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We augment standard branching Brownian motion by adding a compet-
itive interaction between nearby particles. Informally, when particles are in
competition, the local resources are insufficient to cover the energetic cost
of motion, so the particles’ masses decay. In standard BBM, we may define
the front displacement at time ¢ as the greatest distance of a particle from
the origin. For the model with masses, it makes sense to instead define the
front displacement as the distance at which the local mass density drops from
®(1) to o(1). We show that one can find arbitrarily large times ¢ for which
this occurs at a distance @(tl/ 3) behind the front displacement for standard
BBM.

1. Introduction. In this work, we propose a mathematical model of com-
petition for resources within a single species, in a growing, spatially structured
population, and provide an initial study of the front location in this new setting.
The model is essentially standard one-dimensional branching Brownian motion
(BBM), augmented with a destructive, local interaction between particles. We first
briefly recall BBM: start from a single particle at a point in R, endowed with
an Exp(1) “branching clock.” The particle moves according to Brownian motion;
when its clock rings, it splits in two (branches). The new particles receive inde-
pendent Exp(1) clocks, and move independently (according to Brownian motion)
starting from where the first particle splits, until their own clocks ring and they in
turn split, et cetera.

Write n(¢) for the total number of particles at time ¢, and X(¢) = (X;(¢), 1 <
i <n(t)) for the locations of such particles. We assume the particles are listed in
a way that makes the vector X(¢) exchangeable; one possible formalism is via the
Ulam—Harris tree, with particles listed lexicographically according to their label
in the tree. We refer the reader to [9] for more details on such matters; but many
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different references are possible. We also write N (¢, x) = {i : X;(t) > x} for the
indices of particles with position greater than x at time ¢.

We sometimes write (X;(¢),7 > 1), ignoring the fact that X(¢) has finite length,
for convenience. We adopt the convention that Xy () = 9 for k > n(t) (so 9 is
where new babies come from). We refer to “the particle X;(¢)” as shorthand for
“the particle with position X;(¢) at time #”; this is unambiguous at Leb-a.e. time 7.
We write P for the probability measure under which (X(¢), ¢ > 0) has the law of
one-dimensional BBM with initial individual at 0, E for the corresponding expec-
tation, and (F;, t > 0) for the filtration generated by the process.

We write (X;;(s),0 <s <t) for the ancestral path leading to X;(¢). Also, let
Jji.:(s) be the index of X;;(s) among the time-s population, so that X;,(s) =
Xjis()(8)-

We now add destructive interaction as follows. Informally, imagine that the par-
ticles are, say, amoeba. Motion has an energetic cost, but for a single particle in
isolation, this cost is exactly accounted for by the resources available in the en-
vironment. When particles are nearby, however—at distance less than one, say—
they must share resources; in this case individuals do not consume enough to meet
their energy expenditure, and their mass decreases. Finally, larger (more massive)
individuals consume resources at a greater rate.

Formally, we define a vector M(¢) = (M;(t),i > 0), and call M;(¢) the mass of
particle X;(¢). By convention, if X;(¢) = d then M;(t) = 0. Write

ot x) = > M;(s)

{i:1X (1)—x]€(0,1)}

for the total mass of particles within distance one of x at time ¢, excluding any
particles at position x. Then at time 7, M;(¢) decays at rate ¢ (¢, X;(¢)). In other
words, dM;(t) = —M;(t) - ¢(t, X;(t))dt, so

t
M,-(t):exp(—fo {(s,X,-,,(s))ds).

This should be viewed as defining (M(), t > 0) to be the solution of a system of
differential equations; the definition makes sense since the system has a unique
solution P-almost surely. Furthermore, the process (M(¢),t > 0) is clearly F;-
adapted. We write M;,(s) for the mass of the ancestor of X;(¢) at time s [so
M;(s) = Mj ,(5(s)].

Note that along any given trajectory, mass decreases: (M;(s),0 <s <t) is
decreasing in s for each 1 <i < n(¢). Mass enters the system through branching
events, since each “child particle” inherits the mass of its parent. This is obviously
physically unrealistic in some settings (e.g., for amoebae) but may be more realistic
in others (e.g., in nuclear physics).

Rather than viewing M; (¢) as a mass, a perspective suggested by a referee is to
view (M; ;(s),0 <s <t) as recording information about the local density of the
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environment observed along the ancestral trajectory of the particle X;(¢). The in-
teraction between the dynamics of X(¢#) and M(¢) makes this point of view slightly
complicated to interpret, but here is one possibility. Imagine adding destructive in-
teraction to a BBM, as follows: whenever two different particles are at distance
less than 1, each kills the other at rate one. Record such a killing event as a mark
at the appropriate location of the BBM family tree. Particles with a mark on their
ancestral trajectory are ghosts, which continue to move and reproduce as before,
but can no longer kill other particles. Given the BBM but not the marks, one may
ask for the conditional survival probabilities p;(¢t) = P{X;(¢) is alive |F;} of the
particles. The vector M(¢) is a “linearized” version of the vector of these survival
probabilities.

1.1. Main result. Write
d(t,m) =min{x > 0:¢(t,x) <m}, D(t,m) = max{x : £ (¢, x) > m},

for the leftmost (positive) location at which the total mass of nearby particles falls
below m, and the rightmost location at which it exceeds m, respectively. We prove
the following theorem.

THEOREM 1.1.  Write ¢* = 3*372/3/27/6 Then almost surely, for all m < 1,

2t —d(t, o 2t — D(t,
w 2 C* and llmlnfw < C*.
t1/3 1—00

lim sup 173 <

t—00

A well-known result of Bramson [4] states that the location of the rightmost

particle, max;>1 X; (¢), has median med(¢) satisfying
med(r) = /2t — ;Tlogt +0(1).

Furthermore, it turns out [11] that | max;>; X;(#) — med(¢)| is almost surely
O(logt), in that limsup,_, ., | max;>1 X;(¢) — med(¢)|/logt is a.s. finite. In view
of this, the theorem states that (1) there are arbitrarily large times ¢ at which the
first low-density region lags at least distance c*!/3 4 o(¢!/3) behind the rightmost
particle, and (2) there are also (potentially different) arbitrarily large times ¢ at
which there is some high-density region within distance ¢*¢'/3 + o(¢!/3) of the
rightmost particle.

We believe that in fact almost surely, for all m < 1,

. N2t—dit,m) , . N2t—D(t,m)
lim — 5 =C¢ = lim — 5
t—00 t t—00 t

If this is correct, then the front could equivalently be defined as, for example,
amedian of D(z, m) or d(t, m)—or any other fixed quantile of one of these random
variables. We provide some justification for our belief in Section 6. That section
also contains a few open questions about the model and a discussion of various
generalizations of our results (some straightforward, some conjectural), as well as
describing variants of the model which have thus far resisted analysis.
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2. Proof sketch. Here comes an outline of the key tools in our argument. The
first is technical but important and also, we believe, provides important intuition
when making heuristic predictions about the behaviour of the process. The remain-
der gives a fairly detailed overview of the proof.

Density self-correction. It is not hard to see that when ¢ (¢, x) is small (much
less than one), and this also holds in a region around x, then ¢ (¢, -) will exhibit
exponential growth near x, at least for a short time. Indeed, we heuristically have

d
EC(LX)Q‘J@-(I’X)_ Z Mi(t)'((f, Xl(t))

{i:1X; (1) —x]€(0.1)}

This is not exactly correct since it ignores the effect of motion (particles may enter
or leave the region near x), but it is a useful first approximation. In particular, it
suggests that if ¢ (¢, y) is small (much less than one) for all y with |y — x| < 1,
then ¢ (z, -) will exhibit exponential growth near x, at least for a short time. This
is indeed true; one important consequence is that if £ (¢, x) = ¢ and ¢ (¢, -) is not
too wild then it is very likely that ¢ (¢, x) = ®(1) for some t' =1 + @ (log(1/¢)).
Similarly, when ¢ (¢, y) is much larger than 1 for y near x then ¢ (¢, x) will decrease
exponentially quickly. We use the self-correcting nature of the density in several
places throughout the paper.

As an aside, we remark that if ¢ (¢, y) ~ ¢ (¢, x) for |y — x| < 1 then the above
heuristic gives %;(t, x)=~¢(t,x)(1 —¢(t, x)), which is suggestive of the logistic
control; we briefly revisit this connection in the conclusion.

Population + no competitors = mass. Fix B > 0 and suppose that for some
function f :[0,00) — R, for all s € [0,7], D(s, ) < f(s), or in other words
C(s,x) < B for all x > f(s). In this case, particles that stay ahead of the mov-
ing barrier f are in a relatively sparse environment, so do not lose mass too
quickly. More precisely, if X;(¢) satisfies X;(s) > f(s) for all s € [0, ¢] then
M;(t) > e~ Pt follows that for any x > f(¢) + 1,

c(t,x)>e P #{i | X (1) — x| < 1,Vs €[0,1], Xi((s) > f(s)}.

For such x, if #{i : |X;(#) — x| < 1,V¥s € [0,¢], X, ;(s) > f(s)} > ,Beﬂ’ then
¢(t, x) > B, contradicting the assumption that D(z, 8) < f(t).

Surfing the wave. To exploit the above contradiction, we require that with high
probability there are many particles staying ahead of some barrier. Such results
are available: it follows fairly straightforwardly from recent studies of consistent
maximal displacement for BBM [17] that for ¢ > ¢*, for all large times ¢ there are
PG particles at time ¢ which have stayed ahead of the curve f(s) = +/2s —
cs'/3. This allows us to take B = t—1 above and obtain that there is s € [0, ] and
x > f(s) such that ¢ (s, x) > t~1. Since the local density grows exponentially in
regions with small density, we will with high probability find s” with ¢(s’, x) >
b>0and s’ —s = 0(ogt). Since x > f(s) > f(s") — O(logt), it follows that
D(s',b) > /25’ — c(s)'/3 — O(log1).
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The lower bound is practically complete, but we must rule out the possibility
that s' = O(1) for all . To do so, we first establish that

max{¢ (¢, x), x € R}
up
10 log(r +2)
Proving this is harder than might be expected; its proof, given in Section 4, occu-
pies 8 pages and is perhaps the most technically challenging part of the paper.

Once we prove that Z < oo, we then reprise the above argument, but with a
variable mass bound

=7 < almost surely.

Zlog(s + 2), fors§t1/4,
p=pls)= 1, forse(tl/4,t].
The loss of mass before time #'/# is insignificant compared with that which fol-
lows, so essentially the same argument as above yields that there is s € [0, ¢] and
x > f(s) such that ¢(s,x) > B(s). On the other hand, this cannot happen for
s < t'/4 by the definition of Z, so it must happen later. This is enough to con-
clude the lower bound. The details of this argument appear in Section 5.

Competition implies decay. For the upper bound, given in Section 3 (with some
technical lemmas deferred to an Appendix), we invert the above argument by con-
tradiction. In brief: if all particles to the right of a given curve have spent large
amounts of time in high-mass environments, then all such individuals will have
very low mass; if furthermore there are not many of them, then their total mass is
also small.

More precisely, suppose that for some ¢’ € (0,¢) and some function g :
[0, 00) — R, for all s € [¢/, 1], we have d(s,m) > g(s) + 1, so ¢(s,x) > m for
all x with x € (0, g(s)). Then for all i,

M;(t) <exp(—m -Leb({s € [t', 1] : | Xi:(s)]| € (0, g(s))})).
Thus, if all particles with X;(r) > g(¢r) have Leb({s € [t',t] : |X;/(s)| €
(0, g(s))}) > ¢ then for all x > g(¢) + 1, recalling the notation N (¢, x) from the
Introduction,

c(t,x) <e ™ |N(t, g(0)).

If NG, g(t))| < me™¢ this is in contradiction with the assumption that d (¢, m) >
g)+1.

Whitecaps are just foam. Once again using estimates related to consistent max-
imal displacement for BBM, we show that for ¢ < ¢*, with g(s) = V2s —cs'/3,
for C > 0, with high probability every particle with X; () > g(¢) indeed spends at
least a time Ct'/3 behind the curve g. This is the content of Proposition 3.2.

Under the assumption that d (s, m) > g(s) + 1 forall s € [Ct1/3/2, t], it follows
that the particles counted by N(z, g(¢)) are as insubstantial as sea spray; for all
x>g)+1,

C(t,x) < e—mCt/2 #i X)) —x| <1} < e—mCt'2, IN (2, g(1))].
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Standard and simple arguments for BBM show that [N (¢, g(¢))| = 0 with
high probability, so we obtain a contradiction for large ¢ if C is sufficiently large.
It follows that with high probability there is s € [Ct!/3/2, ] such that d(s, m) <
g(s)+ 1.

Consistent maximal displacement. We conclude the sketch with a brief expla-
nation of why the threshold for consistent maximal displacement is at distance
©(t'/3) from the front. We restrict ourselves to consideration of the first moment.
We begin with a simple bound on the probability Brownian motion stays in a nar-
row tube. Write P, for the probability measure under which (B(¢),t > 0) is a
Brownian motion started at x, and let P = Py. Note that

B()| <1/2}=p>0.

xlfnlf/ZPx{igﬂB(S){ <1,

By the Markov property, for any ¢ > 0 we then have P{Vs < ¢, |B(s)| < 1} > p*l.
Also,

|iTlflPx{inf{s (|Bs)|>1} <1} =g >0,
x|<

so again by the Markov property,
P{Vs <t,|B(s)| <1} < (1 — )"

Combining these bounds gives that P{Vs <t, |B(s)| < 1} = e~ ©®,

Now fix C >0andlet S={i <n(t): Vs <1,|X;:(s) — x/isl < C}. This im-
poses that particles stay both above a lower envelope and below an upper enve-
lope, but the upper bound has little probability cost since the front stays behind
v/2s + O(1) with high probability. Thus, the threshold for consistent maximal dis-
placement should be near the smallest value of C which makes S nonempty.

By the many-to-one lemma,

E[S| = ¢'P{Vs <t,|B(s) — v/2s| < C},

where B is a Brownian motion. By a Girsanov transform,

B(s) — v2s| < C}

P{vs <1,

—E[¢'V2BOTI 1y myi<ci]
= ¢~ HV2CHOplys <t |B(s)| < C).

By Brownian scaling, the last probability is P{Vs < 1/C?, |B(s)| < 1} = e=0/C),
We obtain that E|S| = eV2C+0(O)=0(t/C?) Thus, E|S| becomes large when C is of
order 173

Definitions. We sometimes need to consider the evolution of a subset of the par-
ticles starting at a time greater than zero, so it is useful to allow initial conditions
other than a single mass-one particle at the origin. Generally, for x = (x1, ..., x¢) €



3758 L. ADDARIO-BERRY AND S. PENINGTON

R¥ and m = (my,...,my) € (0, oo)k , we write Py i for the probability measure
corresponding to an initial condition with a particle of mass m; at location x; for
each 1 <i < k. We write P = P(q) (1) for the default initial condition. When per-
forming computations with non-branching Brownian motion, we also write P,
for the probability measure under which the Brownian motion has initial position
x € R, and let P = Py. The slight overlap in notation should cause no confusion
when reading.

We say a random variable X is geometric with parameter p, or is Geom(p)-
distributed, if P{X =k} = (1 — p)*~! p for positive integer .

3. Upper bound. Recall from the Introduction that ¢* = 3%/372/32=7/6_ The
next proposition is a restatement of the upper bound from Theorem 1.1.

PROPOSITION 3.1. For any m > 0, almost surely

htrgsup — i3 > ¢*,
o0

For the remainder of the section, we fix ¢ € (0, ¢*) and let g(s) = V2s —es1/3
for s > 0. The following is the key step of the proof.

PROPOSITION 3.2 (“No one can surf g”). For any C > 0, there exists § =
8(c, C) > 0 such that for t sufficiently large

P{3i <n(r):Leb([s <t:X:,(s) < g(s)}) < Ct'/3} < o811

The proof of Proposition 3.2 will take up most of this section, but we now give
a brief justification of the result, and then show how it is used to prove Proposi-
tion 3.1. By the method used in [12] for studying branching random walks, for ¢
sufficiently small that ¢ + ¢ < ¢*, there exists § > 0 such that

P{Hl S n(t) s.t. Xi,t(s) Z \/Es _ (C + 8)S1/3 Vs S [} S €_5l1/3'

For our fixed ¢, we shall choose a small constant 8 = B(c) > 0 and let b(s) =

V2s — c(s + ,Bt)1/3 for s € [0, ¢]. Then by adapting the method used in [12], one

may show that since ¢ < ¢*, if 8 is sufficiently small then for any constant K,
P{3i <n(t) s.t. Xii(s) > b(s) — Kt'/O s <1} <"

for some § > 0.

Now fix K > 0 large. For large ¢, the function b is approximately linear on
intervals of length C¢!/3. This will allow us to use Brownian scaling to show that
if particle i only spends time Ct!/3 time below b, then it has conditional probability
at least 1/2 of staying above b — K¢/, so the probability such an i exists is also

O(e—‘”m). Since b < g, this gives us Proposition 3.2.
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Before giving the details of this argument, we prove Proposition 3.1 assuming
Proposition 3.2.

PROOF OF PROPOSITION 3.1. We continue to write g(s) = V2s —es1/3, for
fixed ¢ € (0, ¢*) as above. Fix m > 0, let C = 44/2c(1+m™"), and let § = §(c, C)
be as defined in Proposition 3.2. It suffices to show that, as t — oo,

(1) P{3s e [Ct'3/2,t]:d(s,m) < g(s) + 1} — 1.
Next, fix ¢ large. Recalling the notation N (¢, x) = {i <n(t) : X;(t) > x}, let
Ay ={i e N(t,g(t)) : Leb({s <t : X; (s) <g(s)}) < Ct'/3}
and
Ay={i e N(t,g(t)):3s € [Ct'? /2, 1] s.t. X, ,(s) < O}.

Also, let E be the event that d(s,m) > g(s) + 1 for all s € [Ct1/3/2, t). On the
event E,ifi e N(t,g(¢t)) andi ¢ A; U A; then

M;(t) <exp(—mLeb(|Ct'3/2 < s <t: X;,(s) € (0, g(5))}))
<exp(—mCt'/32).
Since all masses are at most 1, it follows that on E,

Y Mi(t) < |A1 U Ay| +exp(—mCt'3/2) [N (2, g(1))].
ieN(1,g(1)

Also, forall y > g(t) + 1 we have £ (¢, y) < ZieN(,’g(t)) M;(t); we thus have
P{Vs € [Ct'/3/2,1],d(s,m) > g(s) + 1}
=Pld(t,m)>g(t)+ 1, E}
@ §P{ > M,~(t)>m,E}
ieN(1,g(1)
<P{A]UAy# 3} +P{|N(t, g(t))| > mexp(mCt'/3 /2)}.

By Proposition 3.2, for ¢ sufficiently large, P{A; # @} < exp(—8¢!/3). Next, by
the many-to-one lemma, for B a Brownian motion, we have

P{As # @) <E|Ay| = 'P{B(1) = V2t — c1'/3, 35 € [C1'/3/2,1] : B(s) <0}.
Applying a Girsanov transform, it follows that

TRt —V2(B(t)++/21)
P{A; # o) <'E[e l[B(t)z—ct'/3,Else[Ct1/3/2,t]:B(s)§—ﬁs]]

< eﬁ”]/sP{B(t) > —ct!3,35 € [C11/3)/2,1] : B(s) < —V/2s).
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Now partitioning according to the first interval [, j + 1] in which B(s) < —+/2s,

L]
P3se[Cr'P/2,1]: By =—vV2s) < Y Pl swp B> v2j)

j=LCt1/3 /2] se€lj,j+1]

< LZ”: P{ sup B(s)zx/ij}

j=lCt1Bpp)  SSiH]

11]
=2 Y P{B(+1=v2j}

j=LCt13)2)

2]
<2 Y exp(—j*/G+D)

j=Lci'3 2
<2exp(—Ct'/3/3),

where the equality in the third line follows by the reflection principle, and the final
inequality holds for 7 sufficiently large. Since C > 4+/2c, it follows that

P{A; £ o) < V21 P0p=C1'P13 < 9 =V2et' 3,
Finally, by another Girsanov transform,
P(IN (. 80))| > x} <x BN (. sO)]] = BP0 1]
<y lpV2et'P
Combining the bounds on P{A| # &}, P{A, # &}, and P{|N(¢, g(t))| > x}
with (2), we obtain that
P{Vs € [Ct'/3/2,1],d(s,m) > g(s) + 1}

_s41/3 _ 1/3 _ _ 1/3
<e e L e V2et 3 1m 1e(f2c mC/it?

which tends to 0 as # — oo since C > 2+/2cm ™. This establishes (1) and com-
pletes the proof. [J

For the rest of this section, we work towards the proof of Proposition 3.2. Fig-
ure 1 should help in interpreting the statements of the next two lemmas. Recall that
we fixed ¢ < c¢*.

LEMMA 3.3. There exists B > 0 such that for b(s) = V2s — c(s + ,3t)1/3
and for K > 0, t > 0 both sufficiently large, there exists a function A :[0,t] —
[t1/4, Kt13] with A(r) < KtY/* and with |A'(s)| < 1 for all s € [0, t], such that
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b(s) + A(s)

\ /ubu + )
\

=25 —c(s + )3

Ktl/ﬁ

time
—»

F1G. 1. For fixed u and x, Lemma 3.3 bounds the probability that the Brownian motion stays
between the upper and lower curves until time u and has final position on the vertical line segment.
Lemma 3.4 compares (a) the probability that a Brownian motion stays below the upper curve until
time t and spends very little time below the middle curve, with (b) the probability that the Brownian
motion stays between the upper and lower curves until time t.

for all u € 10,t] and all x € [—Kt!/®, A(u)), for (B(s))s>0 a Brownian motion
started at 0,

P{b(s) — K1'/% < B(s) < b(s) + A(s) Vs < u, B(u) > b(u) + x}
(3)
<exp(—u —t'3/K +V2(A) —x)).

We prove Lemma 3.3 by appealing to technical lemmas from [17], which bound
the probability that a Brownian motion stays in a narrow tube of variable width. In
order to verify that the results of [17] apply for some function A with the above
properties, we adapt a technique from [12]. In [12], the existence of a function
analogous to A is constructed as the solution of a certain integral equation. We
defer the details of the proof to Appendix A.

From this point on, we let 8 > 0 and b(s) be as in Lemma 3.3. We assume
that 7 is sufficiently large that b is increasing on [0, 00). We now show that if K
is sufficiently large, a Brownian motion which spends at most Ct'/3 time before
time ¢ below the curve b has a conditional probability of at least 1/2 of staying
above the curve b — K/ up to time 7.

LEMMA 3.4. Let (B(s))s>0 be a Brownian motion started at 0. Then given
C > 0, there is a constant K (C) > 0 such that for t sufficiently large, and any
measurable function A : [0, t] — (0, 00),

P{B(s) < b(s) + A(s) Vs <1,Leb({s <t: B(s) < b(s)}) < Ct'/?}
<2P{b(s) — K15 < B(s) < b(s) + A(s) Vs <t}.
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In proving Lemma 3.4, we will use the following auxiliary result.

LEMMA 3.5. Fix nonnegative real numbers (t;,i > 1). For each i > 1, let
(Xi(u),0 <u <t) be either a Brownian meander or a Brownian excursion of
length t;. Then writing T =} ;> t;, for x > 8T 1/2 we have

)
P{maxmaxXi(u) zx} < e ¥ /3°T,
i>1 ust

The proof of Lemma 3.5 is deferred to the Appendix.

PROOF OF LEMMA 3.4. Write
E ={B(s) <b(s) + A(s) Vs < t},
A ={B(s) = b(s) — Kt'/° Vs <1},
Ay = {Leb({s <t : B(s) < b(s)}) < Ct'/3}.

To prove the lemma, it suffices to show that provided K = K (C) is sufficiently
large, P{A{|A> N E} < 1/2, since

P{AINE}>=P{AINA;NE}=P{A; N E}(l —P{A§|A2 N E})

Fix L € (Ct'/3,2Ct'/3] so that n :=t/L is integer; this is possible for  large
enough. Then, foreach 0 <i <n —2letb; :[iL, (i +2)L] — R be defined by

4) bi$) =L+ (b +2)L) — bGL) ~ 1.

By the mean value theorem, for some sy, so € [i L, (i +2)L],
b(iL) + S2—Ll(b((i +2)L) — b L)) = b(s) + (s — iL)(b'(s2) — b (51))

<b(s)+Q@2L)?*> sup |p(r)|
reliL,(i+2)L]

2L\ 2c
<b(s)+(2L) 91 +iL)P

32cC?
Sb(S)—i_W’

which is less than b(s) 4 1 for ¢ sufficiently large. It follows that for ¢ sufficiently
large, b; < b on the interval [i L, (i +2)L], foralli <n — 2.

Next, fori <n —2let g; =inf{s >iL : B(s) > b;(s)}. Also, fori <n — 2 let
di =sup{s < (i +2)L: B(s) > b;(s)}, and let d,,_» = t. Then write

Ui ={s €lgi,dil: B(s) <bi(s)}.
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bi((i+2)L)

B((i +2)L)

bs(iL)
B(iL)

Fi1G. 2. An illustration of U; for a Brownian motion B. The straight line shows
b; :[iL, (i 4+ 2)L] — R. For times in U; the path of B is bold, and during [iL, (i + 2)L]\ U; it
is grey. The final bold, grey meander is in U; if and only ifi =n — 2.

For i < n — 2, this is the set of times when B is performing an excursion below b;
which starts at or after time i L and ends at or before time (i +2)L. Fori =n — 2,
we have (i +2)L =t, and in this case we include a final excursion below b; which
does not end before time ¢ if it starts at or after time i L. The set I{f; is a union
of closed intervals, which we enumerate as {[/; ;,r; j], j > 1} according to a fixed
rule (in decreasing order of size, say). See Figure 2 for an illustration of ;.

For all i <n — 2, conditional on U;, for each j > 1 the function

() (bilij+s)—B(li,j+5),0<s<ri;j—1j)

is a Brownian excursion of length r; ; —[; j. The case i =n — 2 is very slightly
different, and we now describe it; for the remainder of the paragraph seti =n — 2.
If B(t) > b,_»(¢) then there is no change. However, if B(t) < b,_>(¢) then there
there is a unique integer j > 1 with [l; ;, r; j] with r; ; =; for this j the process
described by (5) is a Brownian meander of length r; ; — [; ;; for all other j the
process is a Brownian excursion. All this is true even if we additionally condition
on A N E, since letting U = (J; <,,_» Uk, the occurrence of the event A; N E is
determined by Leb({/) and B||o, ,]\_u. By Lemma 3.5, it follows that

P[ sup (bi(s) — B(s)) > x|U;, A2 N E]
seU;

(6) =Plsup sup (bi(s) — B(s)) = x|th, A2 N E}

j=1sell; j.ri ]

2

x
< T 29T ah(7/.) 1 . .
_exp( 32Leb(Z/{l~)>+ [x2 <64 Leb@)]
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We next analyze the event A N A;. Note that b; + 1 is the linear interpolation of b
on the interval [i L, (i +2)L]. Since b is convex, it follows that b < b; + 1 on this
interval.

If A{ occurs, then there is s < ¢ such that B(s) < b(s) — Kt1/6. For such s, for
any i with s € [iL, (i + 2)L], the preceding paragraph then implies that B(s) <
b(s) — Kt'/6 < b;(s) — (Kt'/0 = 1).

Next, suppose A, occurs, and suppose s < t is such that B(s) < b(s) — K t1/6,
Then s is in an excursion of B(s) below b(s). Temporarily write [g, d] for the time
interval during which this excursion takes place. Since A, occurs, [g, min(d, t)]
has length at most Ct'3sois strictly contained within in an interval [i L, (i +2)L]
for some i <n — 2. Since s € [g, min(d, t)] and B(g) = b(g) > b;(g) and either
d>tor B(d)=>b(d) > b;(d)but B(s) < b;(s), it follows that s € U{;. On the other
hand, if s € U; then B(s) < b;(s) < b(s). Since each point s lies in at most three
distinct sets Uf;, on A> we have

Y Leb@) <3Ct'/>.
i<n—2

Finally, suppose A{ N Az occurs. Then the observations of the preceding three
paragraphs imply that there exists i <n — 2 and s € U; such that B(s) < b;(s) —
(K116 — 1) < b;(s) — Kt'/%/2, the last inequality holding for ¢ large. Combined
with (6), this yields

P{AS|A2 N E)

51){ sup sup (bi(s) — B(s)) = Kt'/°/2, }° Leb(L{,-)§3Ctl/3|AzﬂE}

ifn—ZSGU,‘ i<n-2
n—2
= s Y Plsup(io) — Bs) = K2
wtetity o <3CH3 =y S
u;>0
Leb(U;) =u;, A2 N E}
n—2
< s Y (KA 128u),
w2 <3CH3 2

u; >0

the last bound holding provided that K2 > 768C so that (Kt'/¢/2)? > 64(3Ct'/3).
Finally, letting x = K2t1/3/64, the function f(a) = e_x/“l[a>o] 1S convex
for a € [0,x/2], and f(0) = 0, so if K? > 768C then for each i, fup) <
(ui/ > ur) fO_ug). Hence,

P{AS|A N E} < K73%C _ =2 110,

as required. [l
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We next state a variant of Lemma 3.4 which is proved in a similar way.

LEMMA 3.6. Let (B(s))s=0 be a Brownian motion started at 0. Then given
C > 0, there is a constant K = K (C) such that for t sufficiently large, and any
measurable function A : [0,t] — (0,00), u <t and z € [b(u), b(u) + A(u)), we
have

P{B(s) < b(s) + A(s) Vs <u,Leb({s <u: B(s) <b(s)}) < Ct'/3, Bu) > z}
<2P{b(s) — Kt'/% < B(s) < b(s) + A(s) Vs <u, B(u) > z}
and
P{B(s) <b(s) + A(s) Vs <u,Leb({s <u: B(s) < b(s)}) < Ct'/3}
<2P{b(s) — K19 < B(s) < b(s) + A(s) Vs <u}.
PROOF. These bounds are proved in the same way as Lemma 3.4, by only
considering the times ({{;); when B is performing an excursion below b; on the

interval [0, u], and using that z > b(u), conditioning on B(u) > z does not affect
the distribution of B on (I;); given (U;);. We omit the details. [J

We are now in a position to complete the proof of Proposition 3.2, using Lem-
mas 3.3, 3.4 and 3.6. In the proof, we write, for example, Leb(s <7 : X; ;(s) <
g(s)) instead of Leb({s <7 : X; ;(s) < g(s)}), to lighten the notation.

PROOF OF PROPOSITION 3.2. Choose § such that Lemma 3.3 applies, and
recall that b(s) = v/2s — c(s + B1)'/3 < g(s) Vs > 0. Then
P{3i <n(t) s.t. Leb(s <1: X;,(s) < g(s)) < Cr'/3)
<P{3i <n(r)st. Leb(s <1: X;,(s) <b(s)) < Ct'/3}.
We shall prove that
7 P{3i <n(r) :Leb(s <1: Xi.(s) <b(s)) < Ct'3} <"

for some & > 0 for ¢ sufficiently large, which establishes the proposition. Take K
and ¢ sufficiently large that Lemmas 3.3, 3.4 and 3.6 hold. Then let A : [0, t] —
[t'/4, Kt'/3] be as in Lemma 3.3, and in particular satisfying that A(t) < K¢'/4
and |A'(s)| <1 forall s € [0, 7].

Since |A/(s)| < 1forall s € [0, ], infyepj j4+11 A(u) > A(j) — 1 for j €[0, 1 —
1]. Hence, if for some i <n(j + 1), X; j4+1(s) = b(s) + A(s) for some s € [/, j +
1], then since b is increasing,

3) Xij+1() =b(j)+ inf Au) =b(j)+ A@) — 1.
uelj,j+11
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Using (8), and partitioning the event {3i < n(t) : Leb(s <1 : X;(s) < b(s)) <
Ctl/3} according to the interval [j, j 4 1] in which X; ;(s) first exceeds b+ A, we
have that
P{3i <n(r):Leb(s <1: X;,(s) <b(s)) < Ct'/3)
<P{3i <n@): Xi(s) <b(s)+ A(s) Vs <t,
Leb(s <1: X;,(s) <b(s)) < Ct'/3}

11)
+ ZP{EIi <n(+1): X j11(s) < b(s) + A(s) Vs < j,
j=0

Leb(s < j: Xi j1+1(s) <b(s)) < Ct'/?,

sup  Xi j+1(5) = b(j) + AG) — 1
selj,j+1]

<e'P{B(s) <b(s) + A(s) Vs <t,
Leb(s <1 : B(s) < b(s)) < Ct'/3}

11]

+ Ze/HP{B(s) <b(s)+ A(s) Vs < J,
j=0

Leb(s < j : B(s) <b(s)) < Ct'/3,

sup  B(s) = b(j) + AG) — 1,
selj,j+1]
where B is a Brownian motion and the last inequality follows by Markov’s in-
equality and the many-to-one lemma. Temporarily write E; for the event that
B(s) < b(s) + A(s) for all s < j. By partitioning according to the value of B(j),
we further have

P{Ej, Leb(s < j : B(s) <b(s)) < Ct'/?, swp B(s) > b(j) + A(j) — 1}
NS JsJ

<PlEj Lebls = /B b)) = 12, B 2 () + A0) - 317}

1

—I—P{sup B(u) > §t1/4 —~ 1}P{E,~,Leb(s <j:B(s) <b(s)) < Ct'/3).
[0,1]

By the reflection principle, for N a standard normal random variable,

1/2

1 1
P{sup B(u) > —t'/* — 1} < 2P{N > /4 1} <2e 5!
[0,1] 2 2
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for ¢ sufficiently large. Since A(j) — %tl/ 4

and 3.6 to conclude that

> 0, we can now apply Lemmas 3.4

P{3i <n(r):Leb(s <1: X, ,(s) <b(s)) < Ct'/3}
<2e'P{b(s) — Kt/ < B(s) < b(s) + A(s) Vs <1}

L7]
9) +2) e/t (P{b(s) — Kt'7% < B(s) <b(s) + A(s) Vs < j,
j=0

1
B(j) = b(j) + AGj) — ?”4}

+2¢79" " P{b(s) — K1'/6 < B(s) < b(s) + A(s) Vs < ”)'

We can now apply Lemma 3.3 to each term. First, by Lemma 3.3 applied with
u=tand x = —Kt/%, since A(r) < Kt'/4,

Plb(s) — Kt'/® < B(s) < b(s) + A(s) Vs <1}
<exp(—1 — '3 /K + V2K (/4 4 £1/5)).

By Lemma 3.3 applied with u = j and x = A(j) — %tl/“,
1
P{b(s) — Kt'8 < B(s) <b(s) + A(s) Vs < j, B(j) = b(j) + A(j) — §t1/4}

1
< exp(—j —t1/3/K +\/§§t1/4>.

Finally, by Lemma 3.3 applied with u = j and x = —K!/6, since A(j) < Kt'/3,
P{b(s) — K18 < B(s) < b(s) + A(s) Vs < j}
<exp(—j —t'3/K + V2K (t'3 4 11/9)).
Putting everything together in (9),
P{3i <n(r):Leb(s <1: X, ,(s) <b(s)) < Ct'/3}
<2exp(—t'"/K + V2K (t'/* 4 11/9))

L7]
1
t2e ), (exp(—fl/3/1< + «/%tl/“) +2exp(—'2/9 + 0(;1/3))>
j=0

1/3
ie—ét/

for some § > O for ¢ sufficiently large, which proves (7). [
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4. The greatest overall particle density. Before moving to the lower bound,
we first prove logarithmic upper bounds on how the greatest particle density grows
over time; these are needed to ensure that particle masses cannot decay too quickly.
This may seem contradictory, but the point is that a particle may a priori quickly
lose a large amount of mass if it finds itself in an extremely dense environment.
The next proposition rules this out.

PROPOSITION 4.1. Let Z =2 - 108; then for all s sufficiently large,

P{sup|{¢(t,x):0<t<s,x eR} > Zlogs} <s™*.

Proving Proposition 4.1 turns out to be a fair amount of work. In order that the
idea is not obscured by detail, however, we set up the heart of the argument right
away.

Let z(7, x) = 3_(i1x, (1)—x| <1/2) Mi (). The differences between z and ¢ are that
z only counts mass within distance 1/2 of x, and does not ignore the mass of
particles at x (should there be any).

Let z(¢z) = sup, z(¢, x), and define a sequence (t;,i > 0) of stopping times
as follows. Fix s large and for the remainder of the section write N = N(s) =
107 logs. Let to = inf{¢ : z(r) > N — 1}, and for k > O let 7441 = inf{t > 7 +
10°/N :z(t) > N — 1}. Then tx > 10°k/N, so with I = I (s) = inf{k : 7z > s}, we
have I < [Ns/10°] and

sup{z(1),t < s} <sup{z(?),t < 17}.

Notice that the sequence of stopping times “ignores” small time intervals
[k, Tk + 107 /N]. However, in any time interval [ty + 10° /N, Tx+1), the function
z nowhere exceeds N by the definition of the stopping time tx41. We thus have

(10)  sup{z(r),t <s} <sup{z(®).t <17} < max(N, sup sup Z(l)).
k<Ite[t,1+10%/N]

We prove the proposition by establishing the following facts. The first fact says
that for k < Ns/10°, if z(tx) is not too large then with high probability z(z) is not
too large for any ¢ € [tx, 74 + 10°/N]. The second says that for such k, with high
probability z(tx + 10° /N) is small.

FACT 4.2.  For s sufficiently large, for all 0 <k < Ns/10°,

P{sup{z(t). 1 € [k, Tk + IOS/N]} > 10N, z() <N,k <1} < 5O,

FACT 4.3.  For s sufficiently large, for all 0 <k < Ns/10°,
P{z(tx +10°/N) > N — 1,k <1} <s75.
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Assuming these two facts, the proposition follows easily.

PROOF OF PROPOSITION 4.1. Fix k < Ns/10°. Note that if z(zx_; +
10/N) < N — 1 then z(t;, ) < N — 1. Since mass only increases by branching, it
follows that almost surely a single branching event at time 7 causes z to increase
above N — 1. As all masses are at most 1 and branching is binary, it follows that
in this case almost surely z(tx) < z(t; ) + 1 < N. With Fact 4.3, this implies that

Plz(t) > N,k <1} <P{z(vi_1 + 10°/N) >N — 1,k < I}

<P{z(t—1 +10°/N) >N —1,k—1 <1}

< s76.

We now use that for any events A, B, C we have
P{ANC}<P{ANBNC}+P{B°NC}.
By Fact 4.2 and the preceding bound, we obtain that for 0 < k < Ns/10°,
P{sup{z(r), 1 € [t, 7 + 10°/N]} > 10N, k < I} <257°.
A union bound and (10) then yield

P{supz(t) > 1ON] < P{sup sup z(t) > ION}
1<s k<I te[ty, 7 +105/N]
Ns/10°]

< Y P s z=10N k<1
k=0 te[te, e +105/N]

Ns _6

< s_4,
the last inequality holding for s large. Finally, it is easy to see that sup, (7, x) <
2z(t), so the same bound holds for P{sup,_ sup, ¢(z, x) > 20N}, which proves
the proposition. [l

The reader who is willing to believe the Facts 4.2 and 4.3 without proof—or
who is impatient to see how Proposition 4.1 is used to prove the lower bound from
the main theorem—could skip directly to Section 5 at this point.

4.1. Proofs of Facts 4.2 and 4.3. We first prove a handful of technical esti-
mates required for the proofs. The first shows that a fixed mass of particles is
extremely unlikely to quickly increase its total mass. Recall the definition of Py
from just before the start of Section 3.
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LEMMA 4.4, Fixx=(x1,...,x) € R and m = (my, ..., my) € [0, 1]¥. Un-
der Py, for 1 < j <k let G(s) =#{i: j;i s(0) = j} be the number of time-s de-
scendants of xj. Then for any J C{1,...,k}, any x =3 ;c;mj, forall t <log?2
and all § > 0,

Px,m{z m;G(t)>(1+ 5)x} <202 (1 —e™)%)".
jeJ

PROOF. We may clearly assume J = {1, ..., k}. Also, adding particles to
increase the mass of the starting configuration can only increase the probabil-
ity we aim to bound, so we may assume that x = Zf-‘zl m;. The random vari-
ables (G(s), 1 < j <k) are i.i.d. and are Geom(e™*)-distributed (see, e.g., [15]).
Lemma B.2 provides upper tail bounds for weighted sums of geometric random
variables where the individual coefficients are small compared with their sum. Us-
ing that lemma (with ¢ = 1 — e~’—this is where we require that ¢ < log?2), the
result follows. [

Since G (s) is nondecreasing in s, we have
sup > Mig(0)= sup Y m;Gj(s)=Y m;G;(t).
€011z s (0)ed) s€l0.] jey jel

Combining this with the preceding lemma thus also yields the following bound.
COROLLARY 4.5. With the hypotheses and notation of Lemma 4.4,

Pum{ sup Y M0z (14 0] 20701 - )Y
Sel0.] i ji (e

The next proposition says that mass does not travel far in a short time, even once
branching is taken into account.

PROPOSITION 4.6. Fix x = (x1,...,xx) € R and m = (my,...,my) €
(0, l]k. Then for any J C {1,...,k}, and any x > ) ;. ;m;, forallt >0, L >0
and v > 0, we have

exp(t — L?/(2t
Px,m{ Z M; ;(0) > vx} < p( /! )).
(i ()= X1.1(0)> L. jr (0)€J) v
PROOF. We may clearly assume that J = {1,...,k}. For j <k write §; =

{i <n(): ji(0) = j} for the set of indices of time-7 descendants of x;. Then let
Rj={ieS§;:Xi(t)— X;;(0)> L}, so that

k k
> Mi )= M 0)=> mj|Rjl.
j=1

{i:X;(1)—X; ;(0)>L} j=lieR;



THE FRONT LOCATION IN BBM WITH DECAY OF MASS 3771

By the many-to-one lemma, for W a one-dimensional Brownian motion,
E[|R;|] =¢'"P(W, — Wy > L} <exp(r — L*/(21)).

This bound does not depend on j < k. It then follows by Markov’s inequality that
forv >0,

P{ Z Mi,t(0)>vx}=P{ij|Rj|>vx}
{i:Xi (=X, (0)>L) j=k
E[stk mj|R;jl]
VX
- exp(t — L?/(2t))

v

where we have used in the last inequality that 3, mj <x. U

In the sequel, we also use the following corollary, which extends Proposition 4.6
by considering all times in an interval [0, ], rather than a fixed time ¢ > 0, at the
cost of a slightly weaker bound.

COROLLARY 4.7. Under the conditions of Proposition 4.6, for all ty > 0,
L>0andv>0,andallx > ;. ;m;,

< 2exp(to — L2/(2t0)).

Px,m{sup Z M; (0) > 2vx} 5

I=S104:X ()~ X1 (0)= L. i (0)€J }
PROOF. Consider the stopping time
T= inf{t : > M; (0) > 2vx}.
{i:Xi () —Xi 1 (0)=L, i (0)eJ}
By symmetry,

P Z Mi’to(0)>vx'f§to} Z%,

(i:X; (1)~ X110 (0= L. ji.1p (0)€])

and the corollary follows. [

The next lemma says that a large, concentrated mass will quickly decay; once
we prove this we will have all the tools we need to establish Facts 4.2 and 4.3.

LEMMA 4.8. There exist tg > 0 and C > 0 such that the following holds.
Fix x = (x1,...,x) e R¥ and m = (my,...,my) € [0, 1. Let J = {j:lxjl <
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1/4}, and suppose A =} jcymj > C. Then for all t € [500/A, to], setting | =
{i:ji:(0) e J}we have

Px,m{z Mi(t) > A /24} < 272004,

iel

PROOF. The proof is divided as follows. First, the total mass at time ¢ of par-
ticles whose trajectory branches at least once is small. Next, among nonbranching
trajectories, the total mass which moves far from the origin is small. Finally, par-
ticles whose trajectories do not branch and stay near the origin will lose a large
amount of mass since they are a dense environment. We now formalize this.

Write I, = {i € I : 3i’ #1, j;i +(0) = jir,(0)} for the indices of particles starting
near (distance < 1/4) to the origin whose trajectories branch before time ¢. Then
let I\ I =1y UI,, where

Ip=1i eI\ 1p:|Xi (0] <174, sup [Xi (5)| > 1/2}
s€[0,1]

indexes nonbranching trajectories that start near the origin but move far (dis-
tance > 1/2) from the origin before time 7, and where I, = I \ (I¢ U I) indexes
nonbranching trajectories that stay near the origin. Then with Mp = 3", c;, M;(t)
and My, M), defined accordingly, we have

ZMi(t):Mb+Mf+Mn-
iel

We begin by considering branching trajectories. For each 1 < j <k, let G; =
#{iel: ji(0)=j}. Theni € I precisely if j;;(0) € J and G o) > 1. Since
masses decrease with time,

Z M;(t) < Z mj; ,(0)

ielp iel,

= ijGjl[Gj>1].
jelJ

Next, since the G ; are integer-valued,

2 miGilig =2 mj(Gj =1+ mjlig=n <23 mj(G;—1),
jeJ jeJ jeJ jeJ
which with the preceding bound gives

> M) < 2(2 m;G;— A).

iely jeJ
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By Lemma 4.4, it follows that for any fixed § > 0, if r < log?2,

P{ZM,-(t) >28A} fP{ijGj > (1+8)A}

i€l jeJ
(11) S 2(21+5(1 _ e—t)é)A
<2024

< e—ZOOA,

the last bound holding for ¢ sufficiently small that 22191 < ¢=2%0_ We next bound
> ic1, Mi(t), the total final mass from “typical” trajectories, which do not branch
and do not move far from their starting position by time ¢. Fix ¢ € (0, 1) and let E
be the event that for all s € [0, 7], > ;.| x;(s)|<1/2) Mi(s) > cA. On E, if i € I, has
Ji,i(0) = j then M; (1) <m; - e~ 4 We thus have

Z Mi(l‘)l[E] < ij . e_ZCA . I[E] = Ae_tCAl[E].
iel, jeJ

Next, let I,(s) = {ji.+(s) : i € I} be the indices of time-s ancestors of individuals
in ;. Since trajectories indexed by 1, do not branch, » ;< () M;(s) is decreasing
for s € [0, t]. Necessarily | X;(s)| < 1/2 fori € I,,(s), so if E€ occurs then there is
s € [0, 7] such that 3,/ () Mi(s) < cA. We thus have

> Mi(O)1ge) < cAlge),

iel,
and the two preceding bounds together give

(12) Y Mi(t) <max(cA, Ae”"4).

iel,

Finally, we turn to the final mass of nonbranching trajectories that move far
from the origin, counted by Z,»e,f M;(t). Forany i € I, If j; ;,(0) = j and |x;| <
1/4 then in order to have SUPse(0.1] | X;:(s)| > 1/2 the trajectory leading to X; (¢)
wanders a distance of at least 1/4 from its starting position. Let W denote one-
dimensional Brownian motion started from the origin. By the reflection principle
and the fact that P{G > x} < ¢=**/2 for G a standard normal and for all x > 0, we
have

P[sup (W] > 1/4} < 4P{Wt > %} <4exp(—1/(321)).

s<t

Since an individual trajectory of X has the law of Brownian motion, for a particle
starting at distance less than 1/4 from the origin whose trajectory never branched,
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the above is a bound on the probability the trajectory attained distance 1/2 from
the origin. It follows that

DOMi(t) 2 Y mj-&j,

iely jeJ

where the terms &; are i.i.d. Ber(4exp(—1/(32¢))). The variance of the latter sum
is bounded by A -4exp(—1/(32¢)), so Theorem B.1 yields that for any fixed b > 0,

461_1/(32t) bA
(13) P{ E M;(t) > (b—|—4exp(—1/(32t)))A} < (T) < 2004,
ielf

the final inequality for ¢ sufficiently small.

We now combine (11), (12) and (13). This yields that for ¢ sufficiently small,
and in particular provided that 221918 < ¢7200 ((4¢!=1/G20y) /p)b < ¢=200 apd that

1
28 + max(c, e ") + b + dexp(—1/(321)) < o

we have

P{Z M; > A/24} < 272004,
iel
It can be checked that taking § = b = ¢ = 1/100 does the job when t >
1001og 100/ A [so that max(c, e 1Ay = 1/100] and ¢ is sufficiently small (it is
in order to satisfy these simultaneously that we require a lower bound on A). This
completes the proof. [

PROOF OF FACT 4.2. LetZ/2={y/2:y € Z}. Define the event
E ={max{|X;(r)],i = 1,0 <r <s+10°/N} < 3s).

Any unit interval [x —1/2, x 4+ 1/2] is covered by at most two intervals from {[y —
1/2,y+1/2]:yeZ/2,y €[x —1/2,x+ 1/2]}. It follows that on E, if 74 < s but
sup{z(t),t € [tx, Tx + 10°/N]} > 10N then there is y with y € [—3s,3s]N Z/2
such that

sup > M;(t) > 5N.
teln, w4103/ N1 {i:)X; (1) —y| <1/2}

When k < I, we have 7, < s, so

P sup  z(t) > 10N, z(ze) < N, k < 1}
telte, 7+105/N]
(14)

<P{E‘} + Z P[ sup z(t,y) > 5N, z(1%) §N}.
ye[—3s,3s1NZ/2  t€lt.%+103/N]
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Our bound on the above summands works identically for each y € [—3s, 3s]NZ/2;
we explain it for y = 0 to avoid notational overload. So we wish to bound

P{ sup z(t,0) > 5N, z(1) < N}.
te[ty, e +105/N]

Our strategy is as follows: we use Corollary 4.5 to show that with high proba-
bility, for all ¢ € [t, T + 10° /N1 the total contribution to z(¢, 0) from descendants
of particles with | X; ()| < 3/2 is at most 4N. We then use Corollary 4.7 to show
that with high probability the contribution to z(¢, 0) from descendants of further-
off particles decreases quadratically [as a function of | X; (zx)|]; since the quadratic
series converges, this implies a bound on the total contribution from far-off parti-
cles. We now proceed to details.

Forn € Z, let

Y, = sup > M;(1);
telte,t+107/N1{i:|X; (1) <1/2,1 X1, () —n|<1/2}

Y, counts the greatest contribution at any time ¢ € [, 7x + 10° /N1, to the mass
near 0 from particles that at time t; are near n. We clearly have

(15) sup 2(1,0) < ) Y,
te[tr, T +105/N] nez

As sketched above, we bound the sum in two parts: the contribution from
Y_1, Yy and Y is handled separately from the rest, and we do this first. Note that
since masses decrease with time,

Y 1 +Y+Y < sup Z M; ¢ (k).
relnm+10°/N1 iz  X; ()| <3/2)

If z(zk) < N, then 3 ;. x,(z)<3/2) Mi(tk) < 3N so, by Corollary 4.5 and the
strong Markov property,

P{Y_1 + Yo+ Y1 >4N,z(%) < N}
< 2(21+1/3(1 _ e—lOS/N)l/3)3N
< (20°/N)".

Now consider n € Z with |r| > 2, and assume by symmetry that n > 0. If
|X; ()| < 1/2but | X; (k) +n| <1/2, then X;(¢) — X; ;(7x) > n — 1. Assuming
z(tx) < N, in particular we have z(7x, —n) < N. Furthermore,

Y_, < sup > M (zi).
1€t h 107/ N1 X (6) = X (1) >n— 1, X ¢ () +n] <1/2)
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When n > 2, applying Corollary 4.7 with to = 10°/N, L =n — 1, v=1/(20(n —
1)?) and x = N, we then obtain that

p{y N ( )<N}<40( —1)? (1_05_]\/(’17_1)2)
TR e e UV R P i
N(n —1)?

< S710(n71)2.

The final inequality holds since N = N (s) = 107 log s; the second inequality holds
provided N is sufficiently large. We emphasize that once N is large enough the
inequality holds for all n > 2. Note that by symmmetry the same bound also holds
for Y;,.

Using (15), the two preceding probability bounds, and the fact that
(1/10) Y jp=2(n — D72 =72/30 < 1, we thus have

P sup  z(£,0) > 5N, z(tp) < N]
te[te, T+105/N]
<P{Y_|+Yo+Y1 >4N,z(n) < N}
N
(17) + Y Ptz g s =N
(neZin|>2) 10(n —1)
20°

N 10(n—1)2
R - n—
<<N> +Zs

[n]>2
205 N
“ 4 —10’
< ( N > +4s

where the last inequality holds for s sufficiently large. The same argument yields
the same bound with z(z, y) in place of z(z, 0), and (14) then gives

P sup z(t) > ION,z(rk)SN,k<I}
teltg, i +105/N]

205 N
<P{E‘}+ (125 +2)- ((7> + 4s—10>

<P{E‘} +s578,

the latter bound holding for s large, since N = 107 logs. To conclude, we use the
fact that

P{max{|X;(s + 10°/N)

i 1) >35|E) >

N =
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which follows by considering the stopping time t = inf{r : max{|X; (r)|,i > 1} >
3s} and using symmetry. This yields

P{E¢} < 2P|{max{|X;(s + 10°/N)

i >1} > 3s}
<4E[#{i : X;(s + 10°/N) > 3s}]
(18) = 4¢°P{(s + 10°/N)"/*G > 3s)

where G is a standard normal random variable and the last two inequalities hold
for s sufficiently large. [

PROOF OF FACT 4.3. The proof has aspects which will be familiar from the
previous proof; we describe these first. We recycle the event E from the preceding
proof. Note that on £ N {k < I} we have

(e +10°/N)<2  sup  z(w +10°/N,y),
yve[—3s,3s1NZ/2
SO

P{z(tx +10°/N)> N —1,z(zx) <N,k < I, E}
(19)

< > P{z(rk +10°/N,y) >

@) =N,
ye[—3s,3s]1NZ/2

We once again focus on the case y = 0 for notational simplicity. We write

Z, = > M;(t + 10°/N).
X @A103 /N[ <1/2,1X, o5, (T —nl<1/2)

The indices of summation correspond to particles with position near O at time
7 + 10° /N, whose time 7 ancestor had position near n. We have

2(t +10°/N,0) < Z,.
nez

Now similar to the argument leading to (16), apply Proposition 4.6 with t =
100/N, L=n—1,v=1/40(n — 1)?) and x = N to bound Z, for |n| > 2. We
obtain that for s sufficiently large [since (1/40) 3", =0(n — 1) ™2 =72/120 < 1/4]

P{z(rk+105/N,0)Z ,Z(Tk)SN}

N
(20) sP{z_1+zo+zlzZ,z<rk>sN}
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+ > P{Zn > Lz,z(rk) =< N}
(neZ:n|>2) 40(n — 1)

N
< P{z_l +Zo+ 7212 2w = N} + 45710,

We now bound Z_| + Zy + Z| from above by the fotal mass at time t + 10° /N
of individuals whose time-ty ancestor lies in [—3/2,3/2]. More precisely, recall
that X; ,(s) is the (location of) the time-s ancestor of X; (¢), and write

Dy = 3 M;(t 4+ 10°/N).
(X, 4105, (TELE/2,(E+1)/21)

Then

Zi+Zo+Zi< Y. Dy
Le[—=3,21NZ

This holds because the time-7; ancestors of particles counted by Z_{ + Zg+ Z; all
liein [-3/2,3/2] = Upe[—3.21nz[€/2, (£+1)/2]. The bound may be strict because
particles counted by Z_| 4+ Zy + Z; are additionally required to lie near O at time
4+ 10°/N.

Bounding each of the summands D, by the largest summand, we then have

Z_1+Zo+Z1 <6 max Dy,
Le[—-3,21NZ

SO

N
P{Z_1 $Z0+ 212 2w = N}

<6 max P{Dg > ﬁ,z(tk) < N}.
€e[-3,21NZ 24
The final probabilities are not hard to bound: if D, hearkens from a total time-
7x mass which is very small then at time t; + 10°/N it is still rather small by
Corollary 4.5. On the other hand, if the aggregate mass of its time-7; ancestors was
larger (but still at most N) then by Lemma 4.8, at time 73 + 10° /N that ancestral
population has lost most of its mass.

More precisely, since M; (ty + 10°/N) < M; 1, 4105/~ (T) for each i, by Corol-
lary 4.5 and the strong Markov property,

N
P{Dg > ﬂ( 3 Mj(tp) < N/48}
(X (rel€/2,(+1)/2])

N

5
<260 - V)h <2(3)"
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Now assume that N = N(s) = 107 logs > 48C, where C is the constant from
Lemma 4.8. By that lemma, with ¢t = 105/N, since t > 500/A for A € [N /48, N],

N
P{Dg > ﬂ| > M(t) € [N /48, N]} <2 20ON/A8  o=4N,
(Xm0 €le/2.(¢41)/2))

the latter inequality for N = N (s) sufficiently large. This bound holds for each
¢ € [—-3,2] N Z. Under the assumption that z(tx) < N, one of the conditions in the
above conditional probabilities must occur. It follows that

N 205\ N/48
6 max P[Dg >— z2(p) < N} < 6max(2(—) ,e_4N>,
2e[—3,21N7Z 24 N

so for N sufficiently large
N
P{Z_l +Z0+ 212 4 2(m) < N} <6e N =657+,

Combined with (20), this gives
N -1

P{z(rk +105/N,0)> XL s < N} <5510

The same bound holds for each z(t; + 10° /N, y), so using (19) and the bound
P{E€} < ¢ from (18), for s large we obtain
P{z(tx +10°/N) = N — 1, z(z) < N,k <1} < (125 +2)55 10 f 73 <578,

The proof is almost complete; to finish it off we need to deal with the event
{z(7x) < N} in the preceding probability. To do so, we use induction. First, for s
large, since N = N(s) = 107 logs and 7o = inf{s : z(z) > N — 1}, we have z(z; ) <
N — 1. It follows that z(79) < z(7; ) + 1 < N (this was explained in the proof of
Proposition 4.1), so when k = 0 we have

P{z(tx +10°/N) > N — 1,k <1}
=Plz(te +10°/N) > N —1,z(x) < N,k < I}
§s_8.
For larger k, similarly if z(ty_; + 103/N) < N — 1 then z(t}) < () +1=<N.
We thus have
P{z(tc +10°/N) > N — 1,k < I}
<P{z(tx +10°/N) >N —1,z(zx) <N,k < I}
+P{z(tx) > N,k < I}
<s 3+ P{z(te_1 +10°/N) > N — 1,k — 1 < I},
so by induction and the hypothesis that k < Ns/10°,
Plz(i +10°/N) =N — L k<I}<(k+1) s 8 <Ns7 <575 O
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5. Lower bound. The next proposition restates the second inequality of The-
orem 1.1. Recall that ¢* = 3%/372/3/27/6,

PROPOSITION 5.1. For any m € (0, 1), almost surely
V2t —D(t,m)

liminf <c*.
t—00 tl/3 -

Given a function f :[0,00) - R, for t >0 let I(¢t,f) ={i >1:Vs €
[0, 7], Xis(s) = f(s)} be the indices of particles whose ancestral trajectory stays
above f up to time ¢. Note that |/ (¢, f)| is decreasing in ¢: if a trajectory stays
above f to time ¢ then it also stays above f to time ¢t < ¢. It follows that
P{Vvt, I1(t, f) # O} =1lim; o P{I (¢, f) # &}, and this is a decreasing limit. We
will use the following result of Roberts [17].

LEMMA 5.2 ([17], Theorem 1). Ler g(t) = /2t — c*t'/3 + ¢*t1/3 /1og?(r +
e)—1.Then

lim P{I(z, g) # @} =p* > 0.
1—00

The idea of the proof of Proposition 5.1 is that if the density is always low
beyond g then a particle staying beyond g will have reasonably large mass at time
t; the lemma guarantees that such a particle has a reasonable chance p* of existing.
The next corollary implies that at the cost of a constant shift of the function g, we
may increase p* as close to one as we like. For ¢ € R, write g — ¢ for the function

with (g —co)(x) = g(x) —c.

COROLLARY 5.3. Let C* =inf{c : V¢, I(t, g — ¢) # @}. Then almost surely
C* < o0.

PROOF. The proof technique is sometimes called an amplification argument.
Consider the n(t) ~ ¢' independent copies of the BBM rooted at time- particles,
the ith copy having initial individual at position X;(¢). Suppose the “translate
by X;(¢)” of the event from Lemma 5.2 occurs in the kth copy; more precisely,
suppose that for all ¢’ > ¢ there is a descendant X ;(t') of Xj(¢) such that for all
s et t],

Xjo(s) — Xp(t) = g(s — 1) > g(s) — /2t — c*¢'/3.
For s <t, we also have

Xy (s) = inf X;(s) > inf inf X; (s) > g(s) + inf inf X; (s) — sup g(s),
i>1 S<ti>1 S<ti>1

S<t
so in this case

C* < — inf inf X;(s) + /2t + ¢*t/3.

s€[0,¢]i>1
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By the branching property [i.e., the independence of the trajectories emanating
from each of the particles (X;(¢),i > 1)], it follows that

P{C* > 3t + V2t + c*t'/3)

@1 [ ’

< < 1 1 . < — _ p¥

<P{n@t) <2 }+P{sé{gt]gx,(s) <=3} +(1-p"7,
where p* is the constant from Lemma 5.2. Since the distribution of n(r) is
Geom(e™") we have P{n(t) <2'} < (2/e)". Finally, let 0 = inf{s : inf;>1 X;(s) <
—3¢}. With this definition, infs¢(o,;)inf;>1 X;(s) < =3¢ if and only if o < ¢. Con-
sidering the descendants of the first individual to reach position —3¢, by symmetry
we have

. 1
P{;Q{X,-(t) < —3t}0 < t} > x
SO

Plo <1} < 2P=in{ Xi (1) < —3z] <2'P{N(0,1) < —3t} <2772,
1>
These bounds and (21) then yield
P{C* > 3t + V2t +c*113) < 2/e) + 2772 + (1 — p*)?.

This can be made arbitrarily small by taking ¢ large. [

In order to prove Proposition 5.1, we require one final lemma which shows that
a small mass will quickly increase to form some region of constant density within
a constant distance.

LEMMA 5.4. For all ¢ > 0 and m € (0, 1), there is C > 0 such that for all
xeRFandm e (0,115, if z:= Y"1, <1y mi > O then

(22) Pym{3r €[0,C(1+10g(1/2))],x €[-C,C]:¢(t,x) >m}>1—¢.
To prove the lemma, we use the following fact. Since the result is straightfor-
ward, we give a somewhat terse proof, trusting the reader to fill in the details.

The fact may also be deduced as a consequence of the results in [19], though the
translation into our language is somewhat involved.

FACT 5.5. Forall € > 0, there are ty = ty(¢) and ¢ = c(e) > 0 such that

23)  P{Ve=io,#{i: Vs €[0,1],|Xi (s)| <c} = (e—e)} > 1—e.
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PROOF. First, by Brownian scaling, for all y > 0

inf P{[B(?)| <y, sup|B(®) — x| <y}

lx|<y r<y?

= inf P{|B(D| < 1, sup| B() — x| < 1]
lx]<1 t<1

=p>0.

Let S ={i <n(y?) : |X;(y®)] < y,sup,,2|X; ,2(1) — X; ,2(0)] < y}. By the pre-
ceding equation, and the many-to-one lemma, we have

(24) inf E,{|S]} = pe””.
lx|<y

It is also easy to see that inf|y <, Py {S # I} > p.

Next, start a BBM with a single particle at position x with |x| <y, and suppose
that j <n(y/8) is such that SUp; <y /8 |Xjy/8(t) — x| < y/4. In this case, if X; (yz)
is a descendant of X j(y/8), that s, if j; ,2(y/8) = j, then [ X; ,2(y/8)| <5y/4 and
in order that i € S, it suffices that |X;(y?)| < y and that SUpy, g<r<y2 | Xj 2 (1) —
X2 (y/8)] = 3y/4. Again by Brownian scaling,

inf P BZ— 8)| <y, su B(t) —w| <3v/4
jw|=5y/4 o[BG =y/8)| <y ,Syz_py/gy (1) = w| <3y/4)

= inf P,{|B(1—-1/(8 <1, s B(t) —w|<3/4
|w155/4 w[’ ( /¢ y))|_ zsl—lil/)(Sy)‘ © U)’ /]

>p' >0,

for an absolute constant p’ and for all y sufficiently large. Thus, given that |{j <
n(y/8): SUp, <y /3 |Xjy/8(t) —x| < y/4}| =k, for any x with |[x| <y, the law of
|S| under P, stochastically dominates the Binomial(k, p’) law. A first moment
computation shows that under Py, for y large, with high probability, at time y/8
no particle has left the interval [x — y/4, x + y/4]; in this case

i =ne/8): sup [X.5730) =] < y/4}|=n(/8).
1<y

Since n(y/8) is Geom(e?/8)-distributed, it follows that infjy|<y Py{|S| > 1} — 1
as y — o0.
Next, let Zop =1 and forn > 1, let

Z, = Hz :Vm <n, Xi’nyz(my2)| <y,

SUp [ X, 2(9) = X 2 (0m — )y?)| < v}
(m—1)y*<s<my?

By the Markov property and the branching property, it follows that Z = (Z,,, n >
0) stochastically dominates a branching process Z' = (Z),,n > 0) with EZ| >
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pe”’, with E[Z|log" Z|] < E[Zlogt Z] < E[n(y?) logn(y*)] < oo and with
P{Z| > 1} = infj,|<, P,{|S| > 1}. For such a branching process, we have
zZ, /EZi” — W almost surely, where {W > 0} almost everywhere on the event
of survival.

Finally, let ¢ = inf|x|<y P, {|S| > 1} = P{Z] > 1}. Then the survival probability
of Z’ is at least that of a branching process where the number of offspring is 2 with
probability g and 0 otherwise. For any ¢ > 0, we may thus choose y large enough

that pey2 > (e — s)y2 and that P{W > 0} > 1 — ¢; the result follows. [

As an aside, we note the very nice recent work [10] on the asymptotics of sur-
vival probability of branching Brownian motion in a strip [—c, ¢] for ¢ near the
critical width ¢ below which survival has probability zero.

PROOF OF LEMMA 5.4. The claim is clearly true if z > m, and we hereafter
assume z € (0, m). We also assume ¢ is small enough that (¢ — )e™" (1 — el?)y >
(1 + &); this can only make our job harder.

By relabelling, we may assume that for some 1 <k’ < k we have |x;| < 1 for
1 <i<kand|x;|>1fori>k',sothatz =73 ;- m;.

For 1 <i <k, let J;(¢) index the time-¢ descendants of x; whose trajectory
stays fairly near the origin, that is,

Jit) ={€=1:ji.(0) =1,

X (s) —xi| <cVse€[0,1]},
where ¢ = c(¢) is chosen as in Fact 5.5. By that fact, we then have for 79 = #y(¢)

(25) P{Vt > 19,

Ji]>(—e)}>1—e.

We hereafter assume ¢ > fy(e). Now suppose that ¢ (s, x) < m for all s < and
|x| <c+ 1. Then foreach 1 <i <k/, forall j € J;i(t), M;(t) > m; -e™™, s0

oY Mo ze™ Y mildi)

1<i<k’ jeJi(r) 1<i<k’

>eMe—e) Y milpnmze—el-

I<i<k’

By Markov’s inequality and (25), since z = Y| <; < M,

P{ 2 i <e—ey1 = 281/2} <ell?,

I<i<k/

so with probability at least 1 — g!/2,

Yo Y Mjze ™ (e—e)(1-¢"?) 2

I<i<k’ jelJi(r)
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By our assumption on &, we have e (e — &) > (1 +¢)/(1 — el/2y > 1 4+ 2¢, so
this gives

o M0 =(1+2) 2> 42,
X (Ol <c+1)

the last inequality provided that # > 1 +1log; ,,.((c +2)/z). Since [—c — 1, ¢ + 1]
can be covered by |c + 2] intervals of radius 1, we see that in this case there is x
with |x| < c¢ + 1 such that ¢ (¢, x) > 1.

To sum up: with probability at least 1 — &'/, if r > fo(e) and r > 1 +
log 5. ((c + 2)/z), either {(s,x) > m for some s <t and [x| < c + 1, or else
¢(t,x) > 1 for some x with |x| <c+ 1. By choosing C = C(¢) appropriately, we
obtain

Pxm{3s € [0, C(1 +1log(1/2))],x € [-C,Cl: ¢(t,x) >=m} >1—¢'/2. O
We are now ready for the final proof of the paper.

PROOF OF PROPOSITION 5.1.  Fix m € (0, 1). Fix ¢ > 0 and by Corollary 5.3
choose L > 1 large enough that P{C* > L} < e. Fix t much larger than L (so that
loglogt > L, say). Let Z =2 - 108 and define the event

E= { sup sup (s, x) < Zlogt],
se[0,r] xeR

and note that for ¢ sufficiently large, P{E€} < t~* < ¢ by Proposition 4.1.

Let o = inf{s > /% : D(s, 1/t) > g(s) — C* — 1}. We first suppose that o > ¢,
so that for all s € [¢'/4, 1] we have D(s, 1/1) < g(s) — C* — 1. Let i* be such that
Xi#(s) > g(s) — C* for all s € [0, 7]; such i* exists by the definition of C*. If E
occurs, then we have

t
—IOgMi*(l)=/(; {(S,X,'*,,(S))ds

[1/4
< /

< Zt1/4logt—|- 1,

r1
é'(S, X,‘*?,(S))ds + /;-1/4 ; ds

the last bound because when E occurs the integrand is at most Z log¢.

Let C = C(g, m) be the constant from Lemma 5.4. Then given that E occurs,
by that lemma [applied with z = M+ (1) > exp(—1 — Zt'/*1og)] and the Markov
property, with probability at least 1 — ¢ there is s € (¢, + C(2+ Zt'/*logt)) and
x with |x| < C such that ¢(s, X;=(¢) + x) > m. If this occurs, and additionally
C* < L we have

D(s,m) > Xp(t) —C > g(t) — C* — C > g(s) — s/*1log?s,
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the last bound holding for all ¢ sufficiently large since s —t < C(2 + Zt'/*logt),
and for s and ¢ large we have g(s) — g(t) = O (s — t). We thus have

P{Vs > 1, D(s,m) < g(s) — s'/*log?slo > t}
<P{{Vs>1,D(s,m) <g(t)—C*—C}NE|o >t}
2o +P{C*> L|o >t} + P{E |0 > 1}
<e+P{C*>Llo >t} +P{E|o >1}.

Next, suppose that o < t. Apply the strong Markov property at time o,
and apply Lemma 5.4 just as above (but with a starting mass in [D(o, 1/t) —

1,D(0,1/t) + 1] of at least 1/t = e~ '°2! rather than e~1=Z1"*logty We obtain
that with probability at least 1 — ¢ there is s € (0, 0 + C(1 +logt)) such that

D(s,m)>g(c) —C — C* > g(s) — log’s,

the last bound holding for ¢ sufficiently large since s —o < C(1+41log¢) and logt <
4logo < 4logs, and under the assumption C* < L.
Since o > 1174 and log? s < s'/*10g” s, it follows that

P{Vs > t1/* D(s,m) < g(s) — s'/*log?s|o < t}
<e+P{C*>Llo <t}.

Now combine this with (26) using the law of total probability. We chose L and ¢
large enough that P{C* > L} < ¢ and P{E‘} < ¢, so we obtain

P{3s > Y4 D(s,m) > g(s) — s1/410g2s} >1—3e.
Finally, if D(s, m) > g(s) — sl/4 logzs then
V2s — D(s, m) o c* n L logzs
$1/3 = log(s +e)  s1/3 " SI1Z’

which tends to ¢* as s — co. O

6. Discussion and questions.

e The analysis of the paper should carry through fairly straightforwardly to higher
dimensions R¥, provided we redefine d (¢, m) and D(t, m) as

d(t,m) = min{|x|: {(t, x) <m}, D(t,m) = max{|x| : {(t, x) > m}.

At time ¢, the density is then at least m within the ball of radius d(¢, m) around
0, and less than m outside the ball of radius D(¢, m) around 0. The proof of the
lower bound is then the same as in Sections 4 and 5. The proof of the upper
bound requires ruling out the possibility that the modulus of a particle in the
BBM stays ahead of a moving barrier g even though it cannot have consistent
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displacement more than g in any fixed direction. In order for our proof tech-
niques to carry over, this requires sample path estimates for Bes(k) processes
analogous to the ones derived in this work for Brownian motion. We expect
such estimates to hold for all k£ > 1, though verifying this may be technical.

e We believe that Proposition 5.1 predicts the “true” front location, in that both
D(t, m) and d (¢, m) are typically at distance o(¢!/3) from V2t —c*t'/3 when 1 is
large. This is our justification for the remark in the final paragraph of Section 1.

e In the same way as the KPP equation describes the evolution of multiplicative
functionals of BBM [15], it seems plausible that the model proposed in this
work (or a related model) should be connected to an equation of the form

1
ut=_uxx+u_u/ u(t,y)dy.
{y:ly—x|<1}

2

This equation has steady states at O (unstable) and 1/2 (stable), and is redolent
of a family of “nonlocal” Fisher-KPP-type equations which was introduced [5]
to model populations in which aggregation can have both a competitive advan-
tage (safety in numbers) and disadvantage (due to competition for resources).
These equations have received substantial study [2, 6, 8]; the survey [18] con-
tains many further references, as well as perspective on the biological motiva-
tions for such study.

If a probabilistic model for such an equation were found, it could yield new
results on, for example, the front propagation speed or temporal fluctuations of
solutions to the above equation. Conversely, a glance at that literature suggests
new probabilistic questions: for example, what if the effect of competition is
described by a kernel «, where « (|x — y|) describes the degree of competition
for resources between individuals at spatial positions x and y? In our model, we
took «(|x — y[) = 1x—y|e(0,1)1; @ kernel which allows substantial long-range
interaction might yield rather different dynamics.

e As mentioned in the Introduction, one may reasonably consider the mechanism
for mass growth in our model—both children inherit the mass of the parent—
nonphysical. More physically realistic (at least for amoebae) is for the children
to each have half the mass of the parent. One must also then change the rules to
allow for mass growth; a reasonable modification is to take

o= Y M)

{i:1X; (1) —x|<1}

and

M;(t) = exp( /0 (1 =2 X)) ds).

In other words, the mass of an individual can increase, when there is little nearby
competition for resources—but the larger particles get, the harder it is for them
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to sustain themselves. The key point is that 1 is still a universal upper bound on
the greatest mass of any particle.

We conjecture that any lack of physical realism in our model is relatively
insignificant for the long term behaviour, and more concretely that the front
location behaves similarly in the two models. As partial evidence for this, we
note that the analyses from Sections 4 and 5 carry through essentially unchanged
for the model described above.

The argument from Section 3, however, breaks down, because a particle mov-
ing through an environment of constant density m < 1 will have mass which
does not decay exponentially, even when the loss of mass due to branching is
taken into account. Instead, such a particle will (at large times) have a mass
which is random and typically of order ® (1 — m).

Because of this, the existing argument only establishes Proposition 3.1 in
a highly weakened form, with the condition m > 1 rather than m > 0. [It is
possible to do very slightly better, by considering a variable bound m = m(t).
One can then take m(t) < 1 if 1 — m(¢) decays sufficiently quickly, but the
pain-to-gain ratio in writing down such an argument in detail does not seem
favourable.] But m € (0, 1) is the really meaningful region. Proving a genuine
analogue of Proposition 3.1 for this model seems to us the only missing step to
a proof of Theorem 1.1 for the modified dynamics.

o In the variant just described, one intriguing possibility is that there may now be
particles with mass @ (1) at large times. If there are, they will be found near the
front, since that is where they can find food. Do they really exist?

e More generally, one may take

M;(t) = exp(/ot(a — bZ (s, X,-(s)))ds).

This looks, heuristically, like some sort of spatial logistic growth [7, 13]. It may
be interesting to investigate what different behaviours can occur as the parame-
ters a and b are varied.

APPENDIX A: ESTIMATES FOR THE UPPER BOUND

We first turn to the proof of Lemma 3.3. We shall consider functions f : [0, t] —
R and L : [0, ] — (0, co) such that for a constant Q,

IL'(0)|L(0) + |L ()| L(u) + /OM|L”(s)|L(s)ds

+/0u|f”(s)|L(s)ds ILO|f0) <0

forall 0 <u <t; asin [17], we call this Assumption (A). The proof of Lemma 3.3
relies on the following sample path estimate for Brownian motion.
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LEMMA A.1. Suppose f :[0,t] - Rand L : [0, t] — (0, 00) are twice con-
tinuously differentiable functions, with f(0) <0, f(0) + L(0) > 0 and f increas-
ing, and for which Assumption (A) holds for some constant Q. Then there is a
constant M (Q) such that for 0 < p <1,

P{B(s) — f(s) € (0, L(s)) Vs <u, B(u) — f(u) € (pL(u), L(u))}

1 u
< M(Q)eXP<—5 [ rwras

w2 ) , 1
_/0 st — pf' )LL) — f'(0)f(0) + ElogL(u)).

This result is obtained by combining Proposition 4 and Lemma 7 in [17] to cover
the two cases | ﬁ ds > 1 and [y ﬁ ds < 1. In order to apply Lemma A.1,

we exploit the existence of a solution to an integral equation; such a solution is
used for a related purpose in Section 3.4 of [12].

LEMMA A.2. Forc < c*, there exists a constant o > 0 such that the equation
2 s 1

— | —5du

2+/2Jo 1(u)

has a continuous solution on [0, 1] which is twice continuously differentiable on
(0, 1) with I(s) > 0 for all s € [0, 1) and with [(1) = 0.

(27) I(s)=a+cs'/? —

The lemma follows from Propositions 3.2 and 3.6(iii) of [12]. More precisely,
in those lemmas there is a variance term o2, and the value analogous to ¢* is
ac = %(371202)1/ 3. Taking o = 1/+/2 yields the above formulation.

PROOF OF LEMMA 3.3. Fix ¢ > 0 large. Since the integral on the RHS of
(27) is nonnegative, I(s) < c + « for all s € [0, 1]. Since /(0) =« > 0, we can fix
B € (0, min(a®/8, &3 /(8¢?), 1)) sufficiently small that I(s) > /2 for s < 8. Let

1/3
(28) L(S):tl/3(l+'8) l((s+/3t)ut)
Uy t+ﬁt

for 0 < s <1t, where u; = inf{u € [0, 1] : [(u) < 2t‘1/12}. Note that u; — 1 as
t — 00.

We will prove that the lemma holds for the above choice of 8 and with the
function A(s) = L(s) — K/, provided K is sufficiently large. We must thus
verify that A satisfies the requisite properties, and prove the bound (3). Write
f(s)=b(s) — Kt'/0 = /25 — c(s + B1)1/3 — Kt'/°; then to prove (3), it suffices
to show that for u € [0, ¢] and all x € [0, L(u)),

P{B(s) — f(s) € (0, L(s)) Vs <u, B(u) > f(u)+x}
<exp(—u — "3 /K +V2(L(u) - x)).

(29)
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We establish this by applying Lemma A.1 with the above functions f and L. We
next derive the properties of f, L, L’ and L” which we require to do so.

First, note that f(0) = —c(B1)!/3 — Kt1/6 and L(0) > t'31((Bu;)/(1 + B)) >
at1/3/2 by our choice of 8, so since 8 < (oz/(20))3 we have L(0) + f(0) > 0O for
t sufficiently large. For ¢ sufficiently large, f is increasing on [0, ¢], and f and L
are twice continuously differentiable [since [ is C%on (0, D].

We assume ¢ is sufficiently large that (1 + ,3)1/3ut_1/3 < 2. Then for s € [0, 7],
by the definition of u;, L(s) > 2(1 + 8)/3u; '*t1/4 > 2t1/4 and since I(r) < ¢+«
Vr e 0,11, L(s) < (1 + B)3u; P13 (c + ) < 2(c+a)t'/3, so for all s € [0, 7],

(30) 2614 < L(s) <2(c + a)t'/3.

Since [ is C2 on (0, 1) and I(s) > 0 for s < 1, we can differentiate both sides of
(27) for s € (0, 1) to give

72 1

C2V21()%

1
(31) I'(s) = gcs_2/3

Hence, L is differentiable on [0, ¢] with

L'(s)=1"%" (ﬂ)_ml’(M).
Ui t+ Bt

Also, for f‘jr’% <u < uy, by (31) and the definition of u;,

1 72
32 U'w)| < =c(Buy) 231 + B)*3 + ——¢1/6 < 241/6,
(32) ' (w)| SCBu) A+ ) e

for ¢ sufficiently large, so for all s € [0, ] we have
(33) L) <u?(1 4 B)y~231 23210 < 47112,

This is a convenient moment to verify that the function A(s) = L(s) — K 1/ has
the requisite properties. By (30), for ¢ sufficiently large, A : [0, t] — [¢t!/4,2(c +
@)t1/3]. Also A(r) = L(1) — Kt'/6 < 2(1 + B)3u; V3114 < 4¢V/4 for ¢ suffi-
ciently large. Finally, by (33), |A’(s)| < 2t~1/? < 1 for all s € [0, t], once again
for ¢ sufficiently large.

Proceeding with the proof of (29), we now check that Assumption (A) holds for
our choice of f and L, for some constant Q which does not depend on ¢. For ¢
sufficiently large, by (30) and (33) we have sup;¢( IL'(s)L(s)| = O(t~/%), and
also |L'(0) £(0)| = O(t~1/%).
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By the definition of L in (28), for s € [0, t] we have

SN

Ut
For ;‘;’fg <u <u;, wealso have |I'(u)| <2t/ by (32) and 2:~/12 <l(u) < c+«

by the definition of u,. By differentiating (31), we obtain that, uniformly over « in
the above range,

IL"(s)|L(s) = z—4/3(

22 )|

V2 1w? o),

S0 sup;¢o.,1 IL"($)|L(s) = O(t~!). Finally, supgco.r1 S (8) = SuUp;o.] %c(s +
B1)~ = 0(t>/3), which with (30) yields supcjo 11" ($)IL(s) = O@*3).
Thus, Assumption (A) holds for some fixed constant Q not depending on ¢.
Having verified the conditions of Lemma A.1, we now show that the bound
from that lemma indeed implies (29).
ForO<u<t, f'(u) =2 — Le(s + Br)=2/3 so
—_ — £ 3

|17 )|l () < gcu—”l(u) +

—% fou F1()%ds = —u+v2cu+ '3 = 2c(pr)'/3

1 1
+ gczw LBV gcz(ﬁt)—m

< —u+2cu'®+0(7173).
Also by the definition of L in (28),

(u+pt)u
H_Z/” 1 du:n_2t1/3(l+ﬂ>l/3</ t+ﬂtt 1 ds).
2 Jo L(s)? 2 U Buy I(s)?

B

We chose 8 sufficiently small that for s < lﬂf}}, l(s) > a/2. Therefore,

Bug
/lw : ds<i Pus <g,
o I()? T afl+p T2

since we also chose B < a3 /8. It follows by (27) that

72 e 1
L A
2 Jo L(s)?

SN R L )

U 2 t+ Bt t+ Bt
> («/5/2)(12‘1/3 +V2cu'® = V2L ),
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where the second line follows by the definition of L in (28). Hence, for u <t and
p [0, 1],

1 fu v n?
exp( =5 [ 62 ds = [ Tz ds = pf L) = £ 0 £ ©)

+ llogL(u))
(34) g
<exp(—u — (V2/2)at'? + V201 = p)Lu) + V23113 + O(tl/ﬁ))

< (M(Q)) ™" exp(—u—1"*/K +~2(1 - p)L(w)).

The last inequality holds for all large ¢, provided K is sufficiently large that
(V2/2)a — +/2¢B/3 > 1/K ; this is possible by our choice of A.
Writing p = x/L(u), then

P{B(s) € (f(s), f(s)+ L(s)) Vs <u, Bu) > f(u) + x}
=P{B(s) — f(s) € (0, L(s)) Vs <u, B(u) — f(u) € (pL(u), L))}
<exp(—u —t'"?/K +v2(1 — p)L(w))
for some K > 0 by Lemma A.1 and (34). This establishes (29) and completes the
proof. [

We now turn to the proof of Lemma 3.5, during which we will use the following
fact.

FACT A.3. Let (W(u),0 <u <1) be either Brownian excursion or Brownian
meander, and let N be a standard Gaussian. Then

P{max W (u) = x} < 4P{N > x/4}.

PROOF. Write B, B™, B and B" for Brownian motion, meander, excur-
sion, and bridge, all of length one. In what follows, maxima are always over
u € [0, 1] even if this is not explicitly written.

We have

max B < max B — min B < 2 max|B"| 4 Zmai(|B(u) —uB(1)| <4max|B|,
u<

so by the reflection principle,
P{max B > x} < P{max |B| > x/4} <2P{max B > x/4} = 4P{N > x /4}.

Next, let (Z(u),u > 0) be a standard Bessel process. Since B™ is Brownian
motion conditioned to stay positive until time one, and Z is Brownian motion con-
ditioned to stay positive for all time, it follows straightforwardly that max, <1 Z(u)
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stochastically dominates max B™®¢. By Pitman’s 2M — B theorem (see [16]), we
have

max Z(u) < max‘B(u) — 2inf B(t)‘ < 3max|B|,
u<l u<l t<u

and it follows as above that
P{max B™ > x} < P{max |B| > x/3} <4P{N > x/3}. O

PROOF OF LEMMA 3.5. For a standard Gaussian N, we have P{N > ¢} <
\/%_”%e_cz/ 2 forall ¢ > 0. Using this bound, Fact A.3 and Brownian scaling, for
each i we obtain
1/2 1/2
x } __ L 1o o213 _ 81; o 32/32

12— :
41, V2 X X

Provided that x > 87'!/2, a union bound then yields

P{max X;(u) > x} < 4P{N >
u=<t;

P[maxmat)gXi(u) > x} < Ze_xz/wf.

i>1 u<t .

- i>1
Finally, the function f(a) = e/ “1[4>0) 1s convex for a € [0, x2 /2], and f(0) =
0, so if x2 > 64T then for each i, f(32t;) < (t;/T)f(32T). Hence,

42
P{max max X; (u) zx} <e /3T,
i>1 u=st;

g

APPENDIX B: PROBABILITY TAIL BOUNDS
We first state a Bernstein-type inequality due to Colin McDiarmid.
THEOREM B.1 ([14], Theorem 2.7). Let Xi,...,X, be independent with

Xy — EXi <1 for each k. Write S, = Y j_; Xx and fix V > Var{S,} =
Y i—1 Var{X;}. Then for any ¢ > 0,

74 V4c eV \¢
P{SanSn+c}§ec~<v+c> <<7>

The first inequality is the heart of the theorem; the second is easy and is included
to simplify an application of the theorem. The next lemma provides upper tail
probability estimates for weighted geometric sums.

LEMMA B.2. Fixe < 1/2 and let (G;,i > 1) be i.i.d. Geom(1 — ¢). For any
n and any nonnegative real numbers r1, ..., r, with maxr;/> r; < 1/V, for all
6 >0,

n n
PIY 1G> (148> rip <202,

i=1 i=1
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PROOF. Let Gj =Gj—1land p; =r;/>;ri. Then we must bound

n
P{Zpiéi > 3},
i=1

under the assumption that max; p; < 1/ V. First, note that for ¢ such that e < 1,

. 1—¢
E[‘““XP("V | 21”0")} =l
1= l
For ¢ > 0, the latter product is maximized (subject to the constraints that max; p; <
1/V and that ) ; p; = 1) when p; = 1/[V] for [V] values of i and p; = 0 other-

wise. We thus obtain

GRS (1—g)lV]
E|:CXP(CV ;P1G1>:| < m

For any nonnegative random variable, P{X > 8} < e~ “VEeVX; taking ¢ =

(2e)~! yields

n RN %

= (1 _ 8ec)V+1
=2(2(1 —£)(26)%)" <2(2'*%%)V. O
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