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CONVERGENCE AND REGULARITY OF PROBABILITY LAWS
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Fournier and Printems [Bernoulli 16 (2010) 343-360] have recently es-
tablished a methodology which allows to prove the absolute continuity of the
law of the solution of some stochastic equations with Holder continuous coef-
ficients. This is of course out of reach by using already classical probabilistic
methods based on Malliavin calculus. By employing some Besov space tech-
niques, Debussche and Romito [Probab. Theory Related Fields 158 (2014)
575-596] have substantially improved the result of Fournier and Printems. In
our paper, we show that this kind of problem naturally fits in the framework
of interpolation spaces: we prove an interpolation inequality (see Proposi-
tion 2.5) which allows to state (and even to slightly improve) the above ab-
solute continuity result. Moreover, it turns out that the above interpolation
inequality has applications in a completely different framework: we use it
in order to estimate the error in total variance distance in some convergence

theorems.
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1. Introduction. In this paper, we prove an interpolation type inequality
which leads to three main applications. First, we give a criteria for the regular-
ity of the law w of a random variable. This was the first aim of the integration
by parts formulas constructed in the Malliavin calculus (in the Gaussian frame-
work, and of many other variants of this calculus, in a more general case). But
our starting point was the paper of N. Fournier and J. Printems [16] who noticed
that some regularity of the law may be obtained even if no integration by parts
formula holds for w itself: they just use a sequence w, — p and assume that an
integration by parts formula of type [ f'du, = [ fh,du, holds for each w,. If
sup,, [ |hn|du, < 0o, we are close to Malliavin calculus. But the interesting point
is that one may obtain some regularity for u even if sup, [ |h,|dw, = co—so
we are out of the domain of application of Malliavin calculus. The key point is
that one establishes an equilibrium between the speed of convergence of u, — u
and the blow up [ |h,|dw, 1 co. The approach of Fournier and Printems is based
on Fourier transforms, and more recently, Debussche and Romito [10] obtained a
much more powerful version of this type of criteria based on Besov space tech-
niques. This methodology has been used in several recent papers (see [4-6, 9, 11]
and [15]) in order to obtain the absolute continuity of the law of the solution of
some stochastic equations with weak regularity assumptions on the coefficients: as
a typical example, one proves that, under uniform ellipticity conditions, diffusion
processes with Holder continuous coefficients have absolute continuous law at any
time ¢ > 0. In the present paper, we use a different approach, based on an interpo-
lation argument and on Orlicz spaces, which allows one to go further and to treat,
for example, diffusion processes with log-Holder coefficients.

The second application concerns the regularity of the density with respect to a
parameter. We illustrate this direction by giving sufficient conditions in order that
(x,y) — p:(x,y) is smooth with respect to (x, y) where p;(x, y) is the density
of the law of X;(x) which is a piecewise deterministic Markov process starting
from x.

The third application concerns estimates of the speed of convergence p, — u
in total variation distance, and under some stronger assumptions, the speed of con-
vergence of the derivatives of the densities of w, to the corresponding derivative
of the density of p. Such results appear in a natural way as soon as the suited
interpolation framework is settled.

Let us give our main results. We work with the following weighted Sobolev
norms on C®(R?; R):

1/p
I f ke, p = (14 |x])" |00 f (x)|F dx , p>1,
! OSI%:Sk(/ )

where « is a multi-index, || denotes its length and 0, is the corresponding deriva-
tive. In the case m = 0, we have the standard Sobolev norm that we denote by
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Il f Ik, p- We will also consider the weaker norm
L lem e = /(1 + 1x1)" |9 f ()| (1 + I x| + I | £ (x) ) dx,
0<|e|<k

with In*(x) = max{0, In|x|}. Moreover, for two measures ;& and v we consider
the distances

duuvy=swpf | [@dn— [oav]: ¥ sl =1},

0<|a|<k

For k = 0, this is the total variation distance and for k = 1 this is the Fortet—
Mourier distance.

Our key estimate is the following. Let m, g, k € Nand p > 1 be given and let p,
be the conjugate of p. We consider a function ¢ € C¢+%"(R¢) and a sequence of
functions ¢, € C42"(R4), n € N and we denote j(dx) = ¢ (x) dx and w, (dx) =
¢n (x) dx. We prove that there exists a universal constant C such that

o0 o0 1
(1.1 ligllg,p < C(Z 2P gy (1, ) + Y 22m||<z>n||q+zm,zm,p)
n=0 n=0

and

o0 o0 1
(1.2) llgllg1+ < C(Z n2" O, )+ o ||¢>n||q+zm,zm,1+).
n=0 n=0

This is Proposition 2.5 and the proof is based on a development in Hermite
series and on a powerful estimate for mixtures of Hermite kernels inspired from
[26]. This inequality fits in the general theory of interpolation spaces (we thank to
D. Elworthy for a useful remark in this sense). Many interpolation results between
Sobolev spaces of positive and negative indexes are known but they are not relevant
from a probabilistic point of view: convergence in distribution is characterized by
the Fortet—-Mourier distance and this amounts to convergence in the dual of W1,
So we are not concerned with Sobolev spaces associated to L” norms but to L
norms. This is a limit case which is more delicate and we have not found in the
literature classical interpolation results which may be used in our framework.

Once we have (1.1) and (1.2), we obtain the following regularity criteria. Let u
be a finite nonnegative measure. Suppose that there exists a sequence of functions
¢ € C1P2M(R?), n e N such that

q+k+d/ps«
o> —T
2m

with w,(dx) = ¢, (x)dx. Then u(dx) = ¢(x)dx and ¢ € WP (the standard
Sobolev space).

(13)  deChts ) X I8l o 2 p < C
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In terms of ||@|l,m,1+, the statement is the following: suppose that there exists
m € N such that

1/2m C
(1.4) dy (e, pn) X ||¢””2m,2m,l+ =< W

Then w is absolutely continuous with respect to the Lebesgue measure.

The statement of the corresponding results are Theorem 2.10(A) and Theo-
rem 2.9 respectively. These are two significant particular cases of a more general
result stated in terms of Orlicz norms in Theorem 2.6. The proof is, roughly speak-
ing, as follows: let y, be the Gaussian density of variance ¢ > 0 and let u® = pu* y,
and u8 = p, * ye. Then pu®(dx) = ¢®(x)dx and ., (x) = ¢ (x)dx. Using (1.1)
for ¢* and ¢;;,n € N, one proves that sup, [|¢°|l4,, < 00. And then one employs
an argument of relative compactness in W%? in order to produce the density ¢
of w.

We give now the convergence result (see Theorem 2.11). Suppose that (1.3)
holds for some o > ‘kan&. Then p(dx) = ¢ (x)dx and, for every n € N,

_q-i—k—i—d/p*)

. 1
(15) 19— dulwer = Cdf ) witho = A (1
o om

Roughly speaking, this inequality is obtained by using (1.1) with u replaced by
n—= HUn.

In the statements of (1.3), we do not use di(u, wy) and ||pnllg+2m,2m,p di-
rectly, but some function A having some nice properties such that A(1/n) >
|60 ll1+g+2m,2m, p- But this is a technical point which we leave out in this Intro-
duction.

The paper is organized as follows. In Section 2, we introduce the Orlicz spaces,
we give the general result and the criteria concerning the absolute continuity and
the regularity of the density. We also give in Section 2.5 the convergence criteria
mentioned above. In Section 2.6, we translate the results in terms of integration by
parts formulae. In Section 3.1 (resp., Section 3.2), we prove absolute continuity for
the law of the solution to a SDE (resp., to a SPDE) with log-Hélder continuous co-
efficients. Moreover, in Section 3.3 we discuss an example concerning piecewise
deterministic Markov processes: we assume that the coefficients are smooth and
we prove existence of the density of the law of the solution together with regular-
ity with respect to the initial condition. We also consider an approximation scheme
and we use (1.5) in order to estimate the error. Finally, we add some appendices
containing technical results: Appendix A is devoted to the proof of the main esti-
mate (1.1) based on a development in Hermite series; in Appendix B we discuss
the relation with interpolation spaces; in Appendix C we give some auxiliary esti-
mates concerning super kernels.
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2. Criterion for the regularity of a probability law.

2.1. Notation. We work on R¢ and we denote by M the set of the finite signed
measures on R? with the Borel o algebra. Moreover, M,C M is the set of the
measures which are absolutely continuous with respect to the Lebesgue measure.
For u € Mg, we denote by p, the density of p with respect to the Lebesgue
measure. And for a measure 1 € M we denote by Lﬁ the space of the measurable
functions f : R? — R such that [ | f|? d|u| < co. For f € L', we denote fu the
measure (fu)(A) = [, fdu. For a bounded function ¢ : R? - R, we denote 1 *
¢ the measure defined by [ fdu+x¢p=[fxopdu= [[o(x —y)f(y)dydu(x).
Then p % ¢ € Mg and puyp(x) = [¢(x — y)du(y).

We denote by o = («1,...,04) € N9 a multi-index and we put |a| = 2?21 o;.
Here, N={0, 1, 2, ...} is the set of nonnegative integers and we put N, = N\ {0}.
For a multi-index o with |a| = k, we denote 9, the corresponding derivative that
is 9y, -+ - dx¢ with the convention that 9y, f = f if @; = 0. In particular, if « is the
null multi-index then dy f = f.

We denote by || f]l, = (/1f(x)[?dx)"/P, p > 1 and || f oo = SUp,cra | f ().
Then L? = {f : ||fll, < oo} are the standard L” spaces with respect to the
Lebesgue measure.

2.2. Orlicz spaces. In the following, we will work in Orlicz spaces, so we
briefly recall the notation and the results we will use, for which we refer to [19].

A function e : R — R is said to be a Young function if it is symmetric, strictly
convex, nonnegative and e(0) = 0. In the following, we will consider Young func-
tions having the two supplementary properties:

1) there exists A > 0 such that e(2s) < Ae(s),
2.1)

.. e(s) . :
(i1) s — —— is nondecreasing.
s

The property (i) is known as the A; condition or doubling condition (see [19]).
Throughout the whole paper, we work with Young functions which satisfy (2.1).
We set £ the space of these functions:

(2.2) & = {e: eis a Young function satisfying (2.1)}.

Foree & and f : RY — R, we define the norm

(2.3) ||f||e=inf{c>0:fe<%f(x)> dx < 1}.

This is the so-called Luxembourg norm which is equivalent to the Orlicz norm
(see [19], page 227, Theorem 7.5.4). It is convenient for us to work with this norm
(instead of the Orlicz norm). The space L® ={f : || f|le < 0o} is the Orlicz space.
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REMARK 2.1. Letu;(x)=( + |x|)_l. As a consequence of (2.1)(ii), for ev-
ery e € £ and [ > d one has u; € L®, and moreover,

(2.4) lurlle < (e(Dlluzllr) v 1 < oo,

Indeed, (2.1)(ii) implies that for # < 1 one has e(¢) < e(1)¢. For ¢ > (e(1)|lu;]l1) V
1, one has %ul(x) <u;(x) <1 so that

1
/e(—m(x)) X<—/uz( ) dx —Q||uz||1<1
C

For a > 0, we define e~ (a) = sup{c : e(c) < a} and

R 1
(2.5) ¢e(r)= and Be(R) = eT(R) = R¢Q<E>, r, R > 0.

1
e~'(1/r)
REMARK 2.2. The function ¢ is the “fundamental function” of L¢ equipped
with the Luxembourg norm (see [8], Lemma 8.17, page 276). In particular, %qbe (r)
is decreasing (see [8], Corollary 5.2, page 67). It follows that S is increasing. For
the sake of completeness, we give here the argument. By (2.1)(ii), if a > 1 then
e(ax) > ae(x) so that ax > e 1 (ae(x)). Taking y = e(x), we obtain ae_l(y) >

e_l(ay) which gives
ay
Belay) =

e l(ay) ~ ae‘1 6))

= Be(y).

One defines the conjugate of e by
e.(s) =sup{st —e(r) :t € R}.
e, is a Young function as well, so the corresponding Luxembourg norm || f e, is
given by (2.3) with e replaced by e,. And one has the following Holder inequality:

2.6) ‘ [ rerdx| <21 lelgle,

(see Theorem 7.2.1, page 215 in [19]; we stress that the factor 2 does not appear
in that reference but in the right-hand side of the inequality in the statement of
Theorem 7.2.1 in [19] one has the Orlicz norm of g and by using the equivalence
between the Orlicz and the Luxembourg norm we can replace the Orlicz norm by
2ligle,).

We will now define Sobolev norms and Sobolev spaces associated to an Young
function e. Let us denote by L! _ the space of measurable functions which are in-

loc
tegrable on compact sets and by Wl ! the space of measurable functions which
are k times weakly differentiable and have locally integrable derivatives. More
precisely, this means that f € Wllf)cl if for every multi- index o with |a| < k

one may find a function f, € L10C (determined dx almost surely) such that
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[e(x) fu(x)dx = (=) [ 3,8(x) f(x) dx forevery g € C°(RY, R). In this case,
we denote dy f = f,. Notice that
(2.7) L*CL],.

In order to prove this, we take R > 0 and we notice that for |x| < R one has
1+ R)d+1ud+1 (x) > 1. Then using (2.6) and (2.4), for every f € L®

f1f<x)|dxs(1+R)d“/ a1 (O] ()] dx
Br R4

<+ R)d_‘_1 lta+1 ”e*”f”e < 0Q.

For f € Wllf)’cl, we introduce the norms

(2.8) Iflke= Y N3aflle and [fllkoo= Y N9 flloo

0<|a|=<k 0<|a|<k

and we denote

Whe={feWS! I flre<oo}) and WA ={fe WS | fllkoo <o0).

C
For a multi-index y, we denote x” = ]_[?':l xl?/ " and for two multi-indexes o, y we

denote fy,, the function
Joy (x) = x7 0 f (x).
Then we consider the norms
29) N flkre= Do D Ifayle and WC={f ] e <oo}.
0=<|a|<k0<|y|=!

We stress that in || - |4 s.e the first index k is related to the order of the deriva-
tives which are involved while the second index [ is connected to the power of the
polynomial multiplying the function and its derivatives up to order k.

Finally, we recall that if e satisfies the A condition [that is (2.1)(i)] then L®
is reflexive (see [19], Theorem 7.7.1, page 234). In particular, in this case, any
bounded subset of L€ is weakly relatively compact.

Let us propose two examples of Young functions that represent the leading ones
in our approach.

EXAMPLE 1. If we take e,(x) = |x|”, p > 1, then || flle, is the usual L”

norm and the corresponding Orlicz space is the standard L? space on R?. Clearly,
Be, (1) = t1/P« with p, the conjugate of p.

EXAMPLE 2. Set ejog(?) = (1 + [¢]) In(1 + |¢]). Since the norm from ejog is
not explicit, we replace it by the following quantities:

£l 1+ =/(1 + 1x)P| £ )| (1 4+ InT x| + InT| £ (x)]) dx,
Iflkpir= D N0aflp1+

0<|o|<k

(2.10)
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with InT (x) = max{0, In |x|}. We stress that Il f1Ip,1+ is not a norm.
We will need the following.

LEMMA 2.3. Foreach k € N and p > 0, there exists a constant C depending
on k, p only such that

(2.11) Il poerog < COV ILf NIk po1+)-
Moreover,
t
(2.12) lim sup Pewe (1) <2.
t—00 nt

PROOF. The inequality (2.11) is an immediate consequence of the following
simpler one:

(2.13) £l =2(1v [17I(1+ 107|700 dx ).

Let us prove it. We assume that f > 0 and we take ¢ > 2 and we write

/elog<%f(x)> dx < /;ffa} elog<%f(x)> dx + /{f>c} elog(éf(x)> dx=:1+J.

Using the inequality In(1 + y) <y, we obtain 7 <2 [In(1 + 1 f) <2 [ f. And if
f=c=2thenL+1<2f< f Theneg(lf(x)) <2fInf.Itfollows that J <
%f{f>c} fInT £, and finally [eq(Lf)) < %f{f>c}(1 + f)InT f. We conclude
that for ¢ > 2 [ f(1+1In" ) we have [ €jog ( % f) < 1 which by the very definition
means that || f|le,, <2/ f(141nT f).

Let us prove (2.12). We denote e(t) = 2¢ In(2¢) and we notice that for large ¢
one has ejog (1) < e(?). It follows that

t
1)< ——.
'Belog( ) — eil([)
Using the change of variable R = e(¢), we obtain
e(t) _

lim ——— = lim = 2.
R—>ooe ! (R)InR t—ootlne(t)

So for large R we have B, (R) < R/e""(R)<2mmR. O

REMARK 2.4. We recall that the Llog L space of Zygmund is the space of
the functions f such that [ | f(x)] In" | f(x)|dx < oo (see [8]). Then L%z = L'n
Llog L. The inequality (2.13) already gives one inclusion. The converse inclusion
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is a consequence of the following inequalities. Let &, > 0 be such that t <2In(1 +
t)forO<t <e,andlet C, =2+ 1/In(1 + &4). Then

O [I7@]dy = Callfle, and
(2.14)

(ii) /}f(X)lln”Llf(X)\dx < 1S ey (1 +2C InT [| f lleyy)-

-1

elog | f] and we write

In order to prove (i), we denote g = || f ||

/8 2/ g+ 8
{g<e4} {g>e4}

1
<2 In(l14+g)+ ——— In(1 +
{g<ex) (1+e) In(1 + &) Jig>e.) gin(l+g)

< c*/m +o)n(l+g) = c*felog(g> —c..

In order to prove (ii), we notice that [ gIn" g < [ejog(g) = 1 so that

[ 1rim* ||f|J||(| <1/ Ny

Then we write

f|f|1n+ If] = f 10 | £ +f 110t | £
{|f|21\/||f||el(,g} {|f\<1V||fHe10g}

=1+J.

IF 112 1V I o then In® | £ = In | £ = 0" () +-In ] f ey So. by using

the previous inequality,

<1 flleg +1In IIfIIeI(,g/IfI <1 lleeg (1 + CoIn | £l

the last inequality being a consequence of (i). And
J <t ||f||e10g/ 1< Coall llerog 1011 £ g

2.3. Main results. We consider the following distances between two measures
u,v e M:forkeN, we set

(2.15) dk(u,v):sup”/¢d,u—/¢)dv

1§ € CO(RY), 4100 < 1}.

Notice that dj is the total variation distance and d; is the bounded variation dis-
tance (also called Fortet—Mourier distance) which is related to the convergence in
law of probability measures. The distances d with k > 2 are less often used. We
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mention however that people working in approximation theory (for diffusion pro-
cess, e.g., [28] or [22]) use such distances in an implicit way: indeed, they study
the speed of convergence of certain schemes but they are able to obtain their es-
timates for test functions f € C* with k sufficiently large—so di comes on. We
also recall that for k =1, 2, 3, di plays an important role in the so-called Stein’s
method for normal approximation (see, e.g., [23]).

We fix now a Young function e € £ [see (2.2)], and we recall the function S,
[see (2.5) and Remark 2.2, resp.].

Let g,k € N and m € N,.. For © € M and for a sequence u, € M,,n € N we
define

,kK,m,e a( n)n
16 4 (k- ()

o0 o0
1
=" 2" 2"y () + Y N Py 2t 2me-
Z 22nm q
n=0 n=0

Here and in the sequel, we make the convention that || py,, [l2m+q,2m,.e = 00 if py, ¢

2m+q,1
Wloc

(2.17) ,Oq,k,m,e(ﬂ) = infnq,k,m,e(ﬂ’ (,un)n)

the infimum being over all the sequences of measures p,,n € N which are abso-
lutely continuous. It is easy to check that py k m.e is @a norm on the space Sy i m.e
defined by

(218) Sq,k,m,e = {M eEM: pq,k,m,e(:u) < OO}

The following result gives the key estimate in our paper. We prove it in Ap-
pendix A.

. Moreover, we define

PROPOSITION 2.5. Let g,k €e N,m € N, and e € £. There exists a universal
constant C (depending on q,k,m,d and e) such that for every f € C*"+4(R?)
one has

(2.19) 1 fllg.e < Cpg.k.m.e(i),
where u(dx) = f(x)dx.

We state now our main theorem.

THEOREM 2.6. Letg, ke N,m e N, andletec&.
(i) Take g =0. Then
So0.k,me C LE

in the sense that if (L € Sp k,m,e then  is absolutely continuous and the density p,,
belongs to L¢. Moreover, there exists a universal constant C such that

I Pu lLe < Cpo,k,m,e(t).
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(i) Take g > 1. Then
Sq,k,m,e CcW?® and Ilpullg.e < Cog.kme(in), me Sq,k,m,e-

PROOF. We consider a function ¢ € C,‘)’O(Rd) such that 0 < ¢ < 1p, and
fr#(x)dx = 1. For § € (0, 1), we define ¢s(x) = 8 9¢(8~'x). For a measure

w, we define 11 x ¢s by [ fdu*ds = [ f*psdp. Since || f * ¢sllk,00 < 1 f llk,005
it follows that di (1 * 5, v * ¢ps) < di (1, v). We will also prove that

(2.20) 1S * @sllamrq.2me < 27" 1 f l2mtg.2m.e-

Suppose for a moment that (2.20) holds. Then

nq,k,m,e(:u * ¢8’ (:un * ¢8)n) =< zzmﬂq,k,m,e(ﬂy (:Uvn)n) =< 22mpq,k,m,e(ﬂ)'

Let ps € C*®°(R?,R) be the density of the measure u * ¢5. The above inequality
and (2.19) prove that
sup [|psllg.e < Cog k,m,e(n) < 00.
0<8<1

For each multi-index « with |¢| < g, the family dy ps, 8 € (0, 1) is bounded in
L*¢ which is a reflexive space, so it is weakly relatively compact. Then we may
find p, € L® C Llloc [see (2.7) for the above inclusion] and a sequence §, — 0
such that 9y ps, — po weakly, for every multi-index o with 0 < || < g (in the
same time). Since [ gdyps, = (—1!®! [ pd,g, by passing to the limit, we ob-
tain [ gpy = (—1)!% [ pd,g so dyp = py € L® and this means that p € W9C,
Since p * ¢s, — n weakly, one has u(dx) = p(x)dx. And since [dyplle <
sup,en 10a ps, lle < Cog.k.m,e() it follows that [[pllg.e < Cog k,me(). So the
proof is completed.

Let us check (2.20). For A > 0, we denote g, (x) = (1 + |x|))‘g(x). Notice that
for§ <1

(g % 680,00 < (1+ |x|)kfrg(x —les)dy
< f(l +1x — 1+ 8)*g(x — )]s () dy

<2 (1 1r = )P lgx = s (3) dy =2 1ga o ).

Then, by (A.6) [|(g *®s)ille < 2*[l1gn| % dslle < 2*lI¢sll1l11g21lle = 2* g5 lle- Using
this inequality (with A =2m) for g = 9, f, we obtain (2.20). [

We consider now a special class of Orlicz norms which verify a supplementary
condition: given «, y > 0 we define

O Be(R)
(2.21) Ea,y = {e : thri)s;JOp 7R°‘(lnR)V < oo}.

In this case, we have the following.
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THEOREM 2.7. Letg, ke N;m eN, andletee &, . If 2m >d, y >0 and

2m+q+k
O0<a< 0m-1) then

wat1.2m.e C Sq,k,m,e C W€

and there exists some constant C such that

1
(2.22) E”pu”q,e < Pg.kme() = Cllpullg+1.2m.e-
In particular, this is true for eiog and for e, with ijl < i’é;q_ﬁ];.

PROOF. The first inequality in (2.22) is proved in Theorem 2.6. As for the
second, we use Lemma C.3 in Appendix C. Let f € W4t1h2m-€ and nr(dx) =
f(x)dx. We have to prove that p; i m.e(itr) < 00. We consider a super kernel
¢ [see (C.1)] and we define fs = f * ¢p5. We take 4, = 2-9" with 6 to be cho-
sen in a moment and we choose n, such that for n > n, one has ,Be(Z”d) <
C2"%,Y because e € Ea,y- Using (C.3) with [ = 2m, we obtain di(uf, it f; ) <
Crgll fllg+1.2medt " and using (C.4) we obtain | fs,ll2m-+q.2m.e < Comiq.om X

I fllg+1,2m,e8n @m=1)"(the constant C depends on k and ¢, which are fixed). Then
we can write

Tghkme(Lf, Lgs)

o0 o0
1
= Y 2 B 2 (g )+ Y Sam 1 foulom-+q.2m.e
n=0 n=0

=< Cq,k,m||f||q+l,2m,e
- (q+k+da—0(g+k+1)) - 1
n(g+k+da—0(g+k+ v
X <1 "‘n;: 2 nt+ X;)Zn(zm—e(zm—l)))’
>y n=

Cy.k,m > 0 denoting a constant depending on g, k, m. In order to obtain the con-
vergence of the above series, we need to choose 0 such that

q+k+da 2m
qg+k+1 2m — 1

and this is possible under our restriction on . [l
We give now a criterion in order to check that & € S . e-
THEOREM 2.8. Let g,k € N,m € Ny and let e € &,,,,. We consider a non-

negative finite measure | and we suppose that there exists a family of measures
us(dx) = fs(x)dx,8 > 0 which verifies the following assumptions. There exist



1122 V.BALLY AND L. CARAMELLINO

C,r > 0 and a function Ay (8), 6 € (0, 1), which is right-continuous and nonin-
creasing such that

I fsllomtq.ome < Ag.m(8) <C8™".
q q

We consider some n > 0 and k > 0 and we assume that

C

2.23 AT (8)dr (e, < —)
(2.23) 2.m @i (i, ps) < (1))
If (2.23) holds with

k d
(2.24) s IEETed

2m
then

/_/L € Sq’k’m,e C Wq’e.
The same conclusion holds if

qg+k+ad
7’]:7

(2.25) o

and k>14y+n.

PROOF. Let gg > 0. We define

2mn
Sn :inf{8 >0:2gm(0) < e }
Let 0 < 6 < 2m/r where r is the one in the growth condition on A, ;. Since
8" dg.m(8) < C, we have
22mn
)Lq’m(z—@n) < Czn@r < m

which means that 8, <2~9". Since e € Eq,y, we have

g kome(it, (s, )n)

o 00
<C Z 2n(q+k+ad)nydk(u’ ws,) +C Z y—2mn ||f8n ||2m+q,2m,e-

n=1 n=1

Since Ay, 1s right continuous, Ay, (8,) = 22mny,—(1+0) gq

9]

1
> o ka.m (8n) < 00,

n=1
By recalling that In(1/6,) > C6n and by using (2.23), we obtain
Cn?
Ag.m (8,)(In(1/8,))"
<C x 2n(q+k+ad72mn)n)/+77(1+80)7l('

2n(q+k+0ld)n)/dk(u’ ws ) < 2n(q+k+ad)

(2.26)
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If g + k+ad < 2nm, the series with the general term given in (2.26) is convergent.
If g + k + ad =2nmn, we need that k > 1 4+ y + (1 + &) in order to obtain the
convergence of the series. If k > 1 4+ y + n, then we may choose ¢ sufficiently
small in order to have y + n(1 + &9) — k > 1 and we are done. [

There are two important examples: e = e, that we discuss in a special subsec-
tion below and e = ejo; which we discuss now. We recall that ejos € &, with
a=0and y =1 and || fsllom2m.eoy < C1V |l fsll2m.2m.1+ Where || fsll2m,2m,14 is
defined in (2.10). Then as a particular case of the previous theorem we obtain the
following.

THEOREM 2.9. We consider a nonnegative finite measure 1 and we suppose
that there exists a family of measures ps(dx) = fs(x)dx, 5 > 0 which verifies
the following assumptions. There exist m € Ny, C,r, & > 0 and a function 7, (5),
8 € (0, 1), which is right-continuous and nonincreasing such that

| fsllamom i+ < Am(8) <C8™" and

C
1/(2m)
M’W&MwmhimumwwMﬂ'

(2.27)

Then u(dx) = f(x)dx with f € L®oe.

2.4. The L? criterion. In the case of the L? norms, that is, € = e, our result
fits in the general theory of the interpolation spaces and we may give a more precise
characterization of the space Sy k.m.e, =: Sg.k.m,p- We come back to the standard
notation and we denote || - ||, instead of | - [le,, WP instead of W?:°» and so
on. In Appendix B, we prove that in this case the space S, k m, p is related to the
following interpolation space. Let X = WX where WX is the dual of Wk
[notice that one may look to . € M as to an element of ijvoo and then d (i1, v) =
lnw — Vllwf,m]. We also take ¥ = W9t2™2m.P and for y € (0, 1) we denote by
(X,Y), the real interpolation space of order y between X and Y (see Appendix B
for notation). Then we have

. Yk+d
Sykmp=(X.Y), \mmyzz—jﬁrﬁﬁ

So Theorem 2.7 reads
wa+1.2m.p C (Wic,oo Wq+2m,2m,p) c We-p
9 y .

We go now further and we notice that if (2.24) holds then the convergence of
the series in (2.26) is very fast. This allows us to obtain some more regularity.

THEOREM 2.10. Letg, ke N,m e N,, p > 1 and set
qg+k+d/ps
n>-——.

(2.28) o
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We consider a nonnegative finite measure u and a family of finite nonnegative
measures us(dx) = fs(x)dx, s > 0.

(A) We assume that there exist C,r > 0 and a right-continuous and nonincreas-
ing function Ay (8), 6 € (0, 1), such that

I fsll2m+q,2m,p < Agm(8) <C8~"

and moreover, with n given in (2.28),

(2.29) Ag.m(8)"dk (e, ps) < C.
Then u(dx) = f(x)dx with f € WP,
(B) We assume that (2.29) holds with g + 1 instead of q ,that is,
Ag+1,m(8)"di (1, us) < C.
We denote

2mn —(q +k+d/px) P

2.30 Jk,m, p)= )
(2.30) sy(q, k., m, p) Smn 40

Then for every multi-index a with |a| = g and every s < sy(q, k, m, p) we have
0o f € B*P where B*? is the Besov space of index s.

PROOF. (A) The fact that (2.29) implies pu(dx) = f(x)dx with f € W?? is
an immediate consequence of Theorem 2.8.

(B) We prove the regularity property: g := 9y f € B*? for |a| =¢q and s <
sy(q, k, m). In order to do it, we will use Lemma B.1 so we have to check (B.4).

Step 1. We begin with the point (i) in (B.4) so we have to estimate ||g * 9; ¢¢ || 0o-
The reasoning is analogous with the one in the proof of Theorem 2.8 but we will
use the first inequality in (2.22) with g replaced by ¢ + 1 and & replaced by k£ — 1.
So we define 8, = inf{§ > 0: Ay41,,(8) <n~22*""} and we have §, <279 for
6 < 2m/r. We obtain

g * Bigellp = |18; da(f % @), < If * Pellgr1.p < Pg+1.k—1.m,p (1 * be)

[e.e]
< 2 @HRHAIPI gy (ke e, * )

n=1

o0
-2
+ ) 27| £, * elloamgr1,2m, p-

n=1
By the choice of 4,

1

2
”fén * ¢8”2m+q+1,2m,p = “fé,, ”2m+q+l,2m,p = )Lq—i-l,m(‘sn) = ﬁz o



CONVERGENCE AND REGULARITY OF PROBABILITY LAWS 1125

so the second series is convergent. We estimate now the first sum. Since || f *

Pellk.co < &I fllk—1,00, OnE has di_1 (14 * ¢, s, * Pe) < &~ 'di (1, ps,). Then,
using (2.29) (with ¢ = 1 instead of ¢) and the choice of §,, we obtain

C
2n(q+k+d/p*)dk_1(u * Pe, s, * Pe) < ;2n(q+1+d/p*)dk(,u, ws,)

C _
< zzn(f1+1+d/l7*))\q_’:l’m(5n)

Cnn

&

2r(q+1+d/ps—2mn)

We fix now ¢ > 0, we take some n, € N (to be chosen in the sequel) and we write

o
Z 2n(q+k+d/p*)dk—l (M * 4)8’ :u“(Sn * ¢‘9)

n=1
Ng C o0
<C Z onlgtk+d/py) o = Z n2Non(grk+d/ps—2nm)
n=1 n=ng+1

We take a > 0 and we upper bound the above series by

onetathrd/pn) 4 Conetghrd/pota=2mm)
&

In order to optimize, we take n. such that p2Zmne — é With this choice, we obtain

ne(qrktd/pita) o oo=(qtk+d/pita)/2mn)

We conclude that

g * el < Ce~@Th+d/pita)/@mm)

which means (B.4)(i) holds for s < 1 — %,

~Step 2. We check now (B.4)(ii) so we have to estimate ||g * ¢é |, with ¢é (x) =
x'¢e(x). We take u € (0, 1) (to be chosen in a moment) and we define

S =Inf[8 > 0: gyt m(8) <n 222 x =170,
Then we proceed as in the previous step:
16i (g ), < Pyr1.k—1.m,p (1t % ¢5)

0
< Z pnlgtk+d/p) g (1 % @, s, * )

n=1

00
+ Z 2_2mn H fan,s * ¢(l€ H2m+q+1,2m,p'

n=1
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It is easy to check that for every 4 € L? one has ||h * ¢é |, < ellhll, so that, by our
choice of §, . we obtain

22mn |
”fé,, e ¥ ¢s ||2m+q+1 2m,p — 8||f5ns ||2m+q+1 2m,p = € X X 8_( _”)_
It follows that the second sum is upper bounded by Ce".
Since [|3h * ¢glloo < Cllh| o, it follows that
; C cn?
di—1 (i * @1, s, % $L) < Cei (1, s, ) < 22mnns”“ “

W Bne)
Since 2mn > q + k + d/ p.« the first sum is convergent also and is upper bounded
by Ce"1=%) We conclude that
[0 (g * @), < Ce™ 7 + Ce.

In order to optimize, we take u = .. [
n

2.5. Convergence criteria in WP and W%-®oz,  For a function f, we denote
wr(dx) = f(x)dx.

THEOREM 2.11. Letn:Ry — Ry be a nondecreasing function and a > 1 be
such that

(2.31) nlgrolo nn)=4o0o0 and nn+1) <ann), for everyn € N.

Letm, k,q € N be fixed. Let f,,n € N, be a sequence of functions and ju € M.

- q+k+d/ps
m

(1) Let p = 1. If there exists « such that

1
(2.32) 1 fallgamomp <n'* () and  di(u, ) < s
then w(dx) = f(x)dx for some f € W4P, Moreover, there exists a constant C
depending on a, o such that for every n € N

1 k+d
233) If ~ fulgp <Cn%m)  witho =~ A (1 - u)
(07 oam
(i1) If there exists o > q+k such that
1
(2.34) I fullg+amoma+ <n'/*(m) and  di(u, iy, < s

then u(dx) = f(x)dx for some f € W9 Moreover, there exists a constant C
depending on a, a such that for every n € N

1f = fallgien, < C™% (@) + (logy n(n))n~ 1= @O/ @m) gy

=:g,(x).

(2.35)
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And if e, () < 1 then

236) ) /|(3af — 30 ) O (1 4+ 107 [@Be f = 8o fi) (¥)]) dx < 2Csn(@).

0<|a|=q

PROOF. (i) Step 1. For r € N, we define
n, =min{n :n(n) >2“"} and r, =min{r e N:n, >n}.
Then we have
(2.37) 277(71) <29 < Cn(n).

Since {r € N : n, > n} is a discrete set, its minimum r, belongs to this set,
so ny,, > n. Then n(n) < n(n,,) < an(n, — 1) <a2*"". On the other hand,
since r, — 1 ¢ {r e N:n, > n} one has n > n,,_; and then n(n) > n(n,,—1) >
20 (n=lm — c=lparm with C =29 So, (2.37) holds.

Step 2. We fix n € N and for r € N we define

g =0 ifr<r, and g -=fu — fa ifr>ry,

and v(dx) = u(dx) — f,(x)dx, v (dx) = g, (x) dx. Using (2.19) (recall that ,Bep =
t1/P+) we get

o0 o0
Pg e, p(0) < 3 27T g (b v,y + 327 gy llg2m om, p = S1 + Sa.

r=1 r=1

We estimate S;. For r < r,, we have v, = 0 so that dy(v,v,) = dy(v,0) =
di(p, pug,) < n_l(n). And for r > r,, we have

< ! .
n(n) = 2

di (v, vr) =di(p, g, ) <

So, we obtain

C
2rama(1—(g+k+d/ p«)/(om))

S| < Zrn(q+k+d/l7*)n—1(n) +
and using (2.37),
S| < Cn—(l—(4+k+d/P*)/(Olm))(n)‘
We estimate now S>. We have g, =0 for r < r, and forr >r,

1 1
Igrllg+2m2m.p < Il fur lg-t2m.2m,p + | fullg2m,2m, p < n(0) % 4 ()%

But n(n,) <an(n, — 1) <a2*™, so that

lgrllg+2mam.p < a'/®2™ 4 n(m)'/e.
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It follows that
S, < al/ot Z p—rm n(n)l/a Z 2—2rm < C(Z_r"m + n(n)l/txz—Zrnm)

r=ry r=ry

and using (2.37) we get
S < Cn(n)~'/%.

Then we obtain
P, p(v) < €~ V% () 4y I HHAP @) 1))

and Theorem 2.6 allows one to conclude.
(ii) We take n, and r, as in Step 1 above, giving (2.37), and we take g,, v, v, as
in Step 2 above. Then, by using (2.19) we get
o0 [e.e]
Pakm.erog (V) < Y2740 B (27w, vr) + Y 272 g llg-42m. 2m .-

r=1 r=1

By (2.11) and (2.12), we can write

o0 o0
Pakm.eng (V) < C D27 rdi(uv) + 327 1V g1 llga2m,2m, 1+
r=1

r=1

=514+ 39.

Concerning Sy, for r < r, we have di(v,v,) =di(v,0) =di (i, g, < n_l(n)

and for r > r,, we have di (v, v,) < ﬁ < 2,% So, we obtain
r

S1 < C(rn2r”(q+k)?7_l(n) + 2rnma(1:;l+k)/(am))>'
Using (2.37),
S| < Crpnp~U=@th/lm) gy < C(log, n(n))n_(l_(q+k)/(“m))(n).
As for S,, we proceed as in Step 2 above and we obtain S, < Cn(n)_l/ % Then
pq,k,m,ek)g(‘)) < C(n_l/a(n) + n—(l—(1I+k+d/p*)/(am))(n))

and the statement again follows from Theorem 2.6. So (2.35) is proved. In order
to check (2.36), we use (2.14) [notice that, since || f — f5 ”q,elog <eg(a) <1, we

have In™ || f — Jullgee =01 O
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2.6. Random variables and integration by parts. In this section, we work in
the framework of random variables. For a random variable F, we denote by ur
the law of F and if uF is absolutely continuous we denote by pr its density. We
will use Theorem 2.10 for ur so we will look for a family of random variables
Fs,8 > 0 such that up, satisfy the hypothesis of this theorem. Sometimes it is
easy to construct such a family with explicit densities pr, and then one may check
(2.29) directly (this is the case in the examples in Sections 3.1 and 3.2). But some-
times one does not know pp, and then it is useful to use the integration by parts
machinery in order to prove (2.29)—this is the case in the example given is Sec-
tion 3.3 or the application to a kind of generalization of the Hormander condition
to general Wiener functionals developed in [2].

We briefly recall the abstract definition of integration by parts formulae and we
give some useful properties (coming essentially from [1]). We consider two ran-
dom variables F = (Fy, ..., F;) and G. Given a multi-index o = (¢1, ..., ;) €
{1,..., d}k and for p > 1, we say that IP, ,(F, G) holds if we may find a random
variable Hy (F; G) € L? such that for every f € C;° (R?) one has

(2.38) E(3s f(F)G) =E(f(F)Hy(F; G)).

The weight H, (F'; G) is not uniquely determined: the one with the lowest variance
is E(Hy(F; G) | o (F)). This quantity is uniquely determined. So we denote
(2.39) 0o (F,G) =E(Hy(F; G) | 0 (F)).

For m € N and p > 1, we denote by R, , the class of random variables F' in
R4 such that 1Py, , (F, 1) holds for every multi-index a with || < m. We define

(2.40) Tup(F)=Fllp+ ) [6a(F, D],

loe| <m
Notice that by Holder’s inequality [|E(Hy(F; 1) | o (F))|lp < [|Ho (F; D . It fol-
lows that for every choice of the weights H, (F; 1) one has

(2.41) Tm,p(F) = ||F||p+ Z ”Ha(F; I)HP'

lee|<m

THEOREM 2.12. Letm,l eNand p > d.If F € Ry+1,p then the law of F is
absolutely continuous and the density pr belongs to C™ (R‘!]. Moreover, suppose
that F € Ryy41,2(a+1)- There exists a universal constant C (depending on d, | and
m only) such that for every multi-index a with || < m

2_ —
(242) [ pr(0)| < CT{ 0 (F) Tt 2@y (F) (L IF 1) (14 1x) 7

In particular, for every g > 1, k € N there exists a universal constant C (depending
ond,m,k, p and q) such that

2_
243)  Nprlmig < CT{ gy (F) T, 2@ 41y (F)(L+ I Fllagas)-
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PROOF. The proof is an immediate consequence of the results in [1] and [3].
In order to see this, we have to give the relation between the notation used in that
paper and the notation used here: we work with the probability measure p g (dx) =
P(F € dx) and in [1] we use the notation 34" g(x) = E(Hy(F; g(F)) | F = x).

The fact that F € Ry,41,, implies that F ~ pp(x)dx with pp € C"™(RY) is
proved in [1], Proposition 9. We consider now a function ¢ € C}° (R?) such that
1, < < 1p,. In [1], Theorem 8, we have given the following representation
formula:

d
o pF(x) =Y E(8i Qa(F — x)b(0.iy (F; ¥ (F — x))13,(F — x)),

i=1
where B, denotes the ball centered at 0 with radius r, Qy is the Poisson kernel on
R4 and, if o = (o1, ...,0p), then (o, i) = (a1, ..., o, i). Using Holder’s inequal-
ity, we obtain (with p, the conjugate of p)

d

90 pF ()| <D _[0; Qa(F — X)||,,||9(a,i)(F; V(F —x))1p,(F —X)||p*-

i=1

We take p =d + 1 so that p, = (d + 1)/d <2.In [1] Theorem 5, we proved that

2_
[0: Qa(F —x)|, < CT{ ) 1) (F).

Moreover, we have the following computational rule (Lemma 9 in [1])
0:(F, fg(F)) = f(F)6;(F, g(F)) + (g3; f)(F).
Since ¢ € Cp° (RY), we may use the above formula in order to get

|0@.i) (F: W(F—X))lgz(F—x)Hp*
< 6ty (Fs ¢ (F =), yBIF — x| <2)

< CyTg|+1,2p,(F) P(|F —x| < 2)_
For |x| = 4,
P(|F — x| <2) §P<|F| > l|x|> < 2_kE(|F|k)
2 x|
so the proof of (2.42) is completed. [

We are now ready to rewrite Theorem 2.10.

THEOREM 2.13. Letk,q e N,m e Ny, p > 1 and let
q+k+d/ps«
n>-—(/————
2m

P« denoting the conjugate of p. Let F, Fs5,6 > 0, be random variables and let |1 F,
WEs, 6 > 0, denote the associated laws.
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(A) Suppose that Fs € Romyq+1,2d+1), 8 > 0 are uniformly bounded in
L2441 gnd that there exist C > 0 and 0 > 0 such that

(2.44) Domtq+1,2d+1)(Fs) < C§70CmTa+h

(2.45) di(ur. ;) < oM @nratl)
Then pwrp(dx) = pr(x)dx with pp € WTP,

(B) Suppose that Fs € Romig+2,2(a+1), 8 > 0, and (2.44) holds with g + 1 in-
stead of q. Then for every multi-index o with |a| = q and every s < sy(q, k, m, p)
we have 0y pr € B*P where B*? is the Besov space of index s and s,(q, k, m, p)
is given in (2.30).

PROOF. (A) Letn,l € N and p > 1 be fixed. By using (2.44) and (2.43), we
obtain || p; ll2am+q,2m,p < Cs—0d°@m+q+D) So asa consequence of (2.45) we ob-

tain || pry ||)27m+q,2m,pdk (F, nry) < C. And we apply Theorem 2.10(A). Similarly,
(B) follows by applying Theorem 2.10(B). [

3. Examples.

3.1. Path dependent SDEs. In this section, we look to the SDE

n
(3.1) dX; =Y oj(t,X)dW/ +b(t, X)dt,
j=1
where W = (W', ..., W") is a standard Brownian motion and
aj,b:C(R+;Rd)—>C(R+;Rd), j=1,...,n.

For a function ¢ € C(R+;Rd), we use the notation o(z, ¢) = 0;(¢)(¢) and
b(t, ) = b(p)(t). If o; and b satisfy some Lipschitz continuity property with re-
spect to the sup-norm on C (R_.; RY), then this equation has a unique solution. But
we do not want to make such an hypothesis here so we just consider an adapted

process Xy, t > 0 which verifies the above equation.
We set A ((w) :=sups<, <, [wy, — wgl.

THEOREM 3.1. Letb and o}, j =1,...,n, be bounded. Suppose that there
exists €, C > 0 such that

1 —(2+¢)
3.2 (t,w) —oi(s, <Cll , Vi=1,...,
3.2) |o](t w) —oj(s w)| <H<As,t(w)>> j n

and that there exists Ly > 0 such that
(3.3) oo*(t,w) =X Vi=0,we C(Ry;RY.

Then for every T > 0 the law of Xt is absolutely continuous with respect to the
Lebesgue measure and the density belongs to L.
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REMARK 3.2. We note that in the particular case of standard SDEs we have
0j(t,w) = o;(w,) and a sufficient condition in order that (3.2) holds is |0 (x) —
oy < camﬁ))*@“). This is weaker than Holder continuity.

PROOF OF THEOREM 3.1. During the proof, we set A* > 0 a constant such
that A* > oo™ (t, w).
For § > 0, we construct

n
Xy =Xr_s+ Y 0j(T — 8, X)(Wi — Wi_s).
j=1
We will use Theorem 2.9 so we check the hypotheses there.
Step 1. We write X7 — X‘ST = ’}:1 I(Sj + Js with
. T . T
I :/ (0j(t,X)—o;(T —8,X))dW; and J(;:f b(t,W)d:t.
T8 T—5

Since b is bounded, we have
(3.4) E(|Js]) < C8.
Letas =~/31n 1 and As = (Ar_57(X) < as}. We write E(|1{|?) = K5 + Ls with

T
Kssz 8E(1A§|aj(t,X)—aj(T—a,X){z)dz,
T 2
L(S:/T 8E(1A3|O'j(l‘,X)—O'j(T—5,X){ )dl.

By using the Bernstein’s inequality, we obtain P(A§) < C exp(—g—i). And since
o is bounded, for any small § we get
K5 < CSP(A§) < CSexp( — %\ cs/?
8= ( 8) = CXp( 2c/8> — ’
Moreover, using (3.2) and again for § small enough,
Ls < Cé - C's
~ (In 1/05)2(24-8) ~ (In 1/3)2(2—1—3)

[notice that ln(é) /1n % — % > 0 for § — 0]. We conclude that
i Cé
so that, if u is the law of X7 and us is the law of X ‘ST then for every § small,

C81/2

(3.5) dl(u,us)SE(!XT—XSH)SW-
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Step 2. Given a positive definite matrix a, we denote
1 L, ;4
7000 = i deta) 12 exp(—%(a Y, y))-
With ps denoting the law of X3., we have s (dy) = ps(y) dy where
ps(Y) =E(Vs.ar_sx)(y — X7-5))  witha;(X) =00, X).
Let o denote a multi-index |«| =¢, k € N and § < 1. By using (3.3), we have

_ ly = Xr—s\?
s )] = €5PE( (14 P50 ) oar oo = X1-5)

— X s\
< C5—4/2E<(1 + |y§1—/2T6|> Vs 1 (Y — XT—a))-

We use the fact that 0 < x +— (1 4 x)7e ™" is bounded. This gives
|90 ps ()| < C5~@HD/2)

so that, for small values of §,

(3.6)

1 1
3.7) ln+|8ap5(y)|§C(l+lng>§C1ng.
Let m € N. Using (3.6) and (3.7), we obtain

10 P ll2m, 14+ = f(l 19D |9 ps (| (1 +InT [y] 4+ In| 3, ps ()| dy

oo 1 ly — X7_s]\“
/214 & 2m+1 y T—3§
<Cs4 ln(SIE(/(l—I-Iyl) (1+751/2 )

X Vs (Y — XTa)dy)
1
=C571%In §E<f(1 + | X7-s + 51/22})2m+q+13/1,x*1(z)dz)

<579 m L.
)
‘We conclude that
_ 1
(3.8) Ipslamamis = D Ndapsllom14 < C6"In—.

0<|a|<2m

Step 3. We are now ready to check (2.27): the exists 69 < 1 such that for § < &g
one has

8

c C
~ (In1/8)2Fe=1/Cm) = (In1/8)2+1/@m)+e/2

1/2m S fy A 8172
1281127, 2,141 (1 o) = €8 (ln _> x (In1/8)2+¢
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the last inequality holding true as soon as % < ¢&/2. So (2.27) holds and the con-
clusion follows from Theorem 2.9. [J

3.2. Stochastic heat equation. In this section, we investigate the regularity of
the law of the solution to the stochastic heat equation introduced by Walsh in [33].
Formally, this equation is

(3.9) du(t, x) = 02u(t, x) + o (u(t, x))W(t, x) + b(u(t, x)),

where W denotes a white noise on Ry x [0, 1]. We consider Neumann boundary
conditions that is d,u(¢,0) = d,u(¢t, 1) = 0 and the initial condition is u(0, x) =
ug(x). The rigorous formulation to this equation is given by the mild form con-
structed as follows. Let G;(x, y) be the fundamental solution to the deterministic
heat equation d;v (¢, x) = 8§v(t, x) with Neumann boundary conditions. Then u
satisfies

1 t prl
u(r,x>=/ Gt<x,y>uo(y)dy+// Gros (x, y)o (u(s, y)) dW s, )
(3.10) 0 070

t pl
4 fo fo Gy (x. Wb(u(s, y)) dy ds,

where d W (s, y) is the It6 integral introduced by Walsh. The function G,(x, y) is
explicitly known (see [33] or [7]) but here we will use just few properties that we
list below (see the Appendix in [7] for the proof). More precisely, for 0 < ¢ <t we
have

t 1
(3.11) / / G?_ . (x,y)dyds < Ce'/?.
t—eJO

Moreover, for 0 < x; < --- < x4 < 1 there exists a constant C depending on
min; =1, 4(x; — x;—1) such that

t pl/d 2
(3.12)  Celz inf f /0 (Zsict_s(xi,w) dyds>C™'s'/2.
= Jie i=1

This is an easy consequence of the inequalities (A2) and (A3) from [7].

In [25], one gives sufficient conditions in order to obtain the absolute continuity
of the law of u(z, x) for (¢, x) € (0, 00) x [0, 1] and in [7], under appropriate hy-
potheses, one obtains a C* density for the law of the vector (u (¢, x1), ..., u(t, xq))
with (¢, x;) € (0,00) x {0 #0},i =1, ...,d. The aim of this section is to obtain
the same type of results but under much weaker regularity hypothesis on the co-
efficients. One may first discuss the absolute continuity of the law and further,
under more regularity hypothesis on the coefficients, one may discuss the regular-
ity of the density. Here, in order to avoid technicalities, we restrict ourselves to the
absolute continuity property. We assume global ellipticity, that is,

(3.13) o(x)>cy >0 for every x € [0, 1].
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A local ellipticity condition may also be used, but again this gives more techni-
cal complications that we want to avoid. This is somehow a benchmark for the
efficiency of the method developed in the previous sections.

We assume the following regularity hypothesis: o, b are measurable and
bounded functions and there exists # > 0 such that

GB.14) o) —o()| < |Injx —yl]|"*™, forevery x,y [0, 11.

This hypothesis is not sufficient in order to ensure existence and uniqueness for
the solution to (3.10) (one needs o and b to be globally Lipschitz continuous
in order to obtain it)—so in the following we will just consider a random field
u(t,x), (,x) € (0,00) x [0, 1] which is adapted to the filtration generated by W
(see Walsh [33] for precise definitions) and which solves (3.10).

PROPOSITION 3.3. Suppose that (3.13) and (3.14) hold. Then for ev-

ery 0 <x; <---<xg<1and T >0, the law of the random vector U =
w(T,x1),...,u(T,xq)) is absolutely continuous with respect to the Lebesgue
measure.

PROOF. Given 0 < ¢ < T, we decompose
(3.15) u(T,x) =ue(T,x)+ 1c(T, x) + Jo(T, x)
with

1
e (T, x) = fo G (x, Yo (y) dy
T rl1
+f0 fo Gr—s (e, )0 (u(s A (T — &), 7)) dW (s, y)
T—e pl
+ fo /O Gr—s(x, )b(u(s, y)) dy ds,

T 1
IE<T,x)=/T /0 Grs(e. ) (0 (u(s. y)) — o (u(s A (T — £), ) dW(s. ).

—&

T
Je (T, x) =_/;_8/0 Gr—s(x,y)b(u(s,y))dyds.

Step 1. We prove that
(3.16) E|I(T,x)|* + E|J.(T, x)|* < C|Ing| 23t e!/2,

Let © be the law of U = (u(T, x1),...,u(T, xg)) and let and u, be the law of
Us = ue (T, x1),...,us(T, xq)). Using the above estimate, one easily obtains

(3.17) di(u, pe) < Cllng|~CHMgl/4,
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Using the isometry property,

2 T 1 ) 2
E|I(T,x)| = /T—s/o Gr_(x, NE(o(u(s,y) —o(u(s AN(T —¢),y)))")dyds.

We consider the set Ag (s, y) = {|u(s,y) —u(s A (T —¢),y)| <n} and we split
the above term as E| I (T, x)l2 = Ag y + Bg, with

T 1
App= /T—s/o Gszs(x, VE(o (u(s, y)
—a(u(s AT =), ) 1a,, 65,0)) dy ds,
T 1
Be =/T—s/0 G%_S(x,y)E(o(u(s,y)

—o(u(s A (T —e), y)))zlAg,n(s,y)) dyds.
Using (3.14)

T 1
Apy < Cllng 20+ fT fo G2 (x,y)dyds < C|Inn|2CH0g1/2
—&

the last inequality being a consequence of (3.11). Moreover, coming back to (3.10),
we have

1
P(Ag ,(s,¥)) < FE’M(S, y) —u(s AT —e), y)]2

C s 1 1/2
S?fr fOGf_,(y,z)dzdrS
—&
so that
Cel/2 T 1 Ce
B, < / /GZ_ x,y)dyds < —.
&n 772 —Jo T—s(x,y)dy 772
Taking n = £!/16, we obtain

E|I(T, x)|* < C(|Ing| 23+ 4 g1/41/2 < C|Ing| 2+ /2,

We estimate now

T 1
1Jo(T. )| < ||b||oo/T /O Gr—s(x. ) dyds = [[bllot
—&

s0 (3.16) is proved.
Step 2. Conditionally to Fr_., the random vector U, = (ug(T, x1),...,
us(T, x4)) is Gaussian of covariance matrix

. T 1 )
S (Uy) = /T /0 Gr—s (i V)G r—s(xj. )02 (u(s A (T — ), y)) dyds,

—&
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fori, j=1,...,d. By (3.12)

CVe>3X(Ue) > é\/E,

where C is a constant which depends on the upper bounds of o and on ¢,

We use now the criterion given in Theorem 2.9 . Let py, be the density of the
law of U,. Conditionally to F7_, this is a Gaussian density and the same reasoning
as in the proof of (3.8) gives

—1/4\2m 1
I pu,llam,2m 1+ < C(e” /7)™ In =

So (2.27) reads

1\ 1/2m
1IN |y o) < C€—1/4(ln g) « |Ing|~ @0 g1/4

1 1
=C <C
(In 1/8)2+h—]/2m ~— (In 1/8)2+1/2m

. . . 1
the last inequality being true as soonas h > .. [

3.3. Piecewise deterministic Markov processes. In this section, we deal with
a jump type stochastic differential equation which has already been considered in
[4]: it is an example of piecewise deterministic Markov processes. We consider
a Poisson point process p with state space (E, B(E)), where E = RY x Ry. We
refer to [17] for the notation. We denote by N the counting measure associated
to p, thatis, N([0,7) x A)=#{0<s <t; p, € A} fort >0 and A € B(E). We
assume that the associated intensity measure is given by N(dt,dz,du) = dt x
dz x 1[0,00)(u) du where (z,u) € E = RY x R, . We are interested in the solution
to the d dimensional stochastic equation

t t
(3.18) X,=x+/0/;Ec(z,Xs_)l{u<y<z,xs_)}N(ds,dz,du)—|—A 2(X,)ds.

The coefficients ¢, g, y are smooth functions [see the hypothesis (H;),i =0, 1,2
below]. We remark that the infinitesimal generator of the Markov process X; is
given by

Ly (x) =g(x)Vr(x) + /Rd(lﬂ(x +c(z, X)) = ¥ (x)y (z, x) dz.

See [14] for the proof of existence and uniqueness of the solution to (3.18). We
will deal with two problems related to this equation.

First, we give sufficient conditions in order that P(X;(x) € dy) = p;(x, y)dy
where X, (x) is the solution to (3.18) which starts from x, so Xo(x) = x. And we
prove that, if the coefficients of the equation are smooth, then (x, y) — p;(x, y) is
smooth. Notice that the methodology from [9, 10, 14] and [15] seems difficult to
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implement in order to prove the regularity with respect to the initial condition x.
So this is the main point here.

The second result concerns convergence. In [4], it is constructed an approxi-
mation scheme which allows one to compute E( f(X;(x)) using a Monte Carlo
method. And it is proved that the convergence takes place in total variation dis-
tance. We use here the method developed in our paper in order to prove that the
density functions and their derivatives converge as well and to estimate the error.

In [4], one gives a Malliavin-type approach to equation (3.18) which we recall
and which we will heavily use here. We describe first the approximation procedure.
We consider a nonnegative and smooth function ¢ : R? — R such that ¢(z) =
for [z] > 1 and fps @(z)dz = 1. And for M € N we denote ®p = ¢ * 15, w1th
By ={z €R9:|z| < M}. Then ®y € C§° and we have 1p,, < Oy <lp,,,.
We denote by XM the solution of the equation

t
M=x+/0 /Ec(z,XSA{)1{u<y(z’xﬂ)}¢M(z)N(ds,dz,du)

t
+/ g(x))ds
0

In the following, we will assume that |y (z,x)| < ¥ for some constant y. Let
Ny (ds,dz,du) == 1g,,,,(z) x ljo271()N(ds,dz, du). Since {u < y(z, XM)}
C {u <2y} and ®p(z) =0 for |z]| > M + 1, we may replace N by Ny in the
above equation, and consequently X, M is solution to the equation

(3.19)

_x+/ /cM Lymy extty Nar(ds. dz, du)—i—/ (xM) ds,

with cpr(z, x) = ®pr(2)c(z, x).

Since the intensity measure Ny is finite we may represent the random measure Ny
by a compound Poisson process. Let Ay =2y X u(By+1) = t‘lE(NM(t, E))
(with p the Lebesgue measure) and let JtM a Poisson process of parameter Ajy.
We denote by TkM , k € N the jump times of JtM . We also consider two sequences
of independent random variables (Zj)reN in R? and (Up)gen in R which are
independent of J¥ and such that
1 1
Zy~———1p,,.,(2)dz and Ui~ —lj0.29(u) du.
w(Byren) 27 O

To simplify the notation, we omit the dependence on M for the variables (TkM ).
Then equation (3.19) may be written as

JM
(3.20) xM ZX+ZCM(stX%—)1(Uk,oo)( v(Zi, X +/ (x)M)d
k=1

Now X tM is an explicit functional of the Z;, k € N but, because of the indicator
function, this functional is not differentiable. In order to overcome this difficulty,
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following [4], we consider an alternative representation of the law of X tM . Let
y € R4 such that |23l = M + 3. We define

gm(x,2) == ¢(z — 237)0m,y (x) + By (@Y (2, %), with

— 1
2y u(B
321) Y (Bp+1)

1 1
Op .y (x) := 7/ (l - — (z,x)) dz.
7 1By iz 277

We recall that ¢ is a nonnegative and smooth function with [ ¢ = 1 and which is
null outside the unit ball. Moreover, since 0 < y(z,x) <y one has 1 > 0y ,, (x) >
1/2. By construction, the function gy, satisfies [ gp(x, z) dz = 1. Hence, we can
easily check (see [4] for the proof) that

(3.22) E(f(X71) | X%, =x)= fRd f x4+ em(z, 0))gmx, 2) dz.

From the relation (3.22), we construct a process (qu), equal in law to (X f” ), in the
following way. We denote by W, (x) the solution of W;(x) = x + fé g(Ws(x))ds.
We assume that the times Ty, k € N are fixed and we consider a sequence (Zx)keN
with z; € R?. Then we define x;, 7 > 0 by xo = x and, if x7, is given, then

xr =V _1,(x1.) Tk <t < Tg41,

Xy =X+ CM(Zk+1»ka—+l)-

We remark that for Ty <t < Ty41, x; is a function of z1, ..., zx. Notice also that
X; solves the equation

JM ‘
(3.23) X=X +/;CM(Zk,XTk*) +/0 g(xy)ds.

We consider now a sequence of random variables (Z;), k € N* and we denote
Gk=0(Tp,peN)Vo(Z,, p<k)and Yﬁw =x/(Z;,.. .,7JIM). We assume that
the law of Z; 1 conditionally on Gy is given by

— — = —M
P(Zis1 €dz| Gr) = QM(ka:rl(Zl, s Zi),z)dz = QM(XT];H,Z) dz.

Clearly, Y?/[ satisfies the equation
M I M v}
(3.24) X, =x+) cu(Zi. X1 +/O g(X, )ds.
k=1

And by (3.22) the law of Yﬁw coincides with the law of X*. So now on we work
with Yﬁw which is a smooth functional of Z, k € N. But one more difficulty re-

.. =M . . . . .
mains: if 77 > ¢ then X, is deterministic, so this functional is not nondegenerated.
In order to bypass this last difficulty, we add a small noise. We define

FM)y=X"(x) + VTUy x A,  0<t<T,



1140 V.BALLY AND L. CARAMELLINO

where Y?/I (x) is the solution to (3.24) which starts from x, A is a standard normal
random variable which is independent of Ty and Zg, k € N and

(3.25) Uy = V/ *(z)dz
—JBy_

with y and ¢ from (3.26) and (3.28) below. The approximation scheme for X, (x)
is given by F,M (x).
Let us give our hypotheses.

(Hp) We assume that y, g and c are infinitely differentiable functions in both
variables z and x. Moreover, we assume that g and its derivatives are bounded.

(Hy) There existy > Vs such that
(3.26) 7=y@x)zy>0, VxeR
and, for every / € N there exists y; and 7, ; such that for |a| + 8] <1

(3.27) 0% 0Py (x| <7 9298 Iny (x,2)| <Py
(Hy) Setting, for0 <a < b and r > 0,
a _ b
Strer O e
we assume that, for every z, x, £ € R4,
(328) [ Vic x (I +Vxo) ™ (@ 0)| + ez 0| + |88 8%c(z, x)| < T(2),

d

(3.29) > (3¢ 0. 6 = @)l

j=1

c(2)

REMARK 3.4. The above hypotheses represent a particular case of the hy-
potheses from [4], corresponding to Example 1(ii), page 634 in that paper. More
general hypotheses may be considered (see [4]) but our aim is just to give an ex-
ample in order to illustrate our method, so we restrict ourself to this case.

The basic estimate in our approach is the following.

THEOREM 3.5. Suppose that Hypotheses (H;),i =0, 1,2 hold. Consider a
Sfunction € Cgo(Rd) such that 1g, < < 1p,. Then for every t, R > 0,q € N
and every multi-indexes o, B with |o| + |B| < q, one has
(330)  sup |ILE((3%¢)(FM @)y (FM (x) = y)|) < ClipllocM™.

[x|<R,|y|<R
Here, C is a constant which depends on t, R, q but not on M. In particular, the
density p,M (x, y) of the law of FtM (x) verifies

(3.31) sup  [8%0F pM (x, y)| < CMAEHD,
|x|<R,|y|=R



CONVERGENCE AND REGULARITY OF PROBABILITY LAWS 1141

The above theorem is an extension of estimate (42) in Proposition 4, page 640,
in [4] and the proof is similar, except for one point: here, we consider derivatives
d¢ also (while in [4] 85 only appears). So we just sketch the proof and focus on
this supplementary difficulty.

We use an integration by parts formula based on Z;, k € N, and on Zy = A
which is constructed as follows (we follow [4]). Here, J = JtM and T} are fixed,
so they appear as constants. A simple functional is a random variable of the form
F = f(Zy,Z1,...,Zj) where f is a smooth function. We use the weights m; =
& (Zy), k € Ny, mop = 1 and the Malliavin derivative is defined as

Dy, j = m 37]{.
For a multi-index o = (a1, ...,a4) with a; = (k;, j;), one defines the iterated

derivative
.

Da:Daq"'Da

Then one defines the Sobolev norms:

1
FE=IFP+ 3 IDoFP [IFly,=(E(FI)"".
I<l|a|=q
For F = (F',..., F%), the Malliavin covariance matrix is given by

J d
op! =(DF',DF/)=Y"3 "Dy F' x Dy F'.
k=01=1
We introduce now the operator L. Notice that the law of Z = (Zy, Z1, ..., Zy)
is absolutely continuous and has the density
J
(332)  pix(20.21,....20) =N@o) [ [ am (xr (x 21, oo 2=, 7).
k=1

where N is the density of the standard normal law (so of A), g3 is defined in (3.21)
and x7, (x,21,...,2k—1) is the solution of (3.23) which starts from x. Then we
define

J d

LF=Y "Dy ;D ;jF + Dy jF x Dy jInpy(Zp).
k=0 j=1

The basic duality relation is the following: for two simple functionals F, G
E(FLG)=E(GLF)=E((DF, DG)).

Having these objects at hand, one proves the following integration by parts
formula. Let F = (F 1,...,Fd) and G be simple functionals and let 8 =
(B1,....By) €{l,...,d}? be multi-index of length g. Then for every ¢ € C*®(RY)

(3.33) E(dg¢(F)G) =E(¢(F)Hg(F, G)),
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where Hg(F, G) is a random variable which verifies

3g—1

|Hp(F, G|, < Cl(detor)™" [

(3.34)

6d+1
< (L+IFISE D+ ILFI_ )G llg.ap-
This result is proved in Theorem 2 and Theorem 3 in [4]. Before going on, we need

the following estimates.

LEMMA 3.6. For every multi-index 8 = (B1, ..., By) € {1, ...,d}? and every
PR T=1,
(3.35) sup E(sup|athM(x)}f> <C
x|SR =T
and
(3.36) sup |98 p; (Z)],, < CM’.
[x|<R

PROOF. The proof of (3.35) is analogous to the proof of Lemmas 7 and 9 in
[4] so we leave it out. Let us prove (3.36). Notice first that

J
Fnps(zo,z1,...,27) = Z 3P ngu (xz, (x, 21, -+, 2k—1), 2k)-
k=1
On the set {gy > 0}, we have
AP Ingu (xr, (v, 215 oy zk—1)s 26) = 1By, (@038 Iny (ep (x, 21, -+ 2k—1)s 2)
+ g, (203f IOy (k7 (x, 21, -, 2e).

We will use the following easy inequality: for any function f € C ll) and every
simple functional F in R? one has |f(F)|; < C|lflli.col Fli Where || flli.co =
sup, max|q|<; [0% f (x)|. Notice that for every multi-index o one has

1
2y u(Bpy+1) Bup+1
and moreover 0y ,, (x) > 1/2. It follows that || In€y , [l;,00 < C¥;/¥ . One also has

30r , (x) = — 3Py (x,2)dz

||af Inyllico < ¥iqip so finally [[Inguy (-, 2)ll1,00 < C with C a constant which

depends on ¥, ¥;, ¥1,;- Then, using the above remark we obtain
108 Ingu (x7,(x, Z1, ... Zi=1). Zi)|, < C|Fp (0)],.
Consequently,
M

08 Inpy(Z1, ... Z )|, <C Y IF (o], < M x sglz)]FsM(x)\l.
k=1 5=
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Since (IE(IJIIV"|2))1/2 = CM¥ this, together with (3.35), gives
|08 Inpy(Zy,....Z ), , < CM?. O

We are now ready to proceed to the following.

PROOF OF THEOREM 3.5. In order to avoid notational complications, we just
look to a particular case (the general case is obviously similar). We assume that we
are in the one-dimensional case d = 1 and |«| = |8| = 1. Then we look to

OVE((07¢) (FY )y (FM () = y)) = E(@'(FY (0)y (F (x) = y)).

Let v(du) be the standard normal law and z = (z1, ..., zy). Then, with§ = /T Uy
and J = JM, we have

HE(B (FM 0))w (FY (x) - y))
=0, [ vdw) [ ¢/(u+ x, e, )b 0u 3105, 2) = ) () dz
=h+hLh+13
with

I =1E/V(du)/¢”(8u + X1 (x,2))0xx; (x, )Y (Su + x4 (x,2) — ¥) pyx(2) dz,
L= IE/ v(du)/¢’(8u + 2 (x, D)) (Su + x/(x, 2) — ¥)dxx; (x, 2) psx(2) dz,

I3 =Efv(du)/¢’(8u + X (o, 2)) Y (Su 4 X, (x, 2) — ¥)dx prx (2) dz.

We stress that x; (x, z) is defined as the solution of equation (3.23) and so it depends
on T, k < JtM . This is why [E appears in the previous expressions. Let us treat /;.
Using the integration by parts formula (3.33),

I =E("(FM ) FM o (FY (1) - y))
=E(@(F" ) Ha(FY (0), 8 B (0w (FY () = y))).
We use now some results from [4]: according to Lemma 13 from we have
(3.37) ILEM (0], , <CM;
according to Lemma 9 we have
(3.38) |7 )], , <C;
Lemma 16 gives

(3.39) E((detopu ) ") < C
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(notice that in Lemma 16 one asks that 2dp/t < 6 with 6 defined in Hypothesis
3.2(iii), page 630 in [4]; but as said in Example 1(ii) from the above paper, under
our hypothesis we have 6 = oo so our inequality holds for every ¢ > 0). Moreover,
taking a look to the proofs of the above results, one can see that the estimates
(3.37), (3.38), (3.39) are uniform with respect to x € Bg. Then, using (3.34)

111] < Cll¢llooM?

and the estimate is uniform with respect to x, y € Bg. A similar reasoning gives
the same inequality for /I,.
We come now to I3. We write 0 py x(z) = dx In py x(z) X ps.x(2) so that

I =E(¢' (FM )y (FM (x) = y)oxInpsx(Zh,.... Z)))
=E(¢p(FM ) Hi(FM ), ¥ (FM(x) = y)oc In py o (Z1,.... Z))).
Using (3.34) and (3.36), we obtain
I3 < Cllplloc M. O

We will use the following approximation result.

LEMMA 3.7. Let (H2) holds with r > d. For every Lipschitz continuous func-
tion f with Lipschitz constant less or equal to one, one has

(340) E(F (R 09)) — B(F (X )| < CM =0,

where C is a constant which is independent of M.

PROOF. We have

[E(f(FM () —E(f(X," )] < VTUME(Al) < CM~4/2),

in which we have used (H>) in order to estimate Uy in (3.25).

Since the law of 7?4 (x) and X tM (x) coincide, we use Lemma 4 from [4] and
(H3). So, we obtain

[E(f(FM () —E(f (X, ()] < CM™™42 L E(f(XM (1)) — E(f (X; ()]

< CM—(r—d/2) + C?/ ¢c(z)dz
{lz|>M}

<CM 9, O
We are now able to present our main result.
THEOREM 3.8. Assume Hypotheses (H;), i =0,1,2, hold. Let ¢ € N and

p > 1 be such that d 4+ 2d(q + 1 4+ d/p«) < r, where r is the constant in (H3).
Then, for every x € R? and t > 0 the law of X;(x) is absolutely continuous with
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respect to the Lebesgue measure. We denote by p;(x,y) the density. Moreover,
for every R >0, (x,y) — ps(x,y) belongs to W4 P(Bg x Br) and there exists a
constant C (depending on R) such that, for every M € N and ¢ > 0

C
M
| e = P lwar B3y = Mr—d—2d(g+1+d/po—e

REMARK 3.9. Ifr > 3d + 2d? then Sobolev embedding theorem ensures that
(x,y) — p;(x,y) is a continuous function. Moreover, for every xg € R? one may
find yg € R? such that p:(x0, yo) > 0 [because p;(xg, y) is a probability density,
so may not be identically null], and consequently one may find § > O such that

inf inf  p;(x,y)>0.
|y—yol=<6 |x—xo|<é

This property is crucial in order to use Nummelin’s splitting method in order to
prove convergence to equilibrium; see, for example, [20, 31] and [32].

PROOF OF THEOREM 3.8. We will use Theorem 2.11 for the following
measures. Given R > 0 we denote by Wr(x) a smooth function which verifies
lg, < Wg < 1B, and we define

fRM(,Y) =WRr)Wr(MpM(x,y) and  fr(x,y) = Vr()WR() pr(x, ¥).
‘We note that

M
|pe =P/ wa.r(BrxBg) = | R = FR.MIIwar®dxRA)-

We will use Theorem 2.11 to estimate the term in the above right-hand side. Let

urm(dx,dy) = frm(x,y)dxdy and pug(dx,dy)= fr(x,y)dxdy.

For a Lipschitz continuous function with Lipschitz constant < 1, one has

‘/gd/ue —/gdu?f

- ‘/ Wr () (E(8(x, X: () Wr (X (1)) = E(g(x, X" (1)) Wr (X} (x))) dx)

<cM~ =9,
in which we have used (3.40). Then d (g, u¥) < CM~"=9 By (3.31), we also
have

d(2 d
||fR,M||2m+q,2m,p <CM (@mtq+ )-

Now, we fix m and we apply Theorem 2.11(i) with
r—d

vt = T d)
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and n(M) = M”49, So, we obtain that Wg is absolutely continuous and if fg
denotes its density, we also get

. 1 q+1+d/p
I = frotllwar@axeny < Corogy  With0=— A (1 - T)
Since lim,, ma(m) = %, we obtain
1+d
U—d%l—Zi—i—ﬁE)ar—d—Zﬂq+l+dﬁ@
am

and

r—d

=d(q +2m+d) — .

So, taking m sufficiently large we obtain, for each ¢ > 0

C
I fr — fR.M I war®dxra) = Mr—d—2d(q+1+d/p)—¢ O

COROLLARY 3.10. Suppose that r > 3d + 2d* and set k = |(r — 3d —
2d?)/2d|. Then for every R > 0 and every & > 0 there exists a constant Cre>1
such that for every multi-indexes a, 8 with |a| + |8| <k

CR,e
Mr—d—2d(g+1+d/p)—¢"

sup 8% 0F pi(x, y) — 0% 0F pM(x, y)| <
[x[<R,|y|<R

PROOF. Wetake p > 1 very close to 1 (so that p, is very large) and
r—d d d r—3d—d?
q= -1-— k={q——J=L7J-
2d D p 2d
Then Sobolev embedding theorem says that for |«| + |8] <k

sup |02 98 £ (x. )| < Crllf llwar(BrxBr)
[x|<R,|y|<R

and we are done.

APPENDIX A: HERMITE EXPANSIONS AND DENSITY ESTIMATES

The aim of this section is to give the proof of Proposition 2.5. We recall that for
ueMand u,(x)=f,(x)dx,neN,

00 00
1
ﬂq,k,m,e(ﬂ» (Mn)n) = E 2ﬂ(q+k)ﬂe(2nd)dk (w, pn) + E _22nm ||fn||2m+q,2m,e-
n:O n:O

Our proposal for this section is to prove the following.



CONVERGENCE AND REGULARITY OF PROBABILITY LAWS 1147

PROPOSITION A.1. Let g,k € Nym € N, and e € £. There exists a uni-

versal constant C (depending on q,k,m,d and e) such that for every f, f, €
Cc2m+q (Rd), n €N, one has

(Al) ”f”q,e =< qu,k,m,E(Mv (/Ln)n),
where u(x) = f(x)dx and pu,(x) = fu(x)dx.

The proof of Proposition A.1 will follow from the next results and properties of
Hermite polynomials, so we postpone it until the end of this section.

We begin with a review of some basic properties of Hermite polynomials and
functions. The Hermite polynomials on R are defined by

d" _p
Hy(t) = (—1)"e"" e, =0,1,....
n()=(=1D"e 7€ n

They are orthogonal with respect to e’ ? dt. We denote the L2 normalized Hermite
functions by

ha(t) = (2"n\/7) "2 Hy(0)e ™/

and we have
/h,,(t)hm(t)dtz(z”n!ﬁ)_lf H,,(t)Hm(t)e"zdt:Sn,m.
R R

The Hermite functions form an orthonormal basis in LZ(R). For a multi-index
o= (a1,...,aq) € N9 we define the d-dimensional Hermite function

d
Ho(x) =[] hexd)  x=(x1,...,x0).

i=l

The d-dimensional Hermite functions form an orthonormal basis in L?(R¢). This
corresponds to the chaos decomposition in dimension d (but the notation we gave
above is slightly different from the one used in probability; see [24, 27] and [21],
where Hermite polynomials are used. One may come back by a renormalization).
The Hermite functions are the eigenvectors of the Hermite operator D = —A +
|x|%, A denoting the Laplace operator, and one has

(A.2) DHy = 2la| + d)Ha with |o| =a1 + -+ - + ay.

We denote W,, = Span{H,, : |¢| =n} and we have L2(RY) = Do Wy
For a function @ : R? x R? — R and a function f : R? — R, we use the nota-
tion

Do f)= [ O S()dy.
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We denote by J,, the orthogonal projection on W,, and we have
(A3) S =HaovE)  withH,(x,y) = Y Ha()Ha(y).
la|=n

Moreover, we consider a function a : Ry — R whose support is included in [%, 4]
and we define

00 . 4n+l_1 .
e =Y a(2 )= X a(g)He.  xyer
j=0 j=4n—141

the last equality being a consequence of the support property of the function a.

The following estimate is a crucial point in our approach. It has been proved in
[12, 13] and then in [26]. We refer to Corollary 2.3, inequality (2.17), in [26] (we
thank to G. Kerkyacharian who signaled us this paper).

THEOREM A.2. Let a: Ry — Ry be a nonnegative C* function with the
support included in [%,4]. We denote |a|; = Zé:o sup,zola(i)(t)|. For every
multi-index o and every k € N there exists a constant Cy (depending on k, o, d)
such that for every n € N and every x, y € R?

||

axe

2n(|(x|+d)

(1+27]x — yPk

(A.4)

ﬁz<x,y>‘ < Cillalle

Following the ideas in [26], we consider a function a : R, — R of class C}°
with the support included in [4—1‘, 4] and such that a(¢) +a(4t) =1 for ¢t € [%, 1].
We may construct a in the following way: we take a function a : [0, 1] - Ry
with a(t) = 0 for t < }‘ and a(l) = 1. We may choose a such that a(l)(%) =
a®(1-) =0 for every [ € N. Then we define a(f) =1 — a(%) for t € [1,4] and
a(t) =0 for ¢t > 4. This is the function we will use in the following. Notice that a
has the property:

e t
(A.5) Za<4—n>=l Vi > 1.

n=0
In order to check the above equality, we fix n; such that 4~ <t < 4™ and we
notice that a(4%) =0ifn¢{n, —1,n,}. So Z?ﬁ:oa(fn) =a(4s) +a(s) =1 with
s=1t/4" € [zlt’ 1]. In the following, we fix a function a and the constants in our
estimates will depend on ||a||; for some fixed /. Using this function, we obtain the
following representation formula:

PROPOSITION A.3. Forevery f € L2(RY),
0 -
f=) Hyof
n=0

the series being convergent in L*(R?).
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PROOF. We fix N and we denote

N 4N gN+1
S%:X}Hﬁof, SN—X;HJOJC and R} = XN: (Hjof)a<4N+1)
n= J Jj=4V+1

Let j < AN+ For n > N + 2, one has a(M) = 0. So using (A.5), we obtain
161(4n)— la(4,,) a(4N+1) a(4N+1) And forJ§4N one has
a(4N+1) =0.It follows that

=SS a( e s =X Tal )i
o
—Z(H,onz ( )
AN 4N+
-TAes- 3 @ o f1a( g5t ) = Swar - R

j=4N+1

One has Sy — fin L? and IRV N2 < llalloo 24_4N+1 ||Hj ¢ fll2 = 0 so the proof
is completed. [J

We will need the following lemma concerning properties of the Luxembourg
norms.

LEMMA A.4. Let p > 0 be a measurable function. Then for every measurable
function f one has

(A.6) lox flle = lplillflle
PROOF. Let c =m| f|e with m = |p|l1 = [ p(x — y)dy. Since e is convex,
we obtain

[e(Goxnw)ax= e (fm " vy )
< [ax [ 252D e ) ay
= [e(Zrm) [HE D avay= [o(Zrm) as

_fe f(y))dyil
/ (IIfIIe
and this means that [|p % flle < ¢ = [l fle. O




1150 V. BALLY AND L. CARAMELLINO
LEMMA A.5. Letee & and py,,(z) = (14+2"[z|)P, with p > d. There exists
a constant C, depending on p and d such that
1
e~ !((1/Cp)2mdy”

In particular, for p = d + 1 there exists a constant C depending on d and on the
doubling constant of e such that [with ¢ defined in (2.5)]

= (27" B,(2") = c¢e<2}11—d>.

(A7) lon.plle =

(A8) lon.asille < =5 oy

PROOF. Let ¢ > 0. By passing in polar coordinates and by using the change
of variable s = 2"r, we obtain

/ e(l ())d A /oo d1e<1 ! )d
—On = r - X ——— )dr
R4 cp’p ¢ ¢ d 0 c (1+42%r)P

o0 1 1
= 2_”dAd/ sd_le(— x 7) ds,
0 c (+s)P

where Ay is the surface of the unit sphere in R¢. Using the property (2.1)(ii), we
upper bound the above term by

1 00 1 1
2_”de<—)Ad/ 5971 % ds = Cp2_”de<—).
c 0 (I+s)P c

In order to prove that || oy, plle < ¢ we have to check that [pa e(%pn,p(z)) dz <1.
In view of the above inequalities, it suffices that e(%) < ond /Cp, that is, ¢ >
1/e~1(2"/C,). O

PROPOSITION A.6. Let e € &£ and e, be the conjugate of e. Set o« as a multi-
index.

(1) There exists a universal constant C (depending on o, d and e) such that
@ [8aHy o fle < Cllallarr x 2" flle,
®  H o floo = Cllallart x 2" Be2" )11 /e,

(i) Let m € N,. There exists a universal constant C (depending on o, m,d
and e) such that

(A.9)

2
Cllallzy,
gnm

(iii) Let k € N. There exists a universal constant C (depending on o, k, d and e)
such that

(A1) [HE08,(f — &), < Cllallas1 x 21082 ay (g, ).

(A.10) |HE © 3o f, < I f 12+l 2m,e-
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PROOF. (i) By using (A.4) with k =d + 1, we get

(A12) [0 Hi o f0)] < C2" D a]jgy, / Pn.a+1(x = M| f )| dy.

Since e is symmetric, that is, e(|x|) = e(x), one has || f|le = ||| f|lle- Moreover, if
0< f(x) <g(x)then || flle < llglle- Using these properties in addition to (A.12)
and (A.6), we obtain

[0ty o £lle = 10aHy o Flle < €27 Daligir | pnasr + 11
< 2" Djallgrillpnasrll [1£1].
Using (A.8) with e(x) = |x|, we obtain || p; g+11l1 < C /2" . So we conclude that
|96 o f]lo < Cllallas12" |1 1]
so (a) is proved. Again by (A.12)

|0 HE o £(x)| < Cllallg2" 0D / Pnd+1(x — V| fFO)|dy

d
< Cllallasi2™ DN oy avillell flle,»

the second inequality being a consequence of the Holder inequality (2.6). Using
(A.8), (b) is proved as well.

(i) We define the functions a,, (t) = a(¢)t~™. Since a(t) =0 for ¢ < % and for
t >4, we have ||ay |lg+1 < Cm.allalla+1. Moreover, DH; o v = (2j +d)H, o v so
we obtain

) 1 )
Hj<>v=2—j(D—d)7'[j<>v.

We denote L, o = (D —d)™9, and we notice that
Z Z c,g,yxﬂa,,,
[B1<2m |y|<2m+|c]

where cg , are universal constants. It follows that there exists some universal con-
stant C such that

(A~13) ”Lm,af”e =< C||f||2m+|oz|,2m,e-

We take now v € L& and we write
o0 .
(v, HE 0 (3 f)) = (HE 0 v, 3y f:Z ( )H,ov 3 f)

00 . 1 _
=2 “(f) Gy (Dm0 )

Jj=l1
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1 1 & J\ -
=2 X g Zjlam(4—n)<7¢j ov, Lo f)
j:

1 1 -
= 5 X g (Hom o v, Lino f)-

By using the decomposition in Proposition A.3, we write Ly, o f = Z?io 7-2? o
Ly« f. For |j —n| > 2, by the support property of a, one has a(ﬁ)a(%) =0 for
every k € N. One also has (Hy o v, Hg ¢ Ly o f) =0if || # |B]. Then a straight-
forward decomposition gives (H," ¢ v, ’H? O Lo f) =0. So using Holder’s in-
equality

_ 1 n+1 _ _
(v, HS © (3o f))] < TR Z (Hym o v, HS © Lino f)
j=n—1
1 1 n+1 _ _
= 5w X g 2 1||HZ”’ v IHG o Linaf e
Jj=n—

Using point (i) (a) with « equal to the void index, we obtain ||7;" © Ve, <

Cllamlla+1llvlle, < C x Cp.allallas1llv]le,. Moreover, we have

”H? <& Lm,af”e = C”a”d-i—l ”Lm,af”e =< CH(l”d.H ||f||2m+\oc|,2m,e’

the last inequality being a consequence of (A.13). We obtain

Cllall
W”U”e*
and, since L€ is reflexive, (A.10) is proved.
(iii) We write
(v, H o (3 (f — 8)))| = [(Hg o v, du(f — &) = [(daHg o v, f — 9))|
= ‘/ doHE o vdu r — f doHE o vdug

We use the definition of d; and (A.9)(b) and we obtain

(v, 7 o (0a 1))] < I f 12m+1c), 2m.e

‘/ dHE ovdp —/aaﬁZOvd,ug

< [ 8uH5 o vlli il ss 1tg)
= ”?__lz ¢ v||k+\a|,oodk('uf’ /’Lg)

< Cllallg4+12" 1D o (2") vl e, dic (12 £ 12g)
which implies (A.11). U



CONVERGENCE AND REGULARITY OF PROBABILITY LAWS 1153

We are now ready for the following.

PROOF OF PROPOSITION A.1. Let o with |a| < ¢. Using Proposition A.3,

daf=) Hicduf=) HECO0W(f— i)+ Y HE0Uufn

n=1 n=1 n=1

and using (A.11) and (A.10)

196 flle < Y _IHp 0 9 (f = fidle + D_1Hs 0 8a ful,

n=1 n=1

0 0
1
= C Y 2B ) di(iy 1 p) + C Y g L allom et 2m e

so (A.1) is proved. [

APPENDIX B: INTERPOLATION SPACES

In this section, we prove that, in the case of the L” norms, (i.e., e =e,) the
space Sq,k,m,ep is an interpolation space between Wf:*oo (the dual of Wk’oo) and
W4a-2m-P A similar interpretation holds for ej,g but this case is more exotic and we
do not enter into details here.

To begin, we recall the framework of interpolation spaces (for details, see e.g.
[29]). We are given two Banach spaces (X, || - ||x) and (Y, || - ||y) with X C Y (with
continuous embedding). We denote L£(X, X) the space of the linear bounded op-
erators from X into itself and we denote by || L||x x the operator norm. A Banach
space (W, || - |lw) such that X C W C Y is called an interpolation space for X and
Yif L(X,X)NLY,Y)C LW, W). Let y € (0, 1). If there exists a constant C
such that || L|lw.w < C||L||§(,X||L||;’_Yy for every L € £(X, X) N L(Y,Y) then W
is an interpolation space of order y. And if one may take C = 1, then W is an exact
interpolation space of order y. There are several methods for constructing interpo-
lation spaces. We focus here on the so called K-method. For y € Y and ¢ > 0, one
defines K (y, 1) =infyex(ly — x|y + tllx||x) and

Oo_y dt
||y||y=/0r KOS (X, =lyeY il <oo),

Then one proves that (X, Y), is an exact interpolation space of order y. One may
also use the following discrete variant of the above norm. Let y > 0. For y € Y
and for a sequence x, € X, n € N, we define

o0

1
(B.1) Ty (v, Gandn) = D27 lly = xully + o7 Il

n=1
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and

Py Y (y) =infy (v, (6a)n)

with the infimum taken over all the sequences x, € X,n € N. Then a standard
result in interpolation theory (the proof is elementary) says that there exists a con-
stant C > 0 such that

l XY
(B.2) Cllyllyipy ) =Cliylly
so that
Sy(X,Y)=:{y: p)" (y) <00} = (X, Y),.

Take now ¢,k € N,m € N, and p > 1 and set ¥ = W5 and X = W27, Then
with the notation from (2.17) and (2.18)

O km.e, (1) = pXY () and
(B.3) OIS v

tk+d
Sytme, =S, (X,Y),  withy i——jz;—lgi

Notice that in the definition of Sq,k,m,ep one does not use m,(y, (x;),) but
73" (3, (xn)n) defined by

[ee]
I (v, (o)) = Y 20 ATRHAPI |y — g lly + [l x

22mn
n=l1

—222’"”V||y Xnlly + =5 1%l x

22mn

with y = %. The fact that one uses 22" instead of 2 has no impact except
that it changes the constants in (B.2). So the spaces are the same.

We turn now to a different point. For p > 1 and 0 < s < 1, we denote by 5%
the Besov space and by || f||gs.» the Besov norm (see Triebel [30] for definitions
and notation). Our aim is to give a criterion which guarantees that a function f
belongs to B% 7. We will use the classical equality (WP, LP); = B5P.

LEMMA B.1. Letp>land0 <s' <s < 1. Consider a function ¢ € C™ such
that [pa ¢ (x)dx =1 and let ¢5(x) = 8%(;5(%) and ¢(x) = x'¢s(x). We assume
that f € LP verifies the following hypothesis: for everyi =1, ...,d

@) limsup8' 3 (f #¢»)] , < o0,
§—0

(B.4) )
(i) limsupd™ |3 (f * ¢5)], < o0

5—

Then f € BS? for every s’ <.
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PROOF. Let f € C!. We use a Taylor expansion of order one and we obtain

F@) = fHe(x) = / (f() = fx — ))ge(y)dy

1
:/0 dA/(Vf(x—)»y),Y>¢s(y)dy

_ /01 " /(Vf(x —2), Z)%(ﬁe(%)%

1 d
- /0 @ (V56 =2, 2@

d 1 . dx
:lgfo ai(f*qﬁax)(x)T.

It follows that

L dx

e Ce’.

d : i di s
If = fxellp < ;/0 Jou(r + #ta)l, 5 <de* [

We also have || f * ¢¢ ||y, <C(1 + I £ lloo)e =179 so that
K(f,e) <IIf = f*@elp+ellf *dellywrp < Ce’.

We conclude that for s < s we have

11 de L g5 de
f—/K(f,S)—SC —— <00
0o & e 0 & ¢

so fe(Whr LPyy =8P, O

APPENDIX C: SUPER KERNELS

A super kernel ¢ : R — R is a function which belongs to the Schwartz space S
(infinitely differentiable functions which decrease in a polynomial way to infinity),

[ ¢(x)dx =1, and such that for every nonnull multi-index & = (a1, ..., ®q) € N4
one has
d
(C.1) /y"¢>(y)dy =0, y'=]]x"
i=1

See [18], Section 3, Remark 1 for the construction of a super kernel. The corre-
sponding ¢s, § € (0, 1), is defined by

550 =5,0(2)
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For a function f, we denote f5; = f * ¢s. We will work with the norms
Il fllk,00s | fllx,1 and || fll4,7,e defined in (2.8) and in (2.9). And we have the fol-
lowing.

LEMMA C.1. Let k,q € N. There exists a universal constant C 4 (depending
on k 4 q) such that for every f € W9 one has

(C2) Lf = fsllyroo < Crgll £llg 1874,

PROOF. Since C;° C W41 is dense, we may suppose without loss of general-
ity that f € C;°. Using Taylor expansion of order g + k,

£ = 50 = [(F0) = FONtx =y

=/umwmu—ww+waw%u—w@

with

k—1
q+ 1

Ix, )= ) q Y )=,
i=1

| =i
1

RO =5

1
> / 3% f(x + Ay —x))(x — )M T dn.
k 0

loe|=q+

Using (C.1), we obtain [ I (x, y)¢s(x — y)dy = 0 and by a change of variable we
get

/memu—ww

1 1
= > dz¢s(2)9% f(x + A2)z2%A 9 d.
(g +i)! |a|=q+k/0 /

We consider now g € W5 and we write

[ (1@ = g

1 g
= AMTLdN | dzps(z)z% | 3% f(x +Az)g(x)dx.
(q +h)! |a|§+k.[) f /

Let us denote f,(x) = f(x + a). We have (0% f)(x +a) = (3% f,)(x). Let o with
lo| = Z;jzl o; = q + k. We split « into two multi-indexes 8 and y such that |8| =
k,|y|=q and 8# 37 = 3% (this may be done in several ways but any one of them
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is good for us). Then using integration by parts

/ 0% f(x +Az)g(x)dx

= ‘/ 3P 37 fr.(x)g(x)dx

= /‘ayfxz(x)Haﬁg(x)!dx < ||g||k,oof|ayfu(x)|dx

= IIgIIk,oof|3Vf(X)|dx < lgllk,coll flig.1-

For a multi-index with |«| = g + k, we have

/ I95(2)]|2%| dz < 59+ f 6 (212197 dz

so the proof is completed. [J

REMARK C.2. Itis clear from the above proof that if g + & is fixed then we do
not need to work with a “super” kernel ¢ verifying (C.1) for every « but only with
a kernel ¢, 1 of order g + k, that is verifying (C.1) for |a| < g + k. The reason to
use super kernels (and not a kernel of a given fixed order) is just to avoid to precise
each time which is the order of the kernel we need. And this simplifies the already
heavy notation.

LEMMA C.3. (i) Letk,q € N,l > d and e € £. There exists a universal con-
stant Cy 4 (depending on q + k) such that for every f € W4l one has

(C3) If = fsllyroo < Chg 1/ lg.0.e877F.

(i) Let | > d,n,q € N, withn > q, and e € £. There exists a universal constant
Ci,q4 (depending on 1, q, d) such that

(C.4) I fsllnte < Crgllfllgred 2.

PROOF. (i) Let y with |y| < g.We write 97 f(x) = u;(x)vy, (x) with u;(x) =
(1+ |x])~" and v, (x) = (1 + |x])!3” f (x). Using Holder inequality,

/|3yf(X)| dx < Clluglle,llvy lle < Cllulle, 1 fllg.1e-

By Remark 2.1, [[u;lle, < 0o. This gives || fllg,1 < Cllfllg.1,e and (C.3) follows
from (C.2).

(i1) Let o be a multi-index with |o| = n and let 8, y be a splitting of o with
|Bl =¢q and |y| = n — g. Using the triangle inequality, for every y we have 1 +
Ix| = (X +1[yD + |x — y[). Then

u(x) == (14 [x) [0 f50)| = (1 + x])" |98 f % 87 s (x) |

< /(1 + 1) 9P £ |10 g x — )| dy < a % Bx)
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with
a) =1+ 0P rol B =1 +12l) |07 ¢s(2)].
Using (A.6), we obtain
C C
ulle < lla* Blle < IBllilllle < M—_qllalle = (Sn—_q”fﬂ,l”e- 0O
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