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OPTIMAL BILINEAR CONTROL OF NONLINEAR STOCHASTIC
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We analyze the bilinear optimal control problem of quantum mechan-
ical systems with final observation governed by a stochastic nonlinear
Schrodinger equation perturbed by a linear multiplicative Wiener process.
The existence of an open-loop optimal control and first-order Lagrange op-
timality conditions are derived, via Skorohod’s representation theorem, Eke-
land’s variational principle and the existence for the linearized dual backward
stochastic equation. Moreover, our approach in particular applies to the de-
terministic case.

1. Introduction. We consider the controlled stochastic system governed by
the nonlinear Schrodinger equation:

idX(1,6) = AX(1,E)dr + M X1, E)|* ' X, &) dt —inE)X(1,€)dt
+ Vo)X, 6)dt + Y ujOViE)X(t,&)dt
j=l1
+iX(t,E)dW(t, &), te(0,T)€cR?,
X(0)=x inR9.

(1.1

Here, A\ =%£1,a>1,V; € WI’OO(R‘I), 0 < j < m, are real valued functions, W is
the Wiener process,

N
(1.2) Wt &)=Y uje;E);(1),  120,&eR!

j=1
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and

u(t) = (ui (), ..., un()) eR™, te(0,T),

| N
n@ =53 lujleg®,  EeRlLd=1,
j=1
with u; purely imaginary numbers (i.e., Re uj = 0), ¢;(§) real-valued functions
and B; independent real Brownian motions on a probability space (€2, F, IP) with
natural filtration (F;);>0, 1 < j < N. For simplicity, we assume N < oo, but the
arguments in this paper easily extend to the case where N = oo.

The physical significance of (1.1) is well known. X = X (¢, &, w), & € Rt >0,
w € 2, represents the quantum state at time ¢, while the stochastic perturbation
i X dW represents a stochastic continuous measurement via the pointwise quantum
observables R;(X) = puje; X. The function Vj describes an external potential.

In the conservative case considered in this paper (i.e., Repu; =0, 1 < j < N),
—ipnXdt +iXdW is indeed the Stratonovitch differential. It follows by It6’s for-
mula that | X (t)|% = |x|%, Vt > 0. Hence, normalizing the initial state |x|» = 1, we
have | X (¢)|, =1, Vt € [0, T'], and so, the quantum system evolves on the unit ball
of L? and verifies the conservation of probability; see, for example, [9, 10].

We also mention that, for the general case when p ; are complex numbers, one
of the main features is that the mean norm square | X (t)|%, t €10, T, is a continu-
ous martingale. This fact enables one to define the “physical” probability law and
implies the conservation of E|X (t)|%, t € [0, T'], which plays an important role in
the application to open quantum systems; see, for example, [4] for more details.
See also [1, 2] for global well-posedness with exponents of the nonlinearity in the
optimal subcritical range.

As regards the real valued input control u, in most situations it represents an
external applied force due to the interaction of the quantum system with an electric
field or a laser pulse applied to a quantum system.

Here, motivated by the optimal control of quantum mechanical systems (cf.,
e.g., [24, 29]), we shall study an optimal control problem associated with the con-
trol system (1.1) which, in a few words, can be described as follows [see Problem
(P) below]: find an input control u that steers in time 7 the state X as close as pos-
sible of a target state X7 and a given trajectory Xy, and with a reasonable minimum
energy. Roughly speaking, this means to find the quantum mechanical potential u
from observation of the quantum state X (7') at the end of time interval [0, T'].

It should be mentioned that there is an extensive literature on the deterministic
bilinear control equation (1.1) mainly concerned with exact controllability in time
T of Schrodinger equations or with the optimal control problem (see, for instance,
[5-7, 16, 18, 19, 23, 24, 29]). However, there are very few results on optimal con-
trol problems governed by nonlinear Schrédinger equations (i.e., & > 1) and, to the
best of our knowledge, none for stochastic control systems (1.1) with linear mul-
tiplicative noise. In the latter case, the existence of an optimal control is largely an
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open problem, since the cost functional is not simultaneously lower semicontinu-
ous and coercive in the basic control space. It is also very interesting to consider
the control in the diffusion coefficient (see, e.g., [30]). In this paper, motivated by
the quantum control problem mentioned above, we will focus on the case where
the control acts in the potential of the quantum mechanical system.

The approach we used here is based on Skorohod’s representation theorem and
Ekeland’s variational principle, and this is one of the main novelties of this work.
The approach is also based on an existence result of the linearized backward dual
stochastic equation, which is also new in the literature and uses sharp stochastic
estimates for linear Schrodinger equations with time dependent coefficients (see
[1, 2]). As a matter of fact, a great effort of this work is dedicated to this issue.

2. Formulation of problem and the main results. To begin with, we recall
the definition of a strong solution to equation (1.1) (see [1, 2]).

DEFINITION 2.1. Let x € L? (resp., H'), 0 < T < o0o. Let « satisfy 1 < a <

1+ 3 [resp., | <a <1+ ﬁ], d > 1. A strong L2—(resp., H!-)solution to
(1.1) on [0, T] is an L2-(resp., H!-)valued continuous (F1)i=0-adapted process

X = X (¢) such that | X|*~'X e L1(0, T; H™ 1), and P-a.s.,

X(t)=x — /0, <iAX(s) X (5) + M| X ()| X (5, 6) +iVoE) X (5)
@2.1)

m t
+i2uj(s)vj(g)X(s))ds+fo X(s)dW(s),  tel0,T],

j=1
as an Itd equation in H™? (resp., H™1). Here, the controller u = (uy, ..., uy) is in
the admissible set U4,q4, defined by
(22) Upg ={u € L24(0, T;R™);u € U, ae.on (0, T) x 2},

where Lﬁd(O, T; R™) is the space of all (F;);>0-adapted R"™-valued processes u :

[0, T] — R™ such that u € Lz((O, T) x ©; R™), and U is a compact convex subset
of R™,

It is easy to check that fOIX (s)dW(s) in Definition 2.1 is an L2—(resp.,
H 1—)Valued continuous stochastic integral. (We refer, e.g., to [8, 21] for the
general theory of infinite dimensional stochastic integrals.) Moreover,
SUPy, er4y lu|l oo 0, 7:rRm) < Dy < 00, where Dy is the diameter of U.

Following [1, 2], we introduce the hypotheses below.

HO) 1<a<1+ 3. Foreach1<j<N,e; € Cgo(Rd) satisfies
(2.3) lim ¢(§)[87e; (&) =0,
|§]—>00
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where y is a multi-index such that 1 < |y| <2, and

1+ &7 ifd #2,
L) = ) VT
(14 1€1°)(In(3 + |£1%)) ifd=2.
(H1) In the defocusing case A =—1, 1 <o <1+ ﬁ, and in the focusing

caser=1,l<a<1+ f—l. Foreach1<j<N,e; € Cgo(Rd) satisfies (2.3) for
any multi-index 1 < |y| <3.

The global existence, uniqueness and uniform estimates of the solution to (1.1)
used in this paper are summarized in Proposition 2.2 below.

PROPOSITION 2.2. Assume (HO) [resp., (H1)]. For each x € L? (resp., HY,
u € Upg and 0 < T < o0, there exists a unique strong L*-(resp., H'-)solution X"
to (1.1), satisfying | X (¢t)|2 = |x|2, t € [0, T'] (resp., for any p > 1,

2.4) sup E| X"

u€Uyq

0
co.rah < %)

Moreover, assuming that the exponent « is in the range specified in (H1) and
that ey are constants, 1 <k < N, we have for any p > 1,

(2.5) SG‘LP (] x" ”LOO(Q;Lq(o,T;Lp)) + || x* ”L/’(Q;L‘I(O,T;W'vl’))) <0,
UEULd

where (p, q) is any Strichartz pair, that is, % = % — %, (p,q) €[2,00] x [2, 0],
and (p,q,d) # (00,2, 2).

The global existence and uniqueness can be proved similarly as in [1, 2] by
the rescaling approach and the Strichartz estimates for lower order perturbations
of the Laplacian. We refer to [1], Lemma 4.1 and [2], Lemma 2.7, for explicit
formulations of Strichartz estimates in the L? and Sobolev spaces, respectively.
The technical proof of the estimates (2.4) and (2.5) is postponed to the Appendix
for simplicity of the exposition.

We mention that, for controlled stochastic Schrodinger equations with control
also in the diffusion coefficient, that is, iXdW and p in (1.1) are replaced by
iX Z;V:l oj(u)pjejdpj(t) and 1/2 Zyzl(oj (u))zlu,jlzez., respectively, one also
has global well-posedness by using the rescaling transformation y = e~ ®M) X,
where ®(W) = 9’:1 f(f o(u(s))ujejdp;(s). However, the optimal control prob-
lem is technically more difficult; see Remark 2.9 below.

In the following, Lﬁd(O, T: L3(2; L?)) is the space of L2-valued (F)i=0-
adapted processes u such that E[OT |u(t)|%dt < 00.

The optimal control problem we study in the following is
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(P) Minimize
2 T 2 T 2 72
E(|X(T)—Xr|;+n A X (1) = Xy (0)|ydr + A (2lu@® ], +valu'®],) dt

onall (X,u) € L2,(0, T; L?(Q2; L?)) x Uyq subject to (1.1).

Here, u’ is the time derivative in the sense of distributions [® (1) = oo if there
is no such derivative], y; >0, 1 < j <3, X7 € LZ(Q,]-'T,IP’; L2) and X; €
Lgd(O, T; L?(S2; L?)) are given. In most situations, X is a given trajectory of the
uncontrolled system or, in particular, a steady state solution.

As seen earlier, due to the conservation of | X (t)|%, by normalizing the initial
state we have | X (¢)|» = 1, and so Problem (P) reduces to

T
Min {—2ERe(X(T), Xr), — 2y /0 Re(X (1), X, (1)), dt

T
+ [t + vl o)) ar.}

It should be said that in the quantum model V is a given potential which de-
scribes the spatial profile of an external field, while the control input u = {u j};.”=1
is its intensity. The objective of the control process is to steer the quantum system
from an initial state x to a target state X7 and also into the neighborhood of a given
trajectory X. The last term in the cost functional is the energy cost to obtain the
desired objective.

Taking into account that in quantum mechanics the wave function X is not
a physical observable, a more realistic situation is where in the cost functional
| X(T) — XT@ is replaced by (Q(X(T)) — X7, X(T) — X7),, where Q is a self-
adjoint operator in L. However, its treatment is essentially the same.

By &: Lgd (0, T; R™) — R, we denote the objective functional

u 2 r u 2
ou)=E|X (T)—XT|2+)/1IE/ | X" (1) — Xy(0)|5 dt
(2.6) 0

T 2 T / 2
+ yzE/o lu(@)|,, dt + V3E/(; lu' ()|}, dt,
we may reformulate Problem (P) as
2.7) (P) Min{® (u); u € Uya, X" satisfies (1.1)}.

It should be said that, since Problem (P) is a nonconvex minimization prob-
lem, in general it is not well-posed. However, if y», y3 = 0, we have the following
generic existence result.

PROPOSITION 2.3. Assume Hypothesis (HO), and y» = y3 = 0. Then there is
a residual set

G C L*(Q, Fr,P, L?) x L2(0, T; L*(2; L?))
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such that, for every (Xr,X1) € G, Problem (P) has at least one solution u €
Uad.-

This is an immediate consequence of a well-known result of Edelstein [11] on
existence of nearest points of closed sets in uniformly convex Banach spaces. In-
deed, if we set Y = {Y = (X"(T), X"); u € Uy}, it follows that ) is a closed
subset of LZ(Q; Fr, P, LZ) X Lid(O, T; LZ(Q; LZ)) (see, e.g., the proof of Lem-
mas 3.2 and 3.3) and so, rewriting Problem (P) as

2
LY el

where || - ||« is the norm of Lz(Q; Fr, P, L2) X Lﬁd(O, T; Lz(Q; Lz)), we arrive at
the desired conclusion.

However, for the general cases y», y3 # 0, the existence of a solution in Prob-
lem (P) does not follow by standard compactness techniques used in deterministic
optimization problems. The main reason is that, even if a space ) is compactly
imbedded into another space Z, one generally does not have the compact imbed-
ding from L?(€2; ) into L?(2; Z), 1 < p < oco. Here, we consider the existence
for relaxed versions of Problem (P) to be defined below.

Min{” (XT, X]) -Y

DEFINITION 2.4, Let Y := L2(R?%) x L2((0,T) x RY) x C([0, T]; RN) x
L2(0, T; R™) xL%((0, T) x R and (Q*, F*, (F{)i=0) be a new filtered prob-
ability space, carrying (X7, X7, %, u*, X*) in ). Define Lid* (0, T; L3(2; L?)),
U,g+ and ®*(u™*) similarly as above on this new filtered probability space.

The system (2%, F*, P*, (F;);>0, B, u*, X*) is said to be admissible, if
X% € L2(Q, Ff, P* L?), Xt € L2, (0, T; L*(Q; L?), B* = (B}, ..., By) is an
(F)r=0-adapted RN -valued Wiener process, the joint distributions of (X%, X7,
B*) and (X7, X1, B) coincide, u* € Uyg+ and X* is an (F}");>-adapted L?-valued
process that satisfies equation (1.1) corresponding to (8%, u™).

The admissible system (2%, F*, P*, (F;);>0, B*, u*, X™) is said to be a relaxed
solution to the optimal control problem (P), if

(2.8) O*(u*) < inf{®(u); u € Upq, X" satisfies (1.1)}.

Similar to martingale and strong solutions, one can have a nonrelaxed optimal
control by using, for example, the Gyongy—Krylov argument as in [15], as long as
the uniqueness of the optimal control is obtained, which reduces to the uniqueness
of solutions to a forward-backward equation [see (1.1) and (2.9) below with u
replaced by (2.12)] and which is generally very difficult due to the nonconvexity
of the optimal control problem (P).

We first prove that, under the regular condition of controls (i.e., y3 > 0), there
exists a relaxed solutions for the exponents of the nonlinearity in exactly the mass-
subcritical range. A similar problem was studied in [16] (see also [6, 19]) in the
deterministic case. We have the following.
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THEOREM 2.5. Consider ® with y3 > 0. Assume (HO). Then, for each x € L2,
0 < T < oo, there exists at least one relaxed solution in the sense of Definition 2.4
to the optimal problem (P).

The proof is mainly based on the Skorohod representation theorem and pathwise
analysis of solutions by the rescaling approach devoloped in [1]. We would also
like to mention that the rescaling approach allows to obtain pathwise continuous
dependence of solutions on controls.

In order to construct a relaxed solution with equality in (2.8) in the more difficult
irregular case (i.e., y3 = 0), we will employ the Ekeland principle and work with
the dual backward stochastic equation below:

dY = —iAY dt — rihy(X")Y dt + Aihy(X")Y dt
+uYdt—iVoYdt —iu-VYdt

(2.9) N N
+ (X" = X0)dt = ) ke Zidi + ) Zidpi (o),
k=1 k=1
Y(T)=—(X"(T) - Xr),
where
u oa+1 u|o— u o—1 ujo— u
210)  y(X") == —[x"] L om(x )=~ x| (X"

The functions hj, j =1, 2, are the complex derivatives of the complex function
z— 2|z, thatis, k1 (2) = 9:(1z[*~'2) and hy(2) = 3=(|z|* " '2), z € C.

However, the singular coefficient 2 (X*) in (2.9) and the weak regularity effect
of the Schrédinger group make it quite difficult to obtain the existence and integra-
bility of the backward solution. The standard method to derive a global estimate
for E||Y ||2C (0.T1:12) from the It6 formula applied to |Y(t)|% are not applicable in
the nonlinear case.

The idea here is to apply duality analysis to reduce the analysis of the backward
stochastic equation to that of the dual equation (4.26) below [see also the equation
of variation (4.3) below]. By virtue of the forward character of the dual equation,
we will apply the rescaling approach and the Strichartz estimates, instead of the
It6 formula for |Y (t)|%, to control the singular coefficient 4, (X") and to obtain
pathwise estimates of solutions on small intervals, which then by iteration yield
the global pathwise estimates (4.10), (4.27) below. To this aim, we consider in this
case the following basic hypothesis:

(H2) 2§a<1+3,1§d§3,andekareconstants,1§k§N.

[In the case where e; are not constant, which is ruled out here, there arise

some delicate problems related to the nonintegrability of (Bk)"(Bk)z/g, where
By :=sup,co.7 1Bk(®)], 0 € (0, 1) and ¢ >0, 1 <k < N]
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It is easily seen that (H2) implies (HO) and (H1) and also that (H2) is fulfilled in
some important physical models, for instance, the Gross—Pitaevskii model when
d =1[16]. As a matter of fact, under Hypothesis (H2), one has not only (2.8) with
equality, but also that the optimal pair (X, u) satisfies the stochastic maximum
principle. The main result is formulated below.

THEOREM 2.6. Consider ® with y3 = 0. Assume Hypothesis (H2), and Xt €
L2V HY), Xy € L?TV(Q; L*(0, T; HY)) for some small v € (0, 1).

Then, for each x € H', 0 < T < oo, there exists a relaxed solution (0*, F*,
P*, (Z)i=0, B*, u*, X*) in the sense of Definition 2.6 to Problem (P), such that

(2.11) Q" (u™) = inf{ P (u); u € Uya, X" satisfies (1.1)}.

Moreover, we have (the stochastic maximum principle)
(2.12)

u (t) = PU<l Im/ V(é)X*(z,é)W(z,é)dé) vVt € [0, T], P*-a.s.,
V2 R4

where Py is the projection on U, and (Y*, Z*) is the solution to the dual backward
stochastic equation (2.9) with X7, Xy, B, u, X" replaced by X}, X7, B*,u*, X*,
respectively.

In the case where uy =0, 1 <k < N, the noise W in (1.1) disappears and so,
(1.1) is the deterministic controlled nonlinear Schrédinger equation. In this case,
for the initial datum x € H!, the optimal control indeed exists for the exponent
o > 2 in the energy-subcritical case (H1), which is also new in the literature.

THEOREM 2.7. In the deterministic case (i.e., uy =0, 1 <k < N), consider
@ in (2.6) with y3 = 0 and the exponent o > 2 in the range specified in Hypothesis
(H1). Assume that X7 € H' and X; € L*>(0, T; H").

Then, for each x € H 10 < T < oo, there exists an optimal control u to Problem
(P) such that

(2.13) @ (u) = inf{P(v); v € Uaq, X" satisfies (2.1)}.

Moreover,
1 _

(2.14) u(t) = Pu<—1m/ V(S)X(t,S)Y(t,S)d$> vt e[0,T],
Y2 R4

where Py is the projection on U, and Y is the solution to the backward equation
(2.9) with Z = 0.

REMARK 2.8. Optimal bilinear control is also studied in [18] and [16] for
linear and nonlinear deterministic Schrodinger equations, respectively. In both pa-
pers, some compactness conditions of initial data or controls are needed for the
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existence of the optimal control. More precisely, in [18] the initial data belong to
a compact subspace of L2, while in [16] the minimizing controls are bounded in
H'[0, T, hence compact in L?[0, T]. In contrast to this, in Theorem 2.7 the ex-
istence of the optimal control is obtained without these conditions, and unlike in
[16], less regularity of the initial data is required for the maximum principle (2.14).
The proof is quite different; it applies to more general initial data and as well to the
stochastic case. Moreover, taking into account the importance of the energy state
space H'!, we also expect the results and methods developed here to be applied to
the study of blow-up and scattering phenomena (see, e.g., [3, 20]).

REMARK 2.9. For the control in the diffusion coefficient, it is technically
more complicated to treat the equation of variation and the corresponding stochas-
tic backward equation. It also involves the analysis of a second-order adjoint equa-
tion in the stochastic maximum principle (see, e.g., Chapter 3 in [30]). Including
control in the diffusion coefficient will be one subject that we plan to analyze in
future.

The proof of Theorem 2.7 follows the lines of that of Theorem 2.6, the main part
of which are the analysis of equation of variation (4.3) as well as of the backward
stochastic equation (2.9), and the tightness of controls.

The key idea to obtain the tightness of controls in this irregular case is to employ
the Ekeland principle, as well as the directional derivative of @, to obtain the rep-
resentation formula of the minimizing controls [see (5.10) below]. Then, by virtue
of the integrability of the forward and backward solutions to (1.1) and (2.9), re-
spectively, one is able to obtain the tightness of controls in the space L' (0, T; RY),
which consequently yields equality in (2.8) by analogous arguments as in the proof
of Theorem 2.5.

As mentioned above, the proof of integrability of the stochastic backward solu-
tion relies on duality analysis, which is also of independent interest.

The remaining part of this paper is organized as follows. Section 3 includes the
proof of Theorem 2.5. Section 4 and Section 5 are mainly devoted to the proof of
Theorem 2.6. Section 4 is concerned with the directional derivative of ®, which re-
quires the analysis of the equation of variation (4.3) and of the backward stochastic
equation (2.9). Section 5 mainly contains the proof for the tightness of controls.
The proof of Theorem 2.7 is also included there. For simplicity of the exposition,
some auxiliary lemmas and technical proofs are postponed to the Appendix.

Notation. For 1 < p < oo, we denote by L? (R?) = L? the space of all Lebesgue
p-integrable (complex-valued) functions on the real Euclidean space R?. The
norm of L? is denoted by | - |.», and p’ € [1, co] denotes the unique number such
that % + % = 1. In particular, the Hilbert space L2(R¢) is endowed with the scalar
product

vozha= [ y@Ods vz P®Y),
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where 7 is the complex conjugate of z € C. We also use | - [p = | - ;2. WP =
Whr(R?) is the classical Sobolev space {v € LP; Vv € L?} with the norm
lvllwir = lvlLe + VY|P, H'=w"2 and H! is the dual space of H!.

By L4(0,T; L?), we denote the space of all integrable L”-valued functions
u: (0, T) — LP with the norm

T f
||u||L‘1(O,T;L1’)=(/(; (_/Rd|u(t,$)|pd§> dt> .

By C([0, T]; L?), we denote the standard space of all L”-valued continuous func-
tions on [0, 7'] with the sup norm in z. L9(0, T; WPy and C([0, T]; H') are de-
fined similarly. D(0, T; R™) is the set of all R™-valued smooth and compactly
supported functions, and D’ (0, T'; R™) is its dual space.

Let | - |,;, denote the Euclidean norm in R” and u - v the scalar product of vectors
u,v € R™, We shall use standard notation to represent spaces of infinite dimen-
sional stochastic processes (see, e.g., [8, 21]).

Throughout this paper, we use C for various constants that may change from
line to line.

3. Proof of Theorem 2.5. We set [ := inf{®(u);u € Uq, X“ satisfies
(1.1)} > 0 and consider a sequence {u,} C Uyq such that

(3.1) [ <®w,)<I+n"' VneN.

Since y3 > 0, this yields

T
3.2) supE [ (Jun ]2 + [u,(1)|2) dt < 0.
n>1 0

LEMMA 3.1. LetPou,! be the laws of uy, n > 1. Then {P o u; '} is tight on
C([0, T; R™).

PROOF. By the Arzela theorem, it suffices to show that

lim supIF’ou;l{v e C([0,TI;R™): sup |v(D)], > R}
(3.3) R—00 5] t€[0,T]
=0,
and for any ¢ > 0,
lim supIP’ou,fliv e C([0, TI;R™): sup [v(t) —v(s), > 8}
(3.4) d—-0p,>1 [t—s]|<6
=0.
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In fact, (3.3) follows immediately form the uniform boundedness of {u,}, while
(3.4) follows by (3.2) and

sup]P’ou,fl{UEC([O, T1; R™): sup |v(t)—v(s)|m>8}

n>1 [t—s|<§
1
(3.5) <—supE sup |u,(t) —un(s)],
&€ n>1 |t—s|<é
5
<?2‘ipEH“n“L2(0TRm)_>O as 8§ — 0. 0

Now, consider the sequence X, := (X7, Xy, B, u,) with 8 = (B1,..., By) in
the space Y := L*(R?) x L%((0,T) x R%) x C([0, T];RN) x C([0, T]; R™).
Lemma 3.1 implies that the laws of &), n € N, are tight in the space ). Then,
by Prohorov’s theorem, they are weakly compact and so, by the Skorohod rep-
resentation theorem there exist a probability space (%, F*,P*) and X :=
(X, XJ s uy), X*:= (X7, X7, B*,u*) in Y, n € N, such that the joint dis-
tribution of XX and X, coincide, and P*-a.s., as n — 00,

(3.6) B — B in C([0, T]; RY),
(X3), = X3 in L*(RY),

(3.7)

t,—X;  inL*((0,T) x RY)
and
(3.8) w' —u*  inC([0, T]; R™).

Note that, ((X7),, X} s
the limit (X, XT, B* )

For each n > 1, define F;, := o (X, (s),s <1t). Then X3(T) L3(Q2, Fx,
P*; L%), X}, € L2,.(0, T L*(Q: L)), u}; € Uy, and (B} (1), F/,). t € [0, T] is
a Wiener process. It follows from Proposition 2.2 that, under the hypothesis (HO),
for each (B, u’) there exists a unique strong L2-solution X to (1.1). Hence,
(%, F*, P*, (F{)i=0, By, uyy, X;) is an admissible system.

Moreover, since the solutlon to (1.1) is a measurable map of Brownian motions
and controls, we also have that the distribution of ((X7%.),, X 1 as By, X)) is the
same as that of (X, X1, B8, u,, X,,), where X,, is the solution to (1.1) correspond-
ing to (B, u,). In particular, ®* (1)) = O (u,).

Similarly, set F := o(X*(s),s <) and let X* be the unique strong L>-
solution to (1.1) corresponding to (B*, u*). Then (2%, F*,P*, (F;)i=0, B*, u*,
X*) is an admissible system.

Below, we consider the derivatives of u) and u*. For each n > 1, define
(u}) € D'(0, T;R™) in the distribution sense, that is, ((u})’, v) = —(u},v"),Vv €

B,) has the same distribution as (X7, X1, ), and so does
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D(0, T; R™), where (, ) denotes the pairing between D’(0, T; R™) and D(0, T;
R™). We claim that («)" has the same distribution as u), in D'(0, T; R™), and

E*|| (u}y) ||L2(0 TR = Ellu, ||L2(0 TRy It follows from (3.2) that there exists
v* e L2(Q*; L?(0, T; R™)), such that
(3.9) (u:)/ — v* weakly in Lz(Q*; LZ(O, T;R™)),n — oo.

Indeed, forany / > 1,v; e D(0, T; R™), 1 < j <l,and c e R,

ool o) o F o)
e £

1

= Eexp(i > cj(uy, vj)>,
j=1

which implies that the distributions of ()" and u), coincide. Moreover, if & :=

{vn} is a dense subset in D(0, T'; R™) [hence also dense in LZ(0, T'; R™)], we have

M* /’ v 2 I/l/ s v 2
E*su |(( n) ”)| —Fsu M
n>1 ”Un”LZ(O T;Rm) nxz1 ||U”HL2(0 T;R™)

which implies that E*||(u)’ ”L2(0 k™) =Elu), ||L2(0 T7.Rmy>
Similarly, define (u*)" € D’(0, T; R™) in the distribution sense. We have

(3.10) W) =v*  inL*(0, T; R™), P*-ass.

Indeed, for any v € Z and ¢ € L°°(2*), by (3.8), the dominated convergence
theorem and the weak convergence (3.9), it follows that

E*((u*), v)y = —E*y <f0T u*(t) - v'(t) dt)

2
=E|uy, ||L2(0,T;Rm) < 00,

as claimed.

n—oo

T
= — lim E*g[r(/o uz(t)-v/(t)dt)

T
= lim E*/ ) (t) - v(t)y dt

n—oo

T
=E /0 v¥(@t) - v() Y dt = E*(v*, v)y.

Hence, ((u*),v) = (v*,v), P*-a.s., v € 2. Since Z is countable and dense in
L%(0, T; R™), (3.10) follows.

Next, we show that the solutions to (1.1) depend pathwisely continuous on the
controllers, by using the rescaling approach developed in [1, 2].
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LEMMA 3.2. Let X, (resp., X*) be the solution to (1.1) corresponding to
(B ul) [resp., (B*,u*)] as above, n > 1. Assume the conditions in Theorem 2.5
to hold. Then, for each x € L>, 0 < T < oo and each Strichartz pair (p,q), we
have P*-a.s., as n — o0,

(3.11) X% = X* | cqo.ry:2) + 1 X0 = X | paco.7.0y = O-

PROOF.  Set Wy (1,§) = Y0, wjej(§)B3, (1), W*(t, &) = X0 wje(€) x
,8}‘.‘ (1), >0, £ € RY. We may assume 7 > 1 without loss of generality.
Note that, in the conservative case,

(3.12) | X5 ()|, = lx|2 < o0, t€[0,T],n>1,P*as.
Using the rescaling transformation,
(3.13) yi=e Wi x,
we deduce from (1.1) with X, u, B; replaced by X, u: and ,3}*’ .» respectively, that

dy* = A*(t)y*de — ai|y* | yEde + £ (u¥)yrdt,

yi (0) =,
where Al (t) = —i(A + bi(t) - V + c;(1)), bi(t) = 2VWX(1), () =
Z?:l (9; W,;‘(t))2 +AWX(t),and f(uy) =—i(Vo+u) - V).
It suffices to prove that for each Strichartz pair (p, q), P*-a.s.,

(3.14)

(315) ||y: - y*”LOO(O’T;LZ) + ||y;,k - y*||L,,(O’T;L,,) —0 asn — oQ.

Now, we will prove (3.15) for the Strichartz pair (p,q) = (¢ + 1, 3??[3) The

general case will follow immediately from the Strichartz estimates (see, e.g., [1],
Lemma 4.1 or [2], (A.1)).
To this end, we prove first that

(3.16) sup| v ||Lq(O’T;L,,) < 00, P*-a.s.
n>1
Applying the Strichartz estimates to (3.14) yields

1
|vil a0,y = Crllxl2 + (S 25 e P ©:07y T | £ () ynll Lo, rr2))-

[Note that, the Strichartz coefficient Cr is independent of n, since by (3.6)
sup,>1 |Wllcqo.r1;L0) < 00, P*-a.s.]
By Holder’s inequality,

. 1
G.17) 121y 1" vl e sy <1 s I2a0,7: 10>
where 6 = 1 — 4@=D > 0, and by (3.12),

Hf( )yn “LI(OI L2) < T(|V0|L°° + DU”V”LOO(]Rd ]Rm))|x|2



1970 V. BARBU, M. ROCKNER AND D. ZHANG

Thus,

(3.18) |y ”L‘I(O,t;LP) < Cr(D(T)lxl2 + ! |y “%q(O,T;LP))’
where D(T) := 1+ T(|Voloo + DullV L 0.7:Rm))-
1
Choose t € [0, T] such that C7D(T)(|x]o+1) = (1 — é)(aCTte)_ﬁ, that is,

t=a @ — )T (xh+1)"7 C; 7 D) T (< T).

Then, by Lemma A.1, we get
1l oosser = 1CrD(T)|x|z

Iterating similar estimates on [j¢, (j + Dt AT], 1 <j < [%], we obtain

" T é o
(319) ”yn HLq(O,T;Lp) =< ? +1 ] CTD(T)|X|2,

which yields (3.16).
It remains to prove (3.15). Applying the Strichartz estimates to the equations of
v, and y*, we have for any 7 € (0, T),
|7 = y* | o022y + 190 = Y | Laco.: 0y
< Cr[f (up)yn = F @)y 102y
1 1
Il = I e 0,0y + wn (57),

where w, (y*) = Cr (10 =b*) - Vy*llg, | + (s =)y Il 10 7:12))- and X 7
is the dual space of the local smoothing space X [0,7] introduced in [22] up to time
T (see also the proof of Lemma 2.7 in [2]). Since y* € X|o, 1], by Proposition 2.3(a)
in [22] and (3.6), we note that P*-a.s. as n — 00,

wa(y*) < Cr By — ﬂ”C([O,T];RN)(”y*“)N([OqT] + ”y*||L1(0,T;L2)) — 0.

Proceeding as in [1], (4.12), we have

}0{1*

1
Ik v Y 0,;L7")

<at’(|y ||Lq(o 7.y T |y* ”L‘I(O T;LP) ) yn _y*”L‘I(O,t;LP)‘

Moreover, fort <1,
| f )y — f(u*)y*”Ll(O,t;Lz)

1
<t2D(||uy, — ”*HLl(o,T;Rm) + |y — y*||L<>C(o,z;L2))»

where D = 2(|V0|L00 + ”V”LOO(]R‘];]R"’)(lxlz + DU))
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Hence,
|yn — y*“LOO(o,t;LZ) + |lyn — y*“m(o,z;u)
=Cr [0”9(”)’;: qu_(lo,T;Lﬂ) + H)’*”iq_(i),T;Lp))”)’: - y*”L‘i(O,t;LP)
(3.20) + t%D””Z - ”*”LZ(O,T;R"') + t%D”)’: - y*||L00(0,r;L2)] + wn (")
< (0" +)Cr D157 = e + 17 =3 Lo sien
+ uy = u* | 20, 7:mmy) + wa (¥7),

~ -1 -1
where D(T) := a(sup,>1 11750, 7.1r) + 1Y 700, 7:27) + D < 00, P*-as.

Choosing ¢ small enough and independent of n, such that 1Y —i—t% < (2l~)(T)CT)_1,
we get that P*-a.s. as n — o0,

[yvn =¥ Lo s r2y + 190 = ¥* I Laco.ro 10y
(3.21) o ]
=< |luz — ™ 120, 7;memy +2wn () = 0.

Since t is independent of the initial data, iterating this procedure finite times we
obtain (3.15), thereby completing the proof. [J

LEMMA 3.3. Let X}, (X7)n, X’f’n, X*, X5 and X7 be as above, n > 1. We
have, as n — 00,

(3.22) E*Re(XX(T), (X}), ), — E*Re[X*(T), X}),

and

T T
(3.23) E /O Re(XZ(1), X5, (1)), dt — E* /0 Re(X*(1), X(1)), dt.

PROOF. By (3.11) and (3.8), P*-a.s., as n — o0,
(3.24) Re(X;(T), (X7),), = Re(X*(T), X7),,

T T
(3.25) /(;Re(X;’;(t),XT?n(t))zdt%/O Re(X* (1), X[ (1)), dt.

1—¢

Then, for any ¢ € (0,1) fixed, by the Young inequality ab < Taé +

I4e7 12
b+, we get

sup E*|( X7 (7). (X7),,),

n>1

< su;l)E*|XZ(T)B+SI(X?)n )
n=
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2(1+s)

7 S XD,

&
supE*[(X7), |5

n>1

l—e 249 ]4¢
=— kL™ + ——EXrl,
which implies the uniform integrability of {Re(X;(T), (X})n)2}n>1, thereby

yielding (3.22) by (3.24).
Similarly, for € € (0, 1) fixed, we have

I+e
sup E*

n>1

/OT Re(X (1), X7 (1)), dt

l1—¢ 2(1+¢) 14+¢ 2
sup B[ X1 120 7,12y + 5 SWPET X 12 0,7:12)
n>1 nzl

=

l—¢& 14 2O 1—|—8
= > T1=|x |2

T 2
IE/ IXi(0)]5dt < o0,
0
which in view of (3.25) implies (3.23), as claimed. [J

PROOF OF THEOREM 2.5. By (3.12), we have

T
@ (u}) = (1 -+ y) el + B (55, 3+ mE* [ (x5, 003 ds
T
— 2E*Re(X:(T), (X}),), — 2nE* / Re(X}: (), X} ,(1)), dt

+yzE*/ ko), dr+y3E*/ () ()| dt.

Note that, since the distributions of (X7, X7}) and ((X7),,X ) coincide for
n > 1, we have

T
E*[X% |2+V1E*/ X505 di
(3.26) 0 .
. 2 2
= tim (E*1057), B+ e [, 03 ).

Moreover, by (3.8) and the bounded dominated convergence theorem, it follows
that

T ) T 5
VzE*/ luy ()|, dt — yZIE*/ lu*()|, dt  asn— oo,
0 0
and by (3.9) and (3.10),

/ |(u* (t)| dt<11m1nf]E*/ | (u; (t)\ dr.
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Thus, taking into account Lemma 3.3, we obtain
* (% s KK\ i _
O*(u*) < 1’11r1_1)10réfd> (u)) = 1’1111_1)10%f<b(u,1) =1,
which completes the proof. [

REMARK 3.4. The proofs above also show that, in the case y3 = 0, the objec-
tive functional ® depends continuously on controls.

4. The directional derivative of function ®. This section is devoted to the
calculation of the directional derivative of the function ® on the convex set Uaq.
Namely, one has

PROPOSITION 4.1. Assume that y3 = 0 and that the conditions of Theo-
rem 2.6 to hold. Then, for each x € L? and all u, v € Uyg, we have

1 T
4.1) (P (u + £il) — D (u)) =Ef0 n(u)(t) - () dt,

lim —

c—0¢

where U =v — u, and

(42) 00 =2y —1m [ Ve X"©T76)de ).
R4

Here, (Y™, Z") is the solution to the dual backward stochastic equation (2.9).

To prove Proposition 4.1, we first study the equation of variation associated
with Problem (P), namely,
idy=Apdt+ 1h(X")edt + Lhay(X")gpdt —ipngdt
4.3) + Vopdt+u-Vedt +u-VX*dt +ipdW(t),

¢(0) =0,

where i = v — u, u, v € Uaq, X* is the solution to (1.1), and h;(X"), j =1,2,
are defined as in (2.10). The strong H I_(and L?-)solution to (4.3) can be defined
similarly as in Definition 2.1.

LEMMA 4.2. (i) Under Hypothesis (HO), for u,v € Uyg, U:=v — u, there
exists a unique strong L?-solution ¢*¥ to (4.3) on [0, T1.
(ii) Under Hypothesis (H2), for any Strichartz pair (p, q),

(4.4) sup (”(puﬁ”LOC(Q;C([O,T];Lz)) + ”(puﬁ”LOO(Q;L‘I(O,T;LP))) < Q.
U, V€U,

Moreover, set u; := u + i and let X" and X"¢ be the corresponding solutions
to (1.1) with the initial datum x € H'. Then

(4.5) mE sup |e~ (X" (1) — X"(1)) — " (1)|3 = 0.
e=>0 te(0,7]
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REMARK 4.3. In comparison with (ii), the weaker Hypothesis (HO) is suffi-
cient for the pathwise existence and uniqueness of the solution to (4.3), thanks to
the linear structure of (4.3). However, as mentioned in Section 2, Hypothesis (H2)
is needed in order that the estimate (4.4) holds. The arguments presented below,
particularly in the proof of estimate (4.4), will also be used in the analysis of the
dual backward stochastic equation in the proof of Proposition 4.4 below.

PROOF OF LEMMA 4.2. (i) We set P = e*Wgou’ﬁ, i :=v — u, and for sim-
plicity, we omit the dependence of u, u in z*-* below. It follows from (4.3) that

dz=A@)zdt — AMih(X", z)dt + f(u)zdt
(4.6) —iu- Ve WX"dr, te(0,7),
z(0) =0,

where A(t) is similar to A} (¢) in (3.14), that is, A(t) = —i(A + b(t) - V +
c(1)), b(t) =2VW (), c(t) = Z?zl(ajW(t))2 +AW(@), h(X", 2) :==h(X")z +
ho(X")e  2mMWZand f(u) :=—i(Vo+u- V).

It is equivalent to prove the existence and uniqueness of the solution to (4.6)
(see the proof of [1], Lemma 6.1).

To this purpose, we reformulate (4.6) in the mild form as

n = [ U [ RiR(X", 2)(s) + f(u(s)2(s)

—iu(s) - Ve_W(s)X”(s)] ds,
where 0 <t < T, and U(¢t,s), 0 <s,t < T, are the evolution operators corre-

sponding to the operator A(¢) (see [1], Lemma 3.3). Choose the Strichartz pair

(p.q) = (a+1, 322‘:3) Define the operator F on C ([0, T]; L?) N L4(0, T; LP)
by

t
F(¢)(1) :=f0 Ut, s)[=rik(X", ¢)(s) + f(u(s))p(s) —iti - Ve VO X" (5)]ds,

where 0 <r <T, ¢ € C([0,T]; LHN LI, T; LP). Set Z;,}I ={¢p € C([0, 71];
LHNLYO, 715 LP) : 1@l 0., 12) + 101l La0.51:20) < M1}, where 7y and M| are
two random variables to be determined later.

Note that, by Holder’s inequality, for any ¢; € C([0, T']; L2) NL10,T; LP),
j=12,

-1

”h(Xu’ ‘»bl) - h(XM’ ¢2) ”Lq’(o,t;Lp’) = O‘tg ”Xu ”%q(o,z;u’)”‘ﬁl - ¢2||L‘1(0,t;L1’)’

where 6 =1 —d(ax —1)/4€ (0, 1), and

| f ) (1 — p2) “Ll(o,z;LZ) = t||f(u)||L°°(0,t;L°°)”¢1 = ®2llcqo,n:22)-
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Then let Ri(t) = atellXullzq_(l()J;L,,) + tll f@)llLe©.:0), t € [0,T]. By the
Strichartz estimates and the above estimates, we get for any ¢ € [0, T],

|F(p1) — F(¢)| ) :
“8) C([0,11; LHNLI(0,1;LP)

<CRi (D)1 — ¢2||c([o,t];L2)mL4(0,t;L1’)-
Similarly, for ¢ € C([0, T']; Lz) NLY0,T;LP),te]0,T],

HF((?) Hc([o,t];LZ)ﬁLq(O,t;LP)
< CIRI(;)||¢||C([O,t];L2)ﬂLq(o,t;Lp) + C; ||ﬁ VX ”LI(O,t;LZ).

Setting 7y =inf{t € [0, T1: C;R1(t) = S} AT, My =2Cq, [[ii - VX"I| 110.1,:12)-
it follows by (4.8) that F' is a contraction map in Z r11 , implying that there exists
71 € Z;/}l such that F(Z1) =7Z;. Setting z1(-) :=7Z1(- A 71) and using similar argu-
ments as in [1], we deduce that z; is (F;)-adapted, continuous in L?, and solves
(4.6) on [0, 71], and ||z1ll¢((0,7,3:22)nLe 0,7,: 7y < M1. We also note that 71 > oy,
where

4.9) Oy 1= inf{t e[0,T]; Z(t) > %} AT

with Z(7) := feaCTHX”II%Z(IO,T;Lp) +tCrll f @)l L=,7;L), t € [0, T].
Suppose that at the nth-step (n > 1) we have an increasing sequence of stopping

times {z; };?:0 and an L2-valued continuous (F)-adapted process z; such that 7p =

0,7j —1j_1 =04, 1= j=<n,z, solves (4.6) on [0, 7,], z,(-) = 2, (- A 74), and

n
I—iN~
Izl c (0.1 22y L0 0.1y Ly < O 2CH)" T - v X* ”Ll(zj,l,rj;LZ)-
=l

Set Zyi = {6 € CU0,0u1: L) N L1000 LP) © |Bllcqooiz +

léllLa0,0,:17) < Mp4+1}, where o, and M, are random variables to be deter-
mined later. Define the operator F,, on C([0, T]; L) N L4(0, T; L?) by

t
Fo(@) () :=U(t, + 1, t)zn(t0) —i—/o Uty + 1, T+ 8)[—Aih(X" (1) +5), §(5))

+ f (T + )P (s) — ili(ty +5) - Ve V@I x4 (g, 4 5)]ds,
where 0 <r<T,$eC([0,T]; L> N LI, T; LP).
Similarly, for any ¢; € ZX,;HI, j=1,2,

[E2 (@) = Fa (2|l ¢ 0.6,1: L2019 0.0,:7)

=< Cr,,—i—an Rn+1(0n)||¢1 - ¢2||c([o,gn];LZ)qu(o,gn;Lp),
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where R4 1(1) = at? | X" Iliq_(lfmw,;u)) +tll f@) Loz, 00+1:0), 1 €10, T — 1],
while for ¢ € ZZ,I”H[ , we have

| F @) ¢ 10.0,1: L2240 0.0, : L)

= CTn+0'n |Z” (Tn)|2 + CTn+0'n “ﬁ VXY ||Ll(‘[n,‘r,,+(7n;L2)

+ Cr, 40, R 101Dl (0.6, 1: 129N L4 0.0, : L7)

n+1

1 "
<5 2 Qo) T VX | 1r,  por2)
=1

+ Copto, R 101D (10,6, 1:L2)0L9 0,0,: L7 -
Then let 0, (¢) :==inf{t € [0, T — 1,] : Co, 41 Ruy1(2) > %} AT — 1), Thy1 :=
Ty + 0, and My g1 3= Y121 2Cy, )" INE - VX |1, 112 Tt follows that

Tht1 — Tn = O > Oy, Iy, 1s a contraction map in ZI(\ZH , and so there exists 7,41 €
ZX,;’HI satisfying F,,(Zy+1) = Zn+1. As in [1], letting

(t) B Zn(t)v t e [0, fn];
T B - Ae). re@. Tl

it follows that z;,11 is continuous (F;)-adapted, satisfies (4.6) on [0, 7,411, z,(-) =
Zn(- A Tyt1), and
n+1
2|~
12 llc 0,11 2290L0 O£y < Do RCe )" T VX | 1, r)
j=1

Iterating this procedure, since o, > o,, we see that after at most [T /o] + 1
steps the stopping time 1, reaches T. Hence, [P-a.s. there exists a global solution
(denoted by z) on [0, T'] which satisfies

Izllco, 71, 22)nL90,7: L)

(410) [T/ox]+1 .
< Z (ZCT)[T/O'*H-Z—J Hﬁ VXU ||L1(‘L'jflstj;L2)'
j=1

As regards the uniqueness, given any two solutions ¢;, we set z; = e~ "¢},

j =1,2. Then, similar to (4.8), forany s, € (0,T),s +t < T, we have

21 — z2lle s, s441: L2)NL4 (s,5+1: LP)
—1
< Cr(at?] X" ||Z¢J(O,T;Ll’) + t“f(u)HLOO(O,T;LOO))

X 1zt = 22l (15,5441 LML (5.54:LP) >
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which implies that z; = z> on [s, s 4 t], P-a.s., for ¢ sufficiently small and inde-
pendent of s, thereby yielding the uniqueness by the arbitrariness of s.

(i1) Under Hypothesis (H2), the Strichartz coefficient C7 is now a deterministic
constant. Moreover, (2.5) and (4.9) imply that o, has a deterministic lower bound,
namely,

ox>t:=inf{r € [0, T]: Z*t) > T} AT, P-a.s.,

where

-1
Z:(0) = aC(t” +1) sup (|X" 007500 + 17 @ poiur.1520)-

Uy

Thus, taking into account (4.10) and the uniform boundedness of u, v € Uyq, we
obtain (4.4). N
Now, set X% := ¢! (X" — X*) — ¢ and 7* := e~W X. We need to prove that

.11 sh_rE)IEH?? H%‘([O,T];Lz) =0.
To this purpose, note that
e ue - VX" —u-VX)Y=0- VX" +u.- V(X" +9),
and

e ([ X = [ XU PTIX) = (i (X + ha (X))

1 - 1 -
= (/(; hl(Xu,r,a)dr)Xg + <'/0 hZ(Xu,r,E)dr>Xg

1 1
b fo (1 (Xure) — b1 (X)) dr + fo (h2(Xure) — ha(XY)) dr,

where X, .. = X" + r(X" — X"), r € [0, 1]. For simplicity, set R;(e) :=

Jo (hj(Xure) = hj(X")dr, j =1,2, and R(e, ¢) := —i (AR (8)¢ + AR2(e)P +
eu - Vo). N
Then, by (1.1) and (4.3), X} satisfies the equation:

_ ~ 1 ~
dX" :—iAXf;dt—ki/ h1(Xy,re)dr Xg dt
0

1 _—
4.12) —Aif ho(Xy.r.e)dr X dt
0
— (u+iVo+iue - V)X“dt + R(s, @) dt + X"dW (1).
This yields
1
W) 45" = —i A5 di — u/o W(Xure, 5 dr dt

+ fu)y dt + eV R(e, p) dt,
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where h(X, ¢, Vi) and f(u,) are similar as in (4.6), with X", z, u replaced by
Xure, Yo and ug, respectively.

Choose the Strichartz pair (p, g) = (@ + 1, 3&4“})) Then, by Strichartz’s esti-
mates, Holder’s inequality and Minkowski’s 1nequahty, we have

15 e .22y + 195 | Lao.r: e

<C/ |8 (X e T Lo (olLp)d’”+Ct”f(“e)“L00(0TLw)” el eqoun: 2y

+C|RE @) 0,6;L2)+L4" (0, L7y

Note that
|2 (X e yg)“yﬂ(o t,LP")
4.14)  <at’|y ||Lq(0; Loy 1 X, rS”Lq(Or LP)
<a(1V 2NN Lo oen X NS0 7220y + 1X | Sa0.7:10)-
where 6 =1 —d(a —1)/4 > 0. Then
15 e o,y + 1% | Lao.0: 10
<CDy(T)(1" +1)(]| 7% el cqonzzy 15 | Laorey)
+CRE O L10.7:02) 414 0.17:17):

where

1
D3(T) = a2*! sup (”X ”LOO(Q;Lq(O,T;LI’)) + ||f(“e)HLOO(Q;LOO(O,T;LOO)))-

e€l0,

Using similar iterating arguments as in the proof of (4.4), we obtain

SuP (/17 ”C( 07112 1 |52 HLq(o T; Ll’)) <C(D| R 9) HL‘(O T:L2)+L4 (0,T;LP")

ue

with C(T') € L*(R2).
Thus, by Holder’s inequality,

E||y: ”C([O o2 +E[ 5 “L‘I(O T:LP)

< C(ME[R(e, ¢) HLI(O,T;LZ)—I—L‘I'(O,T;LP')

212 2 2 2
SC(T)<8 DUT ”V”LOO((),T;RW)EllgD”C([O’T];LZ)

2
2
+ Z IE” R; (8)(p“Lq/(0,T;Lp’))'

j=1
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Therefore, in order to prove (4.11), we only need to show that
2 .
(4.15) E”R/(s)‘p”m/(o,r;u’) -0 ase—0,j=1,2.

Below, we prove (4.15) only for R;(¢e), but the argument applies as well to
R>(¢€). As in the proof of (3.15), we get

[X“ = X" cqo. 19,02 T 1X" = X" ao.7,00) = O

(4.16)
as ¢ — 0, P-a.s.
Note that
hl(Xu,r,s) - hl(Xu)
1
@.17) =/ 8.1 (X" + 1 (Xupe — X)) dr' (Xu e — X")
0

1 -
n fo 0ch1 (X" + ' (Xuye — X)) dr' (Xyre — X7).

Since |0;h1(2)| + |0zh1(2)| < Clz|* % for z € C, using the Minkowski inequality
and the Holder inequality we get that P-a.s. for each r € [0, 1],

”hl(Xu,r,s) - hl(Xu)” %

_r_
1

0, T;La=T)

@18) =€ [ X4 (e = XS @ P = X o
<C SUP ||X ”LtI(O,T;LP)HXuE - X" ”Lq(O,T;LP) -0 as & — 0,

e€l0

where we also used o > 2 and the last step is due to (4.16).
Thus, using the Holder inequality combined with the Minkowski inequality and
the bounded dominated convergence theorem we obtain that

|R1@el 10 0,7:10)

1
0 u
@19 =Tllsoran [ 1K =X gy o dr =0
as ¢ — 0, P-a.s.

Moreover, taking into account (4.18), (2.5) and (4.4), we have

HR1(8)<P||Lq 0,7:L7) = <cr’? SE)PI HXM ”Lq(l(),T;Lp)||(P||Lq(O,T;LP) € L™ (Q),

which along with (4.19) and the bounded dominated convergence theorem yields
(4.15) for j = 1. Therefore, the proof is complete. [

We shall prove now the following result.
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PROPOSITION 4.4. (i) Assume Hypothesis (H2) and that Xt € L2T(Q; L?),
X1 € L (Q; L%(0, T; L?)) for some small v € (0, 1).

Then there exists a unique (F;)-adapted solution (Y", Z%) to (2.9) correspond-
ing to u € Uy, satisfying for any Stirchartz pair (p, q),

(4.20) SG‘ZJJP (Jr” ”L2+V(Q;C([0,T];L2)) + " ||L2+V(Q;L¢1(O,T;LP))) <00
ueltad

and

4.21) sup || Z} ||L2+V(Q;L2(O,T;L2)) < 00, 1<k<N.
UEU,g
(ii) Assume in addition that X7 € L*TV(Q; H'), X| € L*V(€; L*(0, T; H'))
for some small v € (0,1). Then, for any p € [2,2 4+ v) and any Strichartz pair
(p,q), we have

(4.22) Sé‘g’ (v ”LP(Q;C([O,T];Hl)) + |y HLP(Q;LLI(O,T;WLP))) <00
Uctad
and
(4.23) sup || Z} ||LP(Q;L2(0’T;H1)) < 00, 1<k<N.
u€Uyq

As mentioned in Section 2, the main difficulty in the analysis of the backward
stochastic equation comes from the singular term Ai/(X*)Y . The proof of Propo-
sition 4.4 follows the following steps.

First, we will consider the truncated approximating equation (4.24) and intro-
duce the dual equation (4.26) below, which are related by the formula (4.29). Then
the uniform estimate (4.28) for the dual solutions imply, via duality arguments,
those for the approximating solutions {Y¥;,} [see (4.31) below], which in turn imply
the uniform estimates for {Z,} [see (4.35) below]. Consequently, in view of the
linear structure of (4.24), one can pass to the limit and obtain the well-posedness
of problem (2.9) as well as the estimates (4.20) and (4.21).

Analogous arguments are applicable to prove estimates (4.22) and (4.23) in
Sobolev spaces, which requires the condition o > 2 and the integrability condi-
tions on Xr and X in Sobolev spaces.

PROOF. (i). Let g be a radial smooth cut-off function such that g =1 on
Bi(R), and g =0 on B§(R). For j = 1,2, set h; ,(X") := g(X)n;(X*). Note
that |21, (X*)] + |h2,n (X)) < @297 g|reon® ™"

Consider the approximating backward stochastic equation:

dY, = —iAY,dt — ihy u(X")Y,dt + Aiho, (X")Y, dt

+ uYpdt —iVoY, dt
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N
(4.24) —iu-VYydt +y1 (X" = X1)dt — > Tigex Zy,n dt
k=1
N
k=1

Y, (T) =—(X"(T) — Xr).

By standard theory for stochastic backward infinite dimensional equations (see,
e.g., [14, 17, 28]), it follows that there exists a unique (F;)-adapted solution
(Yn, Zy) € L3(2; C([0, T1; L?)) x (L2,0, T; L*(2; L))V to (4.24).

In order to pass to the limit n — oo, we are going to obtain uniform estimates of
Y, in the space V,, := L (2; L>°(0, T} L?))NLP (Q; L9(0, T; LP)) with p, :=
2+vand (p,q) = (@ +1, 3&5P).

To this purpose, for each n > 1, define the functional A, on the space L (2 x
0,T) x RY),

An(W) ;= ERe(X"(T) — X7, ¥u(T)),
(4.25)

T
+ ylE,/é Re(X"“(t) — X1 (1), Yu (1)), dt

where W € L®(Q x (0, T) x R?), X" is the solution to (1.1), and Y, satisfies
dym = —i AW dt — ihy ) (X*)Yn dt — ik, (X*) Y dt — uibn dt
(4.26) —iVoyudt —iu- Vi, dt —Vdt + ,dW(t),
Yn(0) =

[Note that, (4.26) is similar to (4.3) but with W in place of i77 - V X*.]

Since |hj,(X")| < a|g|re| X !, j = 1,2, arguing as in the proof of
Lemma 4.2 we infer that there exists a unique strong L2-solution v, to (4.26)
on [0, T'], satisfying

S‘;P(”‘/fn lcqo.ry:22) + 1¥nllLa.7: 7))
4.27)
= CIWI L1 o,7:2 L8 ©.1:L7)

where C(T') € L°°(2) is independent of n and W. It follows also that for p > 1,

(4.28) sup [[¥ully, = Clo. DIVl .

n>1

where C(p, T) is independent of n and W and y;), = L"’/(Q; LY, T;L%») +
LP(Q; L0, T; L")).



1982 V. BARBU, M. ROCKNER AND D. ZHANG

Moreover, by 1t6’s formula, for every n > 1 and W € L*°(2 x (0, T) x Rd), we
have

T
(4.29) A, (W) = IE/ Re(W, Y, )odt.
0
Thus, since | X"(¢)|, is [P-a.s. conserved and by estimates (4.25), (4.28), we have

|An("p)| =V ” X" — X ||va (Q:L2(0,T;L2)) “ Wn ”Lp{, (Q:L2(0,T: L2))
(4.30) + ”Xu (T) —Xr HL/’U(Q;LZ) ” l/fﬂ(T)“Lm’;(Q;LZ)
<Cl¥lly,.

where C is independent of . Since L*°(2 x (0, T) x R?) is dense in y;)/ and V,,
is the dual space of y/;, , it follows by (4.29), (4.30) that

4.31) sup [|Yully,, < oo.

n>1

Hence, there exists Ye YVp,» such that along a subsequence of {n} — oo (still
denoted by {n}),

(4.32) Yo=Y  weak®in),,.
Note that, for each j = 1,2, h;,(X") — hj(X"), dP ® dt ® d&-a.e., and

SUp, 1 1hjn (X“)] < atlglp| X% " € L2 (Q; L#T(0, T; L7T)). Hence, by the
dominated convergence theorem,

(4.33) hj.(X") = h;(X")  in L2V (Q; La-1(0, T; LaT)), as n — oo.
Since ﬁ = pL + % from Holder’s inequality, (4.32) and (4.33) it follows that
(4.34) hia(X")Y, — h (XY, hoa(X)Y, — hy(X")Y,

weakly in L(ZP/V)/(Q; L%(O, T; LP/)).
Moreover, we claim that for 1 <k <N,

(435) sup || Zk,n ||va (Q;L2(0,T;L?)) < C < o0.

n>1

In particular, for each 1 <k < N, there exists Z; € L?(Q; L%(0, T; L?)) such
that (selecting a further subsequence if necessary)

(4.36) Zin—> Z} weakly in LZ(Q; Lz(O, T: L2)).

Since v —~ f,T vdpi(s) is a bounded linear operator in LZ(Q; L2(0, T; Lz)), it
follows that foreach 1 <k < N,

T r u : 2(06.72 .72
(4.37) / Zkon dﬁk(s)—>/ Z} dBr(s) weakly in L=(€2; L=(0, T; L?)).
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To prove (4.35), we apply 1t6’s formula to (4.24) to get that for n > 0,
UAOL

T
:e””X“(T)—Xﬂ%—n/t e’75|Yn|%ds
T ] _ T )
+2,\/ Im/emhz,,,(xu)y,gdgds—zf /emmynﬂdgds
t t

T .
(4.38) —2n / Re f Y, (X7 — X)) dé ds
t

N T
—1—22/ Re/e"sukekYnZk,n déds
k=171

N . N T
— Z/ e\ Zinl3ds —22/ Re/e"sy,,zk,ndg dBi(s)
k=171 k=171

T 6
::e"T|X“(T)—XT|§—77/ e”s|Yn|%ds+ZKj(t)-
t .
j=1

Note that, since |h2 ,(X"*)| < ot|g|poo | X" |~1, by Holder’s inequality,

(4.39) |K1(1)| < alglpoe" TO| X" ”zq_(l(),T;LP)”Yn”%‘i(o,T;L!’)’

where 0 =1 —d(a—1)/4€ (0, 1).
Moreover, using ab < ca® + ¢~ 'b%, ¢ > 0, we get

4 N T
Z|Kj(t)|§<2|M|oo+2yl+82|ﬂkek|%00>/ ™| Y, |3 ds

T ) 1 (T )
+2y1/ X" —X1|2ds+§/ e Zknl3ds.
t t

Thus, choosing 1 > 2|u|eo + 21 + 82,1{\]:1 |,ukek|%oo, it follows that for any
1€[0,T],

s 1T,
e"f|Yn(t>|2+—Z/ ™| Zi 2 ds
2k=1 4
“4.41

N T
<Vra-2Y [ Re [PV, Zids dpics),
k=1"!
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where
. nT|yu 2 T ns|yu 2
Vi i=e"T|X (T)—XT{2+2;/1/ PIX" — X, |2 ds
4.42)
+algleee T\ X |52 0.7 Loy 1 ¥all Lo 0.7 )
This yields
N T PTV
ZE(/ e"5|zk,n|§ds>
k=1 0
o
(4.43) < C(on) | EV,
PTU
+E sup / Re/e"‘Y Zy.n dE dB(s) )
tel0,T] k=1

Note that, EV{“,,[/ 2 < 00, due to (2.5), (4.31) and to the integrability conditions
on X7 and X;. Moreover, by the Burkholder—Davis—Gundy inequality, the second
term in the right-hand side of (4.43) is bounded by

T N 2 T
C(mE( /0 ds)

Py T
<C(pv)ZE sup e4p“'7t|Y G (/0 €"S|Zk,n|%ds>

k=1 tel0,T]

e Y, Zk,n dé&

ISk

< C(py, Ne?* " EIY, lCqo.r L)

Py

1 Y T ) 2
+§Z (/ e’75|zk,n|2ds)
k=1

Plugging this into (4.43), we get

Py
sup = ZE([ e"lek,,,|%ds)2

Py
(4.44) < C(py)supEV;?,

n>1

+ C(py, N)e2p“”T supE|Y, %

n>1

which by (4.31) implies (4.35), as claimed.

C([0,T]; L2y’
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Now, set

YU()=—(X"(T) - Xr) — fT (-m? — iy (X")Y + riho (X" Y

N
+u¥ —iVo¥ —iu-VY +y (X" =Xy) — Zmekz;;) ds
k=1

N T
- Z/ 2V dBi(s).
k=1""

By virtue of (4.32), (4.34), (4.36) and (4.37), we may pass to the limit in (4.24)
and obtain that for any v € H?, feL>®(Qx(0,T)),

T ~ T .
(4.45) E/O a2Y (@), f(Ov) dt:E/O a2(Y (@), f(O)v) 2 dt,

which implies that Y% = 17, in H2,dP ® dt-a.e. Since Y is continuous in H 2,
P-a.s., we can find a null set N’, such that for any w ¢ N', (Y*(w), Z"(w)) solves
(2.9) in H~2 for all r € [0, T], which proves the existence of solution to (2.9).
Estimates (4.20) and (4.21) follow immediately by (4.31) and (4.35), respectively.
Moreover, as in the proof of [1], Lemma 4.3, we have for |Y*(z) — Y*(s) |% an Ito6
formula similar to (4.38), which implies r — Y*(¢) is L? continuous.

The uniqueness can also be proved by duality arguments. Indeed, let (Y%, Z ;?),
Jj = 1,2, be any two solutions to (2.9). For any W € L*°(Q2 x (0, T) x RY), let v
be the unique solution to (4.26) but with 4 ,(X") replaced by h;(X"), j =1,2.
Define A (W) similarly as in (4.25) with v, replaced by . Then, similar to (4.29),
AW) = EfOT Re(Y, YJ’.‘)z dt, j =1,2. It follows that Y|' = Y} by the arbitrariness
of W, and so Z{ = Z5 by an estimate similar to (4.44).

(ii). Fix I < j < N. Consider the approximating equation of (9;Y", d;Z") be-
low (8 = 5¢-),

dy, =—iAY,dt+ G,(Y,)dt

N
— Zﬁkekz;c’n dr + V]@j(Xu — X])dl
k=1
(4.46)
N
+ Fu (X", Y, ZYY)dt + Y Z, dB(),
k=1

Y, = —(8;X"(T) — 3;Xr),

n

where X" and (Y*, Z") are the solutions to (1.1) and (2.9), respectively,
Gn(Y)) :=—Aihy o (X")Y) + Aihon(X")Y] 4+ (u —iVo —iu- V)Y,
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Fo (X", Y", Z") := —Aih! , (X")Y" + Al (X")Y¥ 4+ 0;uY" —id; VoY
N
—iu-3;VY" =8 (Hrer) Zy,
k=1
hin(X) is as in (4.24) and A} ,(X") = g(ZHYXED G (hy (X)), k = 1,2. By
truncation, |hg ,(X")| + |h’;(,n(XM)| < Cn® !, k=1,2, it follows that there ex-
ists a unique (J;)-adapted solution (Y, Z.,) € L?(Q2; C([0, TT; L?)) x (L2,(0, T;
L2(Q; LH))N to (4.46).
Foreach W € L®(Q2 x (0, T) x RY), let Y, be the solution to (4.26). Similar to
(4.25), set

A (W) :=ERe(d; X“(T) — 3;Xr, ¥n(T)),
+ ylE/OT Re(d; X" (1) — 8; X1 (1), Y (1)), dt
By It6’s formula, we have
(4.47) Aj,(P) :E/OT Re(¥, Y, ), dt — E/OT Re/ Fy (X", Y", Z")V, dE dt.

Note that, since |h’1,n(X”)| < C|X”|"‘_2|8J-X”| and 2 <« < 1+ 4/d, by

Holder’s inequality, we have for (p, q¢) = (o + 1, ;‘((Zﬂ)) ),

‘/ Re/( AiH) ,(X") Y“l//ndgdt‘

< 1B (XY Lot 0.7 10y Wl La 0.7 L7
(4.48) LEO.1;Lr) T re

=Cq T° ”XMHL‘I(O T; L,,)Han” ”L‘i(O,T;LP)” e ”Lq(o,T;LP)||W||L‘1(0,T;LP)
= CO!TQ ”Xu ”Lq(o T;wlp) ” vt ”Lq(o,T;Lp)||Wn||Lq(0,T;LP),
where § =1 —d(a¢ — 1)/4 € (0, 1). Hence, for any p € [2, p,),

’ / Re/( XY (XYY", dE dt

= C(T)E(HXM “Lq(o T:wl p)HYM HLq(O,T;LP) 1 ¥n ||L‘1(0,T;U’))

<C(T)(|x" ||Ln(sz L4(0,T:W1-PY)

X “YM“Lpu(sz;Lq(o,T;Lﬁ))”‘/’n“LP/(Q;L‘I(O,T;LP)))’

where 7 satisfies ﬁ = pi/ — % > 0. Similar arguments apply to the term involv-
v

ing Ai hlz,n (X")Y*. Moreover, the other terms in the integration E fOT Re [ F, (X",
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Y%, Z"), d€ dt are bounded by

N
C(HYM | Loireo.r:02y) + 212K ”Lﬂ(sz;L2(o,T;L2))) 1l Lo @100 0.7: 12)) -
k=1

Plugging the estimates above into (4.47) and using (4.28), (2.5), (4.20) and (4.21)
we obtain for any p € [2, p,),

‘ / Re(W dt‘ |AJ,,(\II)|+‘ f Re/F (X", Y", Z")Y, dE dt
<ClI¥ly,
with C independent of n and W, which implies that for any p € [2, p,),

(4.49) sup| Y |y, =C.
n>1

Once we have obtained (4.49), using similar arguments as those below (4.31), we
can prove the assertion (ii). The details are omitted. [J

PROOF OF PROPOSITION 4.1. Using (4.5) in Lemma 4.2, we have

.1 -
lim —(®(u + i) — P(u))

e—>0¢&

(4.50) = 2E<Re(X”(T) — Xz, ¢""(T)),

T - T
+yE | Re(X“(t) —Xi(t), 9" (1)), dr + yz/ u- iidt).
0 0
Then, similar to (4.29), by (2.9) and (4.3), we obtain via Itd’s formula,
~ T ~
ERe[X"(T) ~ X7, ¢""(T)), + iE [ Re(X"(1) = X1(0), 9" (0) s
0
_ —EIm/ / VXYV dE dt.
Combining these formulas, we get (4.1) as claimed. [l
5. Proof of Theorem 2.6. As in the proof of Lemma 3.3, we note that & is
continuous on the metric space U,q endowed with the distance d (i, v) = |lu —v|| =
(E fOT lu(t) — v(t)|%1 dn'/?. Applying Ekeland’s variational principle in Uyg (see

[13], Theorem 1, or [12]), for every n € N we get u,, € Uyq such that

5.1 D (u,) <d(u) + %d(un, u) Yu € Uyg.
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In particular, it follows that
1

(5.2) un=argmin{<b(u)+—||un —ull;u euad}.
n

We define the function @ : Lgd(O, T;R™) — R = (—o0, +00] by
S =dw) + Iy, )  Yuel(0,T;R™),
where

0 if u € Uyg;
+00 otherwise.

Iuad(u) = [

The subdifferential 85(14) C Lﬁd(O, T;R™) of ® at u in the sense of R. T. Rock-
afellar [25] is defined as the set of all z € Lgd(O, T; R™) such that the function

v—> 5(1}) — EfOT v(t)z(¢) dt has u as a substationary point in the sense of [25].
We have

(5.3) D) Cn(u) + Ny () Vu € Usg,
where () is defined by (4.2), Ny, (1) is the normal cone to Uyq at u,, that is,
Notg un) = {v € L2g(0, T: R™); (v, up — ) > 0, VY € Usa},

and (, ) denotes the inner product of Lgd(O, T;R™).
To prove (5.3), as mentioned in [25], (2.4), for each u € U,q, one has

0D(u) = {z € L2y(0. T:R™) : ®T(u, y) > (y.2).Vy € L3y(0, T: R™)},
where & (u, y) is the subderivative at u with respect to y

(CD(u/+ty/) —a' n Iuad(u/—i-ty/))]
t t '

O (u,y) = sup [ limsup  inf
VCN(y) u’»u,oﬂ%@(u)y/ev
a’za(u/),tao

and N () is the set of all neighborhoods of y. This yields
Pu+ty)—Pu)
t

&t (u, y) = lim + 1, y),
t—0 a
where Ib/lad (u,y)=0if y € Ty, (u), and Ii,ad (u,y) =00 if y ¢ Ty, (u), Ty, (u) is
the (Clarke) tangent cone to Uyq at u defined in [25]. Then, by Proposition 4.1,
for any z € 3&)(u), we have that (n(u),y) > (y,z), V¥ = v — u, v € Uypq. Thus,
z € n(u) + Ny, (u). This implies (5.3).
On the other hand, by Theorem 2 in [25] we have

~ 1 ~ 1
54 8(@(u)+;|lun—ull> CB@(u)-l—;allun—ull.
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Thus, by (5.2)-(5.4) we get

0e a(&B(u) 4 %nun - un)(u — )

1
C n(uy) + ;(allun —ull)(u = un) + Ny (un),

which implies that there exist ¢, € Ny, (u,) and 0, € (@ |lu, — u|) (4 = uy), such
that

1
(5.5) n(un) + & + ;nn =0.

We claim that
(5.6) Ny (un) ={v e L2(0,T;R™) : v € Ny(uy), ae.on (0,T) x },

where Ny (u,) is the normal cone to U C R™ at u, € U, that is, Ny(u,) ={v €
R™v-(u, —v)>0,Vve U}
Indeed, for any n € Ny, (u,), we have

T
(5.7) ]E/ n-(u, —v)ydt >0 Yv € Uyg.
0

Since for each closed convex set U, Vv > 0, (I + vNy)~! = Py, where Py is the
projection on U, there exists a unique v € Uyq, such that
(5.8) v+ Ny(@)su, +n ae.on (0,7) x Q,
that is, v = Py (u,, + 1), a.e. on (0, T)) x Q2. Hence, there exists ¢, € Ny (v), such
that v + &, = u, + 1, dP ® dt-a.e. Then, by (5.7),

T T

0<E [ 0 =ttn+ ) (n = 0)dr =l —vI> +E [ &, = v)dr.

Since dP ® dt-a.e., & € Ny(v), & - (v —uy) > 0, we get

T
it~ oIP <E [ 60 (= v)dr <0,
0
It follows that u, = v, dP ® dt-a.e., which yields by (5.8) that n € Ny (u,,), dP ®
dt-a.e., thereby implying
Nty () € {v € L24(0, T; R™) 1 v € Ny (uy) ae. on (0, T) x .

The inverse inclusion is obvious. Thus we obtain (5.6), as claimed.
Now, by virtue of (4.2), we may rewrite (5.5) as

1o 1 _ 1
w0+ 50 =i [ VXt OVt d — 50

5.9
ae.on (0,7) x €,
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where {,?(t) € Ny (u, (1)), X,, := X", and (Y,, Z,) is the solution to (2.9) corre-
sponding to u,. We get by (5.9) that

1 _ 1
(5.10) un(r) = PU(_ Im/ V() Xn(1,8)Y,(2,6)dE — —nn(t)),
2 2yon
with
T
(5.11) IE/O [ (0)]2, dt = 1.

We claim that there exists a probability space (2%, F*,P*), u’, u* € Uyg+, n >
1, such that the distributions of #; and u, coincide on L! (0, T;R™), and as n —
0,

(5.12) w —u*  in LY(0, T; R™), P*-as.
Then it follows from the boundedness of {u} that
uh—u* in LZ(O, T;R™),P*-as.
Hence, similar arguments as in the proof of Theorem 2.5 imply that
k(oK) 13 k(oK) _ 12 _
" (u*) _nll)néocb (up) = nll)néqu(””) =1,
thereby yielding the equality in (2.11).

It remains to prove (5.12). By virtue of Skorohod’s representation theorem, we
only need to show the tightness of the distributions of #, on LY, T:R™),n>1.
For this purpose, in view of Lemma A.2, it suffices to prove that p, :=Pou, —1
n > 1, satisfy (A.14) and (A.15).

Indeed, (A.14) follows immediately from the uniform boundedness of {u,}. Re-
garding (A.15), by Markov’s inequality, it suffices to show that there exists a posi-
tive exponent b > 0 such that for any é € (0, 1),

T—h
(5.13) limsupE sup |t (t + ) — un (t)|, dt < C8”.
n—00 0<h<§J0

To this end, since Py is Lipschitz, using (5.10), the Cauchy inequality, (2.4) and

(4.22) we get
T—h

E sup |un(t +h) —u,(1)|,, dt
0<h<4J0

<—T2+—|V|LocEf sup (| Xn(t +h) — X (0| =1 |Ya(t + )| 1
yan 0<h<§

(5.14) 4 [Yo(t +h) — Yo(0)| 1| X (1) 1) dt

1

1 T
S—T%-I—C(E/ sup [ X, (r +h) — X (1) 1dt>
ya2n 0 0<h<s

T 1
+C<E/ sup |Y(t+h)—Y(t)|H1dt> )
0 0<h<$
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Let us estimate EfOT Supg—p<s | Yn(t +h) — Yy (t)|%1,1 dt on the right-hand side

of (5.14). Similar arguments apply to EfOT SUpg—j<s | Xn(t +h) — Xy (z‘)ﬁq_1 dt.
By the backward equation (2.9),
T

E | sup |Y,(t+h) =Y, ()|} dt
0 0<h<s
T t+h 2
<E sup/ iIAY(s)ds dt
0 0<h<sl/t H-!

T t+h

FE [ sup | [ (=him (X))
0 0<h=zsl/t

. 2
(5.15) 4+ Aiho(Xn())Vu(s))ds|  dt
-1

T t+h 2

+E sup / (w—iVo—iun(s) - V)Yu(s)ds dt
0 0<h<slJt H-!
T t+h N 2

+E sup / yl(Xn(s)—Xl(s))—zmekzkyn(s) ds dt
0 0<h<s|/t k=1 H-!
T t+h N 2 5

+E [ sup f > Zin()dBi(s)|  dr=:) K;.
0 0<h<s|/t k=1 H-! j=1

For K1, by (4.22),

T t+h 2
K| <E sup </ |Y,,(s)|H1ds) dt
0 0<h<s\Jt

(5.16) )
<8 TE sup |Yu(0)|1 < C8%,
tel0,7+1]

where C is independent of n.
Similarly, by Cauchy’s inequality and by (4.20),

2
K3+ Kq < 82T (Ittlos + 1 Voloo + DullVIlzo©.141:20))E  sup |V, ()3
1€0,T+1]

T prt+6 2
+6y1E/ / X, (s) — X1 (5)|2 ds dt
(5.17) 0

N T pt+8 5
+03 lulenlE [ [ 1Zeno 3 ds ds
k=1 t

< C(5+8%),

where C is independent of 7.
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Regarding K>, choose the Strichartz pair (p, q) = (¢ + 1, 3§g+1)). Since p €

2, 24), LV (RY) — H~'(R?), we have

2

T t+h _
K, <E A sup </ | =Xih1 (X (5))Yn(s) + Aiho(Xn(5)) Y ()|, ds) dt
O0<h<§

T t+h 2
<a’E sup (/ \Xﬁ‘l(s)Yn(s)|L,,/ a’s) dt
0 0<h<s\Jt

T
2 2 -1 2
<6%/14°E /0 1X2 Y 2 sasinr d
2/q,,2 1y (2
<8QPTE|Xy " Yall Ly 0. 741107y
Note that, by Holder’s inequality,
1 0
”Xa Y, ||Lq 0,T;LP") <T ||X ”Lq(() T: Lp)”YnHLq(O,T;LI’),
where =1 —d(a¢ —1)/4 € (0, 1). Hence,
2(a—1
Ky <8262 T VR X, 1750 2 o 1 Yn F 00,7412 )

2/q,,2720+1 2(a—1) 2
= J /qa T ||X””L°°(Q;Lq(0,T;LP))”Y”||L2(Q;L‘Z(O,T+1;L1’))'

Then, by (2.5) and (4.20) we obtain
(5.18) Ky <81,

where C is independent of n.
For Ks, using the Burkholder-Davis—Gundy inequality we get

+8§ N

K5<C/ IE/ Z|an(s)}2dsdt

Then, using Fubini’s theorem to 1nterchange the sum and integrals, by (4.21) we

have
N 8 ps T ps T+8 T )
KsSCZE(//+// 7 )yzk,n<s)|2dzds
k=1 0 JO I} s—38 T s—48

N T+1 )
<38C ZEf | Zin(s)|5ds < C8,
0
k=1

(5.19)

where C is independent of 7.
Plugging (5.16)—(5.19) into (5.15), since 2/g < 1 and § < 1, we obtain
T

E sup |V, (t +h) — Yo(0)|5- 1dr<c(5+52+5q)<c5
0 0<h<s

2
q

where C is independent of n.
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The term EfOT Supg—p<s | Xn( + 1) — Xp (t)|%1,1 dt in the right-hand side of
(5.14) can be estimated similarly.

Therefore, in view of (5.14) we obtain (5.13) with b = 1/g4, thereby proving the
tightness of {it,,} and yielding the equality in (2.11).

Finally, the stochastic maximum principle (2.12) follows from Proposition 4.1,
taking into account that [see (5.5)] for the optimal u*, n(u™) + ¢* = 0, where
¢* € Ny (u™). Now, the proof is complete.

An example. We consider the case m = 1 and U = [0, £], where £ > 0. Then
equation (2.12) reduces to

0 if ImA;V(S)X*(t,S)W(Z,S)dS50,
£ ifm [vexworesaezt
ut(t) = 3/12 R
L [ vexte.e 7.6 as
2 R
otherwise.

For the numerical computation of the optimal controller #*, one can use the stan-
dard gradient descent algorithm suggested by (2.12). Namely,

1
P
Up41 U (1 T 2V2,0n Un

[ V(é)xna,s)?n(r,@ds),
Rd

(5.20)
200
Im

+ - -
1+ 2yp04

where p, > 0 are suitably chosen and X,, Y, are solutions to the forward-
backward system (1.1), (2.9) with u = u,,.

PROOF OF THEOREM 2.7. The proof is similar to that of Theorem 2.6. As a
matter of fact, in the deterministic case, the analysis of the equation of variation
and of the backward equation is much easier.

Similar to Lemma 4.2, we have

sup (”‘PMﬁHC([O,T];Hl) + ”(puﬁ”Lq(O,T;WLP)) < 00,
U, V€U

where # = v —u, u, v € Uy,g, and go”ﬁ is the solution to the deterministic equation
of variation [i.e., (4.3) without W]. Moreover,

(5.21) lim sup |s~! (X" (1) = X“ (1) — ")} = 0,
e=>0¢e[0,T]

where X*¢ and X" are the solutions to (1.1) corresponding to u, := u + ¢ and u,
respectively.
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Regarding the backward deterministic equation, we can now use time reversal
arguments and the Strichartz estimates to obtain directly the estimate below:

SGUP (HYMHLOO(O,T;HI) + HYMHLKI(O,T;Wl-p)) < 00.
ad

Based on these, one also has the directional derivative of ® as in Proposition 4.1,
and similar to (5.13), the estimate below for the minimizing sequence of controls
{u,} from Ekeland’s principle,
T—h
limsup sup |tn (t + ) — un ()|, dt < C8'4,
n—00 0<h<$
which by the Riesz—Kolmogorov theorem implies that {u,} is relatively compact
in L'(0, T; R™), thereby yielding the result. [J
APPENDIX

LEMMA A.1 ([26], Lemma 2.17). Let T > 0 and f € C([0, T]; R}), such
that

f<a+bf” on[O T1,
wherea,b>0,a>1,a < (1 ——)(oeb) =1 and f(0) <(ocb)_0t_ Then

on [0, T].

PROOF OF (2.4) AND (2.5). For simplicity, we omit the dependence of u in
X". We may assume T > 1 without loss of generality. Set

1 A Y
(A.1) H(X (1)) := 5|VX(t)|§ - a—H|X(t)|L;L+11.

As in the proof of [2], Theorem 3.1, we have for ¢ € [0, T'],
H(X()) — H(x)

= /I(Im((VVo +u(s)-VV)X(s), VX(s))) ds

(A.2)
+/ (Re V(X (s)), VX(s)),ds + = ZW X(S)¢])|2>
j 1
— lA(a —1 ift/(Re¢-)2|X(s)|“+ld§ ds + M (1)
2 iZiYo / '
where

N .t
M) = Z/o (Re(V(quX(s)),VX(s))z—A/Re¢j|X(s)|a+lds)dﬂj(s).
j=1
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Below we shall treat the focusing and defocusing cases, respectively.
(i) (The focusing case A = 1.) Note that, by [2], Lemma 3.5,

(A3) IX(O[Se < Co|X 05 +e|VX @),

where p = ZW > 2. As in the proof of [2], Theorem 3.7, the first three

terms on the right-hand side of (A.2) are bounded by C fot (X (s)|2 + | X (s)|% +
VX (s)|2) ds, where C is independent of u. Thus, taking ¢ < “+1 yields

(A.4) VX (0|} <4Hx)+C(IX )|} + D)) + 4M (1),
where D(t) := [ (IX ()|5 + X (s)I3+ VX (s)|3) ds. It follows that for any p > 4,
(A.5) |VX(t)|§” <C+C(X®5" +DP @)+ |M()|")

with C independent of u.
Note that, by Jensen’s inequality and

(A.6) X ()|, = Ixl2, tel0,T],

we have

E sup D7(9) <E sup 5"~ (XM + X ) +[VX))dr
(A7) s€[0,7] s€[0,1] 0

t
5C(p,T)<l+/ E sup |VX(r)|§Pds>.
0 rel0,s]

Moreover, by the BDG inequality we get

E sup [M(5)]’
s€[0,1]

§C(,0)E</ Z(|Re (¢, X(s)), VX(5)),|*

2 L
(A8) + ’/Re¢j|X(s)|a+l dé’ )ds>2

t )0
<CoE( [ VX + X0+ X[ )’

t
< C.TE [ VX + XL + X6 ds
Then, using (A.6) and (A.3) one obtains the estimate

t
(A.9) E sup |[M(s)|” §C(,0,T)<1 +/ E sup {VX(r)|§pds).
s€[0,7] 0 rel0,s]
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Thus, plugging (A.7) and (A.9) into (A.5) and using (A.6) yield

t
E sup |[VX ()3’ <C +C/ sup [VX(r)|3° ds,
s€l0,1] 0 ref0,s]
which implies (2.4) by Gronwall’s inequality.

(i1) (The defocusing case A = —1.) Similar to (A.4), we have by (A.2),

1 2 1 a+l
EWX(INQ + O{—_}_l}X(t)|La+l
t
< H(x) + cfo (X[ + VXG5 + [X©9T) ds + M@).

Using (A.6) and (A.8), we get for p >4,

E sup (VX3 +|X (0] %)

a+1
s€[0,t] L

<c+c [ E s (IVX<r>|2 +[X([557) ds,
0 rel0,s]
and so (2.4) follows.
It remains to prove (2.5). Indeed, in the case where ey are constants, 1 <k < N,
by the rescaling transformation y = ¢~" X, we have

(A.10) dy=—iAy —Aily|* 'y + fw)y,

where f(u) := —i(Vo+u - V). Note that the Strichartz coefficient C7 is now a de-
terministic constant. Then, arguing as in (3.19) we obtain that
sup, cys.y 1Vl (@: L9(0,7;Lry) < 00 for any Strichartz pair (p, ¢).

As regards the estimate for | X" || 1o (. 140, 7:w1.ry)- it suffices to prove that for
any p > 1,

(A.11) sup E”y ”Lq(o,T;Wl,P) < 0,

u€lyg

where (p, q) = (a + 1, 38:3)

Since |V([y|*~'y)| < aly[*~1Vyl, |y|zr < D|y| 1, the Holder inequality im-
plies that (see, e.g., [2], (2.25))

1 1.6
(A12) [Iy1* "y e Owiry 20Dl IIyIIC(OT]HI ¥l La0.0:w1.2)s

where 6 =1 — 2/qg > 0. Moreover,

| f @Y L0y S TNF@ | oo, 7. w100 19 le o, 0: 11y
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Thus, applying Strichartz estimates to (A.10) and using the estimates above, we
get

¥l a0, wir

< C(Ixlgr +2aD* IV 0y oy 19 2o 0wty
(A.13) (T

+ T £ Lo w0 1Yl cqo,n 1))

< D(T)(Hy”c([o,T];Hl) +1 ||)’||Lq(o,,;wl,p)),

where

D(T)=1+2aD*" 1IIY||C(0 ey T T Slzlf | f @) oo 100,72 w1.00)) -
UEU,d

Then, similar to (3.19) we have

1
T q
Loz =2([ 7] +1) PO leqorn,

where r =2 19D(T)" VO A T.
Therefore, taking into account (2.4) we obtain (A.11), thereby completing the
proof. [J

LEMMA A.2. Let u,, n > 1, be a family of probability measures on
LY0, T; R™). Assume that

R—00 np—oo

T

(A.14) hm hmsupu,,{veL (0, 7;R™) / |v(t)|mdt>R} =0,
0

and for any ¢ > 0,

lim 1imsupun{v € LI(O, T;R™):
=0 n—oo
(A.15)
T—h
sup \v(t+h)—v(t)]mdt>s}=0.
0<h<s8J0

Then {itn}n>1 is tight on LY, T; R™).

PROOF. Set K{(R)={v e LI(O, T;R™): fOT [v(t)|mdt < R} and K»(5,¢€) =
{ve L'O, T; R™) :supg_ps fo " 0@t +h) — v(t)|,m dt < €}, where R, 8, & > 0.

Fix ¢ > 0. By (A.14), there exists N(= N(¢)), Ri1(= Ri(¢)) > 1, such that
sup,,~ v n(K{(R1)) < 5. Since for each n > 1, limg 0 ttn (K7 (R)) = 0, we can
choose Ry(= Ry (¢)) sufficiently large, such that sup;_, -y mn(K{(Rp)) < ﬁ
Thus, letting R = Ry V Ry we get sup,,- un(Ki(R)) <e.

Similarly, since for each k,n > 1, lims_.o . (K5 (8, %)) =0, by (A.15) and
similar arguments as above, we can choose &; > 0 sufficiently small such that
sup,,> 1 in (K5, 1)) < 4.
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Then set K := K{(R) N (> K2(5k, %)). It follows from [27], Theorem 1,

that K is relatively compact in L!(0, 7; R™), and by the estimates above we have
sup,~1 un(K) < 2¢, which implies the tightness of {i,},>1 on L0, T;R™).
g
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