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We prove that under a particular weak scaling, the 4-parameter interact-
ing particle system introduced by Corwin and Petrov [Comm. Math. Phys.
343 (2016) 651-700] converges to the Kardar—Parisi—Zhang (KPZ) equation.
This expands the relatively small number of systems for which weak univer-
sality of the KPZ equation has been demonstrated.

1. Introduction. This paper demonstrates how the KPZ equation [18] arises
as a scaling limit of a 4-parameter interacting particle system introduced in [10]
[called here the Higher Spin Exclusion Process (HSEP)] under fairly general
choices of three parameters (v € [0,1), « > 0, J € Z~¢) and special tuning of
the remaining paremeter (¢ — 1). This system, through various specializations,
and limit procedures includes all known integrable models in the KPZ universality
class. It is closely connected to the study of higher-spin vertex models within quan-
tum integrable systems, and hence enjoys a number of nice algebraic properties,
some of which play important roles in our convergence proof.

The KPZ equation is a paradigmatic continuum model for a randomly growing
interface with local dynamics subject to smoothing, lateral growth and space—time
noise (for more background, see the review [8]). Its spatial derivative solves the
stochastic Burgers equation with conservative noise, and its exponential (Hopf-
Cole transform) satisfies the Stochastic Heat Equation (SHE) with multiplicative
white-noise. The connection to stochastic Burgers equation suggests a relation to
interacting particle systems while the connection to the SHE suggests a relation to
directed polymer models (whose partition functions satisfy discrete versions of the
SHE).

The KPZ equation is written as

(1.1) O H(r,r) = %333%@, r)+ %K(ar’H(‘E, m)* +~Dn(t,r),
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where 7 is space-time white noise, §, k € R, and D > 0. Care is needed in mak-
ing sense of the above equation, and the proper notion of solution is that of the
Hopf—Cole solution to the KPZ equation which is defined by setting H(t,r) =
% log Z(z, r) where Z solves the well-posed SHE

(1.2) 3 Z(t,r) = %5332@, )+ E\/BZ(‘C, Iz, r).

To understand how a microscopic system might scale to the KPZ equation,
it helps to understand how the KPZ equation itself scales. For real b, z define
HE (T, r) :=ePH (e *t, e~ r). Then H¢ satisfies the scaled equation

1 1
0 HE(T,r) = 82_Z§88,2H8(t, r) + 82_1_b5K(8r7{8(r, r)?

+ e Dy, r).

There exists no choice of b, z for which the coefficients of the scaled equation
remain unchanged. However, if one simultaneously changes the values of some
of the 4, k, D parameters as ¢ changes, the KPZ equation may scale to itself. If
the KPZ equation remains invariant under such a scaling, it stands to reason that
a microscopic model with similar properties may converge to the equation under
a similar type of scaling and tuning of parameters. Such scalings are generally
called weak scalings since they involve taking some of the §, k, D parameters to
zero with ¢. It is thus a goal to show the weak universality of the KPZ equation by
demonstrating how under these scalings, the equation arises from a variety of dif-
ferent microscopic models. Weak universality should be distinguished from KPZ
universality which holds that without any tuning of parameters, a variety of differ-
ent systems will converge under the choice of » = 1/2 and z = 3/2 to a universal
limit called the KPZ fixed-point [11].

There are very few proved instances of weak universality of the KPZ equa-
tion. The first result was in the context of the Asymmetric Simple Exclusion
Process (ASEP) [3] for near equilibrium initial condition (see also [2] for step
initial condition). The ASEP result came under weak asymmetry scaling through
which b =1/2,z =2 and k +— &'/?« (8 and D remain unscaled). This result was
extended in [12] to certain nonnearest neighbor (and nonexactly solvable) exclu-
sion processes. The only other weak universality result [1] was in the context of
discrete directed polymers with arbitrary disordered distributions. This result came
under weak noise scaling through which » =0,z =2 and D — ¢D (4 and « re-
main unscaled).

Owing to the round-about Hopf—Cole definition of the KPZ equation, in order
to prove that a system converges to the KPZ equation, one must transform it mi-
croscopically into an approximate SHE. The work of [16] provides direct meaning
to the KPZ equation (though for r on the torus, not the full real line). As of yet, this
approach has not yielded weak universality results for the KPZ equation. The work
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of [14] defines an energy solution for the KPZ equation and shows tightness of a
certain class of interacting particle systems at equilibrium and that all limit points
are energy solutions. The recent work of [15] establishes the uniqueness of equilib-
rium energy solution on the torus (under the time-reversal symmetry assumption
enjoyed by Markov processes at equilibrium).

The partition function for a directed polymer model naturally solves a micro-
scopic SHE with a simple noise. On the other hand, the ASEP result relies heavily
on the existence of a microscopic Hopf—Cole transform (known as the Gértner
transform [13]), and the resulting SHE has a much more complicated noise. This
renders the associated analysis quite challenging. The work of [12] also relies on
an approximate form of the Gértner transform. Microscopic Hopf—Cole transforms
are hard to come by. For the model considered herein, this transform is achieved in
Proposition 2.6. The first indication that such a transform should exist came from
the Markov duality enjoyed by the model; see Remark 2.7 for more discussions.

The particular choice of weak scalings present in our result is new. It corre-
sponds to the KPZ equation scaling given by b =1,z =3, 8 > &8,k > &2« and
D remaining unchanged. In terms of the scaling of the microscopic model, we have
b=1,z=3and g =e¢~ %, whilev €[0, 1), > 0 and J € Z. ¢ remain fixed. One
sees that microscopically, these choices of parameters corresponds to the above
weak scaling. As there are many parameters at play, it is likely that there exist
other weak scalings of the system which realized the same KPZ equation limit.

There are a number of degenerations of the HSEP, including the discrete time
Bernoulli ¢g-TASEP [4] and (through a limit transition) the continuous time ¢-
TASEP [5, 7]. Strictly speaking, our results do not immediately apply to the contin-
uous time g-TASEP. The restriction on parameters v € [0, 1), « > 0 and J € Z~¢
does not allow us to probe all of the degenerations of the system introduced in [10].
For instance, the stochastic six-vertex model [6] (a discrete time version of ASEP)
arises through a different choice of specialization, as does the g-Hahn TASEP [9].
These systems likewise enjoy dualities and one may hope to prove their weak uni-
versality. We leave this for future work.

Outline. In Section 2, we introduce the 4-parameter particle system and then
proceed to state our main results. These are stated in terms of the SHE as The-
orems 2.9 and 2.10 (though Corollary 2.15 provides the equivalent statements in
terms of the KPZ equation). Section 3 provides the discrete Hopf—Cole transform
satisfied by the system. Section 4 provides moment estimates necessary to show
tightness as &€ — 0. Section 5 demonstrates how the limit points satisfy the martin-
gale problem for the SHE.

2. Definition of the model and results. We begin by recalling the definition
of the HSEP. Let N :=Z>, N* :=NU {00} and Z* := Z U {oc}. Define the space
of right-finite particle configurations

Xp={X=(00o="+=xXmo2=Xm—1> X > Xm41 > ++) € Z*},
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where imaginary particles are placed at oo for the convenience of notation, and
define the space of infinite particle configurations Xoo :={X = (--- > x_| > x0 >
x1 > ---) € Z%}, with the corresponding spaces of gap configurations

Gm:={8=(gn) : gn =00,Yn <m; g, € N,Vn > m}, Goo := NZ.
Fixing J € Z~¢, we let mod;(s) :=s — [s/J]J, or more explicitly, (mod; (0),
modj(1),...) = (O,.l,...,J -1,0,...,J —1,...). Fixing ¢,v € [0, 1) and o >
0, we let a; := ag’ and a(s) := amod,(s)» and equip our probability space with
independent Bernoulli random variables

a(s)(1 —qg)> a(s)—|—vqg>
1+ a(s) ’ 1+a(s) )’
indexed by (s, g,n) € (N,N* Z), with the corresponding filtration % (t) :=

o (Bn(s,8), Bj(s,8):(n,g) e Nx N* s =0,...,7r—1). Recall from [10] the fol-
lowing definition of the HSEP.

B, (s, g) ~ Ber( B (s, g)~ Ber(

DEFINITION 2.1. Given X(0) € X,,, a right-finite particle configuration, we
define an X,,-valued Markov chain {y(s)}sen by setting y(0) := x(0), and update
y(s) as follows. We update y(s) sequentially, starting from m, by letting

(2.1) Ym (s + 1) = yn(s) + B (s, 00),

and letting, for n > m,

yn () + By, (s, gn(s)) if yu1(s+1) > yu—1(s),
Yu($) + Bu(s, gn(s))  if yu1(s+1) = y_1(s),

where g,,(s) := y,—1(s) — yn(s) — 1 the nth gap of y(s). Namely, we move y,(s)
one step to the right with probability 113(1)’ and subsequently, we move Yy, (s)
depending on how y,_1(s) was updated: if y,_1(s) did not move, we then move

. . ey _p8n(s) .
yn(s) one step to the right with probability %, otherwise we move x,(s)

. . oy n (s)
one step to the right with probability %

The HSEP {X(?)};en is then defined as the X,,-valued Markov chain X(¢) :=
y(J1).

2.2) ys+D=

REMARK 2.2. The Markov chain y(z) was defined through a local sequen-
tial update of particles. Taking J > 1 and considering X (), a priori one might
think this property is lost. It was shown in [10], Section 3, that, in fact, X () can
be updated through a local sequential update (just like for J = 1). In this case,
each particle may move a distance between 0 to J sites to the right, and the jump
probabilities depend on the length of the previous particle’s jump as well as the
length of the gap. The explicit form of this probability is somewhat more involved
and given in [10], Theorem 3.15. In particular, given a gap g and a jump of the
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previous particle by &, a particle jumps by A’ according to the probability given
by R(S,J)(g, h;g+h —h',h") where a concise formulas for Rg/) is given in [10],
Theorem 3.15, and there is also a dependence on ¢, v which is suppressed in the
notation. For the purposes of this paper, it suffices to study the y(¢) process and
prove convergence of it to the KPZ equation. It follows then immediately that the
X(t) process likewise converges.

The process introduced in Definition 2.1 is defined by the sequential update
of (2.1)—(2.2), which is inconvenient for our purpose. We now recast the definition
as a parallel update, and, as a byproduct, extend Definition 2.1 to the space X :=
Unez+ X, of possibly infinite particle configurations. To this end, we require the
following lemma, which we prove in Section 3.

LEMMA 2.3. Forany fixed g € (N*)2, s e N, m <n € Z, letting

(2.3) Lim(s. 8) :=( [T (Bits. 2 —Bl-<s,g,-))>Bm(s,gm>,
we have
(2.4) Kn(s,8):= Y ILim<{0,1},

where the series converges in Lk for all k > 1, and hence almost surely. Further,
(2.5) K (s,8)=Kn_1(s,8) B, (s, gn) + (1 — Kn—1(s, 8)) Bn(s, gn)-

DEFINITION 2.4. Fix m € N* and %(0) € X,,. Letting g(y) := (Y1 —
Vo — Dyez and K (s, g) := (K (s, 8))nez € {0, 1}% (by Lemma 2.3), we define
a stochastic map
(2.6) T): X —> X, §r— 5+ K (s, 25)),
and define the X,,-valued Markov chain {X(¢)} and {y(¢)} by letting y(s) := T (s —
DoT(s—2)o---0T(0)(x(0)) and X(¢) := y(¢J).

REMARK 2.5. Under the map 7 (s), we have that K,(s, g(y(s))) =
1y, (s+1)>yn(s)}» Whereby (2.5) becomes
L5403} = Lyusi 64D yam1 (901 By (5. 80 (5))
1,16+ D =16} B (85 80 (5))-

This is equivalent to (2.2), which reduces to (2.1) when g,,_; = oo. It is thus
easy to see that Definition 2.4 is equivalent to Definition 2.1 when restricting to
x(0) eX,,,meN.
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Our main result is the convergence to the SHE of a certain exponential transform
of the process y(¢). Recall that we say a process Z on Ry x R is a mild solution
of the SHE starting from the initial condition 2 if

Z(t,r)= A; P (I’ _ r/)ZiC(r/) dr’

T
+f /P,,,/(r—r’)Z(t/,r/)n(dr/,dr'),
0 JR

where P;(r) := exp[—r2 /21t)]12n 7)~1/2 denotes the standard heat kernel, and n
denotes the space—time white noise. For the existence, uniqueness, continuity, and
positivity of solutions of (2.7), see [8], Proposition 2.5.

The key step of showing the convergence to the SHE is finding a discrete SHE.
To state it, we fix a parameter p € (0, 1), measuring the limiting density (see Re-
mark 2.11), and set

2.7)

1— .
28 y=—t ap=— = =
1—vp l+oajy 1—y 1—vy
(2.9) (1) := (amod, (r) — dmod, 1y+1) (b — b)),
1 t
At) = L())/’
1+ qa(t)y

(2.10)

t—1 t—1
A=) ue),  a0:=[]re),
s=0 s=0
with the conventions £(0) := 0 and 3:(0) := 1. Letting Q,(t) := ¢*»D*" denote
the one-particle duality function (see [10] for the definition of duality functions),
we define the exponential transform

(2.11) Z(t,€) == A0 p D g a i (1),

for t e Nand & € E(¢r) := (Z — ji(t)). The discrete SHE is expressed in terms
of a certain random walk R(0) +--- 4+ R(¢t — 1) on R. Here, R(s) € (N — u(s)),
s € N, are independent random variables introduced in (3.10), with zero mean
and variance as in (3.11). Let E(t2, t1) := N+ (ji(t;) — &(r2)). For t) <, ¢ €
E(t, 1), let

(2.12) pt2,11,8) :=P(R(t) + Rt + D+ + R, — 1) =¢)

denotes the corresponding semigroup. We use the shorthand notation [p(#, t1) *

f@1E) = ZCGE(Il) p(ta, t1, € — &) f(t1, ¢) to denote convolution. Let K, (s) :=
K, (s) — E(K,(s)|-% (s)) and let

(2.13) W(t, &) :=a(1)(q — DKeiqw @),

representing the discrete analog of the space—time white noise.
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PROPOSITION 2.6. Forall t; <t; € Nand & € E(t2), we have the following
discrete SHE

(2.14) Z(0,8) =Za(t2,11,8) + Zmg(12,11,8),
where
(2.15) Za(tr, 11, &) == [p(t2, t1) % Z(11)](§),

H—1

(2.16)  Zmg(n,11,8) := Y _[plta,s + 1) % (Z(s)W(9))](§ + i(s)).

S=I]

Further, for all 1, & € E(¢),
Z(t,E)Z(t, &)E[W (1, E)W (1, £)|.7 (1)]

_ <(v +a(t))p
T +a@)

(2.17) P

) O1(t. &1 A E)O (1, &1 A ),
where

218)  ©1(1,6) 1= gh(Z (1, &) — [p(t + 1,0 % Z(O](E — (1)),
(219) Ot 6) 1= —A()Z(1, §) + [plt +1,1) % ZD)](€ — u(0)).

REMARK 2.7. The first indication that a microscopic Hopf—Cole transform
as in Proposition 2.6 should exist came from the k = 1 version of the Markov
duality enjoyed by the model, given in [10], Theorem 2.19. This result shows that
E(g» (1) satisfies the Kolmogorov backward equation in the ¢ and n variables,
more explicitly

E(g* D) = 3" p'(t + 1,1, n — m)E(g? ™).

mez

Here, p’(t 4 1, t, m) is the transition probability of a certain (time inhomogeneous)
random walk {X'(¢)};en, defined as in (3.2), which corresponds to the one-particle
version of the Higher Spin Zero Range Process, defined in [10], Definition 2.6.
The existence of a nice martingale as in (2.17) and finding the correct centering
and tiling as in (2.11) require further work given here in Proposition 2.6.

Proceeding to our main result, we consider the weak noise scaling g = g, :=
e~ ¢, ¢ = 0. Hereafter, throughout the paper, we fix « > 0, v € [0,1), and p €
(0, 1), and scale only the parameter g. — 1. To indicate this scaling, we denote
parameters such as o; and a(s) by aj and a,(s), but for processes such as x(t),
B, (s, g), we often omit the dependence on ¢ to simplify notation. Under this scal-
ing, to the first order (2.9)—(2.10) read

(2.20) o) =eay(1+ay) 2(b—b)"" + 0(?),
(2.21) re() =1+eay(l+ay) ' 4+ 0(?).
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Let ry:= (b — b))~ L,
(2.22) = [(a0)? — (a5)* + (a0 — a5) (b +1')]

(2.23) = (I+ay)?(Jay) ' Qag+b+b) "+ 0().

Note that here ap = ay (1 + ay)~! is independent of &. We extend the process
Z(t, &), defined for t € Nand & € E(t), to a continuous process on R x R by first
linearly interpolate in & and then linearly interpolate in ¢, and then we introduce
the scaled process

(2.24) Ze(t,r):=Z(e 3t Jt, e rr),
or, equivalently Z.(t,r) = exp(H.(t,r)), where
(2.25) Hg(z,r):= —EYn.(t,r) (ts (T)) + (logp —e)ne(r,r) + lOg,Xe ([s(f)),

te(1) = 8‘3rer and ng(t,r) := e~ lryr + e (t:(1)). Following [3], we consider
near equilibrium initial conditions.

-1

DEFINITION 2.8. Let Z.(0,&) be the exponential transform [given as in
(2.24)] associated with {x(0)}, C X. We say {x°(0)}, C X is near equilibrium
if, given any k € Z~¢ and v € (0, 1/2), there exists u = u(k,v), C = C(k,v) < 00
such that

(2.26) 120, 8) = (E(Z:0,£))) " < cel,
@27 |Z:(0.6) = Z:(0.€")], < Clg —&'|"e" (EIHED,

for all £, &’ € e(ry)~'Z and & > 0 small enough.

Hereafter, we endow the spaces C (R), C (R4 xR) and C((0, c0) x R) the topol-
ogy of uniform convergences on compact subsets, and use = to denote weak con-
vergence of probability laws. The following is our main result.

THEOREM 2.9.  Let Z be the unique C (R4 x R)-valued solution of SHE start-
ing from a C(R)-valued process Z'°, and let Z¢(t,r) € C(R4. x R) be as in (2.24),
with some near equilibrium initial condition {x°(0)}¢. If Z(0, ) = Z'°(+), then

Ze(e, )= Z(-, ) on C(Ry x R), ase— 0.

Definition 2.8 (and, therefore, Theorem 2.9) leaves out an important initial con-
dition, that is, the step initial condition: x,(0) := —n for n € N and x,, = oo for
n € Z . Following [2], we generalize Theorem 2.9 to the following.

THEOREM 2.10. Let Z(-,+) be the unique solution of SHE starting from the
delta measure §(-), let {(¥(1)}; € Xo be the process starting from the step initial
condition, and let Z.(t,r) := 8_1(1 —p)rxZs(t,r). Then

Ze()= 2(-,)  onC((0,00) xR), ase— 0.
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REMARK 2.11. By Theorem 2.9, we have that H.(t,r) — He(t,r + &/
r«) — 0 in probability. Plugging this in (2.25), a posteriori we find that,
Yne(r,r) T (T)) = Yno (2,41 (T)) & g1 log(1/p), or equivalently the limiting den-
sity is €/ log(1/p).

Hereafter, we adapt the convention that m, n,i, j,k € Z; s,t e N; 7,7" € Ry;
and r € R. To simplify notation, we let g(t) := g(¥(1)), B,(t) := B, (¢, g(t)),
B/ (t) := B (t,8(1)), K, (t) := Ky(t, g(t)) and I, , (t) := I, (¢, g(¢)), with the
consensus that an underlying process y () has been fixed. We will specify explic-
itly when a result applies only for near equilibrium initial conditions or the step
initial condition, and without specification the result holds for any initial condition
X(0) e X.

PROOF OF THEOREM 2.9. This is an immediate consequence of the following
propositions, which we establish in Sections 4 and 5, respectively.

PROPOSITION 2.12.  For near equilibrium initial conditions, the collection of
processes {Z:}. is tight in C(R; x R).

PROPOSITION 2.13. For near equilibrium initial conditions, any limiting
point Z of {Z;}¢ solves the SHE. 0

PROOF OF THEOREM 2.10. We let Z(z,r) :=re~ (1 — p)Z(z,r) so that
Z (t,r)= Z(e TET, 87 Urr). The pre-factor of Z(‘L’ r) is choose so that

(2.28) ery ' Y. Z0,6) =1
£€E(0)

Further, using the exponential decay (in |£|) of Z (0,&), one easily obtains
Zg (0, ) = (). With this and Theorem 2.9, following the argument of [2], Sec-
tion 3, Theorem 2.10 is an immediate consequence of the following moment esti-
mates of Z (t, r), which we establish in Section 4.

PROPOSITION 2.14. For the step initial condition, for any T > 0, k > 1 and
v € (0, 1/2), there exists C = C(T, k,v) < 0o such that
(2.29) 1 Z(x, )], < C(3) 72,
(2.30) | Z(x,r) = Z(t, )| < Cle|r — ') (37) "2,
forallt e (0,e3Tlandr,r' eR. O

With X(t) = y(¢J), from Theorems 2.9-2.10 we immediately obtain the fol-
lowing corollary on the convergence of x(r). More precisely, letting e :=
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ZSJ o Me(s) and A 1= Zs -0 Ag(s), we define
H!(t,r) = _Sxa_lr*r+8_3,u,g‘[jr(8 £7) 4 (logp — &) (e ' rer + e petit)
+log(e 3a. i)
(which is defined on Ry x R by the aforementioned linear interpolatlon) With

H.(t,r) as in (2.25), we have that HEJ (r,r) = Hc(tr,r), forall Tt €¢ re 'N and
r € R. From this, Theorems 2.9-2.10 immediately imply

COROLLARY 2.15. (a) Let Z(t,r) and Z'°(r) be as in Theorem 2.9 so that
H(t,r) :=log Z(z,r) is the unique solution of the KPZ equation starting from
log Zic and let {%¢(0)}, be a collection of near equilibrium initial conditions. If
Z:(0, ) = Zi°(.), we have

(2.31) H/ =M  onC(0,00)xR), ase—0.

(b) Let zZ (t,r) bg as in Theorem 2.10, let {x*(t)}¢ be started from the step initial
condition, and let HSJ (t,x):= ng (t,x)+ log(s_1 (1 — p)ry). We have

A =H  onC((0,00) xR), as e — 0.

REMARK 2.16. (a) In (2.31), the convergence does not include T = 0 as we
do not assume Z°(r) > 0.

(b) From Theorems 2.9 and 2.10, one also easily obtains corresponding conver-
gence results for Z.(tJ, r), the centered scaled exponential transform of X (¢), but
we do not state the results explicitly here.

3. Discrete SHE, proof of Proposition 2.6.

PROOF OF LEMMA 2.3. Fixing s € N and g € (N*)*°, we let K, and I, ;
denote K, (s, g) and I, (s, g), respectively, and let K, ; := > nsi'>i In,iv denote
the ith partial sum of (2.4). With B (s, g) and Bk (s, g) defined as in the preceding,
we have

1—v
l+al+a
Consequently, K, ; - K, (as i — —00) in L¥ forall k > 1.

To show K, € {0, 1}, first we use the identity I, ; = (B], — By)I,—1,; [Which

follows from (2.3)] to obtain

3.1 Kn,i—l(sa §) = Kn—l,i—l(s» g)B;;(S’ gn) + (1 - Kn—l,i—l(S, §))Bl’l(sa 8n)-

We now show that, in fact, K, ; € {0, 1} for all n > i. Indeed, K, , = B, € {0, 1}.
The general case then follows by induction on n —i € N using (3.1). Consequently,
Kn,i — K, € {0, 1}

The identity (2.5) follows directly by letting i — —oo in (3.1). U

E|B|(s. g) — Bu(s.g)| <1 — <1,  EBi(s.9)<—— <.
1+«
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Turning to proving Proposition 2.6, as this does not involve the scaling ¢ — 0,
throughout this section we suppress the dependence of parameters on €. We be-
gin by deriving an equation for 0, (¢). Consider the time-inhomogeneous random
walk X'(r +1):=R'(0) + R'(1) +---+ R'(¢), where R'(s), s € N, are N-valued,
independent, with distribution

P(R'(r) =n)
(3.2) = p'(t+1,t,n)
a()(1-q) <v+a(r)>"—1<1 _ v+a(r)> form =0
1+a() \1+a@) 1+a())’ ’
= 1-— % forn =0,
0, otherwise.

Let [p'(t+ 1,0) % Q()]n := > ez P (t + 1,¢,n — m)Qp, (¢) denote convolution.

PROPOSITION 3.1. Foranyt € N andn € Z, we have
(3.3) On(t+1)=[p't+1,1) % Q1)], + Qu(OW, (1),
where W) (t) 1= (q — 1)K ,(t). Further, for any ny,ns € Z,
O, (1) 0y VE(W,, (OW, (D.F (1))

. (v + a(t)
\l4a)

where ©(t,n) :=qQn(t) — [p'(t + 1,1) * Q()], and O4(t,n) :=[p'(t + 1,1) %
Q(t)]n - Qn(t)

3.4)

[n1—na| , ,
> O, n1 An2)®y(t,n1 Any),

PROOF. Fixing r € N, to simplify notation we let E’(+) denote E(-|.% (¢)). We
begin by proving (3.3). With Q,,(r) := ¢**" a generic jump y, (1) — yu(r) + 1
of particles decreases Q,(¢) by (1 — ¢g) Q,(¢). Consequently,

On(t+1)— Qu(1) = (q —DO0,()Kn(2)
=(q — DOu(OE (Ku(1)) + Qu(t) W, (2).
With K,,(t) as in (2.4), we have

E(K,(1)= )

m:n>m

La(t) gn(f)...La(t)
1 +a@) 1 +a®)

gm+l(t)

3.5) ®
L _ ,8m(®)
X 1 e (1—g*").
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Multiplying both sides by (¢ — 1) @, (¢), and then using the readily verify identity
(3.6) 0, (H)gér O+ OFH8a 0 — 01,
we obtain

(3.7 (@ = DOn(OE(Ka() = [p'(t + 1,1) ¥ Q)] — O (1),

whereby (3.3) follows.

Turning to (3.4), without lost of generality we assume n; > ny. With W) (¢) de-
fined as in the proceeding, we have E'(W, ()W, (1)) = (¢ — 1)2CoV'(Ky, (1),
K, (1)), where Cov'(Ky, (1), Kn, (1)) := E'(Ky, (1) Kn,y (1)) — E'(Kp, (1)E" x
(Kny (1)). Letting Iy uy (1) := 1,1, 5k>n, (B,/((t) — By (1)), with K, () as in (2.4),
we have

Koy = > Iym@® + Inyn, () Kny (D),
ny=m>nj
for all ny > ny. Multiply both sides by K, (t), using K, (1)? = K, (1), and then
take the expectation E’(+) on both sides. With { By (s), B,’C (s)}x being independent,
we obtain that

E/(Km(t)an(r)):( ) E/(lnl,ma))+E/(El,nzm))E/(an(z)).

ny=m>ny

Subtracting E' (K, (1)E' (K, (1)) = [0, 5m B () m () JE (K, (¢)) from the
last expression yields

Cov (K 0Kns0) = (= T E (U n®) +E (7o) JE (Kin (1)
m:mny=>m
Further using E' (I, n (1)) = E' (Lyy i (1))E (I, 0, (1)), we arrive at
(3.8)  Cov'(Kn, (1)Kny (1)) = E (T, 0y (1)) (=B (Kpy (1)) + 1)E (K, (1)).

With E/ (I, ,(s)) = (‘;jggg)”_"lqgm(f)+"'+gnz+l<’>, multiplying both sides of
(3.8) by (g — l)anl (t) Qn, (1), and then applying (3.6)—(3.7), we conclude (3.4).

O

We next introduce a centering to R’(¢). Let

(3.9) () = (@mod;()* = (@mod,; (1)+1)*> + (@mod, (1) — Gmod, (1)+1) (b + b').

LEMMA 3.2. Foranyt € N, we have EQ(1)pR ©) = 1, so that
(3.10) P(R(1) + u(t) =n) :=1@)p"P(R'(t) = n), neN
defines an (N — wu(t))-valued random variable. Further, E(R(t)) = 0 and
(3.11) E(R(1)?) =r2o ().
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PROOF. Fixing t € N, we consider the function

Fx) :=Ex@0)xR®)

B (1 - @a(1)
_W}Rl_ 1+ a(r) )

(=g (v+a@®) ™ 1-v
+;x 1+al() (l—i—a(t)) l+oz(t)}

(3.12)

Il —vx+qga) —qga(t)x

= A1) .
l—vx+4+a() —a(t)x

With A(¢) defined as in (2.10), specializing (3.12) at x = p we obtain f(p) =1,
thereby concluding E(A(¢) ,oR,(’)) = 1. Next, differentiating f (x) yields

d :
(3.13) (xaf> (0) =EAp" VR (1)) =E(R() + (1)),

d d /
(3.14) <x£ <xaf>>(,0) =EML0)p¥ OR (1)?) =E((R(1t) 4 n(1))?).

Plugging (3.12) into the LHS of (3.13)—(3.14) and specializing at x = p, after
some tedious but straightforward calculations, one obtains (x%)(,o) = u(t) and
L x L £))(p) = u(®)? + r2o (1), thereby concluding E(R(#)) = 0 and (3.11).

O

PROOF OF PROPOSITION 2.6.  With [p'(t + 1,1) % Q(1)], = E(Qn—r/(1) (1))
and [p(t+1,1) « Z(t)](§) = E(Z(t,& — R(t))), we have the readily verified iden-
tity

’):(t + l)pf-i-ﬁ(l-i-l)[p/(t +1,1) % Q(t)]§+ﬁ(t+l)

=[p@t +1,0) % Z(D)] (&),

(3.15)

for all £ € E(¢). In (3.3), we set n = & + fi(t + 1), and multiply both sides by
At + 1) pE TR+ Using (2.11) and (3.15), we obtain

(3.16) Z(t+1,&)=[pt+1,)% ZO)]|(E) + Z(t, & + w(@®))W(t, & + n(1)).

Iterating this equation from r = t, — 1 until = 1, we thus conclude (2.14).

To derive (2.17),1in (3.4), we set n| = & + ji(¢) and ny = & + ji(t), and multiply
both sides by A(r 4+ 1)2p51TA® p&2+®) Using (2.11) and (3.15) to express the
resulting equation in terms of Z(¢, ) and p(¢f + 1, ¢, ), we thus conclude (2.17).

O
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4. Moment estimates: Proof of Propositions 2.12 and 2.14. Hereafter, we
let C(u1, uz, ...) denote a generic finite positive constant that depends only on the
designated variables u1, us, ... and possibly on ¢ > 0, v € [0, 1) and p € (0, 1),
which are fixed throughout the paper.

LEMMA 4.1. The function ¢(x,¢&;t) := E(xR®)Y extends analytically in
(x, €) to a neighborhood of (1,0) € C2, with the Taylor expansion
@) P =142 (00 (1,0;0)e(x — 1> + O(elx — 1),
and dxxe9(1,0; 1) € (0, 00).

PROOF.  Since Rq(7) is defined by R;(¢) as in (3.10), we clearly have
(4.2) G (x, e:1) = E(hg (1) pRe® xR =)

By (3.12), the function E(X, (t)xRé(f)) is analytic in (x, &) within a neighborhood
of (p,0), whereby ¢ (x, €; t) is analytic within a neighborhood of (1, 0). To ob-
tain the Taylor expansion (4.1), we differentiate (4.2) in x, and then specialized at
x =1, thereby obtaining

43)  p(1, 50 =B (D" O (RL(1) = 126(1))) = E(Re (1)) =0,

44) 01,60 =E(e(0p" O (RU®) — pe())?) = E(Re(1?) = rloe (0).
With o, (¢) defined as in (3.9), we have

(4.5) 0e(t) = eay (1 +ay) > (2ay + (b + ) (1 +ay)) + O(e?).

From (4.3)—(4.5), we conclude that 979"¢(1,0;¢) =0, unless n > 2 and m > 1,
and that d,,:¢ (1, 0; ¢) > 0, thereby obtaining (4.1).

Based on Lemma 4.1, we proceed to estimating of the heat kernel.

PROPOSITION 4.2. Given any u,T > 0 and v € (0, 1], there exists C =
C(T, u) such that

(4.6) Yo pelta, el < C,

(€E(n,11)

@7 Y gl peta 11, e < Clelry — 111)"2,

(€E(n,11)
(4.8) pe(tr, 11, 6) < Ce™ 2ty — 1y + 1)71/2,
4.9)  |pe(ta.11,8) = pe(ta, 11, &) < Ce M2 — &P (1 — 1y + 1)~ UFTV/2
forallt; <t €[0,e 3TINNand &, &' € E(1r).
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PROOF. To prove (4.6), we consider Fj(u') := e (Re(tD+-+Re(2=1) yyith
E(Fi() = Y reg(yu) Pe(f2, 1. £)e"¢ and €461 < 846 4 e=#4¢ to show (4.6),
it suffices to bound the expression E(F;(u)) = H?;tll b e:5), for u' = tue.
This, by (4.1), is bounded by [1 + Ce(e" — 1)2]2711, With 1, — 1; < & 3T, the last
expression is bounded by C = C (T, u), from which we conclude (4.6).

Turning to showing (4.7), we let F> := R (s1) + - -+ Rc(so — 1). Similar to the
preceding, it suffices to bound the expression

> 1Elpetsr, 52, e =E(F1 ()| Fal”) < | Fi (@) 500y 121" 50

Le&(s1,52)

for u' = tue, where we used Holder’s inequality in the last inequality. With
(F1(u)? @) = F(2u’ /(2 — v)), applying (4.6) for u = 2u/(2 — v) we obtain
| F1(Eue)ll2/2—v) < C. As for F,, with E(R¢(s)) =0 and (3.11), we have

v/2

H |F2|UH2/1; = [E(FZ)Z] = [E(Rg(t])z) 4.4 E(Rs(IZ _ 1)2)]U/2

< Cloe(t)) + -+ 0t — 1)]1;/2.

Further using (4.5), we thus obtain ||| /2" [l2/» < C(elt2 — 11 [)?/2, thereby conclud-
ing (4.7).
Proceeding to showing (4.8)—(4.9), first we apply the inversion formula of the

characteristic function, p.(t2,1,¢) = ﬁ fn e ir 1‘[?:7} ¢(eir ,&;8)dr and the

uniform v-Holder continuity of x e, x € R, to obtain

H—1

(4.10) pe(ta, 11, §) SC/_ [1le(e" & 9)|dr,
ﬂs:ll
T n-1 .
@11) |pe(ta, t1,8) — pe(s1,52,&")| < Cf (1€ =¢€1r)" T lo(e". &:5)| dr.
- s=h

To further bond these expressions, we apply (4.1) for x = ' to obtain
(4.12)  |p(e", &) <1 —er?/C,  VseN,¥reRwith|r| <ro,

where rg > 0 is a constant. As for |r| > rg, we let f(n,&;s) :=P(R(s) =n —
e (s)), whereby ¢ (eV, e;5) = Y neN e =1e()) £ (n, g; 5). Expressing the n = 0
term as the sum of e V() £(1,g;5) and e 7HO)(£(0,e;5) — f(1,¢€;5)), and
then combining the former with the n = 1 term, we obtain

P, e;5) = e O (1 4 e) f(1,655) + e O (£(0,855) — f(1,8;9))
+ Z eir(”_“‘?(s))f(n, £;5).

n>1
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Taking the absolute value of this yields
lp(e, &5 8) < [14€7|f(1,e:9)
+]f0, &5 — f,ei9)|+ ) fn,es).

n>1

By (3.2) and (3.10), we find that f(0,¢e;s) > f(1,¢;s) > ¢/C. Using this and
Yoo f(n,e;5)=11n (4.13), we then obtain the bound

4.13)

(e, e:5)| < Fl,e;s)[1+e" |+ (1 —2f(,e;8) <1—¢/C,
(4.14)
Vs eN, |r| > rg.

Now, combining (4.12) and (4.14), we thus obtain |¢(ei’, g8 <1- 8r2/C, for
all » € R and s € N. Plugging this in (4.10)—(4.11), we conclude H?:_,ll S
s)| < e‘”z(tz_’l)/c, forall ¢ € (0, 1] and r € (—m, 7). Using this, further integrat-

ing over r € (—m, ), we conclude (4.8)-(4.9). [

Next, we derive bounds on moments of Zpne(2,11,&) [as in (2.16)] and
Zymg(t2, 11,6,E") i= Zmg(t2,11,E) — Zmg(t2,11,&’). Hereafter, we adapt the
shorthand notation &4, := & 4 u(¢).

LEMMA 4.3. Forany T >0,k >1 and v € [0, 1], there exists C = C(k, T)
such that forall t; <t, e NN [0,e 3T and & € E(11),

H—1

@.15) [ Zmg(ta, 11, )5, < Ce¥2 S [F°(5) * | Z()] 53,6,

s=1
5 n—1
| Z9me(12, 11,6, &) |5, < CeC2 |6 —&'1" 3 ([Bo () * | Z(5) [ 5,](©)
(4.16) s;”
+[PY ) * | Z()]5](E)

where P°(s,¢) = (Ita — s| + )72 pe(ta, s, &) and P(s,¢) := (|2 — s| +
=H02p (1,5, 0).

PROOF. Fix t; <t € N and &,&’ € E(1). To prove (4.15), we estimate the
corresponding quadratic variation. To this end, letting F (s, ¢) :=[ps(t2, s + 1) %
(Z(s)W(s))](¢), we consider the discrete time martingales

t—1 t—1

M@):=) F(s.Ex5),  My(@):=)_ (F(s,64) — F(s.£},))

s=t1] S=1]
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with the respectively predictable compensator Vy,(s) := E[F (s, §+s)2|ﬁ (s)] and
Vi (s) == E[(F(s,&45) — F(5,&))*F(s)]. With M(tz) = Zing(t2,11,§) and
My (1) = Zv mg(t2, 11, €, §'), applying Burkholder’s inequality we obtain

H—1

”ng(l‘Z’ I, %—)”gk =C Z ” VM(S)”ZI(’
“4.17) =

Hh—1

| Z.mg(t2, ’1’5»5/)”;( =C Z [ VAZ(S)HZk'

s=11

Having derived the inequality (4.17), we now proceed to estimating |V, (s)| and
|V (s)]. By (2.17), we have

(v +ot(s)),0>§‘_§2|

o= ¥ peao| e

$1,02€E(s)

(4.18)
X ©1(5,81 AN §2)O2(s, 81 A (),
v+ a(s))p [$1—=821
MO z%(s,cl,ga)(—)
01,52€E(s) I+als)
(4.19)

X ©1(s, 81 A §2)O2(s, 851 A §2),
where ﬁs(‘g’ {1’ ;2) = p&‘(tz’ s, S-ﬁ-s - fl)pe(t% s, S-‘rs - §2)a and

17%(5‘7 ;‘17 ;2) = 1_[ [pé?(tZa s, §+S - ;k) - pS(t27 s, S-/|-s - {k)]

k=1,2

To bound Vjy,(s) and VAZ(S), set (£,¢) = (&1 A 82,81 — &) in (4.18)—(4.19),
whereby > ;. nez(s) = 2z 2ces(s); take absolute value on both sides of
(4.18)—(4.19); then, use (4.8) in (4.18) to bound |p®(s, ¢1, &2)| by Ce~V/2p (s +
1,64y — ¢); and similarly use (4.9) in (4.19) to bound |p% (s, ¢1,82)| by
Ce=II21e — &/ [PY (s + 1§y — ©) + PY(s + 1,84, — ©)]. Upon summing
over ¢’, we obtain

(4.20) |V (s)| < Ce V2[P5(s + 1) % (©1(5)O2(5)) ]| (64s),
|V (9)] < Cem T2 e — &P ([p% (s + 1) * (©1(5)O2(5)) ] (E4+)
+[Po (s + 1) % (01()02())](5Ly))-

With (4.20)—(4.21), we now turn to estimating |® (s, ¢)| and |®;(s, ¢)|. To this
end, we let

(422)  Le(5,0)i=pe(s +1,5,0) = Lee— o)), ¢ € (N— pe(s))

4.21)
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denote a pseudo generator [as the true generator is L.(s,¢) := pe(s + 1,5,¢) —
1{;—0], and then rewrite ®1(s, ¢) and O (s, ¢) [as in (2.18)—(2.19)] as

4.23)  O1(5,0) = (qere () — 1) Z(5,8) — [Le(5) % Z()](¢ — u(s)),
4.24) 025, 0) = (1= 2e(0)) Z(5, &) + [Le () % Z()] (S — ().
By using (3.2) and (3.10), with (1 — g,) < Ce, it is not hard to show that

(v+oeg<s>>p>'f |
1+O(S(S) ’

for some C < oo. Further, with Z(s, ¢’) defined as in (2.11), using (3.6) we have

(4.25) |Ze(s, 0)| < Ce(

Z(s, ¢y =p" Cqrez(s,0) < p ¢ z(s,0),  Ve=¢l.

Using this and (4.25) in (4.23)—(4.24), we thus obtain |®1(s, ¢)|, |Oa(s, )| <
CeZ(s, ¢). Plugging this in (4.18)—(4.19), we now arrive at

(4.26) Vi ()| < Ce¥2[P (s + 1) % Z(5)*] (E ),
Vi ()] < CeB~V2 & — &1 ([PY (s + 1) % Z(5)*] (645)
+[PY 6+ D * Z())] (51)).

Further, by (4.25), we have p.(s + 1,5, —u:(s)) > 1 — Ce, whereby Z (s, {)2 <
Clp(s+1,s) % Z(s)z](g_s). Plugging this in (4.26)—(4.27), using the semigroup
property [pe(t,s + 1) % p.(s + 1,5)](¢) = pe(t, s, {), we further obtain

Vi ()| < Ce¥2[pF(5) % Z(5)*] (),

Vi ()] < CeB 7072 |& — &' ([PY(s) % Z(5)*](€) + [PH(5) * Z(5)*](£")).

Now, taking the L¥*-norm of both sides, and then combining the result with (4.17),
we thus conclude (4.15)-(4.16). [

(4.27)

Based on (4.15), we establish a chaos-series-type bound on the moment of

Z(t,§).
LEMMA 4.4. Foranyk>1,teNand & € E(¢),
12, )5 < ([pe(t.0) % [ Z(©) | 1] ©))
(4.28)
C Y bl heon) [pe(snr1. 0 % | ZO) ] ]©)).

n=0 EEA,‘+| (1)

where hg(s) = Ce32(s + 1)71/2, C = C(k) < o0, and A, (t) :=={(s1,..., ) €
(Zs)":s14 -+ s, =1t}
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REMARK 4.5. Note that A, (t) = @ for all n > ¢, so the sum over » in (4.28)
is in fact finite.

PROOF OF LEMMA 4.4. 1In (2.14), set (t1, t2) = (0, ), applying the elementary
inequality |x + y|2 <2x|*+ 2|y|2 and then taking the L¥-norm of both sides, we
obtain | Z(t, )13, < 211 Zar(t,0, )13 + 2| Zmg(t, 0, &)|3,. For the first term on
the RHS, by the triangle inequality we clearly have || Z4;(¢, 0, &)|l2x < [pe (2, 0) *
1Z(0)|l2k1(€), and for second term we apply (4.15). With this, we thus obtain

12, )2 < 2([pe (2, 0) | ZO)] , ]€))?
t—1
F O Y= s+ D)7V pet,5) % | Z(5)|5,]8),
s=0
for some C; = Cy(k) < oo. Let h(s) := 2C;(s + 1)~1/2. The bound (4.28)

now follows by iterating (4.29), using the semi-group property [pe(s3,s2) *
p(s2,80D1(8) = [pe(s3, sD)1(0). U

PROOF OF PROPOSITION 2.12. Fix a collection of near equilibrium initial
condition, with the corresponding u = u(k, v) (as in Definition 2.8), and fix T <
00, k> 1 and v € [0, 1/2). We prove the following moment estimates:

(4.30) |z, r) ||2k < Cetelrl,
(4.31) |Z(t,r) = Z(z,7) | < Cl(e]r — r|)V eueriHir'D,
(4.32) |Z(z,r) = Z(/, )| < C(*|7' — f|)”/262u6|r|,

for some C = C(T, k,v) < oo and for all 7,7/ € [0,e 3T], r,r’ € Rand ¢ > 0
small enough. These estimates, by the Kolmogorov—Chentsov criterion of tight-
ness [17], Corollary 14.9, immediately imply the tightness of {Z. (-, -)} in C(R x
R).

By definition, Z(z, r) is defined on R} x R by linear interpolation, so without
lost of generality we assume v =1, 7' =t e NN[0,e 3T]and r =&, =& €
E(t), and prove (4.30)—(4.32) as follows. [

PROOF OF (4.30). By (2.26), we have [p.(¢,0) * [|[Z(0)]x](E) <
> e Pe(t,0,§ — 2)(Ce*€l¢ly In the last expression, using e“?/¢l < e#€l=¢1 %
e"¢€l and then using (4.6) to sum over ¢, we obtain [p.(¢,0) x | Z(0)]2x1(§) <
Ce"¢l8l, Now, plugging this in (4.28), we arrive at

(4.33) 12, )2 < CX“EIS 3 he(s1) -+ hesn).

n:OEeA,,_H (f)
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For each n, further applying the readily verified inequality

Y he(s) e he(sn) 5/ [1(ce¥?c " an)

SeAnL1(t) Tt sty
_[era/eEn' 2y

nl'(n/2)
and then summing over n in (4.33), we thus conclude (4.30). O

’

PROOF OF (4.31). Let Zy(t,£,&') := Z(t,&) — Z(t, &) and Zy ar(t, &, &) =
Zdr(t’O’S) - Zdr(t50’ 5/) By (214)’ we have ZV([,%‘,%'/) = ZV,dr(t’g’é/) +
Zv.me(t,0,£,&"), whereby

@434) [ Zv(r.6.8") |5 <2 Zv.ar(t. 6. &) |5 + 2] Zv.me (1. 0.6, &) |5,

Letting 2(23’ dr)2 and 2(Z§’mg)2 denote the respective terms on the RHS, we esti-
mate these terms as follows.

For Z3, 4., by the triangle inequality we clearly have Zg ;. <> ez (.0 Pe(1, 0,
ONZ©,& —¢) — Z(0,& — ¢)|l2x. Using (2.27) in the last expression to replace
1Z(0,€ —¢) — Z(0,&" — ¢)llox with C(e]g — £')PeeE=EHE=ED < C (s —
§/|)”e“5(|g‘+‘§,‘)ez"|f‘, and then using (4.6) to sum over ¢, we obtain the desired
bound Z% 4 < C(elg — £'])Ve e (SN,

Turning to Z%,mg’ first we use (4.30) to obtain [p.(z,s) * ||Z(s)||%k](§”) <

"_ 2uell| . 22Ul i QuelE”—¢| 2uelE”|
@ & LI . E)
Y cex(s) Pelt, 5,6 —¢)(Ce ). Further replacing e with e e
and then using (4.6) to sum over ¢, we obtain

(4.35) [Ps(t, s) * HZ(S)H%/(](%.//) < CeZusE//“

Now, specializing (4.16) at (¢1, t2) = (0, t), and combining the result with (4.35)
for £’ =& and £” = &/, we obtain

t—1
(Z%’mg)z < C(8|€ o §,|)2U83/2_3U Z(Z s+ 1)—(1+2U)/2

(4.36) $=0

x Y (pelt,s,& =) + pel(t.s, & —¢))e L.
LeE(s)
In (4.36), use e2ucl8l < (puels—¢1 4 puels’=¢lyoue(§I+1ED and then use (4.6) to sum
over . With r < ¢73T, further summing over s we obtain the desired bound

(Zé’mg)2 <C(glE— §/|)2”e“5(|‘§|+|5,|). Combining the preceding estimates of Z;dr

and Z%,mg with (4.34), we conclude (4.31). O

PROOF OF (4.32). Without lost of generality, we assume ¢ < t. By (2.14), we
have

Z(t,&)—Z(t', &) = (Zar(t. 1/, 6) — Z(t', &) + Zmg (2.1, §).
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Similar to the preceding, we bound separately Zj. := || Z4(t, t',E)— Z(t, &)l
For Z}, with deg(ﬂ) pe(t,t',E — ) =1, we have

(Zar(e,1,8) = = D pe(t.t &= 0)(Z(r ¢) - Z(F.§)).
{€B()

Take the L?*-norm on both sides, and then use (4.31) to replace ||Z(t',¢) —
Z(', )k with C(e]§ — ¢ )* e e (EIHED < C(e]g — |y enele —¢1T24¢I8], Using (4.7)
to sum over ¢, we then obtain the derided bound Z3. < C (&3]t — 1'|)V/22uelél,

As for Z},,, combining (4.15) and (4.35), one obtains (Z},,)* < Ce?**5l x
Zs:t, 32t —s+ 1)"12. Witht <&73T, summing over s we obtain the desired
bound (Z};,)* < Ce*€ll (&3] — /D12 < Ce?Bl(&3)r —1')v. O

This completes the proof of Proposition 2.12. We now turn to the proof of
Proposition 2.14.

PROOF OF PROPOSITION 2.14. As explained at the beginning of the proof
of Proposition 2.12, without lost of generality we let T =7 € NN (0, 3T] and
r=&r =¢¢€E®).

To show (2.29), multiply both sides of (4.28) by [r+&e~' (1 — p)]? to obtain

1Zt,8) )3, < ([pe(t, 0) x Z(0)](©))
4.37)

XY T he(s) -+ he () ([Pe(snt1. 0) % Z(0)](£)).

n=05€A,41(1)
Note that here Z (0, &) is deterministic. By (4.8) and (2.28), we have
(4.38) [pe(2.0) % Z(0)](€) < C[e*( + D] 2.

Applying this to the last term in (4.37), we arrive at

1Z,6)]5, < C([pe(t, 0) % Z(0)](€))

X3 kel heG)[e sugr + D]

n=05eA,11(t)

Further, for each n applying the readily verified inequality
Do hels1) - he(s)[e (s + D]

S€np1(0)

+1
<f () P (€ 2e ) = (Cra ey’

= " ) = ,
T+ + 1=t im1 F((n T 1)/2)
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and summing over n, with t < 73T, we obtain

(4.39) 1Z(t.6) |2, < C([pe(t.0) * ZO)]&))(e31) V2

Using again (4.38), we thus conclude (2.29).

Turning to showing (2.30), we let Zv(z, &, &) denote Z(1,&) — Z(t,€') =
ree Y (1 — p)(Z(t, &) — Z(t,£")), and similarly for Zv,dr(t,é,é’) and Zv,mg(t,
£, &'). Multiplying both sides of (4.34) by (r.e~!(1 — p))?, we obtain
(440) | Zy(r.£.8) 15 <2Zv.0r(t.6.8) 2] Zuamg (1. 6. 8) 51
Let 2(23’ dr)2 and Z(Zé’mg)2 denote the respective terms on the RHS. We estimate
them as follows.

For Zé’ 4r» combining (4.9) for (s1, s2) = (0, 7) and (2.28) we obtain the desired
bound Z% 4 < (el — &)V (%)~ FD/2. As for Z;mg,
of (4.16) by (rxe (1 — p))?, we obtain

multiplying both sides

(Z;mg)Z < C8(3_6U)/2(8|5 . s/’)Zv

t—1

(4.41) x Yt —s+ DT EI2([pe(e,5) % | Z(9)]5]6)
s=0

+[pet. ) % | Z()[5,](€))-

Plugging (4.39) in (4.41), and summing over s, with r < ¢ 73T, we obtain
(Z% mg)” < C el = &')* ([pe(t,0) % ZO)]&) + [ (2, 0) % Z(0)] (§")).-

In the last expression, further using (4.38), we obtain the desired bound (Zé’ mg)2 <
C(ele — &N (3)~ 12 < C(elg — &) (e3r)~ @+, Combining the preceding

bounds on Zé, 4 and Zé’ 4 We conclude (2.30). O

5. The martingale problem: Proof of Proposition 2.13. Hereafter, we use
Be(s,¢) and E:(s,¢), £ = (¢1, ..., &), to denote respectively generic processes
that are uniformly bounded and uniformly vanishing, that is,

sup{||Bg(s,E)||k:Ee(s_lU)”,s§T£_3,se(O, 11} < oo,
sup {|| € (s, Z)Hk:ZG(s_lU)",s§T8_3}—>O, ase — 0,

for any compact U CR,k>1and T > 0.
We begin by deriving an approximate expression for the cross variance as
in (2.17).
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LEMMA 5.1. For near equilibrium initial conditions, we have

5 I)Z(S, EDZ(s, )E(W (s, c)OW (s, £2).7(5))

_p2 ((v+a(s))p
A+ay)?\ 1+als)

[¢1—82] 5
) (Z(s, &1 NG+ Ee(s. 41, 02))-

PROOF. We prove (5.1) by approximating the identities (4.23)—(4.24), using
the moment estimate (4.31). By (2.21) we have (g:A:(t) — 1) = —e(1 + Ol)/)_l +
0(g?), so that (geAs(t) + DZ(s,¢) = —e(1 + ay) 1 Z(s, ) + €E(s,¢), and
by (4.31), fixing arbitrary v € (0, 1/2), we have Z(s,¢') = Z(s,¢) + |e(¢' —
O)VBe(s, ¢, ¢’). In (4.23), using these approximations we obtain

O1(s,¢) = —e(l +ay) ' Z(s,¢) + & (1, ¢)
(5.2) (X Ze-0))z600

{'€8(s)
+ > Le(s.tos—¢)|e(@ = 0)|"Be(s. 2. 0).
CE€E(s)

With Eg(s, s — ') as in (4.22), the second last term in (5.2) is zero since
L (s, ¢), and the last term is of the form &7V B, (s, ¢) < £&.(s, ¢) by (4.25). Con-
sequently,

(5.3) O1(s,¢) =—e(l +ay) ' Z(s,¢) +e&(t, ©).
Similarly, for ®;(s, &) we have
(5.4) O2(s, &) = —esay (1 +ay) ' Z(s, &) + & (s, 0).

Combining (5.3)—(5.4) with (2.17) yields (5.1). O

We proceed to proving Proposition 2.13. Recall from [3] the following martin-
gale problem of the SHE.

DEFINITION 5.2. Let Z be a C([0, 00), C(R))-valued process such that given
any T > 0, there exists u < oo such that

(5.5) sup supe “ME(Z(z,r)?) < o0.

t€[0,T]reR
For such Z and for ¥ € C°(R), let (Z(7), ¥) := [r Z(t,r)Y(r)dr. We say Z
solves the martingale problem with initial condition Zic e C(R) if 2(0, ) = Zi°(.)
in distribution, and

T

d2
T Ny (1) :=(Z(1), ¥) — (Z(0), w)-fo 2_1<Z(r’), pw>dr’,

T —> Ny (1) := (Ny (1)) _/0 (Z(r)), v?)dr’

are local martingales, for any ¥ € C2°(R).
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PROOF OF PROPOSITION 2.13. Recall from [3], Proposition 4.11, that for any
initial condition Z'¢ satisfying

(5.6) HZiC(r)H2 < Ccer, for some a > 0,

the martingale problem of Definition 5.2 has a unique solution, which coincides
with the law of the solution of the SHE with initial condition Zi¢. By passing to
the relative subsequence, we assume that Z, = Z, which, by (4.30), satisfies the
moment condition (5.5). It hence suffices to show that Z solves the martingale
problem in Definition 5.2.

We begin by deriving the discrete analog of Ny (7) and ﬁw (7). To this end,
fixing ¥ € C2°(R), we consider the discrete approximation

(5.7) (zt),¥), =eryt Y Z@t, &)y (er, '€)
§€B(r)
of (Z¢(e3(z2J)~ 1), ¥), and similarly define

(5.8)  My@)y:=ery' Y Z(t.E+uO)W(t. &+ pu@)y(er, &),
EcB(t+1)
In (3.16), multiply both sides by er, lw(er; gy, Upon summing over & € E(f +
1), we obtain (Z(t + 1), ¥)e = (Z(2), ¥p,(t+1.0))e + My (1), where
V1@ = Y. pe(t+ 1,1, = Oy (e'r8).
EcB(t+1)

Subtracting (Z(t), ¥), from both sides, we further obtain

(5.9 (Ze+D,y), —(ZO), ¥), =(ZO), Y. 0), + My (1, 6),
where
(5.10) Yr.y@ = Y. pelt+ 1,6, =Y (e rE) — (e r).
EcB(t+1)
Now, summing (5.9) over s =0, ..., — 1, we arrive at

t—1 r—1

G110 (ZO. W), —(Z©0), V), — D ZS) Vrow)s = D My (s) = N (0).

s=0 s=0
The process t > le,(t) is a discrete time martingale of quadratic variation
Yo E(My ()27 (), 50

t—1
(5.12) NG () := (N5 (1) = Y E(My (5)2F (5))
s=0

is also a discrete time martingale.
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With Njf () and 1\717/ (¢) as in the preceding, we proceed to showing that Ny, (1)

and Il\l\u, () are local martingales. Since, by (4.32), passing from discrete time to
continuous time introduces only a negligible error, it suffices to show that terms in
(5.11)—(5.12) converge in distribution to the corresponding terms. More precisely,

recalling 7. (7) := 8*3rfjr, our goal is to show

(Z(t:(D), ¥), = (Z2(0), ¥),

> (z6)ve) = [ ' z—1<z(a), ‘%‘Q e

s<te(T)

Y E(My(s)*Z(5)) :>/ (Z2(¢)), v (r'))dT.

s<te(T)

To this end, since Z; = Z, it clearly suffices to show

(5.13) E((Z(t: (1)), ¥), — (Ze(1), ¥)| — O,

(5.14) Es<§r)(Z(S) V), <zg dx2> 7’| — 0,

(5.15) E| Y EMy()*Z(s)) - / (Z%(x /| — 0.
s<te(T) 0

We prove (5.13)—(5.15) as follows. [

PROOF OF (5.13). This amounts to show that the terms

(5.16) Zorv)=er! [ 2@ wler ) dr

and (Z(t;(t)), ¥), are approximately equal. To this end, fixing arbitrary ¢ € E(r)
and |r — ¢| <1, we use the smoothness of ¥ and the moment estimates (4.30)—
(4.31), for arbitrary v € (0, 1/2), to obtain Z(¢, g“)l//(er*_lg“) —Z(t, r)l//(sr*_lr) =
e'Be(¢,r) = E.(t, ¢, r). From this, with (Z.(t),¥) and (Z(t:(1)), ¥),
(5.16) and (5.7), we conclude (Z.(7), V) = (Z(t:(1)), ¥)e + E:(t), whereby

(5.13) follows. [

PROOF OF (5.14). Taylor expanding ¥ (§er, 1Y around & = ¢ yields

d
Wers e = wler o)+ (Toer o) )eors e - 8)

+<z—1<f127‘”( rle ))+5 (. ;)) rC -9
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Plug this in (5.10). With Y g g1y Pe(s+ 1.5, 6 =) (& —0)* = E(Re(5)"), using
E(R(s)) =0, (3.11) and o, < Cég, we obtain

d>y
dx?
Now, plugging this expression of ¥z, ()(¢) in the LHS of (5.14), with #,(17) <
£73C, we obtain

Ve @) =2 ( (e r;lz))s2oe(s)+e3eg(s,§>.

2
1 d7y
S Z) V= Y e o—g(s)<2(s) 2128 > L&
s<te(T) s<te(T)
Next, divide the sum on the r.h.s. into sums over the disjoint intervals 7; := Z N
[tJ,tJ + J). We neglect the boundary terms of ng—3/r§ N [0, t. (7)), since, by
(4.30), those terms contribute only 20, (s)B = &,. Within each interval T;, use
(4.32) to replace (Z(s) ) with (Z(t]), e ) + &¢ (s). Further, with o, (s) and

t¢ asin (3.9) and (2.22), we have 3 7 0e(s) = (1)~ I Consequently,
3

G171 Y (Ze) Ley), == Y <Z(tJ) 2! 2w> +E
' eVl = e A2 [, T

5 <te(T) * t<eT3TfT

The RHS of (5.17) represents a discrete approximation of [ (Z.(t"), 271 x
d2
et
one obtains £ = ZK, o {Z(J), 2~ 1 de = Jo (Z(z)),2™ 1 )dr’—l—é'g, thereby
concluding (5 14). O

ydt’'. In particular by following the same procedure as in the proof of (5.13),

PROOF OF (5.15).  To calculate E(My (5)%|.Z (s)), we use the expression (5.8)
and the approximation (5.1) to obtain

E(My (5)*|7 (s))

(5.18)
TS sk e ) P ) 1 )
(1 +Oly)2 ry E€E(s+D) ok * ’ ‘ ’
where
B W+ a(5)p\ "
(5.19) F(s,§):= n%w "E+1In |))(m) -
Let n, := Znez(%)lnl In (5.19), using the continuity of ¥ at er, g,

we further obtain F(s, &) = ne(er, 1f;‘) + & (s, &). Plugging this expression in
(5.18), we arrive at

(520)  E(My()2Z () = 3ayne (1 +ay)?r) " (Z2(5), ¥2), + 3E.5).



KPZ EQUATION OF HIGHER-SPIN EXCLUSION PROCESSES 1797

Calculating 7, to the first order we have n, = iig‘f% + O(¢). Using this
and (2.23), a tedious but straightforward calculation shows that ayn.((1 +
ot)/)zr*)_1 = (J‘z;f)_1 + O(e). Consequently, summing (5.20) over s < t:(7)
yields

&3

&
2]

> E(My(5)*F(5)) =

s<te(T)

3 (Z25), ¥P), + Ec(s).

s<te(T)

The RHS represents a discrete approximation of [ (Z, (0)%, Y% do, so following
the same procedure as in the proof of (5.13), one concludes (5.15). [
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