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LIMIT THEOREMS FOR MARKOV WALKS CONDITIONED TO
STAY POSITIVE UNDER A SPECTRAL GAP ASSUMPTION

BY ION GRAMA, RONAN LAUVERGNAT AND EMILE LE PAGE

Université de Bretagne Sud

Consider a Markov chain (X),>( with values in the state space X. Let
f be a real function on X and set S, = Y%, f(X;), n > 1. Let Py be the
probability measure generated by the Markov chain starting at X = x. For
a starting point y € R, denote by 7y, the first moment when the Markov walk
(y + Su)n>1 becomes nonpositive. Under the condition that Sy, has zero drift,
we find the asymptotics of the probability Py (zy, > n) and of the conditional
law Py (y + Sy < -/n| 7y > n) as n — +o0.
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1. Introduction. Assume that on the probability space (2, .#,P) we are
given a sequence of random variables (X,),>1 with values in a measurable
space X. Let f be a real function on X. Suppose that the random walk S, =

i—1 f(Xi), n =1 has zero drift. For a starting point y € R, denote by 7, the
time at which (y 4 S,),>1 first passes into the interval (—oo, 0]. We are interested

in the asymptotic behaviour of the probability ’(ry, > n) and of the conditional
£

The case when f is the identity function and (X,),>; are i.i.d. in X = R has
been extensively studied in the literature. We refer to Spitzer [31], Iglehart [23,
24], Bolthausen [2], Doney [12], Bertoin and Doney [1], Borovkov [3, 4], Car-
avenna [6], Vatutin and Wachtel [35] to cite only a few. Recent progress has been
made for random walks with independent increments in X = R?; see Eichelbacher
and Konig [14], Denisov and Wachtel [9, 11] and Duraj [13]. However, to the best
of our knowledge, the case of the Markov chains has been treated only in some
special cases. Upper and lower bounds for P(ty > n) have been obtained in Vara-
poulos [32, 33] for Markov chains with bounded jumps and in Dembo, Ding and
Gao [7] for integrated random walks based on independent increments. An ap-
proximation of P(ty > n) by the survival probability of the Brownian motion for
Markov walk under moment conditions is given in Varopoulos [34]. Exact asymp-
totic behaviour was determined in Presman [29, 30] in the case of sums of random
variables defined on a finite Markov chain under the additional assumption that the
distributions have an absolute continuous component and in Denisov and Wachtel
[10] for integrated random walks. The case of products of i.i.d. random matrices
which reduces to the study of a particular Markov chain defined on a merely com-
pact state space was considered in [20] and the case of affine walks in R has been
treated in [18]. We also point out the work of Denisov, Korshunov and Wachtel
[8] where a constructive analysis of harmonic functions for Markov chains with
values in N is performed.

In this paper, we determine the limit of the probability of the exit time 7, and
of the law of y + S, conditioned to stay positive for a Markov chain under the
assumption that its transition operator has a spectral gap. In particular, our results
cover the case of Markov chains with compact state spaces and the affine random
walks in R (see [18]) and R? (see Gao, Guivarc’h and Le Page [16]). Our results
apply also to the case of sums of i.i.d. random variables.

To present briefly the main results of the paper, denote by P, and [E, the proba-
bility and the corresponding expectation generated by the trajectories of a Markov
chain (X,),>1 with the initial state Xo = x € X. Let Q be the transition operator of
the Markov chain (X,,, y + Sy,),>1 and let Q4 be the restriction of Q on X x R .
We show that under appropriate assumptions, there exists a Q4-harmonic function
V with nonempty support supp(V) in X x R such that, for any (x, y) € supp(V),

2V(x,y)

1.1 P.(ty >n ~  —"
(1.1) oy m) | o~

law o given the event {try > n}={8; >0,...,5, >0} asn — +o0.
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and

y+Sn +
Px(aﬁ §t‘ty>n>n_)—+>oo<l> o),
t2

where ®*(t) =1 — e~ 7 is the Rayleigh distribution function and o is a positive
real. Moreover, we complete this result by giving the behaviour of P, (ty > n) on
the complement of supp(V): for any (x, y) ¢ supp(V),

(1.2) Py(ty > n) <ce™ ",

where ¢y depends on x and c is a constant. This is different from the case of
sums of i.i.d. real random variables, where instead of (1.2), on supp(V)€ it holds
Py (ty > n) =0. We give an example of a Markov chain for which the bound (1.2)
is attained and state uniform versions of (1.1) and (1.2). A characterization of the
supp(V) is given in point 4 of Theorem 2.2. For details, we refer to Section 2.

The study of the asymptotic behaviour of the probability P(t, > n) for walks on
the real line R is usually based on the Wiener—Hopf factorization (see Feller [15]).
Unfortunately, the Wiener—Hopf factorisation is not well suited for more general
walks, as for example, those with values in R or for walks with dependent incre-
ments. For random walks with dependent increments and for random walks with
independent increments in R4, Varopoulos [34], Eichelbacher and Konig [14] and
Denisov and Wachtel [11] have developed an alternative approach based on the
existence of the harmonic function. Using the particular structure of the under-
laying models such extensions where performed in Denisov and Wachtel [10] for
integrated random walks, in [20] for products of random matrices and in [18] for
affine random walks in R. Despite these advances, there are still some major diffi-
culties in transferring the harmonic function approach to the case of more general
Markov chains. In this paper, we extend it to Markov chains under spectral gap
assumptions. Let us highlight below the key points of the proofs.

We begin with the construction of a martingale approximation (M,),>1 for
(Sn)n>1 following the approach of Gordin [17]. One of the delicate points of the
proof is to control the difference S, — M,,. We make use of the spectral gap prop-
erty of the transition operator P of the Markov chain (X,),> relatively to some
Banach space % (for details we refer to Section 2). Our martingale approximation
is such that

(z+My) — (y+ S =r(Xy),

where r(x) = ®(x) — f(x) is the coboundary, z = y +r(x) and ® is the solution of
the Poisson equation ® —P® = f. Under Hypothesis M4, we can control |7 (x)| by
c(1 + N(x)) where N € 4 has bounded moments E}C/a (N(X)*) <c(1+ N(x)),
for some o« > 2. Note that in the case of products of random matrices [20] the
coboundary is bounded, so that sup,,-.; [S, — M, | is bounded by a constant P,-a.s.
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for any x € X, which simplifies greatly the proofs. The extension to the case of un-
bounded coboundary turns out to be quite laborious even for particular examples.
We refer to the case of affine Markov walks considered in [18], where the authors
have benefited from the special structure of the model.

The next step is the proof of the existence of a positive harmonic function. The
starting idea is very simple. Let V,,(x, y) :=Ey((y + S4)1{z,>n)) be the expecta-
tion of the Markov walk (y + S,,),>1 killed at 7. Since by the Markov property,
we have V,41(x,y) = Q4+ V,(x,y), taking the limit as n — 400 under appro-
priate assumptions, yields that the function V (x, y) = limy— 400 Vy, (x, ¥) is Q4-
harmonic. Using the approximating martingale, the function V can be identified
as V(x,y) = —Ex(Mz,). To justify this approach, it is important to control uni-
formly in n the expectation wy, :=E, ((z + M;)1{¢,>n»)). Our key idea (in contrast

to [20] and [18]) is the introduction of two extra stopping times 7, and f"z: the
first time when (z + M,),>1 leaves R and the first time larger than 7, when

(z + Mp)n>1 leaves R%, respectively, where as before z = y + r(x). Clearly, fz

depends on 7y, and dominates both, 7, and T;. The relation of the time fz to the
exit times 7, and T7 is explicitly given in Lemma 5.3 which is an application of

the Markov property to 7. This property is useful to control uniformly in » the
expectation u, :=E,((z + M,)1 {fz>n})’ which is one of the crucial points of the
proof. To establish this we note that the sequence (u,),>¢ is increasing, since
((z + M”)]l{fz>n})"21 is a submartingale. In addition, we show that it satisfies
a recurrence equation, which implies its boundedness. Using the previous argu-
ments, we obtain a uniform control on the expectation wj,. All the details can be
found in Sections 6 and 7. The proof of the (strict) positivity of V is also rather
involved but uses similar arguments based on the subhamonicity of the function
Wx,z)= —E.(Mj3,). (See Section 8.)

Now we can turn to the tail behaviour of the exit time t,. It is inferred from
that of the exit time rfm of the Brownian motion, using the Donsker invariance
principle for sums defined on Markov chains with a the rate of convergence, re-
cently proved in [19]. The result in [19] gives the explicit dependence of the con-
stants on the norm ||8, || of the Dirac measure §, and on the absolute moments
Mg (X) =sup, = E;/a(lf(X,,)l"‘) for some initial state x € X and some « > 2. To
have a control on the constants we make use of Hypothesis M4. Note that for
products of random matrices [20], ||6,]l and e (x) are bounded uniformly in
the initial state x € X, so that the rate of convergence invariance principle does not
depend on the initial state. The case of when ||| 4 and py(x) are not bounded
was studied in details in [18] for affine Markov walks.

The paper is organized as follows. In Section 2, we introduce the necessary no-
tations and state our main results. In Section 3, we give applications of the results
of the paper to stochastic recursions in R and Markov chains with compact state
space. In Section 4, we collect some preliminary results. In Section 5, we construct
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the approximating martingale and state some of its properties and of the associated
exit times. In Section 6, we prove that the expectations E, ((y + Sn)]l{,ym}) are
bounded uniformly in #n. Using the results of Sections 5 and 6, we establish in
Section 7 the existence of a Q-harmonic function and prove in Section 8§ that
this function is not identically zero. We determine the limit of the probability
Py (zy > n) in Section 9 and that of the conditioned law of (y + S,)/(o J/n) given
the event {r, > n} in Section 10.

We end this section by setting some basic notations. For the rest of the paper, the
symbol ¢ denotes a positive constant depending on the all previously introduced
constants. Sometimes, to stress the dependence of the constants on some parame-
ters o, B, ... we shall use the notations ¢y, cq,g, . . .. All these constants are likely
to change their values every occurrence. For any real numbers u and v, denote
by u A v = min(u, v) the minimum between u and v. The indicator of an event
A is denoted by 1 4. For any bounded measurable function f on X, random vari-
able X in X and event A, the integral [ f(x)P(X € dx, A) means the expectation

E(f(X); A) =E(f(X)14).

2. Main results. Let (X,),>0 be a Markov chain taking values in the mea-
surable state space (X, Z"), defined on the probability space (€2, .#, P). For any
given x € X, denote by P(x, ) its transition probability, to which we associate the
transition operator

Pg(x) = /X 2(¥')P(x, dx)),

for any complex bounded measurable function g on X. Denote by P, and E, the
probability and the corresponding expectation generated by the finite dimensional
distributions of the Markov chain (X,),>¢ starting at Xo = x. We remark that
Pg(x) =E,(g(X1)) and P"g(x) = E,(g(X},)) for any g complex bounded mea-
surable, x e X and n > 1.

Let f be a real valued function defined on the state space X and let & be a
Banach space of complex valued functions on X endowed with the norm ||-|| 5.
Let ||-|| #— % be the operator norm on % and let ' = £ (4, C) be the topological
dual of # endowed with the norm ||¢|| z = sup,,c 4 %, for any ¢ € %’. Denote
by e the unit function of X: e(x) =1, for any x € X and by &, the Dirac measure
atx € X: 8, (g) = g(x), for any g € A.

Following [19], we assume the following hypotheses.

HYPOTHESIS M1 (Banach space). 1. The unit function e belongs to 4.

2. For any x € X, the Dirac measure 8, belongs to H'.

3. The Banach space A is included in L'(P(x, ")), for any x € X.

4. There exists a constant k € (0, 1) such that for any g € B, the function &'/ g
is in P for any t satisfying |t| < k.

Under point 3 of M1, Pg(x) exists for any g € & and x € X.
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HYPOTHESIS M2 (Spectral gap). 1. The map g — Pg is a bounded operator
on A.
2. There exist constants c; > 0 and ¢y > 0 such that

P=I1+Q,

where T1 is a one-dimensional projector and Q is an operator on & satisfying
[NQ = QI =0 and for anyn > 1,

19" 5 55 = c1e™".

Since [T is a one-dimensional projector and e is an eigenvector of P, there exists
a linear form v € %', such that for any g € 4,

2.1 [Ig =v(g)e.

When Hypotheses M1 and M2 hold, we set P,g := P(e!’/ g) for any g € % and
t € [—«, k]. In particular, Py = P.

HYPOTHESIS M3 (Perturbed transition operator). 1. For any |t| < k, the map
g+ P,g is a bounded operator on A.
2. There exists a constant Cp > 0 such that, for anyn > 1 and |t| < k,

IP7 ] 5 < Co.
The following hypothesis will be important for establishing the main results.

HYPOTHESIS M4 (Local integrability). The Banach space 9 contains a se-
quence of real nonnegative functions N, N1, Na, ... such that:

1. There exist @ > 2 and y > O such that, for any x € X,
max{| £ ()", 8.0, BV (N (X))} < (1 + N ()
and
N@)Linw)=n < Ni(x), foranyl > 1.
2. There exists ¢ > 0 such that, for any [ > 1,
[Nl < c.

3. There exist B > 0 and ¢ > 0 such that, for any | > 1,

c
|V(Nl)| =< ZIT/B
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A comment on Hypothesis M4 seems to be appropriate. Although the function
N belongs to the Banach space %, the truncated function x — N (X)L (x)>/} may
not belong to 4. Fortunately, in many interesting cases, there exists an element
N; in % dominating it. We refer to Section 3, where we verify Hypothesis M4 for
stochastic recursions in R? and for Markov chains with compact state space. Note
also that the function f need not belong to the Banach space Z.

Under Hypotheses M1, M2 and M4, we have, for any x € X and n > 1,

Ey(N(Xn)) =v(N)+ Q"N(x)
(2.2) <P +[0"] 5o zINI218x 2
<c(l+e " N(x))
and, in the same way, forany x e X,/ >1andn > 1,
(2.3) Ex(Ni(X0)) = 7 +ce™ " (14 N ().
Moreover, from point 1 of M4, one can easily verify that, for any x € X,

(24) pae) = sUp BV (| FOX0[) < (14 N@)T™).

The following proposition is proved in [19], where the bounds on the right follow
from (2.4) and again M4.

PROPOSITION 2.1. Assume that the Markov chain (X,)n,>0 and the function
f satisfy Hypotheses M1-M4.

1. There exists a constant | such that, for any x € X and n > 1,
B (f (Xn)) — | < ce™ (1 + pa () + 182l 2) < ce™(1+ N(x)).
2. There exists a constant o > 0 such that, for any x e X andn > 1,

m—+n
Varx( Z f(Xk)> — no?

k=m+1

sup <c(14 pue (X)) + 8.1 2)

m>0

<c(1+ N@x)?),

where Vary is the variance under Py.

We do not assume the existence of the stationary probability measure. If a sta-
tionary probability measure v’ satisfying v'(N?) < 400 exists then, under Hy-
potheses M1-M4, we have that v’ = v is necessarily unique and it holds (see [19])

25 w(f)=p and azzv(f)—v(f)z—l—ZZ (fP"f) —v(f)?]

n=1
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HYPOTHESIS M5 (Centring and nondegeneracy). We suppose that the con-
stants (1 and o defined in Proposition 2.1 satisfy u =0 and o > 0.

Under M5 it follows from Proposition 2.1 that, for any x € X and n > 1,
(2.6) |Ex (f(Xn))\ < ce_"”(l + N(x)).

Let y € R be a starting point and (y + S,),>0 be the Markov walk defined by
Sn = p—1 f(Xx),n > 1 with Sy = 0. Denote by 7, the first moment when y + S,
becomes nonpositive:

Ty :=inf{k > 1:y+ § < 0}.

It is shown in Lemma 5.5 that for any y € R and x € X, the stopping time
7y is Py-a.s. finite. The asymptotic behaviour of the probability P (7, > n) is
determined by the harmonic function which we proceed to introduce. For any
(x,y) €e X xR, denote by Q(x, y, -) the transition probability of the Markov chain
(Xn, ¥ + Su)n=0- The restriction of the measure Q(x, y,-) on X x RY is defined
by

Q+(X, )’,B) =Q(x’y’ B)

for any measurable set B on X x R and for any (x, y) € X x R. For any bounded
measurable function ¢ : X x R — R set Qi ¢(x,y) = fXxR*Jr o', y)Qi(x, y,

dx’ x dy’), where (x,y) € X x R. A function V : X x R — R is said to be
Q_-harmonic if

QiV(ix,y)=V(x,y), for any (x, y) €e X x R.

We shall deal only with nonnegative harmonic functions V. Denote by supp(V)
the support of such a function V,

supp(V) :={(x,y) e Xx R: V(x,y) > 0}.

On the complement of supp(V), the function V is 0. For any y > 0, consider the
set

Py ={(x,y) eXxR:3ng>1,Pc(y+ Spy > v (1 + N(Xp,)), Ty > no) > 0}.

The following assertion proves the existence of a nonidentically zero harmonic
function.

THEOREM 2.2. Assume Hypotheses M1-M5.

1. Forany x € X, y € R, the sequence (Ex(y + Sy; Ty > n)),>0 converges to a
real number V (x, y):

Ex(y +Su;ty>n) — Vi(x,y).
n——+00
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2. The function V: X x R — R, defined in the previous point is Q.-harmonic,

that is, forany x € X, y € R,

Qi V(x,y) =E(V(X1,y+ Sty > 1) =V(x,y).

3. For any x € X, the function V (x, -) is nonnegative and nondecreasing on R

and

lim &)
m =
y—>+00 y

1.

Moreover, forany 6 > 0, x € Xand y € R,

(I =& max(y,0) —cs(1 + N(x)) < V(x,y)
< (1 +8)max(y,0) + cs(1 + N(x)).
4. There exists yy > 0 such that, for any y > yy,

supp(V) = 2.

The following result gives the asymptotic of the exit probability for fixed

(x,y) eXxR.

THEOREM 2.3. Assume Hypotheses M1-M5.
1. For any (x,y) € supp(V),

P 2V(x,y)
S

2. Forany (x,y) ¢ supp(V) andn > 1,
Py(ty > n) <ce™ (1 + N(x)).

Now we complete point 1 of the previous theorem by some estimations.

THEOREM 2.4. Assume Hypotheses M1-M5.

1. There exists o > 0 such that, for any € € (0,&p),n > 1 and (x,y) e X x R,

2V (x,y) max(y, 0) + (1 + yLyyo 172 + N (x))?
Pr(ry >n) = =Ce 1 /2+{€y;g } .
2nno n

2. Moreover, for any (x,y) e X x Randn > 1,
1 +max(y, 0) + N(x)
vn '

Finally, we give the asymptotic of the conditional law of y + §,,.

Py(zy >n) <c
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THEOREM 2.5. Assume Hypotheses M1-M5.
1. Forany (x,y) € supp(V) and t > 0,

Y+ Sy .
P, (a[ <t(ry>n>n:>w¢ t),
2

where ®1 (1) =1 — e~ is the Rayleigh distribution function.
2. Moreover, there exists gy > 0 such that, for any € € (0,&9), n > 1, t9g > 0,
t €10,10] and (x,y) € X x R,

Po(y + S, < 1:/1, t)>n)—%>/(iy) (—))
no

max(y, 0) + (1 + ylL,. ,1/2-¢) + N(Jc))2
L 1/246/16

5 CS 1o

We now comment on Theorems 2.2 and 2.3.

REMARK 2.6. If we assume that there exist § > 0 and M > 0 such that for any
xeX, P (f(X1) >4, N(X1) <M) > 0, then one can see that the set X x [0, +00)
is included in supp(V).

REMARK 2.7. The sets (Z,), -0 are nested and become equal to supp(V) for
large y: we have 2, 2 2,, 2 2, =supp(V), for y; < y» <y, where y is large
enough (see Proposition 8.8).

REMARK 2.8. The set supp(V) is not empty. More precisely, there exists y; >
0 such that

[,y eXxRiy>p(1+N@)}<Ssupp(V);

see Proposition 8.8. Example 2.11 and Figure 1 illustrate this property.

REMARK 2.9. When (X,),>1 are i.i.d., it is well known that P, (ty, > n) =0
for any (x, y) ¢ supp(V). When the sequence (X,),>1 is a Markov chain, instead
of this, we have an exponential bound; see point 2 of Theorem 2.3. We show
that this bound is attained for some Markov walk. We refer for details to Exam-
ple 2.12.

EXAMPLE 2.10 (Random walks in R). Suppose that (X,),>; are i.i.d. real
random variables of mean 0 and positive variance with finite absolute moments of
order p > 2. In this case, one can take N = N; =0, [ > 0. Therefore,

Py ={yeR:3Ing>1,P(y + Sy, >y, Ty > n9) > 0}.
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FIG. 1. The support of the harmonic function V in Example 2.11.

Since the walk (y + S,),>1 can increase at each step with positive probability, it
follows that P(y + S,, > v, Ty > ng) > 0 if and only if P(zy > 1) =P(y + X >
0) > 0. Thus, [0, +00) € (—maxsupp(u), +00) = Z, = supp(V), for every y >
0, where u is the common law of X, and supp(a) is its support.

The following example is intended to illustrate Remark 2.8.

EXAMPLE 2.11. Consider the following special case of the one dimensional
stochastic recursion: X,4+1 = an+1Xn + bp41 Where (a;);>1 and (b;);>1 are two
independent sequences of i.i.d. random variables. In this example, we consider that
the law of a; is %6{_1/2} + %8{1/2} and that of b; is uniform on [—1, 1]. The state
space X is R. The functions N and N; are given by N (x) = |x|'*¢ for some ¢ > 0,
and N;(x) = N(x)¢;(|x]) with ¢; defined by (A.4). The Banach space satisfying
M1-MS5 is constructed in Section A (see also [18]). One can verify that the domain
of positivity of the function V is supp(V) = {(x,y) e R*: y > —% -1}=2,,
for all y > 0. Obviously, {(x,y) e X xR:y > %(1 + [x|1+%)} € supp(V); see
Figure 1.

The next example is intended to show that the inequality of point 2 of Theorem
2.3 is attained.

EXAMPLE 2.12. Consider the Markov walk (X,),>0 living on the finite state
space X := {—1; 1; —3;7/6} with the transition probabilities given in Figure 2.
Suppose that f is the identity function on X. It is easy to see that the assumptions
stated in Remark 3.10 of Section 3.3 are satisfied and thereby so are Hypothe-
ses M1-MS5. In particular, M4 holds with N = N; = 0 for any / > 1. Now, when
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1/2

1/2
1/2
1/2 1/2

© Ok

1

FIG. 2.  Transition probabilities of the Markov chain in Example 2.12.

x=1and y € (1,3] or when x = —1 and y € (—1, 2], one can check that the
Markov walk y + §,, stays positive if and only if the values of the variables X;
alternate between 1 and —1 and therefore, for such starting points (x, y), we have
Py(ty >n) = (%)”. This shows that, when the random variables (X,),>1 form a
Markov chain, the survival probability PP, (ty > n) has an asymptotic behaviour
different from that in the independent case where it can be either equivalent to CXT’;

or 0.

In this example, we can make explicit the support of the function V. Since
N =0, the function V is positive if and only if there exists an integer n > 1 such
that Py (y + S, > v, Ty > n) > 0 for a y large enough. This is possible only if the
chain can reach the state X,, = 7/6 within a trajectory of (y + Sk)n>k>1 which
stays positive, that is, Py (X, =7/6, ty > n) > 0. Consequently,

supp(V) = =1} x (2, +00) U {1} x (3, +00) U {—3,7/6} x (=7/6, +00)
=2 ={(x,y) eXxR:In>1,Pe(y + Sy > 3,1y >n) >0}.

To sum up, this model presents the three possible asymptotic behaviours of
Py(ty > n): for any (x,y) € supp(V) = {—1} x (2,+00) U {1} x (3,+00) U
{=3,7/6} x (=7/6, +00),

p 2Vi(x, y)
1O S oo

forany (x,y) e {—1} x (—1,2]U{1} x (1,3] and n > 1,

Pt =m=(5)

for any (x, y) € {—1} x (=00, —1]U {1} x (—o00, 1]U {-3,7/6} x (—o00, —7/6]
andn >1,

Py(ry >n)=0.
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3. Applications. We illustrate the results of Section 2 by considering three
particular models.

3.1. Affine random walk in R? conditioned to stay in a half-space. Letd > 1
be an integer and (g,)n>1 = (An, Bn)n>1 be a sequence of i.i.d. random elements
in GL(d, R) x R4 following the same distribution u. Let (X,,),>0 be the Markov
chain on R¢ defined by

X():XERd, Xn+1=An+1Xn + Bus1, n>1.

Set S, =Y j_; f(Xk),n > 1, where the function f(x) = (u, x) is the projection of
the vector x € R? on the direction defined by the vector u € R? \ {0}. For any y €
R, consider the first time when the random walk (y + S,),>1 becomes nonpositive:

Ty =inf{k > 1:y + S <0}.

This stopping time coincides with the entry time of the affine walk (3_7_; Xx)n>0
in the closed half-subspace {s € R?: (u,s) < -y}
Introduce the following hypothesis.

HYPOTHESIS 3.1. 1. There exists a constant § > 0, such that
E(|A***) <400, E(1BiI*™) < +o0
and
k@)= tim EV"(|AyAn1- ALPT) < 1.
2. There is no proper affine subspace of R? which is invariant with respect to

all the elements of the support of .
3. For any vector vg € R? \ {0},

P A vo ="A5"wo) < 1,
where ' A is the transpose of A, for any A € GL(d, R).
4. The vector By is centred: IE(By) = 0.
PROPOSITION 3.2. Under Hypothesis 3.1, Theorems 2.2-2.5 hold true.

Proposition 3.2 is proved in Appendix A where we construct an appropriate Ba-
nach space 4 and show that Hypotheses M1-M35 are satisfied with N (x) = |x]| I+e,
for some ¢ > 0 and with N;(x) = N (x)¢;(|x]|), where ¢; is defined by (A.4).

REMARK 3.3. The set supp(V) depends on the law of (A;, B;). In the case
when A; are independent of B; and the support of the law of (u, B;) contains a
sequence converging to +00, one can verify that supp(V) = R? x R.
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3.2. Two components Markov chains in compact sets under the doeblin-fortet
condition. Let (X, dx) be a compact metric space, ¢ (X) and .Z(X) be the spaces
of continuous and Lipschitz complex functions on X, respectively. Define

|h|oo = sup|h(x)], Yh e €(X)
xeX
and
h(x) —h
[hlx = sup M, Vh e Z(X).
(x,y)eX dx(x,y)
XAy

We endow %' (X) with the uniform norm || and £ (X) with the norm |-| ¢ =
|‘loo + [-1x, respectively. Consider the space X := X x X with the metric dx on X
defined by dx((x1, x2), (y1, ¥2)) = dx (x1, y1) + dx(x2, y2), for any (x1, x2) and
(y1, y2) in X. Denote by .2 (X) the space of the Lipschitz complex function on X

endowed with the norm ||-||.¢ = ||*||co + [-]1x, Where
h]loo = sup|h(x)], Vh € € (X)
xeX
and
h —h
[h]x = sup M, Vh e Z(X).
(x,y)eX dX(X, )’)
XFEYy

Following Guivarc’h and Hardy [21], consider a Markov chain (x,)»>0 on X with
transition probability P. Let (X,),>0 be the Markov chain on X defined by X, =
(Xn—1, xn)» n > 1and Xo = (0, xo): its transition probability is given by

P((x1,x2), dy1 x dy2) = 8,(dy1) P(x2,dys).

For a fixed real function f on X, let S, := ) }_; f(X,) be the associated Markov
walk and, for any y € R, let 7, :=inf{n > 1:y + S, <0} be the associated exit
time.

In order to apply the results stated in the previous section, we need some hy-
potheses on the function f and the operator P on %' (X) defined by Ph(x) =
Jx h(y)P(x,dy) for any x € X and any & € €' (X).

HYPOTHESIS 3.4. 1. For any h in € (X), respectively in £ (X), the function
Ph is an element of € (X), respectively of £ (X).

2. There exist constants ng > 1,0 < p < 1 and C > 0 such that, for any function
h e Z(X), we have

|P"h| < plhlz + Clhloo.

3. The unique eigenvalue of P of modulus 1 is 1 and the associated eigenspace
is generated by the function e: x +— 1, that is, if there exist 0 € R and h € £ (X)
such that Ph = €'%h, then h is constant and €' = 1.
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Under Hypothesis 3.4, one can check that conditions (a), (b), (c) and (d) of
Chapter 3 in Norman [28] hold true and we can apply the theorem of Ionescu
Tulcea and Marinescu [25] (see also [21]). Coupling this theorem with point 3 of
Hypothesis 3.4 we obtain the following proposition.

PROPOSITION 3.5. 1. There exists a unique P-invariant probability v on X.
2. Foranyn > 1and h € Z(X),

P"h=v(h)+ R"h,

where R is an operator on £ (X) with a spectral radius r(R) < 1.
Suppose that f and v satisfy the following hypothesis.

HYPOTHESIS 3.6. 1. The function f belongs to £ (X).
2. The function f is centred, in the sense that

/Xf(X, y)P(x,dy)v(dx) =0.

3. The function f is nondegenerated, that means that there is no function h €

ZL(X) such that

Sx,y) =h(x) — h(y),
for Py-almost all (x, y), where P,(dx x dy) = P(x,dy)v(dx).

Assuming Hypotheses 3.4 and 3.6, Guivarc’h and Hardy [21] have established
that the sequence (S,/+/n),>1 converges weakly to a centred Gaussian random
variable of variance o> > 0, under the probability P, generated by the finite di-
mensional distributions of the Markov chain (X,),>0 starting at Xo = x, for any
x € X. Moreover, under the same hypotheses, we show in Appendix B that M1-M5
are satisfied with N = N; = 0, thereby proving the following assertion.

PROPOSITION 3.7. Under Hypotheses 3.4 and 3.6, Theorems 2.2-2.5 hold
true.

3.3. Markov chains in compact sets under spectral gap assumptions. In this
section, we give sufficient conditions in order that a Markov chain with values in
a compact set satisfy conditions M1-M5.

Let (X, d) be a compact metric space and (X,),>0 be a Markov chain living
in X. Denote by P the transition probability of (X} ),>0 and by ¢ (X) the Banach
algebra of the continuous complex functions on X endowed with the uniform norm

, h e €(X).

|hloo = sup|h(x)
xeX

Consider a real function f defined on X, the transition operator P on %' (X) asso-
ciated to the transition probability of (X,,),>0 and the unit function e defined on X
by e(x) =1, for any x € X.
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HYPOTHESIS 3.8. 1. For any h € €(X), the function Ph is an element of
% (X).

2. The operator P has a unique invariant probability v.

3. Foranyn>1,

P =T+ 0",

where T1 is the one-dimensional projector on € (X) defined by T1(h) = v(h)e, for
any h € €(X), Q is an operator on € (X) of spectral radius r(Q) < 1 satisfying
Qg =QIM=0.

4. The function f belongs to € (X) and is v-centred, that is, v(f) = 0.

5. The function f is nondegenerated, that is there is no function h € € (X) such
that

f(X1) =h(Xo) — h(X1), Py-a.s.,

where Py is the probability generated by the finite dimensional distributions of the
Markov chain (X,)n>0 when the initial law of X is v.

Consider the Markov walk S, = >} _, f(Xx). It is well known, that under Hy-
pothesis 3.8 the normalized sum S,/./n converges in law to a centred normal
distribution of variance o2 > 0 with respect to the probability P, generated by the
finite dimensional distributions of the Markov chain (X,),>0 starting at Xo = x,
for any x € X.

PROPOSITION 3.9. Under Hypothesis 3.8, Theorems 2.2-2.5 hold true.

All the elements of the proof are contained in the proof of Proposition 3.7 (see
Appendix B), which therefore is left to the reader. In particular, Hypothesis M4
holds with N = N; = 0.

REMARK 3.10. As a special example of the compact case, consider the
Markov chain (X,),>1 taking values in a finite space X. Assume that (Xp),>1
is aperiodic and irreducible with transition matrix P. Let f be a finite function
on X. We shall verify Hypothesis 3.8. The Banach space % consists of all fi-
nite real functions on X, therefore condition 1 is obvious. Moreover, there is
a unique invariant measure v, which proves condition 2. According to Perron-
Frobenius theorem, the transition matrix P admits 1 as the only simple eigen-
value of modulus 1, which implies condition 3. Assume in addition that v(f) =0
(which is condition 4) and that there exists a path xg,...,x, in X such that
P(xg,x1) >0,...,P(xy—1,x,) > 0,P(x,x0) > 0 and f(xg) +---+ f(xy) #0
(which implies condition 5). Thus, all the conclusions of Theorems 2.2-2.5 hold
true.

4. Preliminary statements.

4.1. Results for the Brownian motion. Let (B;);>0 be the standard Brownian
motion with values in R living on the probability space (€2, .#, P). Define the exit
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time
4.1) )" =inf{t >0:y + o B, <0},

where o > 0. The following affirmations are due to Lévy [27].

LEMMA 4.1. Foranyy>0,0<a<bandn=>1,

bm 1 b 7(5_}}%2 7%
]P’(ry >n,y+aBne[a,b])=m0/a(e me? —e 02 )ds.

LEMMA 4.2. 1. Foranyy >0,
Yy
P(zP" > n) < c—.
(= )= N/

2. For any sequence of real numbers (6,),>0 such that 6,, — 0,
- n——+400

P(zbm > n)
(yT - 1) = 0(63).

2w no

sup
yel0;6, /1]

4.2. Strong approximation. Under Hypotheses M1-MS5 it is proved in [19]
that there is a version of the Markov walk (S,),>0 and of the standard Brownian
motion (B;)>0 living on the same probability space which are close enough in the
following sense.

PROPOSITION 4.3. There exists g9 > 0 such that, for any ¢ € (0, ], with-
out loss of generality one can reconstruct the sequence (S,),>0 together with a
continuous time Brownian motion (B;);cRr, , such that for any x € X and n > 1,

_ C
4.2) By ( sup [Sim) —0 Bl > ') < (14 N ().

0<r<l1

where o is defined in point 2 of Proposition 2.1.

In the original result the right-hand side in (4.2) is cen™°(1 + uqe(x) +
16x1l2)* <cen™%(1 + N(x))* with « > 2, by point 1 of the Hypothesis M5. To
obtain the result of Proposition 4.3 it suffices to take the power 1/« on the both
sides and to use the obvious inequality p < p'/%, for p € [0, 1].

Using Proposition 4.3, we easily deduce the following result.

COROLLARY 4.4. There exists ey > 0 such that, for any ¢ € (0, &), x € R
andn > 1,

S, r _xr du Ce
]p( 5;)_f = < (14 N@)).
* \/ﬁ —00 \/EO' n{:‘( ())

sup
teR
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5. Martingale approximation and related assertions. In this section, we
construct an approximating martingale for the Markov walk (S,),>0, which will
be used subsequently to define the harmonic function. We also state some useful
properties.

Consider © the real valued function defined on X by

+00
OM) = f(x)+ Y P f(x), Vx € X.
k=1

It is well known that ® is the solution of the Poisson equation
®—-PO=f

For any x € X, let

+00
r@)=POX) =0x) — f(x) =) P'f(x).

k=1

Following Gordin [17], define the process (M},),>0 by setting My = 0 and, for any
n>1,

n

My =Y [0(Xp) = POX)—] = Y_[0(Xp) — r(Xi—1)]-
k=1 k=1

For any x € X, we have that (M,,),>0 is a zero mean PP,-martingale with respect
to the natural filtration (.%,),>0. Denote by &, the increments of the martingale
(My)n>0: for any n > 1,

& = 0X,) —r(Xu-1).

In the sequel it will be convenient to consider the martingale (z 4+ M},),>1 starting
at

z=y+r(x).

The reason for this is the following approximation which is an easy consequence
of the definition of the martingale (z + M,,),,>1: for any x € X and y € R, we have

(5.1) 2+ My=y+ S +r(Xn).

From (2.6), we deduce the following assertion.

LEMMA 5.1. The functions ® and r exist on X and for any x € X,

©@)| <c(1+N(x)) and |r(x)] <c(l+ N(x)).

We show that the moments of order p € [1, «] of the martingale (M,),>¢ are
bounded.
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LEMMA 5.2. 1. Forany pell,a],xeXandn>1,
EVP(1Mu|P) < cp/n(1 + N(x)).
2. Forany x e Xandn > 1,

E,(IMy]) < (v + N(x)).

PROOF. First, we control the increments &,. By Lemma 5.1, for any n > 1,

(5.2) &nl < c(1+ N(Xp) + N(Xn-1))-

So, using point 1 of Hypothesis M4 and (2.2), for any n > 1,
(5.3) EVP(&l") <cp(14+N)  Vpell,al,
(5.4) Ey (€x]) < ¢+ ce” ™ N(x).

Proof of claim 1. By Burkholder’s inequality, for 2 < p < «,

p/2
EVP(1M,IP) <c El/P<<Z§ ) )

Using Holder’s inequality with the exponents u = p/2 > 1 and v = 53 We obtain

L b [0 1/p
EYP(1M,P) < c E”P[(Zsz“) n%}ﬂan(ZEx[lékI”]) :
k=1

From (5.3), for any p € (2, o],

L/ 1/p
(5.5) ]E}/P(|M,,|P)gcpn”z—p<zc,,(1+N(x))”> <cp/n(l+ N(x)).

k=1
Using the Jensen inequality for p € [1, 2], we obtain claim 1.
Proof of claim 2. Consider ¢ € (0,1/2). By (5.4),

[n°]
Ex(IMn]) <> B (&) + Ex (IMy — Mpe) )
k=1

<cn® +cNx) +E(IMy — My |).
Since (X, My)n>0 is a Markov chain, by the Markov property, claim 1 and (2.2),
Ey(IMp]) < en + N (x) + Ex (E(|My — M e || | Fne)))
<en® +eN@) +Efe(n— [n° )21+ N(Xe))]
<c/n+ceN(x). O
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A key point in the proof of the existence and of the positivity of the harmonic
function is the introduction of the following stopping times. Let T; be the first
time when the martingale (z + M,,),>1 becomes nonpositive, and let 77 be the first
time, after the time 7,, when the martingale (z + M,),>1 becomes nonpositive.
Precisely, forany x e X, ze Rand y =z — r(x), set

(5.6) T,:=inf{k >1:z+ My <0} and f"z :=inflk > 7, : 2 + M} < 0}.
The finiteness of the stopping times 1y, 7, and f"z is proved in Lemmas 5.5, 5.6
and 5.7 below. Now we point out some elementary facts which will be helpful in

the sequel. First, the stopping time 7} is such that 7y < T, and T, < T. Since Ty is
the exit time of (y + S,,)»>0, by the Markov property,

(5.7) Py(zy>n)= / Py (ty >n — k)P (Xk €dx’, y + Sk € dy’, 1y > k).
XxR

A similar expression holds true for 7. Unfortunately, (5.7) does not hold for f"z.
Instead we have a more sophisticated expression given by the following lemma.
We shall use repeatedly the same trick for more complicated functionals, as for
example E (z + M,; T, > n).

LEMMA 5.3. ForanyxeX,zeR,n>1,k<nandy=z—r(x),
P (T, > n)

= Px/(fz/ >n—k)Py(Xr €edx’, z+ My €dZ, 7y > k)
XxR

+ Po(Ty >n —k)Py(Xp € dx’, 2+ My edz', ) <k, T, > k).
XxR

PROOF. Since f"z > 1y, for any k < n, we have
A nik A A
Po(T; >n)=Pi(ty>n)+ Y Pu(ty=i+k, T; >n)+Pe(ty <k,T. > n).
i=1

By the Markov property and (5.1), with y' =z’ — r(x’),
Py (T, > n) = f Py (ty >n — )Py (Xp € dx’, z+ My €dz’, 7y > k)
XxR

n—k
+Z/ Py(ty =i,2 +M; >0,....2 + M, > 0)
i=1 XxR

x Py (X €dx’, z4+ My €dZ’, ty > k)
+ Py (T >n —k)Py (X € dx’, z + My €dZ/, 7y <k,
XxR
2+ My >0,..., 2+ My > 0).
Putting together the first two terms we get the result. [
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The following lemma will be useful in the next sections.

LEMMA 5.4. Forany x € X, z € R, the sequence ((z + M,)1
P, -submartingale.

{(T;>n} )nZO is a

PROOF. Letx e€X,zeR. Foranyn >0,
Ee(@+ Mt )3y qy | Fn)
=Ex(@+ Mt )Ly | Fn) = Ee(@+ My )15y | Fn)
=@+ MLz —Ex(@+ M)l oy | Fn)

By the definition of fz we have z + M; <0 Py-a.s. and the result follows. [

We end this section by proving the finiteness of ,, T, and f"z.

LEMMA 5.5. Foranyx e Xandy € R,

Ty < 400 Py-a.s.

PROOF. Letx € X. Assume first that y > 0. Since {ry > n} is a nonincreasing
sequence of events,

Py(ty =+400)= lim Py(ry >n)= lim P,(y+ S > 0,Vk <n).
n—400 n——+00
Using Proposition 4.3,
P (y + S >0, Vk<n)<—(1—|—N(x))+IP’( e > ).
Thus, by point 1 of Lemma 4.2,
Y 4+ pl/2—e
Jn

When y <0, we have, for any y’' > 0, P, (t, > n) < P,(ty > n). Taking the limit
when y’ — 0, we obtain that

(58)  Pu(ry>m = (14 N@)+ = S (14y+N@).

5.9 Pi(ty >n) < —( + N(x)).

From (5.8) and (5.9) it follows that, for any y € R,

(5.10) Py(ty >n) < —( + max(y, 0) + N (x)).
Taking the limit as n — 400, we conclude that 7y, < +00 Py-a.s. [

The same result can be obtained for the exit time 7, of the martingale (z +
Mn)nzo-
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LEMMA 5.6. Forany x € Xand z € R,

T, <400 Py-a.s.

PROOF. Letx eX,zeRand y =2z —r(x). Assume first that y =z — r(x) >
0. Following the proof of Lemma 5.5,

P (T, = +00) = lil}rl Py(z + My > 0,Yk <n).
n—-—+0o0

By (5.1) the martingale (z + M,,),>0 is relied to the Markov walk (y + Sp)n>0,
which gives

Py (z + My > 0,Yk <n) <P, (y + S > —n'/>7¢ Vk <n)
(5.11)
1/2—¢
+P, (lgll?;(n{r(Xkﬂ >n )

On the one hand, in the same way as in the proof of Lemma 5.5,
(5.12) Py(y+ S > —nl/?7¢ Vk<n)<n—( +N)) +Pu(e), 10 > n).
On the other hand, using Lemma 5.1, for n large enough,

. cN(Xy) ~ cNi(Xy)
Px<1ré1]?;(n|r(Xk)|>n/ 8) ZE ( 1/2—¢ Z ]Ex nl/2—¢ )’

k=[n¢]+1
where [ = cn'/?74. So, using (2.3) and taking ¢ < min(%, 2(3#;/3)), we obtain
1/2—¢ Ce
(5.13) ]P’X(lrél]?.é(n|r(Xk)| >n!/27) < (1 NW).
Putting together (5.11), (5.12) and (5.13) and using point 1 of Lemma 4.2, we have,
for z > r(x),

y+2n1/2_8 Ce
T < n_€(1 + max(z, 0) + N (x)).

Since z + T, is nondecreasing, we obtain the same bound for any z € R,

P (T, >n)<n—( + N(x)) +

(5.14) P (T, >n) < :l—i(l + max(z, 0) + N (x)).
Taking the limit as n — +o00 we conclude that 7, < 400 Py-a.s. [

LEMMA 5.7. Forany x € Xand z € R,

f“z < 400 Py-a.s.
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PROOF. In order to apply Lemmas 5.5 and 5.6, we write, with y = z — r(x),
Py(T; > n) <Py (Ty > LH/ZJ)

+ . ]R]P)X/(TZ/ >n— Ln/zj)Px(XLn/ZJ edx’,

24 M €ds, Ty < |n/2), T, > |n/2)).
Using (5.10), (5.14) and the definition of y, we have

P (T, > n) < 2—2(1 +max(y, 0) + N (x))

C A
+ n—iEx(l + 2+ M2+ NXpn2)i vy < /20, T, > |n/2)).
By point 1 of Hypothesis M4,

A C C A
P (T, > n) < n—i(l + max(y, 0) + N(x)) + n—ZEx(z + Minp); T; > [n/2])

C
— n—iEx(z + Minj2); Ty > n/2)).

Using (5.1), we see that on the event {ty, > |n/2]} we have z+M /2 > r(X|4/2)).
Then, by Lemma 5.1 and point 1 of Hypothesis M4,

N C C N
Po(T: > n) < (1 +max(y, 0) + N(0) + ZEe(z+ Minpys T2 > [1/2)).
Using Lemma 6.4, we have
A C
P, (T, > n) < n—i(1 + max(y, 0) + N (x)).

Finally, we conclude that

P.(f; = +00) = lim P.(T;>n)=0. -

6. Integrability of the killed martingale and of the killed Markov walk.
The goal of this section is to show that the expectations of the martingale (z +
M,)n>o killed at fz and of the Markov walk (y + S,),>0 killed at 7, are bounded
uniformly in n.

We start by establishing two auxiliary bounds of order n'/2~2¢ for the expecta-
tions of the martingale (z + M,,),>¢ killed at T, or at fz.

LEMMA 6.1. There exists g > 0 such that, for any ¢ € (0,&9), x € X,z € R
and n > 1, it holds

Ey(z+ M,; T, > n) < max(z, 0) +c8(n1/2_28 + N(x)).
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PROOF. Using the fact that (M,),>0 is a zero mean martingale and the op-
tional stopping theorem,

Ex(z+My; T; >n) =z —Ey(z+ My T, <n)=Z_]Ex(Z+MTZ;Tz <n).

By the definition of 7, on the event {7, > 1}, we have
ér, =z+ Mr, — (z+ Mr,—1) <z+ Mg, <0.
Using this inequality and (5.2), we obtain
Ex(z+ My, T: > n)
(6.1) <P (T, > D)+ Ey (161 T = 1) + E (€715 1 < T; <n)
<max(z,0) + cE;(1+ N(X71,) + N(X7,-1); Ty <n).
We bound E, (N (X7,); T; < n) as follows. Let ¢ be a real number in (0, 1/6) and
set [ = |n'/?272¢]. Using point 1 of Hypothesis M4, we write
Ec(N(X1.); T, <n) <n'/>7 4+ B, (N(X1,); N(X1,) > n' 27, T, <n)

[n®] n
<pl/2-2 4 Z Ex(N(Xp)) + Z Ey (N;(Xk)).
=1 k=|n |+1

By (2.2) and (2.3),
cn

Ey(N(X7,); T, <n) < cn'P728 L eN(x) + e

+ce” (14 N(x)).
Choosing ¢ < min(“(z’%ﬂ), %), we find that

(6.2) Ex(N(X7.); Ty <n) < cen'/?7% 4 ¢, N(x).

In the same manner, we obtain that E, (N (X7,-1); T; <n) < cen'?7% 4 ¢ N(x).

Consequently, from (6.2) and (6.1), we conclude the assertion of the lemma. [J

LEMMA 6.2. There exists g > 0 such that, for any ¢ € (0, &0), x € X,z € R
and n > 1, we have
Ey(z + My:; T, > n) < max(z, 0) + ce(n'?7% £ 0% N(x)).
PROOF. Let ¢ be a real number in (0, 1/4) and n > 1. Denoting z4 :=z +
n1/272¢ we have,
Ec(z+ My T. >n) =Ey(z + My; To, <n, T, > n)

=:Ji

(6.3) .
+Ex(z+My; T, >n, T, >n).

=)
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Bound of Jy. Recall that y = z — r(x). Using the definition of f”z, we can see
that on the event {7, <k, f"z > k} it holds z4 + My > z + My > 0. So Py (zy <
k, f"z >k, T, = k) =0. Using this fact and the Markov property, in the same way
as in the proof of Lemma 5.3,

n
Ji =Z/ Ex/(Z/+Mn_k;fZ/>n—k)
k=1 XxR

xPy(Xxedx',z+ My edZ, vy > k, T;, =k).
Since z + Mr,, <0, using point 2 of Lemma 5.2, we have
Ji < cEy(Vn + N(Xt., )ity > Ty, T, <n).
By the approximation (5.1), on the event {t, > T, }, it holds
r(Xr.,)=z+Mr, —(y+Sr. ) <-n'""%.
Therefore, by Lemma 5.1,

J1 < Cﬂngx(|r(XTz+)| + N(XTZ+)§

r(XT2+)| > nl/2-2 T.. <n)
< cn® 4 en*E, (N(XTz+); T.. <n).
Choosing ¢ small enough, by (6.2),
(6.4) Ji < cn® + cen’t (n]/2_48 + N(x)) < cen'?7% 4 c,n® N (x).
Bound of J>. By Lemma 6.1, there exists &9 > 0 such that, for any ¢ € (0, &9),

o <Ey(z4 + My; T;, > n) <max(z,0) + con'/?7% + ¢, N(x).

Inserting this bound and (6.4) into (6.3), for any ¢ € (0, &9), we deduce the
assertion of the lemma. [

Let v, be the first time when the martingale z + M, exceeds n'/2~¢: for any
n>1,6€(0,1/2)and z e R,

(6.5) Vp = Vp gz = mjn{k >1:z4+ M > nl/Z—S}.

The control on the joint law of v, and f"z is given by the following lemma.

LEMMA 6.3. There exists g9 > 0 such that, for any € € (0, g9), § > 0, x € X
zeRandn>1,

Py (v > 6n' 78, T, > 8n' ™) < ¢q 567" (1 + N (x)).



1832 L. GRAMA, R. LAUVERGNAT AND E. LE PAGE

PROOF. Let ¢ € (0,1/4) and § > 0. Without loss of generally, we assume
that n > ¢, 5, where ¢, s is large enough. Set K := [n®/2]. We split the interval
[1,8n'¢] by subintervals of length [ := |_8n1_28J. For any k € {1, ..., K}, intro-
duce the event Ay ; := {max;<p/<x(z + My;) <n'/>7¢}. Then

(6.6) Py (vy > 8n' 78, T, > 6n'~%) <P (Ask ., T, > 2K1).

By the Markov property, as in the proof of Lemma 5.3, with y = z — r(x), we
have

P, (Ask ;. Ty > 2K1)

= R]P)x/(AZ,z’a T, > 2P, (X2k—1y € dx’, z+ Mok —1y € dZ/,
X

67) Ay Ty > 2(K — D)
+./x R]P)x/(AZ,z/s Ty > 2Py (Xok—1y € dx’, 2+ Mok —1y € d2/,
X

Adk—1).5, Ty < 2(K — DI, T, > 2(K — 1)]).
Moreover, with y' = z/ — r(x’), we write also that
Py (Ay, T > 20)

= Px”(Al,z”a fz/’ > l)IP’x/(Xl € dx", Z/ + Ml S dZN, Al’z/, Ty > l)
XxR

(68) +/ Px”(AlyZH’ TZ// > l)
XxR
x Pu(X;edx”, 2 + My edz’, Ay 1y <1, Ty > 1).

Bound of Pyr(Aq , fzu > [). Note that on the event {r,, > [} we have
7+ M;—r(X;) =y + S > 0. Consequently, in the first integral of the right-
hand side of (6.8), the integration over X x R can be replaced by the integra-
tion over {(x”,z”) € X x R: 7" — r(x”) > 0}. Therefore it is enough to bound
Py (Aj ., Tor > 1) for x” and 7" satisfying y” = z” — r(x”) > 0. Using (5.1) we
have,

PX”(AI,Z”7 ]A-'Z// > l) < Px//(y// + 5 < 27’11/2_8, |F(X[)| < n]/z_g)
+ P (|r(Xp)| > n'/27).
Therefore, there exists a constant ¢ s such that

. S Ir (X1
]Px”(Al,z”s T >1) < PX”(% = 68’5) + Ex”(m)-
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Using Corollary 4.4 and Lemma 5.1, there exists gg € (0, 1/4), such that, for any
e € (0, &0),

PXN(ALZH’ fz// > l)

Ce, s _ u2 d
5/ e 2t + “(1+N(x ")+ s B (1 + N (X)),
V2ro nl/2—¢

Using point 1 of Hypothesis M4 and the fact that ¢ > n®/?/c, s for & < 1/4, we
have,

(6.9) ”(AIZ”’T”>I)<C]85+ /2( +N( ))
c u2 d
: €8 T 5
with ge 5 := [Zige 2 S < 1.

Bound of Py»(A; », T;» > 1). On the event {T,» > I} we have z” + M; > 0.
Using (5.1) and Corollary 4.4, in the same way as in the proof of the bound (6.9),
we obtain

]P)X//(AI,Z”’ TZ” > l) < ]PJx//(O < Z// + Ml < nl/z—é‘)

——tces u? d
s 2 du Ce.s
6.10 5/,, e e L N T Y
(6.10) 7 s ey T e NGD)
<{gss T 8/2(1+N( ))

Bound of Py/(Az, z, fz/ > 2[). Inserting (6.9) and (6.10) into (6.8) and us-
ing (2.2), we have

CszS

Por(Agy. T > 2) < e + 20 4 22 el v (N(XD)

8/2
(6.11)

<Ges+ —2 ce e N (X),

8/2
Bound of P,/ (A, , T,y > 2l). By the Markov property,
]P)X,(Az,Z/’ TZ, > Zl) = [ ]PX”(AI,Z”’ TZH > l)
XxR
X Px/(Xl edx”, 7 + M, ed?”, Ao, Ty > l).
Using (6.10) to bound the probability inside the integral, we get

(612) PX/(AZ,Z , > 21) < qe,8 + /2 + Ce.5€ Lg,énl*Z&:N(xl).
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Inserting the bounds (6.11) and (6.12) into (6.7), we find that

Po(ar T = 2KD) = (qes + 25 VBu(Aakoncr o > 206 = 1)

Feese (14 N(x)).
Iterating this inequality, we get
P.(Ask. ., T, > 2KI)

Ce.s K 1-2¢ K-l k
<q€6+ 8/2) +C8,5eic&8” (1 +N('x)) Z <q€6+ 8/2) .
k=0
As K = |n®/2] and ¢, s < 1 it follows that, for n large enough, (g, s + ;j/‘sz)[( <
08,56*6&5”8, which, in turn, implies
P, (Ask o, Ty > 2K1) < ce 56" (1 4+ N (x)). O

LEMMA 6.4. There exists g9 > 0 such that, for any € € (0, &9), x € X, z € R,
n > 2 and any integer ko € {2, ..., n},

A C
Ey(z+ My T, > n) < (1 + k—j) (max(z, 0) + cN (x)) + ceky/ .
0

PROOF. Set for brevity u, := E,(z + My; f"z > n). By Lemma 5.4, the se-
quence (#,),>1 is nondecreasing. Let € € (0, 1/2). We shall prove below that, for
n>2,

(613) (1 + )MLnI =3 +cge _Lgns(l + N(X))

Using Lemma 9.1 of [18], we obtain that for any n > 2 and kg € {2, ..., n},
C &
Uy < (1 + é)uko + cge_c'?ko(l + N(x)).
Next, by point 2 of Lemma 5.2, uy, < E(|My,|) < c(v/ko + N (x)), so that

un_(l—l-k 12

)(max(z 0) +cN(x)) + coky'
0
which proves Lemma 6.4.

Establishing (6.13) is rather tedious. In the proof, we make use of Lemmas 6.2
and 6.1. Consider the stopping time v := v, + [n®]. Then,

Uy < Ey(z4+ My Ty > n, v > [n' 7))

=:J1

(6.14)
+Ex(z+ My; T, > n, 08 < |n'7¢)).

=)
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Bound of Ji. Set mg = |n'=¢] — |n®] and recall that y = z — r(x). Using the
fact that {v; > |n'=¢]} = {v, > m,} and the Markov property, as in the proof of
Lemma 5.3,

Ji = Ev (2 + My_pm,; T.>n— me)
XxR

X Py (X, €dx’, 24+ My, €d2’, 7y > mg, vy > my)

+ Ev (2 + My—m,; Ty >n —myg)
XxR

X Py (X, €dx’, 24+ My, €d2', 1y <mg, T; > mg, vy, > my).

On the event {v, > m.}, we have 7’ =z + M,,, < n'/2=¢ < /2 Moreover by
point 2 of Lemma 5.2, Ey/ (|1My,—p,|) < cn'/? 4 ¢N(x’). Therefore,

J1 < cH:Zx(n]/2 + N(Xm,); f"z > Mg, Vy > Mg).

Setm), =m, — |n®] = |n'=¢] —2|n? . Using the Markov property and (2.2),
i< c/ (0172 4 By (N (X e ) [Px (X € dx', T2 > !, v > m)
X &

< cnl/sz(f} > my, vy >m) + ce " E, (N(Xp))-
By Lemma 6.3 and point 1 of Hypothesis M4,
(6.15) Jy <cen'/2e™ " (14 N(x)) +ce™ (1+ N(x)) < cee %" (14 N(x)).
Bound of J>. By the Markov property, as in the proof of Lemma 5.3, we have
ln' ¢
J = Z f EXI(Z,—FM”,](;TZ/ >n—k)
k=1 XxR
x Py(Xg €dx',z+ My € dZ', vy > k, v, =k)

+ Ex’(Z/+Mn—k; Tz’ >n _k)
XxR

X Po(Xp edx’, 2+ My €dz’, vy <k, T, > k,vi =k).
By Lemmas 6.2 and 6.1,

D < cgEx(nl/z_zg +n25N(XVI§); T, > vy, vy < Lnl_SJ)

=:J
(6.16) N
+ E(max(z 4+ Mye, 0); T; > vy, vy, < Lnl_SJ).

=:J»
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Bound of J1. Using the Markov property and (2.2),

Jr1 <ce /};Ex/(nl/Z—Zs +”2€N(X|_ngj))Px(Xvn € dx/a ’fz > Vp, Vp = Lnl_SJ)

< cgEx(nl/z_zg +e_c£"€N(XUn); f"z > Uy, Uy < Lnl_SJ).
Again by (2.2),
Ex(e_csngN(Xvn); 7sz > Vp, Vp = Lnl_sJ)

Ln'~*]
(6.17) <e ™ N B (N(Xp); vn =k)
k=1

<cee M 1 TE (14 N(x)).
Therefore,
(6.18) D1 < cEy (n1/2—2s; T, > vy, vn < |_n1_8J) —i—cge_CS”s(l + N(x)).

_.q
=y

By the definition of v,,, we have n!/272¢ < % So
c R
Jz/l = n_iEx(Z +M,,;T; > vy, vy < Lnl_sJ)-
Using Lemma 5.4,

Iy < %Ex(z +My-ep; T > [n'77))
(6.19)
c .
- n—iIEx(z + Mo T; > Lnl_SJ, Vp > Lnl_ej).

. g/
_'J21

Note that on the event {r, > [n'=¢ ]}, by (5.1), we have z + M- > r(X 1))
while on the event {7, < |nl=¢], f"z > [n'~¢]} we have z + M, 1-¢| > 0. There-
fore, by the definition of f"z,

I < B K ity = [0y, = (1)
<cE,(1+ N(X | 1-¢)); f’z > Lnl_SJ, Vp > Lnl_gj).
Using the Markov property and (2.2),
— 1) <cE (1+ e*C”EN(XmS); f"z > Mg, Vy > M)
<cPy(vy > me, T. > my) + cefc”s(l + N(x)).
By Lemma 6.3,
(6.20) —J} < ceeTE (14 N(x)).



CONDITIONED LIMIT THEOREMS FOR MARKOV WALKS 1837

Putting together (6.20) and (6.19),

621) U< %Ex (24 M T > [n'78)) 4 cce™"" (14 N(x)).
From (6.21) and (6.18), it follows that

622) Sy < ;—iEx (24 Mppie s T > [0 ]) 4 o™ (14 N ().

Bound of J»;. On the event {fz > Vi, Ty, < v} we have z 4 M, > 0. Conse-
quently,

Jn=Ey(z+ My; T, > v, vE < [n'7¢))
+ Ex(max(z + Myg, 0) — (z + My); 7y > v, vE < [n!7¢]).
By Lemma 5.4,
I <Bi(z+ My s Tp > [n' 7))

(6.23) —E.(z+ M e f"z > Ln]_SJ, Vi > Lnl_SJ)

./
—.122

—Ey(z+ Mys; 24+ Mye <0,7y > v, vE < [n! 7).

=iJ3
In the same way as in the proof of the bound of J}}, replacing v, by v}, one can
prove that

(6.24) — Ty < coe™" (14 N(x)).

Moreover, using (5.1), on the event {ry, > v;;}, we have —(z + Mye) < —r(Xye).
So, by Lemma 5.1 and the Markov property

Ty <Ee([r(Xoo)|s Ty > vi, vf < [n'7¢))
5EW“+NQWXE>%W§M“m

= C/XEx/(l + N (X ne)))Py (X, € dx', T, > vy, vy < Lnl_gj).
Using (2.2),
Jyy < By (147" N(X,,); Ty > v, v, < [0 7)),
Therefore, from (6.17) with the notation 12/1 from (6.18),
(6.25) Joo < I3y +cee " (14 N (x)).
With (6.21), (6.23) and (6.24) we obtain

C 3
(6.26) Jn < (1 + ,Ti)uL”I_SJ + cpe” " (1 + N(x)).
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Inserting (6.26) and (6.22) into (6.16),

(6.27) h< (1 + Z—i>uLn1_SJ +eee " (14 NW)).
Now, inserting (6.15) and (6.27) into (6.14), we find (6.13).

COROLLARY 6.5. There exists g > 0 such that, for any ¢ € (0, &9), x € X,
y eR, n> 2 and any integer kg € {2, ..., n},
c
Ey(y+ Sp; 7y >n) < (1 + k—i)(max(y, 0) +cN(x)) + cgk(l)/z.
0
PROOF. First, using the definition of f"z and Lemma 6.4, with z =y +r(x),

Ex(z + My; 1y > n) =Ex (2 + My; T, > n) — Ex(z + My; Ty <n, T, > n)

(6.28) <E,(z+ My; T, > n)
(6.29) = (1 + ;_g>(max(z, 0) + N (x)) + ceky/>.

Now, using (5.1), Lemma 5.1 and (2.2),
Ex(y 4 Sp; 1y >n) =Ex(z + My; Ty > n) — Ex(r(X,); 7y > n)
<E,(z+My;1y>n)+c(l+e “"N(x))

< (1 T ;—i)(max(z, 0) + cN(x)) + coky/*.

0
Using the definition of z concludes the proof. [

7. Existence and properties of the harmonic function. The idea is very
simple. Set for brevity V,(x,y) := Ex(y + S,; ty > n). By the Markov prop-
erty, Var1(x,y) = Q4+ V,(x, ¥). We show that lim,,, oo V,,(x, ¥) exists and is equal
to V(x,y) := —E,(M¢,). Then the harmonicity of V follows by the Lebesgue
dominated convergence theorem. The key point of the proof is the integrability
of the random variable M. . To justify the applicability of the Lebesgue dom-
inated convergence theorem we use Lemma 6.4. We also shall establish some
properties of V. They will be deduced from those of the following two functions:
W(x,z) = —E;(M7,) and W(x,z) = —E, (M} ). The strict positivity of V' is
technically more delicate and therefore is deferred to the next section.

LEMMA 7.1. Letx €X,yeRand z =y +r(x). The random variables Mfz’
My, and MTy are integrable and

max{Ex(|Mfz|), E,(IMz,1), IEX(|M,},|)} <c(l1+z| + Nx)) < 4o0.
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In particular, the following functions are well defined, for any x € X, y € R and
zeR,

Vix,y) =—Ex(Mz)), W(x,z):=—-Ey(Mr,) and
W(x,2) := —E(My).

PROOF. Letn > 1. The stopping times ty An, T; An and f"z A n are bounded
and satisfy Ty An < T; Anand T, An < T, An. Since (|M,|),>0 is a submartingale,
we have

(7-1) maX{Ex(ery/\nDaEx(lMTZ/\nD} S]Ex(lMA |)

T;An
Using the optional stopping theorem,

Ei(1Mj 1) < —Ex(z+ Mz; To <n) +Ex(lz + Mal; 7y > n)

T.An
+Ey(z+ My Ty <n, T > n) + Iz
= —E.(z+ My; T, <n) — 2B, (z + My; 2+ M, <0, 7y > n)
+Ey(z+ My ty > n) +Ex(z 4+ Mys 1y <n, T, > n) + |z
= — 2+ 2E,(z+ My; T2 > n)
—2E(z+My; 2+ M, <0,7y > n)+|z].

Onthe event {z+ M), <0, ty, > n},by (5.1),itholds |[z+ M, | < |r(X})|. Therefore,
by Lemma 5.1 and point 1 of Hypothesis M4, we have

—2E.(z+ Mp; 24+ M, <0, 7y >n) <c(1 4+ N(x)).
Using Lemma 6.4,
(7.2) Ei(IMj]; T; <n) <Eo(IMy. 1) < c(1+12] + N ).

T.An

By the Lebesgue monotone convergence theorem and the fact that f"z < 400, we
deduce that M;. is Py-integrable and
Z

Ex(lezl) <c(l1+|z]+ Nx)).

In the same manner, using (7.1), (7.2) and Lemmas 5.5 and 5.6, we conclude that
M, and M7, are IP,-integrable and

max{EX(|M,y|), Ec(IMz 1)} <c(1+ |z| + N(x)).

The assertion of the lemma follows obviously from the last two inequalities. [J
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PROPOSITION 7.2. 1.Letx e X,yeRand z=y+r(x). Then
Vx,y)= lim Ey(z+ My;1y>n)= lim E.(y+ S;; 1y >n)
n—+00 n——+00

and

Wkx,z)= lim E,(z+ M,; T, > n),
n—+0o0o

W(X,Z) = lim E,(z+ M,; f"z >n).
n—400

2. For any x € X, the functions y — V(x,Vy), 2z~ W(x,z) and z — W(x, 2)
are nondecreasing on R.
3. There exists g9 > 0 such that, for any ¢ € (0, g9), x € X, z € R and any integer
ko > 2,
- Ce 12
(7.3) Wi(x,z) < (1 + k—8>(max(z, 0) + cN(x)) + coky
0

and, forany x e X,y e Rand z =y 4+ r(x),
(7.4) 0 <min{V(x,y), W(x,2)} <max{V(x,y), W(x,2)} < W(x, y).
In particular, for any x € X and y € R,
(7.5) 0<V(x,y) <c(l +max(y,0) + N(x)).
4. Forany x e X and y € R,
V(x,y)=QuV(x,y) =E,(V(X1,y + S1): 7y > 1)
and (V(Xn, y + Sp)L{z,>n})n>0 is a Px-martingale.

PROOF. Claim 1. Let v be any of the stopping times ty, T, or f"z. By the
martingale property, for n > 1,

Ex(z+ My;v>n)=zP,(v>n) —E,(My; v <n).

Using Lemmas 5.5, 5.6, 5.7, 7.1 and the Lebesgue dominated convergence theo-
rem,

Ex(z+ Mp; v >n) = —E,(My).
Moreover, by (5.1),
Ex(y 4 Sus Ty > n) =Ey(z 4+ My; ty > n) — Ex(r(Xp); Ty > n).
Since, by Lemma 5.1, point 1 of Hypothesis M4 and Lemma 5.5, we have

B (r(X,): 7y > n)| < cEY2((1 + N(X0))*)PY2(z, > n)
(7.6)
<c(14+N@)PY%(zy > n) =0

—+00

claim 1 follows.
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Proof of claim 2. Let x € X. For any y’ <y, we obviously have 7,/ < t,. There-
fore, forn > 1,

Ex(y/+ Sns Ty > ”) < Ex(y + Su; Ty > n) <Ei(y+ Sp; 1y >n).

Taking the limit as n — +o00 and using claim 1, it follows that V (x, y') < V (x, y).
In the same way W (x,z') < W(x, z) for 7’ < z. To prove the monotonicity of W,
we note that, for any 7/ <z, yy =7 —r(x) and y = z — r(x), we have f"z/ =
min{k > 7, : 7 + My <0} <min{k > 7 : 7 + My <0} < 7;. So

Ey(z' + My; f"z/ >n) <E,(z+ My; fzz >n, T, >n)
<Ex(y+ Su; Ty > n) +Ex(|r(Xn)

S Ty > n)
—i—IEx(z-l—Mn;ryfn,f"Z >n)
<Ey(z+ My; T; > n) + 2B, (|r(X,)|; 7y > ).

AAs in (7.6), taking the limit as n — 400, by the claim 1, we have W(x, 7N <
Wi(x,z2).

Proof of claim 3. The inequality (7.3) is a direct consequence of claim 1 and
[iemma 6.4. Moreover, taking the limit as n — oo in (6.28), we get V(x,y) <
W(x, z).

To bound W, we write, forn > 1,

Ex(z+ My; T, > n) =By (z + My; Ty <n, T, > n, T, > n)
+Ec(z+My; 2+ My, >0,7y>n,T, >n).
Since z + M,, > 0 on the event {7, <n, fz > n},
Ex(z+M,; T, >n) <Ex(z+ M,; Ty <n, f"z >n)
+Ex(z+My; 2+ M, >0,7) >n)
=E.(z+ My; T; > n)
—Ex@+My;2+ M, <0,7, >n).
Using the approximation (5.1),

(1.7 Bx(z4 My T. > n) <E (2 + My; To > n) + Eo (|r(X,)

i Ty > n).
As in (7.6), using claim 1,
W(x,z) < W(x, 2).

Now, since y + S, is positive on the event {ry, > n}, by the claim I, we see that
V(x,y) > 0 and in the same way, W (x, z) > 0. This proves (7.4).
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Inequality (7.5) follows from (7.3) and (7.4).

Proof of claim 4. By the Markov property, forn > 1,
Vir1(x, y) :=Ex(y + Snt13 Ty >n+ D
(7.8)

- Va(x', Y )Py(X1 €dx’, y + S1 edy, 7y > 1),
XxR

where, by Corollary 6.5, V,(x’,y") < c(1 + |y'| + N(x’)) and by point 1 of Hy-
pothesis M4,
Ex(14 |y + Sil+ N(X1)) <c(1+ |yl + N(x)) < +oo0.

Taking the limit in (7.8), by the Lebesgue dominated convergence theorem, we
have

Vix,y) =QuV(x,y):=E(V(X1,y+ S1); 1y > 1). O

8. Positivity of the harmonic function. The aim of this section is to prove
that the harmonic function V is nonidentically zero and to precise its support.
For any x € X, z € R and n > 0, denote for brevity,

(8.1) Wn(xv 7)= W(Xn’z+Mn)ﬂ{ﬂ>n}'

Although it is easy to verify that W(x, z) > z (see Lemma 8.1) which, in turn,
ensures that W(x,z) > 0 for any z > 0, it is not straightforward to give a
lower bound for the function V. We show that V (x, y) = lim;,— 40 Ex(Wn (x, 2);
7y > n) (Lemma 8.2) and use the fact that (Wn(x, 2) Lz, >n)n>0 is a Py-
supermartingale (Lemma 8.1). By a recurrent procedure similar to that used in
Lemma 6.4, we obtain a lower bound for V (Lemma 8.6) which subsequently is
used to prove the positivity of V (Lemma 8.8).

LEMMA 8.1. 1. Forany x € X and 7 € R,
W(x,z)>z.
2. For any x € X,

. Wk, 2)
lim =

z—>+00 Z

1.

3. The function W is subharmonic, that is, forany x €e X,zeRandn >0,
Ex(Wa(x,2)) = W(x, 2).

4. For any x € X and z € R, (Wn (x, z)]l{fy>n})nzo is a P.-supermartingale.
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PROOF. Claim 1. By the Doob optional theorem and the definition of YA}, for
any n > 1,
Ecz+MyT.>n)=z-E(z+M;:T. <n) >z
Taking the limit as n — 400 and using point 1 of Proposition 7.2 proves claim 1.

Proof of claim 2. By claim 1, liminf,_, ; W (x, 7)/z = 1. Moreover, by (7.3),
for any ko > 2,

W ’
lim sup (x,2) < (1 + C—i)
7—>00 Z kO

Taking the limit as kg — 400, the claim follows.

Proof of claim 3. Recall the notation y = z — r(x). Using the Markov property,
as in the proof of Lemma 5.3, for any £k > 1,

E(z+ Myii: Ty > n+k)

= Ey (2 + My; f"zr > n)Py (X €dx’, z4+ My €dZ’, ty > k)
XxR
(8.2)
+ Ev(z' 4+ M,; Ty > n)
XxR
x Py (X €dx’, z+ My € dZ', 7y <k, T, > k).

We shall find the limits as n — +o00 of the two terms in the right-hand side. By
Lemmas 6.4 and 5.1, By (z/ + My; Ty > n) < c(1+ |y'| + N(x')), with y/ =2/ —
r(x"). Moreover, by point 1 of Hypothesis M4, E, (14 |y + Si|+ N (Xy)) < ck(1+
|y] + N(x)) < 4+o00o. So, by the Lebesgue dominated convergence theorem and
point 1 of Proposition 7.2,

Ey (2 + My; f"zr > n)Py (X €dx’, 24+ My € dZ’, ty > k)
XxR
(8.3)

— B (W(Xk, 2+ Mp); 1y > k).

n——+00

Moreover, using (7.7), Lemmas 6.4 and 5.1 and point 1 of Hypothesis M4,
Ey (2" + My; Ty > n) <c(1+ || + N(x)).

Again, by the Lebesgue dominated convergence theorem and point 1 of Proposi-
tion 7.2, we have

/ Eu(z + My: Ty > n)Py(Xg € dx’, 2 + My € d2', 1y <k, o > &)
XxR

(8.4) A
— B (W(Xk, 2+ Mp); ty <k, T > k).

n——+0o
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Putting together (8.2), (8.3), (8.4) and using point 1 of Proposition 7.2,
W (x,2) = Ex(W(Xg, 2+ Mp); Ty > k)
(8.5) N
+E(W( Xk, 2+ My); Ty <k, T, > k).

Now, taking into account (7.4) and the identity {ry, > k} = {1, > k, fz > k}, we
obtain claim 3.

Proof of claim 4. By point 3 of Proposition 7.2, W is a nonnegative function.
Therefore, using (8.5),

W(x,2) = E((W(X1,z+ Mp); 1y > 1),

which implies that (Wn (x, Z)]]-{ry>n})n20 is a supermartingale. [

LEMMA 8.2. Foranyx eX,yeRandz=y+r(x),

Vi(x,y) =”£TmEx(Wn(x, 2); Ty > n).

PROOF. Foranyn>1,xeX,yeRand z=y+r(x),
Ex(z + My; Ty > n) =E,(z+ My; ’fz >n) — Ey(z + My; Ty =n, 7sz > n).

By point 1 of Lemma 8.1, on the event {fz >n}, we have z + M,, < Wn(x, z) and
therefore

Ey(z+ My; 1y > n) > Ey(z 4+ Mpy; 7. > n) —Ex(Wn(x,z))
(50 + E, (Wn(x, 2); Ty > n).
Moreover, by (7.3), for any § > 0,
Ex(Wa(x,2)) < (14 8)Ex (2 + My T, > n) + ¢ (1+ N(X); T2 > )
—(1+8E(z+My;z+ M, <0,7y >n).

On the event {z + M, <0, t, > n}, by (5.1), it holds r(X,) < z + M, < 0. There-
fore, using Lemma 5.1,

Eo(Wa(x,2)) < (14 8)Ex(z+ My; Tp > 1) + csEo (1 + N(X,); Tz > n).
By the Markov property and (2.2),
Ex(1+ N(Xn); To > n) < By (1 +e 2N (X nj2)): T2 > |n/2])
<P (T, > [1n/2]) 4+ ce " (1 4+ N(x)).
By Lemma 5.7 and point 1 of Proposition 7.2,
(8.7) lim By (Wa(x,2)) < (1+8)W(x, 2).

n—-+0o
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Taking the limit as n — +o00 in (8.6) and using the previous bound, we obtain that

V(x,y) > —8W(x,2) + lim_E.(W,(x,2): 1y > n).
n—+00

Since this inequality holds true for any § > 0 small enough, we obtain the bound

(8.8) lim By (Wa(x,2); 7y > n) < V(x,y).

n—+00

Now, by point 1 of Lemma 8.1,
Ex(z + My; Ty > n) =< EX(W(X}% 2+ M), Ty > n)

Taking the limit as n» — 400 and using point 1 of Proposition 7.2, we obtain
that

Vix,y) < ngrfooEx(Wn(x, 2); Ty > n).

Together with (8.8), this concludes the proof. [J

REMARK 8.3. Taking the limit in point 3 of Lemma 8.1,

lim E,(W,(x,2)) > W(x,2).

n——+00

Coupling this result with (8.7), it follows that

lim E(W,(x,2)) = W(x,2).

n——+0o

LEMMA 8.4. There exists g9 > 0 such that, for any € € (0,&9),n > 1, x € X
z€Rand y =z —r(x), we have

Ex(Wn(x, 2); Ty >n) > W(x, 7) + cmin(z, 0) — ca(nl/zfzs + nzsN(x)).
PROOF. Using point 3 of Lemma 8.1, the bound (7.3) and point 1 of Hypoth-
esis M4, we have, for any n > 1,
Ex(Wn(x, 2); Ty > 1) =Ex(Wn(x, 7)) — Ex(Wn(x, 2); Ty <n)
> W(x,z) — By (z + My; Ty, <n, T.>n) — c(14+ N(x)).
Again by point 1 of M4, Lemma 6.2 and the Doob optional stopping theorem,
Ey(Wy(x,2); Ty > 1) = W(x, 2) — c[Ex(z + My; Ty > n) — Ex(z + My; 1y > )]
—c(14+NW))
> Wi(x,z) — c[max(z, 0) — z + Ex (z + My,; Ty <n)]
—ce(n'?7E £ 0N () — c(1 + N(x)).
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By (5.1), z+ M, < r(Xz,). Therefore, in the same way as in the proof of (6.2),
Ey(z+ My ;1 <n) < cEx(1+ N(Xr,); Ty < n) < cen'?7% 4 ¢, N(x).
Together with the previous bound, this implies that
Ex(Wn(x, 2); Ty >n) > W(x, 7) + cmin(z, 0) — ce(n'?7E £ ¥ N(x)). O

LEMMA 8.5. There exists g9 > 0 such that, for any ¢ € (0,&9), n > 2, kg €
{2,...,n}, xeXand z e R, with y = 7 — r(x), we have

By (W (x, 2): 7y > 1) > B (Wi (1, 2); Ty > ko) — %(max(z, 0) + 1+ N@)).
0

PROOF. Let ¢ € (0, 1). Set for brevity u, := ]Ex(Wn(x, 2); Ty > n) forn > 1.
By point 4 of Lemma 8.1, the sequence (u,),>1 is nonincreasing. We shall prove
that

C
(8.9) ty 2 y1-ey = o (max(z, 0) + 14 N ().

By Lemma 9.2 of [18] on the convergence of recursively bounded nonincreasing
sequences, we conclude that, for any n > 2 and kg € {2, ..., n},

C
ty = uky = 7z (Max(z,0) + 1+ N(x)),
0

which proves the assertion of the lemma.
It remains to establish (8.9). Consider the stopping time v = v, + [n®]. By the
Markov property, with y' =z’ — r(x’),

tn > Ee(Wa(x, 2)i 7y > n,vf < [n' 7))

[n'=?]

- 3 /XxREX/(W,,_k(x’,z/);ry/>n_k)

k=|n |+1
x Py (X €dx’, 24+ My €dZ', vy > k, v =k).
Using Lemma 8.4, we obtain
Uy > Ex(Wvg(x,z); Ty > Vi, vy < |_n1_8J)
+ cEy(min(z + Myg, 0); 7y > vE, vE < [n'7¢])

— B (n'77% + n® N(Xye); 1y > vE, v < |[n'7F ).

On the event {z + M,s <0, 71, > vZ}, by (5.1), we have 0 > z + Mye > r(Xye).
Therefore, by Lemma 5.1,

B (min(z + Mg, 0); Ty > vy, vy < Lnl_gj)

> —cE (1 +N(Xy): 1y > vy, 5 < |_n1_'3J).
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Consequently, using point 4 of Lemma 8.1 and (2.2),
tn =By (Wi (x,2)3 7y > [0 78] vE < [n!7¢])
- cEIEx(nl/z_z"3 + e_CS”gN(X,,n); Ty > Vy, Uy < Lnl_SJ).
By the definition of v,,, we have n'/272¢ < (z + M, )/n®. Then as in (6.17),
U, > IEX(WW_gJ(x,Z); Ty > Lnlfsj, vy < Lnlf’;J)
- %EX(Z + My,; Ty > v, vy < [0176))
— cse*%”g(l + N(x)).
Rearranging the terms, we have

Un > U|y1-e| — cee ™" (14 N(x))

(810) _;_EEX(Z+MVn;ry>Vn,Vn§ Lnl—sj)
2111
- EX(WLnl—SJ (x,2); Ty > Lnl_sJ’ v}i - Lnl—SJ) ‘
=:

Bound of 1. To bound I; we use the facts that, by the definition of v,,, z+M,, >
n!/2=¢ = 0 and that T, > 7. Taking into account Lemma 5.4, we have

I <Ex(z+ My To> [n' 78] v < [0 7¢))
:Ex(z + MLnlfgj; TA’Z > Lnl_sj) _ ‘12//1’
where JQ”1 is defined in (6.19). Now, it follows from Lemma 5.4 and point 1
of Proposition 7.2, that (Ey(z + M 1= 5 f"z > Lnl_gj))nzo is a nondecreasing
sequence which converges to W(x,z) and so E,(z + M\, fz > [n'7¢)) <
W (x, 7). Using (6.20), we find that

(8.11) I < W(x,2) + cee " (1 4+ N(x)).
Bound of I,. By (8.1) and (7.3),
<o T > [n' =) vp > [0 7))

+eBe(1+ N(X e T > [0 5[ 0f > [0 7)),

L < cEy(z+ M- (1 = ym

1=

On the event {z + M1« < 0,7 > [n' =]} = {2+ M, < 0,7y > [n' 7%}, it
holds z + M| ,1-¢| > r (X ,1-¢ ). Therefore, using Lemma 5.1,

L < CEi(e+ Mpye) + 1+ N(X )i T > [0 70| ovp > [n179)).
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By Lemma 5.4,

Ex(z + Ml_nlfsj; ’fz > Lnl_EJ, Ui > Lnl_SJ) < Jl,
where J; is defined in (6.14). Using inequalities (6.15), (2.2) and Lemma 6.3, with
me = |n'~¢] — |nf], we obtain

I < cge_CS”g(l + N(x)) + cEx (1 + e_c”gN(Xms); f"z > Mg, Vy > M)
(8.12) )
<ceem " (14 N©)).

Putting together (8.12), (8.11) and (8.10) and using (7.3), we obtain (8.9), which
completes the proof of the lemma. [
PROPOSITION 8.6. 1. Forany§€ (0,1),x e Xandy >0,
Vx,y) = (1 =8)y—cs(1+ Nx)).
2. For any x € X,

ENACIS))
1m
y——+00 y

=1.

PROOF. Claim 1. By Lemmas 8.5 and 8.2, we immediately have, with z =
y+rx),

V(x,y) = By (Wi (x, 2); Ty > ko) — k—(max(z 0)+ 14 N(x)).
0

Using point 1 of Lemma 8.1 and point 2 of Lemma 5.2,

V(x,y) = E,(z 4+ Myy; Ty > ko) — —(max(z 0)+ 14+ N©))
ko

> 7Py (ty > ko) — c(vko + N (x)) — k—(max(z 0) + 1+ N(x)).
0

Since, by the union bound and the Markov inequality,

2
y cki(1+ N(x))
oty > ko) = P (| max (7000 < &) = 1 - ST
we obtain that, by the definition of z,
(8.13) Vix,y) > (1 —~ k—) — ¢k (14 N(x)).
0
Let 6 € (0, 1). Taking kg large enough, we obtain the desired inequality.

Proof of claim 2. By claim 1, we have liminfy_, , o V(x, y)/y > 1 — 4, for any
6 € (0,1) and x € X. Taking the limit as § — 0, we obtain the lower bound. Now
by (7.4) and (7.3), for any integer kg > 2, y e Rand z =y + r(x),

Vix,y) < Wix.2) < (1 = )(maX(z 0) + eN (o)) + cekl/2.
0
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Using the definition of z, we conclude that

Vi(x, ,
lim sup () < lim (1 + C—Z) =1.
y—>+00 y ko—+o00 kO

Now, for any y > 0, consider the stopping time:
(8.14) ¢y =inflk > 1: |y + Skl >y (1 + N(Xi))}.

The control on the tail of ¢, is given by the following lemma.

LEMMA 8.7. Foranyy >0,xe€X,yeRandn > 1,
Py (¢ > n) <ce” " (1 + N(x)).

PROOF. The reasoning is very close to that of the proof of the Lemma 6.3. Let
y > 0. Consider the integer / > 1 which will be chosen later. Define K := | 5; | and

Pe(¢y > n) <Py(A}g ).
By the Markov property,
P, (A} :/ / Por(AY )P (X, edx”,y + S edy”, AT,
x( ZK,y) XxR JXxR x( l,y) x( l XY l Y l,y)

(8.15)
x Py (Xok—1y €dx’, y + Sak—1y € dy’, Ag(,(_l),y)-

We write
]P)x”(A)lly//) =< Px”(b’// + Sl| = 2]/‘/Z) + IP>x”(]v(Xl) > \/Z)
v S R/ N X
= Px”(% - 2)’ =< 711 =< \;}Z +2)/> +Ex”< «(/Zl)>

By Corollary 4.4 and point 1 of Hypothesis M4, there exists ¢y € (0, 1/4) such
that, for any ¢ € (0, &),

Tt _«2 du 2¢e p
C el — + “E (I N()) +
o, st (L NGT)

c

ﬂ(l + N (x")).

Set g, := fzg}/ e_;r_2 Trrg < 1. From (8.15), we obtain

C, C,
Py(AJg ) < /X XR<"V + l—j + l—jEx/(N(Xz)))

X Py(Xok—1y €dx’, y + Sak—1y € dy’, A)Z/(K—l),y)

C —
=< (Qy + Z_E)Px (A;(K—l),y) +cce CalEx (N(XZ(K—I)I); A}zl(K_l)’y)~
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For brevity, set px = IP’X(AgK,y) and Ex =E,(N(X2k1); A)Z/K,y)' Then, the pre-
vious inequality can be rewritten as

c _
(8.16) Pk =< (qy+l—§)p1<1 +cee celEKfl.
Moreover, from (2.2), we have
(8.17) Eg <cpg—1+ce Y Eg_.
Using (8.16) and (8.17), we write that
PK PK—1

8.18 <A )

(8.18) (EK> B Z<EK1)

where

Ce —cel
A= qy+l_8 Ce® —>A=<qy 0).
c Ce_d [—+00 c 0
Since the spectral radius g, of A is less than 1, we can choose [ = [(g, y) large

enough such that the spectral radius p; , of A; is less than 1. Iterating (8.18), we
get

Pk < cpl, max(py, Ev) < cpf, (1 4+ N ().
Taking into account that K > ¢, , n, we obtain
Py(Ajg.,) < ce”"(1+ N(x)). O
Now we shall establish some properties of the set &, introduced in Section 2.
It is easy to see that, for any y > 0,
2, ={(x,y) e X x R:3ng > 1,P(¢, <no, ty > ng) > 0},
where ¢, is defined by (8.14).
PROPOSITION 8.8. 1. For any y| < ya, it holds 2\, 2 D,,.
2. For any y > 0, there exists ¢, > 0 such that
2, < {6, ) eXXxR:Py(ty>n) <e " (1+ N(x)),n>1}.
3. For any y > 0, the domain of positivity of the function V is included in 9, :
supp(V) ={(x,y) eXxR:V(x,y) >0} S 2,.
4. There exists yo > 0 such that for any y > vy,
supp(V) = Z,,.

Moreover,

{(x,y) EX xR :y> %(1 —|—N(x))} < supp(V).
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PROOF. Claim 1. For any y; < y», we have ¢, < ¢,, and claim 1 follows.
Claim 2. Fix y > 0. By the definition of &, for any (x, y) € .@Jﬁ' andn > 1,
0=Py(¢) <n,ty >n)=P(ry >n) —Py(¢), >n,ty >n).
From this, using Lemma 8.7, we obtain
Py(ty >n) =Py (&) >n, 1y >n) <Py(g, >n) <e” 7" (14 N(x)).
Claim 3. Fix y > 0. Using the claim 2 and Lemma 5.2, we have, for any (x, y) €
Z,c=y+r@x) andnz1,
Ex(z+ My; Ty > n) < [2[Py (1) > n) + B2 (1M, )Py (2, > n)

<|zl(1 + N@x))e " 4+ c/n(1 4+ N(x)) 2e".
Taking the limit when n — 400, by point 1 of Proposition 7.2, we get
Vix,y)=0,

and we conclude that 7  supp(V)*“.
Claim 4. By point 1 of Proposition 8.6, taking § = 1/2, there exists yp > 0 such
that, for any x € X and y > 0,

2

(8.19) Vix,y) > % - 1+ Nw).

Now, fix (x,y) € %), and let no > 1 be an integer such that P, (¢, < no, ty >
ng) > 0. By point 4 of Proposition 7.2,

V(-x’ y) = EX(V(XHO’ y + Sno); Ty > no)
Z ]E'X(V(Xn()v y + Sno), Ty > no, é‘yo S no),

By the Doob optional stopping theorem, (8.19) and the definition of ¢,
[see (8.14)],

V() 2 Ex(V(Xe,, v+ Sgy )i Ty > Sy Sy < 10)

70

> (1+ N(Xiyo))? Ty > Oy, Cpo 5”0)

1

2 5Ex (y + 8¢, —
1 Y0

> JE, (3(1 FNXg))i Ty > s < no)

Yo
= IPX (ty > no, &y, < no).

Now, since ng has been chosen such that the last probability is strictly positive, we
get that V(x, y) > 0. This proves that Z,,, C supp(V). Using the claims 1 and 3,
for any y > yp, we obtain that 2, C Z,,, C supp(V) € &, and so ), = P, =
supp(V). Using (8.19) proves the second assertion of claim 4. [
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Proof of Theorem 2.2. Claim 1 is proved by point 1 of Proposition 7.2; claim
2 is proved by point 4 of Proposition 7.2; claim 3 is proved by points 2 and 3 of
Proposition 7.2 and by Proposition 8.6; claim 4 is proved by point 4 of Proposition
8.8.

9. Asymptotic behaviour of the exit time.
9.1. Preliminary results.

LEMMA 9.1. There exists ey > 0 such that, for any ¢ € (0,¢&9), x € X, y € R
andz=y+r(x),

E :=E(z+ M,,; Ty > vy, vy < Lnl_SJ)
<c¢(1 +max(y, 0) + N(x)), n>1,
Ey:=Ex(z+M 257y > vflz, v,iz <|n'"%)) =2 V..
Moreover, foranyn > 1,¢ € (0,e0), x e Xand y e R,

[E2 = V(. y)] = 5 (1 4+ max(y.0) + N ().

PROOF.  Using the fact {7y, > v,} C {fz > v,} and Lemma 5.4, forn > 1,
E1 < Ex(Z + Ml_nl—aj; fz > LHI_SJ) — J2//1,

where J; is defined in (6.19) and by (6.20) the quantity —J3; does not exceed
cee"" (14 N(x)). Again, by Lemma 5.4 and point 1 of Proposition 7.2, we have
that (E,(z + M,; f"z > n))p>0 1s a nondecreasing sequence which converges to
W(x,z). So, using point 3 of Proposition 7.2 and the fact that z = y + r(x),

9.1) E;<W(x,z)+ cge_c‘gng(l + N(x)) < ce(1 + max(y,0) + N (x)).
By point 4 of Proposition 7.2, we have
V(x,y) =Ex(V(Xp,y+ Su); 1y > n, v,iz < Lnl_sj)
E(V(Xu,y+ Sp); ty > n, viz > Lnl_sj).
Using point 3 of Proposition 7.2, for any kg > 2,

2

Ve y) <E(VX 2,y + 8,201y > v vf < [n!7))
+ cEy(max(z + My, 0) + 1 + N(X,); Ty > n, viz > Lnl_SJ)

(1+k8>E2+05E (\/E+N(Xv52);fy>v 5 _L 1— sJ)



CONDITIONED LIMIT THEOREMS FOR MARKOV WALKS 1853

n

—cEx(z+ valz; z+ Mvﬁz <0,7y > viz, Ve < [n'7¢])

:lez(sz)
+ cEy(z+ My + [r(Xn)| + 1+ N(X,); Ty > n, vﬁz > |n'7¢]).

From the previous bound, using the Markov property, the bound (2.2) and the
approximation (5.1), we get

)Ez + Jyy (e ) +cEy(z4+ My; 7. >n, 1)22 > Lnl_SJ)

=Ji(e?)

Vix,y)<(1+
=145
&2
+ CsEx(JFO+ e " N(X,,); Ty > Vp, Uy = Lnl_eJ)
+CE (14 e " N(X e s 1y > [0 7808 > [n!7¢)).
Proceeding in the same way as for the bound (6.25),

&2
T35 (€%) < ceBx (147 N(Xy,); Ty > vp, vy < |n'7¢))

C _ &2
< s Er e (14 N ().

Moreover, similarly as for the bound (6.15), we have
o2
Ji(e%) < cee ™™ (14 N(x)).

Taking into account these bounds and using Lemma 6.3,

C
0

Analogously, by (8.13) and (5.1), we have the lower bound

9.2) was@+

V@, y) = Ee(V(X 2y + 8,201y > v v < [n!7¢])

9.3) z(l—z—i)Ez—cgk%Ex( +N(X,2): Ty > e, ;sznlﬂ)
0

Cgk(% 2 .—c n82
(1 —k—>E2 1/2—aE1 — cekge™ " (14 N(x)).
0

Taking ko = n'/#7¢ in (9.3) and (9.2) we conclude that, for any € € (0, 1/8),
|[V(x,y) — Ez| < E2+ (E1+1+N(x))
Again, using (9.3),

|V(x,y) — E2| < V(x y)+ ~(E1 +1+N(x)).
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Finally, employing (9.1) and (7.5),
Ce
ne/8

V(x, y) = Ea| < —2 (1 +max(y, 0) + N(x). 0

LEMMA 9.2. There exists ey > 0 such that, for any ¢ € (0,¢9), x € X, y € R
andn > 1,

Ce
nl/2—e
Moreover, summing this bound, for any ¢ € (0,&p), x € X, ye Rand n > 1, we
have

Py(ty > n) < (14 max(y, 0) + N(x)).

Lnl—é‘J
Z Py (ty > k) < ce(1 +max(y, 0) + N (x))n'/>T¢/2,
k=1

PROOF. Using Lemma 6.3 and Lemma 9.1, with z=y +r(x) andn > 1,

Py(ty >n) <Py(ty >n,v, < Lnl_sj) —i—IE”x(YA”Z >n, v, > Lnl_‘gj)

M e

C

LEMMA 9.3. There exists gy > 0 such that, for any € € (0,¢0), x € X, y e R
andz =y +r(x),
E3:=FEy(z+M,,;z+ M,, > nl/2=el2, Ty > Vp, Uy < Lnl_SJ) — 0.

n——+o00o
More precisely, foranyn > 1,e € (0,g9), x e X, yeRand z=y +r(x),
max(y, 0) + (14 yIL;, ,1/2-2) + N (x))?

né

3 =¢Cs

PROOF. Notice that when v, # 1 the following inclusion holds:
(24 M, >0} C (&, > n'/28/2 _ q1/2= 5 ¢ g1/2-5/2),
Therefore,

E3 <E,(z+ M,,; v, <2|n°])

=:E30
(9.4)
[n'=¢]
+ Y Bz Mis&o>cen'PP 1y > kv =k).
k=2|n®]+1

=:E3;
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Bound of E3g. For y < n'/2=2¢ by (6.5), the Markov inequality and Lemma 5.2,

2|nf|
_ ce(1+ N(x))
Py(vy <2[n°]) < Z Py (r(x) + My > nl/2=¢ _ y) < {;rll/T
k=1
1/2—2¢ ce(4+y+N (X))

For y > n , in the same way, we have P, (v, < 2[nf]) < T3
Putting together these bounds, we get, for any y € R,

- ce(1+ yl{y>n1/2725} + N(x))

9.5) Py(vy <2[n°]) < 13
Using Lemma 5.2,
2|n?]
E3p < 2P (v <2[n°)) + Y EYV2(IMi*)PY? (v, < 2|07 ))
9.6) -
- ce(1+ y]l{y>n1/2—2g} + N(x))

né‘
Bound of E31. Changing the index of summation (j = k — [n®]) and using the
Markov property,

n' ]

E3< ). / max (z’, 0)Py (Epne| > cen'/?7¢/?)
j=lne 1 R

xP(Xjedx',z+Mjedd, 7, > j)

=:E3
9.7)
LnliSJ 1/2 1/2
+ ) / B, (1M )P ey > con27412)
j=nt +1 XxR

XPX(Xjde/,Z+MjEdZ/,Ty>j)'

=:E33

Bound of E3z. Using (5.2), the Markov inequality and (2.3) with [ =
Leen' /2772,

Py (§pne) > cen2 75 <Pu(N(X e )) > con'/275/2)
+ PX/(N(XLHSJ—I) > anl/z_g/z)

1 1
< TIExf(NmXLne D)+ TExf(NxXLne 1-1))

C C —cnt
5[2T/3+76 (1+N(x).
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Choosing ¢ > 0 small enough we find that

(9.8) Py (Epne) > cen'/?76/%) < +cee N (x).

n1+/3/4
By the definition of E3; in (9.7),
. Ln17£J

E32§ﬁ Z [Ex(Z+Mj§Ty>j)+EX(|r(Xj)‘)]
j=In®]+1

[n'=¢]
+eee " 3" [max(z, OE: (N (X)) +EV(IM;1P)EYA(N(X)?)].
j=ln]+1

Using (6.29), Lemma 5.2 and point 1 of Hypothesis M4, we find that

max(y, 0) + (I + yIL,.,1/2-2ey + N(x))(1 + N(x))
nb/4

Bound of E33. Using (9.8) and Lemma 5.2, we have

9.9) En <c

In' )
C _ 3 .
E33§ Z EX(n8/2(1+N(XJ))<’,l1/2+ﬂ/E§ +Cge Cen N(Xj)1/2>"[y>]>
j=n®]+1

By the Markov property,
E33 < cee ™" (14 Nx))?
')
RS Yy oy 1/2+,3/8 2 Z Ex(1+e™ N(Xj); 1y > j).

Using Lemma 9.2,

max(y, 0) + (1 + N(x))3/?
nB/8=3¢/2 :

With (9.10), (9.9) and (9.7), for ¢ > 0 small enough, we find that
max(y, 0) + (1 + y1yy. 12-2e) + N(x)(1 + N (x))
né ’

This bound, together with (9.6) and (9.4), proves the lemma. [

(9.10) E33 <ce

E3 <ce

LEMMA 9.4. There exists ey > 0 such that, for any € € (0,¢9), x € X, y e R
and 7=y +r(x),

E4:=E (Z+M 2 Z+M 2>n1/2 e/4 Ty>v » Vp Ijll SJ)

n—>+oo
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More precisely, foranyn>1,e € (0,&9), x e X, yeRand z=y +r(x),

max(y, 0) + (1 + yLy,. ,1/2-2) —|—N(x))2
nel2

E4<ce

PROOF. We shall apply Lemma 9.3. For this we write, for any n > 1,

Es=FE,(z+ M2+ M 2> nl/2=el4 o 4 M, > nl/2=¢/2,

Ty > v , 2 < Lnl_aj)

=:E
©.11) u
+ IE'x(Z + MVEZ; z+ MU‘SZ > n1/2_8/4’ 74+ MU,, < n1/2—5/2’

Ty > V) ,vﬁz < Lnl_aj).

=:Eg

Bound of E41. By the Markov property,
1= )= 10 ,
Eq = Z ./Xx (7 +MLSJ’Z +MLn€zJ>n1/2_S/4,ryr>Ln8 1
X Py(Xg €edx’, z+ My edz', 2+ My > nl/2=¢/2 Ty >k, vy = k),
where y' =7/ — r(x’). Moreover, for any x’ € X, 7’ € R, using (6.29), we have

B (e + M2 2+ M2 > n!/2me > |n®))
2

<Ev(d + M7 +M,2 >0, > [n"])
<Eo(@ + M2ty > [n7) +Eo(r(X,2)))
<cemax(z',0) + (1 + N(x")).

Consequently,

Eq1 < ceEs+c B (1+N(X,,) iz + My, >n'>72 ¢, > v, v, < [n'7¢])
<26 E3 + B (N(Xy,); N(Xy,) > 0278, 1y > vy, 0, < [n179))
9.12)  +cEBe(n'/*F N(X,,) <02 24 M, >n'/27E2,
Ty > vy, vy < [17F))

<360 Es + e Be(N (X, N(X,,) > 02 1> vy, < [0

—
_'E4l
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Denoting [ = [n'/27# | and using point 1 of M4 and (2.3), we have

1—¢
, N(Xvn)2 . [n" %]
Ey <Ey W; vy < Lﬂ J + Z Ex(Nl(Xk)2 Ty > k, vy =k)
k=|n¢]+1

f(14+ N(x)? )
Cn(nl/%"' ]{2: [11+,3]P) (ty > k) +ce R (1 +N(Xk))].

Using Lemma 9.2 and taking ¢ > 0 small enough,

max(y, 0) + (1 + N (x))?
nmin(l,,B)/4

In conjunction with Lemma 9.3, from (9.12) we obtain that, for some ¢ > 0,

(9.13) Ej <ce

max(y, 0) + (1 + yL,.,1/2-2y + N(x))?

né‘

(9.14) E41 <cg

Bound of E4. For any 7’ € (0, n'/>7¢/2], we have

(M2 P (M iz, = 02700 < 2B Mz = o) 4 1M

Therefore, by the Markov property,

Eq < /X RZ/PX/(MWzJ > cen'? NP (X, edx’, z + M, ed?,
X

1/2—¢/2

Z+ M, <n , Ty > Vp, Uy < Lnl_gj)

=:E43

9.15)
/ /
+ fXXREx/(IMWzJ NPy (X,, € dx’, 2+ M,, € dZ,

2+ M, < nl/2=¢/2, Ty > Up, Uy < Lnl_SJ).

=:Ey4

Bound of E43. Using Lemma 5.2,

2
1/2_8/4) - cen® (1 4+ N(x'))

P (M, 2 >cen < e

[n*”]

Therefore, we have
Ce
E43 = E < 3e/4—¢e2 (Z + MUn)]l {N(Xy, y<nl/2—¢} + /4 N(Xvn)]l{N(Xv Yy>nl/2= 8}’
z+M,, < n1/2_8/27 Ty > Vp, Vp = Lnl—eJ)

<% E/+ LE’
= Bejd—e2 LT ejame? AL
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By Lemma 9.1 and (9.13), we obtain for some small & > 0,

max(y, 0) + (1 + N(x))2

(9.16) Ep<ce e

Bound of E44. Again by Lemma 5.2, IExr(lMWzJ < ngz(l + N(x")). Conse-
quently,

w24 Mys N(Xy,) <n'27% 1) > v,,0, < [n17F))

+ cenngx(N(X,,n); N(X,,) > nl/2-2¢ Ty > Vp, Uy < Lnl_SJ).

Proceeding exactly as in the proof of the bound of E;; but with [ = |n'/272¢ | we
obtain, by Lemma 9.1,

max(y, 0) + (1 + N(x))2

<
Eu =ce e]2

Putting together this bound with (9.16) and (9.15), we find that

max(y, 0) + (1 + N(x))2

<
Ex=ce e]2

So, using (9.11) and (9.14), we obtain the second assertion. The first one is an easy
consequence of the second one. [J

The following results are similar to that provided by Lemmas 9.1 and 9.4 (see
E» and E4 respectively).

LEMMA 9.5. There exists ey > 0 such that, for any ¢ € (0, &y), x € X and
yeR,

Fg::Ex(y+SU£z;ty>v§2,vj <|n 1= SJ) =2 Vix,y),
F4 ::Ex(y—i—Ssz;y%—Svgz >n1/2_8/8,ty > v ,vj < Lnl_sj) — 0.
More precisely, foranyn > 1, ¢ € (0,&9), x € Xand y € R,
|Fo = V(x,y)| < 8/8( + max(y, 0) + N (x))

and

max(y,0) + (1 + YLy p1/2-26) + N()c))2
4 S Ce ng/z
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PROOF. By (5.1), forany n > 1,

STy > vy, 22 < Lnl_SJ).

|F2 — E2] < E, (|r(X

=F;

Using the Markov property, the definition of v, and Lemma 9.1,
&2
F; < cIEx(l +e™" N(X,,); Ty > Uy, vy < LnI*SJ)

2
(9.17) < 1/2 5 E1+ce” cn (14+ N(x))

Ce

Y- (14 max(y, 0) + N(x)).

Therefore, by Lemma 9.1,
|Fa = V(x, )| <|E2—V(x,y)|+ F; < / 2 (14+max(y,0) + N (x)).

Now we shall control F4. Recall the notation z = y + r(x). By equation (5.1),
we note that on the event

{z+ Mvﬁz <n'27# M Ny + Svgz > nl/27¢/8)

we have [r(X )| > cen'/?=¢/8 Therefore,

Y+ S0 < nl/2=e/4 _ r(X,2) < (% + 1>|r(XV5
which implies that
Fy <E,(y+ SVSZ; z+ Mvgz > pl/2=e/4, Ty > v,iz, vjz < Lnl_gj) + ¢ F;.
By (5.1), Lemma 9.4 and (9.17), we conclude that

max(y, 0) + (1 + yLyy. ,1/2-2¢) + N(X))2
né/?2 O

Fy<E4+Fy+cFy<c,

9.2. Proof of Theorem 2.3. Assume that (x,y) € X x R. Let (B;);>0 be the
Brownian motion defined by Proposition 4.3. For any k > 1, consider the event

9.18) A= sup [Siuay — o Bl < k272

0<tr<1

- . . 2 2
and denote by Ay its complement. Let n > 1 and remind that v, = v, + [n° | >
2 : : . .
n® |. With the previous notation, we write

Py (zy > n)

=Py(ty >n, vﬁz > Lnlfgj)
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[n1=¢)
+ Z / Py (ty >n—k, Ay_i)Py (X € dx’, y + S € dy’,

2 XxR
k=|n®"|+1
9.19)

Ty >k, vﬁz =k)

=:Ji

ln' =]
+ Z / ]P)x/('fy/ >n —k,An_k)]Px(Xk edx’,y+ Sy edy,
k:Ln82J+l XxR

Ty >k, vf,z =k).

=:Jp
Bound of Ji. Since n — k > cgn, for any k < [n'~¢ |, by Proposition 4.3, we
have
ce(1+ N('))

]P)x/(fy/ >n—k, Zn—k) = Px/(zn—k) = 7
n

So, using the fact that nl/? =& <74 M, and Lemma 9.1,
82
J1 < %Ex(l +e " N(X,,); Ty >y, vy < Lnl_sj)
n
Ce
= nl/2+e
- ce (1 +max(y,0) + N(x))
— nl/2+e :
Bound of J>. We split J, into two terms:
ln'~*)

Jo= Z / ]P)x/(fy/ >n—k, An—i)
> XxR
k=[n¢2 |+1

&2
(9.20) Ei 4 cee™" (14 N(x))

x Py (X edx',y+ S edy,y+ S >n/?78 1, > k, 1)22:]{)

=:J3
(9.21)
ln' )

Y [ Pemn—kA
> XxR
k=|nt* | +1
1 1 1/2—¢/8 &2 _
xPy(Xxredx',y+Skedy,y+Sk<n Ty >k,vy =k).
=:Jy
Bound of J3. With y/, =y + (n — k)1/?7%, we have
(9.22) Py (ty >n—k, Ap_g) <Pu(t0" > n —k),
Y+
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where ‘E)l,’m is defined in (4.1). By point 1 of Lemma 4.2 and Lemma 9.5,

c
73 < —=Bi(y+5S 2+ nl/2=2,

Jn
y+S 2> nl/2=e8 o > vjz, viZ <[n'))
(9.23) !

- 2¢e P

—1Iq

[

max(y, 0) + (1 + ylL,. ,1/2-2) + N(x))2

=Ce L 1/2+e)2

Upper bound of Js. For y' < n'/?27¢/8 and any k < [n'~¢], it holds Vi <
2n'/2=¢/8 < c.(n — k)!/>7%/8  Therefore, by (9.22) and the point 2 of Lemma 4.2
with 6,, = com—¢/8 and m = n — k, we have

) 21462 )
Jy < / —"E + Sk + (n — k)12,
= E Jrn T oo <y + Se+ (1 —k)

Y4 S <n'P7E8 1y > k, vjz =k).

. (+9,, )
Since NI kk)g < 27tn<7(1 8/4) and n1/2 € <z +Mvn, we get
Ce 1/2-2¢. 1/2—¢/8
J4§«/—0(1+n8/4)Ex(y+Sv£2+n/ 8’y+Sv52§n/ ! ’
)
2 Ce Ce
= Pmno 1+ e/ F+ 1/2+8E1'

By Lemmas 9.1, 9.5 and (7.5),
2V(x,y) n ce (1 +max(y,0) + N(x))

(9.24) Ja= \/_a nl/2+e/8
Lower bound of J4 With y/ =y — (n — k)1/272¢ we note that Py (ty >n —
k,Ap_i) >P /(‘L’bm — k) — P (A,_y). Considering the event {y + Sy > (n —

k)l/2—2e } and repeating the arguments used to bound J; [see (9.20)], we obtain
ln'=¢)
Jy > Z / ]P’x/(té’in >n—k)Py(Xr €dx’, y+ Sk e dy’,
k:LnszH—l XxR
VA4S <2 4 S s =)V o s ke =k)

_ e+ max(y,0) + Nx))
nl/2+e
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Using point 2 of Lemma 4.2 and Proposition 4.3,

c 2.1/9—
Jy > «/—0 (1 — n;;“)Ex(y + Svgz —(n—v} )1/2 2.
v+ Svgz - (n . U,iz)l/z_za,)’"f—SUﬁZ 5nl/2—8/8 T, > v ’ &2 < Lnl—eJ)
ce (1 +max(y,0) + N(x))
N nl/2+e
2 Ce Ce Ce ce(1 +max(y,0) + N(x))
= Amno (l_ns/4)F2 ﬁF4_n1/2+sE1 nl/2+e

By Lemmas 9.1, 9.5 and (7.5),

0.5 s 2V(x,y)  max(y,0) + (1 4+ yly. 122 +N(x))2
(9.25) = Jonno —Ce L 1/2+¢/8

Putting together (9.25), (9.24), (9.23) and (9.21),

2V(x,y) max(y, 0) + (I + yLyy_ ,12-2) + N(x))2
2= =G /2468

2nno
Taking into account (9.20), (9.19) and Lemma 6.3, we conclude that, for any
(x,y) eX xR,
(> 1) 2V(x,y)
Ty >Nn) — ——
X y ,—o’
Taking the limit as n — 400 in (9.26), we obtain point 1 of Theorem 2.3. Point 2
of Theorem 2.3 is an immediate consequence of points 2 and 4 of Proposition 8.8.

max(y,0) + (1 + YLy p1/2-20) + N()c))2
<cg

(9.26) n1/2+e/8

9.3. Proof of Theorem 2.4. Point 1 of Theorem 2.4 is exactly (9.26). In order
to prove point 2 of Theorem 2.4, we shall first establish a bound for P, (ty > n)
when z =y +r(x) >n'/?¢ n > 1. Set m; =n — |n®]. By the Markov property,

Py(ty >n) = / Py (zy > mg)
XxR

9.27)
X Py(X(pe) €dx’,y + Sppe) €Ay, 7y > |n°)).

For any x” € X and y’ > 0, using A,,, defined by (9.18), we have
Py (ty >me) <Py (<5 Ty "> me) + Py (Am,),

1/2—2¢

where ‘ry, is defined by (4.1) and y/, = y" + m. . By point 1 of Lemma 4.2

and Proposition 4.3,

oy e N Ce /
]P)x/(fy/>m8)§ ,_ms+mgs(1+N(x)) ﬁ+ 28+n?N(X)-
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Introducing this bound in (9.27), we get

C C C
Pe(ry > ) < —=Be(y + Speg, 7y > [1°]) + —5 4 Ba (N (X e))-

Jn
Using Corollary 6.5, the inequality (2.2) and the fact that n'/>~¢ < z, we find
ce(z+ N(x))
(9.28) P, (ty > n) < ST

Now, for any x € X, z e Rand y = z — r(x), using the Markov property, (9.28)
and the fact that \/n — v, > c¢/n on the event {v, < [n!~¢]}, we have

C
Px(fy >n) < _SEx(Z + Mv,, +N(Xv,,); Ty > Vp, Vp = Lnl_sJ)

Jn
+Py(ty >n,v, > |n'=¢]).

Using Lemma 6.3 and the fact that N(X,,) <z + M,, on the event {N(X,,) <
n'/2=8} with [ = |[n'/?27¢], it holds

IP))c('fy >n) < Ex((z + Mvn)(l + ]l{N(XVn)Snl/%&}); Ty > Vp, Uy = Lnl_gj)

Ce

Jn
C e

+ T%EX(NI(XVII); Ty > Up, Uy < |_n1_8J) +cee” " (14 N(x))

2¢, LnFJE
<—FE N X
_\/7 1+ «/72 1(Xx))

ln' =]

C e
+— Y Er(Ni(X)i Ty > k) + e " (1 + N(x)).
Vn k=[n¢]+1

By (2.3) and the Markov property,

Butry > ) < I CI( - +(1+N(x))>+cgeCe”g(l—i-N(x))
ce =)=l
o Jg [lHﬁ]P’ (ty > j) +ce " E, ((I—I—N(Xj)))}
¢e(14 N(x)) n
<7E1+T+\/_ll+ﬂ Z Py (zy > j).

Using Lemmas 9.1 and 9.2, we deduce point 2 of Theorem 2.4.
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10. Asymptotic behaviour of the conditioned Markov walk. In this section,
we prove Theorem 2.5. The arguments are similar to those given in Section 9. We
also keep the same notations. Assume that (x,y) € X x R and let #p > 0 be a
positive real. For any ¢ € [0, tp] and n > 1, we write

Py(y + Sy < t/n, 7y > n)
=Py(y+ Sy <t/n, 7y >n, vﬁz > |n'7¢))
ln' =) B
=+ Z /;g RPx’(y,'i‘Sn—kft\/ﬁ,fy’>n_k»An—k)
k=ne? 41
(10.1) X Py(Xp e dy',y+ Se €dy’, 1y > k, vE = k)

=:L

n' =]
+ Z f ]P)X/(y,—‘l_Sn*k St\/ﬁa ty/ >n _k$ Anfk)
> XxR
k=[nt" ] +1

x Py(Xr €dx’, y+ Sk e dy’, Ty >k, vflz =k).

=:Ly
Bound of L. With J; defined in (9.19) and with the bound (9.20), we have,

ce(1 +max(y,0) + N(x))

(102) Li<J1 = nl/2+e

Bound of L. According to whether y + Sx < n'/27¢/8 or not, we write

n'~?]
L= ) f Po(y + Snk <tv/n. Ty >n—k, Any)
> XxR
k=[n®"+1

xIP’x(Xkedx/,y+Skedy/,y+Sk>n1/2*8/8,ry>k,v§2:k)

=:L3
(10.3)
ln!=¢]

+ Z / RPX’(y/‘i‘Sn—kSt\/ﬁy ‘fy’>n_kv An—k)
k=n 41
XxPy(Xpedx',y+ Spedy,y+ S < nl/2-el8 Ty >k, vﬁz =k).
=:L4
Bound of L3. With J3 defined in (9.21) and with the bound (9.23), we have

max(y, 0) + (1 + yLyy. ,1/2-2) + N(x))?
n1/2+e/2 .

(10.4) L3<J3=<c
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Bound of L4. We start with the upper bound. Set y/, = y' 4 (n — k)1/2=2¢ and
ty=t+ % Note that on the event {y' + S, _; < t./n, Ty >n—k, Ay} we have
Vi + 0B,k <ty/nand tbm > n — k. Therefore, by Lemma 4.1,

Po (Y + Sp—k <t+/n, Ty >n—k, Ap_i)
v

2 (ot 52 ( i )
< — e sh{ s —— ) ds.
T2 vn—ko
We shall use the following bounds:
u2
sh(u) < u(l + gch(u)), for u >0,
Vi - v ( Ce) Ce r_ o 1/2—¢/8 1—e
1+ —) < , fory' < and k < ,
O'/n—k_(T\/Y_l +ne — ne/8 y z=n —Ln J
ty/n o Ce 1—¢
Y < — < , fork < .
o*«/n—k_a—i_ ne = Colo =l
Consequently,

Py (y + Sp—k <t/n, 7y >n—k, Ay_g)

< 2y3’_ 1 Ce o—tj}n_\/fk —52/2 1 Cgsz h d
= 5 + se + - eachices) ) ds
NG
254 <1 + )(1 + CeJO)(fé se=5*/2 dg + ]Utjﬂ se=s/2 ds)
= /—O_ né/4 0 é
2y+ C&‘,t() —[—22 C&‘,l‘o
_«/_a<1+n8/4><1_e Fete)

This implies the upper bound (with F> and E; from Lemmas 9.5 and 9.1, respec-
tively)

C&‘,to —i Ce,t() Ce,t()
os s (1) (1= 4 Sk
2V(x y)( _2ta_22)_|-cg ;0(1—1—max(y,0)—|—N(x))
= «/—cr -¢ n1/2+e/8
The proof of the lower bound of L4, being similar, is left to the reader:

2V(x,y) _2 max(y, 0) + (1 + ylL,_ ,12-2) +N(x))2

A e 22 —
Laz 2nno (1= ) = cegy nl/2+e/8

Combining the upper and the lower bounds of L4 and (10.4) with (10.3) we obtain
an asymptotic development of L,. Implementing this development and the bound
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(10.2) into (10.1) and using Lemma 6.3, we conclude that
2V (x,y) 2

Py(y+ S, <t/n,ty >n)— N (1 —e 27)
Tno
< max(y, 0) + (1 + yL.,1/2-2) + N (x))?
= Ce 1y n1/2+8/8 .

Using the asymptotic of P (7, > n) provided by Theorem 2.3 finishes the proof of
Theorem 2.5.

APPENDIX A: PROOFS FOR AFFINE RANDOM WALKS IN R?

In this section, we prove Proposition 3.2. For this we verify that Hypotheses
M1-MS5 hold true on an appropriate Banach space which we proceed to introduce.
Let § > 0 be the constant from Hypothesis 3.1. Denote by % (R?) the space of
continuous complex valued functions on R?. Let ¢ and 6 be two positive numbers
satisfying

1l+e<0<2<2+2e<2+26.

For any function & € % (RY) introduce the norm |4 llo.e = |hlo + [h]s, where

o= sup 1Ly, g 180D O]
rerd (L4 1x]) xy X = yIE(L+ x DL+ |y])

and consider the Banach space
Bi=Lpe={heCR): |hlo.e < +o0).

Proof of M1. Conditions 1, 2 and 3 of M1 can be easily verified under point 1
of Hypothesis 3.1 and the fact that & < 2 + 28 and |8, ]l < (1 + |x|)?, for any
x e R4,

We verify point 4 of Hypothesis M1. For any (x, y) € R? x R? and r € R, we
have |e// ) — /S| < 1| f(x) — £ (3)] < |t]lullx — y| and [/ ) — !/ )] <2,
Therefore, we write

|eitf(x) _ eitf(y)} E 21—8|t|8|u|8|x _ y|8
Supposing that |x| < |y|, we obtain, for any h € %) ¢,
e O h(x) — O (y)| < [ — O nlp (1 + |x])” + [hx) — h(y)]-

Since 6 < 2, we deduce that [¢//h — e/ h], < 2!7#|t|¥|u|®|hlg + [h]s. Conse-
quently, [e// hllg.e < (1 +2'7%|¢1|u|®)||h|lg. and the point 4 is verified.

Proof of M2 and M3. We shall verify that the conditions of the theorem of
Ionescu Tulcea and Marinescu are satisfied (see [28] and [25]). We start by estab-
lishing two lemmas.

LEMMA A.1. Assume Hypothesis 3.1.
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1. There exists a constant ¢ > 0 such that, foranyt e R,n > 1, and h € £ ¢,
|P;’h|9 <clhlg.

2. There exist constants c1, c2 and p < 1 such that, foranyn > 1, h € £ . and
telR,

[P!h], < c10"[hls + calt|®|Alo.

3. For any t € R, the operator Py is compact from (4, | |lg.¢) to (R, |o).

PROOF. Claim 1. For any x € RY,
P2 h(x)| = | (&S h(X))| < 3%1h1a (1 +E(ITL11%) 1x)° +E(|x°]%)).

with [T, = A, Ap—1---Ajand X0 =g, ---g1-0=YF_, Ay -+ Axt1B. By point
1 of Hypothesis 3.1, there exist ¢(6) > 0 and O < p(8) < 1 such that, forany n > 1,

2425
E°7 (1M ]) < E(ITL *%) < c@)p6)" — 0.

from which it follows that

n

0
E(x9|") < (Z EW(Mnnn@)E”@uBu@)) < +o0.
k=1

This proves claim 1.

Proof of claim 2. For any x # y € R?, with |x| < |y|, we have
|PTh(x) —P/h(y)|

n &
< E<21—8|r|£|u|5(2||nk||> Ix — yI1Ale (1 + [T, |1 |x] + |X2|)9>

k=1
+ E(R1 T, 11 x = I (1 ITLall1x] + [ XR) (14 1Ty |+ [ X7])).-
Since 6 < 2, we obtain that
[P7h], < 2" 1t*|ul* C2 () hlg + CL(w) A,
where
Cim) = E(ITL [ (1 + 1T | + | X7)?)

and

Ca(n) =E<(§nnku)g(1 + 1M, + !XS!)Q)-
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Since 2 4 2¢ < 2 4 25 = p, by the Holder inequality,

& 1
Cy(n) < ET ([T, | 7F)E T (1 + [T, | + | X2))*+2)

1 1
c(a)ﬂquBup))Z)
1—p(d)r

which shows that C(n) converges exponentially fast to 0. In the same way, taking
into account that 8 < 2 we show that C»(n) is bounded:

< 6(5)%0(8)%32<1 Fe®)F + (

n 1 & 1
Ca(n) < (Z Ew(unkn”g)) ET (14 [|TL, | + |X°))*7%)
k=1

(O Y21 4 (CELUBIY
1—p@®)? 1—p@)r

Proof of claim 3. Let B be a bounded subset of %4, (h,),>0 be a sequence in
B and K be a compact of RY. Using claim 1, it follows that, for any x € K and
n>0,

P Ay (x)] < clhnlo(1+1x])? <ck.

which implies that the set o = {P/h, : n > 0} is uniformly bounded in
(Z(K), |"|loo), Where || is the supremum norm. By claims 1 and 2, we have
that, for any x, y € K and n > 0,

[P, h () = Prhy ()] < [Pihalelx — yIF(1+ 1x)) (14 19)7 < ek lnllzlx = yIf

and, thereby, the set <7 is uniformly equicontinuous. By the theorem of Arzela—
Ascoli, we conclude that <7 is relatively compact in (¢ (K), |-|oo). Using a diag-
onal extraction, we deduce that there exist a subsequence (n4)x>1 and a function
¢ € €(R?) such that, for any compact K C R?,

sup | Prhy, (x) — p(x)] —> 0.
xekK n—+00

Moreover, by claims 1 and 2, forany n > 1 and x € R,
|Prhy(x)| < | Pihn(0)| 4 [Phnle x| (1 + |x]) < clhnlo + cllhnllzlx|* (1 + |x]).
Since B is bounded, we have | P;h, (x)| < c(1 + |x|)! ¢, for any x € R4, as well

as p(x) <c(l1+ |x) '+, for any x € R, Consequently, for any k > 1 and A > 0,

Pih,, (x) —o(x 1+ |x])tHte
u | Prhp, (x) Qg( )| < sup |P;h,1k(X) —(p(x)| +2¢ sup %
ccRd (I +1xD Ix|<A k=4 (I+1]x])
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Taking the limit as k — +o00 and then the limit as A — 400, we conclude that

kllToJP’h"k —¢lg=0. 0

LEMMA A.2. Assume Hypothesis 3.1. 1. The operator P has a unique invari-
ant probability v which coincides with the distribution of the P-a.s. convergent
series 7 = Z,‘fj’ Ay - Ax—1 Br. Moreover, the unique eigenvalue of modulus 1
of the operator P on % is 1 and the associated eigenspace is generated by the
function e: x — 1.

2. Lett e R*. If h € B and z € C of modulus 1 are such that

P:h(x) =zh(x), x € supp(v),
then h =0 on supp(v).

PROOF. We proceed as in Guivarc’h and Le Page [22] and Buraczewski,
Damek and Guivarc’h [5]. For any g = (A, B) € GL(d, R) x R? and x € R?, we
setg-x=Ax+ B.

Proof of claim 1. Since k(§) < 1, the series ) EZJ:W(|A1 --~Ak_1Bk|2+2‘S)
converges and so the sequence gj---g, - X = A1+~ Apx + Y j_; A1+ Ar—1 B
converges almost surely to Z = Z,j;xf Ay---Ar_1Br as n — +00. Therefore,
for any ¢ € 4, the sequence (g1 --- g, - X) converges to ¢(Z) almost surely as
n — +00. Moreover, since |¢(x)| < |¢lo(1 + |x|)? and 6 < 2 + 28, the sequence
(¢(g1---8n - X))n>1 is uniformly integrable. So P"¢(x) converges to E(¢(Z)) as
n — +o00. This proves that the distribution v of Z is the only invariant probability
of P.

Fix z € C such that |z| = 1 and let & # 0 belonging to % be an eigenfunction
of P, so that Ph = zh. From the previous argument, it follows that, for any x € R4,

'h(x) =P"h(x) —> v(h).

Since there exists x € R¢ such that A(x) = 0, the sequence (z"*),>1 should be
convergent which is possible only if z = 1. From this, we deduce that for any
x € R, h(x) = E(h(Z)) which implies that & is constant.

Proof of claim 2. Our argument is by contradiction. Lett e R*, h € #and z € C
of modulus 1 be such that P;i(x) = zh(x), for any x € supp(v) and suppose that
there exists xg € supp(v) such that i (xg) # 0.

First, we establish that |/| is constant on the support of the distribution v. Since
v is p-invariant, for any (g, x) € supp(p) x supp(v) we have g - x € supp(v).
From this fact, it follows that P/h(x) = z""h(x), for any n > 1 and x € supp(v).
This implies that |k|(x) < P*|h|(x), for any x € supp(v). Note also that |A|
belongs to Z. Therefore, as we have seen in the proof of the first claim, we
have, lim,_, ;o P*|h|(x) = v(|h]) = E(Jh]|(Z)) < +o00, for any x € supp(v). So
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|h](x) < [cpalh|(x")v(dx"), for any x € supp(v). Since |A| is continuous, this im-
plies that || is constant on the support of v. In particular, this means that s (x) 7 0
for any x € supp(v).

Since the support of v is stable by all the elements of the support of u, we de-
duce that the random variable &, (x) = exp(it(u, >} _ 8k - &1 - xX)h(gn---g1-X)
takes values on the sphere S, sy = {a € C: |a| = v(|h])}, for all x in the sup-
port of v. Moreover, the mean z"h(x) of &,(x) is also on S, (), which is pos-
sible only if &,(x) is a constant, for any x € supp(v). Consequently, for any pair
X,y € supp(v), there exists an event 2y , of [P-probability one such that on Q2 ,
it holds, for any n > 1,

eXp<if<”, D881 v>>h(gn c-g1-v) =2"h(v),
k=1

with v € {x, y}, from which we get

(A]) h(g”gl y) . h()’) eXp<1t<ZtA1 "'tAkM,X _y>>
k=1

h(gn---g1-%)  h(x)

In addition, for any n > 1,

hig, --- o1 - higy -0, -
IE(‘ (8n---g1-y) 1‘) =E<‘ (81---8n-y) ID
h(gn---&1-x) h(gi---gn-Xx)
Since, for v € {x, y}, the sequence A (g1 -- - g, - v) converges a.s. to £(Z) and since
h is bounded with a constant modulus, we have by (A.1),

h(gn---gl-y)_lb

0= lim E(‘
h(gn---g1-x)

n——+00

ZHETOOE( %exp(z’t<k§;’A1 T Agu, x —y>> —1 )

Taking into account that the series ) y_;’Aj---"A; converges a.s. to a random
variable Z’, we have for any x, y € supp(v),

hY) inziux-y) _ D_
(A2) E(’h(x)e 1) =o.

Since the support of v is invariant by all the elements of the support of u, by
point 2 of Hypothesis 3.1, we deduce that the support of v is not contained in
an affine subspace of R4, that is, for any 1 < j <d, there exist x;, y; € supp(v),
such that the family (v;)i1<j<q = (x; — yj)1<j<a generates R?. From (A.2), we
conclude that forany 1 < j <d,

Meit(z/u,vj) —1, P-a.s.
h(x;)
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hg,{ ; = ¢'% . Denoting by 7, the distribution of Z’u, we ob-
J

tain that (Z'u, v;) € 2 +t2”Z P-a.s. and so the support of p,, is discrete. Moreover,
the measure 7,, is invariant for the Markov chain X, | ='A,+1(X}, + u) and so,

for any Borel set B of R?,

Let 6; be such that

(A.3) nM(B):E(/eRd ]lB(’Al(v—Fu))nu(dv)).

Since n, is discrete, the set Epax = {x € RY . n,({x}) = Max,cgd n,{yDH} is
nonempty and finite. Moreover, using (A.3) with B = {x} and x € Ep,x, we can
see that the image Al_lx —u belongs to Enax P-a.s. Denoting by v the barycentre
of Emax, we find that

P(tAl_lv() —u= v()) =1.

The fact that u # 0 implies that vy # 0. The latter implies that * Al_l vo=vo+u=
TAS v almost surely, which contradicts point 3 of Hypothesis 3.1.

Conditions (b), (c) and (d) of the theorem of Ionescu Tulcea and Marinescu
as stated in Chapter 3 of Norman [28] follow from points 1-3 of Lemma A.1,
respectively. It remains to show condition (a). Let (h,),>0 be a sequence in % .
satisfying ||h,]lo.e < K, for any n > 0 and some constant K and suppose that
there exists & € € (R?) such that lim,,_, 4 oo |k, — h|g = 0. For any x, y, z € R and
n>0,

|h(x) — h(y)| n |h(z)]

lx = ylEA 4+ xDA 4y (1+]z])?
(1+1x)? + (1 + |y)*
lx = yIE(+ xDA +[yD

Taking the limit as n — 400, shows that h € %5 . and ||hg < K.

The theorem of Ionescu Tulcea and Marinescu and the unicity of the one-dimen-

sional projector proved in point 1 of Lemma A.2 imply Hypothesis M2. Hypothesis

M3 is obtained easily from Lemma A.1.
Point 2 of Lemma A.2 will be used latter to prove that o> > 0.

Proof of M4. By the hypothesis o = % > 2. Consider the function N: R? —

R defined by N(x) = |x|'*¢. For any x, y € R satisfying |x| < |y|,
[N =N = A +e)lylflx —yl.
Using the fact that [N (x) — N(y)| <2|y|'T¢, we have

< |hn—h|9( +1)+[hn]e+|hn|9.

ING) = N)| < (14 &) 2 ¢ [y 0=0) |, _ ye — ¢, y)|x — yl°.

Together with |N |y < 400, this proves that the function N isin Z = % ;.
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Obviously | f(x)|'T¢ = |(u, x)|'T% < |u|'*¢(1 + N(x)). Moreover, for any & €
0%9,87

RO < hlelx (14 Ix]) + [R(0)] < 2llAllo.c (1 + N(x)
and so ||8,||# <2(1 4+ N(x)). Note that for any p € [1, o],
EYP(N(gn--- g1+ x)P)
<2 EVP (I PN ) +EVP (lgn - 1 01P0F)).

Since p(1 + €) < 2 + 24, the previous inequality proves that E}/ P(N(X,)P) <
c(1+ N(x)). Thus, we proved the first inequality of point 1 of M4.
For any [ > 1, we consider the function ¢; on R defined by

0 ifr<imTh — 1,
(A4) G =11 — (17 —1)  ifre[/m — 1,07,
1 ifr> T

Define N; on R¢ by Ni(x) = ¢i(|x])N(x). For any x € R, we have
N@x)1{n@)>1) < Ni(x) < N(x) which implies that |N;|g < [N]y < +00. More-
over, forany x, y € R4 satisfying |x| < |y|, we have

\p1(1y1) — ¢ (1x])| < min(|y| — |x], 1).
So

INi(») = Ni()| < [NTelx = yIE(1+ X ) (1 + Iy) + |x]' 8]y — xI°.

N belongs to # = %4 ., which finishes the proof of point 1 of M4.
Moreover, || Nillg.e < ||N|lg.e + 1 and, so the point 2 of M4 is also established.
Since [x|x|Pv(dx) < +o0, for any p <2+ 26, we find that

2+23v dx
s = [Ix*L 0 e < Sele )
X {lx[>11+e —1} (ITF — 1)2+26—(1+e)

Since |x| < |y|, we obtain that [N;]; < [N]. 4+ 1 < 400. Therefore, the function

Choosing 8 =« — 2 > 0, we obtain point 3 of M4.
Proof of M5. Using (2.5) and the point 4 of Hypothesis 3.1,

+o0
(A.5) M:/Rd(u,x)v(dx):<u,E<ZA1---Ak_1Bk)>:0.

k=1

Now we prove that o2 > 0. For this, suppose the contrary: o2 = 0. One can easily
check that the function f belongs to Z. Using M2 and the fact that v(f) = u =0,
we deduce that 3, - olIP" fllg.e = 2501l Q" fllg,e < 400 and therefore the series
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> o P" f converges in (4, ||-]lo.¢). We denote by ® € 4 its limit and notice that
the function © satisfies the Poisson equation: ® — PO = f.

Using the bound (2.6), we have |Z,11V:1 FOOP"f(x)| < c(1 + N(x))%. By the
Lebesgue dominated convergence theorem, from (2.5), we obtain

6% = fR FOEOM) — f(0))v(dn)
- / (©%(x) — (POY2(x))v(dx)
]Rd

- GL(d,R)xR? Rd(®(g1'x)_PQ(x))zll«(dgl)v(dx).

As 62 =0, we have O(g; - x) = PO(x), that is, (g -x) = PO(x) — PO(g; - x),
p x v-a.s. Consequently, there exists a Borel subset By of R? such that v(Bg) = 1
and for any r € R and x € By,

it(u,g1-x),itPO(g1-x) _ AitPO(x)
/GL(d,R)de © ¢ n(dg)) =e -

Since the functions in the both sides are continuous, this equality holds for every
x € supp(v). Since ® € % ., the function x > e/"POM) pelongs to Zp.¢ \ {0}.
This contradicts the point 2 of Lemma A.2 and we conclude that 0> > 0 and so M5
holds true.

APPENDIX B: PROOFS FOR COMPACT MARKOV CHAINS

In this section, we prove Proposition 3.7. For this, we show that M1-M35 hold
true with N = N; = 0, for the Markov chain (X,),>1, the function f and the
Banach space .Z(X) given in Section 3.2.

Proof of M1. Obviously the Dirac measure belongs to .Z _(X)/ and [|8, ]| #xy <
1 for any x € X. For any & € .Z(X) and ¢ € R the function ¢/’/ h belongs to .2 (X)
and

(B.1) | k| & < 1e1LfIxllRlloo + IRILz < (1110F1x + 1) 1]l 2.

Proof of M2. Let (x1, x2) and (y1, y2) be two elements of X and & € £ (X).
Since

Ph(xl,xz):/ h(x2, x") P (x2,dx"),
X

element of .Z’(X). Since [hy,]x <[h]x and |hy, |00 < ||/]loc. We obtain also that
|Ph(x1, x2) — Ph(y1, y2)| = | Phyy(x2) — Phy, (y2)|
< [Phx,lxdx(x2, y2) + [hlxdx (x2, y2)
< (IP|g—2llhlx + [A]x)dx (x2, y2),

we have ||Ph||o < ||h|loo. Denote by hy, the function z — h(x3, z), which is an
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where |P|.y— & is the norm of the operator P: .Z(X) — Z(X). Therefore, P
is a bounded operator on .Z(X) and ||P|| #—.# < (1 + |P|.#— ). Now, for any
h € Z(X), we define the function Fj, by

Fp(x2) := /;(h(xz,x/)P(xz,dx/) =Ph(x1, x2).

Notice that Fj, belongs to .Z(X) and | Fj,|.¢ < ||Ph||.#. So by Proposition 3.5, for
any n > 2, (x1,x2) € Xand h € Z(X),

P'h(x1,x2) = P Fy(x2) = v(Fp) + R Fi(x)

=v(h)e(x1,x2) + Q"h(x1, x2),
where the probability v is defined on X by

v(h):v(Fh)z/ h(x', x")P(x', dx")v(dx"),
XxX

the function e is the unit function on X, e(xy,x2) = 1, V(x1,x2) € X and Q
is the linear operator on .Z(X) defined by Qh = R(Fp) = Ph — v(h). By
Proposition 3.5, the operator Q is bounded and for any n > 1, || Q" || ¢»v <
IR" Vo, 2||P|l.y—s.o < ce™". Since v is invariant by P, one can easily verify
that ITQ = QII = 0, where I1 is the one-dimensional projector defined on .Z(X)
by I[Th = v(h)e.

Proof of M3.Forany t € R, h € £ (X) and (x1, x3) € X,

400 :n.n
P h(x1, x2) = /Xe”ﬂxz’f)h(xz, X)P(x2,dx) =)

n=0
where L, (h) =P(f"h). Since (Z(X), ||-|l.») is a Banach algebra, it follows that
L, is a bounded operator on £ (X) and || L,[l.v— .2 < P[22l f]I",. Conse-
quently, the application ¢ — P, is analytic on R and so, by the analytic perturbation
theory of linear operators (see [26]), there exists &g > O such that, for any |7| <k,

P! =TI, + Q.
where A; is an eigenvalue of P;, I1; is the projector on the one-dimensional
eigenspace of A; and Q; is an operator of spectral radius r(Q;) < |X;| such that

I1; Q; = Q,I1; = 0. The functions ¢ +— A;, t — I1; and ¢t — Q; are analytic on
[—«, «]. Furthermore, for any & € Z(X) and (x1, x3) € X,

/ eitf(xz,x/)h(xz,x/)P(xz,dx/) < Inlloo
X

, Ly (h)(x1,x2),
n'

[Prhl(x1, x2) =

and necessarily |A;| < 1, for any |¢| < k. Consequently,
sup [P, <.
[t|<k,n>1
Proof of M4 and MS5. Since for any x € X, | f(x)| < | fl|oo and [|8x]| #zxy <1,
we can choose N =0 and N; =0 for any / > 1 and Hypothesis M4 is obviously
satisfied.
Finally, Hypothesis 3.6 ensures that M5 holds true.
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