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PARACONTROLLED DISTRIBUTIONS AND THE 3-DIMENSIONAL
STOCHASTIC QUANTIZATION EQUATION

BY REMI CATELLIER! AND KHALIL CHOUK?

Université Paris-Dauphine

We prove the existence and uniqueness of a local in time solution to
the periodic d>‘3L model of stochastic quantisation using the method of para-
controlled distributions introduced recently by M. Gubinelli, P. Imkeller and
N. Perkowski in [Forum Math., Pi 3 (2015) e6].
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1. Introduction. We study in this work the following Cauchy problem:

o = Apsu — u’ + £,
u(O,x)zuO(x), xeT?,

(1.1)

where & is a space-time white noise such that [13 (-, x) dx = 0, that is, it is a cen-
tered Gaussian space-time distribution with covariance function defined formally
by

E[&(s, 0)E(, )] =8(t —$)8(x — y).

As we will see in the sequel, the solution u : R x T3 — R is expected to be a
Schwartz distribution in space and not a function. This will complicate our under-
standing of the nonlinear part of the equation. In fact, the most challenging aspect
of this work is to define the term > and to control it in a suitable topological space.

To have a better understanding of the problem, let us start by writing this equa-
tion in its mild formulation

t
(1.2) u=Pu’— /O P_(us)ds + X,

where P; = ¢’ is the heat flow and X, = f(; P,_s& ds is the solution of the linear
equation

(13) atX[:AT3X[+$, XOZO

Moreover, X is a Gaussian process and as we will see below X € C([0,T];
C~1/2=#(T3)) for every & > 0 where C% = B%, oo stands for the Besov—Holder
space (see Section 2.1 for the definition of this space). The main difficulty of the
equation (1.1) originates from the fact that for a fixed time ¢ the spatial regularity
of the solution u(#, x) cannot be better than the one of X;. If we measure the spatial
regularity in the scale of Holder spaces C%, we should expect that u(z, x) € C*(T?)
for any o < —1/2 but not better. The term »> in particular is not well defined. An
organic approach to give a meaning to the equation would consist in regularizing
the noise in £ = & x p® where p® = 5‘3,()(;) is an approximation of the identity
and then try to get a uniform bound in & on the solution u® of the approximate
equation

(1.4) dut = Au® — ()’ +&°.

At this stage, the main problem to pass the limit in this equation is that the nonlin-
ear term will diverge when ¢ goes to zero and a suitable renormalization should be
introduced to get a nontrivial limit. We will show precisely that if u? is a solution
of the following modified equation:

(1.5) Bt = At — ((u°)’ = Ceu®) + £°,
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with C; = £ + blog(e) + ¢, for a suitable choice of the constants a, b, ¢, then u®
converges in the sense of distributions? to a nontrivial random field « which does
not depend on the choice of the mollifier p. Therefore, the aim of this work is to
give a meaning to equation (1.2) and obtaining a (local in time) solution.

The method developed in this paper uses some ideas of [9] where the author
deals with the KPZ equation. More precisely, we will expand the solution as the
sum of stochastic objects involving the Gaussian field X and derive an equation
for the remainder term, which can be solved by a fixed point argument using the
notion of paracontrolled distributions introduced in [8]. A solution of this equa-
tion has already been constructed by M.Hairer in [10] where the author shows the
convergence of the solution of the mollified equation (1.5).

The stochastic quantization problem has been studied since the 1980s in theo-
retical physics (see, e.g., [13] and [14]). Indeed the solution of the equation (1.1)
is expected to be a natural reversible dynamic for the CD% measure v appearing in
quantum field theory and given formally by

(1.6) v(de) exp<—2/ l|V<p|2 + 1(,04 — “o00”¢ ) do.
T 2 4

The correct meaning and construction of this measure is highly nontrivial and
was done in the beginning of the 1970s [6]. Let us point out that well-posedness re-
sults were already obtained in the two-dimensional setting, for weak probabilistic
solutions, by Jona-Lasinio and Mitter in [13, 14]. Some other probabilistic results
are obtained thanks to nonperturbative methods by Bertini, Jona-Lasinio and Par-
rinello in [2]. In [4], Da Prato and Debussche found a strong (in the probabilistic
sense) formulation for the two-dimensional problem. More recently, the infinite
volume setting was also investigated in [16] and a global existence result is proved
for the dﬁ equation on R2.

On the other side, it is conjectured in [3] that the study of the ®* model is related
to the Ising model under Glauber dynamic near its critical temperature. Recently,
this conjecture was made rigorous in the two-dimensional setting by J. C. Mourrat
and H. Weber in [15].

In a recent work, M. Hairer [10] solved the three-dimensional case thanks to
his theory of regularity structures. It would be wise to observe that the scope of
the theory of regularity structures goes beyond the CI>‘31 model and can treat a large
class of semilinear parabolic stochastic partial differential equations.

In [8], the authors have introduced a different approach to handle singular equa-
tions, namely the method of paracontrolled distributions. Even if this notion is
less striking and cannot cover at the moment all the local-well posedness results

3Actually the convergence takes place in a stronger topology; see Corollary 1.5 for the precise
result.
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obtained via Hairer’s approach, it has the advantage to be elementary and more ex-
plicit, which can be useful when one wants to tackle the problem of nonexplosion
in time (see [16, 17] for such matters).

We will split the proof of the convergence of equation (1.5) into two steps. The
first step is purely analytic and does not rely on the fact that £ is a Gaussian white
noise. First, we will extend the flow of the following equation:

dur = Auy — ud +3au, +9bu, + &,  (a,b) eR? & € C([0, T], C®(T?)),

to the situation of more irregular driving Schwartz distribution &. More precisely,
we will prove that the solution u is a continuous function of uO, R, p X (§)) with

RapX (€)= (X, X* —a, (X} —3aX), [(X? —3aX) o X,
1(X? —a)o(X*—a)—b, I(X> —3aX) o (X* —a) — 3bX).

Here, X; = fé P;_s&ds, f o g denotes the part of the product between f and g
where the two function have the same frequency (see Proposition 2.3 for the ex-
act definition) and I (f); = fé P;_; f ds. This extension is given in the following
theorem.

THEOREM 1.1. Let F:CHT?) x C(RT,CO(T?)) x R xR — C(RT, CH(T?))
be the flow of the equation

oy = Auy — u,3 +3au; + 9bu, + &, t €0, Tc(uo, X, (a, b))),
ou, =0, t>Tc(u® X, (a, b)),
(0, x) = u’(x) e CY(T?),

where £ € C(RT,CYUT?)) and Tc(u, &, (a, b)) is a time such that the equation
holds fort < Tc. Now let 7 € (1/2,2/3), then there exists a Polish space X, called
the space of rough distributions, Tc : C™% x X — Rt a lower semicontinuous
function and F:Cix X — C(RT, C~%(T?) continuous in u®, X) € C%(T3) x
X such that (1‘7 , f‘) extends (F, T) in the following sense:

Te(u’, €, (a, b)) = Te(u’, Rap X (€)) >0
and
F(u® &, a,b)(t)=Fu®, RupX E))(t)  forallt < Tc(u®, Ry pX (£)),
for all (u°, &) € CH(T?) x C(R*,CUT?)), (a,b) € R? with X, = [ ds P,_s& and

where Rf’b is given in (1.7).

REMARK 1.2. Let us remark that the vector appearing in the right-hand side
of (1.7) does not depend on £ in the sense that it can be defined for every function X
in C([0, T, C®°(T?)). In that case, we will keep simply the same notation R, »X
for it.
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In a second part, we obtain probabilistic estimates for the stationary Ornstein—
Uhlenbeck (0O.U.) process which is the solution of the linear equation (1.3) and
this allows us to construct the rough distribution in that case.

THEOREM 1.3. Let X be the stationary O.U. process and X® be a spatial
mollification of X defined by

Xi=Y flebX (ke r>0,
keZ3

where X is the Fourier transform of X in the space variable, (ey); 73 the Fourier
basis of L*(T?) and f is a smooth function with compact support which satisfies
f(0) = 1. Then there exists two diverging constants (not unique) C{, C5 —&=0
+o00 such that Rcf,chs converges in LP (2, X) for all p > 1. Moreover, the limit
X € & does not depend on the choice of the mollification f and the first component
of Xis X.

REMARK 1.4. The choice of the constants C{, C5 is not unique and depends
in general on the choice of the mollification f. However, as is mentioned in [11],
the constant C5 can be taken independently of the mollification.

In this setting, the corollary below follows immediately.

COROLLARY 1.5. Let & be a space time white noise, and £° be a spatial
mollification of & such that

£5=)" f(ebEK)ex,

k0

where we have adopted the same assumptions and notation as in Theorem 1.3.
Let X be the stationary O.U. process associated to &, X the element of X given
by Theorem 1.3 and u® € C™% for z € (1/2,2/3). Then there exists a sequence of
positive time T¢ which converges almost surely to a random time T > 0 and such
that the solution u® of the mollified equation

dul = Aut — (uf)’ +3CSu; +9C5u; + €5, 1€[0,T?),
du; =0, t>T¢,
u(0, x) = (u%)°*(x),

converges to F(u°, X). Here, the limit is understood in the probability sense in the
space C(R*,C7%).
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Plan of the paper. The aim of Section 2 is to introduce the basic analytic tools,
and to give an extensive heuristic description of the strategy of the proof. In Sec-
tion 3.3, we introduced the space of paracontrolled distributions, and we prove that
for a small time the application associated to the renormalized equation is a con-
traction, which by a fixed-point argument, gives the existence and uniqueness of
the solution, but also the continuity with respect to the rough distribution and the
initial condition. Section 4 is devoted to the existence of the rough distribution for
the O.U. process.

2. Basic tools, description of the proof and rough distributions. This sec-
tion is divided into two parts. In the first one, we gives the basic analytical tools
needed to fulfill the program of this article. In a second part, we intensively de-
scribed the strategy of the proof, by pointing out the use of the different proposi-
tions of the first subsection.

2.1. Besov spaces and paradifferential calculus. The results given in this sub-
section can be found in [1] and [8]. Let us start by recalling the definition of Besov
spaces via the Littelwood—Paley projectors.

Let x, 6 € D be a nonnegative radial functions such that:

1. The support of yx is contained in a ball and the support of 6 is contained in
an annulus;

2. x(E)+Xj500(277€) =1forall § € RY; . _

3. supp(x)Nsupp(@(27/-)) = fori > 1 and supp(0(27/-))Nsupp(B(27":)) =
@ when |i — j| > 1.
For the existence of x and 6, see Proposition 2.10 in [1]. The Littlewood—Paley
blocks are defined as

Ayu=F Y xFu) and for >0, Aju=F"10Q27)Fu),

where . denotes the Fourier transform. We define the Besov space of distribution
by
BY, = {u e §'(RY); “””ng = Y 299 Aullf, < —|—oo}.
j=—1
In the sequel, we will deal with the special case of C* := B ., and write [lullq =

ullge, . We give the following result for the convergence of localized series in
Besov spaces, which will prove itself useful.

PROPOSITION 2.1. Let (p,q,s) € [1, +00]? x R, B be a ball in RY and
(uj) j>—1 be a sequence of functions such that supp(u ;) is contained in 2’ B. More-
over, we assume that

Epg.s = | (2js||”j||L1’)jz—1 ljg < o0,

Thenu=73% ;> _juj€ B[s,,q and ||u||B;77q SEpgs

~
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The trick to manipulate stochastic objects is to deal with Besov spaces with
finite integrability exponent and then to go back to the space C*. For that, we will
use the following embedding result.

PROPOSITION 2.2. Let 1 < p; < p» <400 and 1 < q; < g» < +00. For all
s=d(-= )
S.q 18 continuously embedded in By, 5,"' "

we have lull,_a < lullzg .

s € R, the space B , in particular

Taking f € C* and g € CP, we can formally decompose the product as

fe=f=<g+tfog+r>g

where

f<g:g>f:Z Z AifAjg and fog=Z Z AifAjg.

j=—li<j—1 Jz—=1li—jl=1

With this notation, the following results hold.

PROPOSITION 2.3 (Bony estimates). Let «, B € R:

o If<glpSIfllcliglls for f e L™ and g € CP.
o I f>gllats SIfllalligllp for B <0, f €C* and g € CP.
o | fogla+p SIflaliglpfora+B>0and f €C* and g €CP.

A simple consequence of these estimates is that the product fg between two Besov
distributions f € C* and g € CP is well defined if « + B > 0 Moreover, it satisfies

/& Iminte.p) S I fllelIglp-

One of the key results of [8] is a commutation lemma for the operator < and o.

PROPOSITION 2.4 (Commutator estimate). Let «, 8,y € R be such that o <
lL,a+B8+y>0and B+ y <O then

R(f,x,y)=(f <x)oy— f(xoy)
is well defined for f € C*, x € CP and y € C¥. More precisely,

R D g pry Sl Nl Iy -

We finish this section by describing the action of the heat flow on Besov spaces
and by giving a commutation property with the paraproduct. See the Appendix for
a proof.
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LEMMA 2.5 (Heat-flow estimates). Let 6 > 0 and o € R. The following in-
equalities:

1
1P fllat20 S 7 [/ e, [(Pr—s = D fllyne S 1t =511 fllas

holds for all f € C*. Moreover, ifa < 1 and 8 € R we have

1
|P(f<8) = f<Piglyipron S t_9||f||0t||g”ﬂ’

forall g € CP.

Let us now introduce some notations for functional spaces which will be used
extensively in the sequel of this paper.
NOTATION 2.6.
cl =c(o, 11 CP).
For f € ch , we introduce the norm

I fllg= sup |l fillce = sup [l fillp
t€l0,T] 1€[0,T]

and the space
ciP .= co(l0, 1, Ch(T?).
We denote the space of a-Holder functions in time with value in the Besov space

C#, where o > 0. Furthermore, we endow this space with the following distance:

I(f—8i—(f —8)sl
dop(f.8)= sup LS sup [ fi — gl
1+5€[0,T] |t —s| 1€[0,T]

Let us now end this section by giving a proposition which is a consequence of
Lemma 2.5, in which we describe the action of the operator / on the Besov spaces.

PROPOSITION 2.7 (Schauder estimates). Let B € R, f € C? and I(f)(t) =
— fot P;_; fs ds, then the following bound holds fo all 8 < 1:

< 7l1-0
[7CH e ST U N g

Moreover, ifx € (0,1), 8 >0, f € C;’ﬁ and g € C% then the following commuta-
tion estimate holds:

K
|15 <&) = f < 1@y ST N f s gy

forall 0 <min(w, B) + 1 withk =min(1 —0 + /2,1 -0+ y).
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PROOF. Only the second estimate requires a proof since the first one is an
immediate consequence of the heat-flow estimates. To get the second bound, let us
observe that

I(f<8)®) = f<1(g)t)=1()+ L(),

where

t
() = fo (fy < Pi_ygs) — Pi_s(fs < g5)ds and

t
() = /O (fi = f) < Prsgs ds.

Now using the heat-flow estimate we have that

t
” I (t)||cy+ﬂ+29/ S/(; ”(fs < Pr_sgs) — Pr—s(fs < gs)”(;ﬁ+y+29/ ds

t
< —5)7?
S([la=97"as)irnearlisles

for all 8’ < 1. The second inequality is obtained by using the heat-flow estimates.
Taking 20 = 20’ + B gives the needed bound for ;. The bound of I is a conse-
quence of the the Bony estimate for the paraproduct term, the Holder regularity in
time of f and the heat flow estimate. Indeed, we have that

t
[20leran S [ 10 = SOlenllPi—sgsllersao ds ST O£l casllgley

which completes the proof. [J

2.2. Description of the strategy and renormalized equation. Let us focus on
the mild formulation of equation (1.1)

2.1 u=V+X+I1w’)=X+o,

where we recall the notation 7 (f)(¢) = — fé P_sfsds, X=—1(§)and V; = Pu®
for u € C~%(T?). We can see that a solution « must have the same regularity as X.
However, it is well known that for all ¢ > 0 we have X € C([0, T],C~1/27¢). (See
Section 4 for a quick proof of this.) But in that case the nonlinear term > is not
well defined, as there is no universal notion for the product of distributions. A first
idea is to proceed by regularization of X, such that products of the regularized
quantities are well defined, and then try to pass to the limit. Let us recall that
the stationary O.U process ()A( (k) cr.kez3 18 a centered Gaussian process with
covariance function given by

k21—
o~ k21 =s]

E[X; (k)X (k)] = Stk —0—
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and X (0) = 0. Let X; be the mollification of X introduced in Theorem 1.3. Then
the following approximated equation:

D = W 4 I((X?)?) 4 31((D°)*X®) + 31 (D°(X?)%) + I((®°)°),

where ®f = I ((u?)3) + Ve is well-posed. Before proceeding into the analysis of
this equation, let us observe that a straightforward computation gives

1
C=E[(X5)]= Y. Y flek)f(eka)

2
keZ3— {0} ki+ka=k [k1]

01
y e ~o [ el

2
keZ3—{0} k]

8k i +ko=0

Here, A ~¢ B, means that when ¢ is close to 0, the quantity A, can be be bounded
from below and above by a positive constant times B,. Then there is no hope of
obtaining a finite limit for (X*)? when & goes to zero. This difficulty has to be
solved by subtracting from the original equation these problematic contributions.
In order to do so consistently, we will introduce a renormalized product. Formally,
we would like to define

and show that it is well defined and that X°? € C T =3 for § > 0. Precisely, we will
introduce

(X)* = (X°)* ~E[(X)]
=:C{

and we will prove that it converges to some finite limit. It would be wise to remark
that many other terms need to be renormalized and subtracting the constant C{
is not enough to take care of them. Indeed, as we will see in Section 4, a second
renormalization constant C5 is needed. Including such considerations in the molli-
fied equation gives rise to an algebraic renormalization term which takes the form
—C?I1(®° + X?) with C®* =3(C] — 3C3). More precisely, we need to study the
following equation:
®F = W 4 I((X?)?) 4 31((®°)*X®) + 31 (D*(X?)?)
+1((9°)) — C°1(®° + X°)
= W° + I((X°)? —3CX°) +31((9°)*X°)

+31(D°((X?)? = CF) +9C5(9° + X°)) + 1((9°)?),

or in an other form

(22)  @F =W° + I((X5)*) 4 31((D°)*X?) + 31 (D° o (X°)°%) + I((D°)*).
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We have adopted the following notation:
1(®° o (X)) i= 31(&° (X)) +9C51 (° + X°),
1((x)*) = 1((x°)* = 3¢{x°).

A brief analysis of the wanted regularity for the involved objects shows that even
if the terms 7 ((X?)°?) and I ((X?)°?) converge in the suitable spaces, the renor-
malization introduced before is not enough to define the equation. Indeed, from
Section 4 one can see that for all § > 0, X® converges in probability (and even

1/2_8, (X?)°? converges in the space C;l_‘s and

almost surely) in the space C,
the term 7 ((X?)°?) converges in the space C;/ >3 S0 we can expect that the pre-
sumed limit @ of the solution ®° has the same regularity as the worst term in
the last equation. Hence, ® € Cy 1/27% and the estimates of Proposition 2.3 are not
enough to take care of the terms X °2¢ and X ®2, since the sums of the regularities
are still negative. Nevertheless, it is expected from Section 4 that if those terms
are constructed they lie respectively in Cp 170 and C T 278 One expects from
Section 4 that the solution ®° may converge as soon as it is expressed as func-
tional of “purely stochastic” terms. In order to have such a decomposition, we will
use extensively the definition of the paraproduct and the commutator estimates.
Proposition 2.3 allows us to deal with products of factors as soon as the sum of
the spatial regularity is positive. The commutator and Schauder estimates (Propo-
sitions 2.4 and 2.7) allow us to decompose the analytically ill-defined terms into
purely stochastic factors and well-defined terms.

For the sake of better comprehension, we will consider only the null initial
condition. It does not change the algebraic part which is exposed here, but pushes
us to deal with space of continuous functions for strictly positive time which can

blowup at the origin. The equation becomes

F = (X)) +31((X5)°2DF) +9CET (XE + ©F)

C;/z s C}—a C;/Z s

+31(XE (%)) +1((9°)?).
C;/275

2.3)
3/2—8

The form of the equation suggests to make the following ansatz about the a priori
expression of the solution ®°.

ANSATZ 2.8.  We suppose that there exists (®¢)” such that &€ = I ((X¢)*3) +
(®%)" and where for all § > 0 (small enough) the reminder (P9 is uniformly
bounded (in ¢) in the space C IT_‘S.
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When ®¢ fulfills Ansatz 2.8, one can develop the fourth term of the right-hand
side and obtain

X°(9°)? =2X°(®° < °) 4+ X°(D° 0 D).
As ®f € C;/Z_B and X° € C, , the term X¢(®¢ o ®°) is well defined thanks

to Proposition 2.3. It is possible to develop the first one a bit further in order to
have

1/2-8

X*(PF < ®°) =X 0 (P° < D)
+ (X° < (P° < DF) + (D° < D) < X°).

Here again, the only ill-defined term may be the first one. Hopefully, the regulari-
ties of the objects allow us to use the commutator estimate of Proposition 2.4. We
then use the Ansatz 2.8 once again to get

X® o (0° < @) = O (D° 0 X°) + R(X®, d°, O°)
= ®°(1(X?)? 0 X* 4 (%) 0 X°) + R(X®, d°, ®°).

Hence, Ansatz 2.8 allows us to see the product (d? )2X* as a continuous functional
of (d%)” and some stochastic well-defined terms. This fact is summarized in the
following proposition.

PROPOSITION 2.9. Let ®° be as in Ansatz 2.8 then 1((®°)2X?) is a contin-
uous functional (bounded uniformly in €) of (®¢)°, X¢, 1((X?)*3), (X*)°? and
1((X?)°3) o X&. Moreover, if each of these data has a finite limit in the prescribed
space then I ((9°)>X?) is also convergent.

The aim of Section 3.1, and in particular Proposition 3.6 is to specify the de-
pendencies toward the norm of each object. Furthermore, thanks to Section 4 the
term 7 ((X?)°?) o X¢ converges in probability in the suitable space.

NOTATION 2.10.  Since the eventual limit of (®¢)2X? is not simply a continu-
ous functional of X (but also of the eventual limit of the stochastic terms appearing
in Proposition 2.9) we denote the limiting object by ®2 ¢ X instead of ®>X to keep
this fact in mind.

Unfortunately, Ansatz 2.8 is not enough to handle the product ®¢(X¢)°2. In-
deed, (X5)*? e C T =% and the reminder (P eC }_‘S. Hence, one has to develop
equation (2.3) a bit further. We still assume that ®° complies with Ansatz 2.8.
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From the paraproduct decomposition, we can see that

@ = 1((X9)7) +31(9F < (x)?)

C;/zfa C;fa

+31(D° o (X°)°?) —9C51(D° + X°)

(2.4)
c

+31((X%)% > ) +31(X5(9°)%) + ﬂ@ .

C;/zfs C;/zfs

3/2-4 C3/2-3
T

C;/zfs

Let us observe that the only “ill-defined” term in this expansion is 7 (®¢ o (X* )92y,
Nevertheless, one can make a second stronger ansatz about the representation of
the solutions in terms of functions with increasing regularity.

ANSATZ 2.11 (Paracontrol ansatz). We suppose that there exists (&%) such
that

0F = (X)) +31((@°) < (X)) + (&°)’,

where for all § > 0 and all v > 0 small enough (®*)’ € C;/z_a and (®°)? € C;J”’

uniformly in . Moreover, as we will see in the sequel some Holder regularity in

time is also needed for the term (®¢)" and actually we will assume that this term

is uniformly bounded (in ¢) in the space C?’I/Z_B for 8’ <§/2

This ansatz is an informal form of the definition of the paracontrolled distribu-
tions (Definition 3.3). It will allow us to prove an analog of Proposition 2.9 but
for I (P o (X?)°2). First, let us remind that I (f) = — fé P;_; fs ds. Thanks to the
commutator estimate of Proposition 2.4, the Holder regularity in time of (®°)" and
the Schauder estimate Proposition 2.7 we have that for all v > 0 small enough

1((®) < (X)) = (@) < 1(x*)? et

Moreover, this quantity is continuous with respect to (®¢)" and (X* )°2. Hence, one
can reformulate Ansatz 2.11 in the following way. For all §, v > 0 small enough,

there exists (P°) ¢ (ng/z—s and (®¢)7 such that
2.5) D = 1((X%)%) +3(°) < (X)) + ()"

Again, the only ill-defined term in ®¢(X?)°? is the resonant term ¢ o (X¢)°2.
Using the reformulation (2.5) of Ansatz 2.11, we get easily that

(#9) 0 (x9)7 = 1((X)) 0 (X°)2 4 3(x9) % o () < (X))
+(@F) o (x%)
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= 1((X)*) 0 (X°)* + (@) (1((x*)*) 0 (X))
+ R((X)%2, (@) 1((X9)*%) + (0F) o (X°)*%,
where we have used the commutator estimate of Proposition 2.4. All the regular-
ities of the involved objects are enough to take the limit in the product, as soon
as 1((X?)°%) o (X¢)°% and I((X?)®) o (X#)°? converges in the prescribed space.
Unfortunately, as shown in Section 4, this is not true. However, the convergence

holds after making a renormalization procedure and this is where the constant C5
takes its role. More precisely, we will consider the following stochastic terms:

(I((X*)?) 0 (X*)*%)° = 1((X*)*?) o (X*)* = C5
and
(F((X*) ) 0 (X5)%)° = 1((X*) ) o (X*)** = 3C5 X7,
with
C5 =E[I((X)**) ) o (X)) 0)]],=o-

Making such a consideration pushes us to consider the term (®?) o (X?
3C5(X? + @) instead of the original one where we have added the extra counter-
part introduced in equation (2.3), and at this point, we can see that this term has
the following expansion:

)<>2 _

(%) o (X°)°? = 3C5(X° + @°)
— I((x8)<>3) o (Xs)<>2 N 3C§X€
+3((@°) (1((X%) ) 0 (X)) — C5°)
+R((X)7, (@), 1((X) 7)) + (%) 0 (X7)*2.

It is important to remember that ®¢ is expected to be a fixed point of the equation.
In that setting, one must note that ®¢ = (®¢)’. The following proposition is a sum-
mary of the discussion above (a rigorous proof of it, and more precise estimates
can be found in Section 3.2).

PROPOSITION 2.12.  Suppose that & fulfills Ansatz 2.11, then ®¢(X?)°? —
3C5(X® 4 ®°) is a continuous functional, uniformly in &, of

®°, (d)s)/, Xe, (XS)OZ’ I((X8)<>3),
(I((X)*?) 0 (X*))° and  (I((X%)*) o (X°)%%)".

The following corollary is a byproduct of those two propositions.
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COROLLARY 2.13. Let ®° be as in Ansatz 2.11 and
X6 = (XF, (X2 1((X)), 1((x) %) o X°,
(((X5)7) 0 (X)), (1((X4)*) 0 (X4)*%)°).
The function T is continuous toward ®¢, (®¢)" and X¢, uniformly in &, where
[(0°) = 1((X°)) +31((X°)* %) + 1(X*(@°)*) + 1((9°))
—3(CE + C5 + C3)I(XF + 0F).

As mentioned above, the aim of Sections 3.1 and 3.2 is to specify the depen-
dency toward the parameters of the problem. In Section 3.3, these estimates will
allow us to prove that in a suitable space (the space of paracontrolled distribution
of Definition 3.3) and for a suitable X (lying in the space of rough distributions of
Definition 2.15) I is a contraction. This will allow us to make a fixed-point argu-

ment. Finally, in Section 4, we apply this analytical theory to the white noise and
to X.

REMARK 2.14. Let us remark that the previous analysis for ®¢ leads to the
following corresponding problem for u?:

O’ = Au® — ((®)® = 3(C§ +3C5 + C3)u’) + £°.
In all of the following, we will choose to take C3 = 0 to simplify our presentation.

The case C3 # 0 would only leads to a minor algebraic modification.

2.3. Rough distributions. To end this section, let us introduce the space X in
which the convergence of X® takes place. The previous subsection gives us the
structure of the data so that we are able to solve equation (1.1).

DEFINITION 2.15. Let T > 1, v, p > 0. We denote by %;’al’ﬂ the closure of
the set of smooth functions C°°([0, T], ch (']I‘3)) by the semi-norm

v
5" |or — @slep
l@llv,p = sup t"|giles +  sup ————o—
1€[0,T] 1,5€[0,Tl:s#t | — 5]

For 0 < 48’ < §, we define the normed Banach space Wr g

_ ~8.—1/2-8 8, —1-6 8,1/2-8 8,8 v,8',—8 v,8,—1/2-8
Wrk =Cyr x Cp x Cp x Cp " X Cp X Cp ,

where K = (8,8, v, p) is equipped with the product topology. For X € C([0, T],
C(T?)), and (a, b) € R? we define R, ,X € Wr g by

RopX = (X, X* —a, [(X? - 3aX), [(X? - 3aX) o X,
I(X* —a) o (X*—a) — b, I(X> —3aX) o (X* —a) — 3bX).
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The space of rough distributions A7 g is defined as the closure of the set
[R.pX, X € C([0,T], C(T%)); (a, b) e R?}

in Wr k.
For a generic element X € X, we denote its components by

X = (X, X%, 1(X*%), [(X*¥) o X, (I1(X°?) 0 X°%)®, (1(X*3) 0 X*?)°).

We equip the space A7 x by the metric d induced by the topology of the Banach
space Wr k and we denote simply by ||X||7 g the norm of X in the space Wr k.
For simplicity, we will omit in the sequel the dependencies in 7 and K for the
space defined above and simply write X'.

REMARK 2.16. For X € X7 g, we can give a natural meaning to the the term
(I1(X°?)X°?)° by using the Bony paraproduct decomposition:

(I(X°?)X°)° =1(X*?) < X2+ 1(X°?) = X2 + (I(X°%) 0 X*?)°.

In the same manner, we could also define (I (X°3)X°2)°.

REMARK 2.17. In the sequel, we might denote X by X if there is no confu-
sion.

Now let us summarize the discussion and give some pointers for the upcoming
sections. First, in Section 3 we will introduce the space of paracontrolled distri-
butions, which is formally speaking the space of distributions (actually a couple
of distributions) such that the Ansatz 2.11 holds. In a second step, in Section 3.1
(resp., Section 3.2), we will show that given a fixed rough distribution X and a
fixed paracontrolled distribution ® we can construct the product ®* ¢ X (resp.,
® o X°?) like a continuous functional of the paracontrolled distribution ® and the
rough distribution X. Moreover, this construction will coincide with the “classi-
cal™ definitions when all data are smooth. Finally, in Section 3.3 we will show
that for a small time the map I" is a contraction from the space of paracontrolled
distributions to itself, which will allow us to construct immediately the map F ap-
pearing in Theorem 1.1. It is wise to remark that all these parts are purely analytic
and use simply the fact that X is a rough distribution. In order to come back to the
original problem, we will prove in Section 4 that if X° is a regularization of the
(O.U), then Rc: cs X =X converges in the space A7 k.

4Classical mean that the products appearing in this expression are understood in the usual sense of
pointwise products of functions.
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3. Paracontrolled distributions and fixed-point equation. The aim of this
section is to define a suitable space in which it is possible to formulate a fixed
point for the eventual limit of the mollified solution. To be more precise, let X be
a generic element of the space X (not necessarily equal to a fixed trajectory of the
0.U.). We know from Section 4 that there exists X* € C } (T3) and @, b® € R such
that lim,_, o R4 2 X® = X. Let us focus on the regular equation given by

®° = I((X®)’ —3a°X°)
+3{1(@°((X°)* = a)) = 3b°T(X° + ©F)} + 31((9°)X°) + 1((F)?).
where we have omitted temporarily the dependence on the initial condition. As
pointed out previously, if we assume simply that ®¢ converges to some & in
C1/273  we see that the regularity of X is not sufficient to define I(®? o X) :=
limg_ 0 I ((®%)2X?) and I (P o X°?) :=limy_ I (P°((X®)* — a®)) + 3b° 1 (X® +
®?). As it has been remarked in the previous section, the solution should satisfy
the following decomposition:
®° = I((X°)} —3a°X°) + 31(D° < ((X°)* — a®)) + (&°)".

Then if we impose the convergence of (®%)* to some ®F in C;/ 2_5, we see that
the limit & should satisfy the following relation:

O = ® — 1(X) = 3I(® < X?) e C)*°,

which as pointed in the previous section is the key point to define I ($>X), I (P o
X°?) and to solve the equation

(3.1) O =1(X7)+31(D* 0 X) +31(P o X°%) +1(D7).

NOTATION 3.1. Let us introduce some useful notations for the sequel:
B.(f,)=1(f>g), Bo(f,8)=1(fog) and B.(f.g)=1(f<g).

REMARK 3.2. The reader should keep in mind that the paraproduct B (f, g)
is always well defined for every f € C* and g € CP for all the value of « and S
Moreover, it has regularity min(e, 8) +2 — 6, for all § > 0.

Now the following definition offers a precise meaning to the notion of paracon-
trolled distribution.

DEFINITION 3.3. Let X € X and z € (1/2,2/3). We say that a couple
(@, d') € (C;%)? is controlled by X if

dF = — (X)) - 3B (P, X%
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such that

y+z

@7 45 +11/4472

14+6+2
|

K+z
”q)ﬁ”*,l,L,T: sup (r (Dtﬁ”1/2+y +12 HCD?”K)

i #
# ”cbz - q)s”a—Zb

+ sup s A <400
(5,)€[0,T]2 |t —s|
and
¢ || D) — D || .— g
[0, 5, = sup s TN Pillenad oy e,

(5,)€[0, TT? |t — s 1€[0,T]

where L := (8, y,k,a,b,c,d,n) €0, 18,z € (1/2,2/3) and 2d <c¢,2b <a. Let
us denote by le’x the space of such couples of distributions. In order to keep
it simple for the rest of the paper, we will use the abusive notation @ instead of
(®, ®’). Moreover, we equip this space with the following metric:

dr,r(®1, @) = || @) — @5, 5, 7 + |of - q)g”*,I,L,T

for @1, &, € Dk« and the quantity

1@l 7L =Pillpr  =dL.r(P1, 1(X*%)).

REMARK 3.4. The metric space le’x is complete.

In the following, we will omit L when its choice is clear. We notice that the
distance and the metric introduced in this last definition do not depend on X. More
generally, for @ € D%LX and ¥ € D%’Y we denote by dmin(L,G),min(1y,15) (P, W)
the same quantity. We claim that if ® € D)L( for a suitable choice of L then we are
able to define I (P o X°2) and I (d? ¢ X) modulo the use of X.

In the following two subsections, we show respectively that 7(® ¢ X°?) and
I (®2X) are well defined when @ is a controlled distribution. We also have to
prove that when & is a controlled distribution, W + I (X°3) 4+31 (&% ¢ X) 4+ 31 (d o
X°2) 4+ I(®3) is also a controlled distribution. After all those verifications have
been made, the only remaining point will be to show that we can apply a fixed-
point argument to find a solution to the renormalized equation. This is the aim of
Section 3.3.

3.1. Decomposition of [(®?0X). LetXeX and ® € Dng’T, assuming that
all the components of X are smooth and using the fact that ® is controlled we get
immediately the following expansion:

I(D2X) = 1(1(X2)2X) + I((6%)°X) + 21 (61 (X3) X),
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where
6° = B_(®', X°?) + @°.

When X is no longer smooth and only satisfies X € X and more particularly when

[(X%) e C;/z—a and X € C;l/z_a, we can observe that the two terms 7 ((6%)2X)

and 1 (071 (X°3)X) are well defined due to the Bony estimate (Proposition 2.3) and
the fact that @ is a paracontrolled distribution. Let us focus on the term 7 (X °)H2x
which, at this stage, is not well understood. However, the Bony paraproduct de-
composition gives

(X)X = (I(X3) < I(X) o X + (1(X*}) 0 I(X*?)) 0 X + I(X*)? < X
+I(X%)? - X.

We remark that only the first term of this expansion is not well defined. To over-
come this problem, we use Proposition 2.4. Indeed we have

R(I(X%), 1(X%), X) = (1(X**) < I[(X*%)) o X — I(X*¥)(1(X*%) 0 X),
which is well defined and lies in the space C }/ 2_35, since X € .
REMARK 3.5. The “extension” of the term I(®2X) is a functional of

(9,X) € D{g’T x X and then we use sometimes the notation I (®? ¢ X)[®, X]
to underline this fact.

PROPOSITION 3.6. Letz € (1/2,2/3),® € DBLQ, and assume that X € X. The
quantity 1(®? o X)[D, X] is well defined via the following expansion:
1(D% 0 X)[@, X] :=I(I(X*®)*X) + 1((6%)*X) + 21 (#*1 (X*%) X),

where

0" = B_(®', X°?) + @*
and

I(X)?X :=1(X) o I(X®)X +2(1(X*?) < I(X*?)) < X
3.2) +2(1(X%%) < 1(X%%) = X
+21(X*)I(XY) o X +2R(I(X%%), 1(X*), X).
Here,
R(I(X%), 1(X), X) = (I(X*) < [(X*%)) o X — [(X*®)(I(X%®) 0 X)

is well defined by Proposition 2.4. Moreover, there exists a choice of L such that
the following bound holds:

[1(®% 0 X) [, X1, ; 7 S T UPlpt + DA+ 1Xl7,0,0,8,60°
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for 0 >0 and 8,8, p,v > 0 small enough depending on L and z. Moreover, if
X € C1.(T3) then

(D% 0 X)[®, RypX]=1(P*X).
PROOF. By a simple computation, we have
t
[B<(@". X)), < / ds(c — )R ol X,
0

SV,K T1/2—r/2—K/2—z/2 ” CD/ ”* 2,T ”X<>2 ” —1-r
for r, k > 0 small enough and 1/2 < z <2/3. A similar computation gives

|B-(®", X)) 124y

t
< [ dste -0 ORI e X2

t
Serc 102 X2y, [ dste =)0y anzgtesrs

SN2 | X2

for y, r, k > 0 small enough. Using this bound, we can deduce that

11((6%)*X) ()] 145

t
_ 2
5/0 ds(t —s) (3/2+5+ﬁ)/2|| (93) X ||—1/2—ﬁ

t
Sﬂ,afo ds(t — )" CFEFR2OE] N6F] o 1Xsll-1/2-p

Se 112 L 7 (1X2)y, + X N—1j2—p + 1)°

X /t ds(t — 5)~ C/2H8+P) g—(1/2Hk+y+20)/2
0

SLet ORI L 2 ([X2 L, A 1 X —aj2-p + 1)
for y, B, 6 > 0 small enough and 2/3 > z > 1/2. Hence we have

sup 1T 1((0%)°X) ()]
t€l0,T]

2
<L T? ”cD”Z,L,T(”XOZH_l_r + 11 Xl-1/2-p + 1)°,
for some 6; > 0 depending on L and z. The same type of computation gives

sup 12| 1((6%2x) )],
t€l0,T]

Lo TR0 L 2 (1X2) o, + IX I —1j2—p + 1)
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and

2
sup (V221052 X) )] s,
1€[0,T]

S TONRNE (IX2 )y, + X —1j2-p + 1)?%,

where 6, and 63 are two nonnegative constants depending only on L and z. To
complete our study for this term, we have also

1((0%)*X) (&) = 1((6*)* X)) | y_np S Loy + I,
where

and

N
Il = H f du(P_, — Py_,)(65)X,,
0 a—2b

2 _
ISZ‘_

! 2
f duP,_,(07)° X,
N

a—2b‘
Let us begin by bounding 7!
N
IS - S)b/(; du | Py, (Gg)qu I
t
S [ duts =) VPP 62)X, | g
0

ST®e = P12 7 (1 X2y, + 1XN—1/2— + 1),

where 64 > 0 depending on L and z. Let us focus on the bound for / 2

t
_ - 2
I;; §/S (1 —uy~ (/2 2b+ﬂ)/2”(95) Xy H_1/2—,3

S 1012 2 (IX2 L, + 1X—1j2—p + 1)°

X /I du(t — u)~(1/2+a=20+5)/2) ~(1/2 ity +22)/2
N

and

/, du(t — u)~(1/2+a=20+5)/2) ~(1/2 ity +22)/2
S
= (t — 5)3/4—(@2b+h)
1
x/ dx(1 _x)—(1/2+a—2b+ﬁ)(s +x(t _s))—(1/2+/<+)/+22)/2
0

tepap (= s)Im@2HB 21224 (e47)2

1
x/ doc (1 — x)~(1/2Ha=2b+8)/2, =3/4+
0
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Since z < 1, we can choose [, k, v, b > 0 small enough and we have

t
/ du(t — uy~(/2Ha=264B)/2, = (/2447 +20/2 < | b5 _ oyb—GHa)/2.
N

where 65 > 0. This gives the needed bound for /,. Finally, we have

sup stz M@0 =~ G X))l
(s.0€l0.T] |t — sl

STHNQ)2 (| X2]_y, + X 12—+ 1)%

Hence
11O X)), 17 SL T2 7 (1 X2 ]y, + 1X 12— + 1)

The bound for ||1(*1(X3)X) ll+.1,7 can be obtained by a similar way and then,
according to the hypothesis given on the area term 7 (X °3) X and the decomposition
of I(I(X°3)%X), we obtain from Proposition 2.4 and Proposition 2.3 that

[1((x*)* o X1, 1.1

0 3 3 3
ST A+ [I(XP) o Xy 1oy + X 510 + 1 X Ns—12-5)"
for 3p < &' small enough, which gives the wanted result. [J
3.2. Decomposition of I (® o X°?). First, let X € C([0, T], C™®), (a, b) € R?,
X=R;pX and ® € DR, ,x.7- Using the paracontrolled structure of @ and the

Bony paraproduct decomposition for the term ®(X? — a) gives the following ex-
pansion:

1(®(X? —a)) —3bI (P + X)
= B_(®, X? —a) + (Bo(I(X?) — 3aX, X* — a) — 3b1 (X))
+3(Bo(B=(®', X* —a), X* —a) — 3b1(®'))
+ Bo(®%, X? —a) + B~ (®, X* —a).

Thanks to the Bony estimate (Proposition 2.3), we can see that all the terms ap-
pearing in the right- hand side, apart from the third one, are well defined even when
Xis no more equal to R, , X but a general rough distribution. The only problem is
to give an expansion for the third term of this equation. We have to deal with the
(ill-defined) diagonal term:

J(®', RypX)(1)
= Bo(B-(®', X* —a), X* —a)(t) — b1 (P

t N
- / dsP,_, / do Py_o (¥, < (X2 —a)) o (X — a) — 361 ().
0 0
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It can be decomposed in the following way:

J(®, Ry pX)(t) = /Ot ds P,y @, (I(X? —a)(s) o (X2 —a) — b)
-ﬁfmnﬂfﬂw@;—qxﬁ_@og%uﬁ—@

(3.3) +/ dsP,_ éf doR!_ (@, X% —a)o(X?—a)

+/ dsP,_s/ R*(®, Py o X2 —a,X? —a)

4
EZ (@', Rap X)(1),

where
(L) =Ps—o(f <8)— f < Ps—s8g,
R*(f.g.h)=(f <g)oh— f(goh)

and f, g, h are distributions lying in the suitable Besov spaces where the order
for R! and R? has to be defined. Now the point is that the right-hand side of this
equation allows us to define the operator J (and even each J;) for a general rough
distribution X, as it will be proved in Proposition 3.8 below, and for a general X.
Before stating the proposition, let us give a useful improvement of the Schauder
estimate which will help us to estimate the operator J.

LEMMA 3.7. Let f be a space time distribution such that

sup 17T £l < +oo.
t€l0,T]

Then the following bound holds:

ITCf)@) = T(f)(S)la—2b
S e TO sup (CFI2Y £,
5.1€[0,T] [t — s 1€[0.T]

where a +7 <2, z4+r<2,a—r<2,0<a,b<1and 6 > 0 is a constant
depending onlyon a, r, b, z.

PROOF. By a simple computation, we have

IO —1(f)(s) =1} + 12,

where

N t
]slt:(Pt,S — 1)/0 duPs_, fy, and Is2t:/ duPr—y fu.
s
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Using Lemma 2.5, the following bound holds:

17— S 17 = 5] fdu(t )~ @2y =02 qup (I 1 < oo,
te[0,T]

To handle the second term, we use the Holder inequality,

—(a=2b—r) (z+r) 1-b
H[S ||a TS |t—s| </ du(t—u) 206y 2(1-b)>

x sup 7T £l < +oo,
tel0,T]

which completes the proof. [J
The following proposition gives us the regularity for our terms.

PROPOSITION 3.8. Assume that X is smooth and that X = R, , X . There is a
choice of L such that for all z € (1/2,2/3) the following bound holds:

7@ X)), 1 7 ST+ 1Xl7.4) [ @], 5.7+

where K € [0, 11* and > 0 are two small parameters depending only on L and z.
Thus this bound allows us to extend the operator J the whole space of rough
distributions X, with the same bound.

PROOF. We begin by estimating the first term of the expansion (3.3):
[J1(@". X)) 1 45
t
< [ ds =)0 (1 (2~ a) ) o (X7 —a) =],

S 27 Bo(X* = a). (X* —a)) — b

(KT—U/ZV

X </z ds(t — s)—<1+5+n/2)/zs—(n+v+z>/2)
0

<o T 5 | Bo(XF — @), (X2 = @) = b e,
for n, § > 0 small enough and where #; > 0 depends on L. Hence

sup tITFI2) 1 (@, X) ()],
1€[0,T]

L T Bo(X — ), (X = a)) | e
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Let us focus on the second term. We have

[ 2 (@ X) D] 45
S /tds(t — 5)~(+8=H)/2
0
x /OS do (@) — ®L)(Ps—o (X% —a) o (X2 — a)) Is
SB.p fot ds(r — 5)"(1H=P)/2
x /0 do(s — o) @20l — |, |X2—al?,_,
Sepo |9 20 1X? —all i /Ol ds(t — 5)~(1H6=P)/2

o« /S do (s — o)~ 1=P/2Hd g —(c+2)/2
0

t
SL,ﬁ,p H CD,”*,Z,T ”XZ i a”é;l—p /(; ds(t — S)—(l+8—,3)/2s—(/0+c—2d+z)/2
2
SL,,B,/O ng || q)/H*,Z,T HX2 - a”c;l—P»

where 8 = min(c — 2d, p) >0, ¢, d, p > 0 are small enough; z < 1 and 6, > 0 are
a constant which depends only on L and z. Using Lemma 2.5 have

I Rsl—a(q);» Xczf - “)||1+2ﬁ S (s —o) G2 | @5 ||n||X§ - a”—l—ﬁ’
for all 8 > 0, 8 < n/3 small enough. By a straightforward computation, we have

| 73(@", X)) 1
< /Ot ds(t — 5)~(1+6=P)/2 /OS do | Rl (@, X2 - a)o (Xf — a)”ﬁ
< /Ot ds(t — 5)~(1+5=P)/2 fos do | R{_, (@}, X3) — a5 X2 —al g
S X2 _awzc;l—f‘ [, 2.7 /0’ ds(t — )" IH0P2
» f " 4o (s — o)~ @302~ 422
0
Shx? - anzc?l*ﬂ |, 2.7 /Ot ds(r — 5)~(1H+6=B)/2g=BB—rtn+2)/2

2
< 763 ” x2 — a||C;H‘3 I CD/”*,Z,T’
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where 03 > 0 is a constant depending on L and z, 0 < 8 < 1/3 small enough and
z < 1. To treat the last term, it is sufficient to use the commutation result given in
Proposition 2.4. Indeed we have

| R*(@5. Pe—o (X5 —a). X3 —a)|, s

—Or9/2(5 _ )= @=P)/2) x2 _ a||2C;17ﬂ |’ ||*,2,T’

Snp S
for 0 < B < n/3 small enough. Hence
[Ja (@, X) D] 45

2
Sn.p ”XZ - a”c;‘*ﬂ | q’/“*,z,T

5 /-t ds(r — S)f(1+8frz+3ﬂ)/2 /‘5 dGS,(nJrz)/z(s _ 0)7(275)/2
0 0

t
Sn,ﬂ HXZ . Cl”?:;l—ﬂ ” q)/”*,Z,T/O ds(t — S)—(1+6—n+3ﬂ)/2s—(n+z+ﬁ)/2
2
S T94 HXZ - a”c;l_ﬁ || (D/ “*,Z,T’

for 64 > 0 depending on L and z < 1 and B, ,§ > 0 small enough. Binding all
these bounds together, we can conclude that

sup IR0, X) (0]
1€[0,T]

St T/ (U +[X* =afl o0 + [ Bo(X* = a), (X* —a) = b

2
cgr—n/z,v)
<[], 275
for 6 > 0 depending on L and z. The same arguments gives

sup (/2472 (@', X) (1) 1/24y
t€[0,T]

SL.z Tg(l + HXZ - a”c;‘*/’ + HBO((X2 —a), (X2 —a)) — b”cg;"/z’“)z
X ||CD/H*,2,T

and

sup t(K+Z)/ZH J(@, X)(0)],
t€l0,T]

SLe T4 X2 oo + [ Bo(X* = a). (X7 —a) = bl oz’

X ||q>/||*,2,T'
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To obtain the needed bound, we still need to estimate the following quantity:

wta | J(D, X)) — J (P, X) () la—2p
sup s 2 - )
(s.0)€[0, T2 |t —s]

To handle this, we use the fact that J; (&', X)(¢) = I (f?) with
) = dLI((X? —a)(s) o (XE —a) —b),

£s) = /0 do (®, — &) (X2 = a) o Pr_y X2 — a)

and
6= [ do (R, (%, X2 —a)o (X2 —a)),
0

£ = /s RY(®,, Py_o (X2 —a), X2 —a).
0

By an easy computation, we have
NG L2 Sn s~ |, o7
x (1+ | Bo((X* — a). (X —a) = b o).

2
|9l 57 1X% —alZ,_y )4
X /S do (s — o)_1+d/20_(c+2)/2
0

e sPTEFOR QL XP - all_y_ 4

2y <

and
2
||f3(s)||2n/3 S ||(I>/||*,2,T||X2 - a”-1—n/9

X /s ds(s — o)~ 1H1/9g=(+2)/2
0

) 2
< s~ UIH99/2) @ ||*,2,T | x* - a”—l—n/9’

~

where v > 0 depends only on L. A similar bound holds for f*, which allows us to

conclude by Lemma 3.7 that we have
a || J(D, X)) () — J (P, X -
sup s%|| ( ! )|t—§|b JOlla2 STg|}<I>'||*,2,T||X°2||2_1_p,

(s,t)€[0,T1?
for some p > 0,6 > 0 and n, c,d > 0 small enough and z € (1/2,2/3). O

We are now able to give the meaning of I (® ¢ X °2) for ® € Dég.
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COROLLARY 3.9. Assume that X € X and let ® € Dk then for z € (1/2,2/3)

and for a suitable choice of L the term I (® o X°%)[®, X] is defined via the follow-
ing expansion:

I(® o X°?)[®, X] := B (P, X°?) + B~ (@, X°%) + I ((1(X%®) 0 X°%)°)
+3J (P, X) + Bo(®%, X°).
We have the following bound.:
|Bo(@, XF)], ;7 + | B= (@ XD,y 1 S TN®lr [ X2 1o,

for some 0, p > 0 being nonnegative constants depending on L and z. Moreover,
ifa,beR, X € C1(T3) and ¢ € C*°([0, T]), we have

I(®oX?)[®, RY X]=1(D(X* —a))+3bI(X + ),
for every ® € DszX

PROOF. We remark that all the terms in the definition of 1 (® ¢ X°?) are well

defined due to Proposition 3.8 and the definition of the paraproduct. We also notice
that

| Bo(®F, X)), 15
t
5/0 ds(t — )" D20 S 1X2 )

t
< @8, | 4 X2 ||C—1—8/2/ ds(t — )~ (F8/2/2=(+5+2)/2
1 ; 0

S5O QR X2 i,
EEE) T
which gives easily

s (TR B0 X0 S TV, X
€

for § < 1/2. By a similar computation, we obtain that there exists 8 > 0 depending
on L and z such that

sup (TR By @ X)) 5y + st 1 Bo(0 X0,
S

% i o2
ST, | X2 o
To obtain the needed bound for this term, we still need to estimate the Holder-type
norm. We remark that

| @50 X325, S s~ DN S IX3] s,
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and as usual we decompose the norm in the following way:

Bo(®F, X°2) (1) — Bo(®F, X3) =11, + 12

st

where
Iy = (P — 1)f0t duPr_y (% 0 X2?) and 12 = /stduP,_u(d>5 0 X2%).
A straightforward computation gives
e S 19 X2 goonle = [ dute (@720 53500
§ T(l—a—S/Z—z)/2|t _ S|b||q’uH*,1,T ||X<>2 Hcﬁ/z-

For 12, we use the Holder inequality, which gives
t a—2b— 1-b
L P N b e A R e e )
A, r g
ST PR, | X e,
' T

for a, § > 0 small enough and z < 1. We have obtained that

|Bo(@, X2,y S TV, 7| X2] o

for some 6 > 0 depending on L and z. The bound for the term B. (P, on) 18
obtained by a similar argument and this completes the proof. [J

REMARK 3.10. When there is no ambiguity, we use the notation I (® o X°?)
instead of 1(® o X°})[®, X].

3.3. Fixed-point procedure. Using the analysis of I(® ¢ X°?) and I (®? ¢ X)
developed in the previous section, we can now show that the equation

O =1(X)+31(D o X?) +31(D* 0 X) + [(D%) + ¥

admits a unique solution ® € DSLg for a suitable choice of L and z € (1/2,2/3) via
the fixed-point method. We also show that if ©® is the solution of the regularized
equation and ®° is such that u® = X® + ®° then d(P?, ®) goes to 0 as ¢. Hence,
by the convergence of X¢ to X, we have the convergence of u® tou = ® + X. Let
us begin by giving our fixed-point result.

THEOREM 3.11.  Assume that X € X, u® € C™3(T?) with z € (1/2,2/3) and
L is such that the bounds of Propositions 3.6 and 3.8 are satisfied. Let (®, ®') €
D;Lg and W = Pu®. We define the application T : D§L§,T — Cr° (T3) by

[(®, @) =1(X) 4+ 31(® o X°?) +31(D% o X) + (%) + ¥,
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where I(® o X°?) and 1(®>X) are given by Corollary 3.9 and Proposition 3.6.
Then (I'(P), D) € 175Lg for a suitable choice of L and it satisfies the following
bound:

34 L@, ; STz + 1) 1+ I1Xll7x + ] )%
Moreover for 1, O, € D§Lg the following bound holds:
dr.L(T(®1), T(d2))
(3.5) ST0dr, L (@1, @) (11l 2,7+ (D2l .7 +1)°
x (14 IXlrk + 1] )",

for some 6 > 0 and K € [0, 11® depending on L and z. We can conclude that for
this choice of L there exists T > 0 and a unique ® € D;L&T such that

(3.6) O=T(D)=1(X)+31(d*0 X°?) +31(D? o X) + I(D°) + .
PRrOOF. By Corollary 3.9 and Proposition 3.6, we see that I'(®) has the
needed algebraic structure of the controlled distribution. More precisely,
(@) =39,
[(®)° =3B (D, X°?) + X°(®) + 3Bo(DF, X°?) 4 31(D>X) + (D) + W

and I'(®) € C;*. To show that I'(®) € D§Lg and to obtain the first bound, it remains
to estimate || ®||42,2,7 and || ['(d)* ll«.1,2,7- A straightforward computation gives

121, S (XD, + | B=(@. X)), + | ¥,

SHEA), + 1927 1X20 -,
y /O’ ds(r — )~ HD2g=0/2 =Gt | 3| |

S U@l + DXy, + 11 (X)), +1)

s« $min(1/2=@n+2)/2,—(k+2)/2)

Hence, for 0 < n <« and n < 1/2 and z € (1/2,2/3) small enough, we have that

sup 1IN0, ST (1D + 1) (| X poton 4+ [1(X) [ en +1).
t€l0,T] T T

We focus on the explosive Holder-type norm for this term. Indeed a quick compu-
tation gives

1D — Dslle—2a S [T(X) @) = I(X) ()] ,_sy
+ | B<(@', X°2) (1) — B(®', X°2)(5) ooy

+ [ @ = ©F]_py-
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Let us estimate the first term on the right-hand side. Using the regularity for
1(X°3), we obtain that for d > 0 small enough and ¢ < 1/2,

[1(X) @) = 1X ) ) egq S 1= sITHX ) g g

We notice that the increment appearing in second term has the following represen-
tation:

B_(®, X?) = 1(f),
where f =7 (P, X <>2). To treat this term, it is sufficient to notice that
I fill-1-s S T IX 2Ny _s S 72N L [ X2
and we have
| B<(®', X2)(0) = B (@', X*2)(9)] sy
ST = s 2D, L | X2
for some 6 > 0 and ¢, § > 0. For the last term, we use the fact that
|0 = @ _pg Sl = s @
ST — s = DR D 1 1,
for c — 2d < a — 2b, d < b and then ¢ < a which gives

b, — O~
sup s,(CJrZ)/z [| D s |LL 2d
5,t€[0.T] [t — s

ST+ 11X g emng +1X2[Z_p) (1 + 1@ D,L7).
Hence the following bound holds:
G @) gy ST U+ 11X g emaa + 1XZ ) T+ 1@ 7).

We need to estimate the remaining term ['(®)%. Due to Propositions 3.6, 3.8 and
Corollary 3.9, it only remains to estimate the following terms /(®3) and W. In
fact, an easy computation gives

1l < Ju®]

Let us focus on the term 7 (®3). We notice that
t
||I(d>3)(l‘) ||1+8 5/0 ds(r — S)—(l+6—n)/2s—3/2(n+z)”q)”iT(”on “—l—p + 1)3’

for 8§, k > 0 small enough and z < 2/3. Hence we obtain the existence of some
6 > 0 such that

sup 112 13 (1)] |, 5 S TOUD a7
te[0,T]
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A similar argument gives

[es[ng]t(1/2+)’+2)/2”1(q)3)(t)”1/2+ + Sup t(K+Z)/2||I( 3)(t)||K

ST L+ (1+ X2 _y_,)°
Let us remark that
||(I)3 || < t_3(77+2)/2”q)”* L T( + HX<>2 ||_1_p)3-

As usual, to deal with the Holder norms, we begin by writing the following de-
composition:

[ 1(@%) @) = (@) ()| ooy S I + I

where
Isltz(Pts—l)/()sduPsud>i and Is%:/stduP,MCD
For I, it suffices to observe that
I1hcaa S 1=t [ duts =0 VR 14 X7 )

ST mIRE g o)l (4 X )

for n, ¢ > 0 small enough, z < 2/3. To obtain the bound for the second term, we
use the Holder inequality and we have

! ya—a)
112 a0 S 1=t [ aull a5

e2d—n _3ep\17d o o2 3
<t —s| (/ du(t —u)™ 2720 y~ - 2‘”) el (1 + X2 ,)
Sl —s|' T =22 03 L (14 | X%, ),

for ¢, n,d > 0 small enough and z < 2/3. We can conclude that there exists 6 > 0
such that

qup 402 @O = @Y le2a

3
u T 12127 (141X )

and we obtain all needed bounds for the remaining term. Hence

@[, 5 1 7 S @U@y + 1) (1 + XNk + [u®] )7

for some K € [0, 1]* depending on L, which gives the first bound (3.4). The second
estimate (3.5) is obtained in the same manner.
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Due to the bound (3.4), for 71 > T > 0 small enough, there exists a con-
stant Ry > 0 such that Bg, = {® € D§L§,T; |®ls.7 < Ry} is invariant by the
map I". The bound (3.5) shows that I" is a contraction on BRT2 for0 < T, < T
small enough. By the usual fixed-point theorem, there exists ¢ € Dngsz such that
['(®) = ®. The uniqueness is obtained by a standard argument. [

A quick adaptation of the last proof gives a better result (see, e.g., [7] and the
continuity result theorem). In fact, the flow is continuous with respect to the rough
distribution X and with respect to the initial condition ¥ (or u9).

PROPOSITION 3.12. Let X and Y be two rough distributions such that
IXNr.x, IYllr.xk <R, ze(=2/3,-1/2), ug)( and u?, two initial conditions and
X e D% x y and oF D% v y the two unique solutions of the equations associat-
ing to X and Y, and Tx and Ty their respective living times. For T* = inf{Tx, Ty},
the following bound holds:

[ % =@ [ o ry.c-2ry) S A2 (@F, @F) Srdr kX Y) + [ul —uf | .

for every T < T*, where d is defined in Definition 3.3 and d is defined in Defini-
tion 2.15.

Hence, using this result and combining it with the convergence Theorem 4.3, we
have this second corollary, where the convergence of the approximated equation is
proved.

COROLLARY 3.13. Letz € (1/2,2/3), u® € C™% and denote by u® the unique
solution (with life times T¢) of the equation

o uf = Auf — (ug)% + Cu® +£°,

where £° is a mollification of the space-time white noise & and C* =3(C{ —3C5)
where C{ and C5 are the constants given in Definition 4.2. Let us introduce
u= X+ ® where ® is the local solution with life-time T > 0 for the fixed-point
equation given in Theorem 3.11. Then we have the following convergence result:

P(dT*’L(CDS, CI)) > X) —>e—0 0,
forall x> 0 with T* = inf(T, T®) and ®° = u® — X* € D}, ;.
4. Renormalization and construction of the rough distribution. To end the
proof of existence and uniqueness for the renormalized equation, we need to prove

that the O.U. process associated to the white noise can be extended to a rough dis-
tribution of X’ (see Definition 2.15). As explained above, to define the appropriate
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process we proceed by regularization and renormalization. Let us take a a smooth
radial function f with compact support and such that f(0) = 1. We regularize X
in the following way:

Xi=>" fleb) X (k)ex

k£0

and we show that we can choose two divergent constants Cj, C5 € R" and a
£
smooth function ¢® such that R‘pf C;Xg := X® converges in X'. As it has been

noticed in the previous sections, without a renormalization procedure there is no
finite limit for such a process.

NOTATION 4.1. Letky,...,k, € Z> we denote by k; ., = >.i 1 ki, and for a
function f we denote by §f the increment of the function given by 8fs; = fi — fs.
DEFINITION 4.2. Let
Cf =E[(x)*]
and

3 |f (kD)L f (ek2)

cs=2 .
2 k1 12k |2 (k1 |2 4 k2|2 + [k1 212)

k17#0,ka#0

Notice that thanks to the definition of the Littlewood—Paley blocs, we can also
choose to write C5 as

C5=2 3 Y 0@ kial)02 |k 2l)
li—jl<1k1#0,ky0

o f(eky) f (eka)
k112 1ka |2 (Jk1 1% + k2| + [k121%)

Let us define the following renormalized quantities:
(X°)%%:= (x°)* - C%,
1((X)%) = 1((X°)" = 3C{X°),
(H((X) )0 (X)) = 1(X*)?) o (X7)7 = €
and

(X)) o (X)) = 1(X)) o (x9)? = 3C5X°.

Then the following theorem holds.
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THEOREM 4.3. For T > 0, there exists a deterministic sequence of func-
tions ¢f : [0, T] — R, a deterministic distribution ¢ : [0, T] — R such that for
all §,8',v, p > 0 small enough with v > p we have

lor — sl
l@llv.p.7 =supt’lgr| + sup s"==—5 < 00
t O<s<t<T It —s|

and the sequence ¢° converges to ¢ according to that norm, that is,
le® - 90”1,*1 — 0.
Furthermore, there exists some stochastic processes
X% ec(o,T1,c'7?),
I(X<>3) c C(S/([O’ T, C1/2—8—28/)’
1(X*¥) o X eC®([0,T],C57%),
(I(X*%) 0 X*%)° —p eC¥ ([0, T],C7%)
and
(I(X3) 0 X°)° =3¢ X € C¥ ([0, T],Cc~1/2702%),

such that each component of the sequence X converges respectively to the cor-
responding component of the rough distribution X in the good topologies, that is,
forall §,8 > 0 small enough, and all p > 1,

4.1 X*—>X in L?(Q,CY ([0, T], ¢~ 170-39'=3/2p))

(4.2) (Xg)<>2 5 x©2 in Lp(Q,Cs’([O, T]’C—1—8—38/—3/2p))’

@3) 1((X5)%) = I1(X3)  in LP(Q,C% ([0, T], C/25=38'=3/2p)),

4.4) 1(X)P)oX* > I(X®)oX  in LP(Q,C% ([0, T],C07303/2p)),
(I((x%)) 0 (X)) = ¢

(4.5) / ,
— (I(X?) o X*))° —¢  in LP(Q,C% ([0, T],C°73073/2r))

and
(4.6) (1((X?)) 0 (X°)°?)° = 3¢°X°® — (I(X*%) 0 X°?)° — 39X
in LP(2,C% ([0, T], C~1/2-6-36'=3/2p)),

REMARK 4.4. Thanks to the proof below (especially Sections 4.5 and 4.6) we
have the following expressions for ¢° and ¢:

oy Yy 102 k1210 k1ol || f (ek1) £ (ko)
i k1 ko P(lk 2+ ka2 + k1 + k2 )

li—jl<1k17#0,ka#0

x exp(—t(Jk1|* + k2| + k1 + k2?))
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and
1027 k12D 116277 [ki2])]

$r = —
t |i§§lk1;&o,zk2;é0 k1 2 k2 2 (11 |2 + k2|2 4 [ky + k2l?)

x exp(—t (k1 |2 + k2| + k1 + k2|%)).

We split the proof of this theorem according to the various components. We start
by the convergence of X* to X. We also give a full proof for X°2. For the other
components, we only give the crucial estimates.

4.1. Convergence to X. We start by an easy computation for the convergence
of X°¢.

PROOF OF (4.1). By a quick computation, we have that

8(X — X°),, = > (fek) — 1)8 X (K)ey.

k
Then

_ o IkPlt=s]

1
Ella(x - X, P1=2 ¥ |reb - 1P

k=£0; |k|~24
142h h
Sn.p c(e)200F2hE0) 1 g ih

for , p > 0 small enough, and c(&) = > ;o |k| 3P| f (¢k) — 1]?. The Gaussian
hypercontractivity gives for p > 2,

B[ a,8(X = X*), 151 S5 [ ElAB(X— X7),, (01 dx

<Sp c(e)P|t — s|P/22ap/2Ch+p+ D),

~

‘We obtain that
E[[8(X = X) [” 1y s] S @)l — 5",
p.p

Using the Besov embedding (Proposition 2.2), we have
E[fs(x — X?),, ”g—l/z—p_h—S/p] S c(e)??|t — s|"P/
and by the standard Garsia—Rodemich—Rumsey lemma (see [5]) we finally obtain
E[|X — X[ oh-s (0, 77.c-1/2-1-0-3/py] S €(&)7,

forall 2 > 0 > 0, p > 0 small enough and p > 2. Moreover, we have Xo = Xg =0
and by using the fact that ¢(g) —*~° 0, we obtain that

gl_IPOHXE - X||L1)(Q7c‘7gjv_1/2_3_3/17) =

forall0 <8’ <8/3and T >0. O

O’
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4.2. Renormalization for X>. To prove the theorem for X°2, we first prove
the following estimate, and we then use the Garsia—Rodemich—Rumsey lemma to
conclude.

PROPOSITION 4.5. Let p > 1, 8 > 0 be small enough, then the following
bounds hold:

SUpEL| g8 (X*):228, 1 % It — 517722000120
&
and
B[ 8, (6(X%):2 — 8(X)2) 22,1 Spo Cle )l — s PPO22ar1+0),

where C(g, &") — 0O when |e — &'| — 0.

PROOF. By a straightforward computation, we have

Var(Aq (X7 — X{) X7))
w7 = 2 BQTIREQTK) 3 flek)f(eka) f(eR]) £ (eR))

k,k'eZ3 kip=k; k) =k’
x (I, + I3 )exe ',
where (ex) denotes the Fourier basis of L2(T?) and
Iy = E[(X1(kr) = Xo (k) (X (k) = X (k7)) JE[ K (k) X (k)]
1 — e~ kilPle=sl
kPl

= 28y, =k O, =k}

and

15 = E[(X (ki) — X (k) X () JE[(X, (k) — X (k) K (k)]
(1— e—lkl\zlt—SI)(l — e—lkzlz\t—SI)

|12 k2 |?
Injecting these two identities in equation (4.7), we obtain

Var(Aq (X7 — X5)X7))

= 8y =k Okt =k,

- Z 1 — e—lkilPl=s] (1— e—\k1|2|z—s\)(1 — e—lkzlzlt—SI)
S — 5 T
o kil vy k112 |k2|?
[k|~2 |k|~2
(48) kia=k kir=k

2
1 — e~ lk1l7lt=s]
SY
Pk
ki2=k
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We have
3 1 — e~ kiPPlr=s]
2(7a 12
e Pkl
ki2=k,|ki|<lkz|
0 —2420;, -2
Sle—s| > k1] ~"F* |k |

keZ3;|k|~24 k1o =k

Si=st| S kPP Y a2

[k|~21, |k|~24,
kio=k, kio=k,
lk11<]k2| lk1|> k2|
0~2g(1+26 —3-26 —3—-46
< — s|f22a0+ >(Z|k1| + 3kl )<+oo
ki ki

and by the Gaussian hypercontractivity we finally have

E[|Aq8(x*)i7 1751 = f (Var(8(X¢) ;7)) d < |t — s|P722aP 1420,
For the second assertion, we see that the computation of the beginning gives
Var((8g (X7 — X9)X7) = (X7 = X{)X()) S It —s7220050C e, &),

where

Cle,e) = Y (| fEkD | f ek — | £ (k) [P £ (ek2) [P 1k 30 1y | 7372

ki2=k

!/
_ le—e |—>OO

by the dominated convergence theorem. Once again, the Gaussian hypercontrac-

tivity gives us the needed bounds. [

Using the Besov embedding (Proposition 2.2) combined with the standard
Garsia—Rodemich—-Rumsey lemma (see [5]) the following convergence result

holds.

PROPOSITION 4.6. Let 6,68, p > 0 be small enough such that p < 6/2 and

p > 1 then the following bound holds:
2 2
E[[(x*)* - (x* )o ”09/2 P([0,T],C~1-3/@p)=5~ 20)] So.ps Cle.€')’.
Since (XO)<>2 0 and (X°2)0 =0, the sequence (X"g)<>2 converges in
sz(Q, CQ/Z—,O([O’ T], C—1—3/(2p)—5—39))
to a random field denoted by X°?.



PARACONTROLLED STOCHASTIC QUANTIZATION 2659

4.3. Renormalization for 1(X3). As the computations are quite similar, we
only prove the equivalent of the L? estimates in Proposition 4.5. Furthermore, we
only prove it for a fixed time ¢ and not for an increment.

PROOF OF (4.3). By a simple computation, we have

1) = X ([ #00) de s e

keZ3
Hence

N2 et
E[|A,1((X0)) =6 Y 1027%))> T[] M/Ods

.12
kez3 i=1..3 kil
k123=k

$ 2 2 2 2
x/ do e~ Ukt 1Tk " +lk3 ) s —o | = [k|* (|t =s |+t =0 ])
0

=Y lo@ %) P& k).
k

where

[x]

ki
ST S |f|(;:|2)|

ki23=k,ki#0i=1,...,3
t N

X/ ds/ do = (K1 PP +Hks ) ls—0 | k(=5 |+ —0)
0 0

1

D [T
max;—1,...3 [ki|=lki|

A

t s
X/ ds/ do e— Kt P+ka P4k ) s—o |- [kI2 ] —s]
0 0

1 1
T ——
|k [2=P kZ_k ket [ ko 23 2
max;—1

1

2
—3—p
T |k|4—4p (Z k2] ) ’
k
‘We have used that

4 s 2 2 2 2
f dsf do e~ ki P+Ika P+ks ) ls—o | k2 (11—s|+]t—0)
0 0

1 t s
T ﬁ/ ds/ do|t —s| 1P g — g7 1HP/2
lk1|==P1k|>=* Jo 0
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for p > 0 small enough. Using again the Gaussian hypercontractivity, we have
Bl A1 ((X))™) 75,1 S 2720020

and the Besov embedding gives

sup E[[7((x?5)%? < —+o00.
te[mﬁ’]s [I7((X7) )H1/2 o— 3/p]

The same computation gives

3 3 _
sup E[|1((X7)™) — 1((X} )<> )”1/2 o— 3/]7]_)‘8 “=00,
1€[0.T]

which gives the needed convergence. [J

4.4. Renormalization for I (X®3)o X. Here, we only prove the L? estimate for
the term 7 (X®3)X instead of 1(X®3) o X since the computations in the two cases
are essentially similar. We remark that in that case we do not need a renormaliza-
tion.

PROOF OF (4.4). We have the following representation formula:
E[|Aq (1(X)X*)(0)[]
= Z|9 (2~ qk |7(617 (t) (k) + 1815 (1) (k) + 1815 (1) (k)),

where

k 2
If(t)(k) ) Z l_[ | f(ek;)]

T k2
ki2za=ki=l,....4 K]

! § 2 2 2 2
X/ ds/ doe— V3Pt =s 1+ lt=o D=k P+ P+ ks P)ls —o|
0 0

3 : 2
I (1) (k) = Z (m)

k1234=k
~max_|k;|=lki|
i=1,2,3

[k1231> k4|

t N
X/ ds/ do o~ i3 Plr=s| =0 =t P+ ko P+ ks ) s —o |
0 0

and
ki
sow= ¥ T
/;132;:” 1 !

! ! 2 2 2 2 2 2
x / ds/ do e~ Ukl Flk2D)ls—o|=(1k+k3|"+ k3| D)1t —s| = (|ka|"+|k+ka D)t =0 |



PARACONTROLLED STOCHASTIC QUANTIZATION 2661

We have
1
THOIGE DS
~ 210 12T 121 s 12
W kPPl Rkl
max;=1,2,3 |ki|=k1|
% /tds /S do o~k Plr=s|+lr—0 = (ki P+ ko P+ ks [P ls —o|
0 0
S I () (k) + I (1) (k),
where
1
I () (k) = Z
TV ITRITY
Kivmaek k1= k2| 1k3 | k4]
max;—1,2,3 |ki|=[k1|
[k123]<lk4]
% /zds /S dae—lkmIz(\f—S|+|l—0|)—(|k1|2+|k2|2+|k3\2)|s—a|
0 0
and
HLowks Y !
~ 21 12U 1211 12
W kPRl Rkl
max;=1,2,3 |ki|=lk1|
[k123]> k4]
X ftds /Sdo’e_lk123‘2(|’_5|+|f—0\)—(|k1|2+|k2\2+|k3|2)|s—a\‘
0 0
Hence
00 S 3 !
11 ST — -
k2 ko, k3 k1 max |k; |=]ki| k1 |4~ ko |? k3 2 k123 |> =P
< 3 1
Sk 4 TPl P ks P
Sk,

for p > 0 small enough, which is the needed result for I} ;. We can treat the second
term by a similar computation. Indeed

IHO® ST T kol 2 Plkal 7P lks 7P S k2P,
ko, k3, ks

for p > 0 small enough. This gives the bound for I , and /{. More precisely, we
have I7 (1) (k) S |k|~2*P for p > 0 small enough. Let us focus on the second term
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15 (t) (k). We have

1
ki [1=P k2 P HP k3|2 ka2

Emk) < >
kix=k
max; =12 |k;|=lk1|
k3,ks

! ! 2 2 2 2
Xf ds/ do e~ (k—ka P+l D) lr=s|— (s P+k—ka D)1= |
0 0

1
< dse— (k3P +k—ks D)l — v|>
P k= (Z |k3|2/ -
1 1 2 1
- - < N
! Ikll_”< 2 |k3|2|k—k3|2—ﬂ> ~TP k=30

k3#0,k

and we obtain the bound for I; £ We notice that

ki
Bow= Y [

2
kip=ki=1 Ikl
k3,ka

t t
% / ds / do e~ ki P+ ) [s =0 | = (1k-+ks P+ [k3[?) [t =5~ (ks > +|k+ka] D)1 —0 |
0

= I; (1) (k).

Finally, we have

sup  E[| A, (1(X)) X)) 0)]*] Sp.7 2007,
tel0,T],e

which is the wanted bound. [

4.5. Renormalization for I (X°?)o X°2.  We only prove the crucial estimate for
a renormalization of 7 ((X?))°% o (X#)°2. We recall that since all the other terms
of the product (1 (X £)°2(x2)°2)° are well defined and converge to a limit with a
good regularity.

PROOF OF (4.5). Let us begin by giving the computation for the first term.
Indeed a chaos decomposition gives

—(I((X*)*) (1) 0 (X))
_Z Z Z 6(2 |k12| 02~ J|k34|/ds

keZ3 li—jl<1kipza=k

s e WP I=sl e (k) RE (k) XE (k3) XE (Ka) : ex
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+4 > 027 k)02 ka3 )| f (ko)
kez3
li—jl<I
ki3=k,k>

(ki P+kaP)le—s| R
X /O ds : Xﬁ(kl)Xf(kg) : ek

|k 2
+2 3 027 k)02 lknal)| £ (e[| £ (eka) |
li—jl<1
k1,ko

1 — o=k P+lka P +lkia P
X b
k1 121k212 (1112 + k2| > + [k12]?)

where : : denotes the usual Gaussian—Wick product (see for example [12]). Let us
focus on the last term

Ay =Y |02 k) |0 ko) || £ (ekD) | f (k)|
li—jI=<1
ky,ky
1 — = UkiP+lka P+ k2|t
X
k12 1ka |2 (k1 12 + k2| + [k12]?)

=C3+15(),

where 138 is defined below. Moreover, it is not difficult to see that

02" k120 2~/ [k12))

th =
T i §:<1k|2: k112 1k2 2 (1K1 [? + k2|2 + [k12|?)

= +00.

To obtain the needed convergence, we have to estimate the following terms:

o= %" 6027 lki2l)0(27 ksal)

keZ3,
li—jl=<I
k1234=k
t 2 . A A A N
x f dse2Pl=sl s R (k) RE (ko) RE (k) Ry (k) - e

EO=> 3 3 6@ k)o@ k)| fk)|

keZ3 li—jl<lkiz=k,k;

t N ~
« fo dse— (k2P +lka ) =] ko | 2R E (k1) XE (k3)ex
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and

o= Y Y 0@ k202 ka2l

li—jl=<1ki,kz
|f (k) 2| (ko) e b P ke kiaPr
k1 Plkz P (k1 2 + ol + [K12]?)

We notice that for the deterministic part we have the following bound:

t—/)
) S
3 ~Y
ka k112 1k 2 (k1 2 + ko |2 + [k122) T+
lk1|<l|k2|
S Y kTR TR S,
k1,ka,
[k1|<l|k2|

and the dominated convergence gives for p > 0
sup 1°|I5(t) — Iy ()| =700,
tel0,T]
where
—(kt P+lka ki)

(1) = 027" k121)0 (27 k12| .
u—%lkl:@ ( )6 )|k1|2|kz|2<|k1|2+|kz|2+|ku|2)

Let us focus on /7 () and I;(¢). A simple computation gives
E[A,|f )]
=23 > Y 0@ k)02 kaal)

keZ3 i~ j~i'~j kioza=k

x 027" 1k121)0 (277 [k3a])0 (279 |k])

4 2
<T1 LSERDI™ [T 7 1e 4o e lkiz2Ut=s| =D~ (ki 2+ ko Dls—o]
0 JO

o kl?

+23 3 > 027 ki2l)0 (27 [kaal)

keZ3i~j~i'~j kiaza=k
x 0277 k12 )0 (277 [kaal )6 (279 k1)

4 2 propt
XHIf(ekz)l //dsdae—(|k12|2+|k1|2+|kz\2>|r—s|—<|k34|2+|k3\2+|k4|2>|zfa|
=kl

+230 3 Y 02 k)02 [kal)

keZ3 i~j;i'~j kipza=k
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o i _ 2
x 027 |k14))0 (277 ka3])0 (279 k])

4 2
<I] IFCERDI™ 17 1 dor o= Uiz ki) s | Ghaa 24 ks ) i~ |k Pls—o |
0 Jo

2
2kl

= Iy g ).
j=1
Let us begin by treating the first term. As usual by symmetry, we have

sy > >

0(2791k)6 (2" |k12))

4 2
kez3 q<i kya3a=k [Tz kil
k11 <lkal, k3| <|ks|
max;—1... 4 |ki|=|kp|

t t 2 2
X/ f ds do e~ k2P r=sl+l1—a D —lka s
0 JO

—q —i
LYY )3 02 1k[6 2" |k12])

4 2
keZ3 q<i ki23a=k Hi:[ |kl|
[ky|<lka|,lk3|< kgl
maxj—1,.. 4 |ki|=lk4|

topt
) / / ds dae_|k12|2(|’_s‘+\f—0|)—|k2IZIS—o|
0 JO

= AS(r) + AS(0).

We notice that if max;—; 4 |k;| = |k1]| then |k| < |k{]|, and

.....

_ _ —3-_n/3 —i(—
A5 S D k720279 k) > (1K1 1k3lkal) 77173 3 271@=m
keZ? ki234=k q<i
lk11=<lkal, k3] <|ks|
max;—1,... 4 |ki|=lka|

< gn23am,

where we have used that

t pt
./ f ds dae_|k12|2(|’_s|+|s—0|)—|k2IZIS—a| < 1 ‘
0 Jo k2|2~ k12|27

By a similar argument, we have

SOS Y MRk 3 (Killkaliks) T Y27

keZ? k123a=k a5
ki |<lkal,|k3|<|k4|
max;—1,....4 |ki|=k4|

,,,,,

< 12340
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and then sup, 11 1(1) < 12397 Let us treat the second term I{ ,(t). We have
4

<y > > 0(271k1)0 (2" ki21)0 (27 |ksal) [ ] Iki|

keZdqSi~i o ksa=k i=l
|k1|<|k2| Ik%|<|k4|
max=i,....4 |ki|=lka|

t t
X/ / ds do-e— (K12l P P)le—s|—(Kaa 2+ ks -+ ks ) s =0 |

02791k (2" k120 2~ k3al)

S 2 KT Y 2

keZ? qSi~j k1p34=k
[ky1<lka|,|k3|<|ks|
max;—1,..4 |ki|=lkz|

< $N9q(2+4n) Z =i (2=n) Z 17377 < 23,
q5] !
We have to treat the last term in the fourth chaos. A similar computation gives

NORDY > Y 027 ki2)(27 [kaal)

keZ? q<i~jiqSii~j kiaza=k
027" k140 (27 kasl)0 (279 k|)

rort 2 2 2 2
X/ / ds do e~ (i P+1ka ) =s = (K14 P+ ke Pl —o |
0 JO

<> > > 027" |k12])

keZ3 q<Si'~ '

|1 121k 437 k3|2 ka | k34|27

k1234=k
[kg|<|ka|,lk1|<|k3]

4
. 1
0277 ksa)0 (27 1k1al)0 (279 |k])* | l—k

t pt
Xf / ds doe— k2 Pli=sl— ka2t —o]|
0 JO
1

ny—q(2—n) —q
s D T [T e
kezZ3 ki1234=k
lka|<l|ka|,|k1]|<l|k3|

We still need to bound the sum
1

kaFk e P12 471k P P

[ka| <lka|,k1|<|k3]

For that, we notice that when |k3| < |ky| we can use the bound
1

|k1|2|k2|4 17|k3|2|k4|2N|k|_1+4’7|k1|—3 77|k3|—3 77|k4|—3 n
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and when |ky| < |k3| we can use that

1
|kt 12 [ka |+~ k3|2 ks> ™

<1k (ke ke g l) 72,

—144 - —4 —1+4 -
ST ey |72 e | ks | T g

where we have used that |k4| < |k2|. We can conclude that sup, /7 3(t) < 12540,
This gives the needed bound for the term lying in the chaos of order four; in fact,
we have

sup E[A |15 (1)[7] < 112%77.
&
Let us focus on the term lying in the second chaos:
Bl Ag 15 0[]

=y ¥ > 607 Iki2)8 (2 kas)))

keZ3 q<i~j,q<i'~j kiz=k,ko ks

x 027" k14)0 (27 Jka(—3))

4 2
< T] | f (ekp)| /’ /’ds do e~ (kP +Ike Pl =s|= (ki > +ks =0 | = ki *ls —o |
i k2 Jo Jo

+> ) Y 027 k)8 (2 lha—3)1)

keZ3 qSinj.qSii~j kis=k.ky. ks

x (27" [k34)0 (27 Jka(—3))

4 2 ot opt
xl—llf(ekz)l //dsdae—<|k12\2+|k2|2+|k1|2>|t—s|—<|k34|2+|k4|2+\k3|2>|zfa|
=i kl?

=1 (1) + LI, (1).
We treat these two terms separately. In fact, by symmetry, we have

SORDY > S Rk 02 ki)

keZ3 qSi~jiqSil~j o kiz=k
ko, kg, ki |<|k3]

x 0(27 [ka(—3))0 (27" k1al)0 (27 [kac—3)1)

4 2
<] | f kDI~ [ " ds do e~ (ki Hka D =1 —(kra P+ ks Pl —o |
0 JO

2
)

SN KT 027 ki2l)0 (27 kual)

lk|~q q<ii’
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—3— —3— —3— —142 —142
S R T o T T AP el VY
ki,kp, kg
< 242+ 3 2~ (+iHA=2n) < np3qn

q<i,i’

which gives the first bound. The second term has a similar bound. Indeed

. y 4 kp)|?
E,ns> > > 027" ki2))0 (27" |k34|)1"[“c|(,ff|;)'

keZ3 qSiqSil kiz=k, ko, kg, k1| <|k3| i=1

rort 2 2 2 2
x/ / ds do e~ (Kl kDl =sI=(ksal "Ikl —o| < gnp3qn
0 JO
which completes the proof. [J

4.6. Renormalization for 1(X®3) o X°>. Here again, we only give the crucial
bound, but for 7 (X3) ¢ X°? instead of 7ps (1 (X®3), X°2).

PROPOSITION 4.7. Forall T >0,t€[0,T], 8,8 >0and all 1 > v >0
small enough, there exists two constants and C > 0 depending on T, 8, §' and v
such that for all ¢ > —1,

B[ Aq (1((X5) ) (X5)7 = 3C5X7)[*] < CrP290+Y),

PROOF. Thanks to a straightforward computation we have

—1((x)) (X)) =1 + 12 + 1,7,

where
1
It()zzek
k0
t A A A A A
x ) fo dsehrrthathaPlrmst e ey R (ko) R (ko) RE (k) K (ks) 1,
k12345=k
ki #0
11(2)=6 Z ek
k=0
k3,k124=k
i 70
! —|k1+ka+k |2|t—v|e_|k3|2|t_s| 2. ve e e
x /0 dye P = — (ek)? X k) XS () X (k)
and

t k)2 f(ekr)? A
I;(3)=6Z€k/ i Y f(gkl)sz(gzﬁ o=tk i Pk Ple—s| g (.
k=0 0 k15£0, k20 | 1| | 2|
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Hence,
—(1((XD)7)(X7)** = 3C3X7)
=[x X)L + (12 - 1)
+ (I =3C5(0)XE) +3(C5 — C50) X¢,
where we remind that

ct )3 f(eky) f(ek2)

27 k1 121k2|2 (1112 + k2|2 + k1 + k2|?)

k17#0,k27#0

and where we have defined
7 ! fek1)? f(eka)* _ 2 e Pl P | —s | &
It(3)=62ek i s Y We (ko Pk Pkl =s1 e (1
k0 k170, ka0 1I71R2
and
. ! LD F (KDt ha Pt ks Pt o D)
cgzzfo D S e A R U
k1#£0,k2#0
Hence for g > —1,
3 2 2
E[|Ag (1((X7)7)(X7)*" = 3C5X7)|]
)y (2 2\ (2 3 F3N2
SE[| A () 1+ E[ag (1) 1+ B[ Ag (1 = )]

+E[| g (i = C50X]) "1 +1C5 = GO E[| Ay X7 ).

Terms in the first chaos. Let us first deal with the “deterministic” part. Here,
C5 — C5(1). An obvious computation gives for all 8’ > 0, |C5 — Cg(t)|2 <g 1/1%.
Furthermore, E[|A, X7|2] < 29, hence for all 8" > 0,

€5 — 5P B[|ag X [P S 27/
Let us deal with E[|A, (I,(3) — f,(3))|2]. For k # 0, we define

2 2
ap(t—s)= > (k)" [ (eka) o~ (ktkiHha P4k P+ ko ) s
) REEE !
170,k2#0
such that

3 F(3)\ (2
EHAQ(Iz( ) Iz( ))| ]

]

t ~ N
- IEH/ 302 9k)exar (t — $)(XE (k) — XE(K))
0%
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= | dsds ) exerd(277k)0(27k)
k+£0

X ap(t — s)ag(t — HE[(XE (k) — X¢ (k) (XE(R) — XE(R))].

But
E[(X (k) — X (0) (X — X7 (B)]
k)? - -
= 8k=—kf|(](:|2) (e—IS—S||k|2 . e_lt_s||k|2 _ e_lf—SHk‘z n 1)
f(eky? i
~ Ok=—k K2 k12"t — 5|t — 5172,
Hence
6 2 f(ek)? (! ) >
B[, (10 — i) k;ez W (/O dslr — 5| ak(|l‘—s|))
and

t
/ ds|t — s|"?ai (|t — s)
0

2 2
- Z/ ds|r — s[1/2e kit P ko Py lr—s| S (€D (ek1)

k10 k1| |k2|?
Jy£0

S 3 Wl lat 0 [ st — 1R g,
k120
ky£0

for n/2 — n’ > 0. Hence we have
EHAq (11(3) - it(3))|2] < 2q(1+2n)tn—2n"

We have furthermore

2
Efag (00 - c5x5)2 = 3 L g 0map2p 002,

k20 |k
with
be(r) = / )3 Sk F ko) iy ooyt
iz kPlkal?
ka0

« {ef|k1+k2|2|tfs| _ e*\k1+k2+k|2|tfs|}.



PARACONTROLLED STOCHASTIC QUANTIZATION 2671

Using that
2 2
|e—|k1+k2+k| lt=s| _ p—=lki+kal |t—5|} <|t— s|n|k|"(|k| +max{|k1|, |k2|})’7

we have the following bound:

t ’ 1
bi(0) 5/ S e |73 g3
0 k=0
Ja 20

x (|| + max{|ki|, [ka|})"|z — s| 1 FO=0/2=0"/2)

We can suppose that max{|k;|, |k2|} = |k1]| as the expression is symmetric in k1, k2,
then if |k| > |kq],

br(t) <=1 /2=1"2) g2,
for n —n’/2 — n” /2 > 0. Furthermore, if |k{| > |k|, and " > n then
br(t) < =0 /2= 2) Z ey | 7370 =) |y | 370" < g O 12202 gy,
k170

ka0

Hence there exists § > 0 and v > 0 such that

B[ Ag (I = 3C5X7) ] < 22000,

Terms in the third chaos. Let us define cg 1, (t — 5) = Zk#o f|(;f3k|32)2
e—Ukit+ka+ks P+1ks 1) =s| quch that
t A A A
=6 3 a [ dscynl—s): XU K )X ).
k#£0.k;i#0 70
k124=k
But for all suitable variables we have
E[: XE (k1) XE (ko) XE (k) 2 XE(k1) XE (k) X (Ka) <]
s ekt flek? o k) s
ki=—k; k1 12 ky=—kj3 k|2 k3=—k3 k3|2
s f(eki)? f(ek2)? fF(&k3)? jgyrs—s

=l 2R P TR g2

s e~ UkaP=51 ;= (ko) 1=s] ,~lk1 P15 —5] ,— (k3 |*)|t=5]
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By another easy computation, the following holds E[|A, (] (2))| 1= Et2 1y Et2 2
where

ki
2‘—2/ ds/ @ Y 0(27%) Hf|(]j|2) Ch kot — 5)

K, ki 20
ki24=k

X Ciy ey (1 — 5)e k1 Pkl s =]

and

B2 _on2 1 fek)?
=2 d ds 027 %%
f S/ Sk ol Ve
;ﬁOk;ﬁO i
kio4=

. 21e_3l — 21035 _ 204
X Cy kst — $)Cky ke (F — e WP 151 = haP =51 =l Pl =s1,

In E 2.1 , we have a symmetry in kp, k2, hence we can assume that |k{| > |k2|.

Furthermore, we have ¢, ,(t —s) S|t — 5|~ 5 and ¢, i, (t —5) SIs —5]7 2
If we assume that |k;| > |k4| and that n’/2 — n > 0, we have

t s 1+
Etz’1 S/ ds/ ds|t — s|_Tn|s _§|—1+(n//2—n)
0 0

1
x 6(279k)> :
k#(;k;;éo, ( ) k1 377 ko |? ka2
k124=k

0(2~9k)?
|k|1 n//

iy
2

SO S

k0

> lkal”

ky.k3
< 9202+

for n” > n’. When |kyq| > |ky|, it is pretty much the same computation.
In Etz’z, we can assume that |ko| > |k4|, hence

E,Z’Z,Sf dsds Y 02 k) (il kal)
(0.1 K0,k 0,
kio4=k
PET

_qan’=n R ]
x ka|*lt —s| 7T s =572
) — 21 1—14n" -3+ -3+ 2 1—-
S0 Y 07Tk k| T k| T (kg |? max (ki)
k#0,k; #0,
ki2a=k
< t824(1+7]”)‘

Finally, by decomposing the previous expression depending on |k1| > |ks| oOr |k4| >
|k1| we have the wanted bound.
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Terms in the fifth chaos. For all suitable variables, we have

E[: X (ki) XE (ko) XE (k3) X[ (ka) X (ks) 2 XE(k1) XE (ko) XE(k3) X (ka) X[ (Ks) :]

f(ek)z i
_121_[ G Ok ls=S100kr ezl ks )
i=1
[ (ek)?
+721_[ |k |2 (Skl——kl kz__k28k3__k48k4——k381{5——1{5

i=1

oI5 =310k P+ Ika ) =1 —s|lk3 [P |11 [ka |

2
+36]‘[f(8k)

ki |2 6k1——k1 6k2——k46k3——k56k4——k36k5——k2
i=1

oI5 =Sllki P =1t =s] (k2 +1k3 )~ 1151 (ka | *+1ks|*)

Then
12 1,1 1,2 1,3
E[|A¢l | 1=E +E "+ E;”,
where
EM=12 dsdso(27%)> 3 ﬁ fek)’
= S as
' (0,112 iy k2
k12345=k
¢ k123 Plr=s] = (ki P+l +ks ) ls =51
5 2
1.2 _ g2 1T S (eki)
E, =172 dsds 027
t (0,117 2, 0Ch) 11;[1 ki ]2
k12345=k
e~ Uk P+Iks )l —s| (k124 +1ka ) |1 =5 ,—Is =51 (k1] +1k2]?)
and

5 A2
13_36/ ds/ ds o2 ar? T LM

.12
k;éOk;éO i=1 k]
k12345=k

% e—(\km|2+|k2|2+|k3Iz)\t—SIe—(lkms|2+|k5|2+|k4\2)lt—?le—ls—fllk1\2’
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Estimation of E,l’l. Let us rewrite it in a form easier to handle:

Ept=12 dsds ). 6(279%)°
[0,¢] k,k=£0
k1+k2+l=k
L +h+13=l
ki #0,1;7#0

2 2 3 2

I [ (eki) I SEL)” i2i—s it P Pls 51
el [ e
i=1 i=1
Thanks to the symmetries of this term, we can always assume that |k | = max(|k;|)
and /1 = max(|/;]).

For [ =0, we have

2 N2
/ dsds Y 0(2‘7k)21_[f|(]zk|’2)

2
0.1] k, k=0 i=1

f(gll)z _(ll ‘2—|—|l 2 I 2N e T
% e 2|7 +11317) s —5]
[ |1; 2

< dsds > 0(279k)7 k|71 3T k|73

~ 2
(0.7] k0 ka0
—4 —4 ——1
x> LT s — 5
1 #0,13#0

<292+

Let us assume that |/| = max(|/|, |k1]) as we have the following estimate
11;]~1 < |1]~". The following bound holds:

f dsd5 Y 027k) kT S (ki [Jkaf) T
(0,112 k0 k1 ka0

L, 13#0
_n—1 3
x (1t = slls =51) " T (ILall31)
< Mg (24n)
The case in which |k1| = max(|/|, |k1|) is quite similar, and the conclusion holds

for Etl’l.

Estimation of E,l’z. This term is symmetric in ki, k2 and in k3, k4. Hence
we can assume that |ki| > |kp| and |k3| > |k4| First, let us assume that |ks| =
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max{|k;|}. Then

t S
EN’S Y 9(2—%)2]0 ds/o ds(|r — s||s — 1)~ "7
k

k12345=k

Ve |82 kg | 2 kg | 2 ke | 72 ks | D g~ )

ST ORI N ey [Tk 32
k k12345=Fk
X k| /A g T3

< n1p2+1)q

for n small enough.
Then assume that max{|k; |} = |k1]:

ENP S0 Y 0Q279R) k| T ko |72 ks |73 ka3 ks |2

k12345=k

t s ,
x/ ds/ ds|t —s| 7 s — 571
0 0
SN g2k kT e T3
k
k12345=k

x |k3|—7/2+(2n+17”+n’)/2|k4|—7/2+(2n+n”+n’)/2|k5|—3—n”
< 92@2+n)q
For max{|k;|} = |k3],
EF2 5ot 3 02 e~ ko TRl Y el ks |
ki23a5=k
5 ta Z 9(2—qk)2|k1|—3+n+1/4|k2|—3+1/4|k|—1+n’|k4|—3+1/4|k5|—3+1/4
ki23a5=k
< t52(2+71/)q’
hence there exist § > 0 and v > 0 such that

Etl’z 5 [82(2+v)q .

Estimation of Etl’3. Let us deal with this last term. Here, the symmetries are
in ko, k3 and k4, k5. Then we can suppose that |ka| > |k3| > and |k4| > |ks|. Fur-
thermore, the role of k», k3 and k4, ks are symmetrical, then we can assume that
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|k1| > |k4|, and we have

5 2

k.

Etl’3=/ asas Y o w11 ’2)

[0.112 k£0,k; 0 i—1 kil
ki2345=k

% e—(\km|2+|k2|2+|k3|2)\t—Sle—(lkms|2+|k5|2+\k4|2)|l—§|e—\s—fllk1\2‘
If |k1| = max(|k;]|), then

< dsds(|r — s||r —5]) "7
[0,]?

X3 Ok k| T (ko s ks [kal) T
k£0,k; 0
k12345=k

< 9q(2+mm .

If |kp| = max(|k;|), then

<2/ / dsds(|r — s|ls —5)~ I

6.(27Kk) k|~ (1ky [k3 k3 | kgl )~ /4307

k;éO ki#0
k12345=k

< 4@, 0

APPENDIX: A COMMUTATION LEMMA

We give the proof of Lemma 2.5. This proof is from [18], Lemmas 5.3.20 and
5.5.7. In fact, we give a stronger result, and apply it with (k) = exp(—|k|?/2).

LEMMA A.1. Leta<land BeR. Letp €S, letu € C* and v e CP. Then
for every ¢ > 0 and every 6 > —1 we have

loED)m-(u, v) =7 (u, 9 DI0) |y s S0 Nullallvllg,
where

0(Du = 9‘1(909@.

PROOF. We define for j > —1

j—2
Sj—1u= Z Aju

i=—1
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and
P~ (u,v) — - (u, p(e D))

= > (pED)(Sj—1urjv) — Sj_1ul jo(eD)v),
j=—1

where every term of this series has a Fourier transform with support in an annulus
of the form 2/ A. Lemma 2.69 in [1] implies that it is enough to control the L™
norm of each term. Let ¢ € D with support in an annulus be such that ¢ = 1 on A.
We have

QED)(Sj—1uljv) —S;iuljp(eP)v
= (Y27 (D) (Sj—1urjv) — S;j—1u(¥ (277 o)) (DA jv
=[(v (277 )e(e)) (D), Sj—1u]Ajv,

where [(Y (277 ) () (D), S j—1u] denotes the commutator. In the proof of
Lemma 2.97 in [1], it is shown that writing the Fourier multiplier as a convolution
operator and applying a first-order Taylor expansion and then Young’s inequality
yields to

(w277 )e)) (D), Sj—1u]Ajv|

AD < S g 27 )e(e) | 1071 e 1A 0l e
neNd:[y|=1

Now .Z -1 (f(2 7 )g(e") =2/4.F 1 (fg(e27-))(27) for every f, g, and thus we
have for every multi-index 7 of order one:

|x".Z (W (277 o) | 11
<27 Z (@) 27 )p(e) | 1
+el|lF (w2 ‘)a”w-))llu

|- )7 (e (szf'-))HLoo

= 277|771 = &) (") e (£27)) | 1o
+ef 7 (<1—A>d(w 0(e27)] 1

S2770a = 2@ )e(e27 )] oo
+el (1= M) ($3"9(e2-) | oo
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where the last step follows because ¥ has compact support. For j satisfying £2/ >
1, we obtain

|x".Z " (p(e )y (277 1

—j i\2d j
S(e4+277)(e27) Z [970(e27) HL"O(supp(w))’
n:ln|<2d+1

(A.3)

where we used that iy and all its partial derivatives are bounded, and where
L (supp(y)) means that the supremum is taken over the values of 3"¢(g2/-) re-
stricted to supp(y). Now ¢ is a Schwartz function and, therefore, it decays faster
than any polynomial. Hence there exists a ball 35 such that for all x ¢ Bs and all
|n| <2d + 1 we have

(A.4) 970 (x)| < x| 7247172,

Let jo € N be minimal such that 2/0¢ AN Bs = @ and €2/0 > 1. Then the combi-
nation of (A.1), (A.3) and (A.4) shows that, for all j > jo,

(w277 )p(e)) (D), Si—1u]Ajv]

Se+27)E2) 3 1070) (62 ) Lo gsuppin
n:n|<2d+1

x 27070 11279 ||v]| g
S (e 4+279)(e27) (27) 2 020 A= =By v 6

S (14 (£27) e 27 @HB+ 4 .

Here, we used that o < 1 in order to obtain [|3"7S;_jullz S 2/ (=) |y 1. Since
g2/ > 1, we have shown the desired estimate for j > jg. On the other side,
Lemma 2.97 in [1] implies that, for every j > —1,

Ilee2), Sj—1u]Ajv] o e max  [97Sj_quf sl Ajvllze
neNd:jy|=1

<270yl vl

Hence, we obtain the bound for j < jo, that is, for j satisfying 2/e < 1,

Ile(e2), Sj—1u]Ajv] oo < (£29)FPe 27T @FBED |y v

S e 2 @B Iy, vl g,

where we used that § > —1. This completes the proof. [
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