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A QUANTITATIVE BURTON-KEANE ESTIMATE UNDER STRONG
FKG CONDITION

BY HUGO DUMINIL-COPIN*!, DMITRY TIOFFE""2 AND YVAN VELENIK*'!
University of Geneva* and Technion’

We consider translationally-invariant percolation models on 74 satis-
fying the finite energy and the FKG properties. We provide explicit upper
bounds on the probability of having two distinct clusters going from the end-
points of an edge to distance n (this corresponds to a finite size version of
the celebrated Burton—-Keane [Comm. Math. Phys. 121 (1989) 501-505] ar-
gument proving uniqueness of the infinite-cluster). The proof is based on
the generalization of a reverse Poincaré inequality proved in Chatterjee and
Sen (2013). As a consequence, we obtain upper bounds on the probability of
the so-called four-arm event for planar random-cluster models with cluster-
weight ¢ > 1.

1. Introduction and main result. This article is devoted to deriving a weak
reverse Poincaré-type inequality for percolation models satisfying strong associ-
ation and finite-energy properties, and examining some of its consequences. Let
A be a finite set and consider a percolation model on A, that is, a random binary
field w € {0, 1}*. The value of the field at i € A is denoted by w;, and the field on
the complementary set A \ i is denoted by '. The law of w on {0, 1}* is denoted
by P. There is a standard partial order < on {0, 1}, and a function f on {0, 1}* is
said to be nondecreasing if f(w) < f(y) whenever w < ¥. An event A C {0, 1}A
is said to be nondecreasing if its indicator function 14 is.

We will be interested in percolation models satisfying the following two condi-
tions:

(FE) Finite energy: There exists cpg > 0 such that, for any i € A and w €
{0, 1}A,

(1.1) P(w; = 1lwj, j #1) € (cee, | — cre).
(FKG) Strong positive association: For any i € A and £ <  in {0, 1}A\E}
(1.2) Pw = llwj =&}, j #1) <P = llwj = ;. j #1).
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Recall that (1.2) is equivalent to the so-called FKG lattice condition; see [18],
Theorem (2.24). For a discussion of the relation between this condition and the
weaker condition of positive association (characterized by the FKG inequality),
we refer the reader to [2].

Before stating the theorem, let us define two more objects. For a configuration
w and i € A, define the configurations w’ x 1 and ' x 0 obtained from w by
changing the state i to 1 and 0, respectively. Define

def

Vif(w) = fo x 1) = f(o' x0).
Also, for a nondecreasing event A, define the set Piv; (A) of configurations w such
that ' x 1 € A and @' x 0 ¢ A. Equivalently, Piv; (4) & {w: Vil4(w) = 1}.

THEOREM 1.1. Consider a percolation model on a finite set A satisfying (FE)

and (FKG). Then there exists cp = cp(cpe) > 0 such that, for any nondecreasing
function f:{0,1}* — R,

(1.3) Var(f (@) = cp Y (ELV: f1)°.
ieA
In particular, for any nondecreasing event A

(1.4) P(A)(1 —P(4)) = cp Y _ P(Piv; (A))%.
ieA

We emphasize that the constant cp is not depending on the size of A. One may
think of this theorem as a weak reverse Poincaré inequality. Indeed, when {w; :
i € A} are independent, the standard discrete Poincaré inequality (see, e.g., [16])
states that

(1.5) P(A)(1 —P(A)) < Al—‘ ZP(PiVi (A)).
ieA

In the independent case, P(Piv; (A)) = P(A|w; = 1) — P(Alw; = 0) = 14(i) is
the so-called influence of i on A. Let us also mention that some inequalities for
influences in models with dependency have been obtained by encoding strongly
positively-associated measures in terms of the Lebesgue measure on the hypercube
[0, 1]A. Nevertheless, these inequalities bound influences from below; see [18],
Theorem (2.28) and [17]. They are therefore not directly relevant here.

Inequality (1.3) was derived in the independent Bernoulli case in [10]. The latter
work was one of the motivations for our study of dependent models here.

Our proof of (1.3) hinges on the following simple but apparently new obser-
vation, which may be of independent interest. Fix 0 < p < 1; given a realization
w € {0, 1} of the percolation model, we construct a field o € {0, 1}* of (condi-
tionally on w) independent random variables, o; taking value 1 with probability
P wi

@(O'i = ljw) = m,
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for each i € A. Then the distribution of the field o, once integrated over w, enjoys
a form of negative dependence. Namely, for any i € A and for any nondecreasing
functions f : {0, 1}*\} > Rand g: {0, 1} - R,

E[f(0")g(0)] <E[f(c)]E[g(o0)]-

This is proved in Theorem 3.1 below, together with additional relevant properties.
2. Applications.

2.1. Some examples of percolation models. Our applications to percolation
models will be mostly dealing with connectivity properties of the graph induced
by {i € A : w; = 1}. For simplicity, we will focus on bond percolation models—
similar results would also hold for so-called site percolation models. The set A is
now the edge-set E of a finite graph G = (V, Eg). The edge i is said to be open
(resp., closed) if w; =1 (resp., w; = 0). The configuration w can therefore be seen
as a subgraph of G with vertex set Vi and edge set composed of open edges. Two
vertices x and y are said to be connected if they belong to the same connected
component of @ (we denote the event that x and y are connected by x <— y).
Connected components of w are called clusters.

The most classical example of a percolation model is provided by Bernoulli
percolation. This model was introduced by Broadbent and Hammersley in the
1950s [7]. In this model, each edge i is open with probability p, and closed with
probability 1 — p independently of the states of the other edges. For general back-
ground on Bernoulli percolation, we refer the reader to the books [19, 20].

More generally, the states of edges may not be independent. In such case, we
speak of a dependent percolation model. Among classical examples, we mention
the random-cluster model (or Fortuin—Kasteleyn percolation) introduced by For-
tuin and Kasteleyn in [14]. Let o(w) be the number of open edges in w, c(w) be
the number of closed edges and k(w) be the number of clusters. The probability
measure ¢, 4 ¢ of the random-cluster model on a finite graph G with parameters
p €10, 1] and g > 0 is defined by

(w) c(w) Lk(w)
def P7 (1 = p)'“q
dpgcllo) € ———

r.q,G

for every configuration w on G, where Z, , ¢ is a normalizing constant referred
to as the partition function.

The random-cluster models satisfy (FE) for ¢ > 0 and (FKG) for any ¢ > 1. For
this reason, random-cluster models are good examples of models satisfying our
two assumptions, but they are not the only ones. The uniform spanning tree (PP is
simply the uniform measure on trees containing every vertices of G) is a typical
example of a model not satisfying (FE).
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Our applications provide upper bounds on the probability of having two distinct
clusters from the inner to the outer boundaries of annuli. In two dimensions be-
cause of dual connections, the usual name would be four-arm type events, namely
probabilities of having two long disjoint clusters attached to two vertices of a given
edge.

In order to deduce such estimates for individual bonds from (1.3) or (1.4), we
need to assume some form of translation invariance.

2.2. First application. To give a simple illustration of how Theorem 1.1 might
be put to work, let us mention the following result. Consider the d-dimensional

torus ’]I‘ﬁ,d) of size 2n + 1 and denote by Ag(n) the event that the edge e is pivotal
for the existence of an open circuit of nontrivial homotopy in Tﬁ,d).

PROPOSITION 2.1. Let d > 2, there exists Ch, = CA, (cre,d) > 0 such that,
for every n > 1 and any edge e of Tild),

Ae CA2
P[ 2(”)] = ]2

where P is the law of an arbitrary translation invariant percolation model on Tf,d)
satisfying (FE) and (FKG).

Note that A; (n) is basically the event that there are two disjoint clusters emanat-
ing from the end-points of e and going to distance n, with some additional topo-
logical requirement on the macroscopic structure of these clusters (among these
requirements, they should join into a cluster of ']I‘fld)). This additional condition
is not so nice, and it does not directly apply to models on Z¢. We would like to
replace this by the event that there are two disjoint clusters going from the end-
points of some fixed bond e to distance n. Let AS(n) be the event that there are two
disjoint clusters going from the endpoints of the edge e to distance n.

In the next two applications, we explain two ways of deriving upper bounds on
P(AS(n)).

2.3. A quantitative Burton—Keane argument. Our second application is an ex-
tension of the results of [10] to arbitrary bond percolation models P on Z? which
satisfy (FE), (FKG) and are invariant under translations:

(Tl) The measure P is invariant under shift z, : {0, I}Zd — {0, I}Zd defined by

def
T (@) (u,v) = O (u4x,v+x) Vu,v e Z¢.

THEOREM 2.1. Consider a percolation model on 74 satisfying (FE), (FKG)
and (TI). Then there exists cgk > 0 such that, for any edge e,

e CBK
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As we have already mentioned a quantitative Burton—Keane argument leading to
(2.1) for Bernoulli percolation-type models was developed in [10]. In the case
of Bernoulli site percolation, polynomial order upper bounds on P[Af(n)] were
derived in the recent paper [9] via a clever refinement of techniques introduced
by [4] and [15].

2.4. Continuity of percolation probabilities away from critical points. Con-
sider a one-parametric family {Py}oe(q,») Of bond or site strong-FKG percolation
models on Z?. Define percolation probabilities

2.2) 0(a) &P, 0 00).

Assume that the measures P, satisfy the finite energy condition (FE) uniformly
over compact intervals of (a, b), and assume that 6 > 0 on (a, b). At last, assume
that o +— P, is increasing (in the FKG-sense), that is, assume that PP, is stochas-
tically dominated by Pg whenever a < a < 8 < b. We shall say that o > Py is
continuous at «g € (a, b) if the map o +— P, (f) is continuous at «g for any local
function f.

THEOREM 2.2. Under the above conditions: a +— 6 («) cannot have jumps at
continuity points of o > Py,.

In the case of Bernoulli percolation, continuity comes for free and Theorem 2.2
implies continuity of percolation probabilities away from critical points, as it was
originally proved in [4]. In the case of FK-percolation for the Ising model on Z¢,
proving continuity of measures seems to be on the same level of difficulty as prov-
ing continuity of percolation probabilities [6]. On the other hand, in view of [6]
and [3], Theorem 2.2 does imply continuity of the site 4-spin percolation away
from critical inverse temperature for the latter.

2.5. Spanning clusters and polynomial decay. Proposition 2.1 and Theo-
rem 2.1 are based on (1.4). Yet, (1.3) provides us with additional degrees of free-

dom: one can try various model-dependent monotone functions f.

Let P be a bond percolation measure on Z<. Consider the boxes A def

[—k, ..., k]¢ and the annuli Amon def Ay \ Ay for O <m <n. Let N =N, , be

the number of distinct clusters of d A, crossing A, , in the restriction of the per-
colation configuration to the bonds of A,. In the sequel, we shall use n for a per-
colation configuration on Z% \ A,,,  for a percolation configuration on A,,, and
n X w for the configuration obtained by merging the two previous configurations.

For a given n, the function w — N(n X w) &y T(w) is decreasing. Hence, (1.3)
implies that

(2.3) Var(N"@)n) = ce > (E(V.N"(@)In))’.

eegAm
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Above &£, is the set of nearest neighbor bonds of A,,. Note that, for any e € &,,,,
—VeN) p(@) = 1ag2n) (1 X @).

Therefore, we infer from (2.3) the following corollary.

THEOREM 2.3. Consider a percolation model on 7¢ satisfying (FE), (FKG)
and (T1). Then, for any edge e,

P(A5(2n)) < / E(Var(Np.» ()|n))

cp(2m)?
(2.4)

1
< .|——— Var(Ny n),
—= \/cp(2m)d ar( m,n)

forany 0 <m < n.

Of course, (2.4) is useful only when one is able to control the number of cross-
ing clusters of A,, ,, specifically E(Var(N,Z,n(a)) [n)). This requires work: a trivial
upper bound of order m2@~1) gives nothing even in two dimensions. Settling this
in any dimension would be a feat even in the case of Bernoulli percolation; see [1].
For the moment, it is not clear to us that a nice closed form bound can be obtained
in the full generality suggested by (FE), (FKG) and (TI), even if one requires er-
godicity instead of just translation invariance.

In the case of Bernoulli site percolation, the following bound was derived using
very different methods based on independence (see [9]):

clogn

(2.5) IP)( 5(2”)) = WE( Ny on).

Unlike (2.4), (2.5) always gives a nontrivial polynomial decay, even if the roughest
possible bound N, 2, < N1 is used.

2.6. Four-arm event for critical planar random-cluster models with g > 1.
Using very recent results of [12, 13] for the random-cluster model on 72, the dis-
tribution of the number of crossing clusters can be controlled, and the upper bound
(2.4) implies the following refinement of Theorem 2.1, which is of the same order
as the bound of Proposition 2.1.

THEOREM 2.4. Letd =2, q €[1,4], there exists cp, = ca,(p,q) > 0 such
that, for any edge e and every n > 1,

CA
¢p,q,Zz[ S(n)] = 72’

where ¢, . 72 is the unique infinite volume random-cluster measure with edge-
weight p and cluster-weight q (see Section 4.4 for a precise definition).
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The proof is easy whenever p # p.. In the critical case p = p., the proof is
based on Russo—Seymour—Welsh (RSW) bounds obtained in [12, 13]. We give two
arguments: one is based on the implied mixing properties of ¢,, , 7> and on a sub-
sequent reduction to Proposition 2.1. The second directly relies on RSW bounds
to check that one can fix & > 0 such that {¢,, q’Zz(Ngzn’n)} is a bounded sequence.
Then (2.3) applies.

Note that the phase transition is expected to be discontinuous for g > 4 (see the
discussion in Section 4.4) and the probability of A,(n) should decay exponentially
fast at every p.

3

3. Proof of Theorem 1.1. We shall prove Theorem 1.1 with ¢p = (ZtiEFE)”

From now on in this section, we fix a finite set A. Consider a percolation model

n 2 def {0, 1A satisfying (FE) and (FKG) and let IP be the law of the random
configuration w. Furthermore, for I C A, we define wy dg {wi:i€l}and o def
{wi:i¢l1}.To keep notation'compatible, we set w; and o' when I = {i}.

Recall that @' x 1 and o' x O denote the configurations obtained from w by
setting the value of w; to 1 and 0, respectively.

To lighten the notation, we write p = cpg/2 for the rest of this section.

3.1. A representation of fields satisfying (FE) and (FKG). In order to prove
Theorem 1.1, we introduce an auxiliary Bernoulli field o € {0, 1}* and utilize the
projection method of [10] with respect to o-algebras generated by this auxiliary
field. The efficiency of such approach hinges on the fact that o;’s happen to be
negatively correlated in the sense specified in P3 of Theorem 3.1 below.

DEFINITION 1. Consider a probability space Q. P containing (£2,P) and
an additional field o € {0, 1}A which, conditionally on w € €2, has independent
entries satisfying, for every i € A,

3.1) Blo; = 1|w) = — P2 “

‘ ' P(w; = 1|o')

Note that by our choice of p, which is adjusted to the finite energy prop-
erty (1.1), the right-hand side of (3.1) always belongs to [0, 1].

We claim that o enjoys the following set of properties.

THEOREM 3.1. Let w be a field satisfying (FE) and (FKG). Then:

P1 Foreachi € A, ifo; =1, then w; = 1.
P2 Foranyi € A and any nondecreasing function f : Q2 — R, the conditional
expectation E( f (w)|o;) is also nondecreasing.
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P3 Foranyi € A and for any nondecreasing functions f : {0, 1}’"\} - R and
g:{0, 1} > R,

(3.2) E[f(c")g(on] <E[f(c")]E[g(01)].
P4 The family {o; — p :i € A} is free in Lz(ﬁ, @).

Property P3 provides a form of negative association. It is weaker than the usual
form of negative association [which corresponds to the analogue of (3.2) with i
and A \ {i} replaced by arbitrary disjoint subsets A, B C A], but stronger than
other related notions, such as totally negative dependence (see [11] for this and
other forms of negative dependence).

PROOF OF THEOREM 3.1. Property P1. The first property follows directly
from the definition of o.

Property P2. Let us first prove that, for each i € A, o; is a Bernoulli random
variable of parameter p, independent of w'. This follows from (3.1) and the fol-
lowing computation:

p

P(w; = 1; ') = pP(o').
Hence, o; is indeed a Bernoulli random variable of parameter p (also o; and o' are

independent)A. Now, let us simplify the notation by setting f;(o;) défﬁ( f(w)|o;).
Then, using P(o; = 1) = p in the second equality below,

ey det o [E(f@lg=)  E(f(@)1g=0)
A= p(H) - £©0) ¥ a p)[ e }

= (% — I)E(f(a))lgi:ﬂ —E(f (@)15-0)

1~
(33) = SE(f@l=t1y=1) ~B(f (@)
an 1 p B
_ E(f(o x 1)) ~E(f(@) "= 0.

Property P3. We wish to prove the negative association formula (3.2). Since g
is a nondecreasing function of only one site, we only need to treat the case g =id
(any nondecreasing function of one site is of the form «id + 8 with o > 0). For
wy € {0, 1} and o' € {0, 1}V, let w; x ! be the configuration in €2 coinciding
with w; on I and w’ on A \ 1.
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CLAIM. For any subset I C A, the following happens: If w; > @y, then, for
any o' and for any nondecreasing function f : {0, 1}*\ — R,

(3.4) E(f (o)) wr x o) <E(f(c")|@; x o).

PROOF. Under the conditional measure @(-|w), the sequence o is simply a
collection of independent Bernoulli random variables with probabilities of success
specified by (3.1). By (1.2),

p < p
P(w; = 1|(wr x @)1) 7 P(o; = 1|(@; x 0!)’)’
forany i ¢ I and w; > @y, a fact which implies that the random variable o; con-
ditioned on w; x w! is stochastically dominated by the random variable o; con-

ditioned on @; x w!. The claim follows by definition of stochastic domination.
O

In particular, the claim yields that if f is a nondecreasing function of o/, then
for any i and any ',

(3.5) E(f (o)’ x 1) <E(f(o")|e').
As a result, we infer

E(f(o')oi) = I’@(f(cf")lrr:l1w,~=1)
G”Z o’ x 1)P(o')

= pE[f(c")] 2 Bloi B £ (")]
Property P4. Assume that X = def Y iea Ai(oi — p) = 0. We deduce that
0=B[x?] =E[(X — B[X|w])*] + E[E[X|]?] = E[(X — E[X|w])*].
Now,

E[X|w]= )" 4i(0i — Elo;|w])

ieA

and, conditionally on w, the random variables o; — E[oi |w] are independent and
have mean 0. We deduce that

E[(x — B[X|0])*] = B[E[(X — B[X|0])*|o]]

Bl - B o]

&)
&)
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= I@[Z )Ll-zf[*i[(oi — Elo; |w])2|w]]

ieA

=" W2E[(0; — Eloy|w])’]-

ieA

Now, I@[oi |lw] < 1/2 by (3.1) and (1.1) and, therefore,

E[(0; — Eloi|0])*] = E[Elo;|w](1 — Elo;|w])]

(3.6) l

E[Elo/|w]] = 2 >0,

l\)

which implies that A; =0 forevery i e A. [

3.2. Proofof Theorem 1.1. Recall our notation f;(0;) = E( £ (w)|o;). We may

represent f(w) as

f= Zyifi«n) +

w1th f + orthogonal to the subspace of ]LZ(Q IP’) spanned by ( f;(07),i € A). Since
IE[ fi(oi)] =0and E[a,] p by P1 of Theorem 3.1, we deduce that

(3.7) filo) = (fi(D) — fi(®))(0i — p).

Should the random variables o; be independent, we would immediately infer that
Vi = 1 and

Var(f @) = p(1 = p) Y (fi(1) - £i(0)*,

which, by (3.3), would be the end of the proof. This is precisely the computation
done in the Bernoulli case in [10]. In our case, however, the random variables
o; are dependent, and we need additional information and more care in order to
control both the coefficients y; and the cross-terms. It is precisely at this stage that
negative dependence, as stated in P3 of Theorem 3.1, becomes crucial.

Before proceeding with the proof of the theorem, let us formulate and prove the
following elementary lemma.

LEMMA 3.1. Let (H,{-,-)) be a finite dimensional Hilbert space, and let
{f1, ..., T} be a normalized basis of H, such that (f;,f;) <0 for every pairi # j.
Then, for any f=3""_, Aif; such that (f,1;) > 0 for every 1 <i <n, we have that
A = (f, 1) for every 1 <i <n.

Note that when the basis {fq, ..., f,} is orthogonal, we find that A; = (f, ;) for
every 1 <i <n.
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PROOF OF LEMMA 3.1. Lemma 3.1 relies on the following transparent geo-
metric fact.

Obtuse cone property. Consider a positive cone C = C(fy, ..., f,) spanned by
vectors f;. The cone is called obtuse if (f;,f;) <O for any i # j. Then (f,f;) >0
for every i implies that f € C, that is, all the coefficients A ; in the decomposition
f=2_; 4jf; are nonnegative.

Taking scalar product with normalized vectors f; yields

(f,fi) =4 + Z)»j(fj,fi) <A
J#i
and one then gets the conclusion of Lemma 3.1.

Perhaps the simplest way to prove the above obtuse cone property is by induc-
tion on the cardinality of the basis. The two-dimensional case is straightforward.

Let us now consider the basis {f;, ..., f,+1}. Fori > 2, let
f; — (f;, f1)f

(3.8) F, detfi = i TOft
1— (f1,f)?

be the normalized projection of f; on vec(f))L. Also, write f = (f, f1)f; + F where
F € vec(Fa, ..., Fy4+1). We wish to apply the induction hypothesis with F and
Fa, ..., Fy41. For that, simply observe that, for i # j,

fi,f) — (f, f1)(f;, f
(Fi»Fj)Z <l J) 2(1 1><J l>2 <
(1 —(fr, f)) (A — (f1,£;)°)

(we used that (f;, f;) <0 fori # j) and

(f, fi) — (fi, f) (f, f1)

1—(f;, 1)?

where the first equality is due to the orthogonality of f; and F;, and the first in-
equality to the fact that (f;, f;) <0 and (f, f;) > 0. Therefore, by the induction as-
sumption, F lies in the cone C(F», ..., F,41). By (3.8),all F;’sliein C(fy, ..., fy+1)

and hence F € C(f1, ..., f,41) as well. Since the coefficient (f, f{) in f = (f, f;)f; +F
is nonnegative, we are done. [

(3.9) (F.Fi)=({f.Fi) = > (f,fi) =0,

PROOF OF THEOREM 1.1. Consider a field w € {0, 1}* satisfying (FE) and
(FKG). We keep the notation from the previous section. In particular, on the prob-
ability space (€2, P), we associate the field o to w.

Let f be a square-integrable nondecreasing function of w. As before, we set

fi(oi) def IE[ f (w)]oi]. Without loss of generality, we assume that E[ f (w)] = 0,

and consequently, E[ f; (0;)] =0 forevery i € A.
Let I be the set of indices i satisfying E[ f; (ai)z] > (0. Consider V =
vec(fi(o;) : i € I) and write
f=Yvifilod++

iel
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where f1 e V. Properties P2 and P3 of Theorem 3.1 show that (fi(o;),
fj(o;)) <0 foreveryi # j in I. Furthermore,

(f(@), fi(0)) =E[f (@) fi(6)] =E[ i (6:)*] = 0

(The last equality is due to the definition of the conditional expectation.) Last but
not least, the family { f; (0;) : i € I} forms a basis of V. Indeed, this directly follows
from (3.7).

Now, f;(1) — fi(0) > 0 for i € I, and the family {o; — p : i € I} is free thanks

to P4. We are therefore in position to apply the previous lemma with f;(o;) &ef

fi(oi) /|l fi(o7)]l in order to obtain that

(f(@), fi(0)) _Elfi(01)’]

3.10 > _ _
©G-10) E TRl el
We deduce that

- 2
Blf?] = B (Zy,-ﬁwoﬂ

- el

_ B (Zy’ fi(or) — fl(gl)|w])>2}+E[<Z%E[ﬁ(m)|w]>2}

iel iel

v

B (T nhiton - ﬁ(mﬂw]))z}

iel

= Y V2E[(fi(or) — B[ 00)lw])’]

iel

(3 10) ZE ﬁ(o’l —E[fl((j,ﬂa)])z]
iel
S B[(fito1) — B[ fionlew])*].
ieA

where the second equality is due to the fact that, conditionally on w, the random
variables { fi (o;) — E [fi(oi)|w] :i € I} are orthogonal (since the o; — IE[cr, |w] are),
and the last equality to the observation that, fori ¢ I,

0 <B[(fi(0:) — E[ i (on)|])*] < B[ fi(01)?] =0.

We are now ready to conclude. Similarly to (3.7), we find that (remember that we
chose p = cre/2)

B[(fi(0:) — B[ £ (01)|])’]
(3.11) = (fi(1) = £:(0)*E[(07 — Eloi|w])’]
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2L - o)
@€H§Bﬂmﬂdxm—mﬂww
:Ziiﬁmumdxn—ﬂdxmﬂwdf
W %(E[f(wi < 1) flf x O]

Overall, we find that

Z f@ x 1) = f(o! x 0)])*

Var(f (@) = E[f ()°] _(1 L -

REMARK 1. Observe that, up to (3.11), the proof only made use of the lower
bound P(w; = 1|w") > cpe =2p in (1.1).

4. Applications.
4.1. Proof of Proposition 2.1.

PROOF. Let E, be the event that there exists an open circuit with nontrivial
homotopy in T,,. Theorem 1.1 implies that

. 2 _ 1 B 1
> P[Pivi(Ep)] scpP(En)(l P(Ep)) < —.

iEE']I‘n cp

Note that edges are of two types: either “vertical” or “horizontal”. By shift invari-
ance of P and of the event E,, we therefore obtain, for an horizontal edge e (the
same reasoning can be applied to vertical edges),

|T,| - ]P’[Ae(n) < Y P[Pivi(E, )] < i
i€ET, cp O

4.2. Quantitative Burton—Keane argument. Recall that we are working with
(nearest neighbor) bond percolation models. For x € A,, the set C,(x) is the con-
nected component of x in the restriction of the percolation configuration to the
edges with at least one end-point in A,,.

For x € A, let Trif,, (x) be the event that:

(a) There are exactly three open bonds incident to x.
(b) Cn(x)\ x is a disjoint union of exactly three connected clusters, and each of

. def
these three clusters is connected to 0 Ay = Apyr1\ Ay
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Recall the following classical fact [8]:

LEMMA 4.1. Consider a percolation model on A,,. Then, for any w,
(4.1) D Imvif, (60 (@) < 10 A 4]

xXeA,

Note that this lemma has the following useful consequence: if P is in fact a
translation invariant measure on the whole plane or on a torus, it implies that

|0 Ant1]
[An
Let k < n. Define the event CoarseTrify , that there are at least three distinct clus-

4.2) P[Trif2,(0)] <

. £ . . .
ters in the annulus Ay , def Ay \ Ay connecting the inner to the outer boundaries of
Aj . In other words, there are at least three distinct crossing clusters of Ay .

COROLLARY 4.1. Consider a percolation model on 7¢ satisfying (FE),
(FKG) and (TI). There exists c1 = c1(cpe) > 0 such that, for any 0 <k <n,

k
P[CoarseTrify ,] < M.

PROOF. By conditioning on the clusters in Ay ,, one may easily check that
P[Trif,, (0)| CoarseTrify ] > cre.

(There may be some problems if the three clusters reach d A near the corner, yet

such cases can be treated separately.) The result follows readily from Lemma 4.1.
g

PROOF OF THEOREM 2.1. Set & & 1/(2cy) and let k = |elogn]. Let E, be
the event that there are exactly two clusters in Ay , from the inner to the outer
boundaries. On E,,, let C be the set of vertices of Ay , connected to the boundary of
A, by an open path. Since there are only two distinct clusters connecting the inside

and outside boundaries of Ay ,, the vertices of C N Ax can be divided into two

subsets E Ly 1(C) and E; def E>(C) depending on which clusters they belong to.

For every possible realization C of C so that {C = C} C E,, define Cross(C) to
be the event that £ and E» are connected by an open path inside Ak. Theorem 1.1
applied to P(-|C = C) and Cross(C) gives

1
3" P[Piv,(Cross(C))IC = C]’ < i

ecEp k
which, by Cauchy—Schwarz, implies that

>~ P[Pive(Cross(C))|C = C] < %,/lEAk .

eGEAk
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For an edge €', let A»(n, €’) be the event that the two end-points of ¢’ are connected
to the boundary of A, by two disjoint clusters. By definition of C, we have that
Piv, (Cross(C)) N {C = C} = Ay(n, e’) N {C = C} which, by summing over all
possible C, implies that

1 1
> BlAa(n. ¢). Ea] < 5\ IEn, [B(En) < 5| En,| < \JdIAcl/2

ee EAk
It only remains to see that Corollary 4.1 implies

1 1
P[A2(n, '), CoarseTrify , | < P[CoarseTrify ,] < explerelogn) _ —.

n Jn
At the end, we find that
1 Jd/2 1
— P[As(n, )] < +—.
| Akl 2. FlAxln.e)] VIAL  n

/
e EEAk

Consider for a moment that the edge e involved in A§(2n) is horizontal. Since
Af(2n) is included in a translate of A>(n, e') for any horizontal edge ¢’ € E,,, we
conclude that

1 , iz 1
PMWMfrEE:Mmeméﬁg+7?

/
e EEAk

which proves the theorem with cgk = cgk(cpe) > 0 small enough thanks to our
choice for k. 0O

4.3. Continuity of percolation probabilities away from critical points. Theo-
rem 2.2 is an easy consequence of the quantitative Burton—Keane bound (2.1). Let
ap € (a, b). Pick € > 0 such that [ag — €, ag + €] is still in (a, b). By our assump-
tions on the family {Py},

(4.3) limsup sup Py (0 A, +» 00) =limsup Py, (A, +» 00) =0.

n—>o0 gelag—e,ap+e] n—o00
On the other hand, for any N > n and any « € [og — €, ag + €],

() & P, 0 < 00)

4.4) =Pu(0<«< 0dAN)
—Py(0< 0AN; 0 00;0A, <> 0) — Pyu(0 <> 0AN; A, <» 00).

The event {0 <> dAN; 0 +» 00; A, <> oo} implies the existence of at least two
disjoint crossings of the annulus A, y.If we choose N = eC" for some sufficiently
large constant C, then the second term in (4.4) tends to zero as n — 0o, uniformly
in o € [ag — &, ag + ¢]; this follows from (2.1), which in view of the assumed
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uniformity of (FE) on compact sub-intervals, yields uniform upper bounds for
o € [ag — €, ag + €]. The third term in (4.4) is controlled by (4.3). Hence, since the
events {0 <> d Ay} are local, continuity of PP, at op implies that 8 is continuous at
ag as well. 0O

4.4. Proof of Theorem 2.4. Let us recall some additional facts on the random-
cluster model. First, let us introduce random-cluster measures with boundary con-
ditions. Fix a finite graph G. Boundary conditions & are given by a partition
Pru---1 P, of 9G. Two vertices are wired in & if they belong to the same P;.
The graph obtained from the configuration w by identifying the wired vertices to-
gether is denoted by w?. Let k(wf) be the number of connected components of the
graph % . The probability measure Pi . of the random-cluster model on G with
edge-weight p € [0, 1], cluster-weight ¢ > 0 and boundary conditions £ is defined
by

3
det P (1 — p)@ k(@)

(4.5) P, () —
p.q4.G
for every configuration w on G. The constant Zi 0.G is a normalizing constant,
referred to as the partition function, defined in such a way that the sum over all
configurations equals 1. For ¢ > 1, infinite-volume random-cluster measures can
be defined as weak limits of random-cluster measures on larger and larger boxes.
Recall that the planar random-cluster model possesses a dual model on the dual
graph (Z?)*. The configuration w* € {0, 1}E<Zz>* is defined as follows: each dual-
edge e* € (Z?)* is dual-open in w* if and only if the edge of Z? passing through

its middle (there is a unique such edge) is closed in w. If the law of w is }P’i 4.G>

then the law of the dual model is P p* 4.G* for some dual boundary conditions £*.
We will only use that free and wired boundary conditions are dual to each other.

On Z?, the random-cluster model undergoes a phase transition at some parame-
ter p.(g) satistying, for every infinite-volume random-cluster model P, , 7> with
parameters p and q,

0(p,q) >0, it p> pc(q),

P <« —
pg22l) < o] {o, if p < pe(q).

The critical point of the planar random-cluster model on Z? is known to correspond

to the self-dual point of the model, that is, pc(q) [ /(1+./q) [5]. Also, forq €
[1, 4], the behavior at criticality is known to be the following (see [13]): there is a
unique infinite-volume measure and, for any numbers 1 < a < b < 0o, there exists
crsw = crsw(a, b) > 0 such that, for all n > 1 and any boundary conditions &,

(4.6) CRsW = Piﬁ R, [Cross(R,)] < 1 — crsw,
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where R, = R,[a] & [—an. an] x [-n,n]. R, = R, [b] & [—bn, bn] x [—2n, 2n]

and Cross(Rj,) is the event that the left-hand and right-hand sides of R, are con-
nected by an open path in R,,.

PROOF OF THEOREM 2.4. Fix g € [1, 4]. Note that, for p < p.(gq), there ex-
ists ¢ = ¢(p, g) > 0 such that, for any edge ¢ and every n > 1,

IPJp,q,Zz[ S(")] =< ]P)p,q,Zz[O «—— A, < e*C(P,q)n,

thanks to exponential decay of correlations, see [5] one more time. Similarly, when
p > pc(q), for any edge e and every n > 1,

P, . 22[ASMW] =P o 720 [A2)] <Py 22y [u < BAK] < e e,

The only interesting case is therefore the critical point p = p,.

4.4.1. Proof using mixing properties and Proposition 2.1. Recall that, by
Proposition 2.1, we already know that, for any edge ¢’ of Tﬁ,z) and every n > 1,

P A5 ) < 2

where IP g T? is the random-cluster measure on ']I'( ). We therefore only need to

show that there exists C > 0 such that

P g z2[AS] < CP 1[5 ().

E Q) . 2 : def 2 :
mbed T;;” into Z~ in such a way that the vertex setis A, = [—n, n]” and e is an

edge having 0 as an endpoint. First, we wish to highlight that (4.6) (more precisely

the mixing result [12], Theorem 5.45) classically implies the existence of ¢; > 0

such that, for every boundary conditions £ and n > 1,

P q.22[A5(n/D)] < C‘Pic,q,An [AS(n/2)].

In particular, this is also true for so-called periodic boundary conditions, so that
4.7) Ppc,q,Zz[ S(n/2)] < CIPPC,CI,TI?) [Af(n/2)].

Now, introduce the event A;ep (n/2) that there exist two open paths y, y and two

dual-open dual-paths y* and p*, originating from the endpoints of e and e*, re-

spectively, satisfying:

e the endpoints (on the boundary of A, /> and A} /2> Tesp.) X, X, x* and x* of the
paths are at distance larger or equal to 75 from each others.

e x and X are connected to dA3,/5in x + A, /10 and X + Ay 0.
e x* and X* are connected to aAgn/S in x* + Ay 10 and X* + Ay/10.
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F1G. 1. The event A;ep (n/2) together with the extension of the four paths using the sets S and S*.
Estimates on crossing probabilities available from [13] show that these extensions cost a multiplica-
tive constant (not depending on n).

Classically, (4.6) implies that there exists ¢y > 0 such that, for any n > 1,
(4.8) P, ao[Asm/D] <P e [A5P(n/2)].

See [21] for a treatment in the case of Bernoulli percolation and [12], Theo-
rems 10.22 and 10.23, for the FK-Ising model (the proofs of the theorems apply
mutatis mutandis to any random-cluster model with 1 < g <4).

It remains to see that there exists ¢z > 0 such that, for any n > 1,

P oa1® [ASP(n/2)] < P, o [AS(n)].

In order to do so, mimic the classical argument to prove quasi-multiplicativity of
arm-probabilities for Bernoulli percolation (see [21] again and Figure 1).

We only sketch the proof. Condition on A;ep (n/2). Consider a thin area S of
width 1”—0 going from x 4+ A, /10 to X + Ay /10 outside A, /2, an a thin dual area
§* of width {5 going from x* + A, /10 to X* + A, 10 outside A, 2 so that these
two areas do not intersect. Now, (4.6) implies that there exist, with probability
¢4 > 0, a primal path in S connecting the two paths y and y, and a dual path in $*
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connecting * and y*. But whenever this occurs, the event A;(n) is satisfied, so
that

P AS(n)] = c4P AP (n/2)].

Ppesq, TS [ g, T [

It only remains to invoke (4.7) and (4.8) to conclude. [J

4.4.2. Proof using bounds on E, , 7> (N7121,n) and (2.4). We shall check that
there exists cy = en(crsw) < 00, such that, uniformly in m,

(4.9) E,,.q.22(Ni sm) < .

A substitution into (2.4) yields the claim.
Consider the annulus A, s5,, and the four rectangles

Sm.u=[—5m,5m] x [m, Sm], Sm.r=[-5m, —m] x [-5m, 5m],
(4.10)
Sm.L = [m, 5Sm] x [-5m, 5m], Sm.p=[—5m,5m] x [-5m, —m].

For x € {U, R, L, D}, let N, , be the number of distinct short-side crossing clus-
ters of Sy,«. For instance N, y is the number of distinct clusters which connect
[—5m, 5m] x {m} to [—5m, 5m] x {Sm} in the restriction of the percolation con-
figuration to the rectangle Sy, y. Clearly,

Nm,Sm =< Z Nm,*’
*e{U,R,L,D}

and, by symmetry, it remains to give an upper bound onE, . 7> (N;121,u)-

LEMMA 4.2. The RSW bound (4.6) implies
(4.11) P, 22Ny = k) < (1 — crsw(5. 00)) ",

uniformly in k > 1 and m.

PROOF. Let us introduce the events Ry def {Nm,u = k}. We claim that
(4.12) P, 4.722(Ri|Ri—1) < 1 — crsw(5, 00),

uniformly in m and k > 1. Indeed, distinct crossing clusters which show up in any
percolation configuration from Ry _ are naturally ordered from left to right. There
are at least (k — 1) such clusters. The following somewhat standard construction,
which we sketch below, is depicted on Figure 2.

Consider the disjoint decomposition Ry_1 = URZfl, where u (resp., v) is the
rightmost vertex of the (k — 1)th crossing cluster on the bottom (resp., top) side of
Sm,u- The event R;"| implies that there is the left-most dual crossing y/* from

u* to v*, where u* défu + %(1, —1) and v* défv + %(1, 1). Consider the remaining
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5m| v *t w
! ~
! Y
1 SnuU
4m 1 -
st
f_ 7_7*__‘ Sm,U
1 1
[ I 0 F L
1 1 m,Uj
2m, 1= - l----- !
i
T
1 A/*
1
—bm u ! bm w
J m u* o)

FIG. 2. The dual path ysx =y . Event D°: a dual path ny crosses from left to right the middle
section Sﬁ;’ uoSy, 4 U and, as such, rules out the occurrence of the event Ry,. The boundary conditions

(for the direct model) on the semi-infinite strip S ..U are won the upper and lower parts, and f
on Y.

part, denoted by S .u» of the rectangle Sy, y to the right of y,". Let S, v 'y be the

middle section of S u» that is, SV o def SV u N (Z x[2m,4m]). Finally, consider
the infinite strip extension Sy uto the right of S, V

Let D° be the event that there is a left to rlght dual crossing of S U By the
FKG property of the random-cluster model,

P Ri—1) <1—minP*"  (D°
peq. 72 (RielRi—1) < min pc’q’%u( )

where the boundary conditions are direct boundary conditions on the semi-
infinite strip SV .+ wired on upper and lower parts and free on y. Note that
the model is self dual at criticality. Hence, for any possible realization of
v,

W,f o f
Ppc'sqas‘}:l,u(p ) 2 Ppuq,]ém[oo](CrOSS(Rm[S]))$

and (4.6) applies. [J

REMARK 2. Let us highlight the fact that SLE predictions, see [12], Sec-
tion 13.3.2, suggest that P,  72[A§(n)] = n—51010+0(D) \where

3 10 3 2
§1010 = def % with o def - arcsin(,/q/2).
This implies that ]P’p’q’zz[ a(n)] > - L for g < 2arcsin|[xw %] ~ (0.459. This il-
lustrates the fact that the claim of Theorem 1.1 can fail to hold when the condition
(FKG) is dropped.



A QUANTITATIVE BURTON-KEANE ESTIMATE 3355

Acknowledgment. The authors thank Michael Aizenman for suggesting the
use of the number of distinct clusters in Corollary 2.3.

(1]

(2]

(3]

(4]

(5]

(6]
(7]
(8]
(9]
(10]
(11]

[12]

[13]
(14]
(15]

(16]

(17]
(18]

(19]

REFERENCES

AIZENMAN, M. (1997). On the number of incipient spanning clusters. Nuclear Phys. B 485
551-582. MR1431856

AIZENMAN, M., CHAYES, J. T., CHAYES, L. and NEWMAN, C. M. (1988). Discontinuity of
the magnetization in one-dimensional 1/|x — y|2 Ising and Potts models. J. Stat. Phys. 50
1-40. MR0939480

AIZENMAN, M., DUMINIL-COPIN, H. and SIDORAVICIUS, V. (2015). Random currents and
continuity of Ising model’s spontaneous magnetization. Comm. Math. Phys. 334 719-742.
MR3306602

AIZENMAN, M., KESTEN, H. and NEWMAN, C. M. (1987). Uniqueness of the infinite cluster
and continuity of connectivity functions for short and long range percolation. Comm.
Math. Phys. 111 505-531. MR0901151

BEFFARA, V. and DUMINIL-COPIN, H. (2012). The self-dual point of the two-dimensional
random-cluster model is critical for ¢ > 1. Probab. Theory Related Fields 153 511-542.
MR2948685

BODINEAU, T. (2006). Translation invariant Gibbs states for the Ising model. Probab. Theory
Related Fields 135 153-168. MR2218869

BROADBENT, S. R. and HAMMERSLEY, J. M. (1957). Percolation processes. I. Crystals and
mazes. Proc. Cambridge Philos. Soc. 53 629-641. MR0091567

BURTON, R. M. and KEANE, M. (1989). Density and uniqueness in percolation. Comm. Math.
Phys. 121 501-505. MR0990777

CERF, R. (2013). A lower bound on the two-arms exponent for critical percolation on the
lattice. Ann. Probab. 43 2458-2480. MR3395466

CHATTERJEE, S. and SEN, S. (2013). Minimal spanning trees and Stein’s method. Preprint.
Available at arXiv:1307.1661.

DALYy, F. (2015). Negative dependence and stochastic orderings. Available at
arXiv:1504.06493.

DUMINIL-COPIN, H. (2013). Parafermionic Observables and Their Applications to Planar
Statistical Physics Models. Ensaios Matemdticos 25. Sociedade Brasileira de Matematica,
Rio de Janeiro. MR3184487

DUMINIL-COPIN, H., SIDORAVICIUS, V. and TASSION, V. (2013). Continuity of the phase
transition for planar Potts models with 1 < g < 4. Preprint.

FORTUIN, C. M. and KASTELEYN, P. W. (1972). On the random-cluster model. I. Introduction
and relation to other models. Physica 57 536-564. MR0359655

GANDOLFI, A., GRIMMETT, G. and RUssO, L. (1988). On the uniqueness of the infinite
cluster in the percolation model. Comm. Math. Phys. 114 549-552. MR0929129

GARBAN, C. and STEIF, J. E. (2012). Noise sensitivity and percolation. In Probability and
Statistical Physics in Two and More Dimensions. Clay Math. Proc. 15 49-154. Amer.
Math. Soc., Providence, RI. MR3025390

GRAHAM, B. and GRIMMETT, G. (2011). Sharp thresholds for the random-cluster and Ising
models. Ann. Appl. Probab. 21 240-265. MR2759201

GRIMMETT, G. (2006). The Random-Cluster Model. Grundlehren der Mathematischen Wis-
senschaften 333. Springer, Berlin. MR2243761

GRIMMETT, G. R. (1999). Inequalities and entanglements for percolation and random-cluster
models. In Perplexing Problems in Probability. Progress in Probability 44 91-105.
Birkhauser, Boston, MA. MR1703126


http://www.ams.org/mathscinet-getitem?mr=1431856
http://www.ams.org/mathscinet-getitem?mr=0939480
http://www.ams.org/mathscinet-getitem?mr=3306602
http://www.ams.org/mathscinet-getitem?mr=0901151
http://www.ams.org/mathscinet-getitem?mr=2948685
http://www.ams.org/mathscinet-getitem?mr=2218869
http://www.ams.org/mathscinet-getitem?mr=0091567
http://www.ams.org/mathscinet-getitem?mr=0990777
http://www.ams.org/mathscinet-getitem?mr=3395466
http://arxiv.org/abs/arXiv:1307.1661
http://arxiv.org/abs/arXiv:1504.06493
http://www.ams.org/mathscinet-getitem?mr=3184487
http://www.ams.org/mathscinet-getitem?mr=0359655
http://www.ams.org/mathscinet-getitem?mr=0929129
http://www.ams.org/mathscinet-getitem?mr=3025390
http://www.ams.org/mathscinet-getitem?mr=2759201
http://www.ams.org/mathscinet-getitem?mr=2243761
http://www.ams.org/mathscinet-getitem?mr=1703126

3356 H. DUMINIL-COPIN, D. IOFFE AND Y. VELENIK

[20] KESTEN, H. (1982). Percolation Theory for Mathematicians. Progress in Probability and
Statistics 2. Birkhduser, Boston, MA. MR0692943

[21] NoOLIN, P. (2008). Near-critical percolation in two dimensions. Electron. J. Probab. 13 1562—
1623. MR2438816

H. DUMINIL-COPIN D. IOFFE

Y. VELENIK FAcULTY OF IE&M

SECTION DE MATHEMATIQUES TECHNION

UNIVERSITE DE GENEVE HAIEA 32000

1211 GENEVE 4 ISRAEL

SWITZERLAND E-MAIL: ieioffe @ie.technion.ac.il

E-MAIL: hugo.duminil @unige.ch
yvan.velenik @unige.ch


http://www.ams.org/mathscinet-getitem?mr=0692943
http://www.ams.org/mathscinet-getitem?mr=2438816
mailto:hugo.duminil@unige.ch
mailto:yvan.velenik@unige.ch
mailto:ieioffe@ie.technion.ac.il

	Introduction and main result
	Applications
	Some examples of percolation models
	First application
	A quantitative Burton-Keane argument
	Continuity of percolation probabilities away from critical points
	Spanning clusters and polynomial decay
	Four-arm event for critical planar random-cluster models with q>=1

	Proof of Theorem 1.1
	A representation of ﬁelds satisfying (FE) and (FKG)
	Proof of Theorem 1.1

	Applications
	Proof of Proposition 2.1
	Quantitative Burton-Keane argument
	Continuity of percolation probabilities away from critical points
	Proof of Theorem 2.4
	Proof using mixing properties and Proposition 2.1
	Proof using bounds on Epc,q,Z2 (Nm,n 2) and (2.4)


	Acknowledgment
	References
	Author's Addresses

