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This contribution establishes exact tail asymptotics of sups ;)cg X (s, 1)
for a large class of nonhomogeneous Gaussian random fields X on a bounded
convex set E C R2, with variance function that attains its maximum on a seg-
ment on E. These findings extend the classical results for homogeneous Gaus-
sian random fields and Gaussian random fields with unique maximum point
of the variance. Applications of our result include the derivation of the ex-
act tail asymptotics of the Shepp statistics for stationary Gaussian processes,
Brownian bridge and fractional Brownian motion as well as the exact tail
asymptotic expansion for the maximum loss and span of stationary Gaussian
processes.

1. Introduction. Consider the fractional Brownian motion (fBm) incremental
random field

Xo(s,1) = Ba(s +1) — By(s), (s.1) €10, 00)*,

where {B,(t),t € R} is a standard fBm with Hurst index «/2 € (0, 1] which is a
centered self-similar Gaussian process with stationary increments and covariance
function

Cov(Bu (1), Bu(s)) = 3 (It|* +1s|"— [t — s |%), s, t €R.

For the case o = 1, both X,(s,7) and its standardized version X} (s,?) =
Xo(s,1)/t%/? appear naturally as limit models; see, for example, [8]. In the lit-
erature,

Yo ()= sup Xu(s,1)
5€0,5]

is referred to as the Shepp statistics of fBm, whereas Y, (1) = sup,¢(o 5] X5, (s, 1) as
the standardized Shepp statistics. Distributional results for Y;* are derived in [28];
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see also [27] and Theorem 3.2 in [8]. Other important results for the Shepp statis-
tics of Brownian motion and related quantities are presented in [11, 14, 29]. The
first known result for the extremes of the Shepp statistics of Brownian motion goes
back to [32], which is complemented in [17] for the case of fBm with « € (0, 1).
In view of the aforementioned papers for any « € (0, 1],

(1) P( sup Xa(s,t)>u):Cau4/“_2\IJ(u)(1+0(l))
(s,1)€[0,1]2

holds as u — oo with C, a positive constant and W(-) the survival function of an
N (0, 1) random variable. There is no result for the case o € (1, 2) in the literature;
we shall cover this gap in Proposition 3.5.

Results for the tail asymptotics of supremum of the standardized Shepp statistics
can be derived using the findings of [7] and [20]; see also [18, 19]. However, this
is not the case for the tail asymptotics of the supremum of the Shepp statistics Yy;
no theoretical results in the literature can be applied for this case. This is due to the
fact that on [0, 1]% the variance of X, attains its maximum at an infinite number of
points, that is, its maximal value is attained for any s € [0, 1] and r = 1.

In the asymptotic theory of Gaussian random fields, if the random field has
a nonconstant variance function, which attains its maximum at a unique (or fi-
nite) number of points, then under the so-called Piterbarg conditions, the exact
tail asymptotics of supremum of Gaussian random fields with certain (£, &) struc-
tures for the variance and the correlation functions are derived by relying on the
Double—Sum method; see, for example, the standard monograph [24].

The principle aim of this contribution is to extend Piterbarg’s asymptotic theory
for Gaussian random fields to the case where the maximum of the variance function
on a bounded convex set E is attained on finite number of disjoint segments on E.
In particular, we assume that {X (s, 1), (s,t) e E}, E=[0,S] x[0,T],S,T >0, is
a centered Gaussian random field with variance function o2(s, ) = Var(X (s, 1))
that satisfies the following assumption.

ASSUMPTION A1l. There exists some positive function o (¢) which attains its
unique maximum on [0, 7] at 7', and further

o(s,t)=o0(1) V(s,t) €E,
()
o()=1=b(T —0f(14+0(1), 1T

hold for some 8, b > 0.

We shall impose the following assumption on the correlation function (s, t,
s’ 1) =FE(X (s, )X (s, 1)) where X(s,1) = X (s,1) /0 (s, 1):
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ASSUMPTION A2. There exist constants a; > 0,a > 0,a3 #0 and oy, ap €
(0, 2] such that

r(s,t,s',t")
(3)
=1—(lai(s = )" +|az(t =1') +a3(s — s')|**) (1 + o(1))

holds uniformly with respect to s, s’ € [0, S], as |s —s’| — 0,7,¢' 1 T, and further,
there exists some constant §g € (0, T') such that

4) r(s,t,s',1') <1
holds for any s, s” € [0, S] satisfying s # s’, and ¢, ' € [89, T].

Note that in A2 we assume that az # 0, which includes a large class of correla-
tion functions with (E, ) structure dealt with in [24]; the classical case a3 = 0 is
discussed in Remark 2.3.

Our main result, presented in Theorem 2.2 (and stated in higher generality in
Remarks 2.4), derives the exact tail asymptotic behavior of supremum of nonho-
mogeneous Gaussian random fields X satisfying Al and A2 and a Holder condi-
tion formulated below in Assumption A3. As an illustration to the derived theory,
we analyze exact asymptotics of the tail distribution of extremes of Shepp statis-
tics, the maximum loss and the span for a large class of Gaussian processes.

Organization of the paper: Our principal findings are presented in Section 2
followed by two sections dedicated to applications and examples. All the proofs
are relegated to Section 5 and the Appendix.

2. Main results. In this section, we are concerned about the asymptotics of

IP( sup X(s,t)>u), U —> 0o
(s,t)eE
discussing first the case that E = [0, ST x [0, T'].

The Pickands and Piterbarg lemmas (cf. [24]) are fundamental in the analy-
sis of the tail asymptotic behavior of supremum of nonsmooth centered Gaus-
sian processes and Gaussian random fields. Restricting ourselves to the case that
{X(¢),t > 0} is a centered stationary Gaussian process with a.s. continuous sam-
ple paths and correlation function r(¢), such that 7 (r) = 1 —t*(1 +o(1)) as t — O,
with « € (0, 2], and r(¢) < 1 for all £ > 0, in view of the seminal papers by J.
Pickands III (see [21, 22]), for any T € (0, 00)

(5) P sup X(1)>u)=H,Tu/*W@)(l+o(1),  u—> o0,
t€[0,T]

Here, H is the Pickands constant defined by

o1
Ho = Tll)moo ?’Ha [0, T] € (0, 00)
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with
Ho[0, T] = E(exp( sup (x/EBa ) — t“))).
tel0,T]
The derivation of (5) is based on Pickand’s lemma which states that
©  P( sup  X(0)>u)=Hel0, TIW@(1+0(D),  u—o0.
te[0,u=2/*T]

In [23], Piterbarg rigorously proved Pickand’s theorem and further derived a cru-
cial extension of (6) which we shall refer to as the Piterbarg lemmai; it states that

X(t
@) IP( sup @)
refo,u-2/ery 1 +01%

> u> =P2[0, T1¥ ) (1 + o(1)), U — 00

holds for any b > 0 with
PLI0, T1=E(exp( sup (v2Bu(t) — (14 b)%))) € (0, o0).
t€[0,T]
The positive constant (referred to as the Piterbarg constant) given by

Ph = lim PL10, T € (0, 00)

appears naturally when dealing with the extremes of nonstationary Gaussian pro-
cesses or Gaussian random fields; see, for example, [24] and our main result below.
It is known that H; =1, Hp = 1//7, and

(8) Ph—1 41 Pb—1(1+,/1+1) b>0
=Ty 272 b)’

see, for example, [2, 10, 12, 13, 15, 16].

We note in passing that for stationary Gaussian processes [3] and [5] presented
new elegant proofs of (5) without using the Pickands lemma. The following ex-
tension of the Pickands and Piterbarg lemmas plays an important role in our anal-
ysis. Hereafter, we denote by B, and B, two independent fBm’s defined on R
with Hurst index «/2 € (0, 1]. Recall that W (-) denotes the survival function of an
N (0, 1) random variable; we write below I"(-) for the Euler Gamma function.

LEMMA 2.1. Let {n(s,t), (s,t) € [0, 00)?} be a centered homogeneous Gaus-
sian random field with covariance function
ry(s, 1) = exp(—lais|* — |aat —azs|®?),  (s,1) €[0,00)%,

where constants a; € (0,2],i =1,2,a; > 0,a3 > 0, a3 € R. Let further b, S, T be
three positive constants. If B > aa > a1, then for any positive measurable function
g(u), u > 0 satisfying lim, oo g(u)/u =1
S,
IP’( sup Ul )ﬁ
(5,00, Su=2/1]x [0, Tu~2/e2] 1 + D1

> g(bt))

©)
=HOLS, TIW (g(w))(1 +o(1)),  u— oo,
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where

HYLS, TI=E(exp(  sup  (V2Y(5,0) = of(s,1) — d(1))))
(s,)€[0,8]x[0,T]
(10
€ (0, 00)

with o2(s, t) = Var(Y (s, 1)) and

Vs, 1) = : Yi(s,1) := By, (a15) + By, (a2t —azs), a1 =y,

0 ’ Y2(s.1) := By, (a15) + Bu, (at), o <,
0, B> an, 2
d(t) = {bzﬂ, B — oy (s, 1) € [0, 00)>.

Using the definition of Y and Y, appearing in (11) we shall determine, for given
a;’s, a;’s and b, B as above, the following constants (referred to as generalized
Pickands—Piterbarg constants):

1
b q Lo
MYﬁ = Tll)moo Sli)rrgo S?—[Y[S, T] e (0,00)
and

—~ 1

M, g = lim lim —E(exp( sup (V2Y (s,1) — o (s, 1) — btﬂ)>)

T T—ooS—o00 (s,)€[0,STx[~T,T]
€ (0, 00).

Here, ./\/lll’/’ B and /ﬁl{, p are defined only for 8 = «». Note that we suppress a;’s and

«;’s in the definition of M’{,, p and ./\711’, p since they appear directly in the definition
of Y.

Additional to A1 and A2 we shall impose the following Holder condition, which
in the literature is called regularity; see [24].

ASSUMPTION A3. There exist positive constants pp, o2, ¥, @ such that
E((X(s.) = X(s'.1))%) < Qi — ']V + s — s']")

holds for all 7,¢" € [p1, T1, s, s’ € [0, S] satisfying |s — s'| < p2.
We present next our main result.

THEOREM 2.2. Let {X(s,1),(s,t) € E},E=10,S] x [0, T] be a centered
Gaussian random field with a.s. continuous sample paths. Suppose that As-
sumptions A1-A3 are satisfied with the parameters mentioned therein. Then, as
u — 00,
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(1) if B > max(ag, o)

2
P( sup X (s, 1) > u) = ST(1/B+ 1) [ (@xHo )b~ *
(s,t)eE k=1

12
( ) X u2/a2+2/a172/,3\11(u)(1 +0(1)),

(i) if p=ar =i

(13) IP( sup X(s,t)>u) SME, o /W @) (1+ o(1));
(s,t)eE
(i) f B =02 >

ba, “2 2/ .
(14) IP’(( sngX(s, £ > u) = Sa1a:Pay®  Hoyu’“ W (u)(1 + o(1));
s,1)€

(iv) if B <ar=a
(15) P( sup X(s,0) > u) = S(af" +la3|*)"/* M u? 10 ) (1 + 0(1));
(s,t)eE
W) if<aranda; <oy

(16) P( sup X(5.1) > 1) = SarHoyu?’* W u)(1 4 0(1));
(s,t)e

(Vi) if B=a; >ay

(17) P sup X(s,1) > u) = Say PLI @D 4y, 12w (u) (1 4 0(1));
(s,t)eE

(vil) if B <oy and ar < a1

P( sup X(s,1)> u) = Slas|Hapu™** @ (@) (1 + 0(1).
(s,n)eE

REMARK 2.3. If a3 = 0, then there are only three scenarios to be considered.
In particular if 8 > a3, then (12) holds. If 8 = a», then (14) holds, whereas if
B < ap, then (16) is valid.

REMARK 2.4. (a) Let E be any bounded convex subset of R2. Assume that
on E the maximum of the standard deviation o (s, t) is attained only on a segment
L which is inside of E, parallel to s-axis and of length £. Then the claims of
Theorem 2.2 are still valid, by replacing S with £ in cases (i)—(vii), F( ) with 2I"(+)

-
in case (i), MY - with MY] o in cases (ii), Paz with Paz in case (iii),

and Po4! (@)} with Pplasl/@a)™ 4 cage (vi), respectively. Here, PP, with

b > 0and « € (0, 2] is the Piterbarg constant defined on the real line, that is,

Pb = Tli_)mooE(exp< sup  (v2By(t) — (1 + b)la))) € (0, 00).

te[-T,T]
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(b) Assume that on E the maximum of the standard deviation o (s, t) is attained
only on n segments {L;}?_; which are inside or on the boundary of E, and parallel
to s-axis. By the convexity of E, we can always find n nonadjacent convex sets
{E;}7_, suchthatL; CE; CE,i=1,...,n.If further for any i # j

(18) sup r(s,t,s',1') <1
(5,1)€E; (5,1 €E;

holds, then

(19) P sup X(s,00>u)=>"P( sup X(s,0)>u)(1+0(1)
(s,1)€E o \s.0eE;

as u — o0o. Additionally, suppose that on each {E;}?_, the Assumptions A1-A3
are satisfied. Then an explicit expression for (19) can be established by applying
the results in Theorem 2.2 and Remark 2.4(a) above.

(c) Similar results can also be obtained when the segments {L;};"_,, where the
maximum of o (s, t) is attained, are nonparallel and disjoint. Specifically, we see
from Remark 2.4(b) that it is sufficient to consider the asymptotics of

]P’( sup X(s,t)>u>, u—oo,i=1,...,n,
(s,t)€E;

respectively. Let (s, t)—r be the transpose of (s,?). Then, for any i = 1,...,n,
there is a nondegenerate lower triangular (rotation) matrix A; € R?*? such that
the maximum of the variance of X ((A;(s,7)")") on Al._lEi ={G,0:G,DHT =
Ai_l(s, 7', (s,t) € E;} is attained on a line parallel to s-axis or t-axis. Conse-
quently, similar results as in Theorem 2.2 can be obtained if certain Assumptions
as A1-A3 are satisfied by each {X ((A;(s,1) 1)), (s,7) € A, 'E;).

We conclude this section with an example, which illustrates the existence of all
the cases discussed in Theorem 2.2.
EXAMPLE 2.5. Consider a Gaussian random field defined as

Z(s,t) = %(Y(s +1)—X(s))(1=b(T — t)ﬂ), (s,1)e€[0,S8] x[0,T],

where b, § are two positive constants, and X, Y are two independent centered sta-
tionary Gaussian processes with covariance functions ry, ry satisfying as t — 0

rx() =1—a;t* (14 o(1)), ry (1) =1 —axt®*(1 + o(1))
for some constants a; > 0, «; € (0, 2], i = 1, 2. Further, assume that
rx(s) <1,Vs € (0, S] ry(t) <1 Ve (0,S+T].

It follows that the assumptions of Theorem 2.2 are satisfied by {Z(s, 1), (s,?) €
[0, ST x [0, T}
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3. Extremes of Shepp statistics. For a given centered Gaussian process
{X (#),t > 0}, we shall define the incremental random field Z by

(20) Z(s,t)=X(s+1t)— X(s), (s, 1) €0, S] %[0, T].
The asymptotic analysis of the supremum of the Shepp statistics

Y(@#)= sup Z(s,1), tel0,T]
s€[0,S5]

boils down to the study of the tail asymptotics of the double-supremum
SUP(s.1)ef0.57x[0.7] Z (8, 7). In this section, we shall consider several important ex-
amples which can be analysed utilising the theory developed in Section 2.

3.1. Stationary Gaussian processes. Consider the Gaussian random field Z as
in (20) where X is a centered stationary Gaussian process with covariance function
rx satisfying the following conditions:

S1: rx(¢) attains its minimum on [0, T'] at the unique point t = T;
S2: there exist positive constants «1, ay, a2 and a» € (0, 2) such that

rx(t) =rx(T)+ai(T —)*(1+0(1)), t—T,
rx (@) =1—ay*(1+o0(1)), t—0;
S3: rx(s) <1 foranys e (0,S+T].
PROPOSITION 3.1. Let {Z(s,t), (s,t) € [0,S] x [0, T]} be an incremental

random field given as in (20) with rx satisfying S1-S3. Suppose that rx is twice
continuously differentiable on [, T for some u € (0, T), |r§(T)| € (0, 00), and

let b; = a;/p3,i = 1,2 with pr = 2(1 — rx(T)). Then, as u — oo,
1) ifay >ay
IP’( sup Z(s, 1) > u)
(s,1)€[0,81x[0,T]

4/ar—2/a;
= ST (1/a; + DH2 b5/ 1/ <i> w(i)(l +o(1));
oT T
(i) foar =
2/an
IP’( sup Z(s,t) > u) = S/\/ll;,lwI (i) LIf(i>(1 +o(1)),
(s,)€[0,81x[0,T] ' Pr Pr

where

Y (5, 1) := By (b °25) 4 By (by 21 — b/ ™s),  (s,1) €]0, 00)%;
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(i) ifo; < ap

2/
P( sup Z(s,r)>u)=5(2b2)1/“271a2<pi> zlp(i)(1+o(1)).
T

(s,0)€[0,81x[0,T] oT
We present two important examples that illustrate Proposition 3.1.

EXAMPLE 3.2 (Slepian process). Consider X to be the Slepian process, that
18,

X(t)=B1¢t+1)— Bi(1), t €0, 00),

with B; the standard Brownian motion. It follows that the assumptions of Propo-
sition 3.1 are satisfied, hence as u — oo

IP’( sup Z(s, 1) >u) = M} 12U @)(1 + o(1))
(s,0)€[0,11x[0,1/2] ’

holds with Y (s, £) := By (s) + B (t — 5), (s, 1) € (0, 00)>.

EXAMPLE 3.3 (Ornstein—Uhlenbeck process). Consider a centered stationary
Gaussian process X with covariance function (1) = e~’, ¢ > 0. Then following
Proposition 3.1,

P(  sup Z(s,t)>u):M’;llblu2\y(\/au)(1+o(1)), 1 — 00,
(s,1)€[0,172 '

with by = e~ 1/(2(1 — e 1)), by = 1/2(1 — e 1)) and Y (s,1) := Bi(bys) +
Bi(bat — b3s), (s, 1) € (0, 00)°.

3.2. Brownian bridge. In this section, we analyze
(21 Z(s,t)=X(s+1)— X(s), s,s +1€l0,1],

where X (s) := Bi(s) — sB1(1),s € [0, 1] is a Brownian bridge (recall B; is a
standard Brownian motion). Clearly, X is nonstationary and, therefore, we cannot
apply Proposition 3.1 for this case.

PROPOSITION 3.4. If{Z(s,1), (s, 1) € [0, 1/2]2} is given by (21), then

(22) P( sup  Z(s.1) >u) =252 mudwu)(1 +o(1)),  u— 0.
(s,t)e[0,1/2]?
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3.3. Fractional Brownian motion. Consider the fBm incremental random field
(23) Z(s,1) = By(s +1) — By(s), (s,1) €[0,S8] x [0, 1],

where By is the fBm with Hurst index «/2 € (0, 1).
The following proposition extends the main result of [17] to the whole range of
a € (0,2).

PROPOSITION 3.5. Let {Z(s,1t),(s,t) €10, S8] x [0, 1]} be given as in (23).
We have, as u — oo,

(@) ifee(0,1)
4 P sup  Z(s,0)>u) = 82" MU 2w ) (14 0(D));
(s,1)€[0,8]1x[0,1]
(i) ifa=1
(25) P( sup  Z(s,0)>u) =SM/ Tl w@)(1+o(D)),
(s,1)€[0,S1x[0,1] '
with
Y(s,1):=Bi(27%) + B1(27 't — %)), (s, 1) €0, 00)%;
(i) ife e (1,2)

(26) P( sup  Z(s,0) > u) = SHauH W @)(1+ o(1).
(s,1)€[0,8]x[0,1]

4. Extremes of maximum loss and span of Gaussian processes. Let
{€(1),t € [0, 1]} be a Gaussian process with a.s. continuous sample paths. The
maximum loss of the process & is given by

x1(§) = max (§(s) —&(1)),
0<s<t<l1
and its span is defined as

x2(8) = ;2}3’%50) - tg[%ﬁ] §(1).

The notion of the maximum loss of certain Gaussian processes (e.g., Brownian
motion and fBm, etc.) plays an important role in finance and insurance modelling;
see, for example, [30], [31] and references therein.

In this section, as an application of Theorem 2.2 and Remark 2.4, we derive
exact tail asymptotics of the maximum loss for both stationary Gaussian process
(in Proposition 4.1) and for Brownian bridge (in Proposition 4.2). The exact tail
asymptotics of the span x2(£) when £ is a centered stationary Gaussian process
with covariance function that satisfies certain regular conditions is obtained in [26].
The same result should be retrieved, using first a time scaling and then resorting to
Remark 2.4. This observation is confirmed in Proposition 4.1 below.

Hereafter, assume that {£(¢), ¢ € [0, 1]} is a centered stationary Gaussian pro-
cess with covariance function r¢ (s) satisfying the following conditions:
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S1”: rg(t) attains its minimum on [0, 1] at unique point #,, € (0, 1);
S2’: there exist positive constants aj, a, «; and a € (0, 2) such that

re(t) =re(ty) + ailt — | (1 4+ o(1)), t—ty
and
re(t) =1—axt® (14 o(1)), t—0;
S3": re(t) < 1 forany r € (0, 1].
PROPOSITION 4.1. Let {£(¢),t € [0, 1]} be a centered stationary Gaussian
process with covariance function rg (t) satisfying S1'-S3'. If r¢ (t) is twice continu-

ously differentiable on interval [t,, — |4, ty,, + 1] for some positive small constant [,
then, as u — o0,

P(x2(§) > u) =2P(x1(§) > u)
(27) — 92—4/am+2/ (1 - tm)inzag/az(l —re (tm))2—4/a2+2/a1

x u4/a2—2/0£1

u
— | (1 ).
( 2(1—r§(fm))>( +o)

PROPOSITION 4.2. If {X(¢),t € [0, 1]} is the Brownian bridge given in (21),
then, as u — 00,
(28)  P(xa(X) > u) =2P(x1(X) > u) =22 Y/mud W 2u)(1 + o(1)).
REMARKS 4.3. (a) The claim in (27) is consistent with Theorem 2.1 in [26].
(b) Let B, be a standard fBm and consider its maximum loss x(By) and span

x2(By). The variance function of the random field X (s, t) := By (t) — By (s) is
given by

oz, (.=t —s|*,  (s,0)€[0,1]?

and attains its maximum only at points (0, 1) and (1, 0). Therefore, Theorem 8.2
in [24] yields that, as u — oo,

(i) ifa € (0,1)
P(x2(Bo) > ) = 2P(x1 (Bo) > u) = 2>~ a2 H2u W w)(1 + o(1));
(i) ifa =1
P(x2(Ba) > u) =2P(x1(By) > u) = 8¥ (u)(1 4 o(1));
(iii) if o € (1,2)
P(x2(By) > 1) = 2P(x1(By) > ) = 2W (u)(1 + o(1)).
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5. Proofs.

PROOF OF LEMMA 2.1. The claim follows by a direct application of
Lemma A.1 given in the Appendix. [J

PROOF OF THEOREM 2.2.  As it will be seen at the end of the proof, by sym-
metry, cases (vi) and (vii) follow from the claims of cases (iii) and (v), respectively.
Thus, we shall first focus on the proof of cases (i)—(v). In view of Assumption Al
there exist some 6 € (0, 1) and pg > p1 (p1 is as in A3) such that

sup o(s, 1) <6.
(s,1)€[0,81x[0, pol

For 8(u) = (Inu/u)*#,u > 0, we may write

IP’( sup X(s,t) > u)
(5,0)€[0, 81X [T—8(u),T]

< IP’( sup X(s,t) > u)
(s.0)€[0,8]x[0,T]

§]P< sup X(s,t) > u) + 1 (u) 4+ mo(u),
(5,0)€[0, 81X [T—8(u),T]

where

j‘[l(u) :=]P)< Sup X(S’t)>u>v
(s,1)€[0,51x10, po]

mo(u) = IP( sup X(s,t) > u)
(s.0)€[0,8]x[p0, T —8(u)]
We shall mainly focus on the analysis of
(29) w(u) = IP’( sup X(s,t) > u), u— 00
(5,1)€[0,SIX[T—8 ), T]
and show that fori = 1,2
(30) i (u) = o(w(u)), U — 00,
which then implies
IP( sup X (s, 1) >u):n(u)(1—|—0(l)), U — 00.
(5,1)€[0,81x[0,T]

The asymptotics of (29) will be investigated for the cases (i)—(v) separately by
using a case-specific approach.

Case (i) p > max(ay, op): For space saving, we consider only the case that
a1 = a =: «; the other cases can be shown with similar arguments. Following the
idea of [25] choose first a constant g € (@, 8), and denote

Aij=A0i x Aj, A =0 x (T = A))
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with
A= [iu=2, (i + DHu=2/®],  i=0,1,....
Set further
Ni(u) = [Su®* | +1,  Np(u) =|(nu)?Pu/®0=2F| 11,
where | -] stands for the ceiling function. By Bonferroni’s inequality, we have that

N1 () N»(u)

Z ZIF’( sup X(s,t)>u>

i=0 j=0 (s,t)eAl-Tj
(31) > (u)

Ni@w)—1 Ny(u)—1

> > Y P swp XG> u)-Siw),

i=0 j=0 (s,t)eAl-Tj

with
Yi(u) = ZZ IP’( sup X(s,t)>u,
0<i.i'<Ni()—1,0<). ' <Nyu)—1  (-DEA];
@A)

sup  X(s,t) > u)

(s,t)eAl?;/.,

For any € € (0, 1) and all u large [set b1, := b(1 £ ¢)]

X(s, T —1)
]P( sup X(s,t)>u>§IP’ sup —————>uj_ ),
(S,I)GAI-TJ- (S,[)GAU‘ G(S, T - t)

X, T —1t
IP( sup X(s,t)>u>zIP< sup M>u]~+>,
(s,eA]; s.nen; 0, T —1)
with
wjo=u(l+b_o(ju ")), uj = u(l 4 by (G + Dum )P,

Let {n1:(s, 1), (s, 1) € [0, 00)?} with & as above be centered stationary Gaussian
random fields with covariance functions

Fose (5, 1) = exp(—(1 £ &) (lars|* + |azt 4 azs]*)), (s,1) € [0, 00)?,

respectively. By Slepian’s lemma (see, e.g., [6] or [4]) for all u large

]P’( X(s, T —1) )<IP>( 6. T —1) )
sup —————>u;_| < sup nae(s, T —1)>u;_).
s.nyen; 0(s, T —1) ! (s.1)€A;,] ‘ !
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In view of Theorem 7.2 in [24], as u — o0,

Ni(u) Na(u)

T(u) < Z Z]P’( sup n+g(s,T—t)>uJ-_)

i=0 j=0 (s,0)€Aj

Ny (u) Ny (u) 4
— o
=1 +e& aiaHyu™* Y 3w W )(1+o(1)
i=0 j=0
Na(u)
(32) =+ aiaH2Su” 0w (w) 3 exp(—b_, (juF=H0)P)

Jj=0

x (14 o0(1))
= (14 &) ajax M2 Su®*~2/Bw (u) foo exp(—b_exP) dx(1+ o(1)).
0

Similarly, we obtain

Niw)—1 Na(u)—1

Z Z IP( sup X(s,t)>u)

i=0 j=0 (s,t)eAiTj

Niw)—1 Ny(u)—1
=

Z Z IP’( sup n_s(s,T—t)>uj+)

i=0 j=0 (S,I‘)GA,']'

(33)

o
> (1 —g)2a1a2H§Su4/“—2/ﬁ\y(u)/ exp(—biex?)dx(1+0(1)).
0

Next, we deal with the double sum part X;(u#). Denote the distance of two
nonempty sets A, B C R” by

A,B)= inf — I,
o( ) xe}‘r}yeBllx vl

with || - || the Euclidean distance. We see from (3) that there exists a positive con-
stant p3 such that
S(lar(s = )" +lax(r — 1) +as(s —s)[%)

>1—

34) 1—r(s, 2,5, 1)

> %(|a1(s —5")|* +laa(t = 1') +az(s = 5)[%)

for |s —s'| <2p3,|T —t| <2p3and |T —t'| < 2p3. It follows further from (4) that
there exists some 6y € (0, 1) such that

sup sup  r(s,t,5",1") < 6.
0<i,i’ <N () —1,0=j,j/ <N2 () =1 (s,)€A];
p(A;,Ay)>p3 (s' t/)€A7; ,
, i
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Next, we divide the double sum part X1 (u) as follows:
() =Xy 1(u) + 21 2() + X1 3(u), u>0,

where X1 1(u) is the sum taken on p(A;, Ay) > p3, L1 2(u) is the sum taken

on ,o(AiTj, AI.T,j,) =0 and ¥;3(u) is the sum taken on u"2% < p(AiTj, AiT/j,)
and p(A;, Ay) < p3. We first give the estimation of X 1(u). For &(s,t,s', 1) :=

X (s, 1)+ X(s', 1) we have

(35) E(£%(s,1,5",1)) =4 =2(1 —r(s, 1,5, 1))
implying
sup sup  E(E%(s, 1,5, 1)) <4 —2(1 — 6) <4
0<i,i’<N1()—1,0=j, j' SN2 ()—1 (s.)€A];
,O(A,-,A,-/)>p3 (S/’t,)EAZ;j’

Further, we have

IP’( sup X(s,t)>u, sup X(s,t)>u)

(s.0enl; (s.0€n],

§P( sup X(s,t)>u, sup Y(s,t)>u)

(s.nenl; (s.0€n],
51[”( sup é(s,t,s/,t/)>2u>.
(s,t)eA,-Tj

(s".henl

By Borell-TIS inequality (see [1] or [24]), for u sufficiently large

(u —a)*
IP’( sup X(s,t)>u, sup X(s,t)> u) <exp| —— ),
(s.0eA]; s.nenl 2—(1—6o)

where a = E(sup, ;) (s)ef0.s1x[0.716 (5, 2, 57, 1)) < 00. Thus

) 21,1(u)
36 1 7’ =
(36) oD A2 B g ()

The summand of X1 2 () is equal to

IP’( sup X(s,t)>u>+]P’( sup X(s,t)>u)

(s,t)eAiTj (s,t)eAiT,j,

—]P’( sup X(s,t) > u).
(s,t)eAiTjUAg;i,
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Since ,o(Al.Tj, AiT,j,) =0, we have for (s, 1) € AiTj U AI.T,]., and sufficiently large u
. —2/ag\By _. ~ u ~
(b (( = D™ 20)") =riij- < o(s,1) Suj+

= u(1+ bae (( + 2~ 20)P),
Using again Theorem 7.2 in [24] for the last term, we have

]P’( squ . X(s, 1) > u) >2(1 — g)zalazHiu—MaOﬁ‘;f\IJ(ﬁj+)(1 +0o(1))
(s,t)eAijUAi/j,

as u — oo. Consequently, noting that for any AiTj there are at most 8 sets of the
form Al.T, 7 in [0, S] x [T — 8(u), T'] adjacent with it, we conclude that

Ny (u) Ny (u) A
Tio@) <8 Y Y (201 + &) 2arayHiu 0 Wi ;)
i=0 j=0
201 — Y araH2u O T W @ ) (1 +o(1)

and thus similar arguments as in (32) yield

) ) Xy 2(u)
37 limsuplimsup ———— =
( ) g—)Op u—>oop u4/“*2/ﬂ‘~11(u)

Finally, we estimate X1 3(u). Since u—2 < ,o(Al.Tj, Al.T,J./) and p(A;, Ay) < p3, it
follows in view of (34) that

. . 1
~inf i inf (1—=r(s,t,5, 1)) = zvu=2/0
0=i,i' <N ()= 1,0j,j' N2 ) =1 (s.) €A, (5" 1) en], 2
por. 2003 W 20<p(a 01
for some positive constant v, and thus
sup sup E(2(s, 1,5, 1)) <4 — vu—22/%0,
0<ii’<N1(0)~1,0=).j < N2 ()1 (s.)eAT,. (s .1)en]
p(A[vAi/)f/OS M_Z/QOEP(A,‘TjsAI-T/j/)

Consequently, using the Piterbarg inequality (cf. Theorem 8.1 in [24] or Theo-
rem 8.1 in [25]) for the summand of X1 3(u) we obtain

IP( sup X(s,t)>u, sup X(s,t)>u)

(s.nenl; (s.nenl,

SIP’( sup S(s,t,s/,t/)>2u)

T
(s,t)eAl.j

Y T
(s',t )eAij

=0<exp<_ % vu—%(do—d)/do)))u4/a—2/5qj(u),
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which implies that

lim su —EI’S(M)
u—>oop u4/“_2/ﬂ\11(u)

1
(38)  <limsup >y O<exp<_ EVM—Z((OZ()—O!)/OZ()))>

0<i,i' <Ny (u)—1,0<j, 7' <Ny (u)—1
i, )2, j")

=0.
Hence, in view of (31)—(33), (36)—(38) and by letting ¢ — 0 we conclude that
o
7(u) = alag?-[iSu“/“_z/ﬂ\I!(u)/ exp(—bxﬁ)dx(l +o(1)), u — 00.
0

Case (ii) B = o1 = a2: In order to simplify notation, we set o := o] = ap. Let
S1, T1 be two positive constants and define

A

[iS1u™%, (i + DS,  i=0,...,Ni(u),
A =[iTw ™, i+ 1)Tiu=>%],  i=0,..., Na(u),

Il
>)

i X Zj,
where
g 1n)2/P
Ny () = {—uz/“J Y1, Nyw) = {%J +1
S1 T

Again, Bonferroni’s inequality implies

Ni(w)
S+ Y ]P>( sup X(s,t)>u>

i=0  (s,1)eb,

(39) > 7 (u)
Ni(u)—1
> Y P sup X(s,0)>u) - Taw),
i=0 (s.)€D0
where
Ni(u) Na(u)

Yo(u) = Z ZIP’( sup X(s,t)>u),

i=0 j=1 (s.)eh];

Y3(u) = ZZ IP’( sup X(s,t)>u, sup X(s,t)>u).

0<i<i’<N(w)—1  (s.)eb (s.1)€B 10
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Since our approach is of asymptotic nature, for any fixed 0 <i < N{(u), the local

. . . —T
structures of the variance and correlation of the Gaussian random field X on A,
are the only necessary properties influencing the asymptotics. Therefore,

IP’( sup X(s,t)>u)
(s.0)€h,

:P< sup n(s, 1)
(S,l‘)GZiO 1 + btﬁ

> u)(l +0(1))

as u — oo, where {n(s, 1), (s,t) € [0, S] x [0, T]} is the same as in Lemma 2.1.
Hence, Lemma 2.1 implies

Ny(u)
S
(40) ZP( sup X(s,t)>u)=S—luz/“%byl[sl,Tl]\p(u)(l+o(1))

i=0  (s,elh

as u — oo. Similarly,

Ni(u)—1
Z ]P’( sup X(s,1) > u)
i=0 (s.0)€B0

41)
_ S g [S1, T11W (u)(1 4 o(1))
= Slu Y 1, 11 u o
as u — oo. Note that, for any ¢, d € R
lc+d|P <|c|’ +1d|?, if p € (0, 1],
lc+d|P <2P7Y(jc|P +1dIP)  if pe(l,o0).

In view of Slepian’s lemma,

]P’( sup X(s,t)>u>

(s.N€B;

< IP( sup (s, 1) >u(l+ b(jTlu_z/“)ﬁ)>(1 +0(1))
(s.0€D;

<P( sup di(s,) > u(l+b(iTiu= ) (1+0(1))
(s,.1)€h;;

as u — oo, where {7(s, 1), (s,t) € [0, 5] x [0, T]} is a centered homogeneous
Gaussian random field with covariance function

rii(s, 1) =exp(—lais|* — |axt|%), (s,t) €0, S] %[0, T],
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with a; = (af + 2|a3|"‘)1/°‘ and @, = 2Y/%a,. 1t follows further, using Lemma 2.1
that

IP’( sup X(s,t) > u)

(.)€l

<P( sup iits, 1) > u(l+b(iTiu"*)")) (14 0(1)
(s,t)eZ,-j

2 . —2/a\B
«/21_7114 exp(—u d+ 2b(]2T1u ) )>(1 +0(1))

= ’HQ [S1, Tilexp(—=b (i T1)P)W u)(1 + o(1))

=H; [S1.71]

as u — 0o, where ’H [S1 T1] is defined in a similar way as Hyz[S 1, T1] with
a;,i = 1,2 replaced by a;,i =1, 2. Consequently, as u — 00,

o0

S
CHREIMESY S—luz/“fH%z[sl, Tilexp(—b(i TP )W w)(1+ o(1)).
j=1

From (4), there exists some 0 € (0, 1) such that

sup sup r(s, 1,5, 1) <01,
1§i<i/§N1(u)SE£,‘,S/€Zi/
p(Ai, Ai)>p3 1,1'€[0,T]

where p3 is the same as in (34). Below we shall re-write X3(u) as
Y3(u) = 23,1 () + X32(u) + X33(u), u=>0,

Where ¥3,1(u) is the sum taken on ,o(Al, A; ) > 03, 232(u) 1s the sum taken on
i’=1i+1, and ¥33(u) is the sum taken on i’ > i + 1 and p(A,, A 1) < p3. First,
note that the estimation of X3 1(u) can be derived similarly to that of X1 () in
case (a), and thus for u sufficiently large

S2 4/a (u _ a)2
43) ¥3,1(u) < S_lzu exp(—m)’

where a is the same asin (36). Next, we consider ¥3 3(u). In view of (34) and (35),
it follows that for s € A;, s’ € Ay, t,t' € T — A and u large enough

(44) 2<E(E(s,1,5,1)) <4 —|a1 (i’ —i)S1[*u=2.

Further set (s, t,s',t") =&(s, t,s",t")/«/Var(E(s, t, s/, 1')). Following similar ar-
gument as in the proof of Lemma 6.3 in [24], we obtain that

E(E(s, 25", 1) —&E(v, w, v/, u/))2
AEX (s, 1) — X, w))* +EX(s", 1) = X (v, w'))?).
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Moreover, from (34) we see that, for u sufficiently large

E(X(s, 1) — X (v, w))* <3(|ar(s — v)|* + |azt — w)|%)

implying thus
E(& (s, 1,5, t") — &E(v, w, v/, w'))2
(45)
<2(l—re(s—v,t —w,s' =0, ¢ —w')),
where

re(sit,s',t') = exp(=7(lais|* + laat|® + |ars’|” + |aat’|"))

is the covariance function of the homogeneous Gaussian random field {¢ (s, t, s,
1), (s, t,5',t") € (0, 00)*}. Consequently, (44), (45) and Slepian’s lemma imply

]P’( sup X(s,t)>u, sup X(s,t)>u>

(s.)€000 (s.0)€D 00
2u
SIP’( sup (s, 1,8, 1) > )
(s:1)eBh JA—lai @ —i)Sy|eu=?
(s'.t") Do

‘We obtain further from a similar lemma as Lemma 2.1 (cf. Lemma 6.1 in [24]) that

2u
IP’( sup  C(s,1,5",1) > )
(.0 JA—lar G —DSijeu?
(s'.t")eB o

1 ( 4u?
o P\ 2@ a7 — ) S1 )

where 7:[% [S1, T1] is defined in a similar way as H(%Z[S 1, T1] with ay, as replaced
2

= (A 151, T1))° )(1 +o(l)),

by 7Y/%ay, 7'/%a,, respectively. Consequently, for all large u,
S ~ |
(46) T30 < > (H3 Ls1. Tl])zexp(—glauSl|01)u2/a\11(u)(1 +o(1)).
j=1
Next, we consider X3 >(u). For any u positive,

IP’( sup X(s,t)>u, sup  X(s,t) > u)

T T
(s,1)elg (s,)€A41)0

< IP( sup X(s,t)>u,
(s.)€B 0

sup X(s,t) > u)
(s.0)E[+1)S1u=2/% (i4+1)Sju=2/*+/STu=2/21x (T — Ag)
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-HP’( sup X(s,t)>u,

(s.0)€00
sup X(s,t) > u)
(s.)€E[(+1)S1u2/2+/Sju=2/% (i+2) S u=2/*]x (T — Ao)
and further

P( sup X(s,t) > u, sup X (s,t) > u)

—T —T
(s,1)€D; (Sa’)EA(iH)o

< Hj VS TilW @)(1 +o(D)

_ 1
+ (Hy VSt T]])Zexp(—gmlmw)w(u)(l +o(1)).

Therefore, for all large u

S

D20 = 5 (M, V5. )
1 2

@47)

) 1
+ (H} [VS1, Tl])zexp<—§|a1/§|“>>u2/“\p(u)(1 +o(1)).

Consequently, from (39)—(43) and (46)—(47), we conclude that for any S;, 7;,i =
1,2

o
I ANNIESY SHH‘;Z[Sl, Ti]exp(—b(j T))P)
j=1
> Jimsup — S iminf — )
u—oo Su®/2W(u) — u—>oo Su®/2\W ()

) - T
> 5719152, 7o) = 55 (A9 152, T31)* S exp(—glan j5al?
Jj=1

. 1
- 5! (7—[%2[\/57, n]+ (7-[9/2[\/5_, ) exp(—glalx/?ﬂa))-

Therefore, by similar arguments as in the proof of Theorem D.2 in [24], we con-
clude that
b : 7 (u) . 7 (u) b
0= Mo SHNP Gy = MR Sy = M
establishing the claim.
Case (iil) B = oy > o1: Note that MII)/Z, p can be given in terms of Piterbarg and
Pickands constants as

<

. . 1 b —a
./\/lll’,z’/3 = lim lim —7—[’; [S,T]= alazPafz He, .

T—o00S—00 S 2
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The proof for this case can be established using step-by-step the same arguments
as in case (ii).

Case (iv) B < ap = «1: In order to make use of the notation introduced in
case (ii) we set o := o] = a. First, note that 8 (u) < Tyu~>/%, which implies

T(u) < IP’( sup X(s,t) > u)
(5,0)€[0,S1x(T—Ag)

Ny ()
<Y P( sup X(s,0)>u)

i=0  (s,)eh,

< Siuz/“#}] [S1, T1 1% () (1 4 o(1))
1

as u — oo. Further, by Assumptions Al and A2 we have that E((X (s, )% =
1,Vs €0, S] and

r(s,T.s",T)=1—(af +la3|*)|s —s'|*(1 + o(1))

holds uniformly with respect to s, s’ € [0, S], as |s — s’| — 0. This means that
{X(s,T),s €0, S} is a locally stationary Gaussian process. Therefore, in view
of Theorem 7.1 in [24],

m(u) > P( sup X(s,T) > u)
s€[0,S]

= S(a® + |a3]*) " Hou®* W ) (1 + o(1)),  u— oo.
Letting 71 — 0, S| — 00, we conclude that

7 (u
Case (v) B < ap and a1 < ap: The claim follows with identical arguments as in
the proof of case (iv).
In order to complete the proof of cases (i)—(v) we only need to show (30), for
which it is sufficient to give the following upper bounds for 7 («) and 2 (). By
Borell-TIS inequality, for u# large enough

(u — E(Sup(s,1)ef0.5x 10,001 X f)))2>
202 '
Further, by Assumption A3 applying the Piterbarg inequality we obtain, as u — oo

(48) my(u) < eXP(-

2
4/y—1 _u—
o (u) < Qu exp( 202(T — a(u)))
(49)

rten(-5) 2
= Qu exp| == exp(—b(Inu)”)(1 +o(1)),
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where Q is some positive constant not depending on u. Therefore, the proof of
cases (i)—(v) is complete.

Next, we consider cases (vi)—(vii). We introduce a time scaling of the Gaussian
random field {X (s, ), (s,) € E} by matrix B = (§ Z;), that is, let Z(s,t) :=
X((s —t)/as, t/a>). By this time scaling, we have
(50) IP( sup X(s,t) > u) =IP’< sup Z(s,t) > u),

(s,1)eE (s,n))eK
where K is a region on R2 with vertices at points (0, 0), (axT,a>T), (a3S,0)
and (a3S + a»T,a,T). The Gaussian random field {Z(s, 1), (s,t) € K} has the
following properties:

(P1) The standard deviation function oz (s, t) of {Z(s, t), (s, t) € K} satisfies

b
oz(s,)=1——(@T =P (1+o()),  11aT.
a
(P2) The correlation function rz (s, z, s',t") of {Z(s, 1), (s, t) € K} satisfies

a1>(1 +o(1))

for any (s, t), (s',¢") € K such that |s — s’| — 0 and ¢,1" 1 aT, and further there
exists some 8¢ € (0, T') such that

rz(s,t,s',t')=1- ({s — 5| +

aq , aq ,
L= =L=s)

r(s,t,5',1') <1

holds for any (s, ), (s', ") € Ko satisfying s # s’. Here, Ko is a region on R?
with vertices at points (a28p, a280), (a2T,a>T), (azS + ax8p, a280) and (a3S +
arT,arT).

(P3) There exist positive constants Q, v, p1 and p» such that

E(Z(s,t) — Z(s'. )y < Q(|s = s + |t = £'])")

holds for any (s, t), (s', ") € K satisfying axT —t < p1, axT — 1t < p; and |s —
s’ < pa.

Note that in the above proof the most important structural property of the set
E is that the segment L. = {(s,¢) € E:t = T} is on the boundary of E, which is
also the case for {Z(s, t), (s, t) € K}. Therefore, in view of the above properties of

{Z(s,1), (s,1) € K}, the claims of the cases (vi) and (vii) follow by an application
of the claims of cases (iii) and (v). The proof is complete. [

PROOF OF PROPOSITION 3.1. The variance function of Z is given by
o5(s, 1) =2(1 —rx(z))

and attains its maximum on [0, §] x {T'}. Therefore, it is sufficient to consider the
asymptotics of

(n) = IP’( sup Z*(s,t) > ﬁ) U — 00,
(s.1)€[0,5]x[0,T]



EXTREMES OF GAUSSIAN FIELDS 1007

with
Z(s,t
i=-1 and Z (s, 1) = (s ),
oT oT
where pr = /2(1 —rx(T)) > 0. The asymptotics of IT(x) follows from Theo-
rem 2.2 by checking the Assumptions A1-A3. The standard deviation function of
Z* satisfies

2(0 —rx (@)

oT
ai
:1—m(T—t)“‘(l+o(l)), t—T,

whereas for its correlation function we have
rx(Is+t—s"—t')) —rx(|s —s" —1'])

2/ =rx ()1 —rx (1)

—rx(Is+t—s')+rx(s —s')

2J/A=rx@O)A —rx())
Since rx (¢) is twice continuously differentiable in [, T'] and |r§(T)| € (0, oo) for
some constant @1, we have

ozx(s, 1) =

Rz*(s, t, S/, l‘/) =

GV

lrx () —rx(|s =" =)+ rx@) —rx(]s +1—5'])|
<Ot =1 +s—5"+|s— |1 +0(1))
ast,t' — T,|s —s’| = 0. Consequently, ay € (0, 2) implies

R+ (S, t, S/, l‘/)
(52) .
=1- —§(|t —t' +5—5'|"+|s —5'["?) (1 +o(1))
or
ast,t' — T,|s —s'| — 0. Next, for any fixed g9 > 0, we have from S3 that there
exists some 6 such that

rx(ls —s'|) <6p <1

for any s, s" € [0, S] satisfying |s — 5’| > &¢. Further, from S2 we obtain that there
exists some positive constant §y such that

2,/(1 = rx@O)(1 = rx (1) = o} — — >0

for any 7,1" € [§0, T]. Hence,

1 -2 T
(53) Rz«(s,t,5',1') < 2+00 rx(T) <1
pr — (1 —=16p)/2
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for any #,1" € [89, T1, s, s € [0, S] satisfying |s — 5’| > &9, and thus both Al and
A2 are satisfied. It follows that

E(Z*(s.1) — Z*(s'. 1'))* < 2E(Z(s, 1) — Z(s'.1'))*

2
+ 5 (0z(s, 1) — oz (s, )%
PT

Therefore, the differentiability of rx (¢), assumption S2 and (52) imply that there
exist some positive constants p1, p2, 93, Q4 such that

E(Z*(S, t) _ Z*(S,, t/))Z
<Os(jt =1 +5— 5|2+ |s — 5|2 4 |1 — ¢/ [FinCED)Y
< Q4(|l‘ _ t/|min(2a1,a2) + |S . S/|min(2a],a2))
forall s,s" € [0, S],¢,1" € [p1, T] satistying |s — 5| < p2, hence the proof is com-
plete. [J

PROOFS OF PROPOSITIONS 3.4 AND 3.5. Note first that the standard devia-
tion of the incremental random field Z of the Brownian bridge satisfies

54 oz, )=(0—0)" =1 (=L (1+0), -1
Furthermore, for its correlation function we have
(55) rz(s, s, 0,0 )=1=2(t —=t'+s —s'|+|s —s'|)(1 + 0(1))

ast,t' > 1/2,|s —s'| = 0.
For the fBm incremental random field Z, we have for its standard deviation

aﬂ&n:ﬂﬂzl—%a—na+mny 1.
As shown in [25], the correlation function rz of Z satisfies
rz(s,s',t,t)=1-— %(|t —t'+s—=5|"+]s = 5'|") (1 +0(1))

ast,t’ — 1,|s —s’| — 0. Hence, for both cases A1-A3 are fulfilled, and thus the
claims follow by a direct application of Theorem 2.2. [J

PROOFS OF PROPOSITIONS 4.1 AND 4.2. By a linear time change using the
matrix A € R?*? given by
1 0
a=(4 V)
we have for any u > 0
Pl >u)=P(  sup (60 +s5)— &) >u).

(s,1)€A[0,1]2
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Here, the set A[0,11> = {(5,)): G, D) = A(s,0) T, (s,1) € [0, 1]?} is bounded
and convex. The variance function of the random field {£(r + 5) — &(s), (5,¢) €
A[0, 11%} is 2(1 — re(|t])) which attains its unique maximum on the set A[O, 117
ontwo lines L; = {(s, 1) € A[0, 11?:t =1t,,} and Lo = {(s, 1) € A[0, 1]?: 1 = —1,,}.
Note that the differentiability of r¢ (r) implies oy > 2 > a». Therefore, the claim in
(27) follows from Remark 2.4(b); the conditions therein can be established directly
as in the proof of Proposition 3.1 except (18) for i = 1, j = 2, which can also be
confirmed by a similar argument as in (53). Further, since

P(a(X)>u)=P( sup (X(t+5)—X(s)) >u)
(s,1)€A[0,1]%

in view of (54) and (55) we conclude that the claim in (28) follows immediately
from Remark 2.4(b), and thus the proof is complete. [J

APPENDIX

Let D be a compact set in R? such that (0, 0) € D, and let {£,(s, 1), (s,t) € D},
u > 0 be a family of centered Gaussian random fields with a.s. continuous sample
paths. The next lemma is proved based on the classical approach rooted in the
ideas of [21, 22] (see also [9]), Lemma 1; in particular, it implies the claim of
Lemma 2.1.

LEMMA A.1. Let d(-) be a nonnegative continuous function on [0, 00) and
let g(u), u > 0 be a positive function satisfying lim,_, ~, g(u)/u = 1. Assume that
the variance function ngu of &, satisfies the following conditions:

0£,(0,00=1  foralllarge u, lim sup |u?(1 —og,(s,7)) —d(2)] =0,

U= 5,1ed
and there exist some positive constants G, v, ug such that, for all u > uy
u? Var(&,(s, 1) — &,(s', 1)) < G(|s = s'|" + |t = '|")

holds uniformly with respect to (s,t), (s',t') € D. If further there exists a cen-
tered Gaussian random field {Y (s, t), (s, 1) € (0, 00)2} with a.s. continuous sample
paths and Y (0, 0) = 0 such that

: 2 rL V) — . I
Jim u” Var(§,(s, 1) — &u(s". 1)) =2 Var(Y (s, 1) = Y (s'. 1))
holds for all (s,t), (s',t') €D, then

(56) P sup &u(s1) > 8() = HIDI¥ (g(0)(1+ (1)
s,t)e

as u — oo, where

HY DI =FE(exp( sup (V2Y(s,1) = o7 (s,1) —d(1)))).

(s,t)eD
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PROOF. For large u, we have

P( sup &(s,1) > gw))

(s,1)€D
1 N\ [ /2w
57 =——exp| - §
o7 V27 g(u) exP( 2 )/—ooe
<P sup 6405, > 80016,0.0) = g ~ 5 ) aw.

Let
Re, (s t,5',1") =E(& (s, 0)Eu(s", 1)), (s,1),(s',¢)eD

be the covariance function of &,. The conditional random field

{6 (5.15,(0.0) = gt - e |
has the same distribution as
{éu(s, t) — Rg,(s5,1,0,0)8,(0,0) + Rg, (s,1,0, 0)( (u) — ﬁ) (s, 1) € D}.

Thus, the integrand in (57) can be rewritten as

( sup (Su(s 1) — Rg,(s,1,0,0)&,(0,0)

(s,t)eD

+ Rg,(5,1,0,0) (g(u) - %)) > g(u)>

=PQ?%QA&w—@w»u—R&anm)
s,t)e

+w(l = Re, (5,1,0,0)) > w),
where
Xu(s, 1) = g(u)(&u(s, 1) — Rg,(s,1,0,0)8,(0,0)).
Next, the following convergence
(g(u))2(1 — Re, (5,1,0,0)) —w(l — Rg, (5,£,0,0)) — cr%(s, 1) +d(1)
holds as u — oo, for any w € R, uniformly with respect to (s, t) € D. Moreover,
E((tu(s. 1) = xuls's 1))

= (g))* (B((Eu(s. 1) — &4(s". 1)) — (Re, (s.1,0,0) — R, (s'. ', 0,0))*)
— 2Var(Y (s, 1) — Y(s', 1)), U — 00
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holds for any (s, t), (s’, ") € D. Hence, the claim follows by using the same argu-
ments as in the proof of Lemma 6.1 in [24] or those in the proof of Lemma 1 in [9].

g
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