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FUNCTIONAL CENTRAL LIMIT THEOREM FOR A CLASS OF
NEGATIVELY DEPENDENT HEAVY-TAILED STATIONARY
INFINITELY DIVISIBLE PROCESSES GENERATED BY
CONSERVATIVE FLOWS

BY PAUL JUNG!, TAKASHI OWADAZ AND GENNADY SAMORODNITSKY?

KAIST, Purdue University and Cornell University

We prove a functional central limit theorem for partial sums of sym-
metric stationary long-range dependent heavy tailed infinitely divisible pro-
cesses. The limiting stable process is particularly interesting due to its long
memory which is quantified by a Mittag—Leffler process induced by an as-
sociated Harris chain, at the discrete-time level. Previous results in Owada
and Samorodnitsky [Ann. Probab. 43 (2015) 240-285] dealt with positive
dependence in the increment process, whereas this paper derives the func-
tional limit theorems under negative dependence. The negative dependence
is due to cancellations arising from Gaussian-type fluctuations of functionals
of the associated Harris chain. The new types of limiting processes involve
stable random measures, due to heavy tails, Mittag—Leffler processes, due
to long memory, and Brownian motions, due to the Gaussian second order
cancellations. Along the way, we prove a function central limit theorem for
fluctuations of functionals of Harris chains which is of independent interest
as it extends a result of Chen [Probab. Theory Related Fields 116 (2000)
89-123].

1. Introduction. Let X = (X, X5, ...) be a discrete time stationary stochas-
tic process; depending on notational convenience we will sometimes allow the
time index to extend to the entirety of Z. Assume that X is symmetric (i.e., that

X 4 —X) and that the marginal law of X is in the domain of attraction of an
a-stable law, 0 < o < 2. That is,

(1) P(|Xi|>"-) €RV_4 at infinity;

see [14] or [31]. Here and elsewhere in this paper, we use the notation RV, for the
set of functions of regular variation with exponent p € R. If the process satisfies a
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functional central limit theorem, then a statement of the type

Lnt)
) (CLZXk,Oft§1>:>(Y(t),0§t§1)
k=1

holds, with (c;,) a positive sequence growing to infinity, and Y = (Y (¢),0 <t <1)
a nondegenerate (nondeterministic) process. The convergence is either weak con-
vergence in the appropriate topology on D[0, 1] or just convergence in finite di-
mensional distributions. The heavy tails in (1) will necessarily affect the order of
magnitude of the normalizing sequence (c,) and the nature of the limiting pro-
cess Y. The latter process is, under mild assumptions, self-similar, with stationary
increments; see [22] and [13]. If the discrete-time stationary process X is long
range dependent, then both the sequence (c,) and the limiting process Y may be
affected by the length of the memory as well.

A new class of central limit theorems for long range dependent stationary pro-
cesses with heavy tails was introduced in [29]. In that paper, the process X was a
stationary infinitely divisible process given in the form

3) X,,:/EfoT”(s)dM(s), n=1,2,...,

where M is a symmetric homogeneous infinitely divisible random measure on a
measurable space (E, £), without a Gaussian component, with control measure
f : E — Ris ameasurable function, and 7 : E — E a measurable map, preserving
the measure u; precise definitions of these and following notions are below. The
regularly varying tails, in the sense of (1), of the process X are due to the random
measure M, while the long memory is due to the ergodic-theoretical properties of
the map 7', assumed to be conservative and ergodic.

Conservativity of the map 7 is a basic notion in ergodic theory and is defined
by the following “recurrence” property:

[e.e]
ZleT”:oo a.e.on A

n=1

forevery A € £ with (A) > 0. The crucial motivation for our choice of the model
is that the property of conservativity, surprisingly, produces long range dependence
in the infinitely divisible process X. A natural example of the process X in (3) is
given in Example 5.5 of [29] for which the law of the process X is determined by a
trajectory (7" x) of a certain recurrent Markov chain. The present work takes over
the same setup based on a recurrent Markov chain to quantify the long memory of
the process and proves a functional central limit theorem for which the recurrence
of the Markov chain is somehow carried over to the weak limit. Other types of limit
theorems for the process whose underlying flow (7") is determined by a recurrent
Markov chain can be found, for example, in [25, 32] and [4]. The recurrent Markov
chain (in the sense of Harris) involved in the construction of the process X in
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(3) of the present paper takes values in a space more general than Z (the papers
mentioned above treated only Z-valued chains). The setup of our Harris chain is
basically the same as that given in [11].

In the model considered in [29], the length of the memory could be quantified
by a single parameter 0 < 8 < 1 (the larger 8 is, the longer the memory). Under
the crucial assumption that

@) u(f) = /E F&)u(ds) £0

(with the integral assumed to be well defined, and, in the Markov chain example, E
being the path space of the chain), it turns out that the normalizing sequence (c;)
is regularly varying with exponent H = 8 + (1 — B8)/«, and the limiting process Y
is, up to a multiplicative factor of u(f), the B-Mittag—Leffler fractional symmetric
a-stable (SaS) motion defined by

5 Yo p(t) = / Mg((t —$)4,0)dZg (0, 5), t>0,
Q' x[0,00)

where Z, g is a SaS random measure on Q' x [0, oo) with control measure P’ x vg.
Here, vg is a measure on [0, 00) given by vg(dx) = (1 — /S)X_/g dx,x > 0, and
My is a Mittag—Leffler process defined on a probability space (', 7', P’) (all the
notions will be defined momentarily). The random measure Z, g and the process
Yy, g, are defined on some probability space (2, F, P).

The B-Mittag—Leffler fractional SaS motion is a self-similar process with Hurst
exponent H as above. Note that

(1,1/a] if0<a <1,

He 1) ifo=1,
(1/a, 1)  ifl<a<?2,

which is the top part of the feasible region

0, 1/a] f0<a<l,
He {(0,1] ifa=1,
0,1 ifl<a<2

for the Hurst exponent of a self-similar SaS process with stationary increments;
see [38]. This is usually associated with positive dependence both in the increments
of the process Y itself and the original process X in the functional central limit
theorem (2); the best-known example is that of the fractional Brownian motion,
the Gaussian self-similar process with stationary increments. For the latter process,
the range of H is the interval (0, 1), and positive dependence corresponds to the
range H € (1/2,1).
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In the Gaussian case of the fractional Brownian motion, negative dependence
(0 < H < 1/2) is often related to “cancellations” between the observations; the
statement

o0
>~ Cov(Xo, Xp) =0

n=—oo

is trivially true if the process X is the increment process of the fractional Brownian
motion with H < 1/2, and the same is true in most of the situations in (2), when
the limit process is the fractional Brownian motion with H < 1/2.

In the infinite variance case considered in [29], “cancellations” appear when the
integral w(f) in (4) vanishes. It is the purpose of the present paper to take a first
step towards understanding this case, when the long memory due to the map T
interacts with the negative dependence due to the cancellations. In this case, the
cancellations are between the values of the function f evaluated at shifted trajec-
tories of the Markov chain. We use the cautious formulation above because with
the integral p( f) vanishing, the second-order behaviour of f becomes crucial, and
in this paper we only consider a Gaussian type of second-order behaviour. Further-
more, even in this case our assumptions on the space E and map 7 in (3) are more
restrictive than those in [29]. Nonetheless, we still obtain an entirely new class of
functional limit theorems and limiting fractional SaS motions.

This paper is organised as follows. In Section 2, we provide the necessary back-
ground on infinitely divisible and stable processes and integrals, and related no-
tions, used in this paper. In Section 3, we describe a new class of self-similar SaS
processes with stationary increments, some of which will appear as limits in the
functional central limit theorem proved later. Certain facts on general state space
Markov chains which were studied by [9, 10] and [11] and are needed to treat
the model considered in the paper, are collected in Section 4. New results are es-
tablished as well. The key new result in that section is a functional version of
Theorem 1.3 in [11], and it is of independent interest. This result is used in Sec-
tion 5, which contains the main result of the paper. Section 6 contains two concrete
examples of the setup for the main result. Finally, the Appendix containing bounds
on fractional moments of infinitely divisible random variables needed elsewhere
in the paper.

We will use several common abbreviations throughout the paper: ss for “self-
similar”, sssi for “self-similar, with stationary increments” and S«S for “symmetric
a-stable”.

2. Background. In this paper, we will work with symmetric infinitely divis-
ible processes defined as integrals of deterministic functions with respect to ho-
mogeneous symmetric infinitely divisible random measures, the symmetric stable
processes and measures forming a special case. Let (E, £) be a measurable space.
Let i be a o-finite measure on E, it will be assumed to be infinite in most of the
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paper, but at the moment it is not important. Let p be a one-dimensional symmetric
Lévy measure, that is, a o-finite measure on R \ {0} such that

/ min(1, x%)p(dx) < cc.
R

If & ={A € £: u(A) < oo}, then a homogeneous symmetric infinitely divisible
random measure M on (E, £) with control measure ¢ and local Lévy measure p
is a stochastic process (M (A), A € &) such that

FeiuM(A) :exp{—,u(A)/ (1 —cos(ux))p(dx)}» ueR
R

for every A € &. The random measure M is independently scattered and o-
additive in the usual sense of random measures; see [30]. The random measure
is symmetric a-stable (SaS), 0 < o < 2, if

p(dx) = a|x| @D gx.

If M has a control measure p and a local Lévy measure p, and g : E — Risa
measurable function such that

(6) /E/Rmin(l,ng(s)z),o(dx)u(ds)<oo,

then the integral [ ¢ dM is well defined and is a symmetric infinitely divisible
random variable. In the «-stable case, the integral is a SaS random variable and
the integrability condition (6) reduces to the L% condition

(N |g(5)|“ pe(ds) < oo.
E

‘We remark that in the «-stable case it is common to use the «-stable version of the
control measure; it is just a scaled version C, u of the control measure w, with C,
being the «-stable tail constant given by

c._ (/oox_a sinxdx)_l _ {(1 —a)/(T'(2 — a)cos(ra/2)) %foz;é 1,
0 2/ ifa=1.

See [30] for this and the subsequent properties of infinitely divisible processes and
integrals.

We will consider symmetric infinitely divisible stochastic processes (without a
Gaussian component) X given in the form

X (1) =/Eg(t, s)YM(ds), teT,

where 7 is a parameter space, and g(¢, -) is, for each ¢ € T, a measurable function
satisfying (6). The (function level) Lévy measure of the process X is given by

(®) kx=(px p)o K,
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with K : R x E — R7 given by K (x,s) =x(g(t,s),t € T),s € E, x € R.
An important special case for us is that of 7 = N and

9) gn,s)= foT"(s), n=1,2,...,

where f : E — R is a measurable function satisfying (6), and 7 : E — E a mea-
surable map, preserving the control measure p. In this case, we obtain the process
exhibited in (3). It is elementary to check that in this case the Lévy measure kx in
(8) is invariant under the left shift & on RY,

0(x1,x2,x3,...) = (x2,x3,...).

In particular, the process X is, automatically, stationary. There is a close relation
between certain ergodic-theoretical properties of the shift operator 6 with respect
to the Lévy measure kx (or of the map T with respect to the control measure u)
and certain distributional properties of the stationary process X; we will discuss
these below.

Switching gears a bit, we now recall a crucial notion needed for the main result
of this paper as well as for the presentation of the new class of fractional SaS
noises in the next section. For 0 < 8 < 1, let (Sg (7)) be a B-stable subordinator, a
Lévy process with increasing sample paths, satisfying Ee~?58®) = exp{—t6#} for
6 > 0 and ¢ > 0. The Mittag—Leffler process is its inverse process given by

(10) Mpg(t) := Sz (1) =inf{lu > 0: Sp(u) >}, t>0.
It is a continuous process with nondecreasing sample paths. Its marginal distribu-
tions are the Mittag—Leffler distributions, whose Laplace transform is finite for all
real values of the argument and is given by
(0¢)
(©17)"

11 Eexp{6Mg(t)| = _,

(11) ploMp(1)} ZF(1+nﬁ)

n=0
see Proposition 1(a) in [8]. Using (11), the definition of the Mittag—Leffler process
can be naturally extended to the boundary cases 8 =0 and 8 = 1. We do this by
setting Mp(0) =0 and My(t) = Eg, t > 0, with E; a standard exponential random
variable, and M;(t) =1t,t > 0.
The Mittag—Leffler process is self-similar with exponent §. It has neither sta-
tionary nor independent increments (apart from the degenerate case § = 1).

0 eR;

3. A new class of self-similar SaS processes with stationary increments.
In this section, we introduce a new class of self-similar SaS processes with sta-
tionary increments. A subclass of these processes will appear as a weak limit in
the functional central limit theorem in Section 5, but the entire class has intrinsic
interest. Furthermore, we anticipate that other members of the class will appear in
other limit theorems. The processes in this class are defined, up to a scale factor,
by 3 parameters, «, 8 and y:

O<a<y<2, 0<p<Il.
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We proceed with a setup similar to the one in (5). Define a o -finite measure on
[0, o0) by
(1-BxFPdx, 0<B<l,
So(dx), p=1

(80 being the point mass at zero). Let (', 7', P’) be a probability space, and let
(Sy (1, ")) be a SyS Lévy motion and (Mg(t, »’)) be an independent S-Mittag—
Leffler process, both defined on (', 7, P’). We define

vg(dx) = {

(12) Yap, (1) i= / S, (Ms((t — x)4, ), &) dZa p(@, %), 120,
Q' x[0,00)

where Z, g is a SaS random measure on ' x [0, co) with control measure P’ x vg;

we use the «-stable version of the control measure [see the remark following (7)].

REMARK 3.1. The boundary cases 8§ =0 and § = 1 are somewhat special. In
the case B = 0, we interpret the process in (12) as

Va0 (1) = / S, (Ex (o), @)1(x <1)dZao(@.x). 120,
Q' x[0,00)

where Ej is a standard exponential random variable defined on (', 7, P'), inde-
pendent of (S, (¢, @), while Z, ¢ is a SaeS random measure on Q' x [0, o) with
control measure P’ x Leb. It is elementary to see that this process is a SaS Lévy
motion itself, and the dependence on y is only through a multiplicative constant,
equal to

(E']S, (D|"E (EZ")"*.

In the second boundary case 8 = 1, the variable x in the integral becomes re-
dundant, and we interpret the process in (12) as

Ya1, (1) = / S, (t.0)dZas (), 120,
Q/
where Z, 1 is a SS random measure on Q" with control measure P’. This process
is, distributionally, sub-stable, with an alternative representation
Yo1,0)=WYS, ),  1>0,

with W a positive strictly «/y-stable random variable independent of the Sy S
Lévy motion (S, ), both of which are now defined on (2, F, P); see Section 3.8
in [38].

PROPOSITION 3.2.  (Yy,p,,(?)) is a well defined H-sssi SaS process with

(13) =t 1=F
Y o
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PROOF. The boundary cases 8 =0 and 8 = 1 are discussed in Remark 3.1, so
we will consider now the case 0 < 8 < 1.

The argument is similar to that of Theorem 3.1 in [29]. To see that (Y, g,y (1))
is well defined, notice that for t > 0, by self-similarity of (S, ),

E//O 1S, (Mp((t —x)4))|“(1 — B)x P dx
=E/|Sy(1)|°‘E/f0 Mg((t —x)3)*" (1 = Byx~P dx
<E/|S, ()|*E'Mg(1)*"t'7F < o0;

the finiteness of E’|Sy(1)|“ follows since o < y. Next, let ¢ > 0, #1,..., 1 > 0,
and 0y, ..., 0, € R. We have

k
E' exp{i Z QjYa,,B,y(Ctj)}
j=1
k
> 0,8, (Mg((ctj —x)4))

o0

=exp —/ E
00 k

:exp{—clﬂ'/(; E Z@ij(Mﬁ(C(tj —¥)4)

j:l

where we substituted x = cy in the last step. Because of the self-similarity of (Mg)

and (S, ), the above equals
00 k

exp:—c‘—ﬂ/o E|>0,cP7s, (Mp((t; — y)4))
j=1

_ { aH/OO /
=expy—c¢ E
0

k
= exp{i ZQJCHYa,ﬁ,y(tj)}.

j=1
This shows that Yy g ,, is H-ss with H given by (13).
Finally, we check stationarity of the increments of Yy g ,,. We must check that

forany s >0, f(,...,1 > 0,and 6y, ..., 6 € R,
00 k
/(; E ZIGJ[SV(Mﬂ((tj +5—x)1)) — Sy (Mg((s —x)4))]
J:
:/wE
0 4

k
> 0iSy (Mp((tj = x)+))
j=1

o

1—pB)xP dx}

o

(1—B)y~? dy},

(1—pB)yy " dy}

k
2058y (Mp((t; = ¥)+))

j=1

(1—-B)y~? dy}

o

xPdx

o

xPdx.
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Split the integral in the left-hand side according to the sign of s — x and use the
substitutions r =s — x and —r = s — x to get

/OS E jéa,-[sy (Mg(t; + 1)) — S, (Mg(r))] a(s —r)Pdr
+/OOOE/ _Zk:l@jSV(Mﬂ((fj —7)4)) “(s +r)Pdr,
=
Rearranging terms, we are left to check
fos E jéej [S, (Mg(t; + 1)) — S, (Mg(r))] a(s —r)Par

(14)

o

(x P — (s +x)P)dx.

e.¢]
=/ E
0 :

k
> 6,8y (Mp((1; — x)1))
j=1

However, by the stationarity of the increments of (S, ), the left-hand side of (14)

reduces to
N
| E
0

Let 8, = Sg(Mpg(r)) — r be the overshoot of the level r > 0 by the B-stable
subordinator (Sg(t)) related to (Mg(t)) by (10). The law of §, is given by

o

(s — r)_ﬂ dr.

k

Y08, (Mp(tj +r) — Mg(r))
j=1

sin fr

P, € dx) = r’s(r —i—x)_lx_ﬁdx, x > 0;

see Exercise 5.6 in [21]. Further, by the strong Markov property of the stable sub-
ordinator we have

(Mgt +r) — Mg(r), 1 = 0) £ (Mg ((r — 8,)1).1 = 0),

with the understanding that Mg and &, in the right-hand side are independent. We

conclude that
k
Y 0;Sy(Mp(tj +r) — Mg(r))

S
I
o [

(15) sin [ (5 k w
= /()/()Ejgeij(Mﬂ((tj_x)+))’

(s — r)_ﬂ dr

X rﬁ(r + x)_lx_ﬁ(s — r)_ﬁ drdx.
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Using the integration formula

Lrt \P 1 p
L) el oo
o\l1—¢t/ t+y sin 81 1+y

given on page 338 in [16], shows that (15) is equivalent to (14). [J

REMARK 3.3. The increment process
V&PV =Y, g, (n+1) = Yop,(n), n=0,1,2,...,

is a stationary SaS process. The argument in Theorem 3.5 in [29] can be used
to check that, in the case 0 < 8 < 1, this process corresponds to a conservative
null operator 7 in the sense of (9). Furthermore, this process is mixing. See [35]
and [37] for details. On the other hand, in the case 8 = 0, the increment process
is an i.i.d. sequence, and hence, corresponds to a dissipative operator 7'; recall
Remark 3.1. Furthermore, in the case 8 = 1, the increment process is sub-stable,
hence corresponds to a positive operator 7. In particular, it is not even an ergodic
process.

4. Some Markov chain theory. The class of stationary infinitely divisible
processes for which we will prove a functional central limit theorem is based on a
dynamical system related to Example 5.5 in [29]. In the present paper, we allow the
Markov chains involved in the construction to take values in a space more general
than Z.

We follow the setup of [11] and prove additional auxiliary results we will need
in the sequel. Let (Z,) be an irreducible Harris recurrent Markov chain (or sim-
ply Harris chain in the sequel) on state space (X, X) with transition probability
P(x, A) and invariant measure 7 (A). Our general reference for such processes is
[24]. As usually, we assume that the o-field X’ is countably generated. We de-
note by P, the probability law of (Z,) with initial distribution v, and by E, the
expectation with respect to P,,.

The collections of sets of finite, and of finite and positive 7 -measure are denoted
by

X" :={A € X such that 7 (A) > 0},
Xy :={A € X such that 0 < 77 (A) < co}.

Since the Markov chain is Harris, for any set A € X+ and any initial distribution
v, on an event of full probability with respect to P, the sequence of return times
to A defined by 74(0) =0 and

(16) ta(k) =inf{n > t4(k — 1): Z, € A} fork > 1,

is a well defined finite sequence. An alternative name for 74 (1) is simply t4.
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For a set A € X", we denote by

(17) an (v, A):n(A)_IZ/ PE(x, Ayvdx), n>1
f=1"%

the mean number of visits to the set starting from initial distribution v, up to time
n, relative to its r-measure. When needed, we extend the domain of a, to [1, c0)
by rounding the argument down to the nearest integer.

An atom a of the Markov chain is a subset of X such that P(x, ) = P(y, -) for
all x, y € a. For an atom, the notation P, and E; makes an obvious sense. A finite
union of atoms is a set of the form

q
(18) D=|Ja, g<oo,
i=1
where a; € X0+ ,j=1,...,q are atoms. Any such set is a special set, otherwise

known as a D-set; see Definition 5.4 in [27] and [28], page 29. The importance
of this fact is that for any two special sets (and hence, for any two finite unions of
atoms) D and D,

(19) lim L=

for any two initial distributions v; and v;; see Theorem 2 in Chapter 2 of [28]
or Theorem 7.3 in [27] (without the assumption of “speciality” there might be 7 -
small exceptional sets of initial states). This fact allows us to use the notation a; :=
a;(v, D) for any arbitrary fixed special set D and initial distribution v when only
the limiting behaviour as + — oo of this function is important. For concreteness,
we fix a special set D and use v(dx) = 7(D) " p)m(dx).

A Harris chain is said to be §-regular, 0 < g < 1, if the function (a;) is regularly
varying at infinity with exponent g, that is,

lim a¢/a; = P for any ¢ > 0.
1—00

Let f: X — R be a measurable function. For a set A € X", the sequence
T4 (k)

A=Y  f(Zp, k=12,
Jj=tatk—1)+1

is a well defined sequence of random variables under any law P,,. It is a sequence
of 1.i.d. random variables under P, if A is an atom and v is concentrated on A.
The following two conditions on a function f will be imposed throughout the

paper:
(20) feL'(m)NL*(x) and /Xf(x)n(dx) =0,

21 Z f(-)Pkf(-) converges in L'(X, X, n).
k=1
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It follows that
(22) o= | frx)r(dx)+2 F @) Pk F(x)m(dx) < o0.
=, >,

We refer the reader to [10] and [11] for a discussion and examples of functions
f satisfying conditions (20) and (21). An important implication of the above as-
sumptions is the following result, proven in Lemma 2.3 of [10]: if a € X0+ is an
atom such that inf,cq | f(x)] > O (i.e., an f-atom), then

N
23 E a))"=——o%.
(23) of&1(@)* = — o]

We prove next a functional version of Theorem 1.3 in [11]. In infinite ergodic
theory related results are known as Darling—Kac theorems; see [1, 39] and [29].
The result below can be viewed as a mean-zero functional Darling—Kac theorem
for Harris chains.

THEOREM 4.1. Suppose that (Z,) is a B-regular Harris recurrent chain with
0 < B <1, and suppose f satisfies conditions (20) and (21). Set for nt ¢ N

nt
St ()= f(Z),

k=1

and for all other t > 0 define S,;(f) by linear interpolation. Then for any initial
distribution v, under P,,,

Sur(f), 1> 0) "= (F(B+ 1)) 20sB(Mp(1)). 1 > 0),

n

ey Jla_

weakly in C[0, 00), where B is a standard Brownian motion, which is independent
of the Mittag—Leffler process Mg. If B = 0, then the same convergence holds in
finite dimensional distributions.

As in [11], the proof of Theorem 4.1 proceeds in three steps: regeneration, the
split chain method of [26] and finally the use of a geometrically sampled approxi-
mation, also known as a resolvent approximation (see Chapter 5 in [24]).

In the first step, we derive a functional version of a part of Lemma 2.3 in [11], as-
suming existence of an atom a € XO+ . For a related result, see Theorem 5.1 in [20].

We define the discrete local time at a by

Lo(n) :=max{k > 0: 7q(k) <n}.
Then the sequence

25)  ((&(a). Tatk) — Ta(k — 1)),k =1,2,...)  isii.dunder P,
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LEMMA 4.2. The convergence (24) holds under the assumptions of Theo-
rem 4.1, with the additional assumption that (Z,) has an f-atom «a.

PROOF. Unless stated otherwise, all the distributional statements below are
understood to be under P,,, for an arbitrary fixed initial distribution v. Let

pm)=> Pla,a), n=12...,

k=1
and note that, by (19),

(26) Jim_ ¢ (n)/a, = 7(a).

Let ¢~! denote an asymptotic inverse of ¢. By Lemma 3.4 in [9], as n — oo,
the stochastic process

T.(t) :=t(lnt]) /¢~ (), t>0

converges weakly in the Ji-topology on D[0, co) to a -stable subordinator with
the Laplace transform exp{—t6# / '(8 + 1)} for 0 < B < 1, and to a line with slope
one when 8 =1 (we will deal with 8 = 0 in a moment). Setting

nt
27) Wo)=n""23"& (@, >0
k=1

(defined for fractional values of nt by linear interpolation), the laws of {((W,,(¢),
t>0), (T,(t),t > 0))}en are tight in C[0, 00) x D[0, 0o) since the marginal laws
converge weakly in the corresponding spaces as n — oo. By (25), every subse-
quential limit is a bivariate Lévy process, with one marginal process a Brownian
motion, and the other marginal process a subordinator. By the Lévy—It6 decom-
position, the Brownian and subordinator components must be independent, so all
subsequential limits coincide, and the entire bivariate sequence converges weakly
in C[0, 0o) x DI[0, co) to a bivariate Lévy process with independent marginals.

If 0 < B < 1, weak convergence of (7,(¢)) is easily seen to imply, by inversion,
finite dimensional convergence, as n — oo, of the sequence (£,(nt)/¢(n)) (de-
fined for fractional nt by linear interpolation) to I'(8 + 1) Mg. Since the paths are
increasing, and the limit is continuous, this guarantees convergence in D[0, 00);
see [8] and [40]. Similarly, we obtain weak convergence to a line with slope one
for g =1.

In the case g =0, by Theorem 2.3 of [9] and (26), we see that the sequence of
processes (£q(nt)/¢(n)) converges in finite-dimensional distributions to a limit,
equal to zero at + = 0 and consisting of the same standard exponential ran-
dom variable repeated for all # > 0. Moreover, by Lemma 2.3 in [11], the ex-
ponential random variable is independent of the limiting Brownian motion in
(27), when we perform a subsequential limit scheme for the bivariate process
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{(W,(2),t=0), (£q(nt)/d(n)))}nen, similarly to the above. This time the con-
vergence is in finite-dimensional distributions.

Suppose now that 0 < g < 1. If D, [0, co) denotes the subset of D[0, co) con-
sisting of nonnegative functions, then the composition map (x, y) — x o y from
C[0, 00) x D4[0, 00) to D[0, 0o) is continuous at a point (x, y) if y is continuous.
It follows, therefore, by the continuous mapping theorem that

1 La(lnt])
08) (T( Z E(a), 1> )

"=8° (D(B + DEq&1(0)?) *B(Mp(1)), 1 > 0)

in D[0, 00), with (Mg(¢)) independent of (B(¢)) in the right-hand side. By (26),
we obtain

| tallni)) .
( 3 sk<a),z20> =2 (7 (@T (B + DEE (@)3) *B(Mp (1)), 1 > 0).

n 42
Recalling (23), we have shown that

a(lnt])
(29) ( — > &> o) =2 ((N(B+ 1) o B(Mp(1)). 1 = 0)
k=1
in D[0, 00).
We now proceed to relate (29) to the statement of the lemma. First of all, Corol-
lary 3 in [41] allows us to simplify the situation and assume that the chain starts at
the f-atom a. We can write

1 nt
( > F(Zi).t zo>
an 2

T e L—nt+|nr] 8
(30) =( Z & (a) + —————— > £ (Zp)
\/a_” k=tq(Laq(lnt])+1

|nt]+1

nt — |nt
Lozt > f(zk),rzo).
NV e ()41

Since the convergence in (29) occurs in the J; topology on D[0, co) and the limit
is continuous (recall that we are considering the case 0 < 8 < 1), in order to prove
convergence of the processes in (30) in C[0, co), we need only show that the second
and the third terms in the right-hand side of (30) are negligible in C[0, c0). We
treat in details the second term; the third term can be treated similarly. Restricting
ourselves to C[0, 1], we will prove that

1 Lnt]

swp | >0 20|
Van 0<t<tli_ ooy
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in probability. To this end, we rewrite this expression as

1 m
max > f(Zk)
a, m=0,..., n k=tq(Ca(m))+1

1 m
<  max max 2 [0
/Ay j=0,....Lq(n) ra(j)+1,n-l:fa(j+1) k=tq(j)+1

Letting W; denote the inner maximum, we must show that for any € > 0, choosing
n large enough implies

Pa<j:Or’r.1.%)l§u(’1) W;>e a,,) < €.
Since the sequence (£4(n)/a,) converges weakly, it is tight, and there exists M,
such that for all n, P,(£4(n) > Mca,) < €/2. Thus, we need only check that for n
large enough

oy Tl W ) = 1Bl W < ey

=1 — (1 =Po(W}? > 2a,)) Mt < ¢ /2.

To see this, we use Lemma 2.1 in [11] which states that under our assumptions we
have Ean2 < 00. Thus,

Po(W? > €2a,) =o(a; ) asn — 0o,

which verifies (31). This proves the lemma in the case 0 < 8 < 1.

If B =0, then the same argument starting with (28) works. The argument is
easier in this case since we only need to prove convergence in finite-dimensional
distributions. We omit the details. [J

We are now ready to prove Theorem 4.1 in general.

PROOF OF THEOREM 4.1. As before, the distributional statements below
are understood to be under P,, for an arbitrary fixed initial distribution v. The
split chain method of [26] allows us to extend the result from the situation in
Lemma 4.2, where we assumed the existence of an f-atom, to the case where
we only assume that there exists a C € X0+ such that

(32) in£|f(x)|>0 and P(x,A)>blc(x)mc(A), xeX,AeX

for some 0 < b < 1 where ¢ (-) :=n(C)"'n(CN>).

A very brief outline of the split chain method is as follows (see [26] or Chapter 5
in [24] for more details). One can enlarge the probability space in order to obtain
an extra sequence of Bernoulli random variables (Y,). The (Y;) are chosen so that
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the split chain (Z,, Y,) is a Harris chain on X x {0, 1} and such that C x {1} is an
f-atom (where f is extended to X x {0, 1} in the natural way). Moreover, this can
be done so that conditions (20) and (21) continue to hold for the split chain, and
also (22) holds for P and # (the transition kernel and invariant measure for the
split chain.) Then an application of Lemma 4.2 to the split chain proves the claim
of the theorem under the assumption (32).

The final step is to get rid of assumption (32), so we no longer assume that (32)
holds to start with. We follow the usual procedure which, for (a small) p > 0 uses
the renewal process

N(t):=max{n>1:1, <t}, t>0,
with i.i.d. renewal intervals (I';,1.1 — I';;), which have the geometric distribution
(33) P =k):=(1—p)p*1, k=1,2,....

The idea is to approximate the original chain (Z,) by its resolvent chain (Zr,),
where (I'x) are as in (33), and independent of (Z,). We then let p — 0.

The resolvent chain is just (Z;) observed at the negative binomial renewal times
(T'k) (this chain is also called a geometrically sampled chain). Its transition kernel
is

Pp(x, A):=(1—p) > p"1Px, A),
k=1

and, clearly, m is still an invariant measure. For the resolvent chain, the assump-
tions (20) and (21) allow one to define, similarly to (22),

o2 ::/sz(x)rr(dx)+2/;/Xf(x)P}§f(x)n(dx)

= [ Poman+2a-p Y [ f@P fom@.
X =1 X

Furthermore, the resolvent chain is B-regular if the original chain is, and the se-

quence (a,S” ) corresponding to the resolvent chain [see the discussion following
(19)] satisfies

alP ~ 1 —p)ta,, n— oo;

see (4.26) in [11]. The latter paper also shows that the resolvent chain (Zr, ) satis-
fies (32) (see also Theorem 5.2.1 in [24]).

Suppose that 0 < 8 < 1. Since we have already proved the theorem under the
assumption (32), we can use Theorem 2.15(c) in [18], and the “converging together
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lemma” in Proposition 3.1 of [33] to obtain

1 nt 1
[( an ];f(Zpk),rz 0), (;N(nt),t zO)}

n—oo

22 [(/(1 = p)!=FT(B + Doy, s B(Mg(1)),1 2 0). (1 — p)t. 1 = 0)]

in C[0, oo0) x D[0, 00). As before, it is legitimate to apply the continuous mapping
theorem, to obtain

an

1 N(nt)
( > fZr)t= o)
(34) k=1

"2 ( /(1= p) =BT (8 + D)oy, s B(My((1 — p)1)).1 > 0)

in D[0, co). Repeating the same argument with the continuous version of the
counting process (N (t)), given by

n

t—T
N.(@®)=N@)+ —— forT, <t <Tpy1,n=0,1,...,

1—‘n—l—l —1ln
leads to
1 Nc(nt)
( > f(Zrk),tzo)
(35) n 12

"2 (/1= p) =BT (B + Doy, B(My((1 — p)1)). 1 > 0).

this time in C[0, o). We now show that the convergence statement in (35) is suf-
ficiently close to the required convergence statement in (24), and for this purpose
the DJ[0, co) version in (34) will be useful.

We will restrict ourselves to the interval [0, 1]. Since

V1—pop r— oy as p— 0,

the second converging together theorem (see Theorem 3.5 in [33]), says that (24)
will follow once we check that for any € > 0
> e) =0.

N¢(nt) nt

S fZrp = f(Zi)

k=1 k=1

(36) lim limsupP, ( sup

p—~>0 n—oo 0<t<1 +/an
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To this end, we bound the probability in the left-hand side of (36) by a sum of 3
probabilities:

Nc(nt) N (nr)
P, f(Zr,) — f(Zry) )
(0<t<1 \/_ Z k ,(Zl k 3
N (nt) |nt]
(37) + Pv< sup 3 f(zr) - Z f(Zo|> )
0=r<1+/@n| ;2
Lnt]
+ Pv< sup Z f(Zi) - Z f(Zo|> )
0=<r<1 +/@n k=1
Keep for amoment 0 < p < 1/2 ﬁxed. Note that
N¢(nt) N (nt) €
limsupP, Zr.) — Z
n»oop <0<t<1 \/_ Z f( Fk) ]; f( Fk 3)
<limsupP, ( ! 6) 0
imsu >— )=
n—00 3 an k=<2n 3

|nt] nt

Z F(Zi) - Z f(Zo)| >

because, eventually, N.(n) < 2n and the convergence in (34) is to a continuous
limit. A similar argument shows that for a fixed 0 < p < 1/2,

limsupP,| su 0.

mar (s, | 5)-

It remains to handle the middle probablhty in (37). Let §; =1 at the renewal times
and O otherwise. By the self-similarity of the Brownian motion and the Mittag—
Leffler process, the convergence statement in (34) can be rewritten as

Lnt)
1 >
( Zakf(zk) ‘> 0) 22 (J(L = pIT(B + Doy B(Mp(1)).1 > 0).
Replacmg )4 by 1 — p, and hence, each & by 1 — §, gives us also

1 e oo
( 2(1 — 8 f(Zo), t>0> (VPT(B+ Vo1 s B(Mg(1)), 1 > 0).

Both of these weak convergence statements take place in the J; topology on

DI0, 00). Therefore,
( sup Z f(Zr) =) 8 f(Zi)| > )
0<t<1 k=1

s P( sup / pT(B+ Doi—p, ¢|B(Mp(1))| > )

0<r<l1

N (nt) |nt]
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which goes to 0 as p — 0. This completes the proof in the case 0 < 8 < 1. Once
again, the case § = 0 is similar but easier, since we are only claiming finite-
dimensional weak convergence. [

REMARK 4.3. Ifin Theorem 4.1 the function f is supported by a finite union
of atoms D, then we also have

1 2
(38) supE, su <—Sn ( )) <0
nzli vOgtgL A/ Aan '

for the initial distribution v(dx) = 7 (D) '1p(x)7(dx) and any 0 < L < 00. To
see this, it is enough to consider the case where the initial distribution v is given,
instead, by v(dx) = m(a) ' 14(x)7(dx), where a is a single atom of positive mea-
sure, forming a part of D. We use the notation in Lemma 4.2. It is elementary to
check that for eachn > 1,

Ca(n) :=minfk > 0: 74(k) > n} = £e(n) + 1
is a stopping time with respect to the discrete time filtration
Fr=0(&j(a), (). j=1,...,k), k=1,2,...,

while the process

k
SEi@, k=12,
j=1

is a martingale with respect to the same filtration. Increasing L, if necessary, to
make it an integer, we see that

Eq, sup (
0<t<L

2 2 m 2
Snt(f)) < —E,  max (Zs,-<a>).

1
v/ an n om=l..la(nLD\j=
By Doob’s inequality and the optional stopping theorem, this can be further
bounded by

n

8 éu(|_"lLJ) 2 Eaéa L
a—Ea< 3 s,~<a)> = 8B, (51 () e ),
n i=1

Since

E.{
Ea(.g?l(a))2 <00 and sup— a(n) <00

n>1 ap

by the assumption and the discussion at the beginning of the proof of Lemma 4.2,
the claim (38) follows.
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We will also need a version of Theorem 4.1, in which the initial distribution is
not fixed but, rather, diffuses, with n, over the set {tp < n}. We will only consider
the case of a finite union of atoms D = J?_, a; € A

We first reformulate our Markovian setup in the language of standard infinite
ergodic theory. Let E = XY be the path space corresponding to the Markov chain.
We equip E with the usual cylindrical o-field £ = XN. Let T be the left shift
operator on the path space E, thatis, 7' (x) = (x2, x3,...) for x = (x1,x2,...) € E.
Note that T preserves the measure p on E defined by

(39) w(A) = /XPX (A)m(dx) for events A € £

(as usually, the notation P, refers to the initial distribution v = 3, x € X). Notice
that the measure w is infinite if the invariant measure s is. This is, of course,
always the case if 0 < § < 1. In the sequel, we will usually assume that 7 is
infinite even when 8 = 1.

We will need certain ergodic-theoretical properties of the quadruple (E, &,
u, T). As shown in [3], T is conservative and ergodic; this implies that

o0
ZleT”=oo, u-a.e.on E

n=1
for every A € £ with w(A) > 0. For a finite union of atoms D € X0+ as in (18), let
(40) D:={xeE:x €D)

be the set of paths which start in D. The first return time to D as defined in (16)
can then be viewed as a function on the product space E via

tp(x) =inf{n >0:T"x € D} =inf{n > 0: x, € D}, x=(x1,x2,...)€E.

The wandering rate sequence (corresponding to the set D) is the sequence u(tp <
n),n=1,2,....Since T is measure-preserving, this is a finite sequence. Since the
Markov chain is S-regular, this sequence turns out to be regularly varying as well,
as we show below. For the ergodic-theoretical notions used in the proof, see [2]
and [42].

LEMMA 4.4. Suppose that (Z,) is a B-regular Harris recurrent chain with
0 < B <1, with an infinite invariant measure 1. Let D be a finite union of atoms.
Then the wandering rate u(tp < n) is a regularly varying sequence of exponent
1 — B. More precisely,

~ ! n
F(1+Ar @2~ p)ay

u(tp <n) asn— o0.
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PROOF. Let Q be a Markov semigroup on X which is dual to P with respect
to the measure w. That is, for every k = 1,2, ... and every bounded measurable
function f Xk > R,

/n(dxof P(xl,dxz)---/ P (a1, de) £ (X s XE)
X X X

=fn(dxk>f Q(xk,dxk_o---/ 0 (2. dx) f(x1. .. %0).
X X X

Since 7 is an invariant measure for P, it is also invariant for Q. Define a o -finite
measure on (E, £) analogous to u in (39), but using Q instead of P, that is,

A(A) = /XQX (A (dx) for events A € £.

We claim that the set D given in (40) is a Darling—Kac set for the shift operator
T on the space (E, &, ). According to the definition of a Darling—Kac set (see
Chapter 3 in [2]), it is enough to show that

1 s ~ ~
41) — Z Télf)(x) — (D) =m (D) uniformly ji-a.e. on D,
n 21

where fQ LY () — L'(f) is the dual operator defined by

with
o) = [ g0ndx),  AeE

a signed measure on (E, &), absolutely continuous with respect to fi. Note that
the dual operator f"Q satisfies f"él (X)) = P*(x1, D); see Example 2 in [1]. Since
we may choose a, as in (17) with A = D (recall that a finite union of atoms is
a special set), it is elementary to check that (41) holds, and the uniformity of the
convergence stems from the fact that the left-hand side in (41) takes at most ¢
different values on D. Applying Proposition 3.8.7 in [2], we obtain

1 n

TA+BATQ2—B)ay

fi(tp <n)~
However, by duality,

u(tp <n)=t(tp <n).

Since (ay) is regularly varying with exponent 5, the exponent of regular variation
of the wandering sequence is, obviously, 1 — 8. [
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REMARK 4.5. Referring to the proof of Lemma 4.4, it should be noted that
using in (40) aset D € XJ’ different from a finite union of atoms, may still define
a set D that is a Darling—Kac set. For example, suppose that (Z) is a random walk
on R with standard Gaussian steps; that is,

P(x,B)=P(GeB—x), x € R, B Borel.

Here, G ~ N (0, 1). In this case, the Lebesgue measure 7w on R is an invariant
measure. It is not hard to see that D = [0, 1] is a special set that is not a finite
union of atoms. Further, a,, ~ /n/27 as n — co. We claim that the set D of paths
starting in [0, 1], is a Darling—Kac set for the conservative measure-preserving shift
operator on E. To see this note that, in this case, there is no difference between the
semigroup P and the dual semigroup Q, and hence,

| | 1
— T'1y=— P 1[0’1] I
wE T Von
uniformly on [0, 1].

We can view the sums S, (f) as being defined on the path space E by setting
h(x) := f(x1),Xx=(x1,x2,...) € E, and then writing

Sp(HE® =Y hoTFx) =" fxp).
k=1 k=1

This defines the notation used in Theorem 4.6 below. Define a sequence of proba-
bility measures (i,) on E by
_nAn{tp=n}

a2(A) = , Aef.
Hn(A) u(tp <n)

THEOREM 4.6. Suppose that, in addition to the hypotheses of Theorem 4.1, f
is supported by a finite union of atoms D = Uiqzl a; € XO+ . Then for every L > 0,
under the measures [Ly],,

1 -
(oS00 <L) 'S5 (06 + 1) Vo BMplr — T5). 0= 1 < 1),
Jan ‘
where TO% is independent of the process B(Mpg(t)) and P(TL <x)= (x/L)l_ﬂ for
x € [0, L] (in particular, Tolé =0 a.s. if B =1). The convergence is weak conver-

gence in C[0, L] for 0 < B < 1 and convergence in finite-dimensional distributions
if B =0. Furthermore, forall0 < g <1,

42) iifl)/;(sf/%)Ya?un < 00.
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REMARK 4.7. By the similar argument to that in Remark 4.3, it is not
hard to check that, under the assumptions of Theorem 4.6, if for some p > 2,
Eq|&1(D)|? < oo for any atom a constituting D, then we, correspondingly, have

IS0 (NP
i‘iﬂ’ﬁ( Jan ) ditn < 0.

PROOF. We prove convergence of the finite-dimensional distributions first.
For typographical convenience, we will only consider one-dimensional distribu-
tions. In the case of more than one dimension, the argument is similar, but the
notation is more cumbersome. During this proof, we may and will modify the def-
inition of S,;(f) to have the sum starting at k = 0. Suppose first that L = 1.

Setform=1,2...,xeXandi=1,...,¢q

Pm(x,i):= Px(ZrD =aj|tp =m).
Thenfor A€ Randalarge K = 1,2, ...,

Mn<33%§)>>k)

—mnomf ( %) A,rD=m)n(dx)

P.(zp = S(nt—m)+ f
(43) = Z / ep =) me(x i)Py, <T > k)rr(dx)

K lkn/K|-1 ¢

:Z Z ZPat<S(m\;n)7:(f) A)

k=lm=[(k—1)n/K]i=1

x / Pxto=m) e iyn(dx).
X

p(tp <n)
The second equality uses the fact that f is supported on D and the strong Markov
property. In the last equality, we merely partition {0, ..., n — 1} into K parts.
Suppose first that 0 < 8 < 1. Working backwards through an argument similar
to (43), we obtain

K |kn/K|-1

d Snt— +(f)
> k(TR

k=1m=|(k-=)n/K]i=1

(44) R
P.(tp =m) , o (Sgre(f)
< [ T e () —un(—ﬁ - 3).
where

TX! (%) = (nt — (nk/K —tp(®)),  if tp(®) € [k — Dn/K, kn/K).
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Clearly,

t_TK,t
In n (X)Ifl/K.

By Theorem 4.1 and Lemma 4.4, we see that

k
Ko tngmt g Sn(t—k/K)y ()
Z > 2P =0
k=1 m=|(k—D)n/K | i=1 Vln

x/ Mpm(x,i)n(dx)
X

u(tp <n)
K

(45) ~S P(T(B+ 1) Por B(Mg(t — k/K)+) > 1)
k=1

y u(l(k—Dn/K] <tp < lkn/K] —1)
u(tp <n)

K
= (/K P — (k= 1)/K)'P)
k=1

x P((T(B+ 1) o B(Mp(t —k/K)1) > 1).

Combining (45) with (44) implies that

Sk (f) A
THW — (DB + 1) oy B(Mp(t — T, k)14,

where YA"OO, k 1s a discrete random variable independent of B and Mg such that
P(Too.x =k/K)=k/K)' P — (k= 1D/K)'F, k=1.. K

We claim that for every ¢ > 0

(46) hm lim sup u, =0.

— 0 n—o0

(Sup0§s1,sz§t,|sl—szfl/K |§n¥1(f) - Sﬂsz(f” - 8)
A/ An

Then, since foo, K= Tolo as K — 00, once we prove (46), the claim of the theorem
in the case L = 1 will follow from Theorem 3.2 in [7].
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To see that (46) is true, repeat the steps in (43) and bound the probabilities
Ppm(x,i) from above by 1. We conclude that (46) is bounded from above by

(Sup0§s1,s2§t,s1—s2|§1/[( |Sns1(f) - Snsz(f)| - 8)

lim Z limsup Py,

K—>OO n— 00 A an
1/2
= lim ¢P sup (CB+ D)
K—00 " No<sysa<t.lsi—s2|<1/K

x 07| B(Mg(s1) — B(Mp(s2)| > ¢),

where at the second step we used Theorem 4.1. Now (46) follows from the sample
continuity of the process (B(Mg(t)),t > 0).

This proves the required convergence for L = 1. For general L, we replace n by
nL, t by t/L and use the regular variation of (a,). Using the already considered
case L =1, we see that

o (L = 5) = BB + 1) oy L B(M (/L = TL), ) = ).
Van

Since LTL 4 TL and the process B(Mp) is B/2-self-similar, the claim of the
theorem in the case 0 < 8 < 1 has been established.

In the case B =0 and L = 1, we proceed as in (43), but stop before breaking
the sum into K parts. Consider the case A > 0; the case A < 0 can be handled in
a similar manner. Fix ¢ > 0 and choose ¢ > 0 smaller than ¢. Next, split the sum
over m into two sums; the first over the range m < n(t — ¢), and the second over
the range n(t — ¢) < m < nt. Denote the first sum

L P.(tp = m) S(nt—m)+<f)
Ta1(A) = M% 8)/ o= me(x l)Pal(T > ,\)n(dx)

and denote the second sum, over the range n(t — ¢) <m < nt, by X, 2(1). Let
0 < p < 1. By the slow variation of the sequence (ay,), there is n, such that for
all n > n, and for all m < n(t — &), anr—m/an € (1 — p, 1+ p). By Theorem 4.1,
there is 71, such that for all n > 71,

P, (2D > (1))
P(o, B(Ex) = (1 p) 20)

foreachi =1,...,q, where Eg is a standard exponential random variable inde-
pendent of the Brownian motion. For notational simplicity, we identify n,, and 71,.
We see that for n > n,,

p(tp <n(t —¢))

B —1/2

€e(I—p,1+p),

I’L(TD =< n(t - 8)) _ —1/2
B0 0) = (4 p) 2 SR B(E) = (1= ) 2),
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Furthermore,

u(n(t —e) < tp < nt)

2n2) = e

Letting first n — oo, then ¢ — 0, and, finally, p — 0, we conclude, by the conti-
nuity of the law of B(Eg) that

(%m>
Mn \/Cl_n

which is the required limit in the case 8§ =0 and L = 1. The extension to the case
of a general L > 0 is the same as in the case 0 < 8 < 1.

It remains to prove tightness in the case 0 < 8 < 1. We will prove tightness in
C[0, 1]. Since we are dealing with a sequence of processes starting at zero, it is
enough to show that for any ¢ > 0 there is § > 0 such that foranyn =1,2, ...,

A) — 1P(oyB(Eg) > A),

(7) o sup
" 0<s,1<1,|t—s|<8 /4

However, by the tightness part of Theorem 4.1, we can choose § > 0 such that for
everyi=1,...,gandn=1,2,...,

St () — nfo>e)§a

ok Sn Sns <
l<0<€t<S;JI:; s|<8 «/—| () = (f)|>8><g

Therefore, arguing as in (43), we obtain

o sup 51 (1) = $us(1)] =)

0<s,1<1,|—s|<8 \/_
—Z/ =) i)

p(tp <n)

xm( sup ) — %%mmm%m)

0<s,i<1,|1—s|<8 «/_
<Zf m””mmeo

u(tp <n)

Pﬂ Sn ns d
y ,(0<thfg ﬂ<3x/__| () — (fv|>»e)n( )

<e

9

proving (47).
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Finally, we prove (42). We have

L(S%))Zd“"—m/ Su)*

1
(48) = 7[11 /X F200m(dx)

api(tp <n)

n—ln—j
23 Y [ fewr f(x)N(dx)}

j=1k=1

where in the first step we used that f is supported by D, and in the second step
we used the invariance of the measure 7. By Lemma 4.4 and conditions (20) and
(21), the supremum over n > 1 of the right-hand side of (48) is finite. [

5. A functional CLT for symmetric heavy-tailed infinitely divisible pro-
cesses. We now define precisely the class of infinitely divisible stochastic pro-
cesses X = (X1, X3, ...) for which we will prove a functional central limit theo-
rem. Those processes are given in the form (3) of a stochastic integral.

Let (E, &) be the path space of a Markov chain on X, as in Section 4. Let f :
X — R be a measurable function satisfying (20) and (21). We will assume that f is
supported by a finite union of atoms (18). Let A(x) := f(x1), X=(x1,x2,...) € E
be the extension of the function f to the path space E defined above.

Let M be a homogeneous symmetric infinitely divisible random measure M on
(E, £) with control measure p given by (39). We will assume that the local Lévy
measure p of M has a regularly varying tail with index —«, 0 < @ < 2:

49) p(-,00) €RV_, at infinity.
Let

(50) Xk=/EhoTk(X)dM(X)=/Ef(xk)dM(X), k=1,2,...,

where T is the left shift on the path space E. Since the function f is supported by
a set of a finite measure, it is straightforward to check that the integrability condi-
tion (6) is satisfied, so (50) presents a well-defined stationary symmetric infinitely
divisible process. Furthermore, we have

P(X; >/\)~fx|f(x){°’n(dx)p(x,oo), A — 00,

see, for example, [36]. That is, the heaviness of the marginal tail of the process X
is determined by the exponent « of regular variation in (49). On the other hand,
we will assume that the underlying Markov chain is 8-regular, 0 < 8 < 1, and we
will see that the parameter 8 determines the length of memory in the process X.
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The main result of this work is the following theorem. Its statement uses the tail
constant C,, of an «-stable random variable; see [38]. We also use the inverse of
the tail of the local Lévy measure defined by

p < (y):=inf{x >0: p(x, 00) <y}, y>0.

THEOREM 5.1. Let 0 <a <2 and 0 < B < 1. Suppose that (Z,) is a B-
regular Harris chain on (X, X') with an invariant o -finite measure 7. If 8 = 1,
assume that a, = o(n). Let f be a measurable function supported on a finite union
of atoms D = U?Zl a; € XO+ . We assume that f satisfies (20) and 21). If B =1,
we assume also that f € L*>T¢(x) for some ¢ > 0. If « > 1, we also assume that
for some € >0, Eq, |f(Z,a2)|2+8 < 00 for any two atoms, a1, aa, constituting D.

Let X = (X1, X3, ...) be a stationary symmetric infinitely divisible stochastic
process defined in (50), where the local Lévy measure of the symmetric homoge-
neous infinitely divisible random measure M is assumed to satisfy (49). We assume,
furthermore, that

(51) xPp(x,00) — 0 asx 0

for some pg € (0, 2). Then the sequence
cnzca_l/o‘a,ll/zp‘_(u(rp§n)_1), n=1,2,...,

satisfies

(52) cn €ERVp2+(1-p) far-
Let0< B <1.Then

1 &
(53) — 2 Xi= (DB +1) P 0sYapa()  inCl0.00).
k=1

where (Yy 5.2(1)) is the process in (12), with the usual understanding that the sum
in the left-hand side is defined by linear interpolation.

If B =0, then (53) holds in the sense of convergence of finite-dimensional dis-
tributions.

PROOF. The fact that (52) holds follows from the assumption of S-regularity
and Lemma 4.4, taking into account that the regular variation of p at infinity im-
plies p=~ € RV_y 4 at zero. For later use, we also record now that

(54) ,o(cnan_l/z,oo)vaau(tD <n)~! asn — 0o,

which follows directly from the definition of the inverse and the regular variation
of the tail of p in (49).
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We start with proving convergence of the finite-dimensional distributions. It is
enough to show that

J nt;
2
—Ze Zxk:> re+1)" a,«Z@ Yo5.2(17)
forall J >1,0<¢t <---<tj,and 0y, ...,0; € R. We use an argument similar to

that in [29].

The standard theory of convergence in law of infinitely divisible random vari-
ables (e.g., Theorem 15.14 in [19]), says that we only have to check the following:
in the notation of Theorem 4.6 and of Section 3, for every r > 0,

real X207 8ue; (17!
/ ( Ze sm,<f)) / v (v, 00) dvdy

r2—a

2 —«

~/[Ooo)//
J
fp(rcn
E :
j=1

(55) — “(C(B+ 1) o8

B(Mg((tj — x)4, @), )| P'(do)vg(dx)

-1
,00) du

(56) — rC,(T'(B + 1))“/20“

oo bz

The proof of (56) is very similar to that of (55), so we only prove (55).
We keep r > 0 fixed for the duration of the argument. Fix also an integer L so
that r; < L and define

and

> 08, ()

B(Mg((tj — x)4, @), )| P/(do)vg(dx).

ry
v0O) = y*zfo xo(x,00)dx,  y>0,

so that the left-hand side in (55) can be expressed as

/Ew<|z,’~:106;3mj<f>|)d“

By Theorem 4.6 and the Skorohod embedding theorem, there exists a probability
space (%, F*, P*) and random variables Y, Y1, Y», ... defined on (2%, F*, P*)
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such that

1 J -1
«/afZ@‘iSntj(f)) ) n=12,...,

P*OYH_1=,U,,1LO<

J —1
Proy '=Po ((F(ﬂ + 1) 20 > 0;B(Mp(1; — ToLo)+)> :
j=1

Y, — Y, P*-as.
Then

/E‘/’<|Z,’»21;flﬁnt,-<f>|)d“=/9*“(”)S"L)W(J%Ynl)dp*'

First, we will establish convergence of the quantity inside the integral. By Kara-
mata’s theorem (see, e.g., Theorem 0.6 in [31]),

r2—a

2—«a

(57) v(y)~

p(y,00)  asy— oo.

Therefore, as n — oo,

pep <Ly (=)

Van|Yn|
2—a
~ (T = nL)p(enay 1Yy |7, 00)
2—a
~ |V, |*u(tp < nL)p(cna, /%, 00), P*-as.,

where the last line follows from the uniform convergence of regularly varying
functions of negative index; see, for example, Proposition 0.5 in [31]. By (54) and
the regular variation of the wandering rate in Lemma 4.4, we conclude that

Cn > r2
—
\/an|Yn| 2—

It is straightforward to check that

o
u(tp < nL)lﬁ( Co, L' Py, P*-as.
o

/ L'7P|y|* ap*
Q*

= (T (B + 1) ¥

oo
[0,00) J&

o

J
Y 0;B(Mg((tj —x)4,0), )| P'(d)vp(dx),
j=1




FUNCTIONAL CENTRAL LIMIT THEOREM 2117

so it now remains to show that the convergence discussed so far can be taken un-
der the integral sign. For this, we will use the Pratt lemma (see Exercise 5.4.2.4
in [31]). The lemma requires us to find a sequence of measurable functions
Go, G, Gy, ... defined on (Q2*, F*, P*) such that

Cn
(58) w(ep < nL)df( ) <G, Pas,
P N A
(59) G, — Gy, P*-as.,
(60) E*G, — E*Go € [0, 00).

Throughout the rest of the proof, C is a positive constant which may change from

line to line. Note that by (54), u(tp < nL)¥ (cpan 1/ 2) tends to a positive finite
constant, therefore,

Cn ¥ (caay 1Y,
L C .
n(ep <n )w(@m') scE T

Since ¥ € RV _, at infinity, Potter’s bounds (see Proposition 0.8 in [31]) allow us
to write, for0 <& <2 —«,

¥ (catn 1Yl D)
—-1/2
Y (cnan / )
for sufficiently large n. Further, by (51), y>¥ (y) — 0 as y | 0, which gives us

v(y)<Cy? for all y € [0, 1].

{ch = Jan|Vul} < C(1Yn]%75 + ¥,%T)

Thus,

12,y -1
Y,

Y (Cnn _|1/';| )l{cn <Jay|Y,l} < Canc;zi_l/2 )

Y (cnay ) Y (cnan )

Summarizing, for sufficiently large n,

c Y, 2
e < () (I 4 0 a2 ),
an| Yy (cpan ")
If we define G, to be the right-hand side of the above, then (58) is automatic.
Let Go := C(|Y|*% +|Y|**¢). It follows by the definition of ¢, and Lemma 4.4
that

1

cna, 2> Cp(an/n) — oo as n — 00

because a,/n — 0 (this follows from regular variation considerations if 8 < 1,
and it is assumed to hold if 8 = 1.) Since y?v/(y) — oo as y — oo by (57) and the
fact that ¢ < 2, we conclude that

| W?

50
" Yienan ')

axc
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P*-a.s., so that (59) holds.

To show (60), recall that by Theorem 4.6, sup,,- | E*|Y,|? < oo. This implies
uniform integrability of (|¥,,|**,n > 1) (with respect to P*). Combining these
observations,

* * a—§& * o+ -2 E*|Y |2
E*G, = C|E*|Y,| + E*|Y,| +anc, " ———75-
/2
(cnan )
—)C(E*lYla_é+E*|Y|a+§)=E*G0, n— 0o,
as required. This completes the proof of convergence in finite-dimensional distri-
butions.

It remains to prove tightness in the case 0 < 8 < 1. We start by decomposing
the process X according to the magnitude of the Lévy jumps. Denote

p1():=p(-N{x:lx|>1}),
p2() == p(-N{x:|x| <1}),

and let M;, i = 1, 2 denote independent homogeneous symmetric infinitely divis-
ible random measures, with the same control measure p as M, and local Lévy
measures p;, I = 1,2. Then

(Xk,kzl,z,...)$</ f(xk)dMl(x)+ff(xk)sz(X),k:I,Z,...)
E E
=(xP+xPk=1,2,..)

in the sense of equality of finite-dimensional distributions. Notice that X() and
X are independent. Furthermore, since f € L?(7), we see that

61) E(Y) = [ r2wm ) / ¥ p(dy) < oc.

Fix L > 0. We will begin with proving tightness of the normalised partial sums

of X 152) in the space C[0, L]. By Theorem 12.3 of [6], it suffices to show that there
exist y > 1, p >0 and C > 0 such that

nt ns
>x? -y x?

k=1 k=1

(62) P(

C
> kcn> < —(t —s5)?

forallO<s<t<L,n>1and A > 0.

We dispose of the case n(t — s) < 1 first, and, in the sequel, we will assume
that u(tp < 1) > 0. If this measure is zero, we will simply replace 1 by a suitable
large constant y and dispose of the case n(t — s) < y first. It follows from (61)
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that

nt ) ns )
5 x -3 x

k=1 k=1

d

It follows from (52) that

@1 (v Ac
>Acn) §P(max(]Xl LX) > m)

< C)L_zc,fznz(t — s)z.

¢ on® € RV2 2 24(1-p)Ja) = RVI-(1-p)2/a—1)-
Suppose first that 0 < 8 < 1. If (1 — B)(2/a — 1) > 1, then n?/c? is bounded by a
positive constant, and we are done. In the case of 0 < (1 — 8)(2/a — 1) < 1, since
n(—s)<1,thereis0 <8 < (1 — B)(2/a — 1) such that
C;Zl’lz(t _ S)2 S C(t _ S)l"r(l—ﬁ)(Z/O{—l)—(S’
which is what is needed for (62). If 8 = 1, a similar argument works if one uses

the stronger integrability assumption on f imposed in the theorem.
Let us assume, therefore, that n(t — s) > 1. By the Lévy—Itd decomposition,

nt ns
Y@ _§ @
4 /E (e (1) = 8us (1)) d M2

4 / / o VGt () = Sus (1) d N
‘y(Snt (f)_Snx (f))lf)hcn

+ // o V8t (F) = s (f)) N,
[y (Sne (f)=Sus (fN|>Aen

where N, is a Poisson random measure on R x E with mean measure po x @ and
N> := Ny — (p2 x ). Therefore,

r(3 - 1c.)

nt o ns o
Z Xk - Z Xk
k=1 k=1
= P(‘// S S Y(Sm(f) - S'm(f)) dl\_fz > )‘Cn)
[y (Snt (f)—Sns (f)]<Acy

+P<‘ S $ S” - Sns dN ‘ O)
-/-/Iy(Sm(f)—Sm(f))|>xcn Y(Sue (f) (f))dN2| >
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It follows from (51) that

P(W S s y(Sm(f>—§ns<f>)dN2‘ >xcn>
[ (Snt (f)=Sus (fNI<Acn

2 S () = Sus(D) N
< —==E N N V(Sn: (f) — Sus(f))dN2
A2c2 15 Gt () =Sy () <A (S ()

[y(8nt (f) = Sus ()] dp2dpe

2

222 / /y(Sm(f)—Sm(f))|sxcn

A _ 3 2 1 paen /1S () =Sus ()]
54/ (Snt(f) Snv(f)) </ y,oz(y,oo)dy)d/L
0

ACp

C
< v L3 = S DI i

Similarly,

- 0)

P(W ; 2 V(S (f) = Sus () dN2
|y(Snt(f)_Sns(f))|>)hCn

<P(N2({1y(Sue () = Sps(H))| > Aen)) > 1)
<EN>2({1y(Sne (f) = Sus (1)) > Acn})

:2/;;p2()\cn|§nl(f) - 31ns(f)|_1v OO)d,LL

c 1 [, .
T o — Po
< s [ 15 = S e

Elementary manipulations of the linear interpolation of the sums and (42) show
(2) Z X(2)

that
( > kc,,)
C 1

ma
)J’O Cn n(t—s)— 1<m<n(z s)+1

[ 13uhHIP du

=0 3P0 oo (an(t )P u(tp <n(t —s)),

where at the last step we have used the assumption n(t — s) > 1, regular variation,
and Theorem 4.6.

Suppose first that 0 < 8 < 1. Choose € > 0 so that 2/a — € — 1 > 0. Note that,
if (51) holds for some pg € (0, 2), it also holds for all larger pg. Thus, we may
assume that pg is close enough to 2 so that

n(B- ) 40-)
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Since we are assuming that u(tp < 1) > 0, we see that

1
?ﬁmmhmﬁwﬁdn)fna—sn
n

<C(%M@Dfnﬁmﬁ>m”(%mm)mﬂ<uﬁpfnU—mD)mmem”

c2 (tp <n)

n an

< C(an(t 3)>p0/2<M(TD <n(t— S)))Po/ot €po/2
an u(tp <n) ’

The first inequality above uses the choice of € and pg, while the second inequality
follows from the definition of ¢, and regular variation of p . Next, we choose
0 <& <min{B, 1 — B} such that

(B ) s ) (52 )

By the regular variation of a, and u(tp <n),

u(tp <n(t —ys)) <Ca —s)l_ﬂ_s, An(t—s)

<C(t—s)P5.
M(TD <n) dap

Combining these inequalities together, we have

(%

where y = (B — &)po/2 + (1 — B — &)(po/ao — €pp/2). Due to the constraints
in €, po, and &, it is easy to check that ¥ > 1. This establishes tightness for the
normalised partial sums of X 152) inthecase 0 < B < 1.

If B =1, then the assumption @, = o(n) and a standard modification of Theo-
rem 12.3 of [6] make the same argument go through.

x® }:Ax‘”

A <C Y
> ACp _E(I—S),

It remains to prove tightness of the normalised partial sums of X ,(cl) in the space
Cl[0, L], for a fixed L > 0. For notational simplicity, we take L = 1. We will con-
sider first the case 0 < < 1. Let p; (y) :=inf{x > 0: p1(x, 00) <y}, y > 0. We
will make use of a certain series representation; see [34]:

(ZX(I) 0<t<1>

k=1
d o0

=<Z€jpl (
j=1

where (€;) is ani.i.d. sequence of Rademacher variables (taking +1, —1 with prob-

(63)

(n)
ZM(r < ))Sn,(f)(V )O<t<1)

ability 1/2), I'j is the jth jump time of a unit rate Poisson process, and (Vj(ﬂ)) isa
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sequence of i.i.d. random variables with common law p,,. Further, (¢;), (I'j), and

(Vj(")) are taken to be independent with each other.
Fix £ € (0,1/a — 1) and for K > 2(1/a 4+ &) — 1, we split the right-hand side
above as follows:

I N
(K) n)
1800 = Zejpl ey LAl
7 = L A )
V0= % o (50w )SutH")

Pl 2u(tp <n) /
We will prove that the sequence (c,; IT( )) is, for every K, tight in C[0, 1], while
(64) hm lim sup P( sup |Tn( 2)(t)| > ecn) =0 for every € > 0.

—0 n—o0

Notice that

K
_1T(K)(t) 1/a ZEJ'
Jj=1

i Grl=r) Su(HV)
*(M(rDSn) N Van

Since p;~ and p*" are both regularly varying at zero with exponent —1/c,

P Graiz)
2u(tp<n) = 21/0!1";1/“’ n— oo a.s..

p<(u(zp <n)~h
On the other hand, by Theorem 4.6, each a,, 12 A,,,( f )(V(")) weakly converges in
C[0, 1], and thus, by independence, ¢, T( ) turns out to be tight in C[O, 1].

Next, we will turn to proving (64) The probability in (64) can be estimated
from above by

I

P(‘*}/“ > i (s /o e =0

j=K+1

X sup |a, 1/ZS,,,‘(f)(V("))}>e)

0<r<l1

Appealing to Potter’s bounds and the fact that p; has no mass on {x : |x| <1},

P J « -1 —lja+E ~—1/a—§
P1 <—2u(rD§n)>/p (n(zp <n)™") < Cmax({I'; T b
Combining this bound, Chebyshev’s inequality and the Cauchy—Schwarz inequal-
ity, the probability in (64) is bounded from above by

o

2
CG_ZE(Bn)2E< > max(r; Vs F‘”"‘ S}) :

j=K+1
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where B, = supg,<; |a,71/23'm(f)(V1("))|. We know from Remark 4.3 that the
sequence (E(By)?) is uniformly bounded in n. Because of the restriction in K,

o0 2 o0 2
—(1/a%$) —2(1/a%E) 172
E(er /“S)S(Z{El“j /as}/>

j=K+1 j=K+1

w 2
§C< Z j—(l/“i§)> ’

j=K+1
where the rightmost term vanishes as K — 00, so the proof of the tightness has

been completed.
This proves tightness in the case 0 < o < 1, and we proceed now to show

tightness of the normalised partial sums of X,El) in the space C[0, 1], for the case
1 <& < 2. Recall that, in this case, we impose a stronger integrability assumption
on f. We start with the Lévy—Itd decomposition (63) and write, for K > 1,

nt nt
(Z xPo<r< 1) 4 (Z(X,ELK) +x38 0<r < 1)
k=1

k=1

=(/ fylfwmyﬁm(fwzvl

+// )’Sm(f)le,OSlSl).
1> Ken/ /i
2.K)

Note that the probability that the process (>_}L; X
on the interval [0, 1] does not exceed
P(Ni{(x,y) : [yl > Kcn//an, tp(x) <n} > 1)
<EN{(x,y): 1yl > Kcu//an, tp(x) <n}
=2p1(Kcp//an, 00)u(tp < n)
p(Kcn/\/an, 00)
© p(Cn//@n, 0)
as n — 00, and this can be made arbitrarily small by choosing K large. Therefore,
we only need to show tightness, for every fixed K, of the normalised partial sums

) does not identically vanish

~2C

— 2C, K¢

of the process X ,EI’K). Asin (62), it is enough to prove that there existy > 1, p >0
and C > 0 such that

nt ns

LK) LK

(65) P(E:X,ﬁ ~ > x
k=1 k=1

forall0 <s <t <1,n>1and A > 0. In a manner, similar to the one we employed
while proving (62), we can dispose of the case n(t — s) < 1, so we will look at the
casen(t —s) > 1.

C
> Acn) < )\—p(t —s5)
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Let 0 < & < 1 be such that f € L>T¢(;r). By Proposition A.2,
2+e

ns

nt

(1,K) (1,K)
PIR I AED I ¢
k=1 k=1

! E
crte

C ~ ~
©6) < [ 8w = Sus (AP ik dor dis
Cn RxE

C N A 2 1+&/2
([ I8 = S PP Uy g dordi)
n

By Karamata’s theorem,

/7 \2+¢€
2+81 X d < CM
A;bﬂ {ly‘fKCn/\/a} 1= /»L(TD S n)

Further, by the fact that f is supported on D, and by the integrability assumption
on f, we know that

/E S50 (f) = Sus (NPT dia = Cre(ep = 1t = 9) @n—s) *+%;
see Remark 4.7. By Lemma 4.4, u(tp < n)a,(,2+€)/ ?is regularly varying with ex-
ponent bigger than 1, so the first term in the right-hand side of (66) is bounded
from above by C(¢ — 5)Y, for some y > 1. A similar argument produces the same
bound for second term in the right-hand side of (66). Now an appeal to Markov’s
inequality proves (65). [

6. Examples of g-regular Markov chains. We present two examples of
Markov chains and corresponding functions f for which the setup of Theorem 5.1
applies. The examples are classical; parts of them are used in [32]. The general
structure is the same. A “random walker” walks on Z and earns random rewards
in certain state(s).

EXAMPLE 6.1. Here X=7Z x R, and for i, j € Z, x € R, A a Borel subset of
R, we let

(67) P((i,x),{j} x A) = pij Q(A),

where (p;;) is the transition matrix of a random walk on Z, and Q is a zero mean
finite variance probability measure on R; Q is the law of the reward (penalty)
the random walker earns. Suppose that the steps of the random walk are balanced
regularly varying with exponent 1 < § < 2 and have mean zero. Then the random
walk is B-regular with 8 =1 — 1/§ (see [15]) and, hence, so is the Markov chain
defined by (67).

Suppose that the function f : X — R has the form

F(Gx) =x1( =0).

It is clear that the assumptions we have imposed on f hold.
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EXAMPLE 6.2. In the same setup as the previous example, suppose that the
steps of the random walk have a zero mean and a finite variance. Then the random
walk is B-regular with 8 = 1/2 (see, e.g., [12]), and hence, so is the Markov chain
defined by (67). The same choice of a function f as in Example 6.1 satisfies the
conditions imposed in Theorem 5.1.

APPENDIX: FRACTIONAL MOMENTS OF INFINITELY DIVISIBLE
RANDOM VARIABLE

In this Appendix, we present explicit bounds on the fractional moments of cer-
tain infinitely divisible random variables in terms of moments of their Lévy mea-
sures. These estimates are needed for the proof of Theorem 5.1. We have not been
able to find such bounds in the literature. Combinatorial identities for the integer
moments have been known at least since [5]. Fractional moments have been inves-
tigated, using fractional calculus, by [23], but the latter paper does not give general
explicit bounds of the type we need.

We will consider fractional moments of nonnegative infinitely divisible ran-
dom variables and of symmetric infinitely divisible random variables in the ranges
needed in the present paper, but our approach can be extended to moments of all or-
ders. We start with nonnegative infinitely divisible random variables with Laplace
transform of the form

o0
(68) Ee 9% = exp{—/ (1- e_gy)v+(dy)} = 1O 0 >0,
0

with the Lévy measure v, satisfying
o0
| vy <o

PROPOSITION A.1. Let1 < p <2.Thenthereis c, € (0, 00), depending only
on p, such that for any infinitely divisible random variable X satisfying (68),

00 00 P
(69) BX? <cp( [ yvaidy)+ ([ yveian) )
PROOF. If the pth moment of the Lévy measure,
o0
/0 yPvi(dy),

is infinite, then so is the left-hand side of (69), and the latter trivially holds. There-
fore, we will assume for the duration of the proof that the pth moment of the Lévy
measure is finite. We reserve the notation ¢, for a generic finite positive constant
(that may depend only on p), and that may change from line to line. We start with
an elementary observation: there is ¢, such that for any x > 0,

o
x? :cp/ (1- e_xy)zy_(pH)dy.
0
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Therefore,
0 2
(70) EX” :cp/O E(1 — %)y~ gy
o
— cp/ (1— 207100 4 e—I(Zy))y—(pH) dy,
0
where [ is defined in (68). Denote

6" =sup{0 >0:1(0) <1} € (0, c0l.

Observe that

00 -1
1) 9+z(f0 yv+<dy)) .

To see that, notice that, if 67 < oo, then
0,0
1=1(0%) < 9+/ yoi(dy).
0

We now split the integral in (70) and write

ot 00
EXp:cp/ -—{—cp/ .= A+ B.
0

o+

Note that by (71)

chpfe+ y~ ot )dyicp<f0 yV+(dy)) :

Next, using the inequality 1 — e 2 < 2(1 — e %) for any 6 > 0, see that 1(0) <
1(20) <21(0) for each 6 > 0. Note also that for 0 < b < 2a we have

1—2¢ % +e? <24+ (2a—b),

and we conclude that

0% / roo 2
Afcpfo (/(; (l—e_xy)v+(dx)) y~ D gy

6t 00 )
+ cp/ (f (1—e™) v+(dx))y_(p+l) dy.
0 0

Using the fact that for 0 < y <6, we have

I(y) < min(l, y/(;ooxv+(dx)>,
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it follows that

ot 00 2
f (/ (1 —e_xy)v+(dx)> y~PFD gy
0 0
(f$° xvy(dx))~! 00 2
5/0 v yz(/o xv+(dX)> y~ Pt gy

> 1
n / ) YD gy
(g xv (@x)!

00 p
e [T yvan)
Finally,

ot 00
[ ([ =)o)y oay
5/0 (fo (1—e"‘y)zy‘“’“)dy)w(dx)=cp/0 yPvi(dy),

and the proof is complete. [

We consider next a symmetric infinitely divisible random variable, with charac-
teristic function of the form

. oo

(72) Ee'?Y = exp{/ (e —1— it9y)v(dy)}, 0 €R,
—00

for some symmetric Lévy measure v, satisfying

f yzv(dy) < 00.
lyl=1

PROPOSITION A.2. Let2 < p <4.Thenthereis cj, € (0, 00), depending only
on p, such that for any symmetric infinitely divisible random variable Y satisfying

(72).
(73) ElY)” <c, (/_O; IPu(dy) + (/_O; y2v(dy>>p/2>.

PROOF. Once again, we may and will assume that the moments of the Lévy
measure in the right-hand side of (73) are finite. We start with the case when
V(R) < oo. If (W}) is a sequence of i.i.d. random variables with the common law
v/v(R), independent of a Poisson random variable N with mean v(R), then

N
Yi Z Wi,
=1
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and so by the Marcinkiewicz—Zygmund inequality (see, e.g., (2.2), page 227 in

(17D,
N p/2
ElY|? < c,,E< W}) .

j=1

The random variable
N
_ 2
X=) W,
j=1

is a nonnegative random variable with Laplace transform of the form (68), with
Lévy measure v given by

v (A) =vly:y* e A}, A Borel.

Applying Proposition A.1 (with p/2), proves (73) in the compound Poisson case
V(R) < oo. In the general case, we use an approximation procedure. For m =
1,2, ..., let v, be the restriction of the Lévy measure v to the set {y : |y| > 1/m}.
Then each v, is a finite symmetric measure. If Y, is an infinitely divisible random
variable with the characteristic function given by (72), with v,, replacing v, then
Y, = Y as m — o0, and the fact that (73) holds for Y follows from the fact that it
holds for each Y,,, and Fatou’s lemma. [
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