(t,x) e Z(N,n, K, B), N > N¢.10},

Ors(s,s', 1", x)
< C6.10[an_280 +24N6'10]|S _s/|1—vl/2

(6.13) x [5yTm=2tn/2=e0n0 | 2By gy =24n/2=e0
—2+n/2—gq ( 72V Vm 28y 32V

+ ]]'{8<(?]2V}8 +n/ So(dN Vi +anﬂde )]
Vs<t<t,s' <t <Tg,|x|<K+1.

Here d = d((t',x)), (t,x)), dy =d v 2N and 5y =8 v cf,z\,. Moreover, Ng 10 is
stochastically bounded uniformly in (n, B).

The proof of Lemma 6.10 follows the same lines as the proof of Lemma 5.6 in
[15].

PROOF. Let & =1~ (2R)™! A 55y) and define No.jo = Ni(m.n. &, eo.
K, B) so that Ng 19 is stochastically bounded uniformly in (n, 8), immediately
from (P,,). Assume that s v 5" =§ > §; otherwise, Q7 s(s,s’, ¢, x) =0. Let s =
s A's’. We use Lemma 6.6 to bound |u(r, y)| in the integrand of Q7 s and the
maximum with a,’ can be ignored since an’ < A/t —r in the calculations below.
We argue as in the proof of Lemma 5.6 in [15], that for w as in (6.12) and s, , s/,

t’, x" asin (6.13) we have

Ors(s, s’ t',x")

5—8
=< C6.6/ / G;,_r(y — x’)zeZRlKeZ(R1+l)\x—yl
(s—8)+ /R

(6.14)
x 27N v (V=1 + 1y —x )]
X [2_N Vv (\/m—k ly — xl));”’_l —i—af]zy,u(dy) dr.
Note that
2NV (W =r+ly—xl) =@ N Vix =X+ V1 —r+]y— x|
@1 <dy -+~ —r+|y—x,
and

(6.16) cCRIFDY=XI < C(K | Ry)e@RIFDI=x'],



3128 E. NEUMAN

Apply Lemma 5.2, (6.15) and (6.16) to (6.14) to get
Or.s(s,s', 1/, x')
55
< C66C(K, Ry) / (t' — F)_le(ﬂ—r)(y — JC/)2
(s—38)+ /R
x 62(R1+1)|y7x/|[cz]2vyf + (- r)yé’ +ly— x/}ZyE]
< [Czlz\ly(fm—l) + (t’ _ },.)V(J;m_l) + |y . x/}Z)/(?m—l) +a,21ﬂy]
X u(dy)dr.
Apply Lemma 5.5(d) witha = y& and a = y (y;, — 1) to (6.17) to get
Or.s(s,s',t',x')

(6.17)

F—s B
<COK. R [ =) )]
5—8)

% [6712\])/(]7"1_1) 4+ (t/ _ r)V(J;m_l) _'_arzlﬂy]dr

58
(6.13) <C(K,Ry, 77)/ ]]'{r<t/—a'_12\,}(t/ _ r)—2+n/2—80
85y U=

(s—8)+
s [(¢/ = ) P50 4 0287 (¢ — )78 dr + C(K, Ry, )

5—6 7 % 1
<[y e =) T aray D e

=:C(K, Ry, n)(J1 + J2).

Note that
§—6
1, ot —r) 2250 gy
/(;—8)+ {r>t —dlz\,}( )
< 1{5<d_]2\]}|:(t, — 5+ 8)_2+n/2_80’S, _ S|
(6.19) |
S —1+n/2—&o
PN O }
1—n/24+¢o ( )

1
S0 — ey <R
From (6.18) and (6.19) we get

b < C(n)]l{kj%v}a—zﬂ/z-eo(|S/ —s|A 8)621(\[—2)/(1—5))[[712\17/77"1 +a,f’3”67]2\,7’]

5=2H/2=e0 (|5 _ 5| A 8).

(6.20) o i
< C(n)1{8<g12\]}672+77/2760(|s/ _ S| A 8)1—U]/2[d12VVVm +a,%ﬂyd12\,7/],

where we have used the factthat y(1 — &) <1 —-& < QR) ! < v1/2.
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For Ji,let p=y(¥m +&E—1)— 2 —1n/2 +¢&9) or y&€ — (2 —n/2 + &) for
0 <m — 1 <m. Recall that 3, € [1, 1 + n], and € (0, 1). By our choice of £ and
from the bounds on y, 7,,, n we get

pZJ/f_<2—g+8o>

2

n n
>—-2+_-—¢g+ (1— )
SRR T

2

(6.21)

n
>-2+-—¢&+y—
2 O TG

> —14 10¢y,

where we have used (2.14) in the last inequality. From the same bounds on
Y. Ym. 1, €, we also get

psy(fm+s—1)—(2—g+eo)

sy<1+n)—2+g—eo
(6.22) ;
< —1 -n—
< +2n &0
1

< <.

2
From (6.21) and (6.22) we get

1
e|10e1 —1,=).
p ( €1 2)
Let ) =pAOandlet0<e<—p'. Sincet' < K and p’ € [0, 1 — 10¢7), we get
similarly to (5.25) in [15],

5—38
._ Y P
623 I(p):= /(‘sa)+ ]]‘{rft’—dlz\,}(t —r)’dr

<C(K.els' —s|' " @p).

Definegq =p+y(1—§&),sothatg =y, —2+n/2—eporqg =y —(2—n/24+¢p).
We distinguish between two cases as follows.

The first case is ¢ < 0. Then p’ = p < 0. Choose ¢ = y(1 —£) < QR) ! <
v1/2, then ¢ + p’ = g < 0. Thus, we can use (6.23) with this ¢ to get

1(p) < C(K,en|s’ —s|'*@n)?
(6.24) iy
<CK.ens' —s| 2@y
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The second case is ¢ > 0. Then p’ = (g — y(1 —&)) A0 > —y(1 — &). Choose
e=—p <y(1—£&) < (2R)~' <v;/2 and again we can apply (6.23) to get

I(p)<C(K,ep)|s' —s|'*
(6.25)
<C(K,e)l|s' —s|' 7"/
From (6.24) and (6.25) we get
(6.26) I(p) < C(K, eD|s’ —s|' ™2 Gw)"°.
From (6.18) and (6.26) we get
(627) -]l < C(K, 81)|S/ _ s|l—vl/Z[S](\J//J;m—2+n/2—80)/\0 + a%ﬂyé}(\)j/—Z-Fﬂ/Z—&g)AO]'

From (6.18), (6.20) and (6.27), (6.13) follows. [

NOTATION. Let

d((s,t,x), (s, 1", x")) :\/|s - +\/|t — |+ |x — x|

and
A”i (m,n,a, 80,2_N)

(628) — an—ZE() [an—(x(l—n/4)2—N)/)7m + (af:/z V. 2—N)(Vm7/—2+77/2)/\0
+ a;a(lfn/4)+/3y (a3/2 v 27N)y]'

PROPOSITION 6.11. Let 0 <m <m + 1 and assume (Py,,). For any n € N,
v1 €(0,n/2),e0€(0,1), K € NZK1 o € [0, 2k9], and B € [0, #], there exists
N6.11 = Ne.11(m,n, vy, 80, K, o, 8,1, u(R))(w) in N=2 a.s. such that for all N >
Neii, (t,x) € Z(N,n, K, B), s <t,s' <t' < Tk,

d((s,t,x), (s, 1", x")) < 2N
implies that,
|Faa (s, 1,x) — Faa(s', 1", x')|
<2784d((s,1,x), (s, 1, x’))l_vlﬁu/l (m,n,a,e,27N).

Moreover Ng 11 is stochastically bounded uniformly in (n, «, §).

PROOF. The proof of Proposition 6.11 is similar to the proof of Proposi-
tion 5.8 in [15]. Let R = 33/(vin) and choose vy € (R_l,v1/32). Let d =
d((t,x),(t',x")),dy=d v 2" and

2
(629) Qa,‘f (sa tv xa S/, xlv l/) = QT,a,‘;‘ (sv slv t/’ x,) + Z QS,i,ag,vo (Sa ta -xa tly x,)'
i=1
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We use Lemmas 6.8-6.10 to bound Qe (s, t, x,s’, x’, t"). We get that there exists
C(K,vy) and No(m, n, vy, g9, K, B, n) stochastically bounded uniformly in (n, 8),
such that for all N € N and (¢, x), on

{w:(t,x)€ Z(N,n, K +1,8), N > N>},
R(’)/ Qe (s,2,x,5", x', z‘/)l/2

<C(K,v)|a; 80+22N2](d+m)1—v1/2

< {(ag/z v dN)(y;?m—ZJrn/Z—SO)AO + afy(azz/z v jN)y—2+n/2—eo

+an—l+ﬂ/4—80/2(d_3<137m +a£)/d_[)\’/)}

Vs <t <t s' <t <Tg,|x| <K+2.
The rest of the proof follows the proof of Proposition 5.8 in [15] after (5.37)
there. Briefly, we use the Dubins—Schwarz theorem to bound |[Fue (s, x) —
Fye (s',t',x")|. We get that the power of o, in A, (m n a £0,27") changes

from —3/4« in [15] to —(1 — n/4)a and the power of (an v 2N changes to
Y¥m —2+1n/2) A0 instead of (Y41 —2) AOin [15]. [

From Remark 4.3 we have Fs(¢,t,x) = —u/l 5 (t, x). Hence, the following corol-
lary follows immediately from Proposition 6.11.

COROLLARY 6.12. Let 0 <m <m + 1 and assume (Py,). Let n, vy, &9, K,
and B as in Proposition 6.11. For all N > Ng 11, (t,x) € Z(N,n, K, B) and t' <
Tk, ifd((t,x), (t',x")) <27V then

|u/1,a,‘1" (t’ x) - “,1,a,°; (t,’ x/)|

(6.30) N o N
<27%d((t, x), (t', x")) 1Au/l(m,n,oz,80,2_ ).

Let8>an ands=t—6+a,%K°.Itis
[

We would like to bound |u} 4 — ul 20
easy to check that
2
(6.31) u’l’g(t,x)=—Fa3KO(t—8+anK°,t,x).

The following lemmas will be used to bound IFazK0 (s,t,x)— Fa2K0 (t,t,x)|, where

the hypothesis /7 — s < 27" from Proposition 6.11 is weakened considerably (see
Proposition 6.14).

LEMMA 6.13. Let 0 <m <m + 1 and assume (Py). For any K € N=K1 |
R>2/n,neN, g€ (0,1),and B € [0, #], there is a C¢13(K, Ry, n(R), n) >
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0 and Ng13 = Ne13(m,n, R, e0, K, B)(w) € N a.s. such that for any v| €
(1/R,n/2), N eNand (t,x) e Ry xR, on

{w:(t,x)e Z(N,n, K, B), N > Ne 13},

QT’aiKO (S7 ta ta x)

< C6,13[a;2€° —|-24N6'13]{|l‘ _ S|17v1/4[((t —9) Vagko))’fm—z-i'ﬁ/z—%

(6.32) 4+ agﬁy((, sV aﬁKO)V—Z-i—n/Z—so]

((t —5) Aa%xg)an—Z—i-n/Z—so

+1

{agko<2721v}
x 2NVI/2(2=2NYIn g 2By 9=2NY)) Vs <t.

Moreover Ng 13 is stochastically bounded uniformly in (n, ).

PROOF. The proof follows the same lines as the proof of Lemma 5.10 in [15].
Fix6 € (0,n/2 —¢gg) suchthaty — 6 >1—n/2 —gp. LetE =1 — ((4)/R)_1 A B)
and define Ng 13 = Ni(m,n,&(R), €9, K, B). Then we get from (P,,) that N¢ 13

is stochastically bounded uniformly in (n, 8). Assume that t > a,%KO; otherwise

QT 20 (s,t,t,x) = 0. Now repeat the same steps as in Lemma 6.10. Here we

have x' =x, s’ =1' =t and 8 = a>“*. We get that

2k
t—ay )
J1= / 20 ]l{r<t—2—2N}[(l‘ _ r)V(Vm+$fl)—2+n/2,80
(s—an ")+
+ 2B (t — r)y$*2+’7/2*80]dr,
(6.33)
t—a2¥0 -
T2 = / 2 Lips—n-2ny(f — r)” +n/2=¢0 4,
(s—an N+
x 2—2NVS[2—2NV(J7m—1> +a2hr,
and
(6.34) OT.a,(s,t,t,x) < Ce6C(K, Ry, n)[J1 + J2].

Repeat the same steps as in (6.19) and (6.20) with dy = 27N §= aﬁKO, s’ =t,and
use the fact that y (1 — &(R)) < 4R)"' A6 < v1/4 to get,

J = CONL ey _y g,y 27701 = 5| A )
x 2NVU=E)[2=2NY T 267 5=2NY]
(6.35) e )
< C(n)ﬂ{a,z,'(0<2—21v}a_ +n/ =90 (|t — 5] A a2X0)

n n

% 2Nv1/2[2—21\’)/)7m + a’%ﬁyz—ZNV]‘
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For Ji,let p=y(pm+&—1)—24n/2—egor p=y&—2+1n/2—¢p. Recall that
ne0,1),ye©0,1—n/2—¢e9+0)and R > 2/n. Therefore, &E =1 — ((4)/R)*1 A
0)>1—0 and

1
(6.36) pe(Q(n/2—80—0)—1,§).

If we consider the case of p > 0 and p < 0 separately we get, as in the proof of
Lemma 5.10 in [15], that

2k()
(t—ay ™)
6.37) / s, =1 dr <C(t = 5)((t = 5) v a;0)".
(s—an ")+

Use (6.37) and the fact that y (1 — &(R)) < 4R)~! < v /4 to get
Ji=Cn(— S)[((t —s5)V a%Ko)y();"l+$_l_80)—2+n/2

+a2PY ((t — 5) v a20) Vs~ /20

<C(n)(t— s)lf)/(lfé)[((t —5)V a2K0)V]7m—2+r]/2—30

n

(6.38)
+ aﬁﬂy((t _ S) V. aﬁko)y—2+n/2—80]
< Cn, K)(t — ) TA((2 = 5) v agro) T B2

+ a}%ﬁ)f ((t —5)V arleO)y_2+n/2_8‘)],
From (6.33), (6.34), (6.35) and (6.38), we get (6.32). [J
PROPOSITION 6.14. Let 0 <m <m + 1 and assume (Py,). For any n € N,
v1 € (0,1/2), g € (0,1), K € N2t and B < [0, i1, there is an Ne.ia =

Ne.1a(m,n, v, g0, K, B, 1, u(R))(w) € N a.s. such that for all N > Ne 14, (¢, x) €
Z(N,n,K,B),s <tand \Jt —s < N4/ implies that

|F 2y (5,1, %) — F 2y (2,1, %)|
a, a,

<2813 {2—N(1—v1)(a,/§0 v 2N ¥ =240/2)80

2—N
Nvy ,—1+n/4+ko
(6.39) +2 n (aSKoKon/21+r;/4 + 1)
x (27NYIn 1 ¥ (a0 v 27N)7)
+ (I _ S)(l—vl)/Z((mv aK())V];m—2+7]/2
n
+aP7 (ST =5 v ao)y T }

Moreover Ng_ 14 is stochastically bounded, uniformly in (n, ).
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PROOF. The proof is similar to the proof of Proposition 5.11 in [15]. First, we
bound Rg QT 20 (s,t,t, x)l/2 as follows. Let Ny(m, n, vy, €9, K, B) = %[ng, +

NO(K)], where I\NJO(K) € N is large enough such that
C6‘13Rg [an—fo + 22N6.13]2—V1N2/4
(6.40) < Cs 13R(?)’ [an—é?O + 22N6.13]2—2N6.13—21\70(K)

< 27100anf€0_

{w:(t,x) € Z(N,n, K, B), N > Ne.13(m,n,2/vi, €0, K, B)},

we have
R Q 2x0(s, 1,1, %)
(6.41) < (m)l_vl/zAl(m, n, A/t —sva?) +2N”1/2A2(m, n, 2_N),

s <t, t—s§2_N2,

172

where

Aiy(m,n,t —s Vv a)

1= 27100, S0 (r =5 v a0’ 4 By (Jr =5 v a0y =2n/2)
Ax(m,n,27N)

— 2—100an—380—1+17/4+/co (2—Nyym + afyz—Ny).

The only difference from the proof in [15] is that we use Lemma 6.13 instead of
Lemma 5.10 in [15]. This gives the values A, A, above. The rest of the proof
is similar to the proof of Proposition 5.11 in [15]. We use the Dubins—Schwarz
theorem and Proposition 6.11 with

Au’l (m, n, 2ko, &0, 2_(N_]))
_ an_zgo [an_z,(o(1_,7/4)2_(1v—1)y;7m + (a0 v Z(N—l))(J;mV—Z-H)/Z)AO
- a; 2001y (g0 g~ (N=DyY ],
to get
|Fa5K0 (s,t,x) — Fasko (t,t,x)|
< 2—812—N(1—V1)an—3€0 [an—ZKO(l—ﬂ/‘*)z—Nme

(6.42) + (allio v 2*N)()7m}’_2+77/2)/\0 + anf2l<o(1*77/4)+/3)/ (ago v 2*1\’))’]
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+ 2—99an—3€0(t o S)l_vl{(m Vi ago))/?m—z-f—ﬂﬂ
a7 (Vi —s v ako)y T2t2)
+ 2—98an—380—1+n/4+/(02Nv| (2—Ny;7m + ar{jyz—Ny).

Note that
2—N(1—v1)an—2K0(1—7)/4) + Nv an—1+77/4+'f0

(6.43)

Nvi —14n/4+ 2~V

vy —14n/44ko

= 2 a, <a3/<0—/<077/2—1+r7/4 + 1)'
n

From (6.42) and (6.43) we get (6.39). U

We would like to bound the increment of G, with « € [0,2kp]. As in
Lemma 4.2, for Fy, we get

Gs(s, t,x) = /(;

for all s a.s. for all (7, x).

(s—8)+
/R Gvsy—r(y — 2)D(r, )W (dr, dy)

We need to bound Gag (s, t,x) — Ga;;f (t,t,x) with « € [0, 2kp], so we repeat the
same process that led to Proposition 6.11. The difference is that now we deal with
the Gaussian densities G,_, instead of the derivatives G,_,. Recall that Propo-
sition 6.11 followed from Lemmas 6.8—6.10. In order to bound the increment of
GaZO’ one needs analogues to the above lemmas with Gaussian densities G;_, in-

stead of the derivative G/_,. The proofs of these lemmas and the proposition fol-
low the same lines as the proof of Lemmas 6.8—6.10 and Proposition 6.11; there-
fore they are omitted. Here, is the final statement.

PROPOSITION 6.15. Let 0 <m <m + 1 and assume (Py,). For any n € N,
v1 € (0,1/2), g0 € (0, 1), K € NZK1 o € [0, 2k0], and B € [0, #], there is an
Ne.15 = Ng.1s(m,n, vy, €0, K, a0, 8, n, u(R))(w) in N a.s. such that for all N >
Ne.1s5, (t,x) € Z(N,n,K,B), s <tand /Tt —s <27V,

|Gag (s,t,x) — Guu(t,1, x)| < 272 — s)(l_'”)/za;38°a;°’(1/2_’7/4)
< (a2 v 2N afr (@ 2N

We will use the modulus of continuity of ”/1 4o from Corollary 6.12 to get the
modulus of continuity for u 4.

NOTATION. Define
AM] (m, ns aa 809 2_N1 n)

— an—3so—(1—n/4)a[ar,flfar(ll—n/4)a + ar/i}y (ag/Z v 2—N)}/+1

+ (ag/z v 2—N)m7m+1 + :H-{mzrh}ag(l_n/4) (ag/z v 2—N)77]‘
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If v>0,let Né.m(v) be the smallest natural number such that 2!=V < N—4/V
whenever N > N¢ ;4(v).

PROPOSITION 6.16. Let 0 <m <m + 1 and assume (P,,). For any n € N,

vi € 0,y — 1+1/2), 0,61 € (0, 1), K € N*¥1, & € [0, 2], and B € [0, 171,

there is an Ng.16 = Ng.16(m, n, vy, €9, K, o, B, n, u(R))(w) in N a.s. such that for
all N > Ng 16, 1, o satisfying

640 20 < 2= 2WNe1amnn /2,60, KB @)D g 2NeroF DD g

o=El,
(t,x) € Z(N,n, K, B), t' < Tk,
d((t,x), (', x") <27V,
implies,
|u17a2z (t,x) — Ut ¢ (', x")]
(6.45) -
<2704((t,x), (', x')) " Ay, (m, n, a0, 80,27V ).

Moreover Ng 16 is stochastically bounded uniformly in n € N, o € [0, 2xg] and
B el 1]

REMARK 6.17. Although n appears in both sides of (6.44), the fact that N¢ 14
is stochastically bounded ensures that (6.44) holds for infinitely many 7.

PROOF. The proof of Proposition 6.16 follows the same lines as the proof of
Proposition 5.13 in [15].
Let

N¢ (m,n,vi,e0, K, a, B, 1, u(R))
(6.46) = (2Ns.11)(m,n,v1/2,80, K + 1,0, B, n, w(R))
V Ne.15(m,n,vi, 0, K + 1, a, B, 0, w(R))) + 1.
Hence, N¢ |, is stochastically bounded in (n, a, 8). Assume (6.44) and
N > N¢ 6 (t,x)€ Z(N,n, K, B), t' <Tx and
d((t,x), (t',x")) <27V,

As in the proof of Proposition 5.13 in [15], (¢, x") € Z(N — 1,n, K + 1, B) and
we may assume t’ < ¢.
Recall that

(6.48)  Gua(t',1,x) = Gi_pyau (u(t' — a5, ))(x) =Gy (urae(t', ) (x).

(6.47)
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From (6.48) we get that the increment of u; 4« can be bounded by
|t ,ag (1, x") = urag (1. 0] < |urag (', x7) — urag (1, %)
+ |ug g0 (t',x) — Gy (w40 (1, ) (x)
61 1.0 (¢.3) = Gy in g ()|
+[Gag (1, 1, x) = Gua (2,1, x)|
=TT+ +Ts.

For Tj let (fy, Xo) be as in the definition of (¢, x) € Z(N,n, K, B). Let y be be-
tween x” and x. Therefore, d((t, v), (t,x)) <2~V and d((fy, Xo), (t,x)) <27V,
Use Corollary 6.12 twice, with v;/2 in place of vy, (6.31) and the definition of
(fo, X0) in Z(N,n, K, B), to get

) g (1, )] < |y 4o (1, y) = 1) 4 (2, )|
+ [} g (2, ) = 14} g (G0, Fo)]
+ [} e (f0, X0) — u/l,a,z,KO (fo, %o) |
(6.50) + |u/’ 20 (10, %0) |
<2 8= NU-v/2p , (m n,a,e,27")
+|F 2o (fo = ay + ;0. fo, 50) = F 20 (f0. o. Z0)|
+aﬁ.

We would like to bound the increment of F 420 in (6.50) with the use of Proposi-
tion 6.14, but we need some ad]ustments ﬁrst Choose N’ such that

(6.51) 2N < gko < =N,

From (6.44) we have

(6.52) a0 < 2~ Neaalm,n,vi/2,e0,K,B,1,11(R))—1
. ) =< .

From (6.51), (6.52), we get
(6.53) N' > Ng.1a(m,n,vi/2, €0, K, B, n, n(R)).
Also from (6.44) and (6.51) we have

(6.54) 27V =1 < g0 <27 Meas(Ig)7!
Hence N’ > N( 16(”‘El) and by (6.51), our choice of @ > ¢; and the previously
introduced notation for Ng ;4 (Ft 1) we have

N’ £ s ) 4

(6.55) afl‘/2 52_1573 <2 % < N e =N,
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By the definition of (fy, £o) in Z(N, n, K, 8) and (6.51) we have
(6.56) lu(fo, R0)| < an = an A (a} 7027V,

and therefore, (fy, X9) € Z(N’,n, K, B). From (6.53) and (6.55), we get that the
assumptions of Proposition 6.14 hold with N’ instead of N, (f, Xo) instead of

(t,x), v1/2 instead of v; and s = fp — a® + a2“*. Hence from Proposition 6.14 and

the simple inequality a*° < a2’ 2

, one easily gets
A 2 A A ~ ~ A
|Fa2,<0 (to —ay +a;, 1, xo) — Faz'fo (to, 1o, xo)|
78 _3eoq Ko(1—3) —2+1/2)A0
<27 Bq30(q, 2 aZO[(VVm +n/2)A0]
(6.57) )
+ an—Ko(l—ﬁ/2+U1/2) (aZOVV’” 4+ ar/?yazoy)
ek 2L (y Py —2+1 [y ]
+an2( 2)(an2()/)/ +2)+a5yan2(y +2))}
Since a,’ < af,t/ 2, the middle term in (6.57) is bounded by the third term and we
get
A 2 ~ A ~ ~ A
|Fa2,<0 (to —ay +a;, 1, Xo) — Fazk() (10, to, xo)|
Y1
(6.58) _ 2—77a;350 {aZO(l_T)arlfo[()’)/m—z'i‘%)/\o]

_a

+a, 5 (1=n/2+v1/2) (ar;%)’);m + aﬂya};%y)}
1 .

Recall from (6.3) that y;,, > 1. Hence by our assumptions on vy [v; € (0,y — 1 +
n/2)] and (6.3), we get that

(6.59) yymzl—g—l-v].

From (6.59) we immediately get
Vi

V1 n
6.60 1— — 24152220,
(6.60) 5 +YVm—2+ 5Z 5>
From (6.60) we have
(6 61) aZO[l—‘)Tl'i‘(}/}/m—Z-i-%)/\O] < (aa/z v 2*N)1—V71+()/Vm—2+77/2)A0
. < (a® ‘

Recall the definition of Au'l (m,n,a, 8,2 given in (6.28). Apply (6.58) and
(6.61) to (6.50), and repeat the same steps as in (5.79) in [15] to get

’”/1 » (t/, y)‘ < 2_842_1\’(1_”1/2)&”—280[an_a(l_”/4)2_NV77m
+ (aﬂl/2 v 27N)(}’Vm—2+n/2)/\0
n

(6.62) + a;a(lfn/4)+ﬂy (aflt/Z v ZfN)V]
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n 2777a7330{(aa/2 v 27N)1—v71+(77/m_2+’7/2)A0
n n

_e

1—n/2 2 Ly m a
+a, 2( n/2+vi/ )(anzyy +ar‘?yanzy)} a’f

+
= 2_76&u1(m, n, o, &, vl,a;’l‘/z v2 N, n) —I—af.

Since y € (0, 1) and by the assumption v| <y —1+4n/2, we getthat 1 —v;/2 > 0.
Together with (6.60) it follows that Ay , 1s monotone increasing in an /22N,
From the Mean Value theorem and (6.62) we get

(6.63) T < [2_76Au1(m, n,ao, €, Vi, a,‘f/z v2 N, n) +af]|x —x'|.

Recall that ¢’ < ¢. From (6.46) and (6.47) we get that N > Ng 15 and +/t' —t <
2=N. Apply Proposition 6.15 to T3 to get

T; < 2—92(t/ . t)(1—Vl)/2an—380an—tx(1/2—n/4)
(6.64) B i
x [(@2/? v 27Ny aBY (a2 v 27N .

The last term that we have to bound is 7>. By repeating the same steps as in the
proof of Proposition 5.13 in [15] we get

(6.65) T, < C(K)Nt —t'[al + Ay, (m,n,a, g9, v1,a2* v 27N )]
Use (6.63), (6.64) and (6.65) in (6.49), then use d((z, x), (', x")) <27V, to get
|1ae (¢, X") — w1 qe (2, )|
< (Co.66(K)27N2 1279 d (1, x), (¢, x’))l_”l
(6.66) x a, @ (=n/=3e0 g0 (0=n/9) ,p

(@22 v 27N ) @Al (/2 v o =NV Tn=25/200

(a2 v 2N af (a2 N) .
Choose N1(K, vi) such that
(6.67) 27 NM2Ce 66(K) <2772,

and define Ng 16 = N¢ ¢ V N1 which is stochastically bounded uniformly in
(n,a, B) e N x [0, 2] x [0, #]. Assume N > Ng 16. Note that if m < m, from
(6.3) and (6.4) we get

a,‘;‘(l_”/“) (aff/Z v 2—N)(y17m—2+n/2)A0
. _ a3(1—n/4) (ag/z v 2—N)yym—2+n/2
’ < (aa/2v2—N)V}/m
— n

< (aZ{/Z Vv 2—N)y}7m‘
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If m > m we have
(6.69) a,‘f(l_"/‘” (ag/Z v Z—N)(y)?m—2+n/2)A0 — ag(l—n/af) (a,‘;‘/z v 2—N)17—1.
From (6.66)—(6.69) we get
ur,a0 (¢, X") — w1 40 (1, )|
< 2_9Od((t, 0, (7, x/))l—vlan—a(l—n/4)—3so
x [ag(l—n/4)+ﬂ + ]l{mzna}(a:f/z v 2—N)naflt(1—n/4)
+ (a2 v 2Ny P af (ag v 27Ny

=274((t. x). (. X)) T Ay, (m.n, o, 80,27V ). -

We need to bound the increments of Uz qx as we did for uj qe in Proposi-
tion 6.16. First we introduce the following notation.

NOTATION.
Al,uz (m9 n’ 801 27N1 n)
670 = a2 [N vagy v af)
AZ,MQ (m’ n5 80’ )7)

— a3 DT 1T/2) | @D =140/ B,

PROPOSITION 6.18. Let O <m <m + 1 and assume (Py,). Let 0 € (0,y —
1+1n/2). Then foranyn € N,v; € (0,60),e9€ (0,1), K € NZK1 o € [0, 2x0], and
B €0, #], there is an Ng 13 = Ng.18(m,n, vy, &0, K, a, B,n) € N a.s. such that
forall N > Ng 13, (t,x) € Z(N,n,K,B),and ' < Tk,

d=d((t,x), (', x")) <27V implies that

|u2,qa (1, x) —uz qo (t', x')|

V]

< 2789[61%&1@:2 (m,n,e0,27N, n) +d" ™" Ay, (m,n, g0, ).

Moreover, Ng 13 is stochastically bounded, uniformly in (n, «, B).

The proof of Proposition 6.18 follows the same lines as the proof of Proposi-
tion 6.16, and hence we omit it. Also see Section 7 in [15].
The following lemma is crucial to the proof of Proposition 6.3.

LEMMA 6.19. Let y satisfy (1.10), that is y > 1 — Foralln,m e N,

05,35#and0<d§1,

n
2(n+1) -

(6.71) ab? (ao vd)yl’l <aP+(d Vago));mﬂq‘
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PROOF. The proof of Lemma 6.19 follows the same lines of Lemma 5.15 in
[15].
From (6.3) we have

(6.72) vi—l=y—-1+n/2

From (1.10) we have

2

n n
6.73 +-—1> .
6.73) Yy 20+ 1)

From (2.15), (6.73), (1.10) and (4.16) we have

1 2
ﬁ(y—1)+/<o()/+n/2—1)2ﬁ(y—1)+—( " )
n+1

2(n+1)
(6.74) n 1 n’
=P+ T n+1<2(n+1)>

> 0.
From (6.74) we have

(6.75) By +koly +n/2—-1)=B.
Case 1. d < a,". From (6.72) and (6.75) we get
BY (%0 ri—l _  By+io(y+n/2—1)
a’’ (a’ vd =a
(676) n ( n ) n
<adb.
Case 2. aX° < d < af and a? < d". From (1.10) and (6.72) we have
ar/lg)/ (a0 v d)VI*I < d+my+n/2-1
<d"
6.77
( ) = gViat+1—1
E d]7m+l_1 ,
where we have used (6.2) and (6.5) in the last two lines.
Case 3.a,’ <d < af and d" < af. From (1.10) we have

1 1 1
pr+v+n2-nEzp(y 20
(6.78) n n 2 7
> B.

From (6.78), (6.72) and the assumption of this case we have

BY (k0 yi—1 By+(y+n/2—=1)B/n
ab’(a*v v d <a
(6.79) " ( " ) "

<db.
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Case 4. a,f < d. The following inequity follows directly from (1.10),
(6.80) 2y + g .

Note that by (4.16) and (2.15), B < k. In this case we have, in particular, a,,’ < d.
This, (1.10), (6.72) and (6.80) imply

afl/ (aZo \/d)yl_l < q2v+n/2—1
(6.81) <d"
S dferl_l’

where for the last inequality we have used the same argument as in (6.77).
From (6.76), (6.77), (6.79) and (6.81), (6.71) follows. [1

PROOF OF PROPOSITION 6.3. The proof follows the same lines as the proof
of Proposition 5.1 in [15].

Let 0 <m < m and assume (Py,). Our goal is to derive (Py,+1). Let g9 € (0, 1),
M = (%], & = 2% < koeon and set o; = iep fori =0,1,..., M, so that o; €
[e2, 2K0] for i > 1. Recall that y satisfies (1.10) is fixed. From (1.10) we get that
y >1—n/2. Letn, &, K and B be as in (P,) where we may assume & > 2 —
y — n/2 without loss of generality. Define vi =1 —§ € (0,y — 1 +1n/2), § =

E+(1-86)/2€(E D),
Na(m,n,§, €0, K, B, 1) (w)

M
=\/ Ne.16(m,n,v1,50/6, K +1,0;, B, 1) (),
i=1

N3(m,n,§, €0, K, B, n)(®)

M
=\/ Neas(m,n,v1,£0/6, K + 1, B, ) (),
i=l1
N4(m’ n, S’ €0, K’ :8)
ro2
= E((N6.l4(mv n, 1)1/2, 80/6’ K + 17 IB’ 77)
(6.82)
V N sglonea/@e0) +1)|

1
= :Ns(mynavlvgo’K’ﬂ’n)—"

Recall that in the verification of (Py) we chose g9 =0, and N1 = N1(0,&', K, n)
was independent of n and 8. Let

No(§,K,B)=N;(0,¢", K, n),
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and

Ni(m,n, &, ¢80, K, B, 1)
= (N2 V N3V Ny(m,n, &, 0, K, B, n) Vv Ne(&, K, B)+ 1
e N, P-a.s.

In what follows we often omit the dependence of Ny(m,n, &, 9, K, B, 1) in m, n,
&, g9, K, B, n and write Nj.

Because Ng.14, Ne.16, Né.m, Ne.13 are stochastically bounded uniformly in
(n, B), therefore, so is Nj.

Assume N > Ny, (t,x) € Z(N,n, K, B),t < Tk and d((t, x), (', x")) <27V,
Consider first the case of

(6.83) arzll(on < 2~ Ns(m,n,vi.e0,K.f,1m)

Recall that 7,41 — 1 < n. Since N > N(0, &', K, ) we get from (Pp) with g9 =0
and &’ in place of & and then, (6.83) and our choice of &/,

u (', x)| <27 N¢

< 2—N$/ (al(() \/2_N))7m+1_1 2N5/2
(6.84) L@ ] )
< 2—N(1—$)/22N5/22—N$[(a/;0 v 2—N)ym+1—1 + af]

<2 Mg v 2V f])

where we have used N > Ny > (1 — S)_1N5 in the last line. From (6.84), (P,+1)
follows.
Next we deal with the complement of (6.83). Assume that

(6 85) aZKOTI < 2—N5(m,n,v1,80,K,ﬂ,n)
. n = .

Let NN =N — 1> N, vV N3. Note that (f, o), which is defined as the point
near (f,x) in the set Z(N,n, K, B), satisfies (fo,%0) € Z(N,n,K + 1,8) C
Z(N',n,K + 1,8). We also get from the triangle inequality that d((fo, Xo),
', x")) <27V From (6.82) and (6.85) we get that (6.44) holds with (g9/6, K +1)
instead of (gg, K). Therefore, from inequality N’ > N, we can apply Proposi-
tion 6.16 to @ = > 62,0 =1,..., M, with (fy, X) instead of (¢, x), £/6 instead
of &g, and N’ instead of N. Since N’ > N3 we may apply Proposition 6.18 with
the same parameters.
Choose i € {1, ..., M} such that

656 G) if27 > a0, then a%/? < 27N <l = g%il2q 02/,
(i) if27" <a*, theni =M and so a%/* =g <27V
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In either case we have

(6.87) azli/2 v2 N < ako v 2N
and
(6.88) an—(l—n/4)ai (aZO v 2—N’)2—n/2 < an—(l—r]/4)82'

Apply Proposition 6.16 as described above with 1 — v; =& and use the facts that
d((fo, %0)), (', x") < 27N, $4y = y for m <1 and Y41 = ¥ ym + 1/2. Then use
(6.87), (6.88) to get

e qei (o, o) — uy e (', 1))
<2704((fy, Z0). (', x'))* @ 20/ 2= A=n/He
 alali =/ 4 g (a2 2Ny
(6.89) (a2 v 27N I a7 (a2 v 27V )
< 2—892—N/san—50/2[a5 i a”—(l—n/4)82ar/l§y (a0 v 2—N’)y71+n/2
+ an—(l—n/4)82 (aﬁo v 2—N/)Wm—1+n/2
+ Lz (@0 V2V, =1 M.

Apply Proposition 6.18 with o = «; > €2, (fo, Xo) instead of (¢, x), £9/6 instead
of g9, N’ instead of N, 1 — v; = &. Use the facts that d((f, o), (t',x")) <2V,
Ym = Ym form <m and Y41 = ¥ ¥m +n/2, and use (6.87) to get

’u2,asi (fo, X0) — Uy 0 ([’, x/)|
<27%[d((o, %), (¢, x'))F2 1T 2a, 02
x 27NV [(afo v 27Ny =D 7]
0y 141 0 (141
+d((Ro. o), (' X)) ay o[ YT e VT
<0—89,~¢0/2 [27N/(.§/2+1/2)27N/(y71+77/2)
(6.90) " /
x [(ayo v 27N D a7
4 2—N’§ [(alc() v 2—N/)(Vym_1+77/2)
n
+af (a0 v 2N D]

< 2—88an—80/22—N'§ [(ago v 2—N’)V7/m—1+77/2

+a57(a50\/2—1\’,)7’_1+77/2]’ l= 1,-..,M.
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From (6.89), (6.90), we get
|u(to, £0) —u(r', x")]

< ‘MZ,agi (fo, %o) — Uy i (t', x")]
(6.91) +Juy g2 o %o) = uy e (¢, )|

< 2—872—1\”561’[—80/2%—(1—?7/4)82 [arff + ar/?)/ (@0 v 2—N')V—1+Ti/2

+ (ago v 2—N/)7/Vm71+n/2 + ﬂ{m:m}(ago v 2—N/)?7].

Consider m = m and m < m separately to get
(6.92) (a0 v 2Ny T2 g (a0 v 27N <2 (a0 v 27Ny T

Recall that &> < nkoep and therefore (1 — n/4)ey < go/2. Use this and (6.92) on
(6.91) to get

|u(fo, %o) —u(t', x')]
(6.93) <2784 NEg0[gB 4 gBY (qr0 v 2N )Y IH/2
+ (arlio V. 2*N)J7m+1—1].

From (6.93) and the facts that |u(f, %0)| < a2~V and yo =1, y1 = y + /2
we get

u(', x')| < a; 202~ NE[gl—r0p=N1-6)
(6.94) ~
+ 2780 + oY (@0 v 2NN g (g0 v 2Ny 1

By our choice of N1 and N4 we have N(1 — &) > 1. Recall that B € [0, ﬁ] =
[0, 1 — kgo]. Therefore

al—Ko aﬂ
(6.95) alKop—N(-§) 7 T
n - 2 —2
From Lemma 6.19 we have
(6.96) al? (a0 v 2N < gf 4 (27N v o) T
Apply (6.95), (6.96) to (6.94) to get
(6.97) (', x')| < a; 2027 NE[af 4 (27N v gloymriT ),

which implies (Pp,+1). U
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7. Proof of Proposition 4.8. This section is dedicated to the proof of Propo-
sition 4.8. The proof follows the same lines as the proof of Proposition 3.3 in [15].
Before we start with the proof we will need the following proposition.

PROPOSITION 7.1. Let 0 <m <m + 1 and assume (Py,). Then for any n €
N, g9 € (0,1/2), v1 € (0, 0], K € N=Ki | & € [0, 2x¢], and B € [0, #], there
isan N7 = N71(m,n, vy, €9, K, «, B, n) a.s. such that for all N > N71, (t,x) €
Z(N,n,K,pB),

d=d((t,x),(t,x) < 27N implies that

gy Vi 1200~ 10120, )
. < 2_890;80[(Cln_KO(l_n/z)_3€Od) A dn/Z—eo]Al’uz (m’ n, 8,2_N, 77)
+d'v Aoy (m,n,en),
where

gy Bl 0,27 ) =20 v g P 40

Az’uz (m,n, &y, n) = al‘:(1+n/2—so)/2.

Moreover, Ng 13 is stochastically bounded, uniformly in (n, a, B).

The proof of Proposition 7.1 is given in Section 8.

In Proposition 6.3 we established the property (Py;41). Therefore, we can use
the conclusions of Corollary 6.12 and Proposition 6.14 along with Proposition 7.1,
with m = m + 1. We will use these conclusions to derive the modulus of continuity
for uy 4« and I:lz,agt.

We will construct a few sequences of stopping times {U 18[)" g W, I =
1,2,...,4, j=1,2,... and, roughly speaking, we will show that their minimum
is the required sequence of stopping times {Ups .} a.,. We fix Ko € N=X1 as before
(4.18) and the positive constants &g, €1 as in (2.14). For 0 < g < # — ney, define

(7.3) a=a(f)=2(8/n+¢e1) €[0, 2«0],
and
U[Ell,)n,ﬁ = inf]t : there are ¢ € [a*0T0, 27 M],
x| < Ko+ 1, %0, x" €eR,s.t. |x —x'| < 2~M

Ix — %ol <&, |u(t, R0)| < an A (a, e,

|l/l/ 2K0(t5-£o)| Sag7and
1,a,

7.4
" g (0 @202 2) ] -+ 02720, )|
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> 277020~ Q=n/De1 (| _ x| v gFoteoyI=Eo
x [a; G128 (e v |x' — x|)(n+1)y
+ aﬂ(n—l)/rl + aﬁy—ﬁ(Z—n/Z)/rz(g Vx' = x|)"]} A Tk,

Define U jﬁ,[)n o by the same expression with 8 = 0, but without the condition on
lu /1 2 (t, Xo)|. Just as in Section 6 of [15], U,E,})n P is an (JF;)-stopping time.

LEMMA 7.2. Foreachn € Nand B as in (4.16), Uﬂ?n’ﬂ 1 Tk, as M 1 oo and

(1.5) lim sup  P(Uy, 5 < Tk,) =0.

M
= 0n,0<p< e

PROOF. From the monotonicity in M and (7.5) the first assertion is trivial.
Let us consider the second assertion. Recall that n,; was defined before (4.36).
By Proposition 6.3 we can use Corollary 6.12 with go/2 instead of g, m =m + 1,
v =¢&9, K = Ko+ 1,and ¢, B as in (7.3) and (4.16), respectively. Therefore, there
exists No(n, €9, €1, Ko+ 1, B) € N a.s., stochastically bounded uniformly in (n, 8)
[where § is as in (4.16)], such that if

N > Nyo(w), (t,x)e Z(N,n, Ko+ 1, B),
(7.6) Ko-+&0 / -N

a4 x —x'| <277,
then,
0 (G200, x) — ) (1 + 20420,

= [t g (1 4 @ 0720, ) = ) 4o 1, )|
o + [} g (1 4 @ 020 %) — ] (2, 3)]
<27 8B(x —x'| v a;o%o)l—&oa;fso [a2B/n+en=n/8=Ny (1+1)
+ (2—N v a}gﬂ/n—ke]))(('}+1)V*2+77/2)/\0

+ an—2(/3/n+81)(1—77/4)+/37/ (ar/?/n+€1 Vv 2—1\’))’].

Sincey > 1 — % + 100¢7 [see (2.14)] we have

(7.8) m+Dy—2+n/2=zn-1

and

a BC/DntBy+B/nteny < gy (it D/n=2/n+1/2)

(7.9)
5 a’(lﬂ—l)ﬁ/ﬂ_
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Note that
(7.10) a’(lﬁ/n+81)(77—1) < af("_l)/"a;(z_”/z)gl.
From (7.7), (7.8), (7.9) and (7.10) we have
0 ¢ @220, ) 1 02720, )|
— 2783y — x| v goteoyl—e0  —e0—(2—n/2)e|

- (v =% v agrt )~

x [a;ﬁ(Z*n/Z)/nszV(nJrl) + (2*N Vv af/n)'i—l

+ an—ﬁ(Z—n/Z)/Hﬂyz—yN}

Assume that 8 > 0 [if 8 = 0 we can omit the bound on |u1 as (t, xp)| in what
follows]. Assume that M > Ny(n, g9, €1, Ko + 1, B) + 2. Suppose that for some
t < Tk, (< Tk,+1) there are € € [akote0 o—M] |x| <Ko+1,%0,x' eR satlsfymg
e —x'| <27M %o —x| <&, |u(t, R0)| < an A (an <) and Iul,ag(t+an ,Xo)| <

af 1f x # x’, then
(7.12) 0< (lx — x| +at®) ve <2~ M+l <p=No—l,

By (7.12) we may choose N > Ny such that 271 < ¢ v (a0 + |x — x'|) <
27N Then (7.6) holds and we get from (7.11)

[ g (1 @3 020, x) —ul o (1 + a3 020, )|
< 2—78(})6 _ xl| v a,';0+80)I_ann_ao_(z_n/z)sl
% [a—ﬂ(2—17/2)/77(‘x _ x’] v azo-ﬁ-So v 8)V(Tl+1) + a’f(n—l)/ﬂ
(7.13) +a, —p2- ’7/2)/’7+ﬁ7’(‘x —x/| Vag°+8° Vs)y]
< 2—76(})6 _ x/| v a20+80)1*80%—80—(2—77/2)81
x [a P12/ (|x — x| v E)V(’?H) +aP =/
+ an—ﬂ(Z—n/Z)/n+ﬁy(|x —x'|ve)].

If x = x’ the bound in (7.13) is trivial. From (7.13) we get that if M >
No(n, g9, €1, Ko+ 1, B) + 2, then Uﬁ?nﬁ = Tk, Therefore, we have shown that

P(Uy, 5 < Tko) = P(M < No+2).

This completes the proof because No(n, &g, €1, Ko + 1, 8) is stochastically
bounded uniformly in (n, 8), where § satisfies (4.16). U
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Next we define a stopping time related to the increment of uj 4. For 0 < 8 <
N _ g define

n+1
U]E/%,)n,ﬂ = infz : there are ¢ € [0,27M], |x| < Ko + 1,
%o, x' eR, st [x —x'| < M
x — Rol <&, u(t, R0)| < an A (a, ),
] e (30| = a?, and
T gt a@0) ~ g 1.0, )

- 2—87an—eo[((an—/co(l—n/Z)—Sso|x _ x/|) A |x _ x/|17/2—€0)

x (e V |x/ — x|)7 70

x (@ vev |y —x)” +a)7]

3By
+ ‘x _ xl|1—80an2 +éi 80)]} A TKO.

Define U ﬁ)n o by the same expression with 8 = 0, but without the condition on

|u’1 20 (t, X0)|. Just as in Section 6 of [15], Uﬁ)n P is an (F;)-stopping time.
,Qp T

LEMMA 7.3. Foreachn € Nand B as in (4.16), Ul(l/?,)n,ﬁ 1 Tk, as M 1 oo and

lim sup P(Ug)n s < Tk,) =0.
M—moﬂ,()fﬂﬁﬁfﬁsl o

PROOF. As before, we only need to show the second assertion. By Proposi-

tion 6.3, we can use Proposition 7.1 withm =m + 1, vy = g9, K = Ko+ 1 and

a, B as in (7.3) and (4.16), respectively. Therefore, there exists No(n, €9, €1, Ko +

1, B) € N a.s., stochastically bounded uniformly in (n, 8) as in (4.16), such that if

(7.15) N > Ny(w), (t,x)e Z(N,n, Ko+ 1, B), |x—x/}§2_N,
|’/~12,ag (l‘, a}%K0+280, x) _ ﬁz,a,‘;‘ (t, aﬁl(()-f—zso, x/)|

< 279 =l D300 [P
X 2_Ny(1_8°)[(2_N Va4 a,’l’ﬁ]

+|x — x/|1—80 [alf/ntendn/2=0]],

(7.16)

Recall that € (0, 1), then from (4.16) and (2.15) we have

(G (13 -m)=3
(7.17) —+eJ([1+<-—e)>=B+e1 —2¢0.
n 2 2
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Apply (7.17) to (7.16) to get

\Mz o (t a2K0+280 x) - M2 4 (t a2/<0+2£0 x )|
< 2—89a—80 ¥ —x a—xo(l—n/Z)—Sso Alx — x/ n/2—¢9
718) i ({ la, ) A | )
X 2_7’N(1_5°)[(2_N Va4 aﬁ,’ﬁ]
+ |x — x| TR0 B e =2e0],

The rest of the proof is similar to the proof of Lemma 7.2, where (7.18) is used
instead of (7.13). O

NOTATION.
Ay (n, e, €0, B, )
(7.19) = a0 g(e v @)1 + (ea K0@N/D) 4 g1 0/44k)
x (eFDY L abY (e v a0))).
For0< g < n+1 — &1 define

—(B/n+e)eq/4
U,S)n = = inf{7 : there are & € [27 ,27M]

’

x| < Ko+ 1,%0 € R,s.t. |x —Xo| <e,

(7.20) |u(t, R0)| < an A (ay *0e), M/l 2 (t, %0)| <af,and
0 g (00) = 1] g 1+ @207 )|

~ 2
> 278 (Ay (0,8, 80, B, ) + af TN A T

Define U ](‘;) .0 by the same expression with ,B = 0, but without the condition on

lu’ 120 (t, X0)|. Just as in Section 6 of [15], UM np is an (F;)-stopping time.

LEMMA 7.4. Foreachn € Nand B as in (4.16), Uﬁ?n’ﬁ 1 Tk, as M 1 oo and

lim sup (UI(\;,)n,/S < Tg,) =0.

M—>oon 0</5<——7781

PROOF. The proof of Lemma 7.4 follows the same lines as the proof of
Lemma 6.3 in [15]; hence we omit the details. The main difference in the proofs is
that we use Proposition 6.14 instead of Proposition 5.11 in [15]. [
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_n__
For0 < B < T — €l define
U,S?nﬁ = infz : there are & € [0,27M], |x| < Ko + 1,
Ro, ¥ €R, st |x —x'| <27 |x — %ol <,

(721
lu(t, Xo0)| < an A (a,ll_'(os),

u/l aZKO (ta -2.0)’ = a,’?’ and
lu(s, x")| > 4a, c0/8g1= 80/8[( ZOV8)n+a5]}/\TKO.

Define U ﬁ)n .o by the same expression with 8 = 0, but without the condition on
|u’1 209425 (t, X0)|. Just as in Section 6 of [15], Uﬁ) B is an (JF;)-stopping time.

LEMMA 7.5. Foreachn € Nand 8 asin (4.16), U]E;,)n,ﬂ 1 Tk, as M 1 oo and

(7.22) lim sup  P(Uy, 5 < Tko) =0.
M=00y 0<p<:tr—nes h

PROOF. From the monotonicity in M and (7.22) the first assertion is triv-
ial. Let us consider the second assertion. By Proposition 6.3 with g¢/8 instead
of g9, 1 —gp/8 instead of &, m =m + 1, K = Ko+ 1, and B, « as in (4.16) and
(7.3), respectively, there exists N (n, €0/8, €1, Ko+ 1, B, n) € Na.s,, stochastically
bounded uniformly in (n, 8) as in (4.16), such that if

(7.23) N = Ni(w), (t,x) € Z(N,n, Ko+ 1, B),
then,
(7.24) |u(t, x)| < a; @082~ N0/ (gkoy 2=NYT 1 gF] v|x —x/| <27V,

Assume that 8 > 0 [if 8 = 0 we can omit the bound |u1 s (t, Xo)| in what follows].
Assume also that M > Ni(n, &9/8, €1, Ko + 1, 8, n). Suppose for some t < Tk,
(< Tky+1) there are € € [0, 7MY x| <Ko+1, %R satisfying |x — Xg| < ¢,
lu(t, Xo)| < an A (a,ll_'“)e) and |u’1 2 (1 X0)| < a,’?. We may choose N > N such
»dn
that 2~V~! < & <27V Then (7.23) holds and we get from (7.24)
(7.25)  |u(t, )| <da, 0870 B[(a0 v &) +af]  Vx—x| <27V
We have shown that

P(UsP, 5 < Tko) = P(M < Ny).

This completes the proof because Ni(n,ep/8, €1, Ko + 1, 8) is stochastically
bounded uniformly in (n, 8), where g satisfies (4.16). [
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Let
4 .
(7.26) Unnp= /\ Ut s
j=1
and
L(go,e1)
(7.27) Umn= /\ UM,n,/f},w
i=0

where {,B,'}iL:(%O’Sl) are defined in (4.15). Recall that Uy, depends on the fixed
values of Ko, €g, £1. Note that g; € [0, # —e¢1], fori =0,...,L by (4.16) and
a; = a(p;) are given by (7.3). By Lemmas 7.2-7.5, {Uy , } satisfy (2.20) in Propo-
sition 2.3.

To complete the proof of Proposition 4.8 we need to prove that the sets fn, i(s)
are compact for all s > 0 and to show that jn,i(s) contains J, ;(s), for all 0 <
s <Upmnpandi=0,...,L.In the following lemmas we will prove the inclusion
Jni(s) C fn,i(s). We assume that M, n satisfy (4.37) throughout the rest of the
section.

We will also need the following lemma. Recall that | is defined in (4.36).

LEMMA 7.6. Lets € [0, Tk,] and x € R. Assume that n > ny (&g, Ko). If
(7.28) |(u(s, ), G02K0+280 x =) ==

then,

lu(s, £, (s, x))| < an.

PROOF. Let (s,x) € [0, Tk,] x R. Suppose that (7.28) is satisfied for some
n > ni(eo, Ko). By a simple change of variable we get

x—aZo o0
/ e|y|Ga3K0+250 x—y)dy+ / “ elyIGal%Ko“so (x —y)dy
(7‘29) —00 x+ay
o0
< 2Ko ‘/‘760 e‘yIGl(y) dy.
a

n

Assume that |u(s, X, (s, x))| > a,. From (7.29) and the continuity of u and our
choice of s < Tk, it follows that

‘/]R u(s, x)GazK0+zso (x —y)dy

x-l—ano
> an/); 5o G05K0+280 (x —y)dy
—Un
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x—ay?
— KO/ e‘ylGaﬁkouso (x—y)dy

(7.30) .
- KO/ X0 e|y|G 2i0+2¢() (X — y) dy
x+ay n
an 0 Ko [
>a, [, Gidy ~2Koe® [ eV1Gi(y)dy
—an dn
an
> —.
2

The last inequality follows from the assumption that n > n;. We get the contradic-
tion with (7.28) and the result follows. [J

NOTATION. Let
na(&o, ko, ¥, 1, Ko, R1)

:inf{n eN:

32Cs.5(1L 2R, ms 80/4) _ =2y(ot g taoll=n+20 _ou 2;“ }
Ca6(n, €0, 2Ry +2)KZe2Ko — ! '

LEMMA 7.7. Ifie€{0,...,L}, 0 <s <Up.p, and x € J,, i(s), then for all
n > na(éo, ko, ¥, 1, Ko, R1)

2
/RezR1|y\|u(s, y)| yGaﬁm”% (x —y)u(dy)

< 128C(s53)(1, 2Ry, 1, 80/4)62R|Koagl/(Ko-Fﬁi)—Ko(l—ﬂ)—Zso‘

PROOF. Assume that (n,i,s,x) are as above and set £ = a,,’. We have
[{uy, GaZK()+25() (x — ) <a,/2. By Lemma 7.6 we get

(7.31) |u(s, X (s, x))| < an <an A (a,i_"os), | %0 (s, x) — x| <e.

The definition of J,, ; implies that fori =1, ..., L,

(7.32) ' 5 (5, %n(s, x))| < abi /4.

2k
1,a, 0

From (2.14) and (2.15) we note that &; < kg. From (4.37) we have n > nj; (1) and
therefore

(7.33) a0 <27M,
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Use (7.31)~(7.33), with |£,(s.x)| < Ko+ 1 and s < Upr,n < Uy, o . and take
X = X0 = X, (s, x) in the definition of U,Ef;’)n,ﬁi to getfori =0,...,L
|u(s, y)| < 4an_80/8a,'§°(1_80/8) [a:llKo + arl?i]
(7.34) < gan—eo/Sago(l—so/SHﬂi
< 8akothi=eo/t e [x — a0, x 4 a¥0],

where we have used (2.15) and (4.16) to get 8; < kon in the second inequity.
From Lemma 5.5(a) withr =1, A =2R|,5s =0,t = a,2,K°+2€° and @ = g9/4 we

have

/ 2Rl 2ug+2¢0 (X — y)u(dy)
R fin

(735) < C5.3)(1, 2Ry, n, g/4)e*F1K0q, oten)I=mteo/)
< C(s5.3)(1, 2Ry, 17, 9 /4)e*R1Kog o= =5e0/4
Vx € [— Ko, Ko].
From Lemma 4.6 with = 272" and v, = &y we have

(2R1+2)]y]
/I;{e 12y G02K0+250 (x — y>1{|x—y|3a§°}'u(dy)

(736) an—280
<2C46(n, €0, 2R +2)e 1+ DKo~ "5

Vx € [— Ko, Ko].

Recall that Tx was defined in (1.13). From (7.34)—(7.36) and the fact that (x, s) €
[—Ko, Kol x [0, Tk, ] we have

fReZRllyl}u(s, y)|2VGa3KO+st (x —y)u(dy)

xX+a

ko

" 2

= RPNt TG g (x = y)(dy)
X—ap n

2R 2
+ [N, 97 G gz (6 = 3Ly oy )

x+aZO
< 64q27 Fothi)=e0/2 / o eZRllylGazkomo (x — y)u(dy)
X—ay n
(7.37) + K3 fR e<2R1+2)'Y‘Ga3KO+2EO (X = Dy g0, (dY)

< 64C5.3(1,2Ry, 1, 80/4)621?1Koagy(KoJrﬂi)*So/Qan*Ko(l*17)*560/4
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-2
o 260

4+ 2K3Ca6(n, €0, 2R + 2)eCR1TDK0 =5
< 128C(5.3)(1, 2Ry, n, 80/4)62R1Koa’%y(/c0+ﬂ,-)f,<0(1,,7),2€0
Vi=0,...,L,

where the last inequality follows from our choice n,. [

LEMMA 7.8. Ifie{0,...,L},0<s <Upp,and x € Jy, ;(s), then

A 2604280~ _ i+e1n’/4
@) 1] o (5 505, 00) = 1] 5+ P20, 2, (5, )] = 27 T,
Van s“Yn

(b) fori >0, u (s +a; ">, 2,(s, )| <ayf /2,

(©) fori < L,u (s +a; 0" %,(s,2)) > a1 /8,
“n

PROOF. Assume that (n,i,s,x) are as above and set ¢ = a,,’. We have
[{us, GaZK()+250 (x — ) <a,/2. By Lemma 7.6 we get

(7.38) lu(s, X, (s, x))| < an §an/\(a1_

0 0g), | %0 (s, x) — x| <e.

The definition of J,, ; implies fori =1,..., L
(7.39) |u’1 2 (s, % (s, 0))| < aPi /4.

From (2.14) and (2.15) we note that &; < k9. From (4.37) it follows that n >
no(er, €9) Vv ny(eg), therefore

—epe1 /4

(7.40) DM > gko =g > 070

Use (7.38), (7.40), |#4(s, x)| < Ko+1ands < Uy < Uyp), 4 and take x = £ =
Xn (s, x) in the definition of U IS)” 5, O get

|u’ 2 (s, Xn(s,x)) — ”/1,a,‘f" (s + agkoﬂeo’ 2n(s, 1))
(7.41) "

< 2_78(5,/1 (n,a, o, Bi,n) + a5i+glnz/4)-

Recall that n € (0, 1), ko = # are fixed. From (4.15) we have

(7.42) Bi + e1n < nko, i=0,...,L+1.
Note that for n € (0, 1),

(7.43) L—1+ﬁ+(1— 7 )z n_
N+ 1 4 20+ D)) "+l
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Use (2.15), (2.14), (4.15), (4.16) and (7.43) to get

ko — 1+ 2+ yko+ i) — Bi

4
1 n
> 142
“n+1 +4
1
(7.44) +(1— L +1008)(—+ <>—'
2+ 1) UACTES bi) = hi
1 n n n
=——1+—+<1— )— + 508
n+ 1 4 2n+ 1)) a1 !
> 50¢1,
Use (2.15), (2.14), (4.15) and (4.16) to get
n
_K0+K0§+V(K0+ﬁi)_ﬂi
> — L 7
n+1 2+ 1)
1
(7.45) +<1— L +100€)(—+ i>—i
2+ 1) UACES! bi)=F
1 n ( n ) n
=— + +11- - + 50e
n+1 2+ 1) 2+ 1)) p+1 :
> 50¢;.
From (7.44) and (7.45) we immediately get
(7.46) ko= 1+ +7ko+B) = fi+e
and
(7.47) —K0<1 - g) +yko+ Bi) = Bi +e1.

From (7.42), (7.46), (7.47) and (2.14) we get,
A"i (n,a, €0, Bi n)
— a;EO(H"O){aZ"O + (azo—1+n/4 + an—Ko(l—n/Z))
(7.48) % (azo(nH)y + ar;?iyazlffco)}
< 4{a£i+5177*250 + a5i+€1/2}

< 8a£i+517)/2‘
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From (7.41) and (7.48) we get

Ju

A 2kndden A
| 2012 (s, %n(s,x)) — u'1 o (s + a2ot20 % (s, x))|
sUp ’

(7.49) ,
73 B 4
<2 Cl,’f +en/ ,

and we are done with claim (a) of the lemma. (b) is immediate from (a) and the
fact that |u/l 20 (s, Xn (s, x))| < ap' /4 (by the definition of J,, ; for i > 0).
»dn
. 2 ,
(c) Since &9 < &152/100 by (2.14), ali P17 /* < gPi+t by (4.15). For i < L we

have by the definition of J, ;, u’ (s, X (s, x)) > a,’?”l. Then (c) follows from

2k
1,a, 0

(a) and the triangle inequality. [

_LEMMA 7.9. Ifie€f0,....,L}, 0<s5 < Umn, x € Jyi(s), and |x — x'| <
5l (Bi), then

@) fori >0, |u, o(s+a ™ x| <al,
Yn

(b) fori < L,u! (s +ay ™, x') > ' /16.

PROOF. Let (n,i,s,x,x’) as above and set ¢ = |x — x| + a,,’. Then from
(4.16) and (4.37) we have

(7.50) & < 5I,(Bi) + a0 = 5ali/T 4 g0 < 500°1 4 gk <27 M
From Definition 4.4 we have
(7.51) |Zn(s,x) — x| <a® + |x —x'| <k, |%n (s, x)| < x|+ 1< Ko+ 1.

By (7.51), 5 < Upn < Uy, 4 and the definition of Uy’ , with £, (s, x) in the
role of x we conclude that

’ull,a,(fi (S + aﬁ"0+250’ x/) . ull’aﬁi (S + a’%Ko-i-Zgo’ Fn(s, x))‘

(752) <27 70a, G |y — o] - a) T
x fay R (3 — x|+ ) T
+ afi(n—l)/n + a’/fi(yn—2+n/2)/n(‘x/ — x| +a)"].
From (2.14) and (4.15) we have
(7.53) Bi+1=Bi+e0<Bi—2e0—(2—n/2)e1+5&1(1 —¢0), i=0,...,L.

Use (2.15) and (4.15) to deduce B;/n + Se¢1 < kg, for i =0, ..., L. Since n >
ny(e1) by (4.37) we get

(7.54) |x — x| + a0 < 6afi/nter < gbiln,
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From (2.15) and (4.15) we have B;/n <kg < 1, fori =0, ..., L. Using this and
(7.8), (7.53), (7.54) on (7.52) we get,

|u/1,a,7i (t + 615160—0—280’ x/) _ Mll,afl‘i (t + CZZKO+280, )ACn(S, x)){

< 2—76an—80—(2—77/2)81 ar(zﬁi /n+5e1)(1—¢0)

x [a,gn—l)ﬁi/n + 2a’gy(n+1)—2+n/2)ﬁi/n]

(7.55)
< 277461;80*(2771/2)81%5181(1760)a’(11760)/3,'/77(1,(;7*1)/91'/0

< 2—74anfeof(27n/2)81+581(1*80)a5i*50
_ 2774a/3i+1
= no .

From (7.55) and Lemma 7.8(b) and (c) we immediately get claims (a) and (b) of
this lemma. [

LEMMA 7.10. Ifi €{0,...,L},0<s5s <Uppn, x € Jpi(s5), and |x — x'| <
4ay’, then

5/«04-250 , x/) 5/{0—{-280 , x//) |

lit, i (s,a —ily i (s,a

d
»An

(7.56) | ;
<27 Baf (' = x| Vay) Y =2 <Da(B).

PROOF. The proof uses the ideas from the proofs of Lemma 6.7 in [15].
K0

Let (n,i,s, x,x") as above and set ¢ = Sa,° <2~M, by (4.37). Then
(7.57) |x" = Xu(s, 0) | < |x" = x| +af° <e, Ix'| <|x|+1<Ko+1.
From Lemma 7.6 we have

(7.58) |u(s, £n (s, X))| < an = an A (a) ™).

From the definition of (s, x) € J,; we have fori > 0,

(7.59) u’

20 (s, Xn(s,x))| < afi/4 < a,f".
Let
Q(n, €0, Bi,r)
_ an—go[(an—l(o(l—n/Z)—:;&)r) A (r(n—280)/2)]
X [ v ay) T 4 (v ag) T afi ],

Assume that |x’ — x| <1,(8;) <2~™ where the last inequality is by (4.37). From
s<Upyn < U](é’)n’ﬁi, and the definition of UIE/%,)n,ﬂ,-’ with (x’, x”) replacing (x, x”)
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we get
i i (5 G200, XY = iy i (s, 24020, )|
E2787a’:s()[[(|x// /|a ko(1—n/2)— 380)
Allx” — %! (n—2¢&9)/2 500V v |x” — x! (n+1—e0)y
60 (=22 P((5a) v | =)

+ ((5ay?) v [ — )7 0afiv ]

+ {x” _ x/|1—soar3[/3,-/2+slfso]

< 2_82(Q(7’l, €0, Bi, }x// _ x/‘) + ’x// i xlyl_eoasﬁi/2+gl_80).
We show that
(7.61) Qn.e0, fi.r) <2a*'r  YO<r<I,(B).
Case 1. ay’ <r <1,(B).
O, o, Bir) < aﬂ—Sor(n—260)/2[r(n+l)y—so + afiyry—so]
7.62 -
(7.62) = a0 [r(n+1))/+n/2—280 + a’/fiyry+n/2—2so]_

Therefore, (7.61) holds if

(763) r(n+1)y+77/2—1—28()§a5[+1+8()’
and
(764) ar/?i}/ry+n/2—l—2£0 §a5i+1+80.

From (2.14) we have
(7.65) (I+my+n/2—-1-2¢ >n+e,
and hence

pUrtDy+n/2=1=260 < \n

Hence by the upper bound on r in this case, it suffices to show that a”(ﬂ i/ "+581)

aP 170 Wwhich is clear from (2.14) and (4.15). Hence, (7.63) follows. Turning to
(7.64), from the upper bound on r and (4.15) we have

i 2—1-2gy ,,—Bi+1—¢0
abivpvn/ €0 g Pi

< afﬁ y+(y+n/2—1-2e0)(Bi /n+5e1)—Bi+1—¢0

(7.66) - a%(y(n+1>—1+n/2>—ﬂf+581(y—1+n/2—2eo>—2eo—2eo%
— “n

< a281()/—1+77/2—280)—260

=1,
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where we used (2.14) and (7.65) in the last two inequalities. From (7.66) we get
(7.64). This proves (7.61) in the first case.

K
Case2.0<r <ay’.

Now, let us show that (7.61) is satisfied in this case. Recall that in this case we
get from (2.15),

Q(I’l, €0, ,Bia 7‘)

(7.67) < an—SO—KO(l—ﬂ/z)—380r[azo(n‘i‘l—so))’ + a}};(l—SO)KO'Hgi)’]
— g Se0*o(1=n/2) [y (1=e0) | qreotiv],

From (4.16) and (2.15) we have

(7.68) al <al<othiv,

From (7.67) and (7.68) we conclude that (7.61) holds if

(7.69) rafi“ > ra%"“ﬁ"y_sgo_"()(l_”/z).

Note that from (2.14) we have

7.70 — 10¢g1,

(7.70) y =< 2+ 1) 1

and therefore,

(7.71) La—y)g(y—lquﬁ)L—mgl.
n+1 2/n+1

From (7.71), (2.15) and (4.16) we have

(7.72) Bi+1(1 —y) < (V— 1 +g>l€o— 10¢;.

From (7.72) and (4.15) we get

(7.73) B = vbi+ (v =143 Jro =S,

and therefore (7.69) is satisfied. From (7.67)—(7.69) we get (7.61) for Case 2.
Consider the second term in the last line of (7.60). From (2.14) and (4.15) we
get

3 3 n n
— — — >_——6 _ — —
2,3L Br+1+e1—&0 > 2<77+1 7781> <77+1 ?781>
(7.74) > n
“2(n+1)
> 90¢;.

— 87781
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Use (2.14) and (4.15) again to get

3 Bi
Eﬁi_ﬂi+1+8l—80:é+81_250

> 90¢g Yi=0,...,L—1.
If r > a,, then from (7.74) and (7.75) we get,

— . _ i —1 —
rl 80612/3’/2+8I 80(ar1131+lr) <r 80612080

(7.75)

(7.76) < a§980
<l Vi=0,...,L.
From (7.76), it follows that
(7.77) Flmeogdbi/2tei—eo < gfivi 0y vi=0,... L.
From (7.60), (7.61) and (7.77) we get (7.56). [
PROOF OF PROPOSITION 4.8. The proof of compactness is similar to the
corresponding argument in the proof of Proposition 3.3 in [15]. The inclusions

Jn.i(s) C fn,i(s) for 0 <s < Up , follow directly from Lemmas 7.6, 7.7 and 7.9,
7.10. O

8. Proof of Proposition 7.1. In this section we prove Proposition 7.1. The
proof follows the same lines as the proof of Proposition 5.14 in [15]. From (4.9)

we get for § € [a2<0T>0 1],
|L~t2,5(l‘, aﬁko—ﬂgo, x/) — ﬁzvg(l, a}%/co—l—Zso’ x)|

t
— _ /
(81) - \/(‘t_alzko+2£0 _5)+ /I‘R(Gt+aﬁko+250 —5 (y X )

— Gz+a,%'(0+2€°—s(y —x))D(s, y)W(ds, dy)|.

From (4.3) and (8.1) we conclude that we need to bound the following quadratic
variations

QS,LS,UO(Iv xv x/)

t
= :[]' 2Kk0+2¢
(t+a,fK°+2£°—5)+/R {lx—y|> (14a, 00

x (G

—)1270v 2|x—x')}

/ 2
a’?L.Ko-FZSO s (y — X ) - G 03K0+280 s (y - x))

1+
x 2R u(s, )P w(dy) ds

QS,Z,(S,U()(tv X, x/)

t+

(8.2)
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t

1 2k+2 _
(f+u2k0+2£0—5)+\ﬁl‘§ {|X—y|5(t+anK0 S(J_S)l/z ”0v(2|x—x’|)}

X (Gt+azko+280_s (y — .x/) -G aﬁKOJrZsO_S (y — .X))2

i+
x 2RI (s, )| 1u(dy) ds.

Recall that K| and ¢p were fixed in (2.12) and (2.14), respectively. Property (Py,;)
was introduced in (6.7).

LEMMA 8.1. Forany K € NZK1 and R > 2 thereisa Cz 1 (K, R, n, v, V1) >
0 and an N3 = Ng.1(K,w,n) € N a.s. such that for all vo,vi € (1/R,1/2), 6 €
(0,1], N,neN, B €0, #]and(t,x)e]l%_,_ x R, on

(83) |w:(t,x)€Z(N,n,K,B), N> Nz},
Os.1.5.(t, %, x')
(8.4) < Cs.1 (K, Ry, n,vo, v))2*1[d((t, x), (£, x')) ANB]* 7
x §1+n/2=¢o Vx' € R.
PROOF. The proof follows the same lines as the proof of Lemma 7.1 in [15].
Letd =d((t,x), (t',x")) and Ng; = N1(0,1 — n/4, K), where N is as in (Pp).

Then, as in (Pp), N; depends only on (1 — n/4, K, ), and then for w as in (8.3)
we can use Lemma 6.6 with m = 0 to get

QS,l,S,VO(tv X, x/)

t
< Cg6(w 1 i +26
= Cosl )/c_aﬁ“(’”%—m/R {lx=y|>(t+a, 00 —5) 1270y 2)x—x'])}

x (G 02K0+2€0_s()’ —x') -G aﬁko”fo_s(y - x))z

t+ t+

x e2Rilylg2ly—x| (le\,_n/4)2yu(dy) ds

< Cop(w)e*P1k

t
:H- K| &
(8.5) ) /<r—a3”°“80—5>+ /R (x> (+ay 0 0 ) 12720y 21x —x'])}
' 2
X (Gt+a,2,K0+2$0 s (y - X/) - G[+Q3K0+280 s (y - x))
X ez(RH‘])D’*X\(l + |x _ yl)(Z—’)/z))’M(dy) ds

< Ce66(w)C(Ry, K, 7, v9,v1)

! 2u0+2 n/2—go—1
Ko €0 __ 0™
Xf 2K0+280 |t+an s|
t—ay -5
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2k(+2 —
x g V1(t+ay 00 —g)720/32
42 1-v1/2
o R s ds,
t4a,; 00—

where we used Lemma 5.6(b) in the last inequality. From (8.5), change of variable
and Lemma 5.1(a) we get
QS,I,(S,UQ (t’ X, x/)
< Ce6(w)C(R1, K, 1, v0, V1)
(8.6)

p 42 712
X (t— s)1+'7/2_80|:1 A ] ds
r—§ t—s

< Co6(@)C(R1, K, 0, vo, v1)(8 Ad?)' /2514020,
By Remark 6.7 we can choose Cg ¢ With £g = 0 and this completes the proof. [

LEMMA 8.2. Let 0 <m <m + 1 and assume (Py). Then, for any K €

NZKi n eN, and B € [0, #], there exist Cg2(n, &9, K, R1) > 0 and Ng, =
2k

Ngo(m,n, g9, K, B,n)(w) € N a.s. such that for any vy, vy € (0,1), § € [a, °, 1],
NeN,and (t,x) e Ry xR, on
8.7) {w:(t,x) e Z(N,n, K, B), N > Ng»},

02,6, (1, X, )
8.8) < Cs2(n, €0, K, Ry)[a, 20 +2*Ms2]
' x [(d2a; 2k00=1/D=3¢0) 5 (41-200)]
« J]ZVV(I_VI)[(Czn’N)zJ/(fm*I) +a3”ﬂ] Vx| <K +1.
Here d =d((t,x), (t,x"),dy =d v 2~V and a_?nvN = a’ v dy. Moreover, Ng 3 is
stochastically bounded uniformly in (n, B).

PROOF. The proof follows the same lines as the proof of Lemma 7.2 in
[15].Seté =1—v; and Ngp(m,n, vy, e9, K, B,n) = Ni(m,n,1—v1, &9, K, B, 1),
which is stochastically bounded informally in (n, 8) by (P,,). For w as in (8.7),
t <K, |x'| <K + 1 we get from Lemma 6.6 and then Lemma 5.6(a)

052,50 (1, x, x')

t
< Ce e(w G | g2 —x'
< Ce.6( )/(.t+aﬁko+2go 5, /R( (2020 (y )

2 2R1K 2(Ri+1D2(K+1)
_ Gt+uﬁko+zso_s (y—x))e e
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(8.9) X c?lzvys[(ago v c?N) Ty Lim>oyal ] w(dy)ds
< Ce.6(w)C(n, 0, R1, K)dzzvyg[(aﬁo V)" + 1pmaoyal

! 202 J2—1—¢
% / (t +anK0+ £0 _S)U 0
(

t+a; 2k+2¢( 8)

d2
X (1 A —t n ot 2%0 S)ds.

The factor e?R1K2(Ri+D2(K+D) in the second line of (8.9) follows from the
exponential e* =1 in Lemma 6.6, e®11! in ngz,g,vo(t,x,x/), the bound |y| <
|x| 4+ |x — y| and the bounds on ¢, x, x’, |x — y|.

From Lemma 5.1(b) with ¢ + a2°72% instead of t, A = d?, A = & and A, =

a,%KOJFZSO we have
t
2k0+2e0 _ \1/2—1—¢0
[ zoimo_y, (a0 =)
d2
(8.10) X (1 A 7) ds
t+a Ko+2&0

< C[(d2 A 5)n/2—so 4 (d® A S)algzxojuzgo)(n/z_l_go)].

On the other hand, by a simple integration we have

! 2k0+2¢ n/2—1-¢o
0+2e0 __ —I=
»/(t+ Z+2e0_g (t +a, 5)
2
(8.11) d
x (1A W dS
t+ay, Ky

< CdZa}SZKQ-‘rZE())(n/Z—I—é‘o)’

where we have used the bound 8 € [a2*°, 1] in the last inequality. From (8.9), (8.10)
and (8.11), we get (8.8). U

PROOF OF PROPOSITION 7.1. The proof follows the same lines as the proof

of Proposition 5.14 in [15]. Let vy € (0, &), R = W and choose vy € (R 1).
Recall the previously introduced notation dy =d v 2~V Let

2
(8.12) Qo (t,x,x') Z Os.iaz v (t, X, x7).

By Lemmas 8.1 and 8.2 for every K € N there is a constant C{(K, Ry, 1, vo,
V1, €0) > 0 and No(m,n, g0, K, B,1n) € N a.s. stochastically bounded uniformly
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in (n, B), such that forall N e N, (t,x) e R4 x R, on
{w:(@t,x)€ Z(N,n,m,K +1,8), N> Nz},
R(J)/ Qag (¢, x, x/)l/2
< C122N2[d /\aa/Z]1—V1/2a0!(1+77/2—80)/2
(8.13) - B " B " o _
+ Cl[an €0 4 221\’2][(an ko(1=n/2) 280d) Ad"? 80]

% (,il)\//(l_VI)[(d_n’N)y(];m_l) + a}gl/ﬂ] Yt < TKa

x| <K+2.

Let N3 = %—f[Nz + N4(K, Ry, n, vo, v1, £0)], where N4(K, Ry, 1, vo, v1, £0) is cho-
sen large enough so that

Ci(K, Ry, 1, v0, v1, 80)[a, © +22N2]o~Navi/8
< C1(K, Ry, 1, vo, v1, £0)[a, 0 +22M2]

(8.14)
% 2—3N22—3N4(K,R1,n,vo,vl,fo)

—e0n—104
<a, 2 .
Recall the notation introduced in (7.2),
Al,ug (m n, €0, 2N, n) = 2—Ny(l—so)[(2—N vazo)y(fm—l) +a’;1/ﬁ]’

A2’u2 (m,n, eo,n) = a3(1+n/2—80)/2‘

Let A;y, =27190A; ., i =1,2. Assume that d <27V, From (8.13), (8.14) and
v] < ¢gg we get for all (¢, x) and N on

(8.15) {w:(t,x)e Z(N,n,m,K +1, ), N > N3},
Rg Qag (t,x,x/)l/2
< 2*10461;80[(an*Ko(lfn/z)*Zeod) A d’l/zfﬁo]
« 2—Ny(1—v1)[(2—N \/aﬁ")y(’;’"_l) +ar7fﬁ]
+ 2_104an_£°(d A ag/z)1_5‘”/8afj(1+’7/2_80)/2
— an—fo[(an—Ko(l—n/Z)—Zsod) A dﬂ/Z—So]

X Al,uz(ms n7 80a 27N’ r])/16

(8.16)

+(dAa?) ' TRy (mn, g0, ) /16
Vi<t <Tg,|x'|<K+2.

The rest of the proof is identical to the proof of Proposition 5.14 in [15]. We
use the Dubins—Schwarz theorem and (8.16) to bound |L72,5(t,a,%'(0+28°,x/ ) —
iin.s(t, ap® ™ x)| and we get (7.1). O
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9. Proofs of Theorems 6.5 and Theorem 1.10. In this section we prove The-
orem 6.5. Later in this section we prove Theorem 1.10 as a consequence of The-
orem 6.5. Before we start with the proofs of these theorems, we prove a weaker
auxiliary result.

Recall that n was fixed in the hypothesis of Theorem 1.5. Let n’ = n — @ where
@ > 0 is arbitrarily small. We also recall that the sets Z(K, N, &) we defined in
(6.1).

THEOREM 9.1. Assume the hypothesis of Theorem 1.5, except allow y €
(0,1]. Let ug € Cem and u = u' — u?, where u' is a C(Ry,C(R)) a.s. solution
of (1.1), fori =1,2. Let § € (0, 1) satisfy

dNg = Ne(K,w) €N a.s. such that VN > Ng, (t,x) € Z(K, N, &)
9.1
d((t.x), (f.y) <27V, 1/ <Tx = |u@t.x)—u(' y)| <27

Let0 <& < (Y& +n'/2) A1. Then there is an Ng¢, = N, (K, w) € N a.s. such that
forany N > N¢, e Nand any (t,x) € Z(K, N, §)

9.2) d((t,x), (7, y)) <27V,  t,//<Tx = |u(t,x)—u(,y)] <27V,

Moreover, there are strictly positive constants R, §, Cg1.1, Co.1.2 depending only
on (£,&1) and N (K) € N, such that

P(Ng, = N)

9.3)
<Co11(P(Ng > N/R)+ K?exp(—Co122"%)) VYN = N(K).

An analog of Theorem 6.5, for the case of the d-dimensional stochastic heat
equation driven by colored noise, is Theorem 4.1 in [16].

PROOF OF THEOREM 9.1. The proof follows the same lines as the proof of
Theorem 4.1 in [16]. Fix arbitrary (¢, x), (¢/, y) such that d((¢, x), (', y)) < e =
27N (N eN) and r < t’ (the case ¢’ <t works analogously). Since & < (y& +
n'/2) Al and £y € (0, 1), we can choose 8§ € (0, n’/2) such that

(9.4) 1>yE+n/2-6>&.
We can also pick 8’ € (0, 8) and p € (0, £y) such that
9.5) I>p+n/2-6>¢&,
and

(9.6) 1>Ey+n'/2-8>¢&.
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We consider a random N| = Ny (w, &, &1) which will be specified later. Our goal is
to bound the sum of following probabilities:

P(lu(t,x) —u(t, y)| > |x — y|7]//2—58p’
(t,x)e Z(K,N,&),N > Nl)

9.7) |
+ P(‘M(Z,X) —u(t', x)‘ > ¢ — t|17 /4_8/2817,
(t,x) € Z(K,N,&),t’ <Tkx,N > Nl),

Let

9.8) D™ (z,5) = [Gros (v = 2) = Gy = D™ (5. 2).

D*"(z,5) = GZ_ (x — 2)u® (5, 2).
Note that (9.7) is bounded by
P(|u(r, X) —u(t, y)| = x — y["/206P (6,x) € Z(K. N.E). N = N

t / /
//Dx,y,z,z(z,s)u(dz)dsf|x_y|n—2582p>
0 JR
+P<|M(I,X)—u(t/’x)|z|[/_t|n//4—5/28p’

(t,x)e Z(K,N,&),t' <Tkg,N > Ny,
t ,
/ / DY (2, $)u(dz) ds
t R
! / g
9.9) +/ /DH”” (@ s)u(dz)ds < (' —1)"/> gZP)
0 JR
t / !
+P( / f DYV s)u(dz) ds > [x — y|T 2 g2,
0 JR
(t.x) € Z(K, N, E),N = Nl)

l, / t !
+P</ /D“ (z,s),u(dz)ds—l—/ /DM” (2. $)u(dz) ds
t R 0 JR

> (=) 1x) € ZK N £ ST N = Ny )

=PI+ P+ P+ Py
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The bounds on Py, P, are derived by the Dubins—Schwarz theorem in a similar
way as in the proof of Theorem 4.1 in [16]. If §” = § — §’, then we can show that

Py < C(9.10)€_CE9'1°)|X_y|7{s :
(9.10) .
P, < Co.100e Coolt=1"" ,

where the constants C(9.10y, C E9_10) only depend on Ry, R; in (2.2).

In order to bound Pz, P4, we need to split the integrals that are related to them
into several parts. Let 81 € (0,//4) and 19 =0, =t — &>, tp =t and 13 =1t'. We
also define

Ai’s(x) ={zeR:|x —z| <27 —se %} and
Ay* () =R\ A} (x),
Al(x)={zeR:|x —z|<2¢'7%) and
Ad(x) =R\ A3(x).

9.11)

For notational convenience the index s in Al-l’s(x) is sometimes omitted. Define,

Qxytt _/fnytt(Z s)u(dz)ds_ Z Qxytt’

i,j=1,2
where
©9.12) oyt =1 [ D s ds,
ti1 JAY (x)
and
Q)Cll _/ /DXI(ZS)IL(dZ)dS_ZQXtt
j=1,2
where
! t/ /
(9.13) Q’JW :=/ /2 D" (z,s)u(dz) ds.
t Aj(x)
Set
4
e M) = [ 2@ [N £4) g
1 — 01

where Ng(w) was chosen in the hypothesis of Theorem 9.1 and [-] is the greatest
integer value function. We introduce three lemmas that will give us bounds on the
quadratic variation terms in (9.12) and (9.13).
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LEMMA 9.2. Let N> Ni.Thenon{w: (t,x) e Z(K, N, &)},
u(s,z)| < 101705 vy e[r—e?, 1],z € AT(x),
(9.15) lu(s, 2)| < (8 4 3K2Ne5)ell (1 — 5)5/2 7015

Vs e[0,t —&%],z€ A (x).

The proof of Lemma 9.2 is similar to the proof of Lemma 5.4 in [16]; hence it
is omitted.

LEMMA 9.3. If0 <9 <n'/2, ¢ <y&+1'/2, and ¥ < 1, then on {w :
(t,x) € Z(K, N, §)},

(a)
031" < €. Km0 | — 27
(b)
031" = €. K )2 | — ),
©
Q7" < Cly K, i) (8 +3K2NeE) PV e =018 | — g2V,
(d)
Of ™" = Cy. K.n)(8+3K2NE)M =287 |y 1|,
(€)

01" < C(K, e &= — |72,
PROOF. (a) From Lemma 9.2(a) and Lemma 5.5(c) we get

057" <1007 217008 /t

t—g?

2
/;‘%(x)[Gt—s (x—2) = Gi—s(y — 2)]

©.16) x u(dz)ds

<C(n, K, 9)e21=8087 |y — y27,

where we use the fact that r < K.
(b) Repeat the same steps in (9.16) to get

(9.17) szc:;c,t,t/ < C(ﬂ, K. n/)82(1751)§')/ |l‘ _ l‘/{ﬁ,
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(c) From Lemma 9.2(b) we get

Q)lc,ly,t,t/ < (8 +3K2NE§)2)/8—2]/51§
2

9.18) < [ s

% / 82V|Z|[G,_S(x —2)— Gy_s(y — z)]zu(dz) ds.
R

From Lemma 5.8 we getforall x e [-K + 1, K +1],0<s <t <t, (x —y)2+

(t' —1) <&,

10 /R H[G,_y(x —2) — Gy (v — )P (d2)

< Cly. K, )21~ — )20 2 [1x — y 2 4 (1 — 1)),

From (9.18), (9.19) and our choice of ©¥’, (c) and (d) follow.
(e) From Lemmas 9.2(a) and 5.5(a) we have

’ v
O < cePrEi-o / / G2 (x — D)u(dz) ds
t JR
< C(K, )X =0 —q1'/2, 0

Next we consider the terms for which j = 2. We will use the fact that for t < Tk
we have
(9.20) lu(t, x)| < Kel*l.

LEMMA 9.4. For 0 < ® < n'/2 we have for i = 1,2, on {w: (t,x) €
Z(K,N,&)},

(a)

Qi§y7[7[ < C(K, 9,17, y)e—e*%l(l—ﬁ)/ﬂx _ y|219’
(b)

Qi’zx’t’ﬂ <C(K,9,7, y)e_fml(l_l?/z)/“}t - t/\ﬂ,
©

03" < C(K. 9o y)e TP — T2,

The proof of Lemma 9.4 follows the same lines as the proof of Lemma 5.6 in
[16]; hence it is omitted. The main difference in our proof is that we use Lemmas
5.5(a) and 5.6(a) instead of equations (46) and (49) which were used in [16].
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Let ' =n'/2— 8+ y&. Note that ¥’ < 1 [by (9.6)]. Recall that N was defined
in (9.13). Now use Lemma 9.3(a),(c) and Lemma 9.4(a) with 9 =n'/2 — §’ to get
for (t,x) € Z(K,N,&),|x —y|<e=2"and N > Ny,

Q™ < QFY O3+ 0f 3 4 033
<C(E, K, 0, y) (2170087 |x — y2?
+ (B4 3K2NEE) 7208y | — 2

9.21) i
_"_e*S 1(1*17)/4|x_y|219)

<CE K. y)lx =y
s [22NeEY Q2(1-00FY 4 o= 1Q1)/8],

Use Lemmas 9.3(b), (d), (), 9.4(b), (c) with the same ¥, ¥’ as in (9.21) to get for
(t,x)€Zk Ng, |t —t'| <e?and N > Ny,

Qx,x,t,t/ + Qx,z,z’
< Q)Zc:;c,t,t’ + lec:;c,t,t/ + Q,lv,t,t' + Q)lcé’t’t/ + Q)zc:,zv,t,t/ + Q)zc,t,t/
<C®. K.n,y) (070 — )"
+ (8 + 3K 2NeE)2Y g 2iEy |y
28—y _ t/|rz’/2 +e—e_251(1—19/2)/4|[ _ t/{ﬁ

omy T
< C((S/, K, 77/’ )/)|l‘ o t,|n//2—5/

x [e2070087 1 (8 4 3KQNEE)2 o= 21EY | _ y|VE
28180, l/‘S’ 4o - /44812 /4
+ 6—8*251(1—71//2+8’)/2|t . l‘/|8/]
=CE Kooyl —o "7
x [e21-80Ey Q2NeEy | p=e™1Q-1)/16]

where we have used the fact that 8’ € (0, '/2) in the last inequality. From (9.21)
and (9.22) we conclude that P3 = P4 =01n (9.9) if

(9.23) C(8', K., y)[e21 7008V Q2NeEy | pme1Q2=0)/16] < 20,

The rest of the proof is similar to the proof of Theorem 4.1 in [16]. We find condi-
tions on Ng and d; so that (9.23) is satisfied. Then we use the estimates in (9.10)
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and the fact that P3 = P4 = 0 to bound the probabilities in (9.7). Finally, a chaining
argument is used to get the hypothesis of Theorem 9.1. [

PROOF OF THEOREM 6.5. The proof uses ideas from the proof of Corol-
lary 4.2 in [16]. From Theorem 2.5 in [24] we get that u is uniformly Holder -p
continuous on compacts in (0, oo) x R for every p € (0, n/4). Define inductively
Eo=n/4and &1 = [y +n/2) A11(1 — ;55) so that

L/\l
21 =y)

Recall that n’ = n — @ for some arbitrarily small z € (0, ). From the assumptions
of Theorem 6.5 we can choose @ sufficiently small such that

(9.24) En 1

(9.25) y>1-—1n/2.
From (9.24) and (9.25) we have
(9.26) &1 L.

Fix ng so that §,, > & > &,,_1. Apply Theorem 9.1 inductively n¢ times to get
(9.1) for &,,_1; (9.2) follows with & = §&,,. [

PROOF OF THEOREM 1.10. Let (9, x9) = (t9, x0)(w) € So(w). From (6.1) it
follows that
(9.27) (ty, x0) € Z(K, N, &)(w) VN > 0.

From (9.27) and Theorem 6.5 it follows that there exists No(&, K, w) such that for
all N > Np and (¢, x) € [0, Tx] x R satistying d((¢, x), (fo, x0)) < 2N we have

(9.28) |u(t, x) — u(ty, x0)| <27N5,

Let (¢, x") € [0, Tk ] x R such that d((z, x'), (t9, x¢)) < 2~No. There exists N’ >
No such that 2=V ~1 < d((¢/, x), (t9, x0)) <2~N. We get from (9.28) that

(9.29) lu(r', x) — ulto, x0)| <275V <2(d((¢, x'). (t0. x0)))°

and we are done. [

APPENDIX: PROOFS OF LEMMAS 2.4, 4.6 AND 5.6-5.8

In this section we prove Lemmas 2.4, 4.6 and 5.6-5.8. We start this section with
an auxiliary lemma which will help us prove Lemmas 5.6 and 5.7. After the proofs
of Lemmas 5.6 and 5.7, we prove Lemmas 5.8, 4.6 and 2.4.

LEMMA A.1. Letpu € M;(R) for some 1 € (0,n). For every B >0 and ¢ €
(0,7n) thereisa C(B,n, e) >0, such that forall0 <s <t <t', x,x’ € R we have
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(a)
2}3 (x,y)z =y
)1+2’3/| _y| e 2('—s) — e 20— .S)) M(dy)
C(:Bv 7]58) t, — 1t
= (t —s)HBn/2+e)2 PR
(b)
1 1 5,
<(t/ —s)1/2+/3 (1 _s)1/2+ﬁ) / lx — yl ( ) wu(dy)
C(B.n,¢) 1/\t—t
= (t — s)HB-n/2+e/2 f—s |
(©)

1 28 7(x—,\’)2 ’ 28 7(x/—y)2
(t/_s)1+25 /R(|x_y| e =) +|x —y[Pe = ),u(a’y)

C(B,n,¢)
— (t _ S)1+B—n/2+8/2'

PROOF. (a) Let e € (0,7n). Recall that 0 <s <t <. Apply Lemma 5.4 with
a=2andd=2+4+28+n—¢toget

2

(7)) _ =y 2
Ii= )Hm [ e =y — e Py

=2 G2 =2

SW/R'X y PP (€200 — eI ) 20 u(dy)

x—y)2 x—v2
Csapon) [t r
T =)t IR
(A.1) % (l‘/ . S)1+ﬂ+r]/2—£/2|x _ y|—2—77+su(dy)
1 1
—CcB.n)( - —B+n/2—¢/2 —
Bt =) =5 G—s)

x f X — y| 7T u(dy)
R

t'—t
=C(B.n.¢) (t — 5)2HB—n/2+e/2

where we have used the fact that |e ™ — e™"| < |u — w| for all u, w > 0 and (1.9)
in the last two lines. Note that the fact that 0 < s < ¢ < ¢’ was also used in the last
line.
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On the other hand, use Lemma 5.4 witha = 1 and § = 28+ 1 — € and then (1.9)
to get

_ (X—)')Z ()cfv)2

c e
Ilfm/@x—y'zﬂ(ﬁ e ) uddy)

= Cs4(B, n)m

(A.2) x ((t/ _ s)ﬂ+n/278/2 +(t— S)ﬁ+n/2—s/2)

X/ Ix — y|7" u(dy)
R

1

=CB,n,¢) (t — )1 HB—n/2+e/2"

From (A.1) and (A.2) we get

1 t'—t
(A3) 1= CBn. o) e [1 A ]
(b) Denote f(u) = u~'"%# and note that if 0 < u < u’, 0 < f(u) — f@') <
CPBYu 72 Au=2"2P (' — u)]). Recall that 0 < s < ¢ < ', and therefore we
have

b= ( ! ] )2
' — )12+ (1 —5)1/24P
X/RIX — 3P )
<CB(t =) A[e—5)" TR —1)))
A s e i)
<CB.( =) BN - — 1))t — 5)PT2>e?

x /R X =y~ (dy)

1 t—t
<C(n,e) [IA }

(l» _ S)1+/3—77/2+€/2 t—s

where we have used Lemma 5.4 with § =28 +n — ¢, a =1 and (1.9) in the last
two lines.
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(c) Let z € R, u > 0. Apply Lemma 5.4 with § =28 + n — ¢ and a = 1. Then
use (1.9) to get,

1+2ﬁ / 2= 3PP uay)
1 _
(A.5) < C(B, n)m /R |z =yl YH_S//«(CZ)’)

1
=CB.n.&) g

From the above we immediately get (c). [J

PROOF OF LEMMA 5.6. Note that

fR (Gooy (¥ = ) = Gros(x — 1) 1e(dy)

<2 f (Gys(x — y) — Gy (x — y))2u(dy)
(A.6) R

+2 A; (Gryx = y) = Gy (' — y))*u(dy)
=:211 +21>.

For I; we have

_a—y? 1 _a=n2\2
I < —/( ~¢ 2= — e 2“—”) u(dy)

VY —s

(A7) / ( -4 1 —3‘&”?)2 (dy)
. — e - — e 2= ) u(dy
\/—

f—s
=: —(11,1+11,2)-
T

Let € € (0, 7). Recall that 0 < s < ¢ < ¢, then from Lemma A.1(a) with 8 =0 it
follows that

1 |t —1|
(Ag) Il,l §C(77’8) (t_s)l—r;/2+8/2 |:1/\ t—s :|
From Lemma A.1(b) with 8 =0 it follows that
A9 L,<C : il
(A.9) 12=C0. 8 e S | Ty |

From (A.7), (A.8) and (A.9) we have

t—s

1 |t/ — 1]
(A.10) I} <C(n.¢) e [1 A }
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Apply Lemma 5.3(a) with § = 1 on /5 to get

lx — x'|2 _ee? W
(A.11) Izgcm/R(e S e T ) u(dy).

Apply Lemma A.1(c) with 8 =0 to get

lx — x'?
(t — S)Z—n/2+a/2'

(A.12) L <C(n,e¢)

On the other hand we have

C _a=? _oen?
I < / (e GO )u(dy).
R

(1" —=s)
Then, it follows again from Lemma A.1(c) with g = 0 that
1
(A.13) L <C(n,e)

(t — S)l—n/2+a/2'
From (A.12) and (A.13) we deduce

C(n, e) x —x'?
(A.14) b < (t—s)l—’i/2+5/2[ P— }

From (5.7), (A.6), (A.10) and (A.14), we get (a).
(b) Assume p,r, v, v1,s,t,t" as in (b). Note that |y — x| > (t/ — s)!/27%0 v
2|x" — x| implies that

(t/ . S)1/2—v0

(A.15) y=x[=ly—x| =¥ —x[>]y—x|/2> >

and in particular
(A.16) lx —yl <2|y —x|.

Letd =d((t,x), (', x")), w=|x — y| and w’ = |x" — y|. Use Holder’s inequality
and (a) to get

_ 2
/ﬂ;e"" Mx = y1P(Gr—s(x' —y) = Gr—s(x — y))
X Lyl (=) 202 —a A ()

5 1—v1 /2
<[ [(Grs' =) = Gimsts =) utan |

2r
X [/ e yllx — y|?P/ (Gr—s(x" = y) = Gr—y(x = y))2
(A17) "

v1/2
X Lyt @r—s) 20w g Y )}
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42 1-vi/2
< C(R.7. 8, v)(1 —s)““““”””[l A }
— S

ar 2 2
x [ /R 1" (W) P Gy (W)L gy 20 ()
Ew 2p/uy 2 n/2
+ Re 1w Gi_s(w) 1{w>(tis)1/27u0/2},u(dy) ,

where we used (A.15), (A.16) in the last inequality. Note that if w > %ul/ 2=w,
then

(A.18) Gu(w)* < C(R)G(w).
Also note th2'1t since w > %(t — 5)1/27% we have 4(’;’_23) > (t_sl);uo. Apply
Lemma 5.4 with § = 1 and a = 8 to get,
Gi—s(w) ! 5 o o o=
f—s w S _¢ 1—s e 1—s e 16
(A.19) ' 27 — )
B e ()

<C(R)w e 8t-s¢ 16

Let € € (0, ). From (A.18) and (A.19) we have
Ji(t —s,w)

4 vi/2
= |:/Rev1 ww2p/v1 G;—s(w)zjl{w>(tS)1/2u0/2}u(dy)i|

(1—s)"2%0

4_rw _ w2
<C(R) |:/ e PPyl st e~ 16
R

v1/2
X ]l{w>(t—s)1/2”0/2}p‘(dy)i|

M (t—s)_zvo
(A.20) <C(R)e 32
_w_2 £w 2 1+ ) /2
X su%(e 89 g1 2PV~ ”_81{w>(1_s)1/2_v0/2}) !
w>
v1/2
x| [ =y
R
ul(tfs)72'j0

<C(R,n,e)e” =

2 4r
_wr Ty _ —
x sup (e~ S gv 2P Vg T =Eq
w>0

)v1/2

9

{w>(t—s5)"/27"0/2}

where we have used (1.9) in the last inequality.



3178 E. NEUMAN

Since t — s € (0, R), n € (0,1) and r, p € [0, R], it follows that there exists
M (R, vi) > 0 such that for all w > 1 we have
4r

2
- =w ) —1 —
80— p/vi +n—¢
e 8t=seVl w w ]]‘{w>(t—s)l/2_v0/2}

2 4R
(A.21) <o B V2R

=M(R,vy).

Recall that vg, vi € (1/R, 1/2). Then, there exists C(R, vo, v1, 17, €) > 0 such that
for all w < 1 we have

w2 4R
e Su—m v WP/ Vi~ Hn—eg

{w>(t—s)1/27%0/2)

(A.22) <C(R, vl)e—;—z(r—s)—zvo (t — 5)("1F1=0)1/2=v0)

<C(R,vg,v1,1n,¢).
It follows that there exists C(R, vy, V1, 1, €) > 0 such that,

w2 4R 2

—80U=) p v Wap,2P/V1,,—1+0—¢ vi/
(A.23) w>0 fsllspem R](e e W L= (-5)12-0/2)

<C(R,vp,v1,7,8).
From (A.20) and (A.23) we get

vy (1—5)"2"0

(A.24) sup J1(t —s,w) < C(R,vp,v1,n,8)e =2

w>0

Let

4r 7

/ / ST W Nn2p/vi n2 vi/2
Dt = sow)i= | [ e @Gy () e i@

replace ¢ with ¢ and w with w’, and then repeat (A.19)—(A.24) to get

vy (t,fx)fzvo

(A.25) sup Jo(tf' —s,w’') < C(R,vp,vi,n,8)e”~ 2

w'>0

From (A.17), (A.24) and (A.25) we get (b). U

PROOF OF LEMMA 5.7. (a) Let ¢ € (0, ). Note that

(G =) = Gl =) ucay)

/ _ . , B )
(A.26) SZ/R(GN—S(X y) = G (x = y)) u(dy)

2 [ (G- =) = Gy (v = ) *uidy)

=:211 +21.
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For I; we have

1 xX—y _(ZJE;{)?) X—y _(;(T—_y*))z 2
11<—f = T Tt ) KA

(xﬂ*)2 X =Yy (rfy)2 2
A.27 rry S A s
@2+ f((ﬂ o T T )> )

=—(11,1 +112).
T

From Lemma A.1(a) with 8 =1 we have

(A.28) i1 =C(n,¢)

1 [t" —t|
G—synmez| N T |
From Lemma A.1(b) with 8 =1 it follows that

1 |t/ —t]
(A.29) 11’25C(n’e)(t_s)2—0/2+€/2 [1/\ P— ]
From (A.27), (A.28) and (A.29) we have
A30 n<c ! A=
(A30) = COne) | 1A |

Apply Lemma 5.3(b) with § =1 on I, to get

(x’—x)2/ a-p?  _-p?
L<C— | (e @ +e - )u(dy).
2=C oo @ )u(dy)

Apply Lemma A.1(c) with 8 =0 to get

(x' —x)?
(' — S)3—n/2+e/2'

(A31) L, <C(n,e)

On the other hand, note that
C 5 _=n?
h=<——— / ((x— y)%e” T k(= )% ).
(" —s)
Apply Lemma A.1(c) with 8 =1 to get,

- C(n,e)
2= (t/ _ S)Z—n/2+s/2'

(A.32)

From (A.31) and (A.32) we deduce that
C(n, ) [1 NG x’)z].

2=
(t — s)2—n/2—|—8/2

From (5.7), (A.26), (A.30) and (A.33) we get (a).

(A.33)

t—s
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(b) Assume p, r, v, vy, s, t, 1 as in (b). Let ¢ € (0, n) be arbitrarily small. Note
that |y — x| > (' —5)!/27% v 2|x’ — x| implies (A.15) and (A.16).
Letd =d((t,x), (t',x")), w=|x — y| and w’ = |[x’ — y|. Use Holder’s inequal-
ity and (a) to get
[ e =516 =) = Gy =)

X Ly (17— 20y 2l —xy (AY)
) 1—vy/2
/ / /
= [ /R(G,/_s (' =) = Gl (x =) u(dy)}

2
[T e = PG =) = 61 =)

(A.34) iy
x ]l{x_Y|>(f/—S)l/2V0v2|x’—x}u(dy)i|

42 11-v/2
e

<C(R,e.n(t - s)<"/2—2—e><1—v1/2>[1 N

xw/ ’ 2p/v1G/ / 21 d
€ (w’) s (W) s (i _gy1/2v0 2y ()

L dpvy 2 v1/2
+ Re I w Gt_s(w) 1{w>(t_s)l/2—vo/2}ﬂ(dy) .

where we used (A.15), (A.16) in the last inequality. From (4.20) in [15] it follows
that if w > %ul/z_”(), then

(A.35) G, (w)* < C(R)Gay(w).

(t _s)—ZvO
32

Also note that since w > %(t — 5)!/27%0 we have 8(;”;) > . Apply

Lemma 5.4 with 6 = 1 and a = 16 to get,

1 _ w? __w? (t—s)"2%
e 16(t—x)e 16(t—s)e_ 32

Go—s)(w) <

(A.36) Var(t =)
(t75)72v0

2
<C(Ryw e~ CEO PR

From (A.35) and (A.36) we have
Ji(t —s,w)
Ew  2pjvi 2 vif2
= [/Rew wPMG,_(w) ]l{w>(z_s)1/z_vo/2}u(dy)}

V] (t—s)_zuo

<C(R)e™ &
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w2 A ) | v1/2
(A.37) X[/Re s e My 1{w>(t—s)1/2vo/z}ﬂ(dy)]
v (=) "2
< C(Rye o

w 2

X sup (e~ T0= S>e“l w2P/Viy=HHn—eg
w>0

v1/2
_ —n+e
x[/Rpc . M(dy)] .

As in (A.21), since t —s € (0, R), n € (0, 1) and r, p € [0, R], we get that there
exists M (R, vy) > 0 such that for all w > 1 we have

v1/2
{w>(l—s)l/2*“0/2}) :

2

TR o vy V2PVl =14
(A.38) e 16— eV w 1 1/2—U0/2}§M(R,v1).

{w>(t—s)

Recall that v, vi € (1/R, 1/2). As in (A.22) we get that there exists C(R, vy, Vi,
n, €) > 0 such that for all w < 1 we have

w2
(A30) ¢ T e V2V~ I Ly sy /2y < C(R, v, v1, 1, €).

From (A.38) and (A.39) we get that there exists C(R, vg, vy, 7,€) > 0 such
that,

2 4R
sup (e 161(1; s)evl ZP/Vlw I+n— 8]1

(A.40) w>0,t—se(0,R]
<C(R,vo,v1,1n,&).

v1/2
{w>(tfs)]/2*“0/2}) :

From (1.9), (A.37) and (A.40) we get

Vi (—s) " 2Y0
(A41) sup J(t — s, w) < C(R, vo, vy, 1, €)™ 65—

w>0

Denote

! / sow' o N2p/vi "2 /2
Lt —s,w') = /Re 1 (w) Gy_,(w') Lyre sy 2-v0 jy (dY) )

Replace ¢ with " and w with w’, then, repeat (A.36)—(A.41) to get

v (/_s)—sz
(A.42) sup Jo(f' — s, w') < C(R, vo, v, m, e~ &

w’'>0
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From (A.34), (A.41) and (A.42) we get

/Re"x-yux —yP(Gy (' =) = G = )’

X Lijxmy i =02 0w 210 —xp(A)
< C(R,vo, v1, 1, €)(t — s)W/27e=DU=v1/2)

0

d2 171)1/2 Vl(t/fs)72v0
e 64 .
t—s

x[l/\

PROOF OF LEMMA 5.8. The proof of Lemma 5.8 follows the same lines as
the proof of Lemmas 5.6(a). Let A > 0and 0 <s <t <t/, x, x’ € R. Note that

/ﬂ;ek'y'(Gﬂ_s (x' = y) = Gi_s(x — ) 1u(dy)
<2 fR Gy (x = y) = Gy (x — 1) *u(dy)

2 [ (G sx =) = Gy, (¢ =) )
=201 +2D.

We handle /; as in (A.7). Recall that in the proof of Lemma 5.6(a) the bounds on
I1,1 and I; » were established by Lemma A.1(a) and (b) with 8 = 0. To get the cor-
responding bounds here we use Lemma 5.5(d) in equation (A.1) and Lemma 5.5(a)
in equation (A.2), instead of Lemma 5.4 and (1.9).

To bound I, we use Lemma 5.3(a) as in (A.11). Then, in order to estab-
lish a bound which corresponds to Lemma A.1(c) with 8 = 0, we again use
Lemma 5.5(a) instead of Lemma 5.4 and (1.9) in (A.5). [

PROOF OF LEMMA 4.6. Let w = |x — y|. From Lemma 5.4 with § = 1 and
a =8 we get for w > /271,

w2 w? 20
8te 8te 8

1

Gi(w) < e
(A.43) V2nt
2 t—2v1

§C(T)w_le_w8_fe_T,

forall0 <t <T.
Let € € (0, ). From (A.23) it follows that

U}2
(A.44) sup  (eMVe s ITITe

1/2-1)) < 00.
w>0,1€(0,T]

{w>t
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From (A.43) we get

[Rekat(w)ﬂ{wﬂt—s)l/Z*UI },u(dy)

t—2v1

w2
<Ce B /Rekww_le_WIL{w>t1/zfvl}M(dy)

o _w? g
<Ce 3 sup (ekwe s 1 E:ﬂ.{w>tl/27v1})
w>0,1€(0,T]

Xf Ix — y| 7" u(dy)
R

[72\)1

<Cm,vi, A, T)er 3,

where we have used (1.9) and (A.44) in the last inequality. [
Now we are ready to prove Lemma 2.4.

PROOF OF LEMMA 2.4. Let K > 0. Note that

//eMGs(Z_y)]l{\zlsK}M(dy)dZ
RJR

=/ / Gz — )z <kyLily—z<k 11y 0(dy) dz
(A.45) R JR

+/R/REMG5(Z—y)Jl{msK}11{|y—z|>K+1}M(dy)dZ
=1(K,e)+ Ih(K,é¢) Ve € (0, 1].
For I1(K, ¢) we get that
hK.e) <CK) [ [ G = v dzutay)

<C(K.u(®)  Vee(0,1].

(A.46)

From Lemma 4.6 we get that
L(K, &) < C(K) /ﬂ; 1{je|<K) /R Gz — )1y _yjmprayp(dy) dz

(A47) < C(U, K)/ ]l{lzlfK}e_e_l/z/g dz
R

<C(, K) Ve € (0, 1].
From (A.45)-(A.47) we get (2.26). [
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List of notation.

W

A
cardim(u)
n

C(E)
Ce(E)
C>(E)
C,E)
£
Crem (R)
G:(x)

G f(x)
Y

G, ()
My (R)
dimp(E)
M R)

Tk

{Pn (x)}nzl
(-s°)

fo

K
{an}n=1
€0, €1
Ko

|E|

Il’l
N=Ki

Umnx

D(s, y)

spatially inhomogeneous white noise based on pu(dx) dt
the Laplacian operator

the carrying dimension of the measure p

constant associated to u [see (1.2)]

continuous functions on E

continuous functions with compact support on E
infinite time continuously differentiable functions on E
continuous functions on / taking values in E

the norm sup, cg | £ (x)|e ! for f e CR)

continuous tempered functions on R

the probability density function of a centred normal distribution
with variance ¢

JrGi(x —y) f(y)dy, for all f’s such that the integral exists
the Holder index of the noise coefficient o [see (1.7)]
n-potential of a measure u [see (1.8)]

finite measures on (R, B(R))

the Minkowski dimension (box dimension) of a set £ C R
finite measures with finite sup, g ¢,—¢, . (-) for any ¢ > 0, and
carrying dimension 5

stopping time, defined in (1.13)

a set of C*°(R) functions which converge to |x| uniformly

the scalar product on L(R)

constant fixed in (2.12)

constant fixed in (2.12)

sequence of constants, defined in (2.3)

constants, defined in (2.14)

constant which equal to n—jr] [see (2.15)]

the Lebesgue measure of a set £ C R

an integral defined in (2.19)

{K1,Ki+1,...}

sequence of stopping times introduced in Proposition 2.3

n
n+1

the difference between the noise coefficients of two solutions
[see (4.1)]

constant which equal to
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Ui,s, 2,5, U2,s

iy
Xn(t, %)
Gs(s, 1, x)
Fs(s,t,x)
AN

{Jn,i}iL:(), jn, {jn,i}iL:()

ny(€1), no(e1, €o), ni(eo, K)
1(B)

1(B)

Gi(x)

d((, x), (t',x"))
Z(K,N,&),Z(N,n, K, B)
Yims Ym» 1

(Pm)

dy

SN
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ingredients in the decomposition of u,
introduced in (4.4), (4.5) and (4.9)

a grid, defined in (4.15)

defined in (4.17)

a random function, defined before Lemma 4.2
- % G5 (S s, X )

random cover defined after (4.20)

random sets defined in (4.23), (4.24) and (4.35),
respectively

constants defined before and in (4.36)

constant which equal to @/
1—Bit1

constant which equal to 65a;,
35 G1(x)

|t —t'|Y/? +|x’ — x|, defined in (5.7)

random sets introduced in and right after (6.1)
constants defined in (6.2)—(6.5)

property, defined in (6.7)

equal to d((s, y), (t,x)) v2=N

equaltod v ‘?sz
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